ON SOME GENERALIZED RAPOPORT-ZINK SPACES

XU SHEN

ABSTRACT. We enlarge the class of Rapoport-Zink spaces of Hodge type by modifying
the centers of the associated p-adic reductive groups. These such-obtained Rapoport-Zink
spaces are called of abelian type. The class of Rapoport-Zink spaces of abelian type is
strictly larger than the class of Rapoport-Zink spaces of Hodge type, but the two type
spaces are closely related as having isomorphic connected components. The rigid analytic
generic fibers of formal Rapoport-Zink spaces of abelian type can be viewed as moduli
spaces of local G-shtukas in mixed characteristic in the sense of Scholze.

We prove that Shimura varieties of abelian type can be uniformized by the associated
Rapoport-Zink spaces of abelian type. As an application, we deduce a Rapoport-Zink type
unifmormization for the supersingular locus of the moduli space of polarized K3 surfaces
in mixed characteristic. Moreover, we show that the Artin invariants of supersingular K3
surfaces are related to some purely local invariants.
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1. INTRODUCTION

The theory of Rapoport-Zink spaces finds its origin in the work of Drinfeld in [9]. Let E
be a finite extension of Q,, and let QdE be the complement of all F-rational hyperplanes in
the p-adic projective space P! over E. In [9] Drinfeld interpreted this rigid-analytic space
Q‘]f; as the generic fibre of a formal scheme over Og parametrizing certain p-divisible groups.
He used this formal moduli scheme to p-adically uniformize certain Shimura curves and to
construct étale coverings of QdE. In their foundational and seminal work [37], Rapoport
and Zink generalized greatly the construction of Drinfeld by introducing general formal
moduli spaces of p-divisible groups with EL/PEL structures, and proved these spaces M
can be used to uniformize certain pieces of general PEL type Shimura varieties. Moreover,
Rapoport and Zink constructed étale coverings Mg of the generic fibers of these formal
moduli spaces, and realized these rigid analytic spaces as étale coverings of more general
non-archimedean period domains. Besides these importances in arithemetic geometry and
p-adic Hodge theory, it was conjectured by Kottwitz that the ¢-adic cohomology of these
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Rapoport-Zink spaces M g realizes the local Langlands correspondence for the related local
reductive group G, cf. [33] section 5.

Recently, in [26] Kim has constructed more general formal moduli spaces of p-divisible
groups with additional structures. (Here and throughout the rest of this introduction we
assume p > 2.) These formal schemes

V)

M

are called of Rapoport-Zink spaces of Hodge type, associated to unramified local Shimura
data of Hodge type (G, [b], {i}) (see below). The additional structures on p-divisible groups
are given by the so called crystalline Tate tensors, cf. [26] Definition 4.6, generalizing
the EL/PEL structures introduced by Rapoport-Zink (in the unramified case). Kim also
constructed a tower (Mg )k of rigid analytic spaces (as usual, K C G(Qp) runs through
open compact subgroups of G(Q,)), when passing to the generic fibers of these formal
moduli schemes. These Rapoport-Zink spaces of Hodge type appear as local analogues of
the recent work of Kisin [28] on integral canonical models of Shimura varieties of Hodge type.
In [27] Kim has proved his Rapoport-Zink spaces of Hodge type can be used to uniformize
certain pieces of Shimura varieties of Hodge type. If the unramified local Shimura datum
of Hodge type comes from a Shimura datum of Hodge type, Howard and Pappas has given
another (global) construction of the associated Hodge type Rapoport-Zink spaces. We refer
to [22] for more details.

In this note, we show that we can in fact go ahead one step further: we will construct
some (slightly) more general formal and rigid analytic Rapoport-Zink spaces, and we will
show that these spaces can be used to uniformize (pieces of) Kisin’s integral canonical
models Shimura varieties of abelian type, cf. [28]. Moreover, we will give some interesting
applications to the moduli spaces of K3 surfaces in mixed characteristic.

There are several motivations for our work here. In our previous work [44], we constructed
perfectoid Shimura varieties of abelian type. One of the main motivations for this work is
to study the local geometric structures of these perfectoid Shimura varieties, and to study
the local geometric structures of Kisin’s integral models of Shimura varieties of abelian type
[28]. Another motivation is the recent developments in the theory of local Shimura varieties.
In [38], Rapoport-Viehmann conjectured the existence of a rigid analytic tower

(Mk )k
associated to a local Shimura datum (G, [b],{x}), Wherﬂ

e G is a reductive group over Q,,

e {u} is a conjugacy class of minuscule cocharacters u : G, — G@p,

e [b] is a o-conjugacy class in the Kottwitz set B(G, i) (see [6] 2.3.4 for example)
These conjectural local Shimura varieties are intended to be generalizations of Rapoport-
Zink spaces, and there should be a theory in the local situation as good as the classical
theory of Shimura varieties ([§]). Recently, using the theory of perfectoid spaces ([41]), and
the developments of p-adic Hodge theory due to Fargues, Fargues-Fontaine, and Kedalaya-
Liu [12] [I7, 25], Scholze has almost given a solution for Rapoport-Viehmann’s conjecture
by constructing moduli of local G-shtukas in mixed characteristic (cf. [42])

(ShtK)K

as some reasonable geometric objects, cf. [42]. These geometric objects are called diamonds
there, a generalization of perfectoid spaces and analytic adic spaces. In fact, along the way
of construction, we get an infinite level moduli space Sht, such that as diamonds we have
Shto, = 1&11( Sht .

IHere we have followed[38] to write a local Shimura datum as (G, [b], {1}).
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In fact, Scholze proved more: one can allow the conjugacy class of cocharacters {u} non
minuscule, contrary to the original requirement of Rapoport-Viehmann in [38], and in fact
one can allow several {u}’s. Thus this theory is the mixed characteristic analogue of the
theory of moduli of shtukas in the function fields case ([48]).

Although Scholze’s method makes a great success, it is purely generic: a priori, one
has no information on reduction mod p. In the case of EL/PEL Rapoport-Zink spaces
M, Scholze proved the associated diamonds M$, are isomorphic to his moduli spaces of
local G-shtukas Shty. From the point of view of moduli, this means that one can switch
p-divisible groups with additional structures to local G-shtukas. Thus, in these classical
cases, one gets formal integral structures and can talk about reduction mod p. Assume
that G is unramified over QQ,. Using Dieudonné theory, one can prove the special fibers of
formal Rapoport-Zink spaces (of EL/PEL/Hodge type) are isomorphic to the related affine
Deligne-Lusztig varieties

X7 (b) = {g € GL)/GW)| g~ 'bo(g) € GW)u(p)G(W)},

where W = W (F,), L = Wg. These objects are defined purely group theoretically, and thus
make sense for arbitrary (G, [b], {i}) (as in the case of Scholze’s moduli of local G-shtukas).
These affine Deligne-Lusztig varieties play a crucial role in understanding the reduction
mod p of Shimura varieties, cf. [34].

In this paper, we introduce a class of local Shimura datum (G, [b],{p}), the so called
unramified local Shimura datum of abelian type, and we construct a formal scheme M, and
a tower of rigid analytic spaces (Mk)kca(z,) such that

e the reduced special fiber M,.qq(F,) ~ Xf(b);
e the rigid analytic (adic) generic fiber /\;l‘,’“]d = Mqgz,);
e the associated diamonds M$. ~ Shtg.

Moreover, we can prove that there exists a preperfectoid space M, over L such that

Moo ~ lim M.
K

This class of unramified local Shimura datum of abelian type is strictly larger than the class
of unramified local Shimura datum of Hodge type. Thus, among all local Shimrua data, we
find a class which is as large as possible such that

ad,o

e there exists a formal integral model M, such that ./\>l7, ~ Shtg(z,), Mea(Fp) ~
X5 (0);
e there exists a preperfectoid space M, such that M ~ Sht.
We remark that the above two additional structures are known in the global situation of
Shimura varieties of abelian type by [28] [45]. They are not known for general local Shimura
data (or local shtuka data).

A local Shimura datum (G, [b], {i}) is called of unramified Hodge type, if G is unrami-
fied, and there exists an embedding (G, [b], {u}) — (GL(V), [t], {i'}) of local Shimura data.
A local Shimura datum (G, [b],{p}) is called of unramified abelian type, if there exists a
unramified local Shimura datum of Hodge type (G1, [b1], {p1}) such that we have an isomor-
phism of the associated adjoint local Shimura datum (G4, [b%9], {u®?}) ~ (G4, [697], {ug9}).
This is the local analogue of a Shimura datum of abelian typeﬂ Our first main theorem is

as follows. See Theorem Proposition Corollary [5.24]

2More precisely, our local Shimura data of abelian type are the local analogues of Shimura data of
preabelian type.
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Theorem 1.1. Let (G, [b], {,u}) be a unramified local Shimura datum of abelian type. Then
there exists a formal scheme M(G, b, i), which is formally smooth, formally locally of finite
over W, such that

M(G,b, )P = XG ().

red

Here M(G, b,,u)perf is the perfection of the reduced special fiber M(G,b, ) req, and Xg(b)

red

is considered as a perfect scheme by [52]. The formal scheme M(G, b, i) is equipped with
a transitive action of Jy(Qp), compatible with the action of Jy(Qp) on Xf(b). Moreover,
there exist a tower of rigid analytic spaces (M) and a preperfectoid space Moo such that

(1) M = Mgz,

(2) Moo ~ lim, Mg,

(3) /\/l<> ~ Shtg,

(4) there exists a compatible system of étale morphism mqp : Mg — ﬁﬁaGdZ‘,

(5) there exists a Hodge-Tate period morphism wgr : Moo — Flg, —p-

Here % ﬁ“édf is an open subspace of the p-adic flag variety # (g, associated to (G, {u}),

Fla, ., is the p-adic flag variety associated to (G, {u~'}).

The construction of M (G, b, 1) associated to (G, [b], {x}) as above is based on the follow-
ing observations. Take any unramified local Shimura datum of Hodge type (G1, [b1], {p1})
as above. We have the associated formal Raoport-Zink space M(G1,bl, (1) constructed
by Kim [26], by patching together Faltings’s construction of deformation ring of p-divisible
groups with crystalline Tate tensors with Artin’s criterion for algebraic spaces. The special
fiber of M(Gl, b1, 1) is isomorphic to the affine Deligne-Lusztig variety Xfll (b1). For any
local Shimura datum (G, [b], {i}), we have a J,(Qp)-equivariant map

wa - Xf(b) — Cb,ﬂﬂ'l(G)Fa

which factors through the set of connected components Wo(XE(b)). Here m(G) is the
algebraic fundamental algebraic group of G and I" = Gal(@p@p). See subsection for
the construction of this map and the element ¢, € 71 (G). Moreover, by [6] Theorem 1.2,
Jp(Qp) acts transitively on WO(XE(b)). For any local Shimura datum (G, [b], {¢}), by [6]
Corollary 2.4.2, we have a cartesian diagram

a Gad
X/,L (b) Xuald

| |

Cb#’iTl(G)F e Cba,d adWl(Gad)F.

)

In partlcular we apply the above diagram to (G, [b], {u}) and (G1, [b1],{u1}) as above. Let
X,ﬁl(bl) Xﬁll(bl) be a fixed choice of non empty fiber of the map wg, : Xﬁl(bl)
¢y iy ™1 (G1)F. This is isomorphic to the corresponding local piece for Xf(b). Let

M(G1, by, )t C M(Gr, by, )
be the open and closed subspace corresponding to Xfll(bl)*. As Xf(b) = Jb(Qp)Xf(b)+,

we get the formal scheme M(G,b, ) with special fiber XMG(b). By construction, this
formal scheme does not depend on the choice of the Hodge type local Shimura datum
(G1,[b1],{u1}). The other properties can be proved similarly.

We note that the above construction is simpler than the corresponding global situation,
cf. [45, 28], where one has to make a quotient on each geometric connected component of
Shimura varieties of Hodge type.
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If the unramified local Shimrua datum of abelian type comes from a Shimura datum of
abelian type (G, X ), we can prove the following uniformization theorem. Let K? C G (Afc) be
a fixed sufficiently small open compact subgroup. Consider Sk, the Kisin integral canonical
model over Op of the Shimura variety Shx with K = G(Z,)K?. Let

gb:Q—)@G

be a Langlands-Rapoport parameter with b = b(¢), with the associated reductive group
I over Q. In section 6 we will construct a subspace Zy gr C Sk, such that the formal
completion of Sk along Z4 k» can be defined. The following theorem was prove by Rapoport
and Zink in the PEL type case ([37]), and by Kim in the Hodge type case ([27], see also
[22]). Tt can be viewed as the geometric version of the Langlands-Rapoport description for
the underling F,-points, cf. [29]. In fact, it was pointed out in the introduction of [38] that
the works of Kisin 28] 29] should yield new Rapoport-Zink spaces (comp. [22]). Here we
construct these spaces locally, and show that they admit global application (comp. [38]

Remark 5.9). See Theorems [6.7] and

Theorem 1.2. We have an isomorphism of formal schemes over W

o: [ L@\Mxc@uh/E? = ] Sk xSpfWz, .
[¢],0%9=d0 [¢],0%4=dq

where ¢ : Q — Ggaa is a fized admissible morphism such that b = b(¢),V ¢, = ¢y.
When b is basic, we have Zy gv» = gl;(, and the above isomorphism reduces to

0 : I,(Q) \ M x G(Ah)/KP = S x SpEW 5 .
K

Unsurprisingly, we apply the tricks of Kisin as in [29] to deduce the theorem from the
Hodge type case. One can also deduce rigid analytic and perfectoid versions of the above
uniformization theorem.

We consider the examples of basic GSpin and special orthogonal groups Rapoport-Zink
spaces. Let M; = M(GSpin, b, u), M = M(SO,¥, /) be the associated Rapoport-Zink
spaces, where GSpin = GSpin(V,Q),SO = SO(V,Q) are unramified GSpin and special
orthogonal groups associated to a quadratic space (V,Q) over Qp, with dimV = n + 2
for some integer n > 1. By considering the G-zips associated to the universal p-divisible
group with crystalline Tate tensors on the reduced special fiber My,..q of Ml, we can define
an Ekedahl-Oort stratification on My,.q, which is the local analogue of the Ekedahl-Oort
stratification for Shimura varieties of Hodge type, cf. [51]. The index set of this stratification
is a subset 7W? of the Weyl group of G (for a fixed choice of maximal torus), which is
then in bijection with some set of integers. For each w € W?, we have the associated
Ekedahl-Oort stratum My of Miyeq. As M ~ Ml/ p”, we get an induced Ekedahl-Oort
stratification of M,.4. On the other hand, in [22], Howard and Pappas introduced another
stratification for the reduced special fiber M1,¢4:

ered = H MiAa
A

where A runs through the set of vertex lattices. The following theorem is proved in subsec-
tion see Theorem and Corollary [7.5] for more precise statements.

Theorem 1.3. FEach Ekedahl-Oort stratum Mayy of Miyeq is some (disjoint) union of
Howard-Pappas strata.
Similar result holds for Mi.qq.



6 XU SHEN

For a similar result in the case of the basic unitary group GU(1,n — 1) Rapoport-Zink
space, see [47] Theorem D.

Specializing further to the case of K3 surfaces, we have some interesting applications.
Take an integer d > 1 such that p { 2d. Let Mg i be the moduli spaces of K3 surfaces
f X — S together with a primitive polarization £ of degree 2d and a K-level structure
over Zj,. Recall that by the global integral Torelli theorem (cf. [32] Corollary 5.15), the
integral Kuga-Satake period map

L MQd’K — Sk

is an open immersion, where Sk is the integral canonical model of the Shimura variety
Shg for G = SO(2,19), see subsection for more details. Here, we assume in fact that
K, = G(Z,) is the hyperspecial subgroup to have good reduction. Let X be a supersingular
K3 surface over F, then the discriminant of its Néron-Severi lattice is equal to

_pQUo(X )
for some integer 1 < 0g(X) < 10. The integer o¢(X) is called the Artin invariant of X.
The following corollary is a consequence of the above theorems.

Corollary 1.4 (Corollaries and )- (1) Let ¢ and Zy v be as in the above
Theorem and let Jy be the pullback of Z4 kv under the open immersion Mag i <
Sk of special fibers. Then we have the following identity

MZd,K/J¢ = [I~/T5,

jel

where N' C M(G, b, ) is an open subspace, I'; C Jy(Qp,) are some discrete sub-
groups. If moreover b = by is basic, then Jy = M;;K and the above disjoint union
is finite. B

(2) Eet T € M;Z,K(FP) be a point, and X, the associated supersingular K3 surface over

F,. Then we have the identity between the Artin invariant og(X;) and the type
t(Ag):

JO(Xx) = "5

where A, is the vertex lattice attached to the special lattice associated to (X, &),

cf. subsection[7.5,

We briefly describe the structure of this article. In section 2, we review some basics
about affine Deligne-Lusztig varieties which will be used later. In section 3, we first re-
call the Rapoport-Viehmann conjecture on the theory of local Shimura varieties, then we
concentrate on the case of unramified local Shimura datum of Hodge type, and review the
construction of Kim [26] on the associated Rapoport-Zink spaces of Hodge type. In section
4, we introduce unramified local Shimura datum of abelian type, and construct the associ-
ated formal and rigid analytic Rapoport-Zink spaces. Section 5 is devoted as a review the
general framework of moduli of local G-shtukas in mixed characteristic due to Scholze, to
give a moduli interpretation of the generic fibers of our Rapoport-Zink spaces of abelian
type. In section 6, we turn to the global situation of Shimura varieties of abelian type, and
prove a Rapoport-Zink type uniformization theorem in this setting. In section 7, we work
on the examples of basic GSpin and special orthogonal groups Rapoport-Zink spaces, and
then more specially on the case of moduli spaces of K3 surfaces. Finally, we investigate
p-adic period domains in the basic orthogonal case in the appendix following Fargues.
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2. AFFINE DELIGNE-LUSZTIG VARIETIES IN MIXED CHARACTERISTIC

In this section, we recall some basic facts about affine Deligne-Lusztig varieties in mixed
characteristic, which will be used later.
Fix a prime p. Let G be reductive group over Q,, which we assume to be unramified.

