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Abstract

In this paper we prove that the p-adic L-function that interpolates the Rankin-Selberg prod-
uct of a general modular form and a CM form of higher weight divides the characteristic ideal
of the corresponding Selmer group. This is one divisibility of the Iwasawa main conjecture for
this p-adic L-function. We prove this conjecture using congruences between Klingen-Eisenstein
series and cusp forms on the group GU(3, 1), following the strategy of recent work by C. Skin-
ner and E. Urban. The actual argument is, however, more complicated due to the need to
work with general Fourier-Jacobi expansions. This theorem is used to deduce a converse of the
Gross-Zagier-Kolyvagin theorem and the p-adic part of the precise BSD formula in the rank one
case.

1 Introduction

Let p be an odd prime. An important problem in number theory is studying the relations between
special values of L-functions and arithmetic objects in p-adic families. The first case was studied
by Iwasawa in the 1950’s for class groups of number fields, resulting in the asymptotic formula
for class numbers in cyclotomic towers of field extensions. Later on, Mazur realized that the idea
of Iwasawa’s theory can be applied to elliptic curves which provides a powerful way to study its
arithmetic (e.g. the BSD conjecture). Such idea was further generalized to many kinds of Galois
representations. In 2004, Kato [36] formulated the Iwasawa main conjecture for modular form on
GL2/Q and proved one divisibility by constructing an Euler system. Later on, Skinner-Urban [55]
proved the other side of divisibility in the case when the modular form is ordinary at p, using
Eisenstein congruences on the unitary group U(2,2).

Our paper can be viewed as an extension of Skinner-Urban’s approach to the Rankin-Selberg
product of a modular form f and an ordinary CM form whose weight is higher than f, using another
rank 4 unitary group U(3,1). Surprisingly, such result has lots of arithmetic applications which
cannot be seen by previous techniques, including the proof by Skinner [54] of the converse of a
theorem of Gross-Zagier and Kolyvagin, and the p-part of the precise BSD formula in the analytic
rank one case [35]. It is also the starting point and a key ingredient of the author’s work proving
the Iwasawa main conjecture for supersingular elliptic curves [61]. Now we describe the context of
our main results.

Let £ C C be an imaginary quadratic field such that p splits in K as (p) = vovp. We fix an
isomorphism ¢ : C, ~ C and suppose vg is determined by ¢. There is a unique Zg—extension Koo/K
unramified outside p. Let I'x := Gal(Ks/K) . Suppose f is a Hida family of ordinary cuspidal
eigenforms new outside p with coefficient ring I, a normal finite extension of the power series ring
Zp|[W]] of one variable W. Let L be a finite extension of Q, with integer ring Or. Suppose £ is an



L-valued Hecke character of A /K* whose infinity type is (5§, —%) for some even integer £ > 6 and
such that ord,,(cond(&,,)) < 1 and ordy,(cond(&s)) < 1. Denote by & the Op[[I'k]]-adic family of
Hecke characters containing £ as some specialization (we make this precise in Section. We write
OF" for the completion of the maximal unramified extension of Oy, and I*" for the normalization
of the ring corresponding to an irreducible component of I&p, (’A)%T

In Section we associate with f, K and & a dual Selmer group Xp ¢, which is a finite
module over the ring I[[I'x]]. On the analytic side, for a finite set of primes ¥ containing all bad
primes, we construct in this paper using a doubling method the “Y-primitive” p-adic L-functions
EE&K e T[], /J]%&,C € O¥|[[Tx]], interpolating the algebraic parts of the special L-values
Li(fs,€4, %), where fy and &, are specializations of the families f and § (fy has weight 2 and
&4 has infinity type (k/2,—r/2)). The general case when X does not necessarily contain all bad
primes, is obtained by putting back the local Euler factors at primes omitted. We let Ly ¢ x be
the specialization of L¢¢ x to a single form fo of weight 2 and trivial character in the family f,
which we assume is defined over L. In Section we also recall closely related p-adic L-functions
Efzy’;jéda and Efgd,g constructed by Hida. We also associate with f = fy, KC, £ a dual Selmer group

Xxe over O¥[[Tx]]. The Iwasawa-Greenberg main conjecture says that the characteristic ideal
of X¢xe (resp. Xy ¢) is generated by Le ¢k (vesp. Lyr¢ i)

Let Q C C be the algebraic closure of Q and let Gg = Gal(Q/Q) be the Galois group. Let
G, C Gg be the decomposition group determined by the inclusion QcC @p coming from ¢. We
write € for the cyclotomic character and w for the Techimiiller character of Gg. Let g be a cuspidal
eigenform on GLy/Q with the associated p-adic Galois representation pg : Gg — GL2(Or). We say
g satisfies (irred) if:

e The residual representation p, is absolutely irreducible.

If g is nearly ordinary at p, then py|q, is equivalent to an upper triangular representation and we
say it satisfies (dist) if:

e The characters of py|c, on the diagonal are distinct modulo the maximal ideal of O.

We will see later (in Section that if the CM form g¢ associated to ¢ satisfies (irred) and (dist)
then ,Cf’&]c € ]IHFICH

In this paper, under certain conditions on f,&, K, we prove one inclusion (or divisibility) of the
Iwasawa-Greenberg main conjecture for Lg ¢ xc. Our first theorem is a three-variable result for Hida
families.

Theorem 1.1. Let £ be a Hida family of ordinary eigenforms that are new outside p of square-free
tame level N, and suppose f has a weight two specialization f that has trivial nebentypus and is
the ordinary stabilization of a new form of level N. Let p be the mod p residual Gg-representation
associated with the Hida family £. Let & be a Hecke character of IK*\Ag with infinity type (5, —%5)
for some k > 6. If

(a) p>5;
(b) §|A<§ =woNm and k = 0(mod 2(p — 1));

(¢) pglc, is irreducible;



(d) there exists q|N that does not split in K and such that pg is ramified at q;
(e) the CM eigenform ge associated to the character & satisfies (dist) and (irred);

(f) For each non-split prime v of Q we have that

1
(T f.05 Evs 5) =1.

(As in [Z])] €(mf0, &0, 5) is the local root number for the base change of ms, to K, twisted by
§o. It differs from the local Toot number for the Rankin-Selberg product of m¢, and ge¢, by a

factor xx/q.0(—1).)
(9) Suppose the conductor of £ is only divisible by primes split in K/Q.

Then ﬁflgd,g e Iv[[[k]] and (ﬁflg‘%‘é) 2 Charﬁur[[r\’c”(Xf’]C,é‘) as ideals of T [[Tx]]. Here char means
the characteristic ideal.

We also have a two variable theorem for a single form.

Theorem 1.2. Let N, f = fo, k and £ be as before. If
(a) p=5;
(b) the p-adic avatar of £| - |*/?>(w=" o Nm) factors through I'x and x = 0(mod 2(p — 1));
(¢) ptlayg is irreducible;
(d) there exists q||N that does not split in K.

Then
(Lrex) 2 Char@gr[[r,c]]@gqL(XfJCé)

is true as fractional ideals of OV [[Tx]] ®o, L.

Unlike the previous theorem, in this theorem we allow both global root numbers +1 and —1
cases. In particular Theorem is not deduced as a consequence of Theorem Both theorems
are deduced in the proof at the end of this paper. Theorem is proved as the specialization of a
“weaker version” (since the assumption is weaker than that of Theorem of the 3-variable main
conjecture, where we inverted all non-zero elements of I. This is where the ® L comes in. See the
end of the paper for details.

Hida’s p-adic L-functions Efgd,g are more canonical than the L¢¢ x in that there is a constant
in @; showing up in our interpolation formula (see Proposition that depends on some choices.
Under the assumptions of Theorem [I.1] we show that Hida’s p-adic L-function is integral: it belongs
to I“"[[[x]]. Note that in the setting of Theorem we do not know if Ly, k¢ is actually in
Oy [Irk]).

The assumptions on p¢|g, and the local e-factors in Theorem are needed to appeal to results
of M. Hsieh [23], [24] in proving the non-vanishing modulo p of some special L-values or vanishing
of the anti-cyclotomic p-invariant. The square-freeness of N is put at the moment for simplicity
(mainly to avoid local triple product integrals for supercuspidal representations and we may come
back to remove it in the future).



The assumption (g) in Theorem is due to lack of reference for [28, Conjecture in Introduc-
tion|. Details are explained in Definition

Hypothesis (b) of Theorem means that L;¢ x can be evaluated at the trivial character of
I'x, though it is not a point at which it interpolates classical L-values. As a result, Theorem
has interesting applications for the usual Bloch-Kato Selmer group of f.

The result of this paper is the foundation for several important breakthroughs on arithmetic of
elliptic curves and modular forms. Skinner [54] has recently been able to use Theorem to prove
a converse of the Gross-Zagier-Kolyvagin theorem: if the Mordell-Weil rank of an elliptic curve over
Q is exactly one and the Shafarevich-Tate group is finite, then its L-function vanishes to exactly
order one at the central critical point. The author has been able to prove an anti-cyclotomic main
conjecture of Perrin-Riou when the root number is —1 [60] (by comparing the Selmer group in
the theorem with the one studied by Perrin-Riou, using the Poitou-Tate long exact sequence and
applying F. Castella’s generalization [3] of a formula of Bertolini-Darmon-Prasanna relating the
different p-adic L-functions).

There is also joint work of the author with Skinner and Jetchev that uses Theorem [I.2]to deduce
the p-adic part of the precise BSD formula in the rank one case [35]. We remark that in the above
mentioned applications one can not appeal to the main conjecture proved in [55] since the global
sign of the L-functions has to be +1 in loc.cit..

The methods of this paper can be adapted (with some additional arguments) to the case when
f is non-ordinary as well. This forms the foundation of the author’s recent proof of the Iwasawa
main conjecture for supersingular elliptic curves formulated by Kobayashi (see [61]).

Our proofs of Theorem [I.1] and Theorem [1.2] use Eisenstein congruences on the unitary group
U(3,1), which first appeared in Hsieh’s paper [25]. Recent works with a similar flavor include
Skinner-Urban’s [55] using the group U(2,2), and the work of Hsieh [22] for CM characters using
the group U(2,1). The difference between our results and Skinner-Urban’s is that they studied the
p-adic L-function of Rankin-Selberg product of a general modular form and a CM form such that
the weight of the CM form is lower, while in our case the weight of the CM form is higher. This is
the very reason we work with unitary groups of different signature.

We also mention there are works establishing the other divisibility of the main conjecture using
Euler systems ([60], [41]) under some more restrictions. Together with Theorem (1.1 and Theorem
[1.2] these give the full equality of the main conjecture in the case when all hypotheses are satisfied.

For clarity purposes, we briefly discuss our proof of the theorems. The proof follows the main
outline of Skinner-Urban’s proof in [55] (which in turn followed the main outline of Wiles’ proof
of the Iwasawa main conjecture for totally real fields). However, carrying this out requires new
arguments. The main steps are: (1) constructing a p-adic family of Eisenstein series whose constant
terms are essentially the p-adic Rankin-Selberg L-function EfEJC,g; (2) proving that the Eisenstein
series is co-prime to p-adic L-function (that is, modulo any divisor of the p-adic L-function it is still
non-zero), which shows that its congruences with cuspforms is ‘measured’ by the p-adic L-function;
(3) the Galois argument.

The main differences between our proof and that of Skinner-Urban are in steps (1) and (2). First,
we need to work with the unitary group U(3, 1) instead of U(2,2) which is used in [55]. The reason
is that by our assumption that the CM form has higher weight than f, the L-values interpolated
by the p-adic L-function L ¢ x show up in the constant terms of holomorphic Eisenstein series on



the group U(3, 1) that are induced from the Klingen parabolic subgroup with Levi U(2) x £*. The
cuspidal representation on U(2) is determined by the automorphic representation 7; and a Hecke
character of A,é whose restriction to Aé is the central character of my. As a result, the construction
of the p-adic families of the Eisenstein series via the pullback formula requires finding the right
Siegel section at p (which turns out to be different from the one used in [55]). To have the right
pullback and to make the Fourier-Jacobi coefficient computation not too hard, such choice of section
is quite subtle. The idea for our choice is similar to that in [4] and is inspired by the formula for
differential operators on p-adic g-expansions on the group GU(3,3). (The Siegel-Eisenstein series
measure used here to construct the p-adic L-function is the special case of loc.cit.. (See Section
4.3, part I1.) We also refer to the paper of Eischen [5, Sections 3, 4] for a nice exposition for details
about those differential operators. These differential operators are not logically needed for the
construction in this paper though.)

Step (2) is the core of the whole argument. In [55], the Klingen-Eisenstein series on U(2,2)
(which are also special cases of the series constructed in [59]) has a Fourier expansion Egjing =
dor arq’, with T running over 2 x 2 Hermitian matrices. By the pullback formula, we have ar =
(FJ7Egieq, g0ﬂ>U(1,1), where Fgieq is a Siegel-Eisenstein series on U(3,3), FJrEgeq is its T-Fourier-
Jacobi coefficient (regarded as a form on U(1,1)), and ¢, is a form in the U(1,1) automorphic
representation 7 considered in [55] (again determined by 7y and a Hecke character of Ag). The
Siegel Eisenstein measure is constructed in Proposition 12.3. Computation tells us FJ7FEgeq is
essentially a product of an Eisenstein series and a theta function, and thus this pairing, and hence
ar is essentially a Rankin-Selberg product.

In our case, forms on U(3,1) only have Fourier-Jacobi expansions (instead of Fourier expan-
sions):

F ) an(F)q" :=FI(F)
neQ

with a,(F) € H° (Z[Og], L(n)), where Zp) is a two-dimensional abelian variety which is the abelian

part of the universal semiabelian scheme over a point in the boundary of a toroidal compactification

of the Shimura variety for GU(3,1). The sheaf £(n) is a line bundle on 2y~ We can view each

an(F) as an automorphic form on the group U(2) - N, where U(2) is the definite unitary group

appearing as a factor of the Levi of the Klingen parabolic subgroup of U(3,1), and N is the

unipotent radical of the parabolic subgroup, which is a Heisenberg group. It consists of matrices of
1 x x x

the form 1 i . To study a,(F') we use a functional g« on HO(Z@},E(n)). This is just
1

the pairing over N (modulo its center) with an explicit theta function #* on U(2) - N (defined in

Lemma . In the following we do the computation at an arithmetic point z.
We divide our argument into five steps. (1) We first compute the n-th Fourier-Jacobi coefficient

of a Siegel-Eisenstein series Fyjeq, (in Section , considered as a form on the Jacobi group



N’-U(2,2) C U(3,3) with N’ a unipotent subgroup of U(3,3). It consists of matrices of the form

1 x X X X
1

1

X X = X X X

1

This turns out to be a finite sum of products of the form Es, - ©, (see Proposition with Fs ,
a Siegel-Eisenstein series on U(2,2) and ©, a theta function on the Jacobi group (the Ejgjeq2 and
©s,, in Proposition .

(2) Next we restrict this n-th Fourier-Jacobi coefficient to the group

(N-TU(2) x U(2) c U(3,1) x U2) NN’ - U(2,2).

Another computation shows that ©, essentially restricts to a form 64 x 63, on (N - U(2)) x U(2).
(The 6, is varying with the arithmetic point z while the 64 is fixed, which justifies dropping
the subscript z.) The actual situation is slightly more complicated: it is actually a finite sum of
such products. Applying a functional lyp- (which is pairing with a fized theta function 6* to the
04-component of each summand above), we show that (64,0*)y is a constant function on U(2) by
Lemma [4.8] (which we manage to make non-zero), and then end up with a theta function 6, on (the
lower) U(2) (a finite linear combination of 63 ,’s of each summand). See Lemma for a precise
formula. So using the pullback formula, we get for Exing, the Klingen Eisenstein series defined in
(6.13) (denoted Exiingp there),

lo=(an(EKiingz)) = (Bazlu@)xu@)s f2 - 02)1xu(2)

regarded as a form on the first U(2), which is the U(2) in the Levi of the Klingen parabolic subgroup.
Note that by Lemma [8.23] when z is varying in a p-adic family the lg« takes values in the Iwasawa
algebra (the parameter space).

(3) To study its p-adic property, we pair it with an auxiliary form h, on U(2) (Definition :

(B2zlu@)xu@), f2 - 02)1x0(2)s Mu@) = (%) - (hey f2 - 0).

To obtain this formula, we use the doubling method formula for U(2) x U(2) — U(2,2) applied
to h,. The (%) is some p-adic L-function factor for h, coming from this (see Proposition for
details).
(4) We prove that such expression is interpolated by an element B in the Iwasawa algebra (in
). The pairing on the right hand side is just a triple product integral f[U(Q)] hz(9)02(9) fz(g)dg.
e fact that the 6, can be taken to be an eigenform follows from considering the central character

(see the proof of Proposition [8.25)).
(5) We use Ichino’s formula to evaluate this:

(| he@buo) ) | Fal)salo) o))
[U(2)] [U(2)]

LE(%? T, X Xl,Z)LE(%v T X X2,z) H Ifu(hz & 92 ® fz, }le (024 ég’z X f;)
LZ(27 s ad)LE(27 o, ad)LE(Q, Thy» a‘d) veR <hZ,’Ua hz,v> <‘92,v7 93,z,v> (fz,va fz,v> .

= <h27 BZ) <027 9~3,z><f27 f~z>



Here ﬁz, 9~3,Z and f; means some forms or vectors in the contragredient representation of the
automorphic representation for h,, 0, and f,. The factor I, is a local integral defined by Ichino,
and X1, and x2, are two CM Hecke characters showing up in the computation. We interpolate
everything in p-adic families and compare it to the product of several p-adic L-functions of modular
forms or Hecke characters (see the proof of Proposition for details). Furthermore:

e We can choose h,’s and 0,’s so that these p-adic L-functions are units in 1% [[Txc]]* times a
fixed number in Q,.

e The ratio of the triple product and the product of these p-adic L-functions is a product of
local factors (we show that the triple product is a p-adic analytic function, so the product of
these local factors is a p-adic meromorphic function). We make the local choices such that for
inert or ramified primes these local factors involve only the Hida-family variable of f (which
has nothing to do with I‘,‘E or I'y-). For split primes, we compute these local factors explicitly.

The constructions above finally provide a non-zero element of I, which is sufficient for our use. We
are thus able to prove in Proposition [8:29] that height one divisors of By are those of I.

After this, we can use the same argument as in [55] to deduce our main theorem: by a geo-
metric argument we construct a cuspidal family on U(3,1) congruent modulo the p-adic L-function
Ls ¢ x to the Eisenstein family constructed as above. Passing to the Galois side, we get a family
of Galois representations coming from cuspidal forms that is congruent to the family coming from
our Klingen-Eisenstein series, but which is “more irreducible” than the Eisenstein Galois represen-
tations. Then an argument (the “lattice construction”) of E.Urban gives the required elements in
the dual Selmer group.

Remark 1.3. In fact at the point where L¢ ¢ x takes its central critical value, the Klingen Eisenstein
family does not interpolate a classical Eisenstein series (i.e. not an interpolation point). Therefore
even in the case when the global root number for L¢¢ i is —1, so that the constant terms of the
Eisenstein family vanish identically along the central critical subfamily, the p-adic Eisenstein series
itself can still be non-zero in that subfamily.

Remark 1.4. We emphasize here that 6* is fixed throughout the whole p-adic family (instead of
varying). Note also that the space of theta functions with given Archimedean kernel function and

level group at finite places is finite-dimensional. The space H° (Z[Og E L(n)) ®z, Qp is generated by

a finite number of such theta functions. We will show in the text that by pairing the I"*[[['x]]-adic
Fourier-Jacobi coefficient with one rational theta function (not necessarily p-integrall), we get an
element in ﬁ“r[[FK]] ®z, Qp. We then show that by choosing the datum properly, this element is the
product of a unit in ﬁur[[FK]] and a non-zero element in Q,, and proving it is prime to the p-adic
L-function we study. Such strategy is notably different from the one adopted in [24], where Hsieh
argued p-integrally and proved with a stronger result that the Fourier-Jacobi coefficient is already a
unit. This is the very reason why we do not need to study the theory of p-integral theta functions.

Remark 1.5. In [65] the special L-value showing up in the Fourier-Jacobi expansion is the near
central point of the Rankin-Selberg L-function, while in our case it is the central value of the triple
product L-function. Moreover, the Fourier-Jacobi coefficient considered in [65] is non-zero only
when f is a CM form (see Theorem 4.12 in loc.cit.). This is due to the fact that we are pairing the
Fourier-Jacobi coefficient with the product of a theta function and an auxiliary form h on U(2),
while Zhang paired it with the theta function only (i.e. taking the A in our case to be the constant



function). Our strategy has the advantage that these central L-values are accessible to various
results of non-vanishing modulo p by Hsieh.

The rest of this paper is organized as follows. In section 2, we recall some background informa-
tion and formulate the main conjecture. In section 3, we discuss automorphic forms and p-adic
automorphic forms on various unitary groups. In section 4 we recall the notion of theta function
which plays an important role in studying Fourier-Jacobi expansions as outlined above. In sections
5 and 6, we make the local and global calculations for Siegel and Klingen-Eisenstein series using the
pullback formula of Shimura. In section 7, we interpolate our previous calculations p-adically and
construct the families. In section 8, we prove the co-primeness of (the Fourier-Jacobi coefficients
of) the Klingen-Eisenstein series and the p-adic L-function. Finally, we deduce the main theorem
in section 9.
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2 Background

We first introduce our notation. We will usually take a finite extension L/Q, and write Oy, for its
integer ring and wy, for a uniformizer. Let Gg and G be the absolute Galois groups of Q and K.
Let F,% be the subgroups of ' such that the complex conjugation ¢ acts by +1. We take topological
generators 7% so that rec=!(y") = ((1+p)2, (1+p)2) and rec™ (y~) = ((1+p)2, (1+p)~2) where
rec : AX — G;‘Cb is the reciprocity map normalized by the geometric Frobenius. Let Wi be the
composition

G/C — ' — Zp[[F,d]X.

Define Ax := Or[[I'k]]. Recall we defined a branch character £ in the introduction. We will write o¢
for the Galois character corresponding to £ via class field theory. We also let Q,, be the cyclotomic
Z,, extension of Q and let I'g = Gal(Qu/Q). Define ¥g to be the composition Gg — I'g —
Zp[[Lg)*. We also define ex and eg to be the compositions K*\AX ™5 G¥ — Z,[[[]]* and
QX\AQX} = Géb — Zy[[I'g]]* where the second arrows are the Wx and Wq defined above. Let w
and e be the Techimiiller character and the cyclotomic character. We also write xx /g to be the
quadratic character associated to IC/Q.

Write ¢ for the complex conjugation. For a Hecke character x we write x°(z) := x(c¢(x)). For a
Galois character x we define x¢ to be the composition of y with conjugation by ¢ (regarding c as
an element in the Galois group).

2.1 p-adic Families for GL,/Q

Let M be a positive integer prime to p and x a character of (Z/pMZ)*. Let Ag := Zp[[W]] (we
call SpecAg(Q)) the weight space). Let I be a normal domain finite over Ag. A point ¢ € Spec(I)



is called arithmetic if the image of ¢ in SpecA(@p) is the continuous Zy-homomorphism sending
(1+ W)+ ¢(1+4 p)*2 for some k > 2 and ¢ a p-power root of unity. We usually write k for this
k, called the weight of ¢. We also define x4 to be the character of Z) ~ (Z/pZ)* x (1 + pZj,) that
is trivial on the first factor and given by (1 + p) — ¢ on the second factor.

Definition 2.1: An [-adic family of modular forms of tame level M and character x is a formal g-
expansion f = Y>> a,q", a, € I, such that for a Zariski dense set of arithmetic points ¢ € Spec(Il)
the specialization fy, = > 7 ¢(an)q™ of f at ¢ is the g-expansion of a modular form of weight ke,
character Xx¢w2*k¢ (where w is the Techimiiller character), and level Mp'¢ for some ¢4 > 0.

The U, operator is defined in both the spaces of modular forms and families. It is given by:

[ee] e}
Up(Y_and") =Y apng".

Note that (U, - f)g = U, - f;. Hida’s ordinary idempotent e, is defined by e, := lim; U]?!. A
form f or family f is called ordinary if e, f = f or e,f = f. (See for instance [I4, pp. 550].) A
well known fact is that every ordinary eigenform fits into an ordinary family of eigenforms f ([I5],
Theorem II] for example).

According to the results of Deligne, Langlands, Shimura et al., there is a Galois representation
py:Gg — GLQ(QP) for f. If the residual representation py is irreducible then one can construct a
Galois representation pg : Gg — GLa(Il) such that it specializes to the Galois representation pg, of
f, at each arithmetic specialization ¢ € Spec(Il). We write T for the representation space of pg.

2.2 The Main Conjecture

Before formulating the main conjecture, we first define characteristic ideals and Fitting ideals. We
let A be a Noetherian ring. We write Fitt4(X) for the Fitting ideal in A of a finitely generated
A-module X. This is the ideal generated by the determinant of the » X r minors of the matrix
giving the first arrow in a given presentation of X:

AP 5 A" - X = 0.

If X is not a torsion A-module, then Fitt4(X) = 0. This definition does not depend on the choice
of the presentation.

Fitting ideals behave well with respect to base change. For I C A an ideal
Fitt /7 (X/1X) = Fitt4(X) mod I.

Now suppose A is a Krull domain (a domain which is Noetherian and normal). Then the charac-
teristic ideal is defined by:

chary (X) := {z € A : ordg(x) > length,(X) for any height one prime Q of A}.

If X is not a torsion A-module, then we define char4(X) = 0.



We consider the Galois representation:
Te e = Tr®z, Ak

with the Gx action given by pfag_ce% ®A;¢(\I',EC). (Here ¢ means composing with the complex
conjugation in the idele group, and — means taking inverse of the character.) We define the Selmer
group (recall k is assumed to be even)

Self,]c’g = ker{Hl (’C, va’Cf@H[[FICH]IHF’CH*) — Hl (11707 TfJCé@]IHF}CH*) X H Hl (Iv, TfJQg@]I[[FKH*)}
vtp
where * means the Pontryagin dual Homgz,(—,Qp/Zy,). We also define the X-primitive Selmer
groups:
Selgy ¢ := ker{H' (K, Ty xc.e ® I[[Tkc]]*) = H' (I, Te e @ I[Tk]]*) x H HY (I, Ty e @ I[[Tic]]*)}
vEY
We let
XfJQg = (SelfJC?g)*.
XEIC,& = (Selfg':,IC{)*

These are finitely generated I[[I'x|]-modules (see e.g. [55, Lemma 3.3]). We take the extension of
scalars of them to I""[[['k]] and still denote them by using the same notations. In section |7| we

construct p-adic L-functions Effcd‘g and Efz ggda which are elements in I*"[[T'x]] or its fraction field.
Their interpolation formulas are given in equation (7.5]) (see also Remark [7.8]). The three-variable
Iwasawa main conjecture is

Conjecture 2.2. X¢ ¢ and XfE,Cé are torsion 1 [[Tx]]-modules and

Hida
Cha.rﬁur[[F’C”Xf,K,é = (Ef,f,’c)’

b)) 3, Hid
charg,, r g Xece = Lrex )

We can also replace f with a single form fy and have the two-variable main conjectures.

Conjecture 2.3. X ¢ and XfEO K¢ are torsion O ([Txc]]-modules and

Hid
Char@gr[[r,c]}XfoJC,é = (Lfoice)s

S [ p%Hida
CharégT[[Fn]}XfoJQE = (Lpke )

2.3 Control of Selmer Groups

In this sub-section we prove a control theorem of Selmer groups which will be used to prove Theorem
Let ¢9 € Specl[['c]](Qp) be the point mapping 4= to 1 and such that ¢g|; corresponds to
the form fy. Let o = kergg|r be the point of weight two and trivial character. Then we prove the
following proposition.
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Proposition 2.4. Suppose ps|g, is absolutely irreducible. There is an exact sequence of Or[[I'k]]-
modules
% P >
M = Xexe/9Xeke = Xpae =0

where M ®p, L has support of codimension at least 2 in SpecOp[[I'k]] @ L.

Proof. We write I for I[[I'x]] for simplicity. Write T = T¢x¢ as a Ix-module. Let T be the
Axc-module Ty, i ¢. Recall that p = vovy. We have an exact sequence

0— T ®p A — Ty I — Ty, (plg)* — 0.

Write G, for the Galois group over K of the maximal algebraic extension of K unramified outside
3. From this we deduce

H' (Gis» T @4 Ak) = Hl(G/CzaT @1, Iic) 0]
as in [55, Proposition 3.7]. We also have an exact sequence:

HO (I, T @yro (MTx]]™)) = HO Iy, T @pprg) (0l[Tx]l))
— H' Iy, T ®0, )} (OLICk]*)) = H' (Isy, T @yyryepy ACk]]))-

From these we deduce an exact sequence of Ag-modules

M := ((cokers1)“"0)* /p(cokers1) 9% < Xy o/0Xix e = X e = 0.

Let Koo,zy (resp. Kooy) be the Zp-extension of K unramified outside v (resp. wvp) and let
Iy, = Gal(Koso 5y) (vesp. I'yy = Gal(KCyy /K)). Let vy, € I'y, and v, € I'y, be topological generators.
It is well known that (e.g., see [55, Section 3.3.5] that we have

0T =T —=T/Tt =0

as Gg,-modules. By the description of the Galois action, there is a v € I, such that v — 1 acts
invertibly on T @pr, (I[[Tx]]*)). We take a basis (v1,vs) such that v generates T and the
action of 7y on T is diagonal under this basis. Then it is not hard to see (by looking at the I;,-action)
that if

v € HO(Iz, T ®1, T§)

we have v € (I[[['y,]])*ve and if v € H(Iz, T @, (plk)*) then v € (pli)*ve. From the above
discussion, we know that ((cokers;)%)* /kergy(cokers; )%™ is supported in

Spec(OL[[I'y]] ® L).

Moreover by looking at the action of Frobg, we see it is killed by the function a, 'R — 1 where
ap is the invertible function in I which gives the U,-eigenvalue of f and R is the image in I', of
Frobg, under class field theory. But a,(¢o) # 1 and R(¢o) = 1 so a,, 'R — 1 is non-zero at ¢g. So
the support of M ®o, L has support of dimension at most zero and this proves the proposition.

