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ABSTRACT. The Orlicz Brunn-Minkowski theory originated with
the work of Lutwak, Yang, and Zhang in 2010. In this paper, we
first introduce the Orlicz addition of convex bodies containing the
origin in their interiors, and then extend the L, Brunn-Minkowski
inequality to the Orlicz Brunn-Minkowski inequality. Furthermore,
we extend the L, Minkowski mixed volume inequality to the Or-
licz mixed volume inequality by using the Orlicz Brunn-Minkowski

inequality.

1. INTRODUCTION

The classical Brunn-Minkowski inequality was inspired by questions
around the isoperimetric problem. Many other consequences in convex
geometry make it a cornerstone of the Brunn-Minkowski theory, which
provides a beautiful and powerful apparatus for conquering all sorts
of geometrical problems involving metric quantities such as volume,
surface area, and mean width.

The classical Brunn-Minkowski inequality (see [13]) states that for
convex bodies K, L in Euclidean n-space R", the volume of the bodies
and of their Minkowski sum K + L = {z +y: 2 € Kand y € L} are
related by

S=

V(K + L)w > V(K)" + V(L)", (1.1)
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with equality if and only if K and L are homothetic.

In his survey, Gardner [13] summarized the history of the Brunn-
Minkowski inequality and some applications in other fields such as:
probability and statistics, information theory, physics, elliptic partial
differential equations, combinatorics, interacting gases, shapes of crys-
tals and algebraic geometry.

In the early 1960s, Firey [12] defined for each p > 1, what have be-
come known as Minkowski-Firey L,-additions (or simply L,-additions)
of convex bodies. For the L,-additions, Firey [12] also established the
L, Brunn-Minkowski inequality (an inequality that is also known as the
Brunn-Minkowski-Firey inequality, see [35]). If p > 1, and K, L C R"

are convex bodies containing the origin in their interiors, then

3

V(K 4, L)" > V(K)" + V(L)*, (1.2)

with equality if and only if K and L are dilates.
The mixed volume V; (K, L) of convex bodies K, L is defined by
1 V(K+el)-V(K) 1

%(K, L) = Eeli%i c = ﬁ /Sn1 hL(U)dSK(U>,
(1.3)

where Sk(-) is the surface area measure of K.
The Minkowski mixed volume inequality for convex bodies K, L

states that

1

Vi(K,L) > V(K)" V(L) (1.4)

with equality if and only if K and L are homothetic.

For p > 1, the L, mixed volume of convex bodies K, L containing

the origin in their interiors is defined by Lutwak [35] as
K -L)—-V(K
V(KoL) = £ i Ve D) 2 VIE)
n e—0t €
Lutwak [35] showed that the L, mixed volume has the following integral
representation:
1 hL(U) p
VL) = — [ (G2 ) huclu)dSic(u). 1.5
) = [ (GRS sk, (1)
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Lutwak’s L, Minkowski mixed volume inequality [35] states
Vo(K, L) > V(K)"="V(L)", (1.6)
with equality if and only if K and L are dilates.

In the mid 1990s, it was shown in [35] and [30] that a study of
the volume of Minkowski-Firey L,-additions leads to an L, Brunn-
Minkowski theory. This theory has expanded rapidly (see, e.g., [1,2,1—

17-19,21-23,27, 2032, 34-45,48-51, 53-55, 58]).

The Orlicz Brunn-Minkowski theory originated with the work of
Lutwak, Yang, and Zhang in 2010. Precisely, Lutwak, Yang, and
Zhang [10,17] introduced Orlicz projection bodies and Orlicz centroid
bodies, and they successively established the fundamental affine in-
equalities for these bodies. Haberl, Lutwak, Yang, and Zhang [20]
dealt with the even Orlicz Minkowski problem. For related work, see
also [21,2232,33]. Ludwig and Reitzner [33] introduced what soon
came to be seen as Orlicz affine surface area and Ludwig [32] estab-
lished its fundamental affine inequalities. For the development of the
Orlicz Brunn-Minkowski theory, see [241,56,60].

It seems natural, now, to define the Orlicz addition and to give the
Orlicz Brunn-Minkowski inequality. We consider the Orlicz addition,
which is an extension of L,-addition.

Let C be the class of convex, strictly increasing functions ¢ : [0, 00) —
0, +00) satisfying ¢(0) = 0. It is not hard to conclude from [52, p. 23-
24] that ¢ € C is continuous on [0,+00), and the left derivative ¢,
and right derivative ¢! exist. Furthermore, ¢ is left-continuous on
(0,400), ¢ is right-continuous on [0, 4+00), and ¢; and ¢, are positive
on (0,400).

Definition 1. Let ¢ € C, and let K, L C R" be convex bodies con-
taining the origin in their interiors. We define the Orlicz sum K +4 L
by

T T

hiy,p(u) = inf{r > 0: ¢( ) <1}
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Ifop(t)=tP,p>1, then K +4 L =K+, L.
Theorem 1 is what we are calling the Orlicz Brunn-Minkowski in-

equality.

Theorem 1. Let ¢ € C, and let K, L C R"™ be convex bodies containing

the origin in their interiors. Then, we have
VI(K)w V(L)#
oy VR Yy
V(K 44 L)= V(K +4 L)n

Equality holds if K and L are dilates. When ¢ is strictly convez, equal-
ity holds if and only if K and L are dilates.