Fix T' C B a maximal split torus inside a Borel subgroup of G. Let W = W(F,) be the
ring of Witt vectors, and L = Wg. Denote o as the Frobenius on L and W.

2.1. Affine Deligne-Lusztig varieties. For b € G(L) and a conjugacy class {u} of cochar-
acters p : G, — G@ , we define the affine Deligne-Lusztig sets
P

X7 (b) = {g € G(L)/GW)| g~ bo(g) € GW)u(p)G(W)},

and
XE,(0) ={g € G(L)/GW)|g~"ba(g) € | GW)u'(p)G(W)}.
W<p

Here, for dominant elements u, 1/ € X, (T'), we say that p/ < p if u — g/ is a non-negative
integral linear combination of positive coroots. The isomorphism classes of both Xf(b) and
X g ,.(b) depend only on the o-conjugacy class [b] of b, and they are non empty if and only if
[b] € B(G, ). Here B(G, u) is the Kottwitz subset inside B(G), the set of all o-conjugacy
classes in G(L). We assume [b] € B(G, ) from now on. The triple (G, [b], {i}) will be
called a local Shimura datum in the next section, cf. Definition By construction, we
have Xf(b) C ng(b)- When {p} is minuscule, we have Xgu(b) = Xf(b).

By the recent work of Zhu [52] and Bhatt-Schoze [I], there exist perfect scheme structures
on the sets Xﬁ(b) and Xgu (b).ﬁMore precisely, Xf(b) and Xgu(b) are the sets of [F,-points
of some perfect schemes over F,,, which are locally closed subschemes of the Witt vector
affine Grassmannian Grg (cf. [52, [I]). It will be useful to briefly recall the related moduli
interpretation. Denote & the trivial G-torsor on W. For any perfect [Fp-algebra R, we have
(cf. [52]1.2 and 3.1) Grg(R) = {(&,8)}/ ~, where

e & is a G-torsor in W(R),
o 3:&[1/p| ~ &[1/p] is a trivialization,
and
XE,(0)(R) = {(£.5) € Gra(R)|nv, (5~ 'bo (8)) < . Va € SpecR},
X5 (0)(R) = {(£. ) € Gra(R)[Inv,(8~'00(B)) = 1, Var € SpecR},

where Inv, is the relative position at x. By abuse of notation, we denote also by X gu(b)
and Xf(b) the associated perfect schemes. By construction, XMG(b) C Xgu(b) is an open
subscheme.

Lemma 2.1. Let (Gy, [bi],{p1}) = (Ga, [ba], {n2}) be a morphism (cf. Definition [3.5) It
nduces a natural map
G G
Xy (01) = X, (b2).
If G1 — G4 is a closed immersion, the above map is a closed immersion.

Proof. The first statement is clear. For the second statement, see [26] Lemma 2.5.4 (1) and
[22] 2.4.4. O
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2.2. Connected components. In [6] 2.3.5, Chen, Kisin and Viehmann introduce a notion
of connected components for the affine Deligne-Lusztig sets X g u(b) by some ad hoc methods,

since the algebro-geometric structure on X g #(b) has not been known by then. We denote

by (X fﬂ (b) the set of connected components defined by Chen-Kisin-Viehmann in such a
way. By resorting on the perfect scheme structure, we have a naturally defined notion of
connected components for X%L(b). It is conjectured that the two definitions coincide, cf.
[52] Remark 3.2 and [6] 2.3.5. This is known for the case of unramified EL/PEL Rapoport-
Zink spaces, cf. [6] Theorem 5.1.5.

Let 71(G) be the quotientﬁ of X,(T) by the coroot lattice of G. There is the Kottwitz
homomorphism

wg : G(L) — m(G)

for which an element g € G(W)u(p)G(W) C G(L) is sent to the class of u. Recall that for
our pair (b, ) we assume that [b] € B(G, p). Then there is an element ¢, € 71(G) such
that wg(b) — = (1 —0)(cp). The 71 (G) -coset of ¢, is uniquely determined. Here and
the following, I' = Gal(F,/F,) is the local Galois group. As wg is trivial on G(W), when
restricting to Xgu(b) C G(L)/G(W), [6] 2.3, we have a J,(Qp)-equivariant map

wa : XE,(b) — ¢,m(G)F

which factors through mo(X gu (b)), cf. [6] 2.3. Thus we get a commutative diagram

XE,()

BN

wo(Xgu(b)) —— Cp T (e

Therefore, the non empty fibers of the map wg : Xgu(b) — ¢,m(G)T are unions of
connected components of Xgu(b). Moreover, all non empty fibers are isomorphic to each
other under the transition induced by the action of J,(Q,). Recall the following main
theorem of [6].
Theorem 2.2 ([6] Theorems 1.2 and 1.1). Assume that p is minuscule.
(1) Jp(Qp) acts transitively on Fo(XE(b)).
(2) Assume that G is simple, and (p1,b) is Hodge-Newton indecomposable in G. Then
wg tnduces a bijection
(X}, (b)) = cpumi(G)"
unless [b] = [u(p)] with p central, in which case

Xf(b) ~ G(Qy)/G(Zy)
is discrete.

Assume that p is minuscule. By (1) of the above theorem, all non empty fibers of
wa X%L(b) — ¢p,,m1(G)! are isomorphic to each other under the transition induced by
the action of J,(Qp). Fix a point zy € Im(wg : Xﬁ(b) — ¢, (G)) (Soon we will show
that wq is surjective). Let

X5 ()" c XS (b)
be the fiber of wg over xy. By (1) of the above theorem, we have the equality
X7 (b) = Jy(Qp) X, (b)*.

3We note that () is finite if G is semisimple.
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In the following, we will not need to work on each connected component of X E (b). The
subspace XMG(b)Jr and the equality above will be all what we need.

Now let p be arbitrary. As in [29] 1.2.20 and 1.2.15, if we take v = o(u), we have a
natural bijection

X5 (b) = XS (), g0 (b g),
and similarly
X&,(b) = XE,(b).

For X& (b), as we can choose b € [b] such that b € G(W)o(u(p))G(W), we have 1 € X&, (b)
and thus by = 1 (we note that the element ¢y, can be defined for arbitrary ). There_fore,
we may assume the element c;, , = 1 by working on XY, (b) in the following.

Lemma 2.3. (1) The restriction of wg : G(L) — m1(G) to G(Qp) induces a surjective
map
we : G(Qy) — m(G).
(2) The map Jp(Qp) — m(G)L is surjective.
Proof. For (1): this is contained in Lemma 1.2.3 of [29].
For (2): in the case that (G, [b], {p}) comes from a Hodge type Shimura datum (G, X)

unramified at p (and Zg is a torus), see Lemma 4.6.4 of [29]. The arguments there work
also in the general case. O

With the above convention, we have

Proposition 2.4. The map

wa - Xgu(b) — Wl(G)F
1s surjective. In particular we get a surjection

mo(XE,, (b)) = m(G)".

Proof. By Lemma 2.3.6 of [6], the map w¢ is compatible with the J,(Qj)-actions on both
sides. By construction, J,(Q,) acts on 71 (G)" by left multiplication via the map J,(Q,) —
71(G)F, which is surjective by (2) of Lemma Thus wg : Xgﬂ(b) — m1(G)" is surjective.

- ([l

We continue to assume that y can be arbitrary.

Proposition 2.5. Let (G, [b1],{p1}) — (Go, [b2], {u2}) be a morphism. If Go = G1/Z for
some central group Z C Zg,, we have the following cartesian diagram

X (b1) Xh (b2)

lwcl leQ
by 1 (G1)T —— cp, o1 (G2)'.
Proof. This is contained in [6] Corollary 2.4.2. O
Let the notations be as in the above proposition. Combined with Proposition 2.4 we get

Corollary 2.6. Let 1 € cbhmm(Gl)F be a point and xy € cbwLQTrl(Gz)F be its image
under cp, u, m1(G1)Y = chy 1 (G2)E. Let Xgl“(bl)*' and ngm(bg)Jr be the fibers of wq,
and wg, ot x1 and xo respectively, which are non empty by Proposition . Then the map
Xgli1 (b1) — XgZZ (be) induces a bijection

X (b)) = X, ()"
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We still keep the above notations.

Lemma 2.7. If m1(G1)" — 71(G2)' is surjective, then the map Xg;“(bl) — Xglj2(bg)
mduces an isomorphism
G G
Xg,il(bl)/z(@p) = Xg,i2<b2)-
Proof. This is implied by the proof of [6] Corollaries 2.4.2 and 2.4.3: under the assumption
that m(G1)"' — 71(Go)' is surjective, all fibers of Xg;l(bl) — Xgli2(b2) are torsors under
X.(Z)'. The group Z(Q,) acts on Xg;“(bl) via the natural map Z(Q,) — X.(Z)'. O

3. RAPOPORT-ZINK SPACES OF HODGE TYPE

Following Rapoport-Viehmann, we first review the general conjecture on the theory of
local Shimura varieties in [38]. Then we concentrate on the Hodge type case, cf. [26] 22].

3.1. Local Shimura data and local Shimura varieties. Recall the following definition
of Rapoport-Viehmann.

Definition 3.1 ([[38] Definition 5.1). A local Shimura datum over Q, is a triple (G, [b], {1})
where

o G is a reductive group over Qp,
e [b] € B(G) is a o-conjugacy class,
o {u} is a conjugacy class of cocharacters p : Gy, — G@ ,
P
such that the following conditions are satisfied
(1) [b] € B(G, ),
(2) {u} is minuscule.
Associated to a local Shimura datum, we have
e the reflex field E' = E(G, {u}), which is the field of definition of {:} inside the fixed
algebraic closure Q,),
e the reductive group J, over Q,, for b € [b], which up to isomorphism only depends
on [b].
In fact, if G is unramified, we have also (cf. the last section)

e the affine Delligne-Lusztig variety XMG(b) over F,, (which will be expected to be the
special fiber of some formal integral model of the following local Shimura variety

Mgz, cf. Conjecture .

Let (G,[b],{x}) be a local Shimura datum, with local reflex field E. Let E be the
completion of the maximal unramified extension of E. We have the following conjecture
([38] 5.1):

Conjecture 3.2 (Rapoport-Viehmann). There is a tower of rigid analytic spaces over SpE’,

(MK)k,

where K runs through all open compact subgroups of G(Qp), with the following properties:
(1) the group Jy(Qp) acts on each space M,
(2) the group G(Qp) acts on the tower (Mk)kca(,) as Hecke correspondences,
(3) the tower is equipped with a Weil descent datum over F,
(4) there exists a compatible system of étale and partially proper period maps
TK MK — F 81

which is equivariant for the action of Jy(Qp), where FUE, C Flay is the weakly
admissible open subspace defined in [37] 1.35 and [7] Definition 9.5.4.
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In fact, in [38] 5.1 there is a more precise statement on the point (4) of the conjecture.
In particular, there should be an open subspace

d
FUE C T,

which should be the image of the period maps mx for all K. We refer to [38] 5.1 and
Proposition 5.3 there for more details. This conjecture has been known for the local Shimura
data which arise from local EL/PEL data ([37]), and the unramified local Shimura datum
of Hodge type ([26]). In both cases, these spaces M are finite étale covers of the rigid
analytic generic fibers of some formal schemes M over SpfOy,, which are formal moduli
spaces of p-divisible groups with some additional structures. The special fibers of these
formal schemes M are the affine Deligne-Lusztig varieties which we introduced in the last
section. In section [5| we will give a partial solution of the above conjecture by applying
Scholze’s ideas and methods in [42].
It will be useful to make a definition for morphisms of local Shimura data.

Definition 3.3. Let (G1, [b1], {p1}), (G2, [b2], {p2}) be two local Shimura data. A morphism

(G1, [bl]’ {Ml}) — (Ga, [bQ]’ {#2})
is a hommorphism of algebraic groups f : G1 — Ga sending ([b1], {p1}) to ([b2], {p2}).

If (G1, [b1], {p1}) — (G2, [b2], {12}) is a morphism of local Shimura data, then it is conjec-
tured ([38] Proposition 5.3 (iv)) that for any open compact subgroups K; C G1(Qy), K2 C
G2(Qp) with f(K7) C Ko, there exists a morphism of the associated local Shimura varieties

M(G1,b, 1)k, — M(Ga, b, pi2) i, X SpE1,

and when G; — G is a closed immersion these are closed embeddings for K1 = KoNG1(Q)p).

3.2. Local Shimura data of Hodge type. Now we recall the definition of a special class
of local Shimura data: those of Hodge type (cf. [38] Remark 5.4 (i)):

Definition 3.4. A local Shimura datum (G, [b],{n}) is called of Hodge type, if there exists
an embedding f : G — GL(V) and a local Shimura datum (GL(V), [b'], {i'}), such that

[b],{u} are mapped to [b'],{p'} under f.

If G is moreover unramified, by [28] Lemma 2.3.1, we can find some Z,-lattice Vz, C V/
such that G < GL(V) is induced by an embedding Gz, — GL(Vz,).

Definition 3.5. A local Shimura datum of Hodge type (G, [b],{p}) is called unramified, if
G is unramified.

We note that for a unramified local Shimura datum of Hodge type (G, [b], {1}), the local
reflex field F is a unramified extension of Q,. Thus E = L,0p = W where as before
W =W(F,),L = Wg.

Remark 3.6. The above definition of unramified local Shimura data of Hodge type is more
general than that in [22] Definition 2.83.3. Moreover, for a unramified local Shimura datum
of Hodge type (G, [b],{p}) in the sense of [22], one always has Z(G) D Gy,.

We want to classify local Shimura data of Hodge type. Let (G, [b],{n}) be a given
local Shimura datum. Take any faithful representation V' of G over Qp, so that we get
an embedding f : G < GL(V). Therefore we get a conjugacy class {u'} of cocharacters
W= fou:G, — GL(V)@p. Let N(G) be the set of Newton points of G, cf. [36] 1.7.

Recall that the maps
vg: B(G) —» N(G), kqg:B(G)— m(G)r
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are functorial in G, cf. [36] 1.9 and 1.15. We get in particular a map
B(G,p) = B(GL(V), 1).
Let [b'] € B(GL(V), i) be the image of [b] under this map. The triple (GL(V), [¢'],{1'})
is a local Shimura datum if and only if {4/} is minuscule. In which case (G, [b], {u}) is of
Hodge type. Write
Vg, = @ "

AEX(T) 4
as the decomposition of the faithful representation V@ of G@ into irreducible sub repre-
P P

sentations V) with highest weights A\. There are only finitely many A such that V) # 0.
Then {x'} is minuscule if and only if

’<:u/7w)‘> - <//7)‘>‘ < 17
for any A such that V) # 0 and any w € W. Here W is the Weyl group of G.

Lemma 3.7. Given a local Shimura datum (G, [b],{u}), to check whether it is of Hodge
type, we can only check for finitely many faithful representations V' of G over Q,, for any
weW, and any A € X*(T)+ such that Vy # 0,

|<N/,U))\> - <:u/))‘>| < L.

Proof. We need only to prove the finiteness. This comes from the fact that there are only
finitely many weights A satisfying the equality condition above. O

The following examples of local Shimura datum of Hodge type are standard.

Example 3.8. (1) Let (G, [b],{u}) be a local Shimura datum which comes from a local
EL/PEL data, then it is of Hodge type.

(2) Let (G, X) be a Shimura datum of Hodge type, i.e. there exists some embedding into
the Siegel Shimura datum (G, X) < (GSp, S*). Let ju be the cocharacter associated
to X. Take any [b] € B(Gq,, ). Then the local Shimura datum (Gq,, [b], {1}) is of
Hodge type.

Here is an example of non Hodge type local Shimura datum.

Example 3.9 (See [38] Example 5.5). Let G = PGL,, u be any non trivial minuscule
cocharacter, and [b] € B(G, ) be arbitrary. Then the local Shimura datum (G, [b],{u}) is
not of Hodge type.

3.3. Rapoport-Zink spaces of Hodge type. Throughout the rest of this section, we
assume that p > 2. Let (G, [b],{}) be a unramified local Shimura datum of Hodge type.
Kim ([26]) constructs a formal moduli scheme M = M(G,b, 1) over SpfW of p-divisible
groups with Tate tensors. We review the related constructions in this subsection. By abuse
of notation, we write also G as the associated reductive group scheme over Z,. Then there
exists a faithful representation
p: G — GL(A),
such that the induced cocharacter p/ = Pg, 1 Gm — GL(A ® Q) is minuscule. Let AV be

the dual lattice, and A® be the tensor algebra of A@® AY. By Proposition 1.3.2 of [28], there
exists a finite collection of tensors {s, € A®},¢cs such that p: G C GL(A) is the schematic
stabilizer of (sq).

Let Nilpy, be the category of W-algebras on which p is locally nilpotent. Denote by
Nilp§i* the full subcategory of Nilpy, consisting of formally smooth formally finitely gener-
ated W/p™-algebras for m > 1. We use the following version of Rapoport-Zink functor, cf.
[52] Definition 3.8, which is equivalent to Definition 4.6 of [26].
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Definition 3.10. The Rapoport-Zink space associated to the unramified local Shimura da-
tum of Hodge type is the functor M on Nilpj/* defined by M(R) = {(X, (ta)acr1,p)}/ =~
where

e X is a p-divisible group on SpecR,

o (to)acr is a collection of cystalline Tate tensors of X,

e p: Xo®R/J — X ®R/J is a quasi-isogeny which sends so @ 1 to t, for a € I,

where J is some ideal of definition of R,

such that the following condition holds:
the R-scheme

Isom((D(X)R, (ta), Fil*(D(X)R)), (A @ R, (s ® 1), Fil*A ® R))

that classifies the isomorphisms between locally free sheaves D(X)gr and A ® R on SpecR
preserving the tensors and the filtrations is a P, ® R-torsor.

Theorem 3.11 ([26] Theorem 4.9.1). The functor M is represented by a separated formal
scheme, formally smooth and locally formally of finite type over W

In the classical EL/PEL case ( and with ramification), see [37] Theorem 3.25. In [26] 4.7,
the unramified local EL/PEL data are explained as special examples of unramified Hodge
type data. See also [22] Theorem 3.2.1 for the case that (G, [b], {¢t}) comes from a Shimura
datum of Hodge type.