O
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3 Unitary Groups

In this section, we introduce our notation for unitary groups and develop the Hida theory on them.
We mainly follow [22, Sections 2,3,4] in our presentation, which in turn, summarizes portions of
Shimura’s books [50] and [51]. We define S,,(R) to be the set of n x n Hermitian matrices with
entries in Ok ®z R. We define a map ey = [[, e, : Ag — C* where for each place v of Q, e, is the
standard additive character as in [55, 8.1.2] (which again follows Shimura’s convention). We refer
to [22, Section 2.8] for the discussion of the CM period 2o, € C* and the p-adic period , € Zgr’x

3.1 Groups

Let &' € K be a totally imaginary element such that —id’ is positive. Let d = Nm(d’) which we
assume to be a p-adic unit. Let U(2) = U(2,0) (resp. GU(2) = GU(2,0)) be the unitary group

50

(resp. unitary similitude group) associated to the skew-Hermitian matrix { = , | for some

1)
§ € Z4 prime to p. More precisely GU(2) is the group scheme over Z defined by: for any Z algebra
A

GU(2)(A) = {g € GLa(A ®z Ox)|'5Cg = AMg)¢, Alg) € A}
The map A : GU(2) — Gy, g — A(g) is called the similitude character and U(2) C GU(2) is the
kernel of A. Let G = GU(3,1) (resp. U(3,1)) be the similarly defined unitary similitude group
1
(resp. unitary group) over Z associated to the skew-Hermitian matrix ¢ . We denote
—1

this Hermitian space as V. Let P C G be the parabolic subgroup of GU(3,1) consisting of those
X X X X

X X

9 . Let Np be the unipotent radical of P. Then if X is

matrices in G of the form

X X X

the 1-dimensional space over IC,
Mp := GL(Xx) x GU(2) < GU(V), (a,g1) ~ diag(a, g1, p(g1)a ")
is the Levi subgroup of P. Let Gp := GU(2) C Mp be the set of elements diag(1,g1,u(g1)) as
above. Let §p be the modulus character for P. We usually use a more convenient character § such
that 6% = op.
Since p splits as vyt in K, GLy(Ox @ Z,) — GL4(Ok,,) x GL4(Oky, ). Here
U(3,1)(Zy) = GL4(Ok,,) = GL4(Zy)

is the projection onto the first factor. Let B and N be the upper triangular Borel subgroup of
G(Qp) and its unipotent radical, respectively. Let

K, = GU(3,1)(Z,) ~ GL4(Z,),

and for any n > 1 let K be the subgroup of K consisting of matrices upper-triangular modulo p".
Let Ki' C K{ be the subgroup of matrices whose diagonal elements are 1 modulo p™.

12



The group GU(2) is closely related to a division algebra. Put

D = {g € My(K)|g¢'g = det(g)C}.

Then D is a definite quaternion algebra over Q with local invariant inv, (D) = (—s, —Dx g)v (the
Hilbert symbol). The relation between GU(2) and D is explained by

GU<2) = D* XGm RGSK/QGm.

For each finite place v we write D} for the set of elements g, € D¢ such that |[Nm(g,)|, = 1, where
Nm is the reduced norm. In application we will choose the D to be the quaternion algebra ramified
exactly at oo and the ¢ in the main theorems.

Let ¥ be a finite set of primes containing all the primes at which K/Q or £ is ramified, the
primes dividing the level of fy (as in the introduction), the primes dividing s, the primes such
that U(2)(Q,) is compact and the prime 2. Let 3! and X2, respectively be the set of non-split
primes in ¥ such that U(2)(Q,) is non-compact, and compact. We will sometimes write [D*]
for D*(Q)\D*(Ag). We similarly write [U(2)], [GU(2,0)], etcetera. For two automorphic forms
f1, fo on U(2) we write (f1, f2) = f[U(Q)] fi1(g) f2(g)dg. Here the Haar measure is normalized so that
at finite places U(2)(Zy) has measure 1, and at co the compact set U(1)(R)\U(2)(R) has measure 1.

1
We define G,, = GU(n, n) for the unitary similitude group for the skew-Hermitian matrix < 1 n)
—in

and U(n,n) for the corresponding unitary group.

3.2 Hermitian Spaces and Automorphic Forms

Let (r,s) = (3,3) or (2,2) or (3,1) or (2,0). Then the unbounded Hermitian symmetric domain for
GU(r, s) is

X+ = Xr,s = {7- = (5) |$ € MS(C)ay € M(r—s)xs(c)ai(x* - :L') > iy*C_ly}'

We use xg to denote the Hermitian symmetric domain for GU(2), which is just a point. We have
the following embedding of Hermitian symmetric domains:

L X371 X X270 — X3,3

(7-7 xO) — 277

where Z, = <:c ?) for 7 = (x)
Yy 3 Y

Let G,s = GU(r,s) and H, s = GL, x GLs. Let G, s(R)" be the subgroup of elements of G, s(R)
whose similitude factors are positive. If s # 0 we define a co-cycle:

J: Grs(R)T x X = H,,(C)

13



b ¢
by J(a,7) = (k(a, 7), u(cr, 7)), where for 7 = (5) and o = e f | (block matrix with respect
I d

Q2

to the partition (s + (r —s) + s)),

k(a,T) =

bz +d Ry +1¢
<_C‘—1(§t$ ) —5_1§%y+ 5—165 ; wla,7) =he+1ly+d
in the GU(3,1) case and
k(o,7) = bz +d, pla,7) = hx +d

in the GU(3,3) case. Let i € X' be the point <Z(1)8>. Let KX be the compact subgroup of
U(r, s)(R) stabilizing ¢ and let K, be the group generated by K and diag(1,4s, —15). Then

K& — H(C), koo = J(koo,1)

defines an algebraic representation of K. Later on in Section we will also consider a different
choice i on the Symmetric domain for (r,s) = (3,3) or (2,2).
Definition 3.1: A weight k is defined to be an (r 4 s)-tuple

k= (Crisy .y Csi1;Clynnny Cs) € LTS

with ¢1 > ... > ¢4, €5 2> Co41 + 7+ 5.

Our convention for identifying a weight with a tuple of integers is different from others in the
literature. For example, our cs4; (1 <4 <) and ¢; (1 < j < s) corresponds to —a,41—; and bgyq j
in [22] Section 3.1].

We refer to loc.cit. for the definition of the algebraic representation Ly (C) of H with the action
denoted by py (note the different index for weight) and define a model LE(C) of the representation
H(C) with the highest weight k as follows. The underlying space of LE(C) is Ly(C) and the group
action is defined by

P(h) = pu(h ™), h € H(C).

We also note that if each k = (0, ...,0; &, ..., k) then LE(C) is one-dimensional.
For a weight k, define ||k|| by:

k|| == —coq41 — oo — Csyr +C1 + ... + €5

and |k| by:
k| = (c1 + ... + ¢5).0 — (Coy1 + ... + Coqr).0c € ZL.

Here I is the set of embeddings L < C and ¢ is the Archimedean place of K determined by our fixed
embedding K — C. Let x be a Hecke character of K with infinity type |k|, i.e. the Archimedean

part of x is given by:

ZCI+---+CS . Z_(Cs+1+---+cs+r)).

Xoo(2) = (

Definition 3.2: Let U be an open compact subgroup of G(Ay). We denote by M} (U, C) the space
of holomorphic LE(C)-valued functions f on X x G(A;) such that for 7 € X+, a € G(Q)* and
u € U we have

flar, agu) = p(a) (I (a, 7)) f (7, 9).
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Now we consider automorphic forms on unitary groups in the adelic language. The space of
automorphic forms of weight k£ and level U with central character x consists of smooth and slowly
increasing functions F : G(A) — Ly(C) such that for every (o, koo, u, 2) € G(Q) X KI x U x Z(A),

F(zagkesu) = pE(J (Koo, i)~ )F(9)x ' (2)-

We can associate a L (C)-valued function on X+ x G(Ay)/U given by

F(7,9) = x5 (1(9)P*(J (9o, 1)) F ((fos 9)) (3.1)

where g € G(R) such that g (i) = 7. If this function is holomorphic, then we say that the
automorphic form F' is holomorphic.

3.3 Galois Representations Associated to Cuspidal Representations

In this section, we follow [55, Theorem 7.1, Lemma 7.2] to discuss the Galois representation-
s associated to cuspidal automorphic representations on GU(r,s)(Ag). Let 7 be an irreducible
automorphic representation of GU(r, s)(Ag) generated by a holomorphic cuspidal eigenform with
weight k& = (¢y4.5, .-, Cs+1; €1, ---, Cs) and central character x,. Let X(7) be a finite set of primes of
Q containing all the primes at which 7 is unramified and all the primes dividing p. Then for some
L finite over Q, there is a Galois representation (see [52], [43] and [53]):

R,(m) : Gx — GL, (L)
(n =r+ s) such that:

(a) Ry(m) ~ Ry(m)¥ @ Py X71r+c61*” where p,  1+c denotes the p-adic Galois character associated

14+c

¢ by class field theory and e is the cyclotomic character.

to x
(b) Ry,(m) is unramified at all finite places not above primes in X(7), and for such a place w { p:

1—-n 4
2 )

det(1 — Rp(m)(Froby)q,") = L(BC(T)w @ X7 w8 +

Here, the Frob,, is the geometric Frobenius and BC means the base change from U(r, s) to
GL,4s. Suppose 7, is nearly ordinary with respect to k (see Subsection and unramified
at all primes v dividing p. Recall vg|p corresponds to ¢ : C ~ C,,. If we write k; = s — i+ ¢;
for 1 <i<sand kKsy; =Cs4i+s+7r—ifors+1<i<r-+s,then

£r+s,v€_m+s * * ok
é‘ 1 G*H'Nrsf 1 *
By(m)| G ~ rhets :
0
gl,'uﬁilﬂ

where &, are unramified characters. Using fact (a) above, we also know that Ry,(m)y, is
equivalent to an upper triangular representation as well (with the Hodge-Tate weight being
(=(k1+1—7—s5—k|), ..., —(kpys +1 =7 —5—|E|)) (in our geometric convention ¢! has
Hodge-Tate weight one).
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3.4 Shimura Varieties

Now we consider the group GU(3,1). For any open compact subgroup K = K,K? of GU(3,1)(Ay)
whose p-component is K, = GU(3,1)(Z,), we refer to [22, Section 2.1] for the definition and
arithmetic model of the associated Shimura variety, which we denote as Sg(K) Ok (v)° The scheme
Sa(K) represents the following functor: for any O (,)-algebra R, A(R) = {(A, )\, t,7P)} where
A is an abelian scheme over R of relative dimension four with CM by Ok given by ¢, A is an
orbit of prime-to-p polarizations and 7P is an orbit of prime-to-p level structures. There is also a
theory of compactifications of Sg(K) developed by Lan in [40]. We denote by Sg(K) a toroidal
compactification and S¢ (K) the minimal compactification. We refer to [22], Section 2.7] for details.
The boundary components of S&(K) are in one-to-one correspondence with the set of cusp labels
defined below. For K = K, K? as above we define the set of cusp labels to be:

C(K) == (GL(Xx) x Gp(Ay))Np(Ap)\G(Ay)/K.

This is a finite set. We denote by [g] the class represented by g € G(Ay). For each such g whose
p-component is 1 we define K¢, = Gp(Af)NgKg~! and denote S|, := Sg,(K$) the corresponding
Shimura variety for the group Gp with level group K¥%. By strong approximation we can choose a
set C(K) of representatives of C'(K) consisting of elements g = pk" for p € P (ASCE)) and kY € K
for K° the maximal compact subgroup of G(Ay) defined in [22, Section 1.10].

3.5 Igusa Varieties and p-adic Automorphic Forms

Now we recall briefly the notion of Igusa varieties in [22] Section 2.3]. We remark that these
materials are special cases in Hida’s book [I8, Chapter 8]. Let V be the Hermitian space for
the unitary group GU(3,1) and let M be the standard lattice of V' as in [22 Section 1.8]. Let
M, = M ®z Z,. Let Pol, = {N~1, N°} be a polarization of M,. Recall that this means that N~*
and N° are maximal isotropic Ox ® Zy-submodules in M), such that they are dual to each other
with respect to the Hermitian metric on V', and

rankZqujOl = rankZpNQ = 3, rankgz, Ny,

1 _ 0 _
To 5, = rankz, N, =1.

vo

The Igusa variety Ic(K™) of level p" is the scheme over Oy (y,) representing the quintuple
A(R) = {(A, N\ 1,77, )} where the A, A, ¢, 7 are as in the definition for Shimura varieties of
GU(3,1) as above, and an injection of group schemes

Jt pyn ®z N0 <5 Alp"]

over R which is compatible with the Ox-action on both sides. Note that the existence of j implies
that A must be ordinary along the special fiber. There is also a theory of Igusa varieties over
S¢(K). Let w be the automorphic vector bundle on Sg(K) as defined in [22, Subsection 2.7.3].
As in loc.cit. let H,1 € HO(SG(K)/F,det(g)pfl) be the Hasse invariant. Over the minimal
compactification, some power (say the ¢-th) of the Hasse invariant can be lifted to O,,, by the
ampleness of detw. We denote such a lift by E. By the Koecher principle we can regard F as
in HO(Sg(K),det(w!P1)). Let Oy, 1= Oy/P"Okng- Set Tom := Sa(K)[1/E))e,,. For any
positive integer n define T, ,, := IG(K")/Om and Tioo m = gnn Ty m- Then Ty, ., is a Galois cover
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over Tp ., with Galois group H ~ GL3(Z,) x GL1(Z;,). Let N C H be the upper triangular unipotent
radical. Define:
Vn,m = HO (Tn,ma OTn,m)-

Let Voo = hﬂn Vim and Vi oo = @m Vso,m be the space of p-adic automorphic forms on GU(3, 1)
with tame level K. We also define W, ,,, = anﬁm, Weom = Volim and W = hﬂn ligm Whm. We
define anm, etcetera, to be the cuspidal part of the corresponding spaces.

We can make similar definitions for the definite unitary similitude groups Gp as well and define

N
Vom,P,Voom.Ps Voo,c0,Ps Vi, ps Wp, and so forth.

Let K§ and KT be the subgroup of H consisting of matrices which are in B3 x GL; or N3 x GL;
modulo p”, for B3 and N3 being the upper triangular Borel subgroup of GL3 and its unipotent
radical, respectively. (These notations are already used for level groups of automorphic forms.
The reason for using the same notation here is that automorphic forms with level group K are
p-adic automorphic forms of level group K'.) We sometimes denote Ig(K7) = Ig(K™)/K] and
Io(Kg) = Io(K™)/K}.

We can define the Igusa varieties for Gp as well. For @ = 0,1 we let K%7 := gKllg~' N Gp(Ay)
and let Ijy)(K7) := Ig,(K%,) be the corresponding Igusa variety over Si). We denote Apy, the
coordinate ring of Ij;(KT). Let A[Ogci = lim | Aﬁ;} and let A[Ogci be the p-adic completion of A[ogo]. This

is the space of p-adic automorphic forms for the group GU(2,0) of level group gKg~! N Gp(A )-

For Unitary Groups

Assume the tame level group K is neat. Let ¢ be an element in Q1 \Ag #/(K). We refer to [22]
Section 2.5] for the notion of c-Igusa schemes I%(Q)(K ,c) for the unitary groups U(2,0) (not the

similitude group). It parameterizes quintuples (A, A, ¢, ﬁ(p) ,7) /s similar to the Igusa schemes for uni-
tary similitude groups but requires A to be a prime to p c-polarization of A such that (A, ), ¢, 77(7’) . 7)
is a quintuple as in the definition of Shimura varieties for GU(2). For g. with u(g) € Ag in the
class of c. Let ‘K = g.Kg, ' NU(2)(Aq,f). Then the space IIOJ(Q)(K, ¢) is isomorphic to the space of

forms on 18(2) (°K, 1) (see loc.cit.).

Embedding of Igusa Schemes
In order to use the pullback formula geometrically we need a map from the Igusa scheme of U(3,1) x
U(0, 2) to that of U(3,3) (or from the Igusa scheme of U(2,0) x U(0, 2) to that of U(2,2)) given by:

i([(Ar, A1y oK 1)) (A2, Mg, e, 5 K, 52)]) = [(An X Az, A1 X Aa, i X e, (] X 05) K3, 1 X j2)]-
(3.2)
3.6 Fourier-Jacobi Expansions

Analytic Fourier-Jacobi Coefficients:
Let 8 € Q4. Over C we have the -analytic Fourier-Jacobi coefficient for a holomorphic automor-
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phic form f on G = GU(3,1) given by:

1 n

FI5(f,9) = /Q AL pestpnn
1

The Haar measure is normalized so that the set (Q\A) has measure 1.

p-adic Cusps

As in [22] each pair (g,j) € C(K) x H can be regarded as a p-adic cusp, i.e. cusps of the Igusa
tower. In the following we give the algebraic Fourier-Jacobi expansion at p-adic cusps.

Algebraic Theory for Fourier-Jacobi Expansions

We follow 22 pp. 16-17] to give some background about the algebraic theory for Fourier-Jacobi
expansion on the group G = GU(r, 1). These are special cases developed by Lan ([39], [40]). Recall
[9] is a cusp label corresponding to class g € G(Ay). One defines 2|, a group scheme over S|y
using the universal abelian variety as in loc.cit. and denote Zp, the connected component over S,

There is a line bundle £(3) on Zj, determined by § [22, Subsection 2.7.4].

Now let f € H(Ig(KY)/g,wx) be a scalar weight x > 6 (i.e. of weight (0,0,0; %)) modular form
over an O algebra R, then by (][22, Subsection 3.6.2]) there is a Fourier-Jacobi expansion of f at
the p-adic cusp (g, h) for h € H:

FIG () = Y a8, )’

,Beey[g]

where R
alty (B, f) € (A ©@o R) ®ay, H(Z(, L(B))

and .7y is a sub-lattice of Q determined by the level subgroup. This is given by evaluating f at
the Mumford family (90, b~ jon, won) where jon is a fixed level structure (see [22, Subsection 2.7.4]).
(Note that we do not have the subscript N}, there since it is a scalar weight r.)

Siegel Operators

We have a Siegel operator ® at the p-adic cusp (g, h) defined by:

@@] : HO(I(;(K?)/R,W/@) — Aq[zg] ®o R

e @ (f) = afy (0, f).

The Siegel operator at [g] can be defined analytically as follows:
For any g € G(Ay) we define:

Brg(f) = [ f(ng)dn. (33)
Np(Q\Np(Ag)

We fix the Haar measure on Np(Q)\Np(Ag) as in [55, Section 8.2]. The relation between the
algebraic and analytic Siegel operator is given in [22] (3.12)].

18



3.7 Weight Space for GU(3,1)

Let H = GL3 x GL; and T' C H be the diagonal torus. Then H ~ H(Z,). We let Ay = A be
the completed group algebra Z,[[T(1 + pZ,)]]. This is (non-canonically) isomorphic to a formal
power series ring with four variables. There is an action of T'(Z,) on the Igusa scheme given by its
action on the embedding j : ppyn ®z N° < A[p"]. (See [22, Definition 3.4], which in turn, follows
Hida’s convention in [I8] Section 8.2].) This gives the spaces of p-adic modular forms for GU(3,1)
a structure of A-algebra. A Q,-point ¢ of SpecA is call arithmetic if it is determined by a character
(k] [¢] of T(1+pZ,) ~ (1+pZ,)* where k is a weight and ¢ = ({1, C2, (35 Ca) for ¢; € ppee. Here [K]
is the character by regarding k as a character of T'(1 + Zj) by [k](t1,t2,t3,ts) = (t] ““t5 Pt5 %, )
and [C] is the finite order character given by mapping (1 + p) to ¢; at the corresponding entry of
T'(Zyp). We often write this point k.. We also define wll as a character of the torsion part of T(Z,)

(canonically isomorphic to (F))?*) given by W (1) 19, 13, 1) = w(t] Aty P32t ).
We can define the weight ring Ap for the definite unitary group Gp as well.

3.8 Nearly Ordinary Forms

Here for convenience we again follow Hsieh'’s treatment of Hida theory, but point out that the results
are actually due to Hida [17]. We refer to [22] 3.8.3, 4.3] for the definition of the U, operator and
Hida’s idempotent e acting on the space Voli ~ Of p-adic automorphic forms on GU(3,1) and the
nearly ordinary subspace of the space of p-adic modular forms. The space of nearly ordinary
automorphic forms (cusp forms) is denoted as Wyq (W?2,). For ¢ = 0 or 0 we let VZ , be the

Pontryagin dual of WY .. Then we have the following theorem ([22, Theorem 4.21])

Theorem 3.3. Let g =0 or 0. Then:
(1) V2 . is a free A module of finite rank;
(2) For any k very regular we have natural isomorphisms:

M (K, N) @ APy = eMJ(K, Oy)

ord

where M? (K, A) is defined in Definition . Here we identify eM (K, Oy,) with its image in the
space of p-adic automorphic forms of weight k under By for the map By defined in [22, Equation

(3.3)].

Remark 3.4. If K is a general CM field, then the statement of the corresponding result is more
complicated; see [22, Section 4.5].

3.9 A-adic Forms

Definition 3.5: For any finite A algebra R, and ¢ = 0 or () we define the space of R-adic ordinary
forms to be:

Mq

ord

(K, R) := Homy (V! . R).

ord’

Similarly, if R is a Ap-algebra, then we define:
Mord,[g],P(KP,[g]a R) = HomAp (Vord,P,[g]a R)

Here the subscript [g] means that the prime to p level group is K 193 as defined previously.
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For any f € M.4(K, R) we have an R-adic Fourier-Jacobi expansion:

FIL () = > afy(B, )’ (3.4)

BEAq

obtained from the Fourier-Jacobi expansion on W . where ar ](B, f) e R®A[g] R4y, H°(Z2. L(B))

Ik
(see [22, Subsection 4.6.1]). We also have an R-adic Siegel operator which we denote as @F] Let
1
wy = L 1 € GL4(Zy) ~ U(3,1)(Z,). (Notice that we used the place vy to identify

1
GL4(Z,p) with U(3,1)(Z,) here. We use w4 instead of ws as in [22, pp. 35] to distinguish it from
ws € U(3,3).) Now we have the following important theorem

Theorem 3.6. [22, Theorem 4.26] Let R be as before. We have the following short exact sequence

<I>w3 ®d 3
0— Mm’d(K R) - Mord(K R) —[]> @gec( )Mord(K]gD7R) — 0.

We need one more theorem which gives another definition of nearly ordinary p-adic modular forms
using Fourier-Jacobi expansions.

Definition 3.7: Let R be a finite torsion free A-algebra. Let X (K) be the set {(g,h)} where g
runs over a set of representatives of cusp labels C'(K) and h runs over T which is the diagonal torus
of H. Let N,,4(K, R) be the set of formal Fourier-Jacobi expansions:

F={Y a(B8,F)¢’ a(B,F) € (ROAF)" @ H (2, L(8))}gex (k)
BeS g

(here © means completed tensor product, and the superscript A in (R®A‘[°;])A means that the
A-action as a nebentypus character is compatible with the A-algebra structure of R), such that
for a Zariski dense set X of points ¢ € Spec(R) such that the induced point in Spec(A) is some
arithmetic weight k., the specialization Fy of F' is the Fourier-Jacobi expansion of a nearly ordinary

modular form with prime to p level group K, weight k& and nebentype at p given by [k] [gw*m.

Then we have the following theorem ([22) Theorem 4.25])

Theorem 3.8.
MOTd(Kv R) = Nord(K; R)

Remark 3.9. The proof uses the p-adic g-expansion principle for GU(r, 1), which is proved by Hida
[21, Theorem 0.1] (also recalled in [22), Subsection 3.6.4]). The g-expansion principle follows from
the Irreducibility of the Igusa scheme. As mentioned by Hida in loc.cit. the Igusa scheme is not
quite irreducible: in fact the component group is isomorphic to the quotient of GL3(Z,,) x GL1(Z),)
over his M7, which is the subgroup consisting of matrices (g1, g2) with det g; = det g2. (Hida proved
the monodromy group, i.e. the image of 71(Sk (G)r,,s) in GL3(Zy) x GL1(Z)) is exactly this M;.)
By our definition of X (K) above, it clearly contains a representative of this quotient. So we still
have the g-expansion principle.
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4 Background for Theta Functions

Now we recall briefly the basic notions of theta functions and theta liftings, following closely to [65]
with some modifications.

4.1 Heisenberg Group

Let W be a finite-dimensional vector space over Q, with a non-degenerate alternating form (,).
We define:
HW) = {(w,t)|lw e W,t € Qy,}

with multiplication law: (w1, t1)(wa,t2) = (w1 + we, t1 + to + %(wl, wa)).

4.2 Schrodinger Representation

Fix an additive character ¥ of Q, and a complete polarization as W = X @Y of W where X and Y
are maximal totally isotropic subspaces of W. Let S(X) be a space of Bruhat-Schwartz functions
on X, and define a representation py, of H(W) on S(X) by:

pu(@)f(2) = fla+2),0 € X

pu(y)f(z) =Pz 9)f(2),y €Y
pu(t)f(2) = (1) f(2),t € Qy

This is called the Schrodinger representation. By the theorem of Stone and von Neumann, py is
the unique irreducible smooth representation on which Q, = {(0,¢)|t € Q,} acts via the character

.

4.3 Metaplectic Groups and Weil Representations

Let Sp(W) be the symplectic group preserving the alternating form (,) on W. Then Sp(WW) acts
on H(W) by (w,t)g = (gw,t) (we use column vectors for w € W and the left action of Sp(WV)as
[65]). By the uniqueness of py, there is an operator wy(g) on S(X), determined up to scalar, such
that

py(gw, wy(g) = wy(g)py (w, 1)
for any (w,t) € H(W). Define the metaplectic group S~p¢(W) = {(9,wy(g)) as above } which we

often abbreviate as Sp for short. Thus Sp(W) has an action wy, on S(X) called the Weil represen-
tation.

Now suppose ¢ = [[, 1 is a global additive character of Q\Ag and W is a finite-dimensional vector
space over Q equipped with an alternating pairing (, ). We can put the above construction together
for all v’s to get a representation of Sp(W)(A) on S(X(A)). This can be viewed as a projective
representation of Sp(W) (a representation with image in the infinite dimensional projective linear
group). We now give formulas for this representation. Let {ei,...,en; f1,..., fn} be a basis of
W = X @Y such that (e;, f;) = 6;;. With respect to this basis, we write elements in X in row
vectors, and the projective representation of Sp(W)(Ag) on ProjS(X(A)) is given by the formulas
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can((t )0t = det Al o(oa)

vau((M 7)ot = v(E)ota)

. ww(<_1 1))(;5(1‘) = ~vé(z) where ¢ means the Fourier transform of ¢ with respect to the
additive character ¢). The ~ is an 8-th root of unity which is called the Weil constant.

4.4 Dual Reductive Pairs

A dual reductive pair is a pair of subgroups (G, G’) in the symplectic group Sp(W) satisfying:
(1) G is the centralizer of G’ in Sp(W) and vice versa;
(2) the action of G and G’ are completely reducible on W.

We are mainly interested in the following dual reductive pairs of unitary groups. Let I be a
quadratic imaginary extension of Q, (V1,(,)1) be a skew Hermitian space over K and (V2, (,)2) a
Hermitian space over K. Then the unitary groups U(V;) and U(V3) form a dual reductive pair in
Sp(W), where W = V1 ® V4 is given the alternating form jtric/q((,)1®(,)2) over Q. The embedding
of the dual reductive pair (U(V1),U(V2)) into Sp(W) is

e:U(Vp) x U(Vz) = Sp(W)
e(g1,92) - (V1 ® 1) = v1g1 ® g5 Vo

4.5 Splittings

Suppose dimxV; = n and dimgV, = m. If x; and ys are Hecke characters of K* such that
Xl\% = Xi/g and XQ’AS = Xi'/q: then there is a splitting (see [IT), Section 1])

s: U(VL) x U(Va) — Sp(W)

determined by x2 and xj. This enables us to define the Weil representations of U(V;) x U(V2) on
S(X(A)) which we denote as wy, y, = Wy; © Wy,.

4.6 Theta Functions

Now let us define theta functions.
Definition 4.1: Let ¢ € S(X(Aq)). Define the theta kernel function

0(g)= > o).

leX(Q)

Let J = H(W) x Sp(W) (Nj = H(W) x Sp(W)) be the Jacobi group with Sp(W) acting on
H(W) by (w,t) - g = (wg,t) (Sp(W) acts on H(W) by (w,t) - § = (wg,t), where g is the image of
g in Sp(W)). We define a theta kernel on J(Ag) as below.
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Definition 4.2: Let § € Sp(W) and (w,t) € H(W), define
Op((w,0)3) = > pu(w,0)7.6().

lex(Q)
Using the Weil representation of the dual reductive pair above (with the choices of the splitting
characters) we define the theta kernel for the theta correspondence as follows:
Definition 4.3:
05(91,92) = 0(w(g1,92))9).

4.7 Intertwining Maps

Here, we study the intertwining maps between theta series corresponding to different polarizations
(X,Y) of W. Suppose r € Sp(W), then (rX,rY) gives another polarization of W, and all polar-
izations are obtained this way. If ¢ € S(X) then we define an intertwining map (local or global)
0y : S(X) = S(rX) by

dypp(ar) = wy(r~ () (4.1)

for x € X. We can see that d, is an isometry intertwining the actions of J.

Let W~ be the skew Hermitian space which is isomorphic to W as Q,-vector spaces but equipped
with the alternating pairing —(,). For a polarization (X,Y) of W we present the intertwining
formula for the two polarizations (X @ X7 ) @ (Y @Y ™) and {wdw,w e W} d {wd —w,w € W}
of W& W~. We write the formula for the map dy : S(X(Q,) ® X~ (Q,)) = S(W(Q,)) and its

inverse:

55(8)(@1,y) = / B(2(wa,y))dlar + w2, w0 — o1)des

57;1(@(301,%2) = /¢(<—$1 — 22,y))p(r1 — T2, %)dy. (4.2)

Another easy property is that if the two polarizations (X,Y) and (rX,rY") are globally defined,
then the theta kernels ©4 and Oj (4 are defined and

Oy (u,ng) = O5, (¢ (u, (Tn)g).

4.8 Special Cases

Here we give two special cases which are used later. Case One is used in Section 8.3 to construct
families of theta functions on U(2). Case Two is used in the computation of Fourier-Jacobi coef-
ficients for the Siegel-Eisenstein series on U(3,3) as a finite sum of products of Siegel-Eisenstein
series and theta functions.