Next we give the definition of Orlicz combination.

Definition 2. Let ¢ € C, and let K, L C R™ be convex bodies contain-
ing the origin in their interiors. Suppose a > 0 and S > 0. We define

the Orlicz combination My(c, 5; K, L) (or the Orlicz mean of convex
bodies) by

ele)) o)

T T

Pty (a,8;x,0) () = inf{7 >0 : ag( ) <1} (1.8)

Since the function z — ag(™™) 4 Bp( L) is strictly decreasing, we

z z

have

helt)) 4 o)

u T'LL

)=1.
(1.9)

haty(a8;x,0) () = Ty, if and only if  ag(

It is obvious that My(1,1; K, L) = K 4+, L.

In Section 2, we will show that hy,(a,x,2)(+) is indeed a support
function of a convex body which contains the origin in its interior.
When ¢(t) = t* (p > 1), the convex body M,(«, 8; K, L) is precisely
the Firey combination (see [12,35]) o~ K +, 3 - L. However, for general
¢ € C, the “” could not be defined, which means we cannot write
a- K +4 - L instead of My(a, 5; K, L).
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Definition 3. Let ¢ € C satisfy ¢(1) = 1, and let K, L C R™ be convex
bodies containing the origin in their interiors. The Orlicz mized volume

is defined by

(1 V(My(l,e; K, L)) — V(K
V¢(K7 L) — ¢l( ) hHI ( ¢( 765 Y )) ( )
n  e—=0t €
The following theorem shows that the limit in Definition 3 exists and

has an integral representation, which is an extension of (1.5).

Theorem 2. Let ¢ € C satisfy ¢(1) = 1, and let K, L C R"™ be convex
bodies containing the origin in their interiors. Then, we have

Vo) = 0 g, VML 6 K L) = V)

N e—0t €

_ % /Snl Qﬁ(ZIi((Z)))hK(u)dSK(u). (1.10)

The following is the Orlicz mixed volume inequality.

Theorem 3. Let ¢ € C satisfy ¢(1) = 1, and let K, L C R"™ be convex

bodies containing the origin in their interiors. Then,

Vy(K, L) > V(K)¢(“//(([L())E). (1.11)

Equality holds if K and L are dilates. When ¢ is strictly convex, equal-
ity holds if and only if K and L are dilates.

If ¢(t) =7, (p > 1), then the corresponding results of Theorems 1-3
in the L, Brunn-Minkowski theory are obtained.

This paper is organized as follows. Section 2 contains the basic
definition and notations, and shows that the Orlicz combination of
convex bodies is also a convex body. Section 3 lists the elementary
properties of Orlicz combination. In Section 4, we prove a general
case of Theorem 1 using Steiner symmetrization, which is one of the
methods to prove the original Brunn-Minkowski inequality (1.1) (see
e.g. [I1, Chapter 5, Section 5] or [57, p. 310-314]). However, for the
Orlicz case, our proof is quite different. Section 5 gives the proof of

Theorem 2 and Theorem 3.
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When we were about to submit our paper, we were informed that
Gardner, Hug, and Weil [15] had also obtained an Orlicz Brunn-Minkowski
inequality and posted their results on the arXiv.org a couple of days be-
fore. Please note that we use a completely different approach technique

of Steiner symmetrization, although our results coincide with theirs.

2. PRELIMINARIES

For quick later reference we collect some notations and basic facts
about convex bodies. Good general references for the theory of convex
bodies are the books of Gardner [11], Gruber [16], Leichtweiss [25], and
Schneider [52].

Let S™~! denote the unit sphere, B™ the unit n-ball, w,, the volume of
B", and o the origin in the Euclidean n-dimensional space R". Denote
by K™ the class of convex bodies (compact, convex sets with non-empty
interiors) in R”, and let K be the class of members of ™ containing
the origin in their interiors.

By intA and 0A we denote, respectively, the interior and boundary
of A C R". The sets relintA and relbdA are the relative interior and
relative boundary, that is, the interior and boundary of A relative to
its affine hull.

We say a sequence {¢;} C C is such that ¢; — ¢ € C, provided

max [pi(t) — o(t)| — 0,

for every compact interval I C [0, 00).
The support function hg : R™ — R of a compact convex set K C R"
is defined, for x € R™, by

hg(x) =max{z-y:y e K}, (2.1)

and it uniquely determines the compact convex set.

Obviously, for a pair of compact convex sets K, L C R", we have

hx < hy, if and only if K C L.
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A function is a support function of a compact convex set if and only if
it is positively homogeneous of degree one and subadditive.

Let K € K™ and = € 0K. Denote by v(z) an outer normal vector
of K at z. Obviously,

hix(v(x)) =z -v(x).

Then, the hyperplane {y € R"| y - v(z) = hg(v(z))} is a support
hyperplane of K at x.

We shall use 0 to denote the Hausdorff metric on K. If K, L € K",
the Hausdorff distance §(K, L) is defined by

O(K,L) =min{a: K C L+ aB" and L C K +aB"},
or equivalently,

O(K, L) = max |hg(u) = he(u)l.
A class of convex bodies {K;} is said to converge to a convex body
K if
(K, K) — 0, as 1 — 0.
Let K € K". The surface area