Let M be the rigid analytic generic fiber over L of the formal scheme M. In [26], Kim
explained how to construct a tower of rigid analytic spaces

(MK)kcaz,)

that satisfies the list of properties in Conjecture Moreover, Mg z,) = M, and Mg —
M is finite étale for any open compact subgroup K C G(Zj). In particular, for unramified
local Shimura datum of Hodge type, the Conjecture is true.

Let M,¢q be the reduced special fiber over F), of M. Recall that in section 2 attached
to (G, [b],{u}), we introduced the affine Deligne-Lusztig variety Xf(b) over F,, viewed as
a perfect scheme. The relation between M,..4 and Xf(b) is as follows.

Proposition 3.12 ([52] Proposition 3.11). XMG(b) is the perfection Mf:gf of Myeq.

If (G, [b],{p}) = (GLy, V], {¢'}) is an embedding of unramified local Shimura data of
Hodge type, by construction, we have the following embeddings
M(G,b, 1) = M(GLy, Y, 1), XT(b) = X5F (1),

which are compatible in the sense of the above proposition.

3.4. Connected components. Let the notations be as above. The map
wa Xf(b) — ¢y, (G)F
is in fact induced by a map
wa - M — Cb,uﬂ'l(G)F.

Let G97 C G be the derived subgroup, and G the abelian quotient G/G9". Consider the
exact sequence

15 G% 5@ — G 1,

which induces a map

oy (G = e, m1 (G = €, X (G,
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where X, (G) is the cocharacter group of the torus G over Q,. Let Xg,(G) be the group
of Qp-rational characters of G. Then we have
Xo,(G) = X*(GY,
The I'-equivariant pairing X, (G%) x X*(G®) — Z then induces a map
b, u X« (G*)' = Hom(X*(G*)", Z) = Hom(X§), (G), Z).
In summary, we get a map by considering the composition
Ik M = ¢, m () = ¢, X (GO — Hom(Xg (G),Z).

In the EL/PEL case, this is just the map constructed in [37] 3.52. (See also [6] 5.1.3.)
If (G,[b],{u}) — (GLy,, [t'],{1'}) is an embedding of unramified local Shimura data of
Hodge type, we get the following commutative diagram

G GLn
XS(0) X5 (v)

| |

cb,,ﬂrl(G)F — cbfyumrl(GLn)F.

Moreover, we know 7 (GL,)" = 71(GL,) ~ Z.
Since by Proposition Xf(b) is the perfection Mfzgf of M4, we have the isomor-
phism between the sets of connected components

mo(Myeq) = b (XS (b)).

Here w2/ (XS (b)) denotes the set of connected components of the perfect scheme X (b).
On the other hand, we have also the set of connected components Wo(XE(b)) defined in [6].

Proposition 3.13. Let (G, [b],{u}) be the unramified local Shimura datum of Hodge type
as above. There is a bijection

7o(Mored) = WO(X;?(b))
Proof. See the Remark 3.2 of [52]. O

Let mo(M) be the set of connected components of the formal scheme M, which is the
same as mo(M.q). On the other hand, we have also the set of connected components 7y (M)
of the generic fiber M. As M is formally smooth and in particular normal, by [24] Theorem
7.4.1, we have a bijection

70 (Mpea) = o (M).

One can also consider the set of connected components mo(M g ) for the finite étale cover
Mg of M. In [38], Rapoport and Viehmann made a conjecture on mo(Mg x Cp) under
the assumption that G is simply connected. We refer to [38] Conjecture 4.26 for the
precise statement on the existence of a determinant morphism for the tower (Mg ). This
conjecture is known in the unramified simple EL/PEL case, cf. Theorem 6.3.1 of [5] (see
also [6] Theorem 5.1.10 and Remark 5.1.11). It will be interesting to consider the more
general Hodge type case studied here.

Fix a point xg € cbyum(G)F. Let ./\/l:fd C M, .4 be the fiber of wg over zg. Then M

e red
is some union of connected components of M,.4. Let M+ C M be the associated sub

formal scheme, with generic fiber M™. For any open compact subgroup K C G(Q,), let
M. C M be the pullback of M C M. We get a tower

(MP)kca@,)-
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We have the equalities
M= I Q)M Myea = Q)M 5 M= Jp(Q)M*

and

Mg = Jp(Qp) M.

4. RAPOPORT-ZINK SPACES OF ABELIAN TYPE

We enlarge the class of Rapoport-Zink spaces of Hodge type in this section. They are
constructed locally from Rapoport-Zink spaces of Hodge type. Throughout this section we
assume p > 2.

4.1. Local Shimura data of abelian type. Let (G, [b],{u}) be a local Shimrua datum.
Consider the natural projection G — G from G to its associated adjoint group. We get

induced [b%], {u®}, so that
(Gad’ [bad]’ {Mad})

is also a local Shimura datum and (G, [b], {u}) — (G, [69], {1%}) is a morphism of local
Shimura data. We introduce the local analogue of a Shimura datum of abelian type (more
precisely, of preabelian type) as follows.

Definition 4.1. A local Shimura datum (G, [b],{p}) is called of abelian type, if there exists
a local Shimura datum of Hodge type (G1,[b1],{p1}) such that we have an isomorphism of
the associated adjoint local Shimura data (G, [b%9], {u}) ~ (G944, [b49], {us?}).

Thus any local Shimura datum of Hodge type is also of abelian type. The later class is
strictly larger.

Example 4.2. Let G = PGL,,. Consider a nontrivial minuscule cocharacter u1 : G, —
GL,, and by € B(GLy, j11). Take pn = p$d,b = 34, Then (G, [b],{u}) is of abelian type, but
not of Hodge type, cf. Example[3.9

Remark 4.3. By the classification of Shimura data of abelian type in [8], we know that the
class of simple factors of G appearing in local Shimura data of abelian type at least contains
local reductive groups of types A, B,C, D, cf. Example[{.

4.2. The associated Rapoport-Zink spaces. To construct Rapoport-Zink spaces, we
need the following unramified assumption.

Definition 4.4. A local Shimura datum of abelian type (G, [b], {u}) is called unramified, if G
is unramified and there exists a unramified local Shimura datum of Hodge type (G1, [b1], {p1})
such that (G, [b4], {u}) ~ (G99, [b$9], {us?}).

Example 4.5. Let (G, X) be a Shimura datum of abelian type such that G is unramified at
p. Take any [b] € B(G, ), the associated triple (G, [b],{p}) is a unramified local Shimura
datum of abelian type.

Lemma 4.6. Let (G, [b],{u}) be a unramified local Shimura datum of abelian type. Con-
sider the associated adjoint local Shimura datum (G, [b%), {u®}). We have the following
isomorphism of reductive groups over Q,

JA ~ .

Proof. This follows from the definitions of J, and Jyad. 0
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Theorem 4.7. Let (G, [b],{u}) be a unramified local Shimura datum of abelian type. Then
there exists a formal scheme M(G, b, 1), which is formally smooth, formally locally of finite
over W, such that

M(G b, el = X5 (b).

The formal scheme M(G, b, 1) is equipped with a transitive action of Jy(Qp), compatible
with the action of Jp(Qp) on Xf(b).

Proof. Take any unramified local Shimura datum of Hodge type (G1, [b1], {i1}) as in Defi-
nition Consider the associated formal Rapoport-Zink space M(G1, by, 1) over SpfW.
Then its reduced special fiber M(G1, b1, pi1)req satisfies

M(Gq, bl,,ul)f:;f &~ X,?ll (b1)-
Recall that we have following cartesian diagram (cf. Proposition [2.5)

Gad a
X5 () X8 ()

lwcl lwc%d

cbla,ul 1 (G]_)F _—> Cbtlld,,uflldﬂ-l (GClld)F

Let Xﬁl (b))t C Xﬁl (b1) be the fiber over ¢, ,,, under the map wg, : XMGI1 (b1) = by 1 (G1)T.

Let M(Gl, b1, 1) be the corresponding formal sub scheme of M(Gl, b1, 111). On the other
hand, we can consider also the fiber XMG(b)Jr C Xf(b) over ¢, under wg : Xf(b) —

¢, (G)Y. Then as

Xfll(bl)+ ~ X&

PON

we set
M(Ga bv H)+ = M(Gly bla M1)+7
which is a formal model of Xf(b)f By Theorem (1), we have
X, (0) = J(Qp) X7 (b)*

Therefore, there exists a formal scheme

V)

M(G,b, )
equipped with an action of J,(Q)), such that
M(Gv ba M) = Jb(@p)M(Ga b7 :U‘)Jrv
M(G,b, )l = X7 (b),

and the induced action of J,(Qp) on M(G, b, tt)req is compatible with that on Xf(b) under
the above identification. In fact, we can take

M(G, b, 1) = [Jp(Qp) x M(G,b, )]/ Jp(Qp) "
~ H M(G, b, M)"',
Jb(@p)/Jb(Qp)+

where J5(Qp) " C J5(Qp) is the stabilizer of X (b)™ under the action of J,(Q,) on X (b).

The above construction does not depend on the choice of the unramified local Shimura da-
tum of Hodge type (G1, [b1], {u1}) as in the statement of the theorem, since if (Ga, [b2], {p2})
is another such one, then we have a canonical isomorphism

M(G1, by, 1)t =~ M(Gy, by, )t
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This follows from the bijection Xﬁl (by)T ~ Xﬁ?(bg)—i_, the isomorphism of deformation
rings Ray e, ~ Ry, where XS (b1)T 3 21 — z0 € XG2(bo)™, of. [28] 1.5.4 (from the
description there, Rg depends only on the adjoint group G®), and the constructions in
section 6 of [26].

O

Let (G, [b], {u}) be a unramified local Shimura datum of abelian type. Take an embedding
G — GL,. Then we get an induced triple (GL,, [/],{'}). If (G, [b], {i}) is not of Hodge
type, then {4/} is not minuscule. In any case, we have the embedding

M(G, b, wPe? ~ X5 (b) = X0 (v)).

red

4.3. A moduli interpretation. Let (G, [b], {¢}) be as in Theorem[4.7 Then by construc-
tion, locally the formal scheme M(G, b, 1) admits a moduli interpretation. More precisely,
take (G1,[b1],{p1}) as in Theorem Then the formal scheme M(G1, by, 1) is a moduli
space of p-divisible groups with Tate tensors. In particular, M(G, b, 1)T is a moduli space
of p-divisible groups with Tate tensors such that under the map wq, the image is fixed.

Suppose now that there exists a triple (Gy, [b1], {u1}) as in Theorem such that the
map

m(G1)" = m(GiH"

is surjective. Then the formal scheme M(G, b, 1) admits a global moduli interpretation as
follows. Let Zg, be the center of G.
Proposition 4.8. Under the above setup,

(1) we have an isomorphism of formal schemes
M(G(Ildv b(11d7 :U’(lld) = M(le b17 :U’l)/X*(ZGl)F'

(2) M(G, b, i) is the pullback 0f./\>l(G1, b1, 1)/ X«(Zg,)" under the morphism w1 (G)" —
Wl(Gad)F.

Proof. We have the following cartesian diagrams

ad
G (b9

|

by T1(G1)T — €y yaam (GI)T <— by (G)

X
w

X (by) X5 (b)

r

All the vertical maps are surjective by Proposition [2.4] The assertions follow by the as-
sumption 71 (G)F — 71(G1)b is surjective. O

Example 4.9. Consider Example [[.9 again. As the exact sequence 1 — G,, — GL, —
PGL,, — 1 induces a surjection

T (GLn)F = Wl(GLn) — Wl(PGLn)F,

we have

M(PGL,,, b, j1) ~ M(GL,, b1, 1) /"

Another example will be given in section 7.

By construction, both the above local moduli interpretation in the general case, and
the global moduli interpretation in the above Proposition are not canonical. Moreover,
the formal scheme M(G, b, ) associated to a unramified local Shimura datum of abelian
type but not of Hodge type does not admit a moduli interpretation by p-divisible groups.
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Nevertheless, when passing to the generic fibers, they are indeed canonical moduli spaces
of some objects (local G-shtukas in the sense of Scholze): see the next section.

4.4. Generic fibers and local Shimura varieties of abelian type. Let (G, [b], {1}) and
M = M(G, b, 1) be as in Theorem We consider the rigid analytic fiber M = M(G, b, )
as an adic space over SpaL. For any open compact subgroup K C G(Z,), we construct a
finite étale cover Mg of M as follows.

First, assume that K = K,, for some n > 1, where K, = ker (G(Zp) — G(Zp/p"Zp)>.
On the component M™T = M(G, b, ;1) %4, we can construct a finite étale cover M by
taking some unramified loal Shimura datum of Hodge type (Gi, [b1], {i1}) and using the
moduli interpretation of M(G1, b1, u1). As we can do this on each connected component of

M, we get a finite étale cover M,, of M by taking the disjoint union. Or equivalently, we
can take

My = [Tp(Qp) x M1/ T(Qp) "
In this way we get a tower
(Map)n,

on which G(Z,) acts. Set My = M. The action of G(Z,) on M, factors through
G(Zp)/ Ky, = G(Zy/p"Zy). Now let K C G(Zj) be arbitrary. Take some sufficiently large n
such that K,, C K. Set

Then Mg is a finite étale cover of M, and it does not depend on the choice of n. When

K C G(Zy) is normal, this cover is a Galois cover with Galois group G(Z,)/K. For any

g € G(Qp) and any open compact subgroup K C G(Zj), we have a natural isomorphism
Mic 5 Mygeyr.

As a result, the group G(Qy) acts on the tower

(MK)kca,)

by Hecke correspondences.

As before, for any open compact K C G(Z,), let ./\/l;'( C Mg be the pullback of M™T C
M. In this way we get a sub tower (M) C (Mg)k. Let G(Qy)T C G(Q,) be the
subgroup which is the stabilizer of the sub tower

(ME)k € (Mk)k.
By Lemma (1) the map
wa : G(Qp) = m(Qp)"

is surjective. By construction we have

wa - G(@p)/G(@p)+ — Wl(Qp)F7
and
My = Ty (Q)Mp,  (Mx)x = G(Qp)(My)k-
Let (G, [b], {p}) be a unramified local Shimura datum of abelian type. Take any (G1, [b1], {{1})

as in Theorem Then we have the canonical identification of the associated p-adic flag
varieties over L

Flgy=G|P,=Flg, u = G1/Py,.
We will simply write them as .%#¢,,. By [26] 7.5, we have a period map
e ,dr : M(G1, b1, ) = FU,,
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which is J;, (Qp)-equivalent. Restricting this map to M(G1, b1, )" = M™, we get a map
W;R : ./\/l+ = M(Gl,bl,u1)+ — ﬁfu

Then applying the group action of J,(Q,), we can define a J,(Qp)-equivalent period map
for M
TG,dR : M= M(G, b,u) — yﬁ#

Let ﬁﬁ‘é‘ﬁ%l C Z4{, and Q’WGC{L” C Z#/{, be the images of the above period maps g, ar

and g gr respectively, which are open subsapces of .#/¢,,. Let .# EaGdl”L;r CcZ é‘édl%l be the
image of W;R.
For any open compact subgroup K C G(Z,), we have the finite étale map M;r{ =

M(G1, b1, 1) e = MT = M(G1,by, 1) T, thus we get a morphism
+
My — FL,
with image % Egdlnlj From this we can define a J;,(Qy)-equivalent period map for Mg
TG,dR - MK — ffu.

When K varies, these period maps are compatible with the Hecke action of G(Q,) on
(Mk) k. Thus we may think that there exists a G(Qp)-invariant map (Mg)x — FL,.

Recall that we also have F(g! =~ and F({5,. By construction, we have ﬂ‘ﬁ‘é‘ﬂ%l C

o p
F g‘im, and similarly .# E‘égb cCZ gau

Lemma 4.10. We have

wa _ wa adm __ adm
F Gi,p1 — F G, ‘?601#1 - ﬂEG,H'

Proof. The equality .7 G = a g, follows by [7] Proposition 9.5.3 (iv).
Since (M(Gl,bl,ul)]{)[{ = Gl(@p)(-/\/l(Glybl;Ml)})K and the map M(Gl,bl,,u,l)[( —

FLEm is G1(Qp)-invariant, we get

g padm g padm,+
JEGM“ = JEGM“ .

We have also (M(G, b, 1)k )k = G(Qp)(M(G, b, 1))k, and by our construction the map
(M(G, b, )k — FL,, is G(Qp)-invariant, we get also

arpadm __ g padm,+
JgG,u = JKGIM )

O

Remark 4.11. (1) There are several descriptions of the subspace ﬂﬁ‘gﬁf C Flgyu :
in [21] (and [42]) it is described using the Robba rings; in [I1] it is described using
the crystalline period ring Beris; and in [43), B5)] it is described using the Fargues-
Fontaine curve. See also Proposition 5.1,

(2) We always have 336‘&5{,’7 C Flg, In B5] Question A. 20, Rapoport asked that when
is ﬁﬁ‘é‘f;” = 9’63‘; ¢ Fargues conjectures that this holds true if and only if (G, {u})
is fully Hodge-Newton decomposable in the sense of [19] Definition 2.1 (2), cf. [19]
Theorem B and Conjecture 0.1. In the appendix we will see that ﬁf‘é‘i’l’f = fffg‘fu
in the case b is basic and G is the special orthogonal group.

Recall that by Lemma (1) the map
wa : G(Qy)/G(Zy) —» m(G)F

is surjective.
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Lemma 4.12. (1) The following diagram is cartesian:

G(Q)/G(Zy) —— m(G)F

| |

wGad

GU(Qp) /G (L) —— m (G
(2) In particular, for G and Gy as above we have G(Q,)" ~ G1(Q,)*.

Proof. Note that non empty fibers of both vertical maps are torsors under X.(Zg)"'. By [29]

Lemma 1.2.4, if g% € G4(Q,)/G(Z,) and weaa(g??) lifts to an element of m (G)Y, then

g% lies in the image of G(Q,)/G(Z,) — G*(Q,)/G*(Z,). Therefore the above diagram is
cartesian.