4.8.1 Case One

We write V for the two-dimensional Hermitian space over K for (/§ with respect to the basis
(v1,v2), V™ for the Hermitian space for —(/d with respect to the basis (vy,v; ), and Vi for the
one-dimensional skew Hermitian space with the metric § with respect to the basisv. Let W = V@V,
and W~ =V~ ® V;. We define several polarizations for the Hermitian space W := W & W~ (the
alternating pairing being the direct sum of those for W and W™).
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Definition 4.4:
X =QuuevedQueu

X =Qu ®v®Quy, ®v
Y (= Qv @ v D Qv @
Y™ = Qdv; @ vdQivy ®v.

Fix the additive character ¢ = [[¢,. Thus W = X @Y and W~ = X~ @ Y~ are globally
defined polarizations. For a split prime v we write v = ww for its decomposition in K. We will often
use an auxiliary polarization W, = X! @Y, of W, = W ®x K,, with respect to K, ~ K,y x K ~ Q2
and W, = X;_ o Y,U,_ that is defined by X = Kyv1 @ v® Ky @0,Y,) = Kgv; @ vé Kgua ® v and
similar for X;*, YU/*. This polarization is better suited for computing the Weil representation. For
split primes v let 0y, : S(X;) — S(X,) and 51;’" : S(XU_’,) — S(X,) be the intertwining operators
between the Schwartz functions defined above.

Let W¢ = {w @ w,w € W} (d stands for diagonal). We denote the intertwining maps:
5y S(X, @ X, ) — S(W)

and if v splits,
5 (X, @ X,7) — S(Wo).
Recall the formulas given in [4.2]

Remark 4.5. In application in Section [6] we compute the intertwining operator
5y S(Xy @ X)) — S(W)

(for W= (V@ V~)®V1) in this special case and the Weil representations restricting to semi-direct

products H(W) x (UV & V™) x U(V1)) (recall UV & V™) x U(V1) — Sp(W)). We provide the

matrix forms of these semi-direct products that will be used in Section @ Let U; and Uy be unitary
1

1
groups associated to the matrices 1 ¢ and ( 1 3) respectively, and let U] and
- —13
—C
. . 1 .
U/, be the unitary groups associated to <C C> and ( 1 2>, considered as subgroups of Uj
- —1

and Us respectively in the obvious way. Let N; be the subgroup of U; consisting of matrices

1 x * To
of the form = gif{ , and No C Uy the subgroup consisting of matrices of the form
—Cxy 1y
1z t+i(zy* —yz*) vy
12 yl* 0 The corresponding semi-direct products mentioned above are
_37* I2

Ji1 = N1Uj and Jo = NyU,. These are used later in computing Fourier-Jacobi coefficients (see
Definition for J3).
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4.8.2 Case Two

Now we discuss another special situation which will be used in the Fourier-Jacobi coefficient com-
putations for the Siegel-Eisenstein series on GU(3, 3).

The local set-up.
Let v be a place of Q. Let h € S1(Q,),h # 0. Let Uy, be the unitary group of this matrix and let
V. be the corresponding one-dimensional Hermitian space. Let

‘/Q,U:’Cg@ngxv@Yv

be the Hermitian space associated to Uy = U(2,2) with the alternating pairing denoted as (,)s.
Let W =V, ®, V2. Then

(= =) =T, 0,((= —)n ®x, (= —)2)

is a Q, linear pairing on W that makes W into an eight-dimensional symplectic space over QQ,. The
canonical embedding of Uy, x Us into Sp(W) realizes the pair (U, Us) as a dual pair in Sp(W).
Let A, be a character of I} such that )\U|va = Xk/Qu- As noted earlier, there is a splitting

Un(Q,) x Ug(Qy,) < Sp(W,Q,) of the metaplectic cover Sp(W,Q,) — Sp(W,Q,) determined by
the character A,. This gives the Weil representation wy, 1, which we denote here as wp, »,(u, g) of
Un(Q,) x Uy(Q,) where u € Up(Q,) and g € Uy(Q,), via the Weil representation of Sp(W,Q,,) on
the space of Schwartz functions S(V,, ®x, X, ) (we use the polarization W = V,@x, X, &V, ®x, Yy).
Moreover, we write wp,(g) to mean wp z,(1,g). For X € Mjy2(K,), we define (X, X)p, := 'XhX
(note that this is a 2 x 2 matrix). We record here some useful formulas for wp, ), which are
generalizations of the formulas in [55, Section 10.1].

® Wh A\, (uvg)q)(X) = wh,v,/\u(:l?g)q)(u_lX)

o win, (diag(4, A1) B(X) = A(det A)| det A|ZB(XA),
o wp, (1(9)2(X) = ©(X)ey(tr(X, X)n5),
® wh,/\v (n)CI)(X) = \det h‘y fq)(Y)ev(Trle/Fv (tI‘<Y,X>h)>dY

The global set-up:
Let h € 51(Q), h > 0. We can define global versions of Uy, GUp, W, and (—, —), similar as the local
case above. Fixing an idele class character A = ®\, of Ag /K> such that A[gx = Xilc /Q’ the associat-

ed local splitting described above then determines a global splitting Uy (Ag)x U1 (Ag) < Sp(W, Ag)
and hence an action wy, := ®wpz, of Up(Ag) x Ui(Ag) on the Schwartz space S(Vy, ® X). In
application, we require the infinity type of A to be (=1, 1).

T 202
For any Schwartz function ® € S(Va, ® X) we define the theta function
On(®,—): J(A) — C.

associated to it by:

@h(q)au?g) = Z wh,/\(g)q)(w)>g € J(A)
zeVRX
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4.9 Theta Functions with Complex Multiplication

We consider the situation of theta correspondences for U(¢) = U(V) and U(V;). Let V be a two-
dimensional Hermitian vector space over K. Let L be an Oy lattice such that it gives an abelian
variety Az = C?/L.

Let H be a Riemann form on V and € : L — U be a map where U is the unit circle of C (in
application the e is given by the formula after [65) (38)], there is a line bundle £5 . on A associated
to H and e as follows: define an analytic line bundle £, ~ C x C?/L with the action of L given
by
%H(l,w + %))x),l €L, (w,r)cC*xC
where e(x) . The space of global sections of this line bundle is canonically identified with
the space T'(H, ¢, L) of theta functions consisting of holomorphic functions f on V such that:

I (w,z) = (w+1e(l)e(

— 627rzx

1 l
flw+1) = f(w)e(l)e(ZH(l +w+ 5)),11) eV,lelL.
There are arithmetic models for the above abelian variety and line bundle. Shimura defined sub-
spaces T (H, e, L)_C T(H,e, L) of arithmetic theta functions by requiring that the values at all
CM points are in Q which under the canonical identification, are identified with rational sections
of the line bundle (see [39, Section 2.6], and also [65, Appendix B] for a discussion in terms of theta

kernel functions. Note that we only need to consider arithmetic sections, but not integral sections.)

Adelic Theta Functions
Now we consider theta functions for U(3,1). Let the Hermitian form on V' be defined by:

_ * *
3 — - .
(v1,v2) = v1¢V5 — v2lU]

Let Uy be some compact open subgroup of U({)(Ay).
Definition 4.6: We define the space Ta(m, L, Uy) of adelic theta functions as the space of function:

©: N(QUEO@Q@\N(A)U(Q)(A)/U(C)ecUsN(L)f — C,
where N = Np C U(3,1) and U(¢) < U(3,1) as before;

wlw*
2

N(L)j = {(w,t)lw € Lt + € u(L)Ox},
where p(L) is the ideal generated by w(w* for w € L and © satisfies
©((0,t)r) = e(mt)O(r),r € N(A)U(()(A).

Since U(() is anisotropic, the set U(¢)\U(¢)(A)/U({)xoUy consists of finitely many points
{z1,...,2s} CU(()(Ar). We assume that for each z; the p-component is within GLy(Z,) under the
first projection U(Q,) ~ GL2(Qp). In this paper, we consider the case satisfying the following

Assumption:
The lattice L is such that m((S,E}Q)lCtZ_ is always integral for any i and [ € z; L.
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Then for any
Oc TA(m, L, Uf),

write ©;(n) = ©(nx;) for n € N(A) as functions on N(A). Then for each ¢ we define the function:

wlw*

)Oi((weo, 0))-

0;(we) = e(—m

If this function is holomorphic then it is a classical theta function in T'(H, €, x;L) where H and €
are defined as follows. The
H(v,v) := —2mivC'.

As in [22], Subsection 7.2.3], we choose a finite idele u = (u,) € Ax, f) such that Ok, = Z, ® Zyu,
for each finite place v. For each [ € x;L let x; and y; be the unique elements in Ag s such that

1
§lctl =x; + Yyu.

Let v be the standard additive character Q\Ag such that at the Archimedean place it is given by
Y(Too) = €*. Let ¢ (x) = tp(mtrgg(x) for € Ag. Define €(I) = thm(—a;). Then under our
assumptions the e is well defined and takes a value of £1.

If it is the case that for all ¢ the 6; is holomorphic, then we say it is a holomorphic adelic theta
function and write the corresponding space as T‘g‘)l(m, L,Uy).

We make the following identification (recall we defined Z?

2l in Subsection )

H'(Zf),£(8)) ® C =~ T8, L, Uy)

for certain level group Uy = U, x pr Uy.

A functional

Recall that we constructed a theta function 64 on the Jacobi group J(V') from the Schwartz function
¢. As mentioned in the introduction, we only need to develop a rational theory on theta functions
instead of p-integral theory. Upon choosing v; € V; such that (v1,v1) = 1 we have an isomorphism
VeW=V®V. We also consider W~ =V~ ® V;. It is the space W but with the metric
being the negative of W. Let H~ = H(W ™) be the corresponding Heisenberg group. We have an
isomorphism of H and H~ (as Heisenberg groups) given by:

(w,t) = (w, —t).

We construct a theta function 6* = 65, on H~ x U(V™) for the Schwartz function ¢1. We have
chosen a set {z1,...,x5} above. We write

<0¢176¢>(xi) = V] 9¢>1 (nxi)atb(nxi)dn'

and

010 = [ (@)@ @on@) (@)@
X(Ag)
Then it is easy to check for each z;,

(0g,,00) (i) = (¢1,¢)a;- (4.3)
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We first construct a functional lj. on the space H O(Z[‘; ],E(,B)), which we identify with some
T(B,¢, L) for appropriate ¢ and L as before (we save the notation lg« for later use) with values

in A[g]

Lemma 4.7. The general elements in HO(Z[';],L’(B)) is a linear combination of s%: ’s with coeffi-

cients in A[g],iwhere ¢ =11, ¢v are kernel functions such that ¢« is defined as in Deﬁmtion
and ¢, takes Q-values for v < oo.

Proof. This can be seen by interpreting the theta functions defined before [65, Theorem B.2] in
terms of Weil representations presented here. Note that the CM period 2, is missing in [65)]
Theorem B.2]. The algebraicity follows from [49, Theorem 2.5]. In fact in [49] the period is h(zp)
for some weight % form h on Sp,, as our Hermitian space is two-dimensional, and 2 is a CM point

with h(zg) # 0. This h(zp) is just Qs up to multiplying by a non-zero algebraic number. O
We define:
0
/ ¢ — — . :
le*(@)(xz’) = /N(Q)\N(A@) O, 1 (2:)(61) (1) 0uy (1) () (M) 1 = /X(A@) wx-1 () (1) (2)wr () (@) () d.

(4.4)
The last equality is easily seen, and we denote the last term as (wy ' (z;)(¢1),wx(x;)(¢)). Note that
in N(Q)\N(Ag) we identified H with H~ using the above isomorphism. (In the literature, people
usually consider | N(Q\N(Ag) 0s(n)0y, (n)dn for 6, and 6y, on the same space of theta functions.
We use a different convention for the sake of simplicity.) So by taking appropriate ¢; the [j, is a
rational functional. We extend the definition of Ij. to whole H°(Z[g]°, £(8)) linearly. Thus, it is
well defined.

Lemma 4.8. The lj. takes values in the space of constant functions on any theta function 04 as
above.

Proof. We note that for any ¢,

(wWr—1(2:)(¢1), wa(wi)(d)) = (¢1,9). (4.5)
This is a standard fact and can be seen by simply unfolding the definition and integration. The
lemma follows from the above equation. O

Remark 4.9. Later we will use this functional on Fourier-Jacobi coefficients for U(3,1). We can
view it as a function on GpNp(A) by FJjg(p, f) = FIp(pg, f) for p € GpNp(A) and thus an adelic
theta function. Lan [39] has proved the following compatibility of the analytically and algebraically
defined Fourier-Jacobi expansions using the usual identification of the global sections of £(8) with
(classical or adelic) theta functions, keeping the rational structures

Flpng)(— f) = FI (N (=).

Note that the period factor appearing in [22] Section 3.6.5] is 1 since we are in the scalar weight .

5 Klingen-Eisenstein Series

From now on throughout this paper we define z, = 5= and z,. =
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5.1 Archimedean Picture

Let (Too, Voo) be a finite-dimensional representation of DX . Let ¢ and 7o be characters of C*
such that ¥ |gx is the central character of mo,. We assume here that 7..(z) = 27275 and Voo 1S
trivial. Then there is a unique representation my, of GU(2)(R) determined by 7o, and 9o such that
the central character is 1)o. These determine a representation my x 7o of Mp(R) ~ GU(2)(R) x C*.
Here for g € GU(2)(R) and x € C*, we identify with it an element

w(g)z
m(g,x) = g e Mp(R).

We extend this to a representation po, of P(R) by requiring that Np(R) acts trivially. Let
I(Vs) = Indggﬁg Poo (smooth induction) and I(pss) C I(Vs) be the subspace of K -finite vectors.

(Elements of I(Vy) can be realized as functions on K,.) For any F' € I(V) and z € C* we define
a function F, on G(R) by

3

F.(g) = 0(m)2"*p(m) f(k), g = mnk € P(R)Ko.
There is an action o(p, z) on I (V) by

(a(p,2)(9))(k) = F.(kg).

We let p, and I(pY) be the corresponding objects by replacing meo, Yoo, Too With Toe @ (Teo ©
1

1

Nm), Yoo Too TSy, Too- Let w = 1 . Then there is an intertwining operator A(pec, 2, —) :

-1
I(poc) = I(p3) by:
A(poo, 2, F) (k) := /N . F,(wnk)dn.

In this paper, we use the case when 7, is the trivial representation. By the Frobenius reciprocity law
there is a unique (up to scalar) vector @ € I(p) such that k.0 = det u(k,7) "0 for any k € K1 . We fix
v and scale ¥ such that ©(1) = v. In 7" it has the action of K given by multiplying by det u(k,i)™".
There is a unique vector 9V € I(p") such that the action of KT is given by det u(k,i)™" and

0Y(w) = v. Then by uniqueness there is a constant ¢(p, z) such that A(p, z,?) = c(p, 2)v".
Definition 5.1: We define F,, € I(p) to be the ¥ as above.
We record the following lemma proved in [59) Section 5.4.2].

Lemma 5.2. Let K > 6 and z, = RT_B Then c(p, zx) = 0.

5.2 /-adic Picture

Let (mg, V) be an irreducible admissible representation of D*(Qy) and 7y is unitary and tempered
if D is split at £. Let ¢» and 7 be characters of K, such that @/}]Q[x is the central character of my.

Then similar to the Archimedean case, there is a unique irreducible admissible representation
of GU(2)(Q¢) determined by mp and 1),. As before we have a representation m, x 7 of Mp(Qy)
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and extend it to a representation p, of P(Qy) by requiring that Np(Qy) acts trivially. Let I(py) =
Indgggg pe be the admissible induction.

Define F, for F € I(pg) and p)/,I(p)), Alpe, 2, F') etcetera as before. For v ¢ ¥ we have
D*(Qp) ~ GL2(Qy). Moreover, we can choose isomorphism as a conjugation by elements in
GL2(Ox ¢) (note that both groups are subgroups of GLa(KCy)).

Definition 5.3: When my, 1y, 7 are unramified and ¢, € V; are spherical vectors, then there is a
unique vector ng € I(pg) which is invariant under G(Zy) and Fge(l) = @y.

5.3 Global Picture
Definition 5.4: We define an Eisenstein data D = (X, 7,1, 7, ¢) to consist of the following:

e A finite set of primes ¥ containing all bad primes.

e An irreducible unitary cuspidal automorphic representation (7 = ®,m,, V') of D*(Ag) and a
vector ¢ =[], ¢ € m, which is ordinary at p.

e The ¢ = [[v¢, and 7 = [[ 7,, CM characters of *\Ag of infinite types (0,0) and (—%,%),
respectively, such that 1| A% is the central character of 7. We define £ := /7.

Remark 5.5. In application the ¢ we use later on is not of the form [[, ., but is a finite sum of
such functions. However all theory extends to this situation easily by linear combination.

We define I(p) to be the restricted tensor product of ®,1(p,) with respect to the unramified
vectors Fge for some ¢ = Ry, € m. We can define F,, I(p") and A(p, z, F) similar to the local
case. The F, takes values in V' which can be realized as automorphic forms on D*(Ag). We also
write F, for the scalar-valued functions F,(g) := F(g)(1) and define the Klingen-Eisenstein series:

E(F,z,9):= >  F.yg).
+eP(@Q\G(Q)

This is absolutely convergent if Rez >> 0 and has meromorphic continuation to all z € C.

5.4 Good Klingen Eisenstein Sections

We specify good choices for Klingen Eisenstein sections at local places. We write w =

e For the Archimedean place we define Fp o := Fj.
e For finite places v outside X, we define Fp , := ng.

e For finite places v inside ¥, let y be an element in O, divisible by some high power of the
uniformizer w, at v (to be made precise in the next chapter). Let 2 be the set of matrices
A € U(2)(Qy) such that M = A — 1 satisfies:

M(1+yyN) = Cyy
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for some N € My(O,). Let ¢ be some vector invariant under the action of ). Let K2 be

1 f c
the subgroup of G(Q,) of the form 1y g | where
1

g = _th>c_ %fctfe vaf € (yg)ag € (Cyg)vc € O’U'

We define F),, to be supported in Pngz) and is invariant under the right action of K£2),
and such that

_,_3
Fyo(w) = 7(ui)l(yg)*ls~ 2Vol(D) - .
This Fy, is the Klingen Eisenstein section Fp, that we choose.

e For the p-adic places we use the following

Definition 5.6: Define Fg’; € I,(p) to be the Klingen section described as follows It is
supported in P(Qyp)w4Bi(Z,) where By(Z,) consists of matrices in GL4(Z,,) which are upper
1

1

triangular modulo p’, w} = € GL4(Zy), and is right invariant under Ny(Zj)

1
for Ny(Z,) C By(Z,) consisting of matrices which are 1 along the diagonal modulo p* (see [59,
Section 4], note the differences in the indices discussed there (Subsections 4.D.2 and 4.D.4
in loc.cit.). The wj here is the wpere there.). Moreover we require that the value of F%’;
on wj is given by . We define the p-part level group Ky C GL4(Z,) to consist of matrices
congruent to some elements in B(Z,) modulo p’.

Now we briefly recall Hida’s U, operator for U(3,1). We refer to [22, Section 3.8] for geo-
metric backgrounds for U, operators, and that it is compatible with our representation theoretic
description below. Let A1,---, Ag be 4 characters of Q), m = IndgL"(Al, cee ).

Definition 5.7: Let k = (c4;¢q,...,c3) be a weight. We say (A1,---,\,) is nearly ordinary with
respect to k if the set:

{valpAi(p), ..., val,Aa(p) }
= {Cl—%,CQ+%,C3+%,C4—%}

We denote the set as {k1, ..., Kr4s} S0 that kK1 > ... > Kpys.
We define the p-component of the Eisenstein data is generic if it satisfies Definition [6.30
Let A, := Zplt1,ta, ..., tn, ;'] be the Atkin-Lehner ring of G(Q,), where t; is defined by t; =

N(Zp)oiN(Zyp), o; = <1n_i ol > Then t; acts on 7V (%) by

vlt; = E xiai_lv.

I€N|a;1Nai

7

We also define a normalized action with respect to the weight k following ([18])
vllt; = 6(a) T2 pr T Ry

(The ¢ is the modulus character).
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Definition 5.8: A vector v € 7 is called nearly ordinary if it is an eigenvector for all ||t;’s with
eigenvalues that are p-adic units.

Now we define
EKling,D(g) = E(H F’D,v X F%,.pazmg)' (51)
vip
The following proposition is easily proved as in [55, Proposition 9.8].

Proposition 5.9. The classical automrophic form corresponding to Exingp defined by 1S a
holomorphic automorphic form on U(3,1) with weight k = (k;0,0,0).

Suppose 7, is nearly ordinary, in the sense that it is of the form m(x1 p, X2,p) With val,(x1,,(p)) =
—3, valy(x2,(0)) = 1. Then it is easy to check that the representation I(py) is nearly ordinary
with respect to the weight k. Suppose moreover that the p-component of the Eisenstein datum is

generic. Then we have

Proposition 5.10. The F£’° is an eigenvector for all the actions ||t; with eigenvalues
YRR )\i(pfl)pnl+-~-+m’
which are clearly p-adic units.

Proof. The proof is a little convoluted and given in [59, Subsection 4.4.1]. It uses the intertwining
operator which maps FZE) ** to the section supported on the big cell (denoted f¢ there, see Lemma
4.16 of loc.cit.), whose eigenvalues are easy to compute. It is proved in [59, Lemma 4.17] that the f*
is indeed an ordinary operator. In the generic case, the intertwining operator gives an isomorphism
between the corresponding principal series representations of GL4(Q)). Although our definition of
being “generic” is different from loc.cit., however the argument of Lemma 4.17 there still works.
Then as in the proof of [59, Lemma 4.19], one checks the F;,g) * and the f have the same action by
the level group K*, and that such vector is unique up to scalar in the corresponding principal series
representation, identifying the FS * and the f under the intertwining operator. These altogether
implies that FZ? ** is indeed a nearly ordinary vector.

In our U(3,1) situation the argument is also given by Hsieh in [25] Section 6.2]. O

Remark 5.11. It is worth pointing out that the definition is quite different from the U(2,2) case in
[55]. The nearly ordinary section is supported on the set containing the Weyl element wj instead
of the identity. This description also coincides with property that in [25, Lemma 6.6] that the only
Weyl element in which the ordinary section is non-zero is wj.

Definition 5.12: Throughout this paper, we fix the tame level subgroup Kg’l) of U(3,1)(AP>),
under which our Exng p is invariant. We can do so by simply taking it to be the set of matrices
congruent to 1 modulo the (y7)? at each finite place not dividing p for the y above. We also define
the p-component of the level group as the N(Z,) above, where ¢ is the one in the definition for
“generic”.

5.5 Constant Terms

Definition 5.13: For any parabolic subgroup R of GU(3, 1) and an automorphic form ¢ we define
@R to be the constant term of ¢ along R given by the following

¢r(g) = ¢(ng)dn

/]VR(Q)\NR(AQ)
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where Npg is the unipotent radical of R.
The following lemma is well-known (see [44, Section II1.1.7]).
Lemma 5.14. Let R be a standard Q-parabolic subgroup of GU(3,1). Suppose Re(z) >
(i) If R # P then E(f,z,9)r = 0;
(’LZ) E(f7 2 _)P = fz + A(P7 fa Z)—z

[\][+)

5.6 Hecke Operators

Let K' = K’E\{p}KE C G(A‘?) be an open compact subgroup with K* = G(Z*) and such that
K := K'K] is neat. For each v outside & we have GU(3,1)(Q,) ~ GU(2,2)(Q,) with the iso-
morphism given by conjugation by some elements in GL4(Ok ). So we only need to study the
unramified Hecke operators for GU(2,2) with respect to GU(2,2)(Z,). We follow closely to [55)],
Sections 9.5, 9.6].

Unramified Inert Case

Let v be a prime of Q inert in K. Recall that as in [55, Section 9.5.2] that Z, is the Hecke
operator associated to the matrix zo := diag(wy, wy, @y, @y) by the double coset KzyK where K
is the maximal compact subgroup of G(Z,). Let tq := diag(w,, @y, 1, 1), t1 := diag(1,w,, 1,w, )
and ty := diag(w,, 1, @, !, 1). As in [55, 9.5.2] we define

Ry = Z[Xy,¢"?, ¢4

where X, is T(Q,)/T(Z,) and write [t] for the image of ¢ in X,. Let Hx be the abstract Hecke
ring with respect to the level group K. There is a Satake map: Sk : Hx — R, given by

Sk(Kgk) =Y o%(t;
if KgK = Utyn; K for t; € T(Qy),n; € Np(Q,) and extend linearly. We define the Hecke operators
T; for i = 1,2,3,4 by requiring that
2

4 . 3 3
1+ S(T)X = T[0 - [t1X)(1 - gl [t] 7' X)
i=1 i=1
be an equality of polynomials of the variable X. We also define:

4

Qu(X) =1+ Ti(ZX)".

i=1
Unramified Split Case

Suppose v is a prime of QQ split in . In this case we define zél) and z(()2) to be (diag(w,, wy, wy, @y), 1)

(2)

and (1, diag(wy, wy, Wy, @y)) and define the Hecke operators Z(()l) and Z;~ as above but replacing
20 by 2§ and 2. Let V) := diag(1, (w,, 1), 1, (1,; 1)), £ := diag((@y, 1), 1, (1,5 1), 1). De-
fine tl( ) = fgl) and t; = t(l) ( ) for i = 1,2. We define R, and Sk in the same way as the inert case.

(

Then we define Hecke operators T’ ) for i = 1,2,3,4 and j = 1,2 by requiring that the following

2

4 3 .
14+ 3 ST xt = T[(1 - a2 9)%)(1 — g 191 x)
=1

i=1
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be equalities of polynomials of the variable X. Here 5/ = 3 — j and [tz(j )]’s are defined similarly to
the inert case. Now suppose v = ww for a place w of K and a place v of Q. Define i,, = 1 and
ig = 2. Then we define:

4
1=1
4 ] ) '
Qu(X) 1= 1+ 3 T (25 X)"
1=1

5.7 (Galois Representations

For the holomorphic Klingen-Eisenstein series, we can also associate a reducible Galois representa-
tion with the same recipe as in subsection Write 7/ for the restriction of 7 to Ag and let o/ be
the corresponding Galois character of G via class field theory. The resulting Galois representation
associated to the Klingen-Eisenstein series we defined above can be seen as follows:

K+3

Opoypee "D O‘wce_3 D Pr;.Ore€ 2 .

Note that x + 3 is an odd number; however, 7, is a unitary representation whose L-function is
the usual L-function for f shifted by % So it makes sense to write in the above way. This can be
obtained in the same manner as [55, Sections 9.5, 9.6], by studying the Hecke operators defined
above. Indeed the Galois representation is determined by its local Euler factors at unramified
places, which is already worked out in loc.cit.. (See in particular, [55, Proposition 9.14].)

6 Siegel-Eisenstein Series and Pullback

6.1 Generalities

Local Picture:

Our discussion in this section follows [55, Sections 11.1-11.3] closely. Let @ = @Q,, be the Siegel

parabolic subgroup of G,, consisting of matrices (%q gq
q

left n x n block is zero. For a place v of Q and a character x of IS we let I,,(x,) be the s-

pace of smooth K, ,-finite functions (here K, , means the maximal compact subgroup Gy (Z,))

f: Kny — Csuch that f(gk) = xo(det Dy) f(k) for all ¢ € Qn(Qy) N Ky, (We write g as block

matrix ¢ = </(l)q IB;q)). For z € C and f € I(x) we also define a function f(z,—) : G,(Q,) — C
q

>. It consists of matrices whose lower-

by f(z,qk) := x(det D,))| det A,D 7" f(k), q € Qu(Qy) and k € K.
For f € I,(xv), 2z € C, and k € K, ,, the intertwining integral is defined by:

M(z, £)(k) = X0 (tn()) / £ 2y wnrk)dr

N, (Fv)

. . . 1 .
where Ng, is the unipotent radical of @, and w, := < 1 n) For z in compact subsets of
—in

{Re(z) > n/2} this integral converges absolutely and uniformly, with the convergence being uni-
form in k. In this case it is easy to see that M(z, f) € I,(x5). Let Y C C be an open set. By a
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meromorphic section of I,(x,) on U we mean a function ¢ : U — I,,(x,) taking values in a finite-
dimensional subspace V' C I,,(x,) and such that ¢ : i/ — V is meromorphic. A standard fact from
the theory of Eisenstein series says that this has a continuation to a meromorphic section on all of C.

Global Picture:
For a Hecke character x = ®x, of AZ we define a space I,(x) to be the restricted tensor product

defined using the spherical vectors f5P" € I,,(xv) (invariant under K, ,) such that f;" h(Km}) =1,
at the finite places v where y, is unramified.

For f € I,,(x) we consider the Eisenstein series
E(f;z,9) = > fz9).
7€Qn(Q\Gr(Q)
This series converges absolutely and uniformly for (z,g) in compact subsets of
{Re(z) > n/2} x G, (Ag).
The defined automorphic form is called Siegel-Eisenstein series.
The Eisenstein series E(f;z,¢) has a meromorphic continuation in z to all of C in the following
sense. If ¢ : U — I,,(x) is a meromorphic section, then we put E(y;z,9) = E(¢(z); z,g). This is

defined at least on the region of absolute convergence and it is well known that it can be meromor-
phically continued to all z € C.

Now for f € I,(x),z € C, and k € vaoo Ky, HU|OO K, there is a similar intertwining integral
M(z, f)(k) as above but with the integral being over Ng, (Ag). This again converges absolutely
and uniformly for z in compact subsets of {Re(z) > n/2} x K,. Thus z — M(z, f) defines a
holomorphic section {Re(z) > n/2} — I,(x¢). This intertwining operator has a continuation to a
meromorphic section on C. For Re(z) > n/2, we have

M(Z, f) = ®UM(Za fv)7 [ =&f.
The functional equation for Siegel-Eisenstein series is:
E(f,z,9) = X" (w(9) E(M (2, f); =2, 9)

in the sense that both sides can be meromorphically continued to all z € C and the equality is
understood as an equality of meromorphic functions of z € C.

6.2 Embeddings

We define some embeddings of a subgroup of GU(3,1) x GU(0, 2) into some larger groups. This is
used in the doubling method. First we define GU(3,3)’ to be the unitary similitude group associated

to:
1

—
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and GU(2,2)" to be the unitary group associated to
)
—¢

a:{g1 x g2 € GU(3,1) x GU(0,2), u(g1) = pu(g2)} — GU(3,3)’

We define embeddings

and
o' {g1 x go € GU(2,0) x GU(0,2), u(g1) = u(g2)} — GU(2,2)

by a(g1,92) = <91 g2> and o/ (g1, 92) = <g1 92). We also define isomorphisms:

B:GU(3,3) = GU(3,3)

and
B :GU(2,2) = GU(2,2)
by
g S_lgS
or
g S'_lgS’
where
1
1 _<
_ 2
5= 1
-1 _%
and C
1 -5
s=(1 )
2

We write v and +/ for the embeddings 3 o a and 3’ o o/, respectively.

We define an element T € U(3, 3)(Q,) such that Yo, = S, ! and Y, = S;OLI, where S is defined
at the end of Section 6.2. We know that under the complex uniformization, taking the change of
polarization into consideration the map is given by

i[7: gl [x0, hl) = [Zr, (9, h) Y] (6.1)

(see [22], Section 2.6].)
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6.3 Pullback Formula

We recall the pullback formula of Shimura. Let x be a unitary idele class character of Ag. Given
a cuspform ¢ on GU(2) we consider

Fy(f;2,9) r=/ f(z, 5 alg, g1h)S)x(det g19)p(g1h)dg1,
U(2)(Ag)

feIz(x),9 € GUB, 1)(Ag), h € GU(2)(Aq), u(g) = p(h)

Fi(f'i2.9) = / F(2,8 " alg, 1h)S") x(det g19)(g1h)dgy
U(2)(Ag)

f € I(x),g € GU2)(Aqg), h € GU(2)(Ag), u(g) = p(h)

This is independent of h. We see that the above integrals can be factorized as local integrals, which
we denote as Fiy, (fu; 2, gv) and Fy, (fy; 2, gu), respectively. The pullback formulas are the identities
in the following proposition.

Proposition 6.1. Let x be a unitary idele class character of Ag.
(i) If f" € Ia(x), then F(f';z,g) converges absolutely and uniformly for (z,g) in compact subsets
of {Re(z) > 1} x GU(2,0)(Agq), and for any h € GU(2)(Aq) such that p(h) = u(g)

/ E(f'; 2,9 alg, 1h)S")x(det g1h)p(g1h)dg1 = F(f; 2, 9)-
U@)(Q\U(2)(4q)

(i) If f € I3(x), then F,(f;z,g) converges absolutely and uniformly for (z,g) in compact subsets
of {Re(z) > 3/2} x GU(3,1)(Aq) such that p(h) = u(g)

E(f; 2,8 (g, g1h)S)x(det g1h)e(g1h)dgy

= Z Fw(f72,79)7

YEP(Q\GU(3,1)(Q)

/U(2)(@)\U(2)(AQ)

with the series converging absolutely and uniformly for (z,g) in compact subsets of
{Re(z) > 3/2} x GU(3,1)(Aq).

This is a special case of [59, Proposition 3.5], which summarizes results proved in [50].

6.4 Fourier-Jacobi Expansion

From now on we fix a splitting character A of K*\AZ of infinity type (—%, %) which is unramified
at p and unramified outside ¥ and such that A| A% = Xic/o- Let 7 be a Hecke character of K*\Ag
of infinity type (—§, 5).
Definition 6.2: For 5 € 5,(Q) and ¢ a holomorphic automorphic form on GU(n,n) we define the
(B-th Fourier coefficient

vs(9) 2/ ¢(<1n S> g)en(—Tr3S)dS.
S (Q)\Sn (4) Ly
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For a prime v and f, € I,(7) we also define the local Fourier coefficient at g, € GU(n,n)(Q,) as

fv,ﬁ(zmgv) = /S: @ )fv(zawn((ln f:) gv)ev(*TrﬁSv)dSv

For ¢ a holomorphic automorphic form on GU(3,3) and 8 € QT we define

S 0

FJs(¢)(9) = /@ Lo 50 0 | g)ea(~TuBS)ds,
13

For E(f;z,g) with f € I3(7) we define
Flg(fiz,9) = FIs(E(f;2,-))(9)-
The following formula is proved in [59, Subsection 3.3.1].

Proposition 6.3. Suppose f € I3(1) and € Q4. If E(f;z,9) is the Siegel-FEisenstein series
on GU(3,3) defined by f for some Re(z) sufficiently large, then the [3-th Fourier-Jacobi coefficient
Es(f;2,9) satisfies:

S
1 _ .
Bafimg= 3 Y [ st w0 |imgeosis  62)
YEQ2(Q)\GU2(Q) zek2 * S1(A) 13
where
j: U, 1) x U2,2) < U(3,3)
s given by
A B
] D' C’
.](.91792): C D
B’ Al

. A B A B
lfgl = <C D) € U(171>792 = <Cl Dl) € U(272)

Definition 6.4: If g, € U(2,2)(Q,), € K2 and a € K, we define:

S x

FJB(fU;z,x,gv,a):/ fo,z(w3 13 T 0 j(diag(a,téfl),gv))e@v(—TrBS)dS.
S1(Qu) 13

We have:
(241
FJB(fv;Z,ZE,g,CZ) = Tv(deta)|det (l(_l|A( +2)FJtz_z,81‘(fv;z7a_1l'agv1)'

1y ¢+ g
z* 09
1

= 1y

that it becomes a Heisenberg group if we give the pairing ((z1,y1), (x2,92)) = y125 + 2y} — yox] —

x1ys. (see [65, Section 4]).

Definition 6.5: For z,y € K2 and t € Q,, we write n(z,y,t) for 1y . So
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Lemma 6.6. We write

FI5(fu: zn(z, 9, )1, u) = / Flus | 2 (2,5, D31, 1) )en (—TrBS)dS

S1(Qo) ]_3

foru e U(2,2)(Qy) and n(z,y,t) as above. Suppose for some place v we have

FJ5(fui 2 n(z, 0,0)a(1,u) = f(u, 2)ws(u)(x)

for any u, n(x,0,0) as above, and some Schwartz function ¢ € S(W?) and some f € I((T/\)y, 2).
Then we have:

FJB(fv, 2, (l’, Y, t)a(lv u)) = f(u7 z)w57>\(n(a§, Y, t) : U)QZ)(O)
for any n(x,y,t).
Note that comparing with [33] we have switched the roles played by = and y.

Proof. Since

1y 1 zBA™! S —xB%z zA
1, 007 A A1 s g
ml 1 - 1 . ’
3 BA-! A BAl! _Bz A 3

it follows that
A BA™!
FJB(fU;z,:L',< i1 )g,a):
7¢(det A)~1| det AA|ZT %, (—Tx('aBaB))FI4(f; 2, 2A, g, a).

Now the lemma is a consequence of

1 —y 1y t+255 2\ /1 R
12 o 15 r* 09 15 x* 09
1 B 1 1
y* 1o —y* 1o 1y
where we write y* for 4. O

6.5 Archimedean Cases

We let i := <Z C> or % depending on the size (3 x 3) or (2 x 2). Let J,(g,72) := det(Cyi +
2

D,) for g = <éz gz ) be the automorphic factor for U(n,n). The Siegel section we choose is

fsieg,D,oo = fsieg,oo = fﬁ(gaz) = J3(gai)_’€’<]3(gai)’n_2z_3 and f;ieg,'D,oo = éieg,oo = f;/q(gvz) =
Jo(g,1) 7| Ja(g,1)[*~272. Recall for ¢ € T, we define the pullback sections:

Fulz,g) = / Fo(2, S (g, 91)S)F(det g1)m (g1 ) odon
U(2)(R)
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and
Fl(zg) == / £z 5" g, 91)S' )7 (det g1)m(gn) odgy
U(2)(R)

If we define an auxiliary fg,(z,9) = Ju(g,i1n) "|Jn(g,i1,)|" 27" for n = 2,3, then fx(g,2) =
fie3(g90) and fi.(g,2) = f3 2(g90) for

1.1 1 1.1 1
s2d1 d4 s2d4 di
= diag(1, ,—, 1, (=)t
or 1.1 1 1.1 1
5§d2 dZ 5§d1 ] di)_l)

= dla = T =\ < )
90 =diee= 5 5 O 7))
depending on the sizes.

Lemma 6.7. The integrals are absolutely convergent for Re(z) sufficiently large and for such z,
we have:

(1)
Fp Kiing,0c(2,9) := Fi(2,9) = Fi.2(9);
(ii)
Fp oo = Fi(2,9) = m(9)¢;
where F. , is defined in Deﬁm’tz’on using @ as the v there.

Fourier Coefficients
The following lemma is [55, Lemma 11.4].

Lemma 6.8. Suppose B € S,(R). Then the function z — f. 3(2,9) has a meromorphic continu-
ation to all of C. Furthermore, if k > n then f.,3(2,9) is holomorphic at z, = (K —n)/2. For
y € GLn(C), £, 5(2x diag(y,y=1)) = 0 if det 8 < 0 and if det B > 0 then
(f2)_”(27m')""@(Q/W)”(”_l)/Q
(k=5 —1)!

The local Fourier coefficient for f,, can be easily deduced from that for f..

Fenp(ze, diag(y,'y™")) = e(iTe(By'g)) det(8)"~" det 7.

Fourier-Jacobi Coefficients
The following lemma can be found in [59, Lemma 4.4].

Lemma 6.9. Let z,, = ’“‘T_?’, B €Ry. Then:

(i) FIa(zn, fogmm 1) = f21 glze + 1, e(iTr(zfx)). Recall that n = <_12 12),,
(ii) If g € U(2,2)(R), then

FJﬂyﬁ(zm fl:737 T, 9, 1) = €(iTI‘ﬁ)Cl (67 H)fr?—lﬁ(zm g/)wﬂy)\oo (g/>(I)/3,OO(x)'

where g/ _ 1o g D) ) Cl(ﬁa H) _ (*2)_1(27'”')H det ﬂfﬁ*l and (I)ﬁ o = e—2mTr((z,2)5)
—1, -1, (k—=1)! )
Recall that the (x,x)g is a 2 by 2 matriz.



Lemma 6.10. We have

Flg(f,2,9,1) = e(iTxB)e1(B, £)J(9,1) "wp . (9'90) P 5,00 (7)
for all g € U(2,2)(R),x € C2.
Proof. Note that

fi(g,26) = J(g9,1)7" = J(990,1) "I (go,1)" = (@)’”J(ggo,i)’”-

2
]
Lemma 6.11. Let x1 = (11, 212), T2 = (221, X22) where the x;; € R. Then
1.1
51;1(&)17)\(7790)(1)1’00)(.%1, $2) — #e—QW\/&(Sx%—H@ﬁ)e—27r\/a(5x§1+a:%2)
Proof. Straightforward from the expression for ®; o, and 4. O

We summarize the key definitions associated to the Archimedean datum below.
Definition 6.12: Recall we defined fgicg D00 = fsiegoo = fr(9,2) == J3(g,1)7"|J3(g, i)[*~2*73 and
;ieg,D,oo = ;ieg,oo = f//{(ga Z) = JQ(Q? i)il{"]?(g’ i)’H72Z72'

(I)D,oo = w1 (go)q)l,om (I)%,oo = w1 (ngO)(I)D,ooa
Jop.00(9) = fro1(990), fo Do (9) = fr_1(gn90),

1.1
sids 6727r\/3(536%+x%)

5 ,T1, Ty € R.

P1,00(21, T2) = P2,00(71,T2) =
Finally we record a lemma.

Lemma 6.13. Let Z € Xy and ®pg z(x) = e(tr((x,x)gZ)). For any g € U(2,2)(R),

Wo e (9)0p,z = det J (g, Z) ™' D 4(2).
Proof. Similar as [55, Lemma 10.1]. O

Example 6.14. We work out an example for the theta function constructed via the Weil represen-
tation whose Archimedean Schwartz function is given by Definition[6.13 We check that it is nothing
but the adelic theta function defined before. We take the wy in [65, Appendix B] to be the identity.
1 2z t+42(z*/2
The z there is thus equal to the wy there. We first note that N > 1o (z* acting
1
: *

on i gives (Z —|—t—i<-Z2;CZ /2> Thus the complex structure on N/Z(N)s is given by the complex
conjugation of z. (Note that the z is not the z in [65] — instead it plays the role of u there.

Now write z = (21, 22), and write x = (z1,72) € Q2. A straightforward computation using the
formulas for Weil representation of H(W') implies that the classical theta function is a sum

1= L
§ H ¢U(x)e—(x%+2x1z1+%z%)27r\/3 . e—(:I:2+2:cQZQ+§z§)27rs\/3

r v<oo
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for & running over some lattice of Q>. This is clearly holomorphic with respect to the complex
structure. In fact comparing with the notations in [65], taking the u there to be 2(Z1,22)( and z
there to be 2(, this theta function is nothing but the one considered in loc.cit..

In applications later on, we also take Schwartz functions in ¢5 € S(Ay) and consider the
associated theta function ©y4 for ¢ = @100 X ¢y. Suppose the Oy is right invariant under the open
compact level group K C NU(C)(Af). Then we define L to be a certain lattice contained in

(NQ)NK)/(Z(N)(Q)NK)
satisfying the assumption after Definition and Uy = K NU(C)(A™®). The associated classical
theta functions 04 is indeed in TH°Y(1, L, Uy).
6.6 Unramified Cases

Let v be a prime outside ¥ (in particular v { p). Then the Siegel sections fgcg Do = fo,sicg =
PR and f;iegpv = {]Sieg — 5% is defined to be the unique section that is invariant under

GU(n,n)(Zy) (n = 3,2) and is 1 at identity.

Lemma 6.15. Suppose 7,1 and T are unramified and ¢ € 7 is a new vector. If Re(z) > 3/2 then
the pullback integral converges and

L(7, 82z +1)
Friingpw = Fo(f"2,9) = . —F,.(9)
g P H}:o L(2z+3 —1i,7'x}) -
where F), is the spherical section defined using ¢ € m. Also:
4 L(ﬁ-v fa Z+ l)
Fpy = Fy(f",2,9) = 2 m(9)e-

[T L(22 +2 — i, 7'x%)

This is a special case of [?, Proposition 3.3].
Fourier Coefficients

Definition 6.16: Let ®y be the characteristic function of (’),20

Lemma 6.17. Let § € S,(Q,) and let r :=rank(B). Then for y € GL,(K,),

S ; —— _1—z+n/2 ~—n(n—1)/4
fv,pgh(zadmg(yaty 1)): 7(dety)|detyyl, +n/ D, (n=1)/

H?:_rl L(22+i—"+17?/X;c) —/ —2z—n
1= L(2z+n—i,7'x}) vy (T (20)8 )-

X

where hy s, € ZIX] is a monic polynomial depending on v and By but not on 7. If f € Sp(Zy)
and det 8 € Z;, then we say that 3 is v-primitive and in this case h, g = 1.

Proof. This is a computation of Shimura in [50, Propositions 18.14 and 19.2]. See also [55, Lemma
11.7]. O

Fourier-Jacobi Coefficients
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Lemma 6.18. Suppose v € ¥ and not dividing p. Let € S1(Qy) such that 5 # 0. Lety € GLo(KC,)
be such that By € S1(Zy), let X be an unramified character of KX such that )\|Q5 =1. I
B € GL1(Ok,v), then for u € Ug(Q,), we have

(2, 9') (wsr, (1, 9') Do) ()
L(2z+3,7) '

fsph
FIs(f3P"s 2,2, g,u) = 7(det )| det ual; +/222

Here g’ = (12 _12> g <12 _12>, and the f;ph on the right is in I(T/\).

This is a formal generalization of [55, Lemma 11.8].

!
Definition 6.19: Recall we have defined fsieg Do = fo,sieg = SPh and fs’iegpv = flicgn = sph’

We also define ¢1, and ¢2, to be the Schwartz function on X, which is the characteristic function
of Z2. We define fop., = i, ®p, = o and DY, , = By.
6.7 Ramified Cases

Let f € I,(7) (n = 2 or 3) be the Siegel section supported on Q(Q,)w,Q(Z,), which takes value
1 on w,Ng(Zy). The Siegel section we choose is I3(7) 3 fsiecgw = fsiegDv = ft(gA) where 7, is
1

-1
o2 | where y € O, is some fixed element such that the valuation is sufficiently large

1o
(can be made precise in the text). We also define

IQ(T) = fsz'eg,’D,v = f;ieg,v = fT(gﬁ/;])

1 +1
where 7], = ( 7 2>.

Pullback Formulas
Recall the notations in Section [(£.4]

Lemma 6.20. Let ¢ be some vector invariant under the action of ) defined before, then

-3
FKling,D,v = Flp(zv ’UJ) = T(yzj)|(y§)2|u QVOI(QJ) 2

Also Fp , := F(f} siegs 2:9) = T(wi)|(y)?[; 7~ Vol() - m(g) -

The proof is a special case of [59, Lemma 4.9, 4.10].
Fourier Coefficients

Lemma 6.21. (i) Let B € S3(Qq). Then f,(2,1) =0 if B & S3(Z)*. If p € S3(Zy)* then

_3
2

} s
fop(z, diag(A,"A™1)) = D, 27(det A)| det AA], *265(M)

vy

where Dy is the discriminant of Ky.
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(it) If B € S2(Qq), then f,5(2,1) =0 if B € S2(Ze)". If B € S2(Ze)* then

Pu1 + B2
vy

_ 1 g
fh 5(z diag(A,"A7Y)) = D, 27(det A)| det AA|, " 2 ey ).

The proof is a special case of [59, Lemma 4.12].
Fourier-Jacobi Coefficients

Lemma 6.22. If 3 ¢ S1(Z,)* then FIg(f';2,2,9,1) = 0. If B € S1(Zy)* then

FJﬁ(ft Z,2,49, 1) = fT(Z7 gln)wb’,)\v(h‘7gln_l)(I)O(x)'VOI(Sl(Zv))a

where 9= (12 —12>g<12 —12>'

The proof is a special case of [59, Lemma 4.13].
Definition 6.23: Let A = %12. Thus

Faangai 200 = 1 (L )i, (g () i)t

for h € Ug(Qr). We define &7, := wﬁ((l f))q)o and $p, = w@,\v((_lA 1> n)®o. We also

define fop. = p(<_1A 1) mfte (%)

Split Case

Suppose v = ww is a split prime. Recall we have the local polarization X, & Y,. Now we write
x) = (21, 7],) and zh = (ah, 24y) with respect to K, ~ Ky X Kg. The following lemma follows
from a straightforward computation and will be used later.

Lemma 6.24. Let xg, be a character of Z; such that
cond () < cond(xg,n) < ord,(yy).

Then it is possible to choose a Schwartz function ¢} such that the function
Ph(ay) = . &7 () (w7, ) ¢ (2 ) dar)y
1

s given by

¢/ (:C/) _ )\UXH,U((LJQZ) xl21 € ZU?‘TIQQ € Z1>;<
2372 0 otherwise.

Moreover we can ensure that when we are moving our datum in p-adic families, this ¢ is not going
to change.

Remark 6.25. Note here we have flexibility on choosing the xg, for split v. It is an analogue of
the fact that in the doubling method, if we choose the Siegel section as in the beginning of this
subsection, then the local pullback integral is nonzero if the test vector has appropriate conductor.
This flexibility is important for our argument in Subsection [8.3]
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We define

1

d)l,v = 5;//1(¢,1)7 ¢2,v = 5;’ (¢l2) (63)
Non-split Case

Lemma 6.26. We consider the action of the compact abelian group U(1)(Q,) on 57;1(<I)Z) by the
Weil representation (using the splitting character \,) of

13 U)(@,) = 1 x U@)(Q,) = UE)(@y) x UR)(Q) — U2, 2)(Q).

We can write 51;1(@)’) as a sum of eigenfunctions of this action. Let m = max{ord,(cond\,),3)+1.

If ord,(yy) > m, then there is such a nonzero eigenfunction ¢o, whose eigenvalue is a character

/\%Xg,v for x¢, of conductor at least w,", such that there is a @p-valued Schwartz function ¢1, and

a set of constants Cy; € (@p and u,; € U(1)(Qy)’s such that the function
P2,0(72) =/ ( )Z5;1(011,@‘005,,\“(%,1‘,1)¢Z)($1,x2)¢1,v($1)d$1
Xl Qv i

(here 1 € U(2,2)(Qy)).
Proof. Consider the embedding U(1,1) — U(2,2) by

51 ag by s
1 ag by 1
Jrg 5! dg dg s
1 Cq dg 1
tor g = (% Zg). Define fay (g, ) = (wpr, (7(9)®1)(0) € I(). We define i : U(1) x U(1) =
g g
U(1,1) by

w3 )G

foy(i(1, g1), 1) = (s, (7 0 i(1,91))@7)(0) = (dyew, (1, 91)d;, ' 7)(0).

For g1 € U(1)(Qy),

2
Here in the first and last expression 1 € U(2)(Q,) and g; is viewed as the element in the center of
U(2)(Qy). Thus we are reduced to proving the following lemma. O

Lemma 6.27. Let g1 = 1+w)".a € U(1)(Qy) for m as in the above lemma and a € Ok, if n = yy
is such that ordyn > m then for(i(1,91);3) # for(1;3).

Proof. We have as follows:

|
Orww OTM‘H
= —
| |
7L e
QS N——"
~——
VR =
|
— = 2
N———
| I
[IS2 IS |
—
[am—
.
[CIISY VI IS%
N———
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and
a b 1 1 a +b n(ad—bc) a4y 1
n | = = c+nd n n .
c d 1 c £+4d 0 ¢yvd) \Gaa 1

Now the lemma follows readily. O

Slo3|e

Definition 6.28: From now on we fix the choices and define the local characters xy, as in Lemma
[6:24] and Lemma [6.26]
As before we summarize the definitions associated to our Eisenstein datum at v.
1

1 11
Definition 6.29: Recall we defined fgieqg Dy = fiegw = fT(93) where 7, is 2 2

and defined
féieg,D,v = f;ieg,v = fT(g’%))

1, =1
where 4], = ( 2 y?i 2>. Let
2
1 1 T
fap0 = p( _A 1 n)f GI2(x)-

We define &p , = wﬁ»‘”(<—1A 1) n)®o. We also define the ¢; , and ¢z, as in 1) or as in Lemma
depending on whether v is split or not.

6.8 p-adic Cases

We recall some results in [59) Section 4.D] with some modifications. Recall that we have the triple
(p, Yp, 7p) and &, = 1, /7, in the p-component of the Klingen-Eisenstein datum D, where x,

is the central character of m, and wp\(@px = Xp- Suppose 7, is nearly ordinary in the sense that

Tp = T(X1,p, X2,p) such that ord,(x1,(p)) = —% and ord,(x2,(p)) = % We write 7, = (11, 72) and

& = (§1,82)-
Definition 6.30: The triple (7, ¥, 7,) is generic if there is a ¢ > 2 such that &1, &2, Xp, X];l{l, X;1§2
all have conductor p.

Although the definition for generic points is different from [59, Definition 4.21], the argument
there goes through since the only place using this definition is Lemma 4.19 there, which can be
proved completely in the same way under our definition for generic. We define: fI = Xl’p&, fg =
X2,p§_2- Let K(3) C GLg(Zyp) be the subgroup consisting of matrices congruent to upper triangular
matrices modulo pt. We define f; to be the Siegel section supported in Q(Q,)K}, invariant under
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Kt(3’3) and takes value 1 on the identity. We define

Fricgpp = Fsiegp(9) = a(mh)2c (70, —2)p 3t g(e)) el (~Da(eh)ed(—1) (6.5)
1 a-+bmn bm
1 bn b
1
X > & 'a)& ') filgT ) )-
a,b€p~tZy | Lyp,mnELy /P Ly 1
1
(6.6)
and
Fopp = faegpl9) = a(r)) e (70, —2)p~ta(e))E] (—1a(E])eb(—1)
1 a bm
1 b
1
x > ') 19T . ).
a,beptLy [Lp,mELy /Pt Ly 1
1

We also define:

fhica D = Tlieas(9) = 0(7) ¢ (7, —2)p~"a(€)E] (- Da(eD)el(-1) (6.7)

1 a+bmn bm

1 bn b

x > @& ') fulgT | )
a,beEp~tLy | Lp,mnELy /Pty 1
(6.8)
1
. . 3. 1o 115 . _—

Here T € U(3,3)(Qp) is such that it is 2 1 2 via the first projection U(3, 3)(Q,) ~

—¢! ¢!
GLG(Qp) and Cn(T/, Z) _ T/(pnt)antz—tn(n—i-l)/Q.
Among these sections the fgieqp ), and f;iegp’p correspond to Siegel Eisenstein series that we
interpolate. The relations between these sections are

fsieg,D,p(g) = Z stieg,D,p(gFY(lv (711 1) )

n€Zy/ptZy p

The reason for introducing the [J sections is to help computing the Fourier-Jacobi expansion.
Pullback Formulas

We refer to [59, Subsection 4.D.1] for the discussion of nearly ordinary vectors, which means the
vector whose Up-eigenvalues are p-adic units. Let ¢ = o ¢ mp be a nearly ordinary vector.
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Definition 6.31: We define the p-adic Klingen section F°(g) to be the FS" defined in Definition
multiplied by

/)—1 / K—2

o(ry) (o2

P XX (P a(EpXT 0861 pXa )

Then by the computations in [59] we have the following (see the end of [59, Section 4]).

Lemma 6.32. (1) Fg@(fsieg,p; ng)lz }IO(Q) = FKlingl,p(g); .
(2) Fgla( éieg,p’ 2k g) = p(n_g)tgipXI,pXQ_,p(p_t)g(gl,pXip)g(fl,sz_,p)'W(Q)SO‘

Proof. For reader’s convenience we briefly recall the proof of [59] in case (1) of this lemma. In our
U(3,1) case the proof is actually much simpler than the general case considered in loc.cit.. The
proof uses the trick of [55, Proposition 11.13] of using the local and global functional equations to
reduce the local pullback integral for fgey, to that of another Siegel section fSTZ- cg.p defined below.

The computation of the pullback section of f;eg,p

to be supported in Q3(Qp)w@3(Z,), and such that it takes value 1

is easier than that of fgesp. We define an

auxiliary Siegel section fsieg’p
on wNg,(Z,). We define

Fregp(0.2) = 0(r) e (7, —2)p 2 a(e))el (—1)a(e))eS (—1)

1 a+bmn bm
1 bn b
~ 1
X Z ﬂ(pta)g(ptb)fgieg,p(gr 1 72)‘
a,bep~tZy | Ly mnELy /Pt Ly 1
1

We can show by direct checking that the Fi( f;%p, z,g) is invariant under N¢(Z,) defined above

(as a function of g). This can be seen by checking that the pullback of the Siegel section f; cg.p 18
already invariant under N;(Z,). Moreover the value of F,( f st‘e g.p» %+ 9) at wwy can also be computed
directly ([59, Lemma 4.38]). Returning to the pullback section of fs;eq p, We note that it is the image
of f;e g.p under the intertwining operator M (z,—). We apply [59, Proposition 4.40] (which is just
a variant of [55 Proposition 11.13]). By the uniqueness up to scalar of the vector with the same
action of the level group By(Z,) (see [59, Lemma 4.19], which is just a variant of [55, Proposition
9.5]. Note that the result in [59] also works under our assumption of genericity), we know that
Fo(fsieqpr 2r:9) = FY(g) up to scalar. Then applying [59, Proposition 4.40] again we can evaluate
the Fi(fsicg,ps 21, g) at wh and get the lemma. Note that this simplified proof does not apply to the
general case of [59] including the U(2,2) case of [55], since there by looking at the Siegel Eisenstein
section we can only determine the action of a level group which is smaller than the level group
corresponding to the ordinary vector. O

Fourier Coefficients
Definition 6.33: We define the function ®¢ as the function on the set of (2 x 2) Q,-matrices

as follows. If z = <CCL Z) is such that both its determinant and a are in Z) then ®g(x) =

Ei(a)ﬁg(m) Otherwise ¢t (z) = 0. The following lemma is proved in [59, Lemma 4.46].

a
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Lemma 6.34.

Fana®) = o) e 5o (2152
11 Biz B3

fO?“ 5 — B21 522 623 with 511, 512, 513, ﬁzg, 533 € Zp, and is O otherwise.
B31 P32 P33

Proof. This follows from straightforward computation using
e The Fourier coefficients of the section f; as computed in [55, Lemma 11.12].

e The computation of the Fourier transform of the function @, defined above as detailed in
[59, Lemma 4.28] (note that the proof also works under our assumption of genericity). We
compare it with the definition of fy;eq,p using f;.

O]

Fourier-Jacobi Coefficients
For 8 € S1(Qy) N GL1(Z,) we compute the Fourier-Jacobi coefficient for f; at 5. We have the
following ([59, Lemma 4.54])

1
Lemma 6.35. Let z := <D 1

(a) FIg(fe; —z,v,2n71,1) = 0 if D & p'Ma(Zy,);
(b) if D € p' Ms(Z,) then FIg(fi; —z,v,2n7 1, 1) = (8,7, 2)®o(v), where

(5,7, 2) 1= T(— det B)| det B2+ 2g(r" ) (rp)ra (0 ) %"

) (this is a block matriz with respect to (2 + 2)).

Note the formula:
g(TZI))3TZI)(p3t)p—6tz—6t — g(TZI))T;;(pt)p—2t2—3tg(TZI))27_}/)(p2t)p—4tz—3t‘

Definition 6.36: Let K| C GL4(Z,) be the subgroup consisting of elements congruent to upper tri-
angular matrices modulo p'. We define the Siegel section f; on I5(%) to be the section supported on
Q2(Qp) K], invariant under the right action of Np(Z,) and takes value 1 on the identity element. Let
. (0 =z _ 9 1,- 1
A, be the matrix (0 0). We define fo ), = Zbg(gg)p tg(—ptb)g(n’)) 2c; 1(7'}’,, —2)p( (A—b 1) n)fi-
Let @1 (z) := £I($_1)]1Z;< (z) where 1 denotes the characteristic function. Define
1

~ ~

D, (v1,v2,v3,v4) = 17,07, (’01,’02)¢§I (v3) 1z, (va)
where the qAS means taking Fourier transform of ¢. The precise formula is given by

TV, —2t &t 7 —ty a7 ¢ -
Pp (01, v2,v3,04) = 9(&)p~ & (a), v, v G' py V4 € P Lp,v3 € Ly + Ly for some a € Z;
7 0, otherwise.

(6.9)
These are defined just for computing Fourier-Jacobi coefficients and not used for the pullback
formula.
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We prove the following lemma.