In particular, we have the bijection G(Qp)* ~ G1(Q,)" from (1) for G and G as above.

O

By construction, we have

Proposition 4.13. There exists a Q,-G-local system V on ﬁf‘gf;” such that M(R,R") is
the set of Zp-lattices in Vgpa(r g+)- In particular, there exists a Zp-G-local system I on M,
and the tower (M k)i cq(z,) 95 obtained by trivializing LL.

Proof. Under the identity ﬁﬁ‘gﬁ%l = fﬁ“Gle, we have a Q, — G'1-local system V; on ﬁf‘édl’;”
such that M (R, R") is the set of Zy-lattices in Vigpa(g gty The tower (Mix) ke, (z,) 18
the geometric realization of @, — Gi-local system V; on .# E‘gfzi. Fix any geometric point
T — ﬂﬁ‘gf}f, and let
P (T T) = CL(Q,)

be the p-adic representation of the (de Jong’s) fundamental group 71 (% E?;dzl, T) correspond-
ing to Vi, cf. [23] Theorem 4.2. Then ﬂl(ﬁﬁaG‘sz,E) acts on G1(Qp) through py, z. The
group Jp, (Qp) acts on G1(Qp) as Vi on ﬁﬁ‘gfﬁl is Jy, (Qp)-equivariant.

Fix a point o € m1(G1)". Then we have the associated M7 and (M%) k. The tower
(M) K defines a subset G1(Q,)T C G1(Q,). By Lemma (2), we have G(Q,)" ~
G1(Qp)*. Therefore, we can define an action of 71 (% f‘gff;",f) on G(Qp), which commutes
with the natural action of J,(Q,). Thus we get a p-adic representation

Pz - Wl(‘gf(léﬁ?vf) — G(Qp),
which defines the desired Q,-G-local system V on .# E‘Zéle. g

Let (G, [b],{p}) be a unramified local Shimura datum of abelian type. For each open
compact subgroup K C G(Q,), we get the associated Rapoport-Zink space

Mg ~ H M}g
m (G)T

Let Ag be the image of 71(G)T' — 7 (G*)". This is a finite group. We have an exact
sequence

1= X.(Zag)' - m(G)Y = Ag — 1.

We have the Hecke action of G(Q)) on the tower (Mg )g. The Hecke action of the central
subgroup Zg(Q,) C G(Q)) stabilizes each M. This action of Z5(Q,) is the same of that
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induced from J;,(Qp) when we view Zg(Qp) C Jp(Qp). This action on

Mg~ [ M
m (G)F
=11 I Mk
Ac Xi(Zg)¥

is through the map Zg(Q,) — X.(Zg)' and the injection X.(Zg)' — m (G)'.

In summary, the tower (Mg) KcG(z,) associated to a unramified local Shimura datum of
abelian type can be viewed as the local Shimura varieties thought of in Conjecture In
the next section, we will put these spaces in a more general framework to get some moduli
interpretation for each Mg.

4.5. Infinite level and the Hodge-Tate period map. Let (G, [b],{u}) be a unramified
local Shimura datum of abelian type, and (Mg)x be associated tower of Rapoport-Zink
spaces of abelian type. Let .# (¢, _,, be the p-adic flag variety over L associated to (G, {u~'}).

Proposition 4.14. There exists a preperfectoid space My, over L such that
K

Moreover, there exists a Hodge-Tate period map
THT - ./\/loo — cgfa_ﬂ,
which agrees with the period map previously defined in the EL/PEL cases in [43] [4].

Proof. If (G, [b],{p}) is of Hodge type, the existence of the preperfectoid space Mo, over
L such that My, ~ l&nK M is proved in [26] Proposition 7.6.1. Fix an embedding
(G,[b],{n}) <= (GLy, [t'],{1}) with {g'} minuscule. We have the associated preperfeoid
space M(GLy, V', 1t')oo over L such that M(GLy, 0, 1/ )oo ~ @K,M(GLn,b',,u’)Kz. The
Hodge-Tate period map

gt M(GLp, V1) oo — TGy -
is defined in [43] 7.1. Arguing as [4] section 2, we get that the composition
Moo = M(GLy, b, pt) oo — Ty !
factors through .#/{g _,. In particular we get
THT : Moo = Fla,—p.
Now assume that we are in the general case. As J,(Qp) acts on (M| := Jim |IMgl, it
suffices to prove that there exist a preperfectoid space MT over L such that

ML~ @MJF,
K
and a Hodge-Tate period map
WI'ST ML = Fa .
This follows from the Hodge type case. L]
The following corollary is clear now.

Corollary 4.15. There exists a sub preperfectoid space M1, C Moo over L, which is stable
under G(Q,)™, such that
ME ~Tm M, Mo = G(Qp)ML.

—
K
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5. GENERIC FIBERS OF RAPOPORT-ZINK SPACES AS MODULI OF LOCAL G-SHTUKAS

In this section, we work purely on generic fibers. We want to explain that the generic
fibers of the formal schemes M(G,b, i), associated to unramified local Shimura data of
abelian type (G, [b],{p}), can be viewed as moduli spaces fo local G-shtukas in mixed
characteristic in the sense of Scholze, cf. [42]. We will work in the more general context of
Conjecture [3.2] The first few subsections are denoted as some review of works of Fargues
[14, [17] and Scholze [42]. The reader familiar with these can go directly to subsection
We do not claim any originality here.

5.1. The Fargues-Fontaine curve and G-bundles. The Fargues-Fontaine curve Xg
is associated to a datum (E, F'), where E is a local field with finite residue field F, and F'|F,
is a perfectoid field of characteristic p. For our purpose, we set £ = Q,,, and denote simply
Xq,,Fr as Xp. It has several incarnations.

5.1.1. The adic curve. The adic curve X admits the following adic uniformization
X =Yr/¢",

where Yr = Spa(W(OF)) \ V(p[wr]), with wr € F satisfying 0 < |wp| < 1. The action of
the Frobenius ¢ on the Witt vectors is given by

o> lzalp™) =D lllp", VY [walp” € W(OF).
n n n
It induces a totally discontinuous action on Yr.
Suppose now that F' is algebraically closed. Then there is a unique non analytic point
xi € Spa(W(Op)). Set Y = Yp = Spa(W(Op)) \ {xr}. There exists a surjective continuous
map k: Y — R>o U {oo} defined by

I Y A ]
log |p(7)|
where 7 is the unique maximal generalization of z, cf. [42] 12.2. For any I C R>q U {oo},
we denote Yy = k(). Then Y := Yp = V(0,00)-
Let I C [0, 00| be an interval of the form [r, c0) or [r, co]. Recall that a ¢-module over )y is
a pair (&, ¢¢), where £ is a vector bundle over V; and ¢g : ¢*E|y, — £ is an isomorphism,

cf. [42] Definition 13.2.1. It follows that ¢-modules over ) ) are the same as vector
bundles over X := Xp.

5.1.2. The algebraic curve. There is natural line bundle O(1) on Xp, corresponding to the
¢-module on Y g o) whose underlying line bundle is trivial and for which ¢ is p L. Set

O(n) = 0(1)®", and
P =P H"(X,0(n)).

n>0

We have
HY(X,0(n)) = O(Y)¢=P".
Let
X*h = Proj(P).

By [17], this is a one dimensional noetherian regular scheme over Q,. There exists a
morphism of ringed spaces

X — Xoch

and X may be viewed as the analytification of X*?" in some generalized sense.
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Remark 5.1. Using the theory of diamond developed in [42], the curve admits yet another
version: the diamond curve

X© = (Spa(F) x Spa(Q,)°)/#",
where ¢ = Frobp x Id. We will not use this version in the following.

Let Bun y..n and Buny be the categories of vector bundles on X*¢* and X respectively.
The morphism X — X" induces a GAGA functor

Bunyscn — Buny.

Theorem 5.2 ([25,[13]). The GAGA functor induces an equivalence of categories Bun ysen —
Buny.

There is another way to describe vector bundles on X. Consider the Robba ring

ﬁF = ]i%rnHO(y(O,r]? Oy(O,T])'

The Frobenius ¢ induces an action on ﬁp Recall a ¢-module over ﬁp is a finite free
R p-module M equipped with a ¢-linear automorphism.

Theorem 5.3 ([25], Theorem 6.3.12). There is an equivalence of categories
Buny ~ {¢ — modules over Rp}.

The idea for the proof is that any ¢-module over R r is defined over 75} =H U(y(o,r], (’)y(O’T]
for some r small enough. This can be spread to a ¢-module over Yr = Y g o) via pullback
under Frobenius. Giving a ¢-module over YV ) is the same giving a vector bundle over

~—

Xr by the uniformization Xp = y(o’oo)/cpz.
Let » — Mody, be the category of F-isocystals over F,, where as before L = W (F,)g. For
any (D, @) € ¢ — Mody, we can construct a vector bundle £(D, ¢) on X5 by
(D, p) = Proj(P(D @ O(Y))?#=").
n>0
Theorem 5.4 ([I7]). The functor £E(—) : ¢ — Mody, — Bunyscn is essentially surjective.

Therefore, the composite £(—) : ¢ — Mod;, — Bunys.» — Buny is also essentially
surjective.
Let G be a reductive group over Q,. We have the following three equivalent definitions
of a G-bundle on X (or equivalently on X*°"):
(1) an exact tensor functor RepG — Bunx, where RepG is the category of rational
algebraic representations of G,
(2) a G-torsor on X locally trivial for the étale topology,
(3) a vector bundle £ of rank n together with a locally direct factor sub line bundle of
p«E, where we take an embedding G C GL,, and a representation p : GL,, — GL(W)
with a line D C W such that G is the stabilizer of D inside GL,,.

Recall that an F-isocrystal with G-structure over F, is an exact tensor functor
RepG — ¢ — Mody.
If b € G(L), it then defines an F-isocystal with a G-structure
My : RepG — ¢ — Modyp,
(Vo p) = (VL. p(b)o).

Its isomorphism class only depends on the o-conjugacy class [b] € B(G) of b. Conversely,
any F-isocrystal with G-structure arises in this way. Thus B(G) is the set of isomorphism
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classes of F-isocrystals with G-structure, cf. [36] Remarks 3.4 (i). For b € G(L), let &, be
the composition of the above functor M; and
E(—): ¢ —Mod;, — Bunysn >~ Buny.
In this way, the set B(G) also classifies G-bundles on X. In fact, we have
Theorem 5.5 ([14]). Assume that F is algebraically closed. Then there is a bijection of
sets
B(G) = Hy(X,G)
[b] = [&].
Let (R, RT) be a perfectoid affinoid F,-algebra, and S = Spa(R, RT) be the associated
perfectoid space. We have an adic space
Xg = YS/SOZ,
with Yg = Y g+ = Spa(A4, A") \ V(p[wg]), where
A=W(R) ={> [walp"xn € R}, AT ={D [wa]p" € Alxo € R}
n>0 n>0

The adic space Xg is the relative version of the Fargues-Fontaine curve. We can also define

the scheme
X5 = Proj( @D H'(Xs, Ox,(d))).
d>0
Then there exists a map of locally ringed spaces Xg — X §Ch. We can define vector bundles

on Xg, X gCh as above, and the relative Robba ring Rr. Moreover, we have
Theorem 5.6 ([13]25] ).

Bunxgch ~ Bunxg ~ {¢ — modules overﬁR}.

Let G be a reductive group over Q,. Let S = Spa(R, R") be a affinoid perfectoid space
over [F,, and @ be a pseudo-uniformizer of R. We denote
Vo,00) (R, RT) = SpaW (R*) \ {[w] = 0}.
Then we have a continuous map
K2 Vo,00) (R, R*) = [0, 00),
the relative version of the map defined in the last subsection. With the same notation there,
we have
Ys = V0,00 (R, RY).
Then as above we can define G-bundles on Xg, Y5 = V(0,00)(R, RT) and Vo oo\ (R, RT).
If we start with a perfectoid space S over ,, then there exits a canonical closed embed-
ding
xrs : S — Ybb
which in turn induces a closed embedding
z5: 8 = X,

cf. [14] 1.4. Thus we can view S as a Cartier divisor on Xg,. If S = Spa(R, R") is perfectoid
affinoid over Q,, by [14] 1.6 we have a corresponding Cartier divisor D on X ;gh. The formal

sch

completion of X

along D is
Spr:[R R

cf. Proposition 1.33 of [14].
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5.2. Local G-shtukas in mixed characteristic. Let the notations be as above. Recall
that the following three sets are naturally identified (cf. [42] Proposition 11.3.1):

e sections of Vg «)(R, R*)® — S°,

e morphisms S® — Spa(Z,)°,

e untilts 5% of S.
In which case, there exists a closed embedding S* < Vio,00) (R, RY).

Definition 5.7 ([42] Definition 11.4.1). A local G-shtuka over S with one paw x : S* —
Vo,0)(R, R") is a pair (€, pg), where
o & is a G-bundle over Vi oo\ (R, RT),
® ¢g is an isomorphism ¢g : *E — & over Vg o) (R, R\ Ty, such that along Ty it
1s meromorphic. Here Iy, is the image of x.

One can then generalize the above definition to define a local G-shtuka over a general
perfectoid space over .

Let C be a complete algebraically closed extension of Q,. We have the associated de Rham
period ring B;{R = B;{ch with a fixed uniformizer £ € B:{R. Let B:{R = B;R[%],Ainf =
W(O¢»). We have the following various descriptions of local G-shtukas with one paw at C,
in the case G = GL,,.

Theorem 5.8 ([42] Proposition 20.1.1; see also [16]). The following categories are equiva-
lent.

Shtukas over Spa(C”, Oc») with one paw at C.

Pairs (T, =), where T is a finite free Zy-module, and = C T ® Byg is a B;R—lattz'ce.
Breuil-Kisin modules over A;ys.

Quadruples (F,F',B,T), where F and F' are vector bundles on the Fargues-Fontaine
curve X = Xy , and 3 : ]-"|X\{Oo} = ]-"3(\{00} 18 an isomorphism, where F is trivial,
and T C HY(X,F) is a Zy-lattice.

If the paw is minuscule, i.e. we have

~— — — —

(1
(2
(3
(4

&(T ®z, Bjp) CECT ®z, Bip,
then these categories are equivalent to the category of p-divisible groups over Oc¢.
5.3. Moduli of local G-shtukas in mixed characteristic.

Definition 5.9. (1) A local shtuka datum is a triple (G, [b], {u}), where
e G is a reductive group over Q,
e {1} is a conjugacy class of cocharacters i : G, — G@ over @p,
P
e [b] € B(G,n) C B(G).
(2) Let (G, [b1],{p1}), (Ga,[ba],{u2}) be two local shtuka data. A morphism

(G, [ba], {ma}) = (G, [ba], {p2})
is a hommorphism f : G1 — Go of algebraic groups sending ([b1], {p1}) to ([ba], {p2})-

Remark 5.10. (1) By definition, a local Shimura datum (G, [b],{p}) is a local shtuka
datum with {u} minuscule.
(2) In [42], several {u}’s can be allowed, as in the classical function field case, cf. [48].
(3) In particular, if (G, [b],{n}) is a local shtuka datum, and G — G’ is a hommorphism
of reductive groups over Q,, we get the induced [V'],{y'} such that (G',[V'],{y'}) is
also a local shtuka datum.
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Let (G, [b],{u}) be a local shtuka datum. As before, we have the associated local reflex
field F/, and the reductive group J, over Q,. Let F' be an algebraically closed perfectoid
field of characteristic p. By Theorem we have a G-bundle on Xg, which is the same
as a ¢-module (&, ¢g,) on Yr. We define a functor on the category of perfectoid affinoid
algebras over F,, as follows.

Definition 5.11 ([42] Definition 19.3.3). Let (R, R™) be a perfectoid affinoid Fp-algebra
together with a map z : Spa(R,RY)° — Spa(E)°. Let Sht(G,b, ) — Spa(E)® be the
functor such that for any ((R, R™), x),

Sht(G, b, 1) (R, RY), ) = {((€, ¢¢), 1)}/ =~
where

o (£,0¢) is a G-shtuka over Vi oo)(R, RT) with one paw at x, such that (€, pg) is
bounded by {p}.
e 1 :(&,9¢)][p,00) 5 (&, P&, )| [p,00) 18 an isomorphism for some sufficiently large p.

The main theorem of [42] is

Theorem 5.12 (Scholze, [42] Theorem 20.3.1). The functor Sht(G,b, ) is represented by
a diamond over Spa(FE)°.

(In [42] the theorem is proved for the case G = GL,, but one sees immediately that the
proof given there works also for the general case.)

Assume that G is unramified from now on. Scholze’s theorem above in fact tells us more
information. More precisely, we get a tower of diamonds

(sm(G, b, M>K)ch<@p>

indexed by open compact subgroups K C G(Qp) with Sht(G, b, u)g(z,) = Sht(G, b, p), and

the group G(Q)) acts on this tower (Sht(G, b, 1) K)K G by Hecke correspondences. Let
- p

(R, R*) be a perfectoid affinoid F,-algebra together with a map x : Spa(R, Rt)® — Spa(FE)°.
Then

Sht(Ga bnu)K((R7 R+>,JZ) = {((5,¢5),L,a)}/ =
where

e (£,¢¢) is a G-shtuka over Vg ) (R, R™) with one paw at x, such that (€, ¢¢) is
bounded by {u}.

o 1:(E,0¢)po0) = (Ebs €, )|[p,o0) is an isomorphism for some sufficiently large p.

e «is a K-orbit of an isomorphism (&, ¢¢g) ~ Lo, where L(E, ¢¢) is the G-local system
associated to (£, ¢¢) (see below), Lo is the trivial G-local system over Yy o) (R, RT).

As

Jo(Qp) C Aut(&, ¢, ),

cf. [12] 2.5, J»(Q)) acts each Sht(G, b, 1) k by modifying ¢, and these actions are compatible
when K varies. When the context is clear, we will simply denote Sht(G,b, 1)k by Shtg.