Lemma 6.37.

a(m) (7 —2)p Sy FIi(p | 12 Y S a0, )8 () (—p'b)a(eDa(ed)

= G G- D TR () 16,0001, v, 00)

Recall A, = (8 g) Also under the projection U(3,3)(Qp) ~ GL6(Qy), the v1,v2,v3,v4 appear
1 V3 V4 ]
1 U1
as 1 1}12 The Weil representation is the one in subsection |4.8 case two. We
1
1

use p to denote the right action of GU(3,3)(Qy) on the Siegel sections. Note that for the Schwartz
function ®p,, we used the identification K2 ~ Q;ﬁ given by (x1,x2) = ((vs,v1), (vq, v2)).

Proof. First we fix b and consider the Fourier-Jacobi coefficient of:

1 a bm
1
1
> 1 )i (6.10)
a,m
1
1
note that:
1 a bm
t V3 V4 1
13 U1 D1 D2 1 1
w3 Vo D3 D4 04(1’77 ) 1
15 1
1
1 —a —-bm
1 t v v
B 1 13 v1 D1 Dy —1
1 15
1

where vy = v3+ Dj.a+ Ds.bm,v) = va+ Da.a+ Dy.bm,t' = t+vj.a+ve.bm. From this, a calculation
using the above lemma (similar to [55, pp. 203]) shows that the Fourier-Jacobi expansion of (6.10))

at g is:
(a(m)) "2 1 (7, —2)p~ a(D) o) f1(9') (wpp, (¢ ) @D p) (v1, 02, V3, v4).
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So the Fourier-Jacobi expansion of

1 a bm
1 b
1
a,bm 1
1

S(om) e - ta(@nl () ) s o, 0 (4 ))B0)en v, )

Note that wg, ,\p(< Al , 1) )®pp = Pp . We get the required Fourier-Jacobi coefficient. ]

We record some formulas:

e = iy = 0D T A0 2 2ol (1P s

p b

{I(—m), V3,04 € Zp,v1 € Z;f,vz € pth

A1
0, otherwise. (6.11)

Bl 1= (wa, (1) @) V1, v, v, 1) = {

We define two Schwartz functions on X, ', Let ¢7, be the characteristic function of ZZ C Qg. Let
P, () = p‘2tg(§I)§r(—ptm1) if © = (21, 22) for z1 € p~'ZY, x5 € p~'Z,, and is zero otherwise.

Definition 6.38: We summarize our definitions at the p-adic place. Recall we defined fgieq D p
and fi;., p,, as in (6.5) and (6.7). The definition for fop, is given in (6.12) below.
We defined ®p; as in (6.9) and defined &7, , as in (6.11). We also define ¢, = 51';}(¢’17p),

Po2p = 51; ’”( /z,p). It is easily checked that
8y (W, (V) (wpoa, (MPDp)) = ¢, B .

(One compares these with later computations after Definition )

For convenience of the reader we explain how this computation is done. We first take standard
complex basis (e, ez;e7,e5) for the Hermitian space corresponding to U(¢) x U(—(¢). To save
space we write e for {eq, es) and similarly for e~. Then the embedding

U(¢) x U(=¢) = U(2,2)

is reflected by the change of basis

()=5()=(& D)
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We further take symplectic basis according to the polarization via O, ~ Z, x Z;,. Then under this
basis the T (as homomorphism of 8-dimensional symplectic spaces) is given by the matrix

i, =t
-1y 19
1o 1o

1o 11y

1
2 2

Using 1) the matrix for the intertwining operator 5;’;1 is

1o 1o 1o 1o 1o
—12 Io| _ 1o -3
T L C
I, “11, ~1; ~1, 1
1o
1o

We get the composed map is given by the matrix and thus the formula.

1o
—1y

6.9 Pullback Formulas Again

In this section, we prove the local pullback formulas for U(2) x U(2) < U(2, 2) which will be used to
decompose the restriction to U(2) x U(2) of the Siegel-Eisenstein series associated to the character
7/A on U(2,2) showing up in the Fourier-Jacobi expansion of Eyey on U(3,3). Fortunately, the
local calculations are the same as in the previous sections for f;zeg and Fs’o’s except for the case v = p.
p-adic case:

We temporarily denote the p-component of an automorphic representation 7, of some weight two
cuspidal ordinary eigenform h on U(2)(Qp) as m(x1, x2) with v,(x1(p)) = —3,vp(x2(p)) = 3. We
also temporarily write 7 for 7/A in this subsection. We let 7, = (71, 72) and require x17y L and

. 1 .
X2Ty 15; are unramified. We let ¢ = ¢** € 7, ,, for ¢*% = mp( <pt >)<p°rd for some nearly ordinary
vector 4. Define

Fomn(0) = () 2ea(h /2 o ta(el) S Eep (1 Ab))fx . (6.12)

,tZX

It is hard to evaluate the integral directly. So we use the trick of using the functional equation as in
[55, Proposition 11.13] (which is also used in [59]). We first evaluate the integral for the auxiliary

f3p
Fo(f} i2.9) = / 3 ,(2.5 (g1, 9)S)7(det g)m(91) pdgr
U(2)(Qp)
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at g=w= where ¢ € m,, and

-1
ﬂgm::waQEZQ@ﬂm(lffbﬂ@n,ﬁ@pegww
b

The f3, and f;p are related by the intertwining operator, as used in the proof of Lemma For
A € U(2)(Qp) ~ GL2(Qp) note that

sian(* )=(* ) ()

So in order for this to be in suppf’ we must have A~! + 4, € Ms(Zy). So A™! can be written as

S e e

| B0

A direct computation gives the integral equals:

xe(=Dxixa ()P E D7 (=, 1)) S (a(p )71, 1)p 2 2) 1
=1
= PRt —)) Ly 2+ S xaxa () xe(—1).

2

The 7 in the L-factor means the base change of 7 from U(2) to GLy. Note that it is not convergent
at z = —z, and is defined by analytic continuation at that point.

Now we apply the functional equation trick to evaluate the pullback integral for f2p p, similar to
the proof of Lemma As in [55], Proposition 11.28] the local constant showing up when applying
the intertwining operator at z = —z, is

3,
5k 6.

1 _ o _ _
e(m, 7, =2k + 5) = g(F1x1) T xa (P e(Fix2) Tix2 () 8(Faxa) T2x5 L (ph)p

To sum up our original local integral for fs, equals

1

Ly(mh, T 2 + g(Fixn)mixa (ph)e(Tixe)mixe (p

t\, (26—5)t
5 )p

i3
x1(p)p2 .
- ~ 1 .
Note that (G, %) = (¢, ©iow) - X1 (pt)p% where we define ¢4, = mp( (1 ))apm’d. Thus if we
replace ©*° by @0 in the definition for pullback integral then it equals

1 —
Lp(mh, 7°, 2 + 5)9(7:1)51)79(1(pt)g(ﬁiz)ﬁ)(z(pt)p@” 5)t gord.

Noting again that later when we are defining E;eq2 the 7 here should be 1.

P
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6.10 Global Computations
6.10.1 Good Siegel Eisenstein Series

Definition 6.39: As for Klingen Eisenstein series case, throughout this paper, we fix the tame
level subgroup KG3) of U(3,3)(AP®) , under which our Egjeyp is invariant. We can do so by
simply taking it to be the set of matrices congruent to 1 modulo the (y3)? at each finite place not
dividing p for the y defined above. We define the p-component of the level group for Egieqp at p
to consist of elements congruent to 1 modulo p.

We also fix a tame level subgroup K9 of U(2,0)(AP>®) consisting of matrices congruent to 1
modulo the (y7)? above at each finite place away from p.

We first define two normalization factors as in [59, Subsection 5.3.1]

—2)=3(2mi)3% (2 /7)3 \ _ C o
Bp: = <( 2)2 22(,_;2]_%4 ) ) 1H?:0 L*(2z, 4+ 3 — i, 7'Xk),
=

—2)—2(275)2% )N C o
Bpy: = (! %ZS?H_)j_(f){ D) I L2 (220 + 2 — 6,7k

Here recall z,, = 53 and 2, = 552,

Definition 6.40: We define Egieqp(2,9) = Esieg(2, fsieg,9) on GU(3,3) for fsiegp = fsiegD =
BD Hv fsieg,D,v and Eéieg,D(Z’g) = E;ieg(z’ ;ieg,D’g) on GU(27 2) for f;ieg = B’;_) Hv f;ieg,v' (NOte
that compared to [59], the normalization factors at p here are already included in our definitions
of p-adic Siegel sections.) We also define Egegp(g) = E(z, fgegjp,g) where SDl-eg,D is the same as

fsieg,p at all primes not dividing p and is fH

sieg,D,p at p.

6.10.2 Pullbacks
For some g1 € U(2)(Ag) (which we specify in Definition [8.20) we define Ekjingp by:

1 _
Exiingp(2,9) = o35 /[ . Esicqp(2,7(9,hg')T)7(det ¢')m(g1)¢n(9")dyg’. (6.13)
Define 1
o9 = o [ Plcyn(e:7(0,hg (et o)l ' (6.14)

Here we use the local components of a Klingen-Eisenstein data D in the construction. The period
factor showing up comes from the geometric pullback map (see [22, Section 2.8, Subsection 5.6.5]).
In fact comparing the definition for the geometric pullback map and the pullback formula for
automorphic forms, in order to get rational automorphic forms on U(2) x U(2) or U(3,1) x U(2)
via pullbacks, such CM periods have to be divided out. The ¢p is defined as follows. First, recall
that given a CM character ¢ and a form on D* whose central character is 1| A we can produce a

form on U(2) whose central character is the restriction of ¢. So we often construct forms on D*
and get forms on U(2) this way. In section [8.3| we construct a Dirichlet character 9.

Definition 6.41: We define fy as in the end of Section 8.4 and an element g; in Definition [8.20
Our ¢ is defined as 7(g1) fo.
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Proposition 6.42. The Egjingp(2x, —) defined above is the Klingen-FEisenstein series constructed
using the Klingen section Fiiingp = |1, FKkiingDv for Friing Do the Klingen-Eisenstein sections
defined in previous subsections. We also have that

(pé)(z,{w _) = HF/v(féieg,vv Z,{w 1)'
v
Note that we have used w(g1)ep in the place of ¢p in and there is a normalization factor

appearing in the p-adic Klingen section here.

Proof. 1t is a straightforward consequence of Shimura’s pullback formula, and our local pullback
computations in previous sections. ]

We record the following easy lemma, which explains the motivation for the definition of fx: to
pick up a certain Iwahori-invariant vector from the unramified representation m, for v € ¥\{v,v|N}.

Lemma 6.43. Consider the model for the unramified principal series representation

7T(Xl,v’XZ,v) = {f Ky — (Cv f(qk) = Xl,v(a)XZ,v(d)éB(Q)f(k),q = (a 2) € B(Zv)}

Let fu- be the constant function 1 on K,, fo be the function supported and takes value 1 on Ky for

K, = {<CCL Z) ,wylct. Then

1

(XQ,v(wv)Qv 2 — Xl(wv)%%)fo = 77( <wv 1>)fur - Xl,v(wv)(ﬁ%fur-

Fourier-Jacobi Coefficients

Proposition 6.44. The Fourier-Jacobi coefficient for 6 =1 is given by:

. . 1
P By ) il o 1)'50L0) = 3 Bl fome 101 (1) )
NnELy/ptLy p

< Ou (w1 () ) )

p

for n’ € Ny (N2 defined in subsection , g € U(2,2)(Ag), ¢ = (12 1 >g (12 1 >, and
-1y —1y

uw e U(1)(Ag). Here fap =11, fop,w and ®p =[], Pp, are given in Definitions|6.13, |6.19, |6.25
and[6.36 The Egicq2 is considered as a function on U(2,2)(Ag).

Proof. This follows from our computations for local Fourier-Jacobi coefficients and Lemma O

1

So far we have used the embedding j(1,9) = Dy 1 Co for g = (é g), to keep
By Ay

accordance with the convention of [55] and [59]. In our actual applications later on we will use

another embedding o” as below. Now that we have

FJI(E5397D7 2y g, T, U) - Esieg,Q(me f27'D7 g/)GCI)D (u7 g/)7
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Ay By
1

Cy D,

6.44). Let ®7, = wg(n)®p and fyp = p(n) f2,p and we let FJG be defined as FJg but replacing

j by j”. By observing that Egqp2 and © are automorphic forms and thus invariant under left

multiplication by n~!, we get:

we consider another embedding j”(1,¢) = . (The ¢ is as defined in Proposition

FJ%(ESBQ,D, 2, diag(u, 12, u, 12)n'§"(1, 9)) = Esicgp.2(2x, fél,py g)@q,% (u,n'g). (6.15)

Definition 6.45: Let ][, Uy be the intersection of g 'KBDg (the KGY is defined in Definition
with U(2,0)(AP>), and U, consists of matrices in U(2,0)(Z,) which are upper triangular
modulo the p' in Subsection The L is defined to be the intersection of K2 (the quotient of
Np(Q) over the center of it) with the image of (K xU(3,1)(Z,)) N Np(Ay). Define ¢1 =[], d1.0
and 07, = 04, as an element in the C-dual space of

H® (2, £(8)) © C ~ T, (8, L, Uy)

as in the end of Section for m =1, Uy € U(2)(Ay) an open compact subgroup defined as
K20 x GLy(Z,). The L C K%2 being the ideal generated by (yg)?. (These level groups are fixed
throughout the family).

We will usually write Egjeq p 2 for Esiegp2(2k, fé’ 1. g) for short.

Lemma 6.46. Suppose 5;1(4%’0) = P1,00 W P2 0, and for each v < oo

P2(z) = i (51;1((135)(33’,m)¢17v(x')dx'. (6.16)

Then

g, (v (Oayp)) (h) = 05, (). (6.17)
Here we consider 7_1(94,%) as a function on (NU(2)) x U(2) — U(3,1) x U(2) and apply lg% to it
on the NU(2) part.

Proof. We write (5;1@' " for each finite place v as a finite sum of expressions of the form ¢/ ; ,X¢2; .,
and let qﬁ’u = vaoo ¢,1,v X P1,00 and ¢g; = Hufoo $2,i0 X P2.00. We have a finite sum

Oy (vhi,ha) = 0y, (vh1)0s, ; (ha)
i=1
and that the function

T;(h) := v Oy . (vh)0p (vh)dv

is a constant function by Lemma Then the expression > ;_, T; - 04, ; is clearly equal to 0y, by

and (3. 0
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Corollary 6.47.

los (FI(] [ Z p(diag (i, 12, u,i))) Exiingp)(9)

- Z Fuegpalala.— ( 1)p>-910092,p<— (o 1>p,sap(—)>

€Ly /Ly

where 07, and O p are the theta functions on U(—()(Aq) defined using the Schwartz functions
o1 =1, P10 and g2 = ], 2.0 for ¢1,, and ¢, ’s defined as before (Definitions also
and the corresponding definition for ramified places). Note that the ¢o is defined using ¢1,
which explains the dependence of the right hand side on ¢1. The inner product is over the group
1 x U(2) — U(3,3). Moreover, suppose @, € m, is chosen such that y, is the ordinary vector, then

the above expression is
1

QQ;@—I
oo

Proof. 1t follows from the Proposition Lemma noting that the pairing l’% is essentially
applied to the O¢ factor on the right hand side of Proposition m (recall also the meaning for

intertwining maps defined in subsection [4.7)). The last sentence follows from describing the pairing
between 7, and ). O

<Esieg,D,2(a(g7 _)) : 92,17(_)7 QOD(_))'

7 p-adic Interpolation

7.1 Congruence Module and the Canonical Period

We now discuss the theory of congruences of modular forms on GL3/Q, following [55, Section 12.2].
Let R be a finite discrete valuation ring extension of Z, and ¢ a finite order character of 7% whose p-
component has conductor dividing p. Let M gTd(M p", €; R) be the space of ordinary modular forms
on GLy/Q with level N = Mp", character ¢ and coefficient R. Let So4(Mp", ¢; R) be the subspace
of cusp forms. Let T7(N, &; R) (T2 “*(Mp", e; R)) be the R-sub-algebra of End z(MS™(Mp", ¢; R))
(respectively, Endg(S2"¢(Mp",e; R))) generated by the Hecke operators T, (these are Hecke op-

Wy

erators defined using the double cosets I'1 (V), 1) ' (N), for the v’s) for all v. Let any

f € S74(N,e; R) be an ordinary eigenform. Then we have an 1 € To4O(N, e; R)@g Fr = T x Fg
the projection onto the second factor.

Let m be the maximal ideal of the Hecke algebra corresponding to f. The Tord0(M,e; R)N(0® FR)
is free of rank one over R. We let /; be a generator and so £; = 11, for some ny € R. This 5y is
called the congruence number of f.

Now let I be as in the introduction. Suppose f € M°"¢(M, ;1) is an ordinary I-adic cuspidal eigen-
form. Then as above T"9(M, e;1) ® Fj ~ T’ x [, F} being the fraction field of T where projection
onto the second factor gives the eigenvalues for the actions on f. Again let 1¢ be the idempotent
corresponding to projection onto the second factor. Then for a g € S74(M,¢;1) @1 F, 1pg = cf
for some ¢ € Fj. In the case when the localized Hecke algebra T"49(M,e; R)y, is a Gorenstein
I-algebra (which is indeed the case under assumptions (dist) and (irred)), T4 (M, ;1) N (0 ® Fy)
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is a rank one I-module. Under the Gorenstein property for Tg, we can define ¢¢ and ns.

Definition 7.1: From now on, we will define D to be the unique quaternion algebra ramified
exactly at oo and the ¢ in our main theorems in the introduction. We choose the group U(2) with
D* being its associated quaternion algebra. It is clear that this is possible.

We also make the following definition for p-adic families of forms on D*.

Definition 7.2: For any complete local Op[[W]]-algebra R (need not be finite over Or[[W]]) we
define the space of R-adic families on G = D* with level group Kp C D*(Ay) which is GL2(Z))
at p to be the space of continuous functions

f:DX(Q\D}(A)/KY — R

such that

fa(f 0) = f@ @

for a,d € Z,, b € Zp, where x is a fixed character of Z trivial on 1 + pZy, (d)w € OL[[W]] ~
Op[[Tg]] is the image of d under the local reciprocity law. Here we make an identification of W
with rec,(1 + p) which is a topological generator of I'g. We also equip GL2(Z,) C D*(Af) with
the topology as a p-adic Lie group. We write

M(Sa(K®), R)

for the space of all such forms.
One can define Hecke operators Ty at primes ¢ where K is GL2(Z;), and the U, operator defined

by
vt = 3 (! ’f)p(p 1>p>.

n€Zyp/pLyp

We make similar definitions for R-adic families on the definite unitary group G = U(2) of some
prime to p level group K (P), which we denote as M (Sa(K (7’)), R). Tt is also possible to add one more
variable allowing twisting by characters (so that the nebentypus will be a character of diag(a,d)
instead of just d) as follows. Let Ay(p) = A2 = Zy|[[T1, T3]]. Let Mora (K39 Ay o) be the space of
A3 p-adic ordinary modular forms on U(2,0), consisting of functions

f:U(2,0)\U(2,0)(Ag)/KZVU(2,0)0 — Asp
such that

o (* ) =10 @ntdmade;.

For later use in Subsection we will also define a space Mord (K(Q’O),AZO) be the space of A-adic
ordinary modular forms consisting of functions f : U(2,0)\U(2,0)(Ag)/K*OU(2,0)s — A2 such
that

f(g <a d>) =f(g)- (d)il<a>7721.
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The Ordinary Family f on D*

Let f be a Hida family of ordinary cuspidal eigenforms new outside p as in Theorem Suppose
Ty, is Gorenstein. Thus we have the integral projector ¢¢. We construct from it a Hida family of
ordinary forms on D*(Aq), also denoted as f. We refer to [I5, Sections 2 and 3| for the definition
and theory of ordinary forms on quaternion algebras. By our assumption in Theorem [I.1] and our
choice for D, we may choose f a form on D* (Ag) which is in the Jacquet-Langlands correspondence
of f in GL2(Ag) with values in Oy, and fy is not divisible by 77, (the uniformizer of the maximal
ideal of Or). Under the assumption of Theorem |1.1}, we do the following we first take an ordinary
Hida family g such that f¢g is nonzero. Note that I is a Dedekind domain. So we can divide f¢g
by an element in I such that the quotient (which we still denote as f to save notations) is integral
(i.e. I-valued) and there is no non-trivial common divisor for the values of f.

7.2 Eisenstein Datum

Definition 7.3: An Eisenstein datum D = (X, L, I, f, ¢, 7) consists of:

e A finite set of primes X containing all bad primes.

A finite extension L/Qp;

a finite normal Op[[W]]-algebra I;

an I-adic Hida family f of cuspidal ordinary eigenforms on D* new outside p, of square-free
tame conductor N such that some weight 2 specialization fy has trivial character;

two L-valued Hecke characters ¥ and 7 of lCX\A,XC whose p-part conductors divide p, and

K K

whose infinity types are (0,0) and (—%, §), respectively, such that 1| A% is equal to the central
character of my,. Let £ = /7. We define p-adic deformations 4, 7 of them in (7.1)).

Note that for any arithmetic point, the specialization Dy of D gives an Eisenstein datum in
the sense of Definition Now we need to modify our I. By taking an irreducible component of
the normalization of a series of quadratic extensions of I we may assume that for each v € 3 not
dividing N, we can find two functions a,, 8, € I interpolating the Satake parameters of m,. This
enables us to do the constructions in the global computations in Lemma [6.43] in families. We still
denote I for the new ring for simplicity. At the end of this paper, we will see how to deduce the
main conjecture for the original I from that for the new I.

Let ]AI%" := [*"[[Ck]] (see Introduction for the notion of I*). We define a : O [[[x]] — TI“T[[F]E]]

and §: Og[[Tx]] — I*"[[Tx]] by:

NI

alys) = 1+ W)z, aly-) =7, B(y+) = 7+, B(y-) = 71—

We let
Yp=1-ao¥g, &= (BoVk) &{T=1p/¢ (7.1)
Define vg := ¢po1p and {4 = ¢po§. Let Ap = ﬁ”r[[FK]][[FE]] We give Ap a Ag-algebra structure
by first defining a homomorphism T'y = (1 + pZ,)* — T x I'x given by:

(a,b,c,d) — reci(db,a ™) x reci(d™, ¢)
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and then compose with a ® .

We remark here that only the subring I*"[[Txc]] of Ap really matters: the ' variable corresponds

to twisting everything by the same character and does not affect the p-adic L-functions and the
Selmer groups.
Definition 7.4: A point ¢ € SpecAp is called arithmetic if ¢(1 + W), ¢(7), ¢p(7~) for v € ' and
7y~ € I'c are all p-power roots of unity. We call it generic if the p-part of (fg, 14, 74) is generic
in the sense defined in Definition Note that whether ¢ is generic only depends on its image
in SpecAy. It also only depends on the subring I [[[c]]. So it makes sense to talk about generic
points on these weight spaces as well. We let Xp be the set of arithmetic points and XZ™ be the
set of generic arithmetic points. Later when we are working with families, it is easily seen that
these points are Zariski dense due to the fact that p > 5 (in fact this is the only place where we
used the fact p > 5).

Let us write down the weight map jo : Aog — Ap for the family (which we still denote as
f € Mora(K?9 Ay) ®j, Ap) on U(2,0) constructed from the Hida family f and the character .
In fact

Jo(L+T1) = 3 (1 +p), Jo(1+T2) = X¢¥alzx (1 + p).

Here x; is the central character of f, and we write 1, for the restriction of ¥ to g, ~ Q.

7.3 Siegel-Eisenstein Measure

Proposition 7.5. There are Az-adic formal Fourier expansions Ep ey and Eb’sieg such that

ED,sieg,qS = Esieg,Dd,(H fsieg,vy 2k _)
v

/
ED,sieg,fb szeg,Dd, H fszeg,v? K _)

in terms of formal Fourier expansions. Here the datum Dy = (fg,&p, %) is the specialization of D
at @.

Proof. 1t is a special case of [59, Lemma 5.7] and follows from our computations of the local Fourier
coefficients for the Siegel-Eisenstein series. Recall 7 = 4/£ and write 7, for the localization of
at an arithmetic point ¢. On the other hand, we have families of characters EJ{ and ££ of Z;
interpolating the restriction of characters 5;’1 and {;2 to Z, . It follows from our computations in

Section 6 for local Fourier coefficients and [55, Lemma 11.2], that we can form the g-th Fourier
coeflicient of

ED,sieg(fsieg; 2Ky g)
at diag(y,'y) for y € GL3(Ax f) is given by

_3 _K
II D.>7(detye)| det yemil, 26@('622 +ﬁ33 HTE det 3)

ex tp Yele
H h&tﬂzﬂyz (7_-,(6)5_%) x (det 3| det B’p) B
g

B21832 — B22331
Bo1

X ﬂ (521);5;( ) - char(Zy, B11)char(Z,, pr12)char(Zy, B13)char(Zy,, Baz)char(Z,, £33)
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if det 3 > 0 and (21 and det <ggl 222) are both in Z;, and is equal to 0 otherwise. Here,
31 P32

char(Zy, z) is the characteristic function for Z, for the variable . That the Fourier coefficient

is zero if det 8 < 0 follows from our computations in Lemma. Note the definition of ®. in
¢
Definition for the part in the third row involving the p-adic place. This whole expression is

clearly interpolated by an element in the Iwasawa algebra. The case for

E]/:),sieg(féieg; Z, g)

is similar.

Now we can obtain the Siegel-Fisenstein measure from the abstract Kummer congruence as
detailed in [25, Lemma 3.15]. From the mod p g-expansion principle and that all Fourier coefficients
above are interpolated by elements in the Iwasawa algebra, we see that Ep gy and Eil sieg indeed
give a measure with values in the space of p-adic automorphic forms on GU(3, 3) (see [25, Theorem

3.16] also). O

This formal Fourier expansion gives a measure on I'x x Z, with values in the space of p-adic auto-

morphic forms on GU(3, 3), which we denote as Ep gieq and ng, sieg» Tespectively.

7.4 Interpolating Petersson Inner Products

In this subsection we make an additional construction of pairing Hida families on definite unitary
groups following [27], which is crucial for our later construction.

Definition 7.6: For a neat tame level group K C U(2)(AP*) we use the notation Bx(—,—) to
denote the Ay (z)-pairing

Bk : Mord(Kv AU(Q)) X Mord(Ka AU(2)) — AU(2)

such that for any f € Muq(K, Ay(z)), g € Mora(K, Ay(2)) and ¢ € SpecAy(p)(Cp) a weight two
point, for any n we define

BK,n<g7 f>

n 1
Z U, "f(zi)g(z; <pn >)
[2,]€U2)(@\U(2)/KUs(p™)
(mod(1+T1)P" —1,(14 Tp)*" —1).

Then one checks
Brnt1 = Brn(mod(1 +T1)P" —1,(1 4+ Tp)P" —1).

We define
Bx (g, f) = lim By (g, f).

By definition we have

6B (e, 1) = > gt ()

[z:]€UR)(@\U(2)/KUo(p)
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and hence
— vo n\\—1 -n 1
OBt =) [ oo (, )

— vol(KUp(p™))"! /

1
o) fs(h (1 )p)gqs(h)dh

if ¢ corresponds to an ordinary form whose p-part conductor is p”. In the following we will fix the
tame level group K0 as defined before, and will sometimes suppress the subscript K in Bg.
7.5 p-adic L-functions

We have the following proposition for p-adic L-functions. Recall ¥ is a finite set of primes containing
all bad primes.

Proposition 7.7. Notations are as before. There is an element .sz5 K in I“"[[Cx]], and a p-integral
element C’fE’;&,C € @; such that for any generic arithmetic point ¢ of conductor p', we have:

Liery _ qm 20" 0 x i pxe (01 8(E0 X1 p)8 (€00 Xa ) L2 (K, 7, Xp€or § — ) (5 — 1! (5 — 2)!
P(—gon ) = Criex n :
p e
(7.2)
Here Xx1,p, X2,p 5 such that the unitary representation my, =~ 7(x1,p, X2,p) With valp(x1,(p)) = -1,

val(x2,p(p)) = % We remark that the fraction on the right hand side is an algebraic number, by
the definition of the periods. Moreover, by making different choices for the Néron differential of
the CM elliptic curve, the Qo and §2, are changed by multiplying by the same non-zero algebraic
number. Let the local e-factor at p for a ramified character A of Q; with conductor c be defined by

e, s) = / A1 (a)al; *ep(Tra)da. (7.3)
c 1z
Note 1 — ”T_l = 3_TH The above interpolation formula can be written in terms of local e-factors by
Lrex, _ o 2miep(3 — 5.6 X1p)en(5 — 5, G xap) L7 (K, 77, Ko 5 — 3)(5 — 1! — 2)!
¢( 2~ ) — YK 02K )
p oo
(7.4)

Proof. Suppose we are under the assumption of Theorem Take go to be a point on the Igusa
scheme for GU(2) defined over O}" such that f(go) is nonzero in I*" and take a hy € GU(2)(Aq)
such that p(go) = w(ho). It is noted in [22], Section 2.8] that

Igu(e)(KT)(OF) = GU(2)(Q)\GU(2)(Af) /KT

In the following we write F' for the p-adic modular form associated to a form F. We define £f25 K
such that

U - _
L¥exc =Bl DB 1oy (Agys —)F o det(—), w(ho)E) /£ (g0)

where A is the quintuple associated to gg, and we regard Eb sieg(—, —) as a measure of forms
on IU(Q’O)(K(Q’O)) x Ty (2) (K@) under the embedding i as in The egg) means applying the
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ordinary projector to the U(2)-factor. Therefore for any generic arithmetic point ¢ of conductor
¢
P,
Vol(K>) ™ f4(g0) ™! > Ep, sicg(Agy: B)Ts © det(B) x w(ho) fo(B).
Bely ) (K20 Ko(pt))

The B(,) is in terms of Definition Let the character 7 = /€. The function 7(det g2) means
the function taking value 7(det g2) at the point (g1, g2) in the above set. The integration is in the
sense of subsection with respect to the level group hy'(Kp N (1 x GU(2)(As))ho (in fact by
pullback we get a measure of forms on the hg-Igusa schemes, see the last part of subsection .
This E?@ « satisfies the proposition (by Lemmas |6.15L |6.20|, |6.32[).

This construction only implies the p-adic L-function is in I“" [[['x]] @ Frac(I). To see the integral-
ity, we take different choices for gy and note that by our choices for f, its values have no non-trivial
common divisors in I.

If we are under assumption of Theorem then we just pick up a gg such that f has non-zero
specialization at gg. Note that the period factors 2% and 9127“ come from the pullback as discussed
in [22] Section 2.8, Subsection 5.6.5]. O

Definition 7.8: Now we define Hida’s p-adic L-function [fgc% € Ap . As in the main theorems
we assume the & has split conductor.