. . B . _
Consider the B;R—afﬁne Grassmannian Gr,*" over Q. This is the functor associating to
any perfectoid affinoid Q,-algebra (R, R') the set

Grlin(R, R*) = {(€,8)}) ~
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where £ is a G-torsor over SpechR p> and B is a trivialization of £ ® 5+ Bgg,r. One can
. 4 dR,R
check that Grng is the étale sheaf associated to the presheaf
(R,R") — G(BdR,R)/G(B;R,R)-

Consider the case (K, K*) with K an algebraically closed perfectoid field. Then we have
the Cartan decomposition

G(Bar k) = H G(B;RK)N(OG(B;—R,K%
HeXH(T)4
where T' C B C G is a fixed choice of maximal torus inside a Borel subgroup B of G, and
X«(T)+ C X«(T) is the associated set of dominant cocharacters. Fix a conjugacy class of
cocharacters {p} With the dominant representative p. Let E be the field of definition of

{p}. Consider GrG C GT‘GdR ® E the sub functor such that

GTG (R, RY) ={(&,¢) ¢ GrG‘iR(R RN |Inv(&Ez, Eoz) < i, Vo € Spa(R, RT)}.

This is the analogue of the classical Schubert variety associated to {u} in the setting of

: By, . . B,
Bi.-affine Grassmannian Gr.?®. There is an action of J,(Q,) on GrgZ,. By abuse of

Bt 9 y
notation, we still denote GerR — Spa(E)® the sheaf base changed over Spa(E)°. By
Theorem 21.3.6 of [42], this is a dlamond.

There exists an étale morphism of diamonds over Spa(E)° (cf. [42] 20.4)

+
Tar - Sht(G, b, 11) — Gre®,
Let

BT, .adm
dR>
Gr Ta <u C Gr G <N

be the image of myg. This is an open sub-diamond, and we call it the admissible locus. We
have the following description of the admissible locus.

Proposition 5.13 ([42] 20.5, [25] ). Let (€,5) € GTG (R, RT). Then

adm

(€,P) € Gr Gdé’“; (R,R")

if and only if one of the following equivalent conditions holds: for any representation V €
RepG, with the associated vector bundle (Eyv, By ),
(1) Vo € Spa(R, RT) the vector bundle Ev,, is semi-stable of slope 0;
(2) ¢-module of Ey is trivial;
(3) Ev extends to a p-module over Rint where ﬁmt lﬂ HO(Y 0,r]» Oy) 1is the integral
Robba ring.

adm

+
The action of J,(Q)) on GrG stabilizes the open sub diamond GT‘G”‘R’ . The period
morphism
ar : Sht(G, b, 1) — Gr Gdglfdm
is then J,(Qp)-equivariant.
We have the following definition of local systems with additional structures on the dia-

adm . . ) . .
mond G’erR , similar to the classical situation.



28 XU SHEN

Definition 5.14. Let X be a diamond, and G be a reductive group over Q,. Denote by
RepG the category of rational representations of G, and Q, — Locx the category of Q,-local
systems on X. Then a Q,-G-local system on X is a tensor functor RepG — Q, — Locx. If
G is moreover unramified, then we can define similarly Z,-G-local systems on X.

By [25] Corollary 8.7.10, there exists a J,(Qp)-equivariant Q,-G-local system V over

Gr gdgl’ladm, which realizes Sht(G,b, 1) as the functor of the set of Z,-lattices in V. In

particular, there exists a Z,-G-local system LL over Sht(G, b, i1), and the cover
TK © Sht(G, b, u)k — Sht(G, b, ,u)

is obtained by trivializing K-level structures, which is finite étale. By trivializing all of LL
we get a pro-étale cover

Too : Sht(G, b, (1) 0o — Sht(G, b, p).
We have the following moduli interpretation for Sht(G, b, i1)so. Let (R, RT) be a perfectoid
affinoid F,-algebra together with a map z : Spa(R, R™)® — Spa(F)®. Then

Sht(G, b, )i (R, RY), z) = {((&, ¢¢),1,0)}/ =~
where

o (£,¢¢) is a G-shtuka over Vg o)(R, R*) with one paw at z, such that (£, ¢g) is
bounded by {u}.
L (€, 0¢)][p,00) 5 (&, b, )| [p,00) 18 an isomorphism for some sufficiently large p.

o a:L(& ¢g) ~ Ly is an isomorphism, where as before L is the trivial G-local system
over Vo o0) (R, RT).

By construction, we have an isomorphism of diamonds over Spau(]i’)<>

Sht (G, b, ft)oo /K ~ Sht(G, b, p1) e, Sht(G, b, t)oo = lim Sht (G, b, 1) ¢
K

Question 5.15. For any open compact subgroup K C G(Q,), we know that the fibers of

,adm
in (

Sht(G, b, 1) i (C, Oc) — Grgi= ™™ (€, 0¢)

are in bijection with G(Qp)/K. Is it possible to define a notion of étale fundamental group

for the diamond GerR’adm as [23], so that the Q,-G-local system V on GrG
described in term of a collectz’on of representations

,adm
i can be

BT..adm _
m(Grg 8", 7) — G(Qy),

+
for the geometric point T runs through each connected component of GerR’adm ¢
At the infinite level, there exists a Hodge-Tate period map (cf. [12] p.38; see also [20]

Theorem 5.4)

+
THT : Sht(Gv b::u) — GTG< W

+ +
where Grgdg_ e Grg‘m ® E is the Schubert diamond associated to {;z~!}. We can make
a little precise on the image of 7. By [4] Corollary 3.5.2 there is a natural map

+
E: Grng(R, RT) — Bung.x

X pb ptb”
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Take (R,RT) = (C,0O¢) with C|Q, complete and algebraically closed. Then we get a
map b(-) : Grg;R(C’, Oc¢) — B(G). By [4] Proposition 3.5.3, when restricting to x €
Grg,;g_u(C, O¢), one has

b(z) € B(G, ).
Then for any b € B(G, i), we get a locally closed sub diamond

BT.b Bt
dR> dR
GTG)S_# C GTGvS_,LL’

"
such that the underling topological space |Gr§d§’_bu| is the fiber over b under the above map

b(-). One has
+
mr : Sht(G,b, 1)oo(C, Oc) — Grait? (C,0¢),

for any (C, O¢) with C|Q,, complete and algebraically closed.
In summary, we get two period morphisms
Sht(G, b, i) 0o

TdR THT

Bt adm Bt b
dR>’ dR>®
GTG,S# GrG,S*M’

and the period morphism 7, factors through Sht(G, b, i).

Remark 5.16. (1) In [12] 8.2.1, there is an alternative construction of the diamond
Sht(G, b, tt) o -

(2) It is natural to ask whether Sht(G,b, 1)~ is representable by a perfectoid space. We

will show that this is the case if (G, [b],{p}) is a unramified local Shimura datum of

abelian type, cf. Corollary[5.24.

By construction, a morphism (Gfi, [b1],{u1}) — (Ga, [b2], {p2}) of local shtuka data in-
duces a morphism of diamonds

Sht(Gl, bl, ,ul) — Sht(GQ, bQ, ,ug).
More generally, we have morphisms
Sht(G1, b1, 1)k, — Sht (G2, b2, p2) K,

if K4 is mapped into Ky under G; — Gs.

The above functoriality enables us to apply the Tannakian formalism. As before, we as-
sume that G is unramified over Q,. Consider now an embedding G — GL,,, then ([b], {x})
induces ([b'], {¢'}), so that (GL,, [V'],{'}) forms a local shtuka datum, and we get a mor-
phism of local shtuka data (G, [b], {i}) = (GLy, [t],{i'}). The following proposition is the
local analogue of Deligne’s theorem for Shimura varieties.

Proposition 5.17. In the above setting, for any K C G(Zy), there ezists a K' C GL,(Z,)
such that there exists a natural closed embedding of diamonds

Sht(G, b, 1) g < Sht(GL,,, ¥, i1') .
The induced embedding of diamonds
Sht(G, b, 1) oo = Sht(GLyp, b, 1) o
1s compatible with the de Rham and Hodge-Tate period morphisms on both sides.
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Proof. It suffices to prove that we have a closed embedding of diamonds
Sht(G, b, 1) oo = Sht(GLy, b, pt') o-
This is clear from the construction above, since we have a closed embedding

Bt adm Bt adm
dR> dR>
GrGéu (N GrGLn,Su’ ,

and the following diagram on de Rham period maps is cartesian

Sht(G, b, pt) sc > Sht(GLy,, b, 1) 0o

\Lﬂ'dR lﬂ'dR

Bt adm BT, .adm
dR’ dR>
GT‘GS# - GTGLn,Su’ .

Moreover, we have also the following cartesian diagram on Hodge-Tate period maps

Sht(G, b, pt) s Sht(GL,, V', 1) 0o

\LWHT \LWHT

BT.b B v
dR’ dR’
GTG7S_“C—> GrGLn,Sfu“

0

5.4. Moduli of local G-shtukas and affine Deligne-Lusztig varieties. Let (G, [b], {u})
be a local shtuka datum. We want to compare the moduli space of local G-shtukas
Sht(G, b, 1) and affine Deligne-Lusztig variety Xg# associated to (G, [b], {u}).

Let (C,O¢) be an affinoid perfectoid field of characteristic p with a untilt C* of C. Let
k be the residue field of Oc. We have a J,(Q))-equivariant morphism of sets

P = $p(G,by) : Sht(G, b, 1) (C,0¢) = XE,(b)(k).
Indeed, consider first the case G = GL,,, we have
Sht(G, b, 1)(C, Oc) = {((€, ¢¢),1) }/ ~
with ((5,¢g),L) a shtuka over Spa(C,O¢) with one paw at C*. By Theorem there
exists a Breuil-Kisin module (M, ¢) over Ay = W(O¢). Let
(M ®Ainf W(k)7 (Zs)

be the associated Dieudonné module. This defines a point in X fu(b)(k) This construction
is compatible with the J,(Q,) actions on both sides. For the ‘general case, we apply the
Tannakian formalism: take any embedding (G, [b], {u}) = (GLy, [b], {¢'}), then we have a
commutative diagram

Sht(G, b, u)(C, Oc)—— Sht(GL,,, v, /) (C, O¢)
SPGb.p SPGLy b !
X, (b) (k) = XZ0 (V) (k).
Remark 5.18. It would be nice to have a morphism of sheaves sp = sp(ap, ) : Sht(G, b, u) —
Xgﬂ(b) which realizes the above map on the level of sets of points. If Sht(G,b, pn) comes

from the generic fiber of a Rapoport-Zink space, then it is clear how to define sp: it is just
the usual specialization map from the generic fiber to the special fiber.
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Recall that we have the map wg : G(L)/G(W) — m1(G). Restricting to Xgu(b), it gives
we Xg“(b) — cbvuﬂ'l(G)F.
Lemma 5.19. There is a map
G(Qy)/G(Zy) = XE,(b), g+ go,
such that wg(g) = wa(go)-
Proof. Fix any point « € Sht(G, b, 1)(C,O¢). Then we have an injection
G(Qp)/G(Zp) — Sht(G, b, 1) (C, Oc)
which identifies G(Qp)/G(Z,) with the Hecke orbit of x. The composite map
G(Qp)/G(2Zy) — Sht(G, b, 1)(C, O0) = XE,(b)

gives the desired map. The second assertion follows by the same argument as in the proof
of Lemma 1.2.18 of [29], by applying Theorem [5.8| (and Tannakian formalism) instead of
subsection 1.1 of [29]. O

Remark 5.20. Consider the composite map G(Qp)/G(Z,) — X%L(b) — m(G)Y. Then
this is surjective by Lemma (1). In [29] Proposition 1.2.23, Kisin proved a stronger
result: the map

G(Qp)/G(Zy) = m0(XE, (b))
is surjective if (G, [b], {u}) is a unramified local Shimura datum of Hodge type.

The following is an analogue of Lemma 2.4.1 and Corollary 2.4.2 of [6].

Proposition 5.21. Let Z C Zg be a central sub group and G' = G/Z, with the induced
(V'] and {u'} such that (G',[V'],{i'}) is a local shtuka datum. Then we have a cartesian
diagram

Sht(G, b, 1) (C, O¢) —= Sht(G, 1, 1) (C, O¢)

| |

X&,(b) XSG, ).

Proof. By the above proposition, we have the following commutative diagram

Sht(G, b, 1)(C, O¢ Sht(G", ¥, 1) (C, O¢)

XAR\ /71'4

BT..adm

Gre/2 (0, 0c).

:{R,adm

. B . .
For any point x € Gr;%% " (C,O¢), the above horizontal map induces a map on fibers

G(Qp)/G(Zy) — G'(Qp) /G (Zy),

thus it suffices to show that the following diagram is cartesian

G(Qp)/G(Zy) —= G'(Qp) /G (Zy)

| |

X, (0) XZ, ),
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where the vertical maps are those constructed in Lemma Consider the following
diagram

G(Qp)/G(Zy) —= G'(Qp) /G (Zy)

| |

Xgu(b) Xg/;’(b/)
7T1(G)F Wl(G/)F‘

We know that the lower square is cartesian, cf. Proposition [2.5] and by Lemma [4.12

G(Qp)/G(Zy) —= G'(Qp) /G (Zy)

| |

7T1(G)F 7T1(G/)F

is also cartesian. Therefore the upper square is cartesian. O

5.5. Local Shimura varieties as moduli of local G-shtukas. The following strength-
ened version of Theorem which may be viewed as a partial solution of Conjecture [3.2
(as we do not give information on the desired Weil descent datum), is implied by the results
in [4, [42]. Recall that by [42] Proposition 10.2.8, there is a fully faithful functor X — X°
from the category of normal rigid analytic spaces over k to the category of diamonds over
Spa(k)® for any non-archimedean field & of characteristic 0.

Theorem 5.22. Let (G, [b],{n}) be a local Shimura datum. Then there exists a tower of
rigid analytic spaces over SpE

(MK)Kkca@,)
where K runs through all open compact subgroups of G(Qp), with the following properties:

(1) the group Jp(Qp) acts on each space Mg,
(2) the group G(Qp) acts on the tower (Mk)kca,) as Hecke correspondences,
(3) there exists a compatible system of étale and partially proper period maps

Ti My — FLE

which is equivariant for the action of Jy(Qp), where ﬁ’ﬁ‘gfz‘ C Flg, is an open
subspace,
(4) for any K, we have an isomorphism of diamonds M$, ~ Sht.

Proof. Let G — GL, be an embedding and (GL,, [t'], {¢'}) be the induced local shtuka
datum. Then we have an embedding of B:[R—afﬁne Grassmannians

B+ B+
dR dR
Grg™t = Grgil,
inducing a commutative diagram
Bt BT
dR dR
GT‘G”M - GTGLn,u’

L

§£G7ﬂc—> 3?5(;[%#/,
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where the vertical maps are the Bialynicki-Birula morphisms, cf. [4] Proposition 3.4.3.
Since p is minuscule, the left vertical map is an isomorphism, cf. [4] Theorem 3.4.5. Thus
we get a commutative diagram

;adm ,adm
Grij‘ ——Gr dR
adm,o
Tl L
+
The tower (Shtg)g is constructed out of a Q, — G-local system V over GerR’ " which

realizes Sht(G, b, i) as the functor of the set of Z,-lattices in V. Since GerR’adm ﬁadm ©

there exists a corresponding Q,-G-local system over % EadL” which we still denote by V.

Therefore we get a tower of rigid analytic spaces (M) with the properties listed as in
the theorem. I

)

Remark 5.23. (Compare Remark[5.16] (2)) In the above situation, it is natural to conjecture
that there exists a preperfectoid space Moo over E such that Mo ~ @K Mg and M3, =
Shteo. In the following we will see that this is true if (G, [b],{p}) is unramified of abelian
type. This is the local analogue of the fact that Shimura varieties of abelian type with infinite
level at p are perfectoid, cf. [44].

We return to Rapoport-Zink spaces of abelian type.

Corollary 5.24. Let (G, [b],{u}) be a unramified local Shimura datum of abelian type. For
any open compact subgroup K C G(Zy), let M and My be the rigid analytic spaces over E
constructed in subsection[[.4) and Theorem[5.29 respectively. Then we have an isomorphism
of rigid analytic spaces over E

MK ~ MIK
In particular, we get isomorphisms of diamonds over Spa(E)<>
% =~ Shty,
and
M, ~ Shte,

with compatible period morphisms on both sides.

Proof. We first prove the case (G, [b], {u}) is of Hodge type. This follows exactly as the
proof of [42] Theorem 19.4.5. Moreover, we have the following cartesian diagram

M(Ga bv#)% Sht(Gabnu)K

M(GL, ¥, 1)) —> Sht(GLy, o, /)

Now assume that (G, [b],{u}) is of abelian type. We can apply Proposition and
compare the construction of M(G,b, 1) with that of Sht(G,b, u) k. Here we use the fact
that the categories of étale Z,-local systems and Q,-local systems on an adic space X are

eauivalent to the corresponding categories on the pro-étale site Xproer, cf. [25] Lemma
9.1.11. ]
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Let (G, [b],{p}) be a local Shimura datum. By Theorem there exists a tower of
local Shimura varieties (M(G, b, 1) K)K over SpE as conjectured by Rapoport-Viehmann.

Take an embedding G < GL,. Then we get an induced triple (GL,, [b], {i'}), which is a
local shtuka datum. The following corollary is now a consequence of Proposition and
Theorem

Corollary 5.25. For any K C G(Z,), there exists a K' C GLy(Zy) such that there exists
a natural closed embedding of diamonds

M(G, b, )5 < Sht(GLy, b, 1) .

Remark 5.26. (1) Let (G, [b],{n}) be a unramified local Shimura datum of Hodge type,
with the associated Rapoport-Zink spaces Mg and theumoduli spaces of local G-
shtukas Shtg. The isomorphism of diamonds over Spa(E)®

% ~ Shty

indicates the magic “switching p-divisible groups with additional structures to local
G-shtukas”.

(2) If (G, [b],{u}) is a general local Shimura datum, e.g. a unramified local Shimura
datum of abelian type but not of Hodge type, then we do not have p-divisible groups
any more. However, via M$- ~ Shtg, the local Shimura varieties My can be viewed
as moduli of local G-shtukas.

Remark 5.27. We refer to [38] sections 6,7,8 and [12] section 7 for the discussions on
the conjectures on the realizations of local Langlands correspondences and local Jacquet-
Langlands correspondences in the (-adic cohomology of the tower (Mg )k or (Shtx)k.

6. RAPOPORT-ZINK UNIFORMIZATION FOR SHIMURA VARIETIES OF ABELIAN TYPE

We return to the formal integral setting. As [37] chapter 6 and [27], we apply our
construction of the formal schemes M(G ,b, 1t) to prove a uniformization theorem for Kisin’s
integral canonical models of Shimura varieties of abelian type [28]. Throughout this section,
we assume p > 2.

6.1. Integral canonical models for Shimura varieties of abelian type. Let (G, X) be
a Shimura datum of abelian type, i.e. there exists a Shimura datum of Hodge type (G1, X1)
together with a central isogeny G%" — G, such that it induces an isomorphism of the
associated adjoint Shimura datum (G$?, X¢4) ~ (G, X)), Fix a prime p > 2. Assume
that G is unramified at p from now on. By Lemma 3.4.13 of [28], we can find a Shimura
datum of Hodge type (G1, X1) satisfying the above and G is unramified at p. Let E be
the local reflex field of (G, X) for some place over p. In the following we will only consider
the open compact subgroups K C G(Ay) in the form K = K,K? with K, = G(Zj).

Theorem 6.1 ([28] Theorem 3.4.10, Corollary 3.4.14). With the above notation and as-
sumption, for any sufficiently small open compact subgroup KP C G(A’}), there exists an
integral canonical smooth model

Sk (G, X)
of Shx (G, X) over Og. When KP varies, the prime to p Hecke action on (ShK(G,X))K
extends to

(SK(Ga X))K

It will be useful to review how these integral models are constructed, cf. [28] 2.3 and 3.4.
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6.1.1. Case (G, X) is of Hodge type. Take an embedding of Shimura data (G, X) < (GSp, ).
Let K = K,K? C G(Ay) be an open compact subgroup with K, = G(Z,). Take an open
compact subgroup K’ = KI’DK/I’ with K, = GSp(Z,), such that K C K’ and we have an
closed immersion

Shx (G, X) < Shg/(GSp, %) g,
where E is the local reflex field for (G,X). For Shg/(GSp,S*) we have the integral
canonical model Sk/(GSp, ST). Consider the Zariski closure Si(G,X) of Shx(G, X) in
Sk/(GSp,S*) x Op. Then Sk(G,X) is defined as the normalization of S (G, X). In
particular we have a finite morphism

Sk(G,X) — S(G,X) C Sg:1(GSp, S%)o,.
It will be useful to review some further structures for the integral canonical model

Sk(G,X). Let T be a scheme over Op. Attached to each point x € Sk (G, X)(T) we
have a triple

(AZE, )‘:137 EZ,K%
where (Az, A;) is the polarized abelian scheme up to prime to p isogeny coming from pullback
of the universal polarized abelian scheme over S/ (GSp, S jE)7 and

E?K e I(T, Isom(VAz;, VP(Az)g)/KP)

is the (promoted) K-level structure coming from the K’-level structure 527 i on Ag, cf.
[28] 3.4.2. The triple (Ax,)\x,ng,) can be viewed as the polarized abelian scheme with
level structure attached to the T-point of Sk/(GSp, ST) induced by z. Let (s4) be a finite
collection of tensors which cut off the inclusion G C GL(V'). As explained in 1.3.6 of [29],
there exist de Rham tensors s, 4r . and f-adic étale tensors (sq.)i£p on the first relative
de Rham cohomology and the first ¢-adic cohomology of A, respectively. The level 5’;7 K
takes s t0 (Sa,12)i£p-

If T = Speck where k C F, is a subfield containing the residue field kg of Og, then
there exists cristalline Tate tensors (sq,0z) on the first cristalline cohomology of A,. If x
is the specialization of a point T over F' with F|FE an extension, then there exists p-adic
étale tensors (8,5 7) on the first p-adic étale cohomology of Az, and (sq,0,z) and (s, z) are
related by the p-adic comparison theorem, cf. Proposition 1.3.7 of [29]. By Corollary 1.3.11
of [29] the data

(Ax7 Az 5§7K7 (Sa,()@))
uniquely determines the point z €€ Sk (G, X)(k). Sometimes we will write s4,04 as tq o to
be compatible with our previous notation on cristalline Tate tensors on p-divisible groups.

6.1.2. Case (G, X) is of abelian type. Take a unramified Shimura datum of Hodge type
(G1, X1), together with a central isogeny Gil‘” — G%_such that it induces an isomorphism
of the associated adjoint Shimura datum (G¢¢, X¢d) ~ (G X%). Let K = K,KP C
G(Af) be an open compact subgroup with K, = G(Z,). The integral model Sk (G, X) is
constructed as the quotient

Sk, (G, X)/K?
of an integral model Sk, (G, X) of the pro-scheme

Shg, (G, X) = @SthKp(G,X).
Kp
The scheme Sk, (G, X) is constructed as follows. Consider the connected component
ShKlp (Gl, X1)+ = @ ShKlpKf (Gl, X1)+
KY
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of Shg,,(G1, X1) = @K{, SllKlpKf(Gl, X1). Let Sk, (G1,X1)* be its the Zariski closure in

Sk, (G1, X1) over W = W(F,). Write Z = Zg. The above integral of Shy, (G, X) is given
by

Sk, (G, X) = [ (Ga,)) X Sk, (Gr, X0) 1/ (Ghz,)°s
where

A (Gryy) = GAD/Z(L4) ™ 6211220 G (L)
and

A (Gry)* = G5/ 2(L) ™ %G5/ 22) G () T

similarly we have &/ (G1z,,, ) and &/ (G1z,,)°, see [28] 3.3.2. The scheme Sk, (G, X) descends

to Op and gives the integral canonical model of Shg, (G, X) = m Shr,kx» (G, X), see
the proof of loc. cit. Theorem 3.4.10.

6.2. Newton stratification of the special fibers. We keep the notations as above. We
will work over IF,, in this subsection. By abuse of notation, denote the special fiber of
Sk = Sk(G, X) over F, by Sk for simplicity. In [46], we proved the following results.

Theorem 6.2. (1) For any b € B(G, 1), there exists a non empty locally closed subset

b = . ‘ = s
S C Sk, which we view as a subscheme of Sk with its reduced structure, such that
set theoritically we have

(2) For any b € B(G, ), the Zariski closure ofgl;{ in Sk is ]_[b,gb?l;;.

For b € B(G, j1), we call the subschemes ?2( as the Newton strata of Sk. If (G, X) is of
Hodge type, then the existence of the Newton stratification is implied by [36], see also [50]
5.2.

For later use, we briefly review the construction of the Newton stratification. If (G, X) is
of Hodge type, it is constructed by the associated p-divisible groups with Tate tensors. We
now assume that (G, X) is of abelian type. In this case, let (G, X1) be a unramified Shimura
datum of Hodge type (G1, X1), together with a central isogeny G¢" — G such that it
induces an isomorphism of the associated adjoint Shimura datum (G4, X4) ~ (G, X ).
Then we have a canonical bijection B(G1, u1) ~ B(G, ). Consider the Newton stratification
at level K7,

FKlpK;f(GlaXl) = H gKlpKf(leXl)b'
beB(G1,u1)

When the level K? varies, the Newton stratifications are compatible. Therefore, we get a
Newton stratification

gKl;o(Gb)(l) = H gKlp(G:l?Xl)b
beB(G1,p1)

by taking inverse limit over K7. As [29] 3.5.8, consider
m(G1) = G Q)1 \ G1(Af)/G1(Zy) = Gi(Zy)) 3 \ G1(A}),
which is the set of geometric connected components of Sk, (G1, X1). By [46],

gKlp(Gl’Xl)b - §K1P(G17X1)
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is stable under the action of @/(Giz, ), and we have a surjective &/(G1z, )-equivariant
map

Sk, (G1, X1)" = 7(Gy).
Let gKlp (G1, X1)»T be the pullback of gKlp (G4, X1)? under the inclusion §K1P(G17 X))t —

§K1p (G1,X1). In other words, we consider the following commutative diagrams

Sk, (G1, X1)PH—— Sk, (G1, X1)*

§K1P(G17 Xl)b(% §K1p (Gl, Xl)

| i

m(G1) =———————=7(G1),

where the above diagram is cartesian. The stablizer of Sk, (G1, X1)"" C Sk, (G1, X1)" is
A (Giz,,,)°, and we have the identity

Sk, (G1, X1)" = [ (Grz,,) X Sk, (G, X1)"]/ 7 (Ghz,))°-
For more details we refer to [46]. Now as
ng(G7X) = [d(GZ(p)) X gKlp(GlaX1)+]/£{(Glz<p))ov
we get the Newton stratification
Sk,(G,X)= [ Sk, (G X)
beB(G,p)
where for any b € B(G, i), the associated stratum
ng (G, X)b = [%(GZ@)) X gKlp(Gla Xl)b’—i_]/%(GlZ(p))o — ng(Ga X)
For any sufficiently small open compact subgroup K? C G(AI;), we define
Sk, k»(G, X)" =Sk, (G, X)"/KP.
Therefore we get the Newton stratification
ngKp(G,X) = H ngKp(G,X)b.
beB(G.p)

6.3. Rapoport-Zink uniformization. The notations will be the same as the previous
subsection. Let b € B(G,u). We get a unramified local Shimura datum of abelian type

(G,b,{u}), thus a formal scheme M = M(G, b, 1) over W. Fix a point z € gl[)((Fp).
6.3.1. Case (G, X) is of Hodge type. We want to construct a morphism of formal schemes
0 =0, : M x G(Ah)/K? — S x SptW,

where Sk is the formal completion of Sk along its special fiber. The morphism © is
constructed in [27] Proposition 4.3 and Corollary 4.3.2. Let (A, (ta,z),7) be the abelian
variety with additional structures attached to x, and let I,(Q) be the group of quasi-
isogenies of A, preserving (tn,.). Then I4(Q) is the group of Q-points of a reductive group
I over Q (cf. [29] Corollary 2.3.1) which depends only on the isogeny class of = ([29] 1.4.14).
In this case, © factors through the quotient by I,(Q)

0 : I,(Q) \ M x G(A})/K? — Sk x SpfW,
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. : : . <b =
and the image Zy4 x» is contained in the stratum Sy x SpeclF,,.

6.3.2. Case (G, X) is of abelian type. We first work on the level of sets. By [29] Theorem
4.6.7, we have the following bijection

Sk, (G X)([F) = [ 5(G.9),
[¢],b(¢)=b
where
¢:9 — Bg
runs through the set the admissible morphisms of Galois gerbs, [¢] is the associated equiv-
alence class, cf. [29] 3.3, and

S(G,¢) =lm I4(Q) \ Myea(Fp) x G(A%)/K?,
Kp

where M,..q is the reduced special fiber of the Rapoport-Zink space M associated to
(Gq,, b(#), ).
Remark 6.3. In [29] 3.3, in fact one considers the set
S(G,¢) = lim I,(Q) \ Xy(¢) x XP(¢)/K?,
Kp
where X, (¢) and XP(¢) are certain sets canonically associated to ¢, such that (cf. Lemma

3.3.4 of [29])
Xp(¢) = X7 (b) ~ Myea(Fy)
and XP(¢) is a G(A?)—torsor.

Take a unramified Shimura datum of Hodge type (G1, X1), together with a central isogeny
G{" — G9¢7, such that it induces an isomorphism of the associated adjoint Shimura datum
(G4, X§4) ~ (G*, X9). Let

gf)l (0 — QSGl
be an admissible morphism of Galois gerbs. We note that

S(G1,61) = im Iy, (Q) \ Murea(Fp) x G1(AY})/K”
KP

- I¢1 (Q) \ered(ﬁp) X Gl (Aff)a

where My,¢q is the reduced special fiber of the Rapoport-Zink space M, associated to
(G10,,b(1), p11)-

Fix an admissible morphism ¢ : Q — & aa. Consider
S(Goo)= [ S@G¢)= [l lmIy(@Q)\ M) x G(A})/KP.
[#],629=¢0 [¢],p2d=go KF
By [29] Lemmas 3.7.2 and 3.7.4, there is an action of & (Gz, ) on S(G, ¢o), together with
a o (Gz,, )-equivariant surjective map
cc + S(G, do) = (G).
Let ¢g be such that x € S(G, ¢g). Let (G1,X1) be a unramified Shimura datum of Hodge
type (G1, X1), together with a central isogeny G$¢" — G%" such that it induces an isomor-
phism of the associated adjoint Shimura datum (G$¢, X#4) ~ (G, X). For the identity
class e € m(G), consider the fiber
S(G, o)t = cg, (e)-

Similarly we have S(G1, ¢o) = H[qsl],d)llzd:% S(Gy,¢1) and S(G1, o) ™.
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Proposition 6.4. We have the following isomorphism of sets with o/ (Gz,, ) x (®)-action
S(G, gZ50) -l [JZ/(GZ(Z])) X S(Gl, (bo)Jr]/JZ/(GlZ(p))o.
Proof. This follows from Corollary 3.8.12 of [29]. O

Now we come back to Rapoport-Zink spaces. If Kf/ C KV is another open compact
subgroup of G (AZ}), then we have the following commutative diagram

I4,(Q) \ My x G1(A)/KY —— I, (Q) \ My x G1(A?)/KY

lgle/ 1611({

S (Gr, X1) x SpfW —— Sg, ger (G, X1) x SpfW

KipK?
with horizontal maps finite. Therefore, if we set

S(Gr, 1) = lim 74, (Q) \ M x G1(AF)/KT,
KY

then we get
O1 = lim O, ,p : S(G1,¢1) — lim Sy, e (G, X1) x SptW,
KY KY

where both limits are taken in the category of formal schemes.

Lemma 6.5. Let §K1P(G1, X1) x SpfW be the formal completion of Sk, (G1, X1) x SpecW
along its special fiber. Then we have a canonical isomorphism of formal schemes

lim Sy, ier (G1, X1) x SpfW = Sk, (G, X1) x SpfW.
KY

Proof. This follows from the definition of inverse limit of formal schemes. ([l
We have a surjective map
ca, Sk, (G1, X1) X SpecW — 7(G1).

Consider the fiber over e of this map cq,, Sk,,(G1, X1)" C Sk,,(G1,X1) x SpecW, and let
§K1p(G1, X1)™ be formal completion of Sk, (G1,X1)" along its special fiber. Let

5(Gr. 60" = (1m 1, (@) \ My x Go(AR)/KT) " — S, (@1, X1)*
K7

be the pullback of
©1: S(Gr, 1) = lim I, (Q) \ My x Gi(AF) /KT
Ky

under the inclusion R R
SKIP(Gl,Xl)Jr — SKlp(Gth) x SpfW.

—+ . + T + .
©] can be written as ©] = @Kf ®1Kf with

(£ @\ M1 x G (AR)/KT) = 14, (@) \ My x G (A)/KY

+
lglK{) lQU({’

§K1pK{’(G1aX1)+ §K1pKf(G17X1)'
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Define formal schemes
S@nont= I S@ont= 1 (1mh, @\ M x Guah)/xp)
[61],690=¢0 [1],00%=¢0 KT
and R
S(Ge0) = [I UmIs(Q\ M xGA)/K?.
[¢], o=y KP

Proposition 6.6. In the above situation, we have
S(G.¢0) ~ [(Gz,,,) x S(G1,0) "]/ (Grz,,))°-
Proof. This is identical to the proof of Proposition O

Let Z, g» (resp. Z; K7 ) be the image of ©ygr (resp. ©

structure on Zy, gr as follows. We can write

_ J
241 K7 = U Z@,Kf’
jGJKp

| Kp) This exists a geometric

where Jy is the Iy, (Q)-orbits of irreducible components of My xGy (Ap)/Kp and Z¢ Kp
the image of the irreducible components under ©, KP corresponding to j. For each j € J KP

there exists only finitely many ;7' € J KP such that
¢ KP ﬂ Z¢ KP 7 0.

Thus we get an induced geometric structure on Z+ o1, KP 35
+ _ J+
Z¢1,Kp - U Z¢1,Kp’
jEJK;f

where Z7" _, is the pullback of Z(;lK{, to §K1pKf(G1,X1)+. When K7 varies, Jgr, 24 go,

é1,K7
and ZF o1, KP form inverse systems, and we set

_ 1 + i 2t
¢1 — ]-anqbl,l{fv Z¢>l = lﬁnzm,[(f'
Ky K7

Let Ji be the Iy, (Q)-orbits of irreducible components of My x Gy (AZ}). For any j € J, let

Zél be the image of the irreducible components under ©1 corresponding to j, then we can

write
2y =] 7
JEI
and

I J
Zd)l - 1£1Z¢17Kf7
Ky

where Zil K? is the image of the irreducible components corresponding to j under the
composition

My x G1(AR) = My x Gy (AD)/KP — Spe, ser(G, X1).
Similarly for Zd—;' By the proof of Proposition 4.6.2 of [29], we have (®) x Z;(Qp) x
o (Glz(p))1¢1—equivariant bijection of sets

Z4,(Fp) ~ S(G1, ).
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We have
[ (Gz,,)) % Sk, (G1, X1)¥] /e (G1z,,,))° = Sk, (G, X) x SpfW.
Applying the functor [%(Gz<p))l¢ X —]/d(GlZ(p))I‘bl’o to Z(;, cf. Remark we get a

subset Zy4 C ng xSpfW. Let Z4 g» be the image of Z4 under the projection S\K,, X SpftW —

S K,kr X SpfW. Then we can define the formal completion of S K X SpfW along Z4 kv as
[37] chapter 6 and [27] Definition 4.6.