We consider the Hida family of ordinary C'M eigenforms g¢ associated to { (for simplicity we
consider here ordinary forms by twisting the adelic nearly ordinary form corresponding to {4’s by

the unique Dirichlet character of p-power conductor, which makes it an ordinary form, i.e. being
X

. . : : 7 . :
invariant under the right action of ( p 1) ). For our purpose we further twist the automorphic

representation of g¢ by a choice of a fixed finite order Dirichlet character ngg", unramified outside the
prime-to-p places where £ is ramified, such that at each bad prime ¢ # p, the resulting automorphic
representation at ¢ is minimal in the sense of [28, Section 7] (namely it is principal series induced
from two characters in which at least one is unramified). The reason is to ensure that we can
compare the Petersson inner product of g4’s with certain Katz p-adic L-functions without different
Euler factors. (Alternatively we can also multiply the & by nggv o Nm and construct the primitive
ordinary Hida family associated to this product character ¢ = &- nggvon). We denote the resulting
primitive Hida family as ge/. Note that

gee=ge.

We consider the p-adic L-function & constructed in [16, Theorem I] choosing f there to be the
ge and g’ there to be the ordinary eigenforms of our f, twisted by the Dirichlet character thvg"
above.

Instead of the CM period €2, the period factor in Hida’s construction is the Petersson period
(see [16, Theorem I, Lemma 5.3 (vi)])

Wga) M gongoben (a7

9o

where g, is a specialization of g¢ of weight xk+1, Ny, is the conductor of g4, the ple is the p-part of
its conductor, the p-component of the automorphic representation associated to the unitarization
of gy (in the sense of [I6, Introduction]) is m(ny,,7,,) With ordyng, (p) < ordyny, (p). Note that
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the S(P)~! and the Gauss sum in the denominator of the second row of the definition of W (P, Q)
in [16, Theorem I] are included as part of the period (see Lemma 5.3 (vi) of loc.cit.). The above
expression equals (by [28, Theorem 7.1, (8.8b)] and [16, Lemma 5.3 (vi)])
{99+ 90) - Mg, ny, (P'*)8(n)y, 1g,) - D'
= £(ad, gg, 1)1, ny, ()8 (), g, )220 12

where the £(ad,—) is in the sense of [28, Section 7]. By our assumption on that £ has split
conductor, we see that the A(1) in [28, (0.7a)] equals 1. So

Q(ad, gd” 1) = L(l, XK)L(§¢§;C, 1)

On the other hand, there is a Katz p-adic L-function (see [28], (8.2)] for this Katz measure, we
remove the factor Im(6)*~! there since it is a unit Iwasawa element and has no effect to us.)
Eg‘?'z € O}"[[I'k]] interpolating the values

T RIL(E5E5 1) - 911y, Mg, )

-1/t 2K
M, g, (") 21702 2,
Let Clg be the class number of . By class number formula
L(1, _1
L, xx) WX’C) — Clc - D2

1
We multiply Hida’s p-adic L-function & by 2i2”CIKD,C2 . Eg%tz, and further divide it by the first
row in the definition of W (P, Q) of [16, Theorem I]. Note that this last factor is a unit Iwasawa
element. We denote this result as Efgdfé. One checks readily the interpolation formula for it is
Eggf% . 27ri€p(% - %751)_01X1,p)6p(% - %751)_01X2,p)L(IC7 7Tf¢7 X(bgd)? % - %)(H - 1)'("1 - 2)'
O2x 7 2~ )
p 00

o

(7.5)

(Recall we have divided out the product of prime to p root numbers in [oc.cit. which are p-units and
moves p-adic analytically.) If £ is such that g¢ satisfies the (dist) and (irred) in the introduction,
then the local Hecke algebra for g¢ is Gorenstein. By the main conjecture proved in [28], [29] and
[19] (see [19, Theorem and Page 468, (F)], the Cly - /J,Ié‘gtz generates the congruence module for g

and our Egg'c% is integral (i.e. in Ap).) We explain here the weight map parameterizing the Hida

family g with coefficient ring Or[[I'c]]. Let K~ be the anticyclotomic Z, extension of K and K"
be the maximal subextension of £~ /K unramified everywhere. Let p® be the index of K" /K and
F,E’/ be the corresponding subgroup of I'-. Then local class field theory gives an isomorphism

Tue + (14 pZp)* =T
Write Op[[W]] for the weight algebra of the Hida family g, then the weight map is
OL[[W]] = Or[[T"]] = O[Tl
where the first map is determined by
(1+W) = (14p) o5 (1 +p),

and the last term is a finite free module over the second term.
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Given a finite set of primes ¥ we can define the X-primitive Hida p-adic L-function ﬁ?,é{ gda by

removing local Euler factors at X. Obviously, it is just multiplying .Ci{{,%d‘g by a finite number of
nonzero elements in I[[I'c]]. Note that Hida proved the interpolation formula for general arithmetic

pAoints. We may compare |D and 1} If we write ﬁ?o,g,lc for the specialization of L’E&K to
O} [[Ck]] at fo, then we get the interpolation formula
> . _ _
¢(£f07§:K) _ b 271—2617(% B %7 §U01X17P)6p(% - %7 gv()lXQ,p)LE(,Cv 7Tf07 §¢7 g - %)("f - 1)'(/4/ - 2)'
Q2Ki - faéJc Q2Ki '
p o]

(7.6)
for £,’s of conductor (p', p') at p.

Anti-cyclotomic p-invariants:

Now assume we are under assumption of Theorem in the introduction. We define ¢g to be the
Qp-point in Specl[[I'k]] sending 4= to 1 and such that ®0ljur correspond to fo. Our assumptions
on ¢ and k ensure that our p-adic families pass through this point. (This is not an arithmetic point
in Definition [7.3] however it still interpolates the algebraic part of the special L-value by [16].)
Consider the one-dimensional subspace of SpecI[[I'k]] of anti-cyclotomic twists by characters
of order and conductor powers of p that passes through ¢g. We look at the ratio between the
specialization of Hida’s p-adic L-function EHgd“ to this subspace and the anti-cyclotomic p-adic
L-function considered by [24] (note that the local sign assumptions there are satisfied). We explain
the fudge factors: recall the S(P)~! and the Gauss sum in the denominator of the definition of
W (P, Q) of [16, Theorem I] are already included in the period studied above. Also the first row of
the definition of W(P, Q) are also divided out in our definition for .Ci{{gc% The remaining factors
are: the C(m, A) and § in [24] which is a fized p-adic unit, and the powers of Im(9) and 2 which
are unit Iwasawa elements. So by result proved in [24] the anti-cyclotomic p-adic L-function has

p-invariant 0. Thus it is easy to see that any height one prime P of ﬁ“r[[FK]] containing Lfl,%dg can

not be the pullback of a height 1 prime of ]T“T[[FE]] Therefore for any height 1 prime containing
LEKE |

ordp(ﬁg,%‘%g) = ordp (Lt i)
and ordp(Ly.¢) = 0. The Lg¢ x is obtained by putting back the Euler factors at primes in ¥ on
EfEé’ - (There might be factors coming from Euler factors at non-split primes contributing to the
anticyclotomic p-invariant of the X-primitive p-adic L-functions, however. We will explain how to
treat those factors when proving our main theorem.)

7.6 p-adic Eisenstein Series
Proposition 7.9. There is a 1“"[[[x]]-adic formal Fourier-Jacobi expansion
EbD Kiing € Mora(K, AD)

such that for each generic arithmetic point ¢ € Specﬁw[[l“;c]], the specialization Ep kiing,e 15 the
Fourier-Jacobi expansion of the nearly ordinary Klingen-Eisenstein series Ekiing D, we construct-
ed in using the Eisenstein datum at ¢. Moreover, recall the fundamental exact sequence in

Theorem

3.6 and the Siegel operator (i)ﬁ;} there, then the constant term Ciff;%” (Emmg,D) ’s are divis-
ible by Efg,CL)%é,, where E%e is the element in I[[)f]] which is the Dirichlet p-adic L-function
interpolating the algebraic part of the special values LE(>2¢§(’¢, Kg — 2).
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Proof. Our construction is more similar to [25, Theorem 4.4] than to [55, Theorem 12.11]. Recall
Definition the notion of I*[[Tx]]-adic Fourier-Jacobi expansion. It is a special case of [59,
Theorem 1.1 (3)]. In our cases, the local choices are slightly different but the arguments are the
same, which we give below. For a [g] we take a basis (0’1’5, e ’0?/71/375) of the Op-dual space of

HO(Z[C;},E(B)) consisting of theta functions. Write (6 5, ,9;7’1[%5) for the dual basis. Suppose
6 is one of the #is. For any g € GU(2)(Ag) C GU(3,1)(Ag) we take h € GU(2)(Ag) such

that p(g) = pu(h). Recall we have denoted the S-Fourier-Jacobi coefficient a?g ] (B, F) for forms on
GU(3,1). We write aflg] (B, F) for the pairing of it with §. We define

aly10(8, B kiing) = Bco (e afy) (8 B sieg(—, —))7 o det(=), w(h)f) (7.7)
As before the elojr(;) means applying the ordinary projector for the U(2) factor. We regard ED’ sieg(—> —)
as evaluated on (A, B) € IU(371)(K(3’1)) x Iy(2) (K@) under the embedding The 7(det —) is
regarded as a function for the U(2) factor. In view of the algebraic embedding of Igusa schemes,
the pullback of the Siegel-Eisenstein measure gives a measure with values in the space of p-adic
automorphic forms on the group {g,h € GU(3,1) ® GU(2),det g = det h}. Fix the g, applying the
B-th Fourier-Jacobi coefficient operator to the GU(3, 1)-factor and take the f-component we get a
I%"[[Txc]]-valued family of forms on (the lower) GU(2) in the sense of Definition which is the
integrand of . Then we form the pairing (, ) of in the sense of subsection with respect
to the level group h™'(Kp N (1 x GU(2)(Af))h (In fact, by pullback, we get a measure of forms
on the h-Igusa schemes). We obtain the family of Fourier-Jacobi expansions. It is clear from the
construction that this interpolates the Fourier-Jacobi expansions of the ordinary Klingen-Eisenstein
series we constructed at arithmetic points (see ) We get the Fourier-Jacobi expansion at g
as in Definition 3.7

Ep Kiing(9) = ) aj (8, Ep Kiing)d”
B

where
al, (B, ED Kiing) = Y aig g ,(B:ED,Kiing) ® 075
i :

with 07, € HO(2?

[g],ﬁ(ﬂ)). At a generic arithmetic point ¢ of conductor p' we have

aﬁg],e(ﬁ, Ep, Kiing) = Z a[lgw(ﬁ, E“D¢,Sieg(—, B)) -7y o det(B) x w(h)py(B)).
Bely(a) (K20 Ko(pt))

Next we explain the assertion on constant terms. The constant terms is simply interpolating the
B-th Fourier-Jacobi coefficient for § = 0 (i.e. the Siegel operator ®p 4(ExiingD,s))- Let’s consider
the case when g,’s are in the support of Fikiing, for vt p, and g, = ws. We claim that

© (Exingp) = OpLiex - Lgof

for Cp being the product of the constants in the local pullback sections at primes outside p. It is
a fixed non-zero number throughout the family.

To see the claim, specializing to an arithmetic point ¢, this is simply the constant term com-
putation in Section for R being the Klingen parabolic subgroup P. This constant term is given
by Lemma On the other hand, from the Archimedean computation in [59, Corollary 5.11]
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we see the contribution A(p, f,z)_., is actually 0 in our case. So we only need to work out the
pullback Klingen-Fisenstein section. Now it is an easy consequence of our computations in Section
6 of local pullback integrals (Lemmas 6.15] [6.20} |6.32)), together with the normalization factors
in Section [6.101 O

It follows that the formal Fourier-Jacobi expansion Ep xiing comes from a family in MOT(KP Ap),
which we still denote as Ep giing. (In fact, Theorem is still true after replacing A = I[[I'x]] by

Ir([rxl].)

8 p-adic Properties of Fourier-Jacobi Coefficients

Notation: to avoid confusion in this section, we use z € Specl[[I'c]](Q,) instead of ¢ to denote
arithmetic points on the weight space. The ¢ will usually denote Schwartz functions in theta
correspondences. Such convention is only valid in this section.

The purpose of this section is to prove Proposition [8:29]

8.1 Preliminaries

Some Local Representation Theories

(Non-compact case): Let v be a non-split prime where U(2)(Q,) ~ U(1,1)(Q,). Then D) =~
GL2(Q,). For some irreducible admissible representation 7V(2)v of U(2), we can find an irreducible
representation 7Y@ of GU(2), such that 7Y@ is a summand of 7Y@ restricting to U(2),
(note here the superscripts do not mean invariant subspaces). Thus we have:

7CGUQ2)w U2y, = V@ gy o U@ o £U@2)
for irreducible representations 7Y((@) of U(2)(Q,). Here a is some element such that Nm(a) ¢
Nm(K,/Q,). The “means the representation composed with the automorphism given by conjuga-

tion by a. Also the restriction of 7SV@ to D) is clearly irreducible.

(Compact Case) If D) modulo center is compact, then we let o be some element such that

Nm(a) ¢ Nm(K,/Q,). For 7V®» we similarly have 7GU®@v D% These can all be consid-

GU(2)y — DX

ered as finite-dimensional representations of finite groups. The 7 v as vector spaces and

7TGU(2)U |U(2)1) = 7‘(’U(2)‘U or 7TU(2)'U @ (Xﬂ-U(2)U
In both cases, we write ¢, for the isomorphism between 7V and *rY@v given by right action

by « (as vector spaces, the group actions may differ by a conjugation however.)
Forms on D* and U(2)

We first define D* ¢ D* (Ag) as the index 2 subgroup consisting of elements whose reduced norms
are in Q*Nm(Ag) and let D*(Q,) be the set of elements whose determinants are in Nm(K}).
Suppose ¢ is a form on U(2)(Q)\U(2)(Ag), x is a Hecke character of *\Ag. Suppose the central
action of U(1)(Z,) on ¢ is given by x|u(1)(z,), we can define a form P X x on D*(Ag) as follows.
We first define ¢} on U(2)(Ag) as

/ o —1
o\ (g) = /[U(l)] o(gt)x " (t)dt.
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We now define a form on D*(Ag). Recall that the image of reduced norm map from D* (Q) consists
of all positive elements Q" in Q* ([62, Page 206]). Note that

AGT/QTNm(AY) — AJ/Q*Nm(AF)

is an isomorphism, where Aé is the set of ideles with positive Archimedean component, which is also
the image of the reduced norm map from D*(Ag). Thus for g € D>, write g = bag, b € D* (Q),
a€ A, ¢ €U2)(Ag), define

¢” R x(9) = ex(9)x(a).
Note that this is well defined since Q* NNm(Ag/Ag) = Nm(K* /Q*). For g outside D* we define
0P X x(g) = 0. When Y is clear from the context we simply drop the subscript x.

Lemma 8.1. Let ¢ be the irreducible automorphic representation of GL2/Q associated to a CM
character & of K*\AZ. If p¢ is in an irreducible automorphic representation of U(2) whose restric-
tion to SU(2) is in the restriction of the automorphic representation of D*(Ag) corresponding to
m¢ under the Jacquet-Langlands correspondence, then cpép X ¢ dtself is in .

Proof. Clearly the gpg and m¢ have the same Hecke eigenvalues at split v’s. Note that the set of

primes of K sitting over split primes of X/Q has Dirichlet density one. Write go? as a sum of forms
in irreducible automorphic representations. Then for any such automorphic representation m;, the
corresponding Galois representation p, satisfies

p7ri|G;C ~ f @ gc.
This implies each 7; is isomorphic to . ]

We relate the integrals over [U(2)] to that over a subset of [Q*\D*](Ag). It is elementary to check
that there is a constant C’é)(?) depending only on the groups D* and U(2) such that if y = 1 then:

/ Pu()(9)dg = Cliy) / ) " R x(g)dg. (81)
[U(2)] D*(QAG\D*(Ag)
Here, we normalize the Haar measure so that the measure U(1)\[U(2)] = 1 and the measure of

[D*] modulo center is also 1.

8.2 Constructing Auxiliary Families of Theta Functions

Convention
From now on, we usually do the computations at a generic arithmetic point z € SpecAp (@p) . We
usually write bold symbols for p-adic families constructed (e.g. h), and write their specializations
using non-bold symbols (e.g. h, for specializations of h).

In this section we fix finite order CM characters 1 and 7" of K*\Ag. This notation is only used
in this subsection so as not to confuse with our use of 7 in previous sections.

Before continuing, we need to introduce some more families of characters. Let I',; ~ Z;, be the
quotient of I'x corresponding to the maximal subextension of Ky unramified outside vg. Define
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I'z, similarly. We need to further enlarge our parameter space. We write u,, and ug, for topolog-

ical generators of Gal(Ku/Ky,) and Gal(Ks/Ks,) respectively. Let K% be the maximal (finite)

everywhere unramified subextension of Ko /K. Then u,, and ug, generates I'i- := Gal(Ks/K"").
ZP

We define an abstract group I'}. := o Uvg D f—,ﬁ’u@o with p* = §Gal(K*"/K). Then we have

I CTx C Tk

with each containment of index p®. We consider the natural projection I'\- — Zju,,, which extends
canonically to a surjection I'x — f—;’uvo C I'%.. Recall we have defined a Ap-adic character £. Let
AD = Ap @z, () Zp[[T'x]] - This is an enlarged parameter space. Then we can define a Af,-valued

character &, as the composition of & with the surjection I'xx — i—fjuvo C T'}- above. It is easy to
see that at any arithmetic point z the specialization of &, is unramified at vg, and its restriction at

b is the same as that for £,. Using the same construction, we can define a Af,-valued character
1 be such that the specialization to ¢¢ (¢ is defined in Section is n defined before and the

specialization to each arithmetic point z satisfies (77)27P|(Z§ 75y = (l,ﬂ,vo\ Z;) (recall the definition

for ﬂ in Section the triple there is the p-component of the specialization (f, 1, 77) here).
Similarly starting with the character 1’ before we can define another family of characters of
K*\AZ with values in the enlarged I (taking tensor product of the original I with some degree
p® extension of Op[[W]] and take a reduced irreducible component and normalization) upon ap-
propriate choice of identification of Zy[[W]] with Zp[[u,,]], such that at any arithmetic point z
the specialization is unramified at vy and is equal to X, 77,5,%;. %O when restricting to O ~ Z.
Then we can define a Afj-adic character n” such that its specialization to ¢o is 7, and that
(17”)271—,0]% = Xf’ZTZjO?,D;,%JZ;, (n//)z,vo|z;; = 1. Moreover there is a character x of K*\Ag
which factors through ' (again we use class field theory), such that X2,170|Z§ = Xii@bz,@o&;?

XZJJO’Z;; — X;i’l][)zjo|zz>?< . Deﬁne /’7/ = n/, © X
Note that we have enlarged our parameter space. At the end of Section 9 we will first prove the
main theorems for this enlarged Iwasawa algebra and then go back to prove it for the original one.

Rallis Inner Product Formula

UL, D(wyz)  UER)(wa) x U2)(wn)

UM (wx2) x UM)(wy2)  U2)(wr2)
Recall we fixed a splitting character A of K*\AZ of infinity type (—3%, 1) such that its restriction

to Aa is Xic/g- We use the background for dual reductive pair, splitting characters and theta
correspondences in [11] Sections 1,2,3] freely. We consider the seesaw pair above. The U(2) above

is for the Hermitian matrix (5 1) and the U(1)’s are for the skew-Hermitian matrices ¢ and —d.

The embedding U(1) x U(1) < U(1,1) is given by the i defined in the proof of Lemma The
splitting characters used are indicated in the brackets beside the groups. We want to consider
the component of theta correspondence such that the first U(1) on the lower left corner acts by
A?n, and the second U(1) acts by 7, 1. We consider a theta function on U(2,2) by some Schwartz
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function ¢ such that ¢ = dy(¢3X ) for some ¢3 and ¢o (recall the notion of intertwining operators
in Subsection We consider

/] 0 (11, uz, 9)N~20 (o () A(dlet g)du dupdg. (8.2)
[U2)] Ju@)]x[U(1)]

The splitting characters are consequences of [I1, Lemma A.7] and the discussion on “reflection
principle” right after it. Here the A(detg) shows up due to the splitting wy2 on U(2) since in
the Siegel-Weil formula ([32]), the splitting character on U(2) is the trivial character. Thus the
restriction of the theta kernel to U(1,1) x U(2) is A(det g) times the restriction to it of the theta
kernel appearing in the Siegel-Weil formula of [32]. So this is exactly the same formula considered
in [I2] Section 6].

On one hand, one can check that this is nothing but the inner product of the theta liftings
Ops2(An2) and B4, \(A7In; 1) - (Ao det) (by writing 6, we take the splitting character for U(1) to
be trivial and for U(2) to be \. We need to notice the different choices of splitting characters). On
the other hand, if we change the order of integration using the Siegel-Weil formula for U(1,1) x U(2)
as proved by Ichino ([32]), this equals:

1. 9 _
/ Bfs, 01, i1, ) A0 () () dun s (33)
[UIx[UD)]

Here i is defined right before Lemma @ and f5,(¢) is the Siegel section defined by:

fou)(9) = wx2(3(9))0y(¢)(0),9 € U(1,1)

where j is defined in the proof of Lemma [6.26] Thus we reduced the Petersson inner product of
theta liftings to the pullback formula of the Siegel-Eisenstein series on U(1,1).

Functorial Properties of Theta Liftings

For any Hecke character y of U(1) (in application x(zs) = 2%} for 2o, € U(R)), we describe the
L-packet of theta correspondence 0 (x) (possibly zero) of x to U(2) where A is a Hecke character
of A such that )\|A§ = wi - We pick a Hecke character X such that X|y(1)a,) = x~ L. In our

application the automorphic representation of 6, is supercuspidal at all primes where D is compact
modulo center. So we have the Jacquet-Langlands correspondence my on D* of the automorphic
representation of GLy/Q generated by the CM form 6y corresponding to . We form an automor-
phic representation in the way we introduced before: my X YA of GU(2). Then by looking at the
local L-packets (see [LI, Section 7]) @x(x) is a subspace of the restriction of this representation
to U(2). (This restriction is not necessarily irreducible.) The representations at split primes are
irreducible. Therefore, we still have not specified the automorphic representation on U(2).)

Constructing Families of Theta Liftings

Let v be a prime inert or ramified in . Thanks to the recent work [9], we know that the Howe duali-
ty conjecture is true for any characteristic. Recall as in Definition [£.4] consider the theta lifting from
U(1) to U(2) at v (the U(2)(Q,) might be U(1,1)(Q,) or compact). Write S(X,,7;,) for the sum-
mand of S(X,,) such that U(1) acts by 7, ;. Given a Schwartz function ¢* on ®..,S(X,) we consid-
er the map S(X,,n;,) — m,, (the my, is the automorphic representation of U(2) by Howe duality
corresponding to 1; 1) by ¢y 1 ¢y — Opvee, (7 1). By the Howe duality conjecture, we know that
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there is a maximal proper sub-representation V,, of S(X,,7; ) such that S(X,, 7, )/ V. is irreducible
and isomorphic to the local theta correspondence 7, of 7, L by the local and global compatibility
of theta lifting (see [48, Theorem 8.5]). Suppose there is some ¢, so that ¢, (¢,) # 0 (a finite sum of
pure tensors in 7y, ). We consider the representation of U(2)(Q,) on 7, (U(2)(Qy))(tv(¢»)). This
is a sub-representation of a direct sum of finite number of my, ,’s. The ¢, gives a homomorphism
of representations of U(2)(Q,) from S(X,) to 7(U(2)(Qy))(t(¢v)) = @7, »- Note that the auto-
morphism group of the representation my, . consists of scalar multiplications. Thus it is easy to
see that the kernel of the above embedding is exactly V,, and we have the following lemma:

Lemma 8.2. Fiz the ¢” as above. Let vy, be the image of ¢, in my,,  under the Howe duality
isomorphism to S(Xv,nz_ﬂ})/Vv. Then t,(¢y) € mg,, can be written as a finite sum of pure tensors

of the form
Vg, @ (Z H Puw,i)

1 wHv
for ¢ € 0y, w-

We define the weight map ji : Ao g — AJ is given by
(1+T1) = 1, (1+T3) = 75, ¥yl (1 +p)

where we write 73 for the restriction of 7 to g ~ > and similarly to ;.

Proposition 8.3. Suppose 1 is such that for each non-split prime v € 3, n[U(l)(@u) equals the Xg.
defined in Section ' for each split prime v { p in ¥ with v = ww, we have 1, is unramified and Ng
is the xp,, defined in Section . We can construct a family @ = 97_7@2 € Mord(K(z’O),Agp) ®j A
whose specialization to z € SpecAyy of conductor p' equals

1 0\ .
Qpbap,(g (n 1) ;)
p

hi
02(g) = Z Z nzwi)_l Qe )

1=1 n€Zy/ptZy

where the subscript ¢ stands for the Schwartz functions ¢2, we define in the proof below, the
0o p, is the one appearing in Corollary with the D being the specialization D, of D. The
superscript — is to indicate that the theta function is constructed through pullback under the map
1 x U(2) — U(2,2). (Later on we will constructed theta functions via pullback under the map
U(2) x 1 — U(2,2), which we use a superscript + to indicate).

Proof. For an eigenform 6 such constructed we sometimes write my for the automorphic representa-
tion of U(2) of . First, we give the choices for the Schwartz function ¢ for the construction using
the embedding 1 x U(2) — U(2,2).

Local Computations

In the following we define some Schwartz function. The ¢3,,’s depend on the arithmetic point z
(in fact only varying at the p-adic place), while the ¢3, are fixed throughout the family and we
thus suppress the subscript z.

Case 0:
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At finite places outside ¥ we choose the obvious spherical kernel functions.

Case 1:
If v = o0, we let duy — wi( 12) 1) Recall that go — diag(s24l, 41 (stat)—1 (al)—1y
- O v,z — WA 1y 90)®oo- go = g V2 V2N V2 \2
1 1
and @, = ef2rrTr((x,a:)1)' Let ¢3,v _ #672ﬂﬁ(5x%1+$%2) and ¢2,v,z _ (ﬁé)le—Qﬂﬂ(sxglergQ)_ By

our computation in Section 6.5 we have: dy(¢3, X ¢24,) = G 2.

Case 2:

If v € S is split and v { p we recall that we have two different polarizations W = X, ®Y, = X! &Y,
where the first one is globally defined which we use to define theta function and the second is defined
using K, = Q, x Q, which is more convenient for computing the actions of level groups. We have
defined intertwining operators 542 between S(X,) and S(X!) intertwining the corresponding Weil
representations. Consider the theta correspondence of U(1) to U(2) on S(X,) and S(X, ). We
write X, > @3, = (73, 73,) and X" > Ty, = (25, 75,). We define

—1
gb' (:E” 2 ) _ ()‘772)11 (xg,v) xg,v € Z,ff,xg:v € Ly
3,013,030 0 otherwise.

where @’ is the conductor of 7,, and

¢/ (.’E” .CCI” ) — (Anz)v(x/é,v) x/2/,v = Z;j’m/?/,/v € ZU
2,z,0\72,00 V20 0 otherwise.

1"

We define ¢, , € S(W?) by ¢, = 6,(¢5,, K ¢h,,) and define ¢, = 6,7 (dh,,), P30 = 55(d5.,)-
Then if f, € I,()\?) is the Siegel section corresponding to ¢v,z in the Rallis inner product formula,
we have

f(z(laUQ)) = <¢3,vaw(u27 1)¢2,z,v>
by the formula for the intertwining operator. This is zero unless uy € Z; (U(1)(Q,) ~ Q)

v
and equals A%, (ug) for those us’s. To sum up, for such v the local integral in the Rallis inner
product formula is a non-zero constant (q’Jq—:l)Q. We modify the definitions for ¢ ,, and ¢3, by
multiplying them by an element ¢, in Z; to make the resulting ¢, , integral. Note that our defi-
nition for the Schwartz functions ¢2; ., ¢3, and thus ¢, , are independent of the choice of z. Let

Cy = (02)2(’1”(1—;1)2. Later when we are moving things p-adically, this constant is not going to change.

Case 3:

For v € S ramified or inert such that U(2)(Q,) is not compact. In this case U(1)(Q,) is a compact
abelian group. We let ¢2,, be the Schwartz function ¢3, on S(X, ) constructed in Section
with the Eisenstein datum D = D,. Let ¢3, be a p-integral valued Schwartz function on S(X,) such
that (g3, p220) = fXﬂX; $3.0(x)P220(x)dx # 0 and that the action of U(1)(Q,) via the Weil
representation is given by a certain character. (It is easy to see that this character is )‘%Wz,m thus the
action of the center of U(2)(Q,) via U(2) x 1 is given by n;,.) We define ¢, = 6y(¢3,0 K ¢22,0) €
S(W2). We note that at all arithmetic points z, the character 7, as a representation of U(1)(Q,)
since the character is changed by an unramified character and the group U(1)(Q,) is compact. We
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further multiply the ¢3, and ¢2,, by an element ¢ of Z, to make them and the resulting ¢,
integral. Let

Cy = (C;)2V01(U(1)(Qv))(¢3,va ¢2,z,v) = / ¢3,v($)¢2,z,v($)dx

XXy

The ¢3, and ¢2,, and therefore the ¢, and ¢, , are fixed throughout the family.

Case 4:

For v such that U(2)(Qy) is compact. Note that the local representation g, , is finite-dimensional
with some level group K,. Again let ¢, ,, be the Schwartz function ¢, defined in Section
with the Eisenstein datum being D = D,. We write v; for the image of ¢2, in my,, under the
Howe duality. We fix an U(2)(Q,)/K,-invariant measure of 7y, ,, and extend v to {vi,--- ,vq, } an
orthonormal basis of 7y, ,. Let (1, ---) be the dual basis. Let ¢3, be a p-integral valued Schwartz
function on S(X,) pairing non-trivially with ¢s ,,, such that the action of U(1)(Q,) via the Weil
representation is given by a certain character. (As before this character is A2, thus the action of
the center of U(2)(Qy) via U(2) x 1 is given by 7, +.) We require also that the image of ¢3 in the rep-
resentation of U(2)(Q,) (which is the dual of my, ,,) is 01. We define ¢, , = 0y (¢3,,X2,4) € S(Wd).
We further multiply the ¢3, and @2 ,, by an element ¢, of Z, to make them and the resulting ¢, ,
integral. Define ¢, = (c})2.