Theorem 6.7. We have an isomorphism of formal schemes over W
o: [ L@\Mxc@uh/k? = [ Sk xSpfWyz, .
[¢],6*¢=¢0 [¢],¢79=¢0

Proof. It (G, X) is of Hodge type, this is proved in [27] Theorem 4.7. Assume that we are
in the general case. By the above notation, it suffices to prove that

[T limZ,(@)\ M x G(A!)/KP ~ [/(Gz,,) x S(G1,¢0) "]/ (Giz,,)°.
[#],ped=g0 K7
This is given by Proposition O

Remark 6.8. Denote by G‘fd(Z(p))’L’I‘i’l the kernel of the composite of
G (Zp)) T = G4 (Zg)) = HY(Q, Z1) = HY(Q, I,),

where Zy is the center of Gy. Similarly we define Gad(Z(p))+’I¢. Following [29] 4.53.4, we
define

7 (Grz,)) ™ = GLUAD21(Lip) ™ %Gr(2p0) 1121 2 y) G (L) T
A (Guz,)) ' = G1(Z) T/ 21 (L)~ i)+ /21(2) G (L)) 11
Similarly we define eQ/(GZ(m)IG? and ,SZ%(GZ@))I(P’O. The group ,Q/(Gm(p))fdﬂ acts on S(G1, ¢1),
cf. [29] Lemma 4.5.9. By construction, we have an W(Glz(m)lm -equivariant map
cey : S(G1, ¢1) — w(Gh),

which is surjective since Gl(A?) (and thus %(Glzw)Lh) acts transitively on w(Gy). For
the identity class e € m(G1), consider the fiber

S(Gl, ¢1)+ = Céi(e).
Then the stabilizer of S(G1, 1)t C S(G1,¢1) is
"ZZ(GlZm)% °C d(Glzm)Im'
We have
S(G1,01) = [ (Giz,)) ' x S(Gr,é1) 7]/ (Grz,) ) o1

Take any ¢1 : Q — Sq,, such that

¢ = ¢4 Q = B gaa.
It should be possible that the strategy of [29] 3.8 enables us to prove the following refinement
of Proposition

S(Ga ¢) = [$ZZ(GIZ(ID))I(J51 X S(le ¢1)+]/£{(GZ@))I¢VO‘

Once this is done, the same argument as above shows that there is an isomorphism of formal
schemes over W

I4(Q) \ M x G(A})/K? = Sk x SptW)z, .,
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Remark 6.9. In the special cases of Shimura curves associated to quaternion algebras over
totally real field, see [3] for a construction of the uniformization by Drinfeld spaces.

Let Shi(¢o) = (L) geizg, Sk x SPEW) 2, v )gd. We get a natural morphism of adic
spaces Sh (¢o) — Sh%d. For any open compact subgroup K}, € G(Qp), let Shiyke(o) —
Shﬁ(d; v be the pullback of Shy(¢g) — Sh% under the projection Shﬁ(dfg Kp — Sh}‘(dp xp- We
get the following corollary from Theorem

Corollary 6.10. With the above notations, © induces an isomorphism of rigid analytic
spaces over E

0: [ Is(Q@\ Mgy x G(A})/KP =5 Sh o (o).
[¢],¢7¢=¢0

Recall that in [44] we have proved that there exists a perfectoid space Si» over C, such
that
Skv ~ lim Shy e (G, X) .
Kp
On the other hand, by Proposition we get a perfectoid space M, over C, such that

Moo ~ I&HMK;
Ky

From the above Corollary [6.10] we get
Corollary 6.11. There exists a perfectoid space Skv(¢o) together with a map Skr(po) —
Skr, such that
Skr(¢o)~ ] 15(Q)\ Moo x G(AR)/K.
[¢]7¢ad:¢0

Remark 6.12. For the b € B(G, ) we fized in this subsection, we can define the Newton
stratum 8%, C Skr, which is a locally closed subspace, cf. [4] subsection 4.3 or [45]. Then
we have Skr(po) — Sk» factors through S}’(p. In the case that b is basic, we will have
Skr(¢o) = S%,, cf. the next subsection. In the general case, the image of Skr(po) — Sorp
is a strict subsapce, and to under understand the whole stratum S}’(p, one should introduce
Igusa varieties, cf. [4] section 4 in the PEL case and [45] in the general case.

6.4. The case of basic strata. Let the notations be as in the last subsection. Assume
now that b = by is the basic element. Note that there is only one ¢ such that b(¢) = by.

Theorem 6.13. In the setting above, Z4 xr = ?i(. Thus we have an isomorphism

O : I,(Q) \ M x G(AR)/KP =5 S x SpfW s .
/Sk

Proof. In the case that (G, X) is of Hodge type, this is proved in Theorem 4.11 of [27]. The
general case follows from this by the construction. O

Corresponding to Corollaries and we have
Corollary 6.14. For any open compact subgroup KIQ C G(Qp), © induces an isomorphism

of rigid analytic spaces over E
0 : 14(Q) \ My, x G(A})/KP = Shi e,
and an isomorphism of perfectoid spaces over C,

0 : 14(Q) \ Moo x G(A})/KP = Sip.
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7. APPLICATION TO MODULI SPACES OF K3 SURFACES IN MIXED CHARACTERISTIC

In this section, we will apply our constructions to K3 surfaces and their moduli in mixed
characteristic. We will first study some Rapoport-Zink spaces of orthogonal type. Again,
we will assume p > 2 in this section.

7.1. Rapoport-Zink spaces of orthogonal type. Let (L,Q) be a non degenerate self
dual quadratic lattice of rank n + 2 over Z,, where n > 1 is an integer. We write (V, Q)
as the induced quadratic space over Q,. Let G = SO(V,Q),G1 = GSpin(V,Q) be the
associated special orthogonal and spinor similitudes groups over Q,. By our assumption
that L is self dual, both G and 1 are unramified. We have an exact sequence of groups

1-G, -G — G —1,

which is in fact defined over Z,,.

As in [22] subsection 4.2, there is a natural choice of minuscule cocharacter p; of Gj.
Take any [b1] € B(G1,p1). Then (Gi,[b1],{p1}) is a local Shimura datum of Hodge type.
We get a local Shimura datum (G, [b], {u}) by taking [b], {u} as the image of [b1], {1} under
the map G — G. By construction (G, [b], {i}) is unramified of abelian type. We get the
associated Rapoport-Zink spaces M; = M(G1, b1, u1) and M = M(G, b, j1).

Let Xo be the p-divisible group over F, with (covariant) Dieudonné module (C(V) &
W, byi0), where C(V) is the Clifford algebra attached to V. Fix any 6 € C(V)* with 6* =6
where * is the canonical involution on C(V). Then s(c1,c2) = Tr(cioch) is a perfect
symplectic form on C(V). Here Tr : C(V) — Z, is the reduced trace map. The perfect
symplectic form 5 on C(V) induces a principal polarization \g : Xo — X. There exists
a finite collection tensors (Sq)acs which includes 5, such that G; C GL(C(V)) is cut out
by (Sa)acr- Recall that M has the following moduli interpretation. For any R € Nilpy,
Mi(R) = {(X, (ta)aer, p)}/ =, where

e X is a p-divisible group on SpecR,
e (to)acr is a collection of cystalline Tate tensors of X,
e p: Xg®R/J — X ®R/J is a quasi-isogeny which sends s, ® 1 to t, for a € I,
where J is some ideal of definition of R,
such that the following condition holds:
the R-scheme

Isom((D(X)R, (ta), Fil*(D(X)R)), (A ® R, (s ® 1), Fil*A ® R))
that classifies the isomorphisms between locally free sheaves D(X)r and A ® R on SpecR
preserving the tensors and the filtrations is a P,; ® R-torsor.

The exact sequence 1 — G,, - G; — G — 1 induces a long exact sequence (cf. [2]
Lemma 1.5)

1= 1 (Gp)t = m(G)F = m (G — HY T, 71(Gp)) — - -
We have the following isomorphisms
11(C)t = 71(Gp) ~ X (Gn) ~ Z.
Since G¢¢" = Spin(V) is simply connected and we have the exact sequence
1 — Spin(V) — GSpin(V) — G,, — 1,

we get ([2] 1.6)
(G =1 (Gp)' ~ Z.
On the other hand, since
1 — pe — Spin(V) — SO(V) —» 1
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is exact, we get
7T1(G) = ,ug(—l) = Z/?Z.

Lemma 7.1. We have m(G)' ~ 7Z/27Z and the map 71(G1)" — 71 (G)' is surjective.

Proof. As jiz C G,,,, and I acts trivially on the later, we get 71 (G)" = pa(—1)' = pa(—1) =
Z/2Z. For the second assertion, note that

m(G1)"/2m(G1)" = Z/2Z € Tm(m(G1)" — m1(G)D).
Thus the image is 1 (G)F. O
Corollary 7.2. We have an isomorphism of formal schemes M ~ Ml/pz.

Proof. By the above lemma 71 (G1)F — m1(G)' is surjective. Thus M ~ M /p% as the proof
of (1) of Proposition O

7.2. Ekedahl-Oort and Howard-Pappas stratifications of basic Rapoport-Zink
spaces of orthogonal type. Let the notations be as above. Assume that [b;] (thus [b]) is
basic.

In [22], Howard and Pappas introduced a stratiﬁcationﬁ for the reduced special fiber

Mieq of M1:
Mireq = H MTAa
A
where A runs through the set of vertex lattices. By definition (cf. [22] section 5), a vertex
A lattice is a Zjy-lattice in Vf’ , such that
pAC A c Ac VP

Here L = W (F,)g, ® = bo is the Frobenius, VL<I> admits a quadratic form induced from Vg,
so that this quadratic space VL<I> has the same dimension and determinant as V', but has
Hasse invariant -1. Associated to a vertex, we have the type

t(A) ;= dim A/AY,
which is an even integer, and 2 < t(A) < ty40, Where
n+1, n odd,
tmae = {n+2, n even, detV #(—1)
n, n even, detV = (—1)

)

[SIERNNTE

Recall that we have the inclusion
V¥ € End(Xo)g,

so each vertex lattice A C VL(1> can be viewed as a set of self quasi-isogenies of X(. For each
vertex lattice A, the associated Howard-Pappas stratum

Mi/\ - ered
is the locus (X, (ta), p) where
poAYopC End(X)
and this does not hold for any smaller vertex lattice A’ C A. Let My C My,eq be its

Zariski closure. In [22] 4.3.3 and 6.4.1, Howard and Pappas proved that there exists a
decomposition

ered = H M(lj)a

JEZ

An [22] 6.5 it is called the Bruhat-Tits stratification, and our M7, is denoted as BT there.
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such that each ng ) is a connected component of My,.q. Accordingly, we get a decompo-
sition for each stratum 0
)
A= H MR

JEL
By [22] Theorem 6.5.6, each connected stratum MEJXO is isomorphic to a Deligne-Lusztig
variety X p(w) for the group SO(Aw /Ay,).
As
M = Ky = O T MO,

we get an induced Howard-Pappas stratification for M,..q

Mred = H MR
A

In fact, in [22] sections 5 and 6 Howard and Pappas studied the geometric structures of
M ,cq by passing to the quotient space Mg = My,eq/p” first.

Recall that W = W (F,), L = Wg. Following [22], we can describe the sets M..q(F,), M (F,)
and M3 (F,) in terms of special lattices of V, as follows. By definition ([22] Definition 5.2.1)
a special lattice £ C Vp, is a self-dual W-lattice such that

(L4 @u(L))/ L= W/pW.
By Proposition 6.2.2 of [22], we have a bijection
M, eq(F,) =~ {special lattices £ C V}.
By loc. cit. 5.3.1 and Theorem 6.3.1 we have bijections
M (Fp) ~ {Lagrangians £ C Q : dim(L + ®(L)) = d + 1}
~ {special lattices L C Vi, : A\, C L C Ay}
= {special lattices L C VL, : A(L) C A},
where Q = Ay /Ay, A(L) = (LO)®,d = ") and £ = £ 4 (L) + - + ®9(L). Under
the above description, we have the bijection
M3 (F,) ~ {special lattices £ C Vj, : £ = Ay}
= {special lattices L C VI, : A(L) = A}.
In fact the above descriptions are true for any finitely generated field extension k'|F, (cf.
[22] )

Let G1 — Zip"* be the stack of G1-zips of type p1. The universal p-divisible group with
crystalline Tate tensors on M; defines a morphism

C :Mlﬁp — G1 — Zip‘ul,

where Mﬁp is the closed formal subscheme of M; defined by the p-adic ideal. This is the
local analogue of the construction in [51] 3.1.

Proposition 7.3. The above morphism ¢ is formally smooth.

Proof. By the construction of section 4 of [22], we can globalize the unramified local Shimura
datum of Hodge type (G1, [b1], {u1}), in the sense that we can find a GSpin Shimura datum
(GSpin, X) such that Gy = GSping,, {¢1} is associated to X and [bi] € B(G1, 1) is basic.

Take any point x € Mﬁp (F,). Applying the uniformization morphism in the last subsec-

tion, we get a corresponding point 2’ € Sy(F,) where S is the special fiber of the integral
GSpin Shimura variety with level K?G1(Z,). Then we have a canonical isomorphism of
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complete local rings @Mﬁ & @So,a:’a cf. [27] Proposition 4.1.6. By [51] Theorem 3.1.2,
P

there exists a smooth morphism ¢’ : Sy — G7 — Zip*'. By construction, ¢ and ¢’ are com-
patible under the uniformization morphism ./\/lﬁp — Sp. Therefore, the smoothness of ¢’
implies the formal smoothness of (. O

The underling set of geometric points of G1 — Zip”' is in canonical bijection with a
subset YW of the Weyl group of G (for a fixed choice of maximal torus). In fact we have
isomorphisms of topological spaces

|Gy — Zip"| ~ |G — Zip*| ~ TW.
Let YW? € JW be the subset defined by the image of ¢. For each w € W?, we call
My = g_l(w)red
the Ekedahl-Oort stratum of M,.q associated to w. We get a stratification
ered = H le‘
we Wb

We get also an induced Ekedahl-Oort stratification for M,..4.

Let m > 1 be such that 2m = n + 1 if n is odd, and 2m = n + 2 if n is even. Then there
is a bijection (cf. [51] subsection 4.4)

T {0,1,---,2m — 1}, n=2m—1 odd
{0,1,--- ,m—2m—1,m—1,m,---,2m —2}, n=2m—2 even
induced by the length function w +— ¢(w), where we use the symbols m — 1',;m — 1 to

distinguish the two elements with the same length m — 1. Under the above bijection, the
subset “W? € W can be described as

{m,---,2m — 1}, n=2m—1 odd,
IWP 25 L {m, -+, 2m — 2}, n=2m—2 even, detV =(—-1)z,
{m—-1,m-1,m,--- ,2m —2}, n=2m—2 even, detV#(—l)%.

For each ¢ # m — 1’ on the right hand side, we denote the corresponding element of the left

hand side as w;. The element corresponding to m — 1’ will be denoted by w/,_;.

We can describe the map ¢ — w; in more details. Assume first that n is odd. The simple
reflections are

si=(,i+1)2m+1—i,2m+2—1i), 1<i<m-—1
Sm = (m,m+2), i=m,
and we have

81+ Sq, 0<i<m
w; =
’ 817 Sm—1SmSm—1"""S2m—i, m+1<1<2m— 1.

Now assume that n is even. The simple reflections are
si=0i+1)2m—4,2m+1—-1), 1<i<m-1
Sm=(m—1,m+1)(m,m+2), i=m,

and we have

S1--+Si, 0<i1<m
w; =
‘ 81 SmSm-2""S2m-1—i, m+1<1<2m —2,

and

/
Wyp—1 = 51" Sm—25m-
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Let V = Ly ®Fp be the quadratic space over E;. For each w; € YW we will attach to it

an orthogonal F-zip (also called a SO(V')-zip) as follows. Fix a basis eq, ..., ep+2 of L such
that the quadratic form @ has the form x1 x40+ ToTp+1 4+ +TmTm42 —i—m?nH (cf. [51] the
proof of Proposition 4.4.1). By abuse of notation we still denote by e, ..., ;2 the induced

basis of (V, Q). For each w € W, let M, be the orthogonal F-zip (V,Q, C®, D,, pe) where
e C* is the descending filtration V' D (ea,e3,...,en12) D {(enia) D 0, denoted by
C'>Cl'oC? o,
e D, is the ascending filtration 0 C (w(e1)) C (w(e1), w(ea),. .., w(ent1)) C V, de-
noted by Dy C Dy C Dy C D3,
e ¢, is the collections of isomorphisms g : (CO/CH®) 5 Dy, oy : (C/CHP) S
Dy/Dy, o : (C?/C%)®) 5 Dy/Ds.
We remark that the above construction is not the standard isomorphism /W ~ |G —Zip*| of
Pink-Wedhorn-Ziegler (for example as in Theorem 3.1.5 of [51]): the standard association is

the twist w +— My, of ours, where wy is the maximal length element of JW. In particular
Lwow) =n — L(w).

Theorem 7.4. Each stratum My, is some union of Howard-Pappas strata of Miyeq.
Proof. By the methods of [22], it suffices to prove the following assertion first. O
Corollary 7.5. FEach stratum M., is some union of Howard-Pappas strata of Meq.

Proof. We first prove the equalities for the sets of k-points, where k is an algebraically closed
field of characteristic p. This follows from [22] Theorem 6.5.6 and [I§] Corollary 4.1.3.
Indeed, by [22] Theorem 6.5.6, we have an isomorphism

MG~ Xp(wh) [ Xs(w),

where X p(w™) and Xp(w™) are the Deligne-Lusztig varieties associated to the elements w™
and w™ of W, the Weyl group of SO(£2), where as before Q = Ay /Ayj,. Write w(A) = w™,
and consider it as an element in W under the inclusion W <— W. Then by [I§] Corollary
4.1.3, we have
Mu(k) =TT Mi®).
Aw(A)=w

To prove the identities on the level of schemes, we argue as in the proof of Corollary 4.10
of [A7]. That is, it suffices to show that M§ is open and closed in M,,. This follows from
the facts that MY is open in My, M N M,, = MY, and the above identities on the level
of points.

0

Consider the case k = F,. For any vertex lattice A and any point z € M3 (F,), we
have the associated special lattice £,. Reduction modulo p, we get an orthogonal F-zip
M,,, which we write it as My,w, attached to wow, € JWP for some w, € WP, Then by
definition z € My,yw,. By the above corollary, we have the equality

d—1=l(wowy)
where d = @ The following corollaries are coarser versions of Theorem and Corollary
However, they are more explicit in terms of types.

Corollary 7.6. (1) If n is odd, or n is even with det(V) = (—1)%, then we have the
following identity

M lw; — H Mcl)A .
At(AN)=2(n—i+1)
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(2) If n is even with det(V) # (—1)2, then
(a) if m <i<2m-—1,

lei = H MiA‘
At(A)=2(n—i+1)
(b) ifi=m—1,
lem 1 Hlem 1 = H M?A

At(N)=2m

Corollary 7.7. (1) If n is odd, or n is even with det(V) = (—1)%, then we have the
following identity

Moy, = 11 MS.
At(A)=2(n—i+1)
%

(a) if m<i<2m—1,

My, = 1T M3.
At(A)=2(n—i+1)
(b) ifi=m—1,
My || Mur, 12 H M3.
H(A)=2m

7.3. Moduli spaces of polarized K3 surfaces with level structures and the inte-
gral Kuga-Satake map. We will discuss the relation with moduli spaces of polarized K3
surfaces, cf. [32] sections 2 and 4, [39] section 6.

Let U be the hyperbolic lattice over Z of rank 2, and Fg be the positive quadratic lattice
associated to the Dynkin diagram of type Eg. Set N = U3 @ Egﬁ, which is a self-dual
lattice. Let d > 1 be an integer. Choose a basis e, f for the first copy of U in N and set

Lg = (e —df)*

This is a quadratic lattice over Z of discriminant 2d and rank 21 (in [39] it is denoted by
Log ). Let Vg = Ly ® Q and Ly C Vg be the dual lattice. Set

G =8S0(Vy),

which is isomorphic to the special orthogonal group over Q of signature (2,19). Let K C
G(Ay) be an open compact subgroup which stabilizes L 47, and acts trivially on LY/Lq.
Such compact opens are called admissible. We fix a prime p > 2 such that p { d from now
on. Then as L is self dual at p, the local reductive group G, is unramified. Let K, = G(Z,)
be the hyperspecial group. We only consider open compact subgroups K? C G (A]}) which is
contained in the discriminant kernel of L 4.7 with finite index. In particular, K = K,KP? is
admissible, cf. [39] 5.3. For the reductive group G, we have the associated Shimura varieties
Shg, ic», which are defined over Q. By [28], there exists an integral smooth canonical model
Sk, kr of Shg kv over Zy.

Let Myg (resp. M3,;) be the moduli spaces of K3 surfaces f : X — S together with a
primitive polarization £ (resp. quasi-polarization) of degree 2d over Z, (in [32] section 2,
these spaces are denoted by M3, and Myg respectively). These are Deligne-Mumford stacks
of finite type over Z,. The natural map My; — M3, is an open immersion. Moreover, Mag
is separated and smooth of dimension 19 over Z,, cf. [39] Theorem 4.3.3, Proposition 4.3.11
and [32] Proposition 2.2.
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Let (f : X — Mgy, &) be the universal object over Mog. For any prime ¢, we consider
the second relative étale cohomology H, f of X over My,;. This is a lisse Zj-sheaf of rank
22 equipped with a perfect symmetric Poincaré pairing (,) : Hg X Hz2 — Z¢(—2). The
(-adic Chern class chy(§) of ¢ is a global section of the Tate twist H7(1) that satisfies
(che(€), che(€)) = 2d. The product

1 =[] H;
¢

is a lisse Z-sheaf, and the Chern classes of & can be put together to get the Chern class
ch (&) in H%(l). Recall that we have the quadratic lattice N of rank 22 over Z.

Definition 7.8. Consider the étale sheaf over Myg whose sections over any scheme T —
My are given by

IT)={n:N®Z> H%T(l) isometries, withn(e — df) = ch5 ()}

Let K = K,K? C Ksz be an admissible open compact subgroup. Then I admits a natural

action by the constant sheaf of groups K. A section 1 € HY(T,I/K) is called a K-level
structure over T (in [39] 5.3 it is called a full K -level structure).

Let Mg i (resp. M3, i) be the relative moduli problem over Mg (resp. M3j,) which
parametrizes K-level structures. For KP (thus K') small enough, these are smooth algebraic
spaces. Moreover, the maps

Moy — Mag, M3, — M3y,
are finite étale. For another admissible K/ = Kpr/ C K = K,K?, we have natural finite

étale projections

*
My, o = Mag e, M, 0 = Moy

*
2d,K
as algebraic spaces over Myg, M, respectively. When K P’ is a normal subgroup of KP, these

projections are Galois with Galois group K?/K v,
For any prime ¢, we have the primitive cohomology sheaf

Py = (chy())* c HE.

Let H?B and HgR be the second relative Betti and de Rham cohomology respectively of the
universal K3 surface X' — M3, ;- -. We have also the primitive cohomology sheaves

Pg = (chg(&)) € HE,  Pyg = (chgr(€))* C Hip.

Consider 1\~/I§d7 K = M;d’ i the two-fold finite étale cover parameterizing isometric trivial-

izations det(Ly) ® Zo — det(P,) of the determinant of the primitive 2-adic cohomology
of the universal quasi-polarized K3 surface. We can identify M}, ;- with the the space

of isometric trivializations det(Lg) — det(Pp) of the determinant of the primitive Betti
cohomology. There is a Hodge-de Rham filtration F*P;r on Pyr, and we have a natu-
ral isometric trivialization 7 : disc(Lg) = disc(Pg) and the the tautological trivialization
B : det(Lg) = det(Pg). The tuple (Pg, F*Pyg,n,3) gives rise to a natural period map

N Tk
M54 k¢ — Shkc,

cf. [32] Propositions 4.2 and 3.3. There is a section map Mag xc C M3, oo — 1\7[;(”(@,
whose composition with the above period map gives us the Kuga-Satake period map

Lc - M2d,K,(C — Sh}g(c.
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It follows from [40] Theorem 3.9.1, this map is defined over Q. Therefore we get the map
over Q,

LQ, - Mgd’}(’@p — ShK@p.
As Sk is the integral canonical model of Shg, by extension property of S, the Kuga-Satake
map extends to a map over Z,

t:Maog g — Sk.

Theorem 7.9 ([32] Corollary 5.15). The integral Kuga-Satake period map
t: Mg g — Sk

1S an open iMmmersion.

When K? C KP is another open compact subgroup, we note that the following diagram
is cartesian:

Mog iy — Sk,

_

Myg x — Sk

As a corollary, we see that for K? small enough, Myg x is a scheme.

7.4. Newton and Ekedahl-Oort stratifications of the moduli spaces of K3 sur-
faces. Let M% K be the special fiber of My, i, which can be viewed as an open subspace of
the special fiber Sx of Sk. For the good reduction of Shimura varieties of abelian type, in
[46] we have introduced the Newton and Ekedahl-Oort stratifications for the special fibers.
In subsection we have seen the Newton stratification. In the cases of GSpin and SO
Shimura varieties, we can compare the Newton and Ekedahl-Oort stratifications as follows.
These are in the list of Shimura varieties of coxeter type studied in [I8] (comp. [19]).

Theorem 7.10 ([46]). Assume that n is odd.

(1) We have
Sc= I Sk Sk= ][ 5%
beB(G,p) we W

with each stratum in the two stratifications non empty.
(2) Let by be the unique basic element in B(G,p). We have

e for b+ by, there exist a unique wy €’ W such that gl;( = g}?
—b, W
o forby, Sg = Howerw ety vorby SK

Note that we denoted the subset {w € TW, w # wy, Vb # bo} as JWho in subsection
We return to the case n = 19. Consider the Kuga-Satake map

Z:Mgd’K — Sk,

which is an open immersion by Theorem The above stratifications of Sk in turn induce
stratifications of Mag

7 b ~F ~rw
Madx = H Mg iy Maax = H Mo, ke
beB(G,u) weJW

where MS(L x and M;UCL 5 are the pullbacks of the corresponding strata ?l;( and Sy under
the open immersion 7 : MZd, x < Sk. We have the similar relation

. . ~b
e for b # by, there exists a unique wy, € YW such that Moy x = M;Ud’K,
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b . ., b ~r ..
e for by, MQ?L k& = Hwemwho M;Udv k- We will also write MQ(ZL K as M;Z x to indicate
that it is the supersingular locus of M2d7 K-

We will investigate these stratifications in some more classical terms.

7.4.1. Newton stratification vs. height stratification. Let X be a K3 surface over a field k
of characteristic p. Consider the functor on local Artinian k-algebras with residue field &
defined by

<I>§(/,c : (Art/k) — (Abelian groups)
R+ ker (HA(X x SpecR, Gy,) — HA(X,Gy)).

It is pro-representable by a one-dimensional formal group ]/B\r(X ), the so called formal Brauer
group. The height h of this formal Brauer group of the K3 surface X satisfies 1 < h < 10
or h = 0.

The Newton slopes of the F-crystal H2., (X/W) are equal to (1 — %, 1,1+ £). Thus the
set B(G, u1) is in bijection with the set {1,...,10,00}. The basic element by corresponds to
oo. We write B(G, i) = {b1,...,b10,b11 = bp}. The Newton stratification of Mg i is just

the classical height stratification.

7.4.2. Ekedahl-Oort stratification vs. Artin invariant stratification. Thanks to the recent
proof of the Tate conjecture for K3 surfaces, we know that for a K3 surface X over I,
h = oo if and only if its Picard rank p = 22, i.e. it is Artin supersingular if and only if
it is Shioda supersingular, cf. [3I] Theorem 2.3. We simply call X supersingular in this
case. Let X be a supersingular K3 surface over [F),, then the discriminant of its Néron-Severi
lattice is equal to
_p200(X )
for some integer 1 < o¢(X) < 10. The integer oo(X) is called the Artin invariant of X.
By [10], we have an explicit description of the set /W as

{U)l, .. .,UJQ()},

with w; corresponds to b; for 1 < ¢ < 10, and for 11 < ¢ < 20 the elements w; are basic.
The K3 surfaces in the stratum M;UC} x have Artin invariant 21 — 4. In particular, we note
that the index 7 in the description of the set YW in subsection (where 0 <4 < 19 in our
case) is shifted to i + 1 here.

7.5. Rapoport-Zink type uniformization and Artin invariants. Let MQd, K and S K
be the formal completion of Mgy x and Sk along their special fibers respectively. Then
the integral Kuga-Satake period map in Theorem induces an open immersion of formal
schemes

T Mgd’K — §K.
Let 79 € Myg x be any point in the special fiber Mgde of Mag i, and « = (zg) be its
image. Let b € B(G, ) be the Newton point associated to z and consider the corresponding

formal Rapoport-Zink space M = M, for the group SO(V). The choice of the point x
determines a morphism of formal schemes
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Denote by N the pullback of M under 7 I\A/IM K — S k. In other words, we get a cartesian
diagram

N——M

o~ ’[/‘ o~
Mg x — Sk,

with the upper horizontal map N = M is an open immersion. By the moduli description
of M, we get the following description of A: for any R € Nilpjj”,

N(R) = {(X, (ta). ) € M(R)}
where
o (X, (ta),p) € M1(R), with X = KS(Y)[p>], where Y is a K3 surface over R,
e p is a pZ-orbit of p.
In particular, A is stable under the action of J,(Q,) on M.

Remark 7.11. By construction, we have an open subspace N C Ml, such that for any
R e Nilpy?,
N1<R) = {(X7 Ps (ta))}
with (X, (ta), p) € Mi(R) as above. The space N is given by N' = Ny /p%. On the level of
affine Deligne-Lusztig varieties, we get subsets
Nred(Fp) - Mred(ﬁp) = Xf(b), Nlred(Fp) C ered(Fp) = X,,,Gll (bl)

In the case that b is basic, it will be interesting to describe the above subsets by special
lattices as in [22] section 5.

We can apply the Rapoport-Zink uniformization theorem for Sk to deduce a similar
uniformization for Myg k. Recall that as dimV = 21 is odd, the group G = SO(V) is
adjoint.

Corollary 7.12. Let Jy be the pullback of Z4 kv under the open immersion T : Mag ¢ <
Sk. Then we have the following identity

Moa,k /g, = HN/Fj,
Jel
where I'; C Jp(Qp) are some discrete subgroups (constructed as usual from the uniformiza-

tion theorem of the last section). If moreover b = by is basic, then Jy, = MSZK and the
above disjoint union is finite.

Remark 7.13. If the open compact subgroup K = K,K? C G(Ay) (K, = G(Zyp)) is the
image of some open compact subgroup K1 = K1,K7 C Gi1(Ay) (K1p = G1(Zy)), then it
will be much easier to prove the uniformization theorem for Sk : one can work directly
on the finite level and take a finite étale quotient from the corresponding Rapoport-Zink
uniformization for Gy, cf. [44] section 4 for example.

Assume that b = by is basic. Let N,.q be the reduced special fiber of N. Then the
Howard-Pappas stratification of the reduced special fiber M,.; of M induces a similar
stratification of the open subspace N,..q:

Nred = HNX’
A
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where N C N;¢q is the pullback of the stratum M3 C M,..4. For each w; € JWP | consider
the corresponding Ekedahl-Oort stratum

Mwi == H M?\a Nwi = H NA
A,t(A):Q(Ql—i) At(A) 2 21—1)

For each 11 < i < 20, the image of N, under the uniformization morphism gives us the
corresponding Ekedahl-Oort stratum M;Z 5 in supersingular locus.
For (X,¢) € M;ZK(F},), consider

L= <Chcri8(§)> CHZ,

cris

(X/W).

This is a special lattice in the sense of Definition 5.2.1 of [22]. Then we can apply Proposition
5.2.2 of loc. cit. to produce a vertex lattice A(L). For any integer r > 0 define

LW =L+ &)+ + (L)
Then there is a unique integer 1 < d < 10 such that
L =110 C L C---C L@ — (d+1)
The vertex lattice A(L) is defined by
A(L) = (L D)®,

It has type 2d and A(L)Y = L®. The following corollary follows from the above uniformiza-
tion and Corollary

Corollary 7.14. Under the uniformization identity
My e = [ [ Neea/T5s
Jel
the Ekedahl-Oort stratum M%K for each 11 < i < 20 is the image of Ny,. In particular,

ifr € M2d x(F »), let Xy be the associated supersingular K3 surface over IE‘p, then we have
the identity between the Artin invariant 00(Xz) and the type t(Ay)

where Ay, = A(Ly) is the vertex lattice attached to the special lattice associated to (X, &)
as above.

APPENDIX A. ADMISSIBILITY AND WEAKLY ADMISSIBILITY IN THE BASIC ORTHOGONAL
CASE

In this appendix, we investigate the p-adic period domains .# fadL” and F# fwau in the case
b is basic and G = SO. All the following materials are taken from [15]. We thank Fargues
sincerely for kindly allowing us to include it here.
1
Let V' = Q) equipped with the quadratic form @ with matrix . Let

1
G = SO(V, Q) and consider the minuscule cocharacter p : G, — Gg given by p(z) =
D
diag(z,1,---,1,271). Then the basic class in B(G, u) is [b] = [1] and thus J, = G. One
checks easily that any non basic Newton polygon has a non trivial contact point with the
Hodge polygon, ie. (G,{u}) is fully Hodge-Newton decomposable in the sense of [19]
Definition 2.1.
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For simplicity, we write #¢ = F{g, as the p-adic flag variety, F#("* = ﬁﬁgf‘w and
Fedm — K“GCfL”. We first describe the weakly admissible locus #/¢*%. The associated
isocrystal is QZ with Frobenius o®". The sub-isocrystals are in bijection with the sub Q,-

vector space of V. Let C be a complete and algebraically closed extension of @p. Then we
have

FLU(C,O0¢) = {Lagrangian lines D C Vi}.
It follows that ¢ C ]P’% is the quadric defined by the equation 2?21 TiTn—iy1 = 0. Let

P
1[;5] @ (0) C V be a Lagrangian subspace with associated parabolic subgroup P C G. For
any line D € .Z4(C,O¢) we attach to it the following Hodge filtration

0CFil' =D cFil>=D" cFil™ = V.
Then
FLNC,Oc) ={D € FLC,0c)| DN W¢ =0, Vtotally isotropic subspace W C V'}.
Therefore, we get

Proposition A.1.

T = FL\ G(Q,)S",
where S is the adic space associated to the Schubert variety attached to P (S is defined
by the locus Tajpr = =Tp =0 inside F1).

Now we look at the admissible locus .Z¢4™ (cf. [35] Definition A.6). We have the
following

Claim A.2. Z(dm = Fwa,

Proof. For any point x € F{("*(C,O¢), let &, be the associated modification of O% such
that the relative position of (B;R)" and SALOO is bounded by p. Here X is the Fargues-
Fontaine curve over QQ, associated to the perfectoid field C?, and 0o = z¢ € X is the point
defined by C. We need to show this weakly admissible modification is in fact an admissible
modification (i.e. &, is semi-stable).
By [35] Proposition A. 9, we have either
1 _9 1
L= Ox(D) @O0y ™ @ OX(—;)
for some integer 1 < r < [3], or
Er > O.

The second case is admissible. Thus we suppose that we are in the first case. The perfect
quadratic form on &, is such that for any A € Q, we have (£2*)* = €272, where £} C &,
is a step in the Harder-Narasimhan filtration of £,. Therefore, we get

Ox(:

1

€L n—2r

- =0x(-)® 0

)t =0x() e 0%

and (’)X(%) is totally isotropic. It follows that there exists a unique sub vector bundle
F C O% which is a locally direct summand, such that the modification &,| X\oo = (’)?(\OO

induces a modification

1 ~
OX(;)|X\OO — g’X\oo

In particular, .# is totally isotropic in O%. Such a modification is necessarily of one of the

following types:

(1) (=1,0,...,0),
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(2) (0,...,0,1),
3) (0,...,0).

Indeed, it suffices to look at for all the sub Byg-vector spaces E of B, the relative positions
of the lattices E N (BLJ{R)” and E N (te1,e9,...,en_1,t ‘e,), where ey, ..., e, is a basis of
V. As OY% is semi-stable, we have deg(.%#) < 0. By looking at the above three cases, we get
that .# is a degree —1 modification of OX(%). Thus,

F ~ O,
that is 7 = W ® Ox for some totally isotropic subspace W C Q) of dimension r. This
implies that our modification & |x\ = O}\Oo is admissible. O
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