Case 5:

We write 7, for 77z|@5- For v =p, W, = X;, &>, Yp/, we write elements

oy = (@1, %2) € Xp Uy = (Y15 Yp2) € Yy

We define ¢y, 2 (27, yp,) = Nzp(Yp1) ifY,1 € Zyy and ), 1,27, 9,4y, 5 € Zp and ¢y 4(7,,9,,) = 0 otherwise.

Definition 8.4: For later interpolation we define a Ay, valued function @, (x},v,) = n,(y, 1) if

Yp1 € Ly and x, 1,7, 5,9, 5 € Zp and ¢, (7, y,) = 0 otherwise.

. We E.ﬂSO write 3, = (23 ,,75,) € X}, 25, = (v5,,75) € X,~ (note that we use 5, to
distinguish from 93;)72 above). A stralghtforward computation gives

5 (T8 55,) = B2t

if 25, € p~'Z; and ¥ 2 T3 Ty € Zy, and equals 0 otherwise. We write ¢ , to be the characteris-

(772 p)

tic functlon of Z2 on X], and define ¢}, (=5 ) = Ny (—ah pt) if 2ty , € p™'ZY and 24’ € Zy,

and is 0 otherwise. We define ¢3, and ¢2,, as the images of gbg’p and <;5’27Z7p under 511); o 5¢p. We
note that the ¢, ), here is not the ¢2, constructed in Section 6. In fact

1 0
¢2,z,p = Z OU)\( <TL 1> )¢2,p‘
n€Zp/ptZLp p

This can be seen by comparing the <I>g in Section 6 with the ¢,, here. This is exactly where the

1 0 . .-
Znezp/ptzp wi( (n 1) ) appears in the statement of the proposition.
p

Global Case:
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Definition 8.5: Let ¢, = [[, ¢v . with ¢, defined in Case 0 through Case 5 before. We define a
A-adic formal g-expansion © on U(2,2) interpolating our theta kernel functions on U(2,2)

Z H (Z)v >< ¢p ) 27ritr(%Zx)‘

z€K?2 vipoo

(The ¢, is defined in Deﬁnition and note the ¢,’s are the ¢, ,’s, which are fixed throughout the
family for v { poo, justifying suppressing the subscript z.)

This is easily seen using Lemma and the computations in [55, Section 10.3]. (We note
that the ¢, here is @ o right translated by go. On the other hand, our distinguished point i is
chosen as ( € X29. Note also that the ¢2,, and ¢3, are independent of z for v { p.) As in the
pullback formula for Siegel Eisenstein family under U(2) x U(2) < U(2,2), the ®(—7) also pulls
back to p-adic analytic family of forms on U(2) x U(2). The following lemma is immediate from
our computations from Case 0 to Case 5.

Lemma 8.6. The pullback of the specialization ®, to U(2) x U(2) is in fact 04, ¥ 0y, , for ¢, =
I, #2220 and ¢3 =[], é30. (We omit the subscript z for ¢z since it is fized along the family by
definition. )

It follows easily using the Rallis inner product formula (see Proposition and its proof, note

the arithmetic specialization of the Katz p-adic L-function there is nonzero) and our choices for

. Oy, 2
the Schwartz functions that for some ugue € U(2)(Ag), 04, (tquz) # 0. Thus Oo %‘Z}xmp - ‘%Z d

is a Afy-adic family of forms on 1 x U(2) < U(2,2). Now we take a representative (u, ...ﬂh,cj)oof
U(1)(Q)U (R)\U(1)(Ag)/U(1)(Z) considered as elements of the center of U(2).

Definition 8.7: Write ¢g := W We denote 6 =0, , € Moa(K@9, Ay ) @, Af for the

7,02
A -adic family constructed by

o QQ@(uauzag)*
z:nuJ Yoy u])pQ—z)\(detg).
o

Its specialization to z is
02(9) == co - an “lwn-1(5) (B, - M(9)- (84)

The property required by the proposition follows from comparing our choices of theta kernel
function with the (local and global) computations for 6, in Section [6] O

We can do the same thing to construct a Af)-adic family of forms on U(2) x 1 < U(2,2). This
time we define ¢ such that for v # p the local components are as before. If v = p recall that
Wy = X, @Y, Ifx, = (v,,,2,5) and y, = (y,1,¥,2) we define ¢,,(x},y,) = Xo.2p(21,)
for 2, € Z) and x5, 91, Y5, € Zp and ¢, p(2},y,) = 0 otherwise. Direct computation by
plugging in the intertwining operator gives, if we write 2} , = (27 ,,21")) and 25 , = (25, 73/,

/ — .
then 5¢7p1(wA(T)¢Z7p)(:U’Lp,x’zp) = Xozp(r],) if 7, € Z) and oY ,, x5, x5, € Z,, and equals 0

otherwise. We also get new ¢2, and ¢3, in this case from the ¢,’s defined here.
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As before we move xp, p-adically. This time our 64, is fixed and non-zero at some point
s%po Thus

/
aux

02
%%U%&Z is a Ap-adic form on U(2) x 1 C U(2,2).

AS before we define © as in Definition and write

Uy € U(2)(Ag) and 0y, , is moving p-adic analytically. We write ¢, = 05, (v

au:r )

0 ®(u:1u ’9)92
03(9) = 0,,5,(9) Z”B g )wn-1 (i) Qz FA(det g).

The superscript + stands for the fact that the theta function is constructed via the pullback
U(2) x 1 — U(2,2). Its specialization 03, to z satisfies

5 0. Ix
032(9) = ¢z, pr > O, (giti)ma (i)
=1

Definition 8.8: We define forms 62 and ég’)z on D*(Ag) as P Xn, and éé?z X 773 respectively and
characters 7, and 7,, as at the beginning of Subsection Sometimes we drop the superscript D
when it is clear from the context. The key functorial property of it (and some other automorphic
forms constructed) is summarized in Definition

As before we let E)Ig?“tz be the Katz p-adic L-function interpolating the values

. LOZagS )
b ()‘277z772_c)2,pG(/\2772772_C)ng'

We now compute the Petersson inner product of 6, and 9~37Z at a generic arithmetic point z.

Proposition 8.9. We have

B0 (07 4, 0 5,) = o ¢, [ [ o - £571
v
for the ¢, in Case 2, Case 3 and Case 4 as before. Note that these are constants fized throughout
the family.

Proof. We do the computation at a generic arithmetic point z, and apply and ) By the
doubling method for U(1) x U(1) < U(1,1) we are reduced to local pullback formulas.

We first construct the local theta kernels ¢, ,’s. At places outside p, the choices are the same as
Case 0 through Case 4 above. At the p-adic place, we construct the Schwartz function in S(W),) =
S(X, @ Yy) first and apply the intertwining operators L. We write ), = (7,1,7,5) € X, and
Yy, = (y;ml,yé)z) € Y,. We define ¢, ,(zp,yp) = nzyp(a:;’l,y;l) if a?p 1,yp71 € Z, and %72,%72 € Ly,
and equals 0 otherwise. Now we compute the local pullback integrals.

e For the Archimedean place, this pullback integral is 1 as in [59, Section 4.1] (n =1, and k = 2
there).

e For v { p, by our choices the corresponding local integrals are non-zero constants which are
fixed along the p-adic families (see the computations in Case 0 through Case 4 above). The
product of such local integrals is [], ¢,.
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e For v = p, as before we have ¢3,, and ¢2,,’s (this time both Schwartz functions depend on
the arithmetic point z!), and can compute that 6;[1(@51,10) = $32p X P22p € S(X7,,) X S(Xay)

where ¢3, (2 ), ¥1")) = 12 p(27 ) if 27, € Zyp, 27, € Z) and equals 0 otherwise,

I\Mzp) —
oty ) = i o)

n
2,p
whose inner product we want to compute. Now we compute the Siegel section f € I1(A?) on
U(1,1)(Qp). From the form of the Schwartz functions, it is easy to see that the Siegel-Weil
section fg, = fipfop for fo, € I1()) to be the spherical function which takes value 1 on the
identity and f1, € I1(\) is the Siegel-Weil section on U(1,1) of U(1, 1) x U(1) for the Schwartz
function ¢, € S(KC,) which, with respect to K, = Q, x Qy, is ¢p(x1,22) = 12 p(x1 - x2) for
r1,79 € Zy, and ¢p(r1,72) = 0 otherwise. However, this section is nothing but the Siegel
section fT we constructed in [59, section 4] for the one-dimensional unitary group case. Thus,
the local integral is easily computed to be:

if :c’z’,p € p_tZ;; and x5 ) € Z,, and equals 0 otherwise. So these are exactly the theta functions

G(Z?p) A2 (0P NP A1) = A1 7)) ()

Recall the cg and Cg, We used in the construction of @ and 5. To sum up, we obtain the proposition
from above computations. ]

8.2.1 Constructing h

We repeat the above process to construct another family h from the family n’, which will be used
in computing the Fourier-Jacobi expansion as well. We put an assumption

e Suppose for each non-split bad prime v such that U(2)(Q,) is compact, nluay@,) = 7' lva)@.)-

Again we compute at a generic arithmetic point z € SpecAf, (@p).~First we construct forms h, and

é,z using theta lifting in the same way as we constructed 6, and 0, 3, except with 7} in place of 7,
and slightly different theta kernels described as follows. (Therefore, in our application, the forms
h.’s are still CM forms.) More precisely, we make the Schwartz functions as follows.

e In case 0 and case 1 (unramified and Archimedean cases) our Schwartz functions ¢z, ¢2,7.4,
¢3,, are chosen by the same formula;

e In case 2 (split bad primes) the Schwartz functions ¢I2,z,v and qbg’v are chosen as before except
replacing 7,, by 1;,. We define ¢,, = %(%,v X ¢ ,,) and define ¢2,, = Gy (69.2.0)s
¢3,0 = 0y,(#3,). We further multiply the Schwartz functions by a (fixed) nonzero element in
Z,, to make the ¢34, ¢2, 4, and ¢, , are integral.

e In case 3 (non-split bad primes with U(2)(Q,) not compact). In this case we recall the local
theta correspondence from U(1) to U(1,1) is always non-vanishing from any character of
U(1)(Qy) since it is in the “stable range” (see [38, Propositions 4.3 and 4.5]). We take some
Schwartz function ¢2,, and ¢3, with nonzero pairing so that they are eigenvectors under

the action of U(1)(Qy), and the eigenvalue for ¢3, is A1, ,. (The existence is guaranteed
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by the previous “stable range” result.) These Schwartz functions are fixed throughout the
family. Define ¢, , = 6y (P30 M2 ,0) € S(W4) as before. We further multiply the Schwartz
functions by a (fixed) nonzero element in Z, to make the ¢3.,, ¢2,,, and ¢, , are integral.

e In case 4 (non-split bad primes with U(2)(Qy) being compact) Recall we assumed 7|y1)(q,) =
n lu(1)(@,)- As discussed at the beginning of Section it is easy to see that the 7y, , is either
ﬂg/nyv ®n, or 0(71'5/7’27,0 ®1m,. Under this identification we choose the local Schwartz function ¢z ;
at v so that the image in 7y, is 91 or 14 (?1) depending on whether 7r9vnz » @1 or %g’nvv ® Ny
(notations as in Section , and the Schwartz function ¢3, whose image is vy or to(v1).
Define ¢y, = 0y (¢35 X d25,) € S(W?) as before. We further multiply the Schwartz functions
by a (fixed) nonzero element in Z, to make the ¢3,, ¢2,,, and ¢, , are integral.

e In case 5 (p-adic places) we choose ¢y, 7, $2.,., and ¢3, as in case 5 before Deﬁnitionexcept
replacing 7, , by 7727p

Let H' be the family of theta functions on U(2,2) defined as the © in Definition as

Z H ¢v >< d)p ) 2mitr(TZx)

z€K2 vipoo

but replacing the local Schwartz functions there by the ones defined here. As in Definition we
denote h’ for the Afj-adic family constructed by

H/(uauarv 9)92 3
h'(g) = by = Zn i) oy 1(u])TpA(det 9).
Note that its central character is n”. Write ¢y = 04, (ul,,,) - g%po Clearly it is interpolating theta
functions
- Chl Z 772 uj (,L))\—l (ﬂj)(env ¢2,z,v : 5\)' (8'5)

Again we define h2 on D*(Ag) as WP X, (note the character is not 1) using the procedure at
the beginning of Section [8.1] Clearly we can also form the corresponding family which we denote
ash? =h'PXRy'.

The automorphic representation for A2 (6P) is the Jacquet-Langlands correspondence of the
CM form associated to Ar. (A1, respectively). We define h, (or h) on GU(2)(Ag) using h2 (or hP)
and the character n; 11, (not 75! This is crucial for our p-adic analysis of Fourier-Jacobi coefficients)
(or n~'4) as

ha(ag) = 1; ", (a)h (9),

h(ag) =0~ "9 (a)h”(g)
for a € Ag and g € D*(Ag). The h,’s are certainly interpolated by the family h. We write 7, ,
for the corresponding automorphic representation. Similarly let ngZ be the form ﬁé’DZ X 77’;;, and
let fL37Z be the form on GU(2) constructed from h3z using the character n,1; . Let hs be the
corresponding family.

Now we give the map of the weight spaces for h and the Fourier-Jacobi coefficients of the
ED kiing- In fact the nebentypus of the Ep riing,, is given by diag(lpi Zl, X fz%_, Zl, Y 21’ T1,2). Therefore
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the nebentypus of elg+FJ3(ED Kiing,z) as a form on U(2) is given by szw;; , 7'2_21 So it is interpolated
by a family in Mord(K(2’0), A2 ) ®4, Ay with the weight map jo : Ao g — A} given by

(1+T1) = Xep¥s zx (L +p), L+ T2) = 73 (14 p). (8.6)

Here x¢ , is the p-part of the central character of f, and we write 1, for the restriction of ¥ to ICg0 ~

> and similarly for 75. It is also straightforward to check that h € Mo’rd(K (2,0), A2 ) ®j, A for
the same js.

Convention: i
Oftentimes, when we constructed 6, € mp, with central character x4, then by 6, € T, We mean

0, - (Xe_i o det). If we have constructed 0~3’Z with central character X;i, then by 63, we mean

0~37Z - (X0, 0 det). We use the same conventions for h,’s as well.

We have the following immediate corollary:

Corollary 8.10. The 0,, 5372, 6P, ~£Z, h, i~L372, hp, ﬁgz constructed before are pure tensors in the
corresponding automorphic representations.

Proof. This follows immediately from Lemma [8.2| and the constructions above. O

8.3 Choosing Some Characters

In this section we make choices for some Hecke characters for the n and ' in the previous section.
These are important in our study for Fourier-Jacobi coefficients for Klingen FEisenstein series later
on.

We first give a result of Pin-Chi Hung [30, Theorem C]. Let yx be a finite order Hecke character
of K*\Ag of conductor MOx for some M > 0. Let f € S (To(IV)) be an elliptic cusp form of even
weight k, level I'o(N) with g-expansion

1@) =Y an(f)d"

n>0

We decompose N = NTN~, where N7 is a product of primes split in K and N~ is a product of
primes ramified or inert in K. Suppose N~ is square-free and N~ = N 7 Ny where N 7 is a product
of an odd number of primes co-prime to M and N, is a divisor of M. Let £ be a rational prime

split in KC. Let K, be the unique abelian anticyclotomic Z,-extension of K and I'™ be the Galois
group Gal(IC, /).

Theorem 8.11. Suppose ¢>{ N. Let p be a rational prime such that
e pt{NDx andp >k — 2,
e for every non-split q|M, g+ 1 is not divisible by p,
o for every q]Nf_ ramified in KC, ay(f) = x(q)(= £1), where ¢ = ¢?,

e the residual Galois representation pg|ca@q/x) i absolutely irreducible.
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Then there is a finite extension L/Q, with integer ring Or, and uniformizer X. We have for all but
finitely many characters v : I'™ — oo, we have

L(f/K.xv, §)

Z 0(modA\).
Qv ( )

Here the Qg n— is a period factor defined in loc. cit.

Now we choose the characters needed. From now on we fix once for all a split prime ¢ outside X
and write a new “X” for X U {¢}. We choose xg a Hecke character of K*\Ag as follows: xp o0 is
trivial. At p we require that y be unramified. For v € ¥ non-split in £/Q, then we let xg,,|ua) to

be the character chosen in Section 6. For split v € ¥, v t p, ¢, v = ww, suppose cond(7,) = (wf,l’”),

we require that xg, be unramified and cond(xgs) = (wff’”) for ta, > 2t1, + 2. We choose a

character xaux of K*\Ag as follows: xaux|yx = 1, it is trivial at co, and is only ramified at primes

in ¥ not dividing p such that U(2)(Q,) is not compact. For split such v we require that

2T i, £ 0

(v
d aux) — -
cond(Xaux) { (wff’” 1) ity =0

At non-split such primes we require that
cond(Xquz,v) > cond(m,), condv()\Qxe_cxgxaux) > cond(my)

and Xaua:,v\@; has a smaller conductor than Xguz,» (here > means the conductor of the former is
of higher power of the uniformizer than the latter). Also for each prime g such that U(2)(Q,) is
compact and ¢ is ramified as w? in K, suppose mg = Steinberg ® x4,1 for some unramified quadratic
character x,,1 we require that x4.1(¢) = Xaux(@w) (these are used in the next paragraph to make
sure that the special L-values are of the correct local signs when applying Theorem. To ensure
the existence, we may need to enlarge the ¥ by including one prime ¢ which is prime to N and
inert in IC. Let xn = Xy “Xaux -

2 1 _ —c k=2
We further require that Wﬂrﬁ—WEulp(ﬁf,AQXexh’ %)’ NG l)ifﬁué;o 5 )EUIp(XauxT_C, 552)
[(k—2)L(A%x}, “XoXauxT 1,552 _ 1 ke . .
and T2 71_)29_2);29,3(,2 T2 )Eulp()\QXe “XoXauxT ', ©52) are p-adic units where the Eul, are the

local Euler factors for the corresponding p-adic L-functions at p when everything is unramified at
p (we refer to [24, Equation (0.2)], [26, Equation (4.16)] for their precise definitions). The first
uses [24]. Our assumptions above on conductors imply that at all non-split primes the local root
numbers in Theorem A of loc.cit. are all +1 (this uses [34, Proposition 3.8], as also mentioned in
[2, Introduction]). Then we take a split prime £ { Np and apply that theorem to see that there
exists a twist by anticyclotomic character of /-power conductor which satisfies the requirements.
The second and third uses [23] (we are in the residually non self-dual case there) and again we
can achieve the requirements by twisting by an appropriate anti-cyclotomic character of conductor
powers of £. Further, we assume that 1 — ap(f) 'X0p2Xnp1(P), 1 — ap(f)Xop1Xnp2(p)~' and

1 —)\12)72)(;171,72)(9,]3727'_’21 (p)p_NT_2 are p-adic units. At each prime v of K above a prime where U(2)(Q,)
K—2

_k—2 c 1
is compact, we require that 1 — xaux7 (¢y)qw 2 be a p-adic unit. We also require that Ly xgxn:3)

m2QtQ;
A
is non-zero (do not need to be non-zero modulo p!) using the Theorem recalled above (by
190 A})

choosing a different “p/” and prove non-vanishing the new p’. Note that the mod p’ residual
representation pf|q, is absolutely irreducible for all but finitely many primes p’).
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Definition 8.12: Now we take the  and 7’ in the previous section to be the Yy and yj above
(indicating they are used for forms 6, and h,’s. Clearly they satisfy all the requirements there.).

Now we define a character ¥ of QX\Aé (the reason for doing so is just a cheap way to use the new
form theory at split primes to pick different vectors inside an automorphic representation of U(2)).
We require that these be ramified only at split primes in ¥\ {p}. At such v = ww and require that
Oz = Xl oF - These uniquely determine the character ¥.

8.4 Triple Product Formula

Background for Ichino’s formula

Let 7,2, w3 be three irreducible cuspidal automorphic representations for GLy/Q such that the
product of their central characters is trivial and the archimedean components are holomorphic
discrete series of weight two. Let TI'Z-D be the Jacquet-Langlands correspondence of them to D*
(assume they do exist). Let ¢; € 7P and ¢ € 7#P. Write IT = H?:1 i, ¢ =11; ¢i €11, o= IL b; €

II, and r the natural eight-dimensional representation of GLo x GLg X GLy. We write

I(p®¢) = ( > P1(9)2(9)¢3(g)dg)( . $1(9)P2(9)d3(g)dg).

Now look at the local picture. Suppose ¢; = ®,¢;, and qu = ®U<Z~>Z~7v. We fix (,) a D) invariant
pairing between 7riD and 7~riD . Let ¢ be the Riemann zeta-function. Define:

T\ -2 LU(LHU’Ad) D 7 X
(@0 @ 60) = Gu(2) Ly(1/2,1L,,7)’ /<@5\Dx<@u> Hm Pulev), gold”a

Note that this depends on the choice of the pairing.

Let ¥ be a finite set of primes including all bad primes, then we have the following formula of
Ichino [31]:
[¢®¢) _C oo LG IL1) 11 L6y © 6y)
1000 _ G LI T]

Hz<¢17q§l> 8 Lz(l’H’Ad veEY <¢v>¢~)v>

where C' is the Tamagawa number for D*. This does not depend on the choice of the pairing.

In application, our (¢, @ is usually 0, thus we need a slight variant of the above formula. Suppose
we have elements g; = [], g;,, such that (¢;, 7(g})¢:) # 0 for i = 1,2,3, where g; , are elements in
the group algebra Q,[D*(Q,)]. Then:

L¥(3,10,7) I(¢0 ® by
LE(1,11, Ad) 1 (¢, w(g)) o)

[1:(#i, 7(g;)#3) 8

with g, =[], 9i,0-

Local Triple Product Computations
We remark that in [27, Sections 5, 6] the local test vectors and triple product integrals are worked
out in full generality. However here for the special cases needed in this paper we include the
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computations for convenience of the reader.

Split Case Principal Series

Suppose v is a split prime of £/Q with ¢, being the cardinality of its residue field. We assume
1, and ma, are principal series representation and 73, is either principal series representation
or special representation with square-free conductor. For K = GL2(Z,) the maximal compact
subgroup of GL2(Q,), we use the realizations of induced representations as functions on K:

Indg 2% (x1,0, X2,0) = {v: K = C,v(gk) = x(q)v(K),q € B(Q,) N K}

where x(q) = x1,0(a)x2,,(d)dp(q) for ¢ = (a Z) We realize the inner products as

(01, v9) = /K o (kYo () dk

for vy € IndgL2 (X1,0, X20), V2 € IndgLz (X1_11)7X2_11,) For a positive integer t, let K; C K consist of

matrices in B(Z,) modulo @’. For f € m(x1, x2), f € 7(x7', x5 "), we define the matrix coefficient
n

) o
®ﬁﬂg>=<w@xﬁfy1£tgn::< 1)
Lemma 8.13. Suppose t > 1, cond(x1x5 ') = (@}). Let w = (1 1) i this temma. If

[ xa(a)x2(d), k, € Ky
Fy(ky) = { 0, otherwise

1

and fxq is defined similar to f, but with x replaced by x~. Then (I)fx 7 (9) =0 on
9 X7

UnKiwo, K1 Uy, KiopwK;i.

On U, K0, K1 U, Kjwo,wKy, it is supported in

1 1 wy 1 w,"Zy
o (U ) (o, ) me (55 ) (P ) R

n

> and <w“ 1) are Vol(Kt)agqv_% and Vol(Kt)o/fqv_% re-

n
v

spectively, where oy = x;i(wy,) fori=1,2.

1
The corresponding values at <
Proof. 1t is easy to check by considering the supports of f, and fx that (I)fx i (9) =00n]],5¢ Kionwkj.

(K10,wK does not intersect supp fy.)

Now suppose g € Kywo, Ky for n > 1, without loss of generality we assume
(1 w 1 (1 1 1 b w
I=\e )" 1) 797 @) & 1 1
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/ /
for w,|b, wy|c. Plugging in the formula for matrix coefficients, write Ky 3 ¢’ = <a b ) <1, 1)
for o', d € 2, b € Zy,c € w!Zy.

/

99

1 1
ctrcd 1) \p 1
1 1 10
wn )\ e 1 )"
a v\ (1 1 5\ [(—& 1
= d' w:} 1 ' bc/c’irl 1

Here we write ¢’/ = % We need to fix g and do the integration for ¢’. The first observation is

that we only need to consider integration with respect to ¢/. Next we can integrate for those ¢/
such that p’|b+ J;. We divide the problem into four cases according to whether @ |c and whether
w!|b. In any case, it is not difficult to check that the integration is 0 since cond(x1x5 ') = (@?).

We leave the verification for g € K10,K; and KjwowkK; to the reader. ]

Lemma 8.14. Suppose cond(x1x; ') = (@), t > 0 and ¥ is a character with conductor (w?),
s >t. Define

x1(a)x2(d)9(%), a,d € L), b€ Ly,c € w L}

@}
0, otherwise

f=Fro(ks) = {

for k, = <a Z> (1 1). We similarly define

C

f=Ffo

Then on U,Ki0,K1 U, Kjwo,wKy , <I>f];(g) is supported in Ki. Moreover if g € Kiis with
P, Jz(g) # 0, then its upper right entry is divisible by w3 ™!, and P, Jz(g) = (qv — 1)g, "Vol(K71).

Proof. Suppose Qfx,ﬁf(wil (9) # 0. In the following proof we write ® for <I>fm9’];x717ﬂi1 for short.
If g € K <w” 1 K for some n > 0, then as before we have g € v 1 wvl Y| K;. For

/ / n
, ., [a b 1 . . (1 b\ [ 1
g € K, write g’ = < d’) <c’ 1). Without loss of generality assume g = ( 1 )l

for b € Zy, @!|c. Then
;o fd VY (1 1 b\ (wy 1
T9=0 a)\¢ 1 1 1)\e 1)

Plugging in the formula for matrix coefficients we need to integrate for a’,0’,c/,d’. Again we only
need to consider integral with respect to ¢ € w!Z,. Thus,

D DO E ) () )0 )
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If n > 1, then the integral is 0. If n = 0 and ®(g) # 0, then g € K;. Suppose g = <1 l1)> (i 1)

with ¢ divisible by w$* then we easily see that b is divisible by w@?~! and ®(g) is given as in
n

w,, .. 1 1
the lemma. For g € Kqw < 1) wkK again if ®(g) # 0 then g € ( wﬁ) (wf,"Zu 1) K.

. . . 1 1 a v 1
Without loss of generality write g € ( w") (c 1) forc € wl " Zy, K; > g = ( d’) (c’ 1),

v

v

0. O

/ /
, a b 1 1 . . :
= / . >
g9 < d’) < w”) ¢ 4 1) If n > 1, then one can check that the integration is again

Suppose X1_1X2 is unramified and ¢ has conductor (wj), s > 0, then we define f, y € 7 by:

0 otherwise
We define similarly f;z j € T by replacing x, 9 by x5 oL

Lemma 8.15. Write f = f, v, f= f JET then on U, Koo, Ko U, Kowo,wKy it is supported in
Ky. Moreover if g € Kgyq1 and q)ff( ) # 0, then the upper right entry of it is divisible by wsT!,
and

QU_]-
@1, 7lg) = % —Vol(K)

Proof. Similar to the above lemma. O

Lemma 8.16. Suppose x1 and X2 are both unramified. Let fP" be the spherical vector which takes
value 1 at identity in the model above. Then

Z Ju Ty (<61L 1> <wvs 1))(1—qu1/X2(wv))1(1—qv_§x2—1(wv)m(<wv 1>)fsph

vaU
57,
equals x1 (w;s)q;§fxﬂg.
Proof. Straightforward computations. O

Next we evaluate the local triple product integral for certain sections. The following lemma
follows from the lemmas above.

Lemma 8.17. Let X 71, X725 X0,15X6,2> Xh,1, X0,2,U be characters of Q) and t; < s < to be non-
negative integers such that if t1 # 0 then t1 + s = to, and if t1 = 0 then s+ 1 = to. Suppose
cond(xﬁlxﬁ) = (@!') and cond(¥) = (w,)® and cond(xy, 1X§%) = cond(xp, 1)@7%) = (w!?). As-
sume: Xf1.X0.1-Xh1-9 = 1 and X f2.X9.2-Xn29 1 = We also define fy, 9 € (X1, Xf.2) fxe €
7T(X9’17X972),th S W(Xh’ljxhyg) as above. Similarly for f ﬁ’fXG’th Then Ichino’s local triple
product is

I’U(foﬂ9 ® fxo ® thafgf,ﬁ ® fie ® JE)Zh) - (qq2+1)V01(K1) VOI(Ktz) :

(In this lemma, the xn, xo are defined using Xn.1,Xhn,2, X0,1, Xo,2 similarly as in Lemma )
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Special Representations
We consider the induced representation 7(x1,x2) = {f : Ky = K, f(qgk) = x1(a)x2(d)ds(q),q =

d
functions f such that [, f(k)dk = 0. We consider the case when 73 is the special representation

o(Xv,15 Xv,2) C IndG%i? )(Xv,l, Xv,2) at v with a square-free conductor. Here y, ; are unramified

characters. Similar to the unramified principal series case, we use the model of induced representa-
tions. It is easy to see that the f, y defined above is inside o (1,0, X2,0). Note that in the model for
W(Xl_l, X3 1), there is a one-dimensional subrepresentation and the quotient is O'(Xl_ﬂl)), Xa. 11}) The

<a b) € B(Zy)} where x1 = x2| - |- The special representation o(x1,x2) C (X1, x2) consists of

inner product of o(x1,4,X2,+) and U(Xi},,xii) is still given by (vi,v2) = [, vi(k)va(k)dk. The
formula for the triple product integral is the same as the one in the case of principal series repre-
sentations.

Let freww € 0(x1, x2) be the f such that f(k) = ¢, for k € K; and f(k) = —1 otherwise. Clearly
it is the new vector in the special representation. Then we have the following lemma:

> -y ) (7)Mo

Z
c Wy Ly
w}]+sZ’U

Lemma 8.18.

is X1(w@y %)qu 2 - fy0 where fyy is defined above.

Proof. Let fo and fi be the characteristic functions on K7 and KjwK;. Then foew,o = quvfo — f1.
A computation shows that

> oS3 ) (B D=t

The lemma follows. O

Remark 8.19. The reason why the local integrals at split primes showing up in the triple product
formula later on are the ones considered in this subsection is a consequence of the computations in
Subsection [6.71

Now we consider non-split primes.
Non-split Case 1
The U(2)(Q,) is compact. This case is easier since we are in the representation theory for finite
groups. By construction the representation 7rD is one dimensional. Recall our construction for h in
Section For such v, we let g2, and g4, be elther the identity or a there depending on whether
77;1 v is ﬂev » @1z or 0‘7r9 » @nz. Let g1, and g3, are the identify elements. By our assumptions on

X0,0> Xh,v and 7 and our chosen vectors h, 6 93, h3 and that 72 v is one-dimensional, it is easily
checked from the construction (note that by the choices in Section [8.3] u 3}, the local triple product root
number at v is —1)

D,v
ThD 4 = 7T9D ®7Tf7
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We conclude that by the inner product formula of matrix coeflicients of representations of finite
groups

L(7h0(92,0)h8 @05 @ 71.0(91,0) Fy T (9a0)hY @ T @ Fpo(93.0) FP) 1

<7Th,fu (92,v)hql;)a 'ﬁ-h,v (94,v)]~1711)> <'U£) y f[}(ﬁ}xﬂ-f,v (gl,v)fﬁ.iva ﬂ-f,v (93,1)).];7§Dv> dﬂ'h,u .

where dy, , is the dimension of the representation 7, ,. When we are moving our datum p-adic
analytically, this integral is not going to change.

Non-split Case 2

The U(2)(Qy) is not compact. Recall that we fix a generic arithmetic point. By [47, Theorem 1.4]
we know that there are

91,05 92,05 93,05 94,0 € D™ (Qy) € GU(2)(Qy)
such that

Iv(ﬂ'h,v(glv)hq? & Ud?v o2y Wf,v(gl,v)fgm ﬁh,v(g&v)iLUD ® @d?v ® 7~1'f,v(93,1))]?51)) # 0.

(We write vgv for the image of vy, in the corresponding D*(Q,) representation and similarly for

ﬁgv (notations as in Lemma To apply Prasad’s result, note that the local sign for this triple

product is +1 by our choices of high conductors.)
Definition 8.20: We define
gi = H i
v

for i =1,2,3,4. (We take g;, = 1 if v is split in IC/Q.)

The local triple product integrals are non-zero by our computations. By Ichino’s formula and
our requirement on special L-values (note that the product of the central characters for f,,0,, h; is
trivial by construction) the global trilinear form is also non-zero. So by our definitions for A2 62

etcetera in Section we know that [], g2, has to be in D*. Thus up to a nonzero constant fixed
throughout the family, we have

/ (m(g2)h2 ) (9)02 (9)(7(91) f2.0) (9)dg = / (7(92)h2)(9)02(9) (7 (91) f.0) (9)dg.
[D¥] V()

We have similarly [], g4, € D* and up to a nonzero constant fixed throughout the family,

/[DX](W(g4)ﬁ:’iz)(g)(ﬂfz(93)fz,@)(g)5£z,zow(g)dg = /[U(Z)](7r(94)ﬁ3,z)(9)(7ffz(93)fz,@)(g)és,z,zow(g)dg-
These g;, are chosen only at the arithmetic point z. We fix them when moving the Eisenstein
datum in p-adic families.

Lemma 8.21. Let v be a non-split prime. Then for different arithmetic points z with fixed z|1, the

}?ZU and 7T9Dzv only differ by twisting by unramified characters which are inverse to each other.

0
Proof. In fact, at non-split primes, the local Weil representations on unitary groups are unchanged
throughout the family since the characters Xg ;. |u(1) are unchanged. (They differ by multiplying
by unramified characters and U(1)(Q,) is compact.) So for different z and Z/, the difference between

7P and 7P, only comes from the characters extending the form on U(2) to GU(2), and similarly

for 779Dz - Note moreover that from construction the product of the central characters of ﬂ'}?z v 7T9DZ v

and 7y, is trivial. The lemma thus follows. O

h,z,v
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Thus if the theta kernel we used to define h, and 6, are fixed, then the local triple product
integrals

I, (7rh7z7v(g2,v)h£v &® U(? & Tf, v (.91 v)fZDﬁ 0 Th ,Z v(g4,v)iLzD,v ® ’Dé)v ® 7~sz71) (9371))-];D1§ v)

<h’zD’v7h3Dz v><v1 ’vl ><f 19U7‘le,)1§,v>

does not change (note that the (f2) 9.0 fD ) has a non-zero inner product). This observation is

crucial in proving Proposition [8:29] later on.

We now define I-adic families from the family f defined in Section using Lemma and
However, in order to do so we may have to replace I by a larger normal domain finite over I,
so that the x1,(wy) and x2,,(wy)’s at primes in 3 where 7y is unramified will be elements of this
newly defined 1.

Definition 8.22: We define fy as

I X aecDm(l ) (T a-aam@) 0-abe @™ )

I X w2y ) (77 )

We define f = f ® X5 ! and similarly define f 5
We also denote its specialization at an arithmetic point z € SpecAf,)(Qp) by fz.9.

8.5 Evaluating the Integral

Recall that we have defined a theta function 6* in Corollary (we suppress the subscript D as
it is fixed throughout the family). Now we construct: for any F € M,.q(K®D, AL) (weight map

as in Section ,

Uy, g

lg*( ) _le*a[l] H ZCvzp I )(F)))

vexlux? i Uy, i
whose value is in M(K(Q’O),Agyo) ®j, Af). Here C,; are defined in Lemma The a[ll] is the
family version of the Fourier-Jacobi expansion in the sense of Definition and lp, is applied to
the theta function part of the Fourier-Jacobi expansion as in (4.4]). See the proof of Proposition

Note that we can easily make sure that 6* is a member in the basis 0.’s there. Recall that for
the specialization F, of F',

lyealy (1, ) (1)) i= /[W} (1, Ey(wh))0* (wh)duw

with the Heisenberg group W — U(3,1)



It is clear that lj.FJg(F)(h) is an automorphic form on U(2). We can also define g~ on a single
form on U(3,1) instead of on families, using the same formula. It is clear that

z(lg«(F)) = lp= (Fy).
Lemma 8.23. The lp+(F) € M(K®0 Ayq) ®;, (AL ®z, Qp).
Proof. Recall that in Definition there is a Ap-adic Fourier-Jacobi expansion for families on
U(3,1). As before we just take a basis of Or-dual space (0], - ,0,) of the finite-dimensional space
H%(B,L(B)). Pairing the Ajy-adic Fourier-Jacobi coefficient of F with these 0] we get a Aj-adic
family. But our [j, is in the L-linear combination of the 6;’s. Thus we get a Afy, ®z, Q,-adic family
on U(2). O
We also define
B1 = Byo (€ordlo- (ED Kiing), T(g2)h). (8.7)

Definition 8.24: For any nearly ordinary form f or family f (we use the same notations for h, 6,

etcetera) we define fio,(g9) = f(g (1 1> )(under the identification DS >~ GL2(Qj) given by the

p ~
v projection). Also, if x is the (family of) central characters of f we define f = f.(x ! o Nm). We

also define f**(g) = f(g< " 1) ).
p P
We will compute the specializations

Z(Bl) = <l0* (ED,Kling,z)7W(Q?)hz,lou»VOI(Kz)il-

(The K, is the level group at the arithmetic point z. Note that the tame level group is fixed at the
end of Section [f] throughout).

We can evaluate this expression by Ichino’s formula for triple products.

We have the following

Proposition 8.25. We use the notations of Section 8.3 and Definition [8.24. Then there is a C,
the product of a constant in Q; which is fired along the family and a unit in T"[[TX]] (precise
definition is given in the following proof), such that for any generic arithmetic point z of conductor

P,

#(By) = Cup' Ol s)2(Lo) (| o ey "I OO (010 ()
Q Q

where L5 and Lg are Katz p-adic L-functions in ]AI“”[[F;’C]] interpolating the L-values

2mil(k — 1) . k=2 1 s
ZmL(XauxTz C’ 2 ) 'pt(’i ) (Xauz,LpTZvlyP(p)p Q)t
and
(-2 I'(k—2)
P QK*Z —1
o] G(TZ,LPXGJQXO,Z,I)
2. —c 1 K= 20 4(k—2) -1 2 —n=2y
X L(A X@;X@,zXauxTz 1T )p (Tz,l,pX97Z71,px9,2,2,p)‘1,p(p)p 2 )
respectively.
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Remark 8.26. Although our coefficient ring is Af,, however in fact the functional does take values
in the subring I[[T'}]]. Indeed the additional variable I'- of Af) corresponds to twisting the Klingen
Eisenstein family by p-adic anticyclotomic characters.

Proof. We first remark that it indeed makes sense to talk about the Katz p-adic L-functions L5 and
Lg interpolating those values, since the characters 7, and xy, are indeed interpolated as characters
with values in I[[T'%.]].

By Corollary we have z(Bj) equals

2t

p / 1 1
—— X E Egicg D, 2(u1, uz < > )((92) hz,iow) (u1)02, D, (u2 < > )
0! [U()]x[U(2) ! n 1/, n 1/,

nGZp/pth
X (W(gl)fz,ﬁ) (U2)dU1dUQ.

We integrate over u; first and factorize the Egieqp, 2 via the embedding U(2) x U(2) < U(2,2)
of Fgieq 1,2 By the local pullback formulas we computed in Section we get

' ChapEella) ([ oo eal0)0B 0 et )l
Q Q

where C, is the product of the local pullback integrals in Section (and also the local pullback
computations in Sections through at primes outside p, local Euler factors at p for Ls,
Ls (See [26, Equation (4.16)] for the Euler factor at p), Euler factor for L5 at primes in X2 and
Fuler factors for Lg at p. The first is a fixed constant which does not move with z, the rest are
interpolated by units in the Iwasawa algebra by our choice of characters in Section [8.3] Thus the
C, are clearly interpolated by an element C mentioned in the proposition. Note also that the Euler
factors at other places are trivial.

We are now ready to deduce the expression in the proposition. Although the 6, part appearing
above is 6y, , ® A constructed in Section 6 (not an eigenform), however, in view of the central
character of h, and f,, only the eigen-component 6, of 64, , ® A with the correct central character
matters. Also by the construction this 8, part is a multiple of #;° which, after applying the operator

1
Znezp /P, 0,2 ( <n 1) ) is 610w by construction (see Proposition . So by considering the local

P
pairing between g, ,, and 71'6\,/2 p» it s easy to see that if we replace this multiple of §5° (see Definition

8.24) by 010,y we do not change the whole integral. Thus we finally arrived at

Ca CEyalLs)2(Lo) % (| 7(92)h2 (9)7(91) fo0(9)0 10 () ).
AZDX(@)\D* (Ag)
O

By our choices for characters, the corresponding non-X-primitive p-adic L-functions L5 and Lg
are units in Af,.
In the following, we often omit the superscript D for simplicity. Up to a constant in Q, (which
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does not change along the family) we have

2(B1) 5'( [ (1(90)2) (0) (7. (99)F. ) (0Bt ()
= (Ap.2X0.2.2) " (P) (X0.21Ap,1) (P)P'( / (m(92)h2)(9) (71, (91) f20) (9)03° (9)dg)
< [ (71, 90)2) ), (9o 5) ()5 9)de)  2(£ )
= A3 lL)p / (1(92)h2) (9) (71, (91) f2,0) (9)05° (9)dg)
< [ (5902 (0) 77 (90)1,.3)% (9)0nalo)i) x 2(LE L) (8.5)

(Note that by our discussion in Subsection we know up to multiplying by an element in Q;,
the

(' / (m(94)3,2)(9) (71, (93) ,.5)(9)03 2,100 (9) dg) (8.9)

is interpolated by an element y o

By o (m(ga)hy - 7y, (g3)fs, 03)
in I*"[[%]].)
Definition 8.27: We define x, s and x, , so that 7y, ,, (the p-component of the automorphic repre-
sentation 7 associated to f) is the principal series representation 7(x,.s, X ,.,0) Where val,(xy,.s) =
5 and val,(xy,0) = —3, respectively.
We write the p-component of )\2X9,2Xh,z as (()\2)(972)(;172)1, (/\2X9,2Xh,z)2) and f, the normalized GLo
ordinary form new outside p. We also define the following: the p-adic L-function £q such that for
any generic z

27ig(X0,22) (X 0.1 ) L f2s XX0.2X020 3) (X fu5 (P) X 20 (P)) T (N2 X0.2X0.2)2(P)-p) ~ D!

0%

Li(z) = Qé;

the p-adic L-function £y such that for any generic z

_ . 1 _
(1= ay(fe) " XoapXnap2 ™) | 8OGHLY (e X X0 3) (X0 (PIP? (1 X521 (P) !

Lo(z) = : ;
1 — ap(f2)X0,2,p,1Xh,2,p,2(P)P . ~1
( p( ) p,1 p2( ) ) (27TZ)2<fz, sz’ >F0(N)
N
the p-adic L-function L3 such that for any generic z,
Lo(2) = G (1) 8(x0,2) LN X0,2Xg 55 1) (NX0,2X5 5)2 (0)p) D" Q2.
T 02, P
the p-adic L-function £4 such that for any generic z,
Lol = ) 90X 2. )L X 2X 0 5 V(A2 Xh 25, 0)2(p) )~ 1! o2
4(2) = -

: 2
T Q2
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We refer to [24], [26] for the justification of their interpolation formulas. These values are inter-
polated by some p-adic L-functions in I{". Note that by [16, Lemma 5.3 (vi)] and [28, Theorem
7.1],

o(x; ) L(ad, f2, YMo(M)(p — 1)(x,,s(p))"

=1
W) ekl ()

where W/(f;) is the prime-to-p part of the root number of f,, which is an element in I* (i.e. a
unit).

Note also that £ is in fact a non-zero element in Frac(ll) (i.e. does not depend on the variable
I'c) by checking the p-components of x§ ,x» , and non-zero by our choice of characters in Subsection
It can actually be written as the ratio of two elements whose specializations to all but finitely
many generic arithmetic points are non-zero. By our choices for xy and x;, we know that £; is in
ﬁ“T[[F;’C]]X. We consider the expression:

(For F35) (hay N5 (02, 05%) xg 2 (P)2(L£1 L2 L5 L)

D 2 3\t 3t
Cu(a) 2(LsLs) (Xf.2.5(P) A5 1(P)X0,2,1(P) Xh 2,1 (P)P2)'P
_ D <f27 fz,low> <h27 ilz,low> <927 éz,low>z(£1['2£5£6) 3¢
- CU(Q) p.
z(L3Ly)
The above element is clearly interpolated by an element
G € A (8.10)

We first give the following lemma for the local triple product integral at p.

Lemma 8.28. At a generic point z, the local triple product integral for the expression in at
p s given by:

L(¢p ® ) _ p_'(1-p) 1 ) 1
(Dps Dp) L+p  1—ap(f)X0zp1Xnzp2@)P™t 1= ap(f2) " X0.2p2Xn,2.p,1(P)
Proof. This follows from Lemma [8.13 O

We observe that by definition this expression is a nonzero element in Frac(I).
Thus we have the following proposition:

Proposition 8.29. Any height 1 prime of I"[[Tx]] containing B .0 (lox(Ekiing D), m(g5)h) must
be the pullback of a height 1 prime of e,

Proof. Let us recall what we have achieved so far. We have computed the Fourier-Jacobi coefficients
of the Siegel-FEisenstein series in Proposition Using pullback formulas and computations on
theta functions, we further computed the 6*-part of the (-th Fourier-Jacobi coefficient of our
ordinary Klingen-FEisenstein series in Corollary This is a function on the definite unitary
group U(2). Moreover, we constructed an ordinary family h of CM forms on U(2) in Definition
Then we form the pairing of this 8* Fourier-Jacobi coefficient with h (see the beginning of
this subsection), and resulted an element By which is an element in Af) ®z, Qp by its construction
and Lemma In Proposition we used the doubling method for U(2) x U(2) — U(2,2) to
obtain an expression for the specializations of By at arithmetic points z.
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To prove the proposition, it is enough to show that the product of B; and the element ({8.9)) in
" [[T%]] satisfies the property stated in the proposition. We examine the ratio between (8.10)) and
the expression for the element interpolating

1

5ptZ(B1)( / (m(94)h3.2)(9) (71, (93) £2)(9)03 2,100 (9)dg) (8.11)

using Ichino’s formula. (Recall C here is the Tamagawa number for D* appearing in Ichino’s
formulNa.) By our calculations for the local triple product integrals, and the Petersson inner product
of (0,0s) and (h, h3), the ratio is a product of:

e Euler factors for (. (1) at ¥;
e the local Euler factors for L(ad, f;,1) at X\{p};

p! times the local triple product integral for v = p, which are nonzero elements in Frac(I);

(fE,, f‘éjz YA ;DZ ow) Which is interpolated by a non-zero element in I;

The local Euler factors of z(L5) and z(Lg) at £? and p which are units by our choices;

The local Euler factors at X2 of L(f,, X§.2Xh,z> %) which are non-zero elements in I.

e The local triple product integrals for v ¢ p.

The first two items are clearly interpolated by non-zero elements in Frac(l). The last item we
listed above has two parts: at split primes and non-split primes. The integrals at split primes are
non-zero numbers in Q; which are fixed throughout the family. At non-split primes, we do not
know much about it. We only know that at a generic arithmetic point z, this integral is not zero,
and it only depends on z| at generic points, as observed in Remark We may assume that at
this z the expression is non-zero and not a pole (in fact just need L9 to be a non-zero finite
number here). Thus the expression is not identically zero. So the ratio of over
is a non-zero element of Frac(I* [[T%]]). Tf we evaluate this ratio at the generic arithmetic points, it
depends only on z|;. And also it is non-zero somewhere. From this, it is not difficult to prove that
(say using the following lemma) the ratio is a non-zero element of Frac(I*"). (In fact we apply the
following lemma to / . Recall that by our choices for characters, the £1, L5, Lg are units
in Ap, and L5 is a non-zero element in Frac(I""). Moreover, the local integrals showing up in the
Rallis inner product formula for 8, and h, at ¥, which are non-zero and fixed along the family. This
gives the ratio between (6, ézylw) -(hg, fzz’low> and z(L3- L4). So the proposition follows clearly. [

Lemma 8.30. Suppose A is an element in 1" [[[]] ®z, Qp. If for any generic arithmetic points
z,7 € I*[[Tx]] such that Zlsur = Z'|jur, we have z(A) = Z/(A). Then A € Ivr,

Proof. This lemma is easily proved by observing that if (1, (o are p’-roots of unity and ¢ is a generic
arithmetic point with conductors being pt/ such that ¢’ > ¢, then the composition ¢’ of ¢ with the
ring automorphism ¢¢, ¢, : }AI“T[[I%]] — ]AIW[[I’;’CH given by identity on I*" and v+ — yT¢1, v~ = v G
is still a generic arithmetic point. Let A be the element considered in the lemma. Then A— Ao, ¢,
is 0 at a Zariski dense set of points, and is thus identically zero. The arbitrariness of (;, (2 implies
the lemma. O
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9 Proof of the Theorems

9.1 Eisenstein Ideals

Let Kp be an open compact subgroup of GU(3,1)(Ag) maximal at p and all primes outside X

such that the Klingen-Eisenstein series we construct is invariant under K](f). We consider the
ring Tp of reduced Hecke algebras acting on the space of Afj-adic nearly ordinary cuspidal forms
with level group Kp. It is generated by the Hecke operators Z, o, Zq(f()), T v, Ti(z)) defined before,
together with the U,-operator and then taking the maximal reduced7qu0tient. Tt is well known
that one can interpolate the pseudo Galois characters attached to nearly ordinary cusp forms to get
a pseudo-character Rp of G with values in Tp (see [55, Section 7.2] for details). We define the
ideal Ip of Tp to be generated by {t — \(¢)}; for ¢’s in the abstract Hecke algebra and A(¢) is the
Hecke eigenvalue of ¢t on Ep fying. Then it is easy to see that the structure map AL — Tp/Ip is
surjective. Suppose the inverse image of Ip in A7 is Ep. We call it the Eisenstein ideal. It measures
the congruences between the Hecke eigenvalues of cusp forms and Klingen-Eisenstein series. We
have:
Rp(modIp) = trpEy, ., (Mod€D).

Now we prove the following lemma:
Lemma 9.1. Let P be a height 1 prime of TIW[[F%]] which 1s not the pullback of a height 1 prime

ofTIW. Then
ordp(ﬁgéy,c) < ordp(ép).

Proof. Suppose t := ordp(ﬁac 5) > 0. By the fundamental exact sequence Theorem there is
an H = Ep kiing — .sz5 o F for some Afy-adic form F' such that H is a cuspidal family. We write
¢ for the Af)-adic functional ¢(G) = (lp«(G), m(g5)h) constructed in Subsection on the space
of Afy-adic forms. By our assumption on P we have proved that /(H) # 0(modP). Consider the
Afy-linear map:

p:Tp — il),P/Pt D.P

given by: u(t) = ¢(t.H)/¢(H) for ¢ in the Hecke algebra. Then:
((t.H) = ((tEp) = M\(t)/(Ep) = A\(t)((H)(mod P")

so Ip is contained in the kernel of p. Thus it induces: A} p/EpAL p — AL p/P'AY p which
proves the lemma. O

9.2 Galois Theoretic Argument

In this section, for ease of reference, we repeat the set-up and certain results from [55, Chapter 4]
with some modifications, which are used to construct elements in the Selmer group.

Let G be a group and C a ring. Let 7 : G — Autc (V) be a representation of G with V'~ C™. This
can be extended to r : C[G] — End¢(V). For any x € C|[G], define: Ch(r,z,T) := det(id—r(z)T) €
C[T].

Let (V1,01) and (Va,09) be two C representations of G. Assume both are defined over a local
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henselian subring B C C, we say o1 and oy are residually disjoint modulo the maximal ideal mp
if there exists x € B[G] such that Ch(oy,x,7") mod mp and Ch(og,z,,T) mod mp are relatively
prime in kp[T], where kp := B/mp.

Let H be a group with a decomposition H = G x {1,c¢} with ¢ € H an element of order two
normalizing G. For any C representations (V,r) of G we write r¢ for the representation defined by
r(g) = r(cge) for all g € G.

Polarizations:
Let 0 : G — GLL(V) be a representation of G on a vector space V over field L and let ¢ : H — L*
be a character. We assume that 0 satisfies the -polarization condition:

6~ ®6".
By a 1-polarization of # we mean an L-bilinear pairing ®y : V' x V — L such that

Dy(0(g)v,v") = ¥(g)Pg(v,0°(g) ).

Let ®}(v,v") := ®y(v',v), which is another )-polarization. We say that 1 is compatible with the
polarization ®g4 if

Suppose that:

(1) Ap is a pro-finite Z, algebra and a Krull domain;

(2) P C Ap is a height one prime and A = AOJD is the completion of the localization of Ay at P.
This is a discrete valuation ring.

(3) Ry is local reduced finite Ap-algebra;

(4) @ C Ry is prime such that Q@ N Ag = P and R = RO,Q;

(5) there exist ideals Jy C Agp and Iy C Ry such that Iy N Ay = Jo, Ao/ Jo = Ro/Io,J = JoA, I =
IyR, Jy = JN Ag and Iy = I N Ry;

(6) G and H are pro-finite groups; we have a subgroup G4, C G.

Set Up:

Suppose we have the following data:

(1) a continuous character v : H — Af;

(2) a continuous character £ : G — A such that y # vy~ % Let X' := vx™5

(3) a representation p: G — Aut4(V),V ~ A", which is a base change from a representation over
Ag, such that:

a.pt~p’ @ v,
p is absolutely irreducible ,
p is residually disjoint from y and x/;

(4) a representation 0 : G — Autpg ,r(M), M ~ (R®4 F)™ with m = n+ 2, which is defined over
the image of Ry in R, such that:

a.c¢~c' @,
b. tro(g) € Rforall g € G,
c. for any v € M,0(R[G])v is a finitely-generated R-module
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(5) a proper ideal I C R such that J := AN # 0, the natural map A/J — R/I is an isomorphism,
and

tro(g) = X'(9) + trp(g) + x(g9) mod I
for all g € G.

(6) p is irreducible and v is compatible with p.

(7) (local conditions for o) There is a Gy, -stable sub-R ®4 F-module M7 C M such that M;
and Mz = M /Mgg are free R ®4 F' modules. We also require that M;g and My, are disjoint

modulo I. (In our applications this is always satisfied although the F,-representations of p¢, X', X
are not necessarily mutually disjoint when restricting to Gy, .)

(8) (compatibility with the congruence condition) Assume that for all x € R[G5|, we have con-
gruence relation:

Ch(M,

z,T)=(1—Tx(x)) mod I

(then we automatically have:

Ch(M, ,x,T) = Ch(Vy,,z, T)(1 — TX'(x)) mod I)

vo?

(9) For each F-algebra homomorphism A\ : R ®4 F — K, K a finite field extension of F', the
representation oy : G — GL,,(M ®pgr K) obtained from o via A is either absolutely irre-
ducible or contains an absolutely irreducible two-dimensional sub K-representation ¢’ such that

tro (9) = x(g9) + x'(g) mod I.

One defines the Selmer groups Xpg(X'/x) = ker{H'(H, A}(x'/x)) — HY Gz, A5(x'x))}*. and
Xea(po@x 1) = ker{H' (G, Vo ®4, A5 (x 1)) = H' (G, Vg @24, A§(x 1)} Let Chy(x'/x) and
Chg(po ® x~1) be their characteristic ideals as Ag-modules.

Proposition 9.2. Under the above assumptions, if ordp(Chy(x'/x)) =0 then
ordp(Chg(po ® X)) > ordp(J).

Proof. This can be proved in the same way as [55, Corollary 4.16]. The only difference is the
Selmer condition at p, which we use the description of Section to guarantee. Note that the
part corresponding to po corresponds to the upper-left two by two block here while in [55] the pf
contains the highest and the lowest Hodge-Tate weights. O

Before proving the main theorem we first prove a useful lemma, which appears in an earlier version
of [55] .

Lemma 9.3. Let Q C I[[T'}]] be a height one prime such that ordQ(/JfEJC,S) > 1 andordg(L,,¢) =0,
then OrdQ(ﬁié) =0.

Proof. Let 0 = x,&. If ordQ(Eifg—,) > 1, then for some ¢ € ¥\ {p},

I[[ a-o'tita+w)e T eaq,
(€x\(p)
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where e € Z, be such that £ = w™1(¢)(1 + p)¢. Thus

0(0) = 75w ()" (L +p)* (modQ).
Thus there is some integer f such that

L= (74 (L+ W) (1 +p)" %) ¢(modQ)

which implies that for some p-power root of unity (., @ is contained in the kernel of any ¢’ such that
@' (v (1 4+ W)™ = ¢, (1 + p)?~*. This implies, by [16, Theorem I| for the interpolation formula,
that at the central critical point Lx(fs,61,1) = 0 where 6 is some fixed CM character of infinity
type (5, —5%) and ¢ any arithmetic point. But then we can specialize f to some point ¢ of weight
4 (this is not an arithmetic point in our definition, but is an interpolation point, by loc.cit.). By
temperedness for fy4-, the specialization is not 0. This is a contradiction. O

Now we apply the above result to prove the theorem.
e H:=Ggy, G=Gkx, cis the complex conjugation.
o Ay =A}L, A= %,P'

e Jo:=¢&p,J :=EpA.

e Ry:=Tp,Ip:=Ip.

e () C Ry is the inverse image of P modulo £p under Tp — Tp/Ip = Ap/ép.
o R:=T; 1A}, po:= pwfaw/g)ce_%%.

o V=V®a A, p=p®a, A.

o X =0ye, X' = Oycoryepe v =x%"

o M :=(R®a Fa)*, Fja is the fraction field of A.

e o is the representation on M obtained as the pseudo-representation associated to Tp, as in
[55, Proposition 7.2.1].

Now we are ready to prove the main theorem in the introduction.

Proof. We first note that we need only to prove the corresponding inclusion for the ¥-primitive
Selmer groups and L-functions since locally the sizes of the unramified extensions at primes outside
p are controlled by the local Euler factors of the p-adic L-functions since Qs C Koo. (See [10,
Proposition 2.4].)

Recall that we have enlarged our I at the beginning of Subsection [8.2] and the end of Subsection
which we denote as J in this proof. We first prove the main theorem with [ur replaced by Jur,
Under the assumption of Theorem as in [55 Proposition 12.9] we know that by the discussion
for the anticyclotomic p-invariant at the end of Section Lt ¢ xc is not contained in any height
one prime which is the pullback of a prime in ﬁ“r[[F,JE]] Note that there might be height one primes
dividing the Euler factors at non-split primes which are pullbacks of height one primes of ]AIW[[FE]]
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Such issue has been overlooked in [55]. These primes are treated in [58, Lemma 87, Theorem 101]
and can be treated in the same way here. In the following, we treat the height one primes which
are not such pullbacks. By lemma [9.1{ for any such height one prime P of I*"[[T'}-]],

ordp(Lix¢) = ordp(Lix ¢) < ordp(Ep).
Applying Proposition we prove the first part of the theorem for J*" in place of L.

We replace j“r[[F;’C]] by I“[[[k]]. We write £ for EE&,C. Recall Fitting ideal respects base

change. We claim that for any z € Fitt(X), a1 e T*[[Dk]]. In fact, from what we proved for
Fitt(V @gurp, J“r[[F;’CJ]) as ideals of J“A’"[[ch]], we have z£ ! GAJW[[F;’C]] me[ur[[l";é” WhAere Fur(iry]
is the fraction field of I""[[T'x]]. Since I""[[I'k]] is normal and J*"[[I'{]] is finite over I*"[['x]], we
have z£~' € I*"[[T'x]]. Thus Fitt(X) C (£), which in turn implies that char(X) C (£). This proves

Theorem [L.11

Now assume we are under the assumption of Theorem Note that in this case £,z = 1. Thus by
the Lemma EE&K is co-prime to E;E,. Suppose Py, ..., P, are the height one primes of E?JC,E that

are pullbacks of height one primes in 1*". Note that none of the primes passes through ¢g since the
two-variable p-adic L-function for fj is not identically 0. We consider the ring ﬁ;fﬂ,..., p,[[Tk]] where
the subscripts denote localizations. Then the argument as in the proof of Theorem proves that
there is a number a such that (EEK@) D2(P - Pt)aFittﬁprKH (X*) as ideals of I*"[[T'x]]. Specialize
to ¢, using Proposition we find

(L%, ) 2 Fitt gurir, oL (Xfo)-

This proves Theorem O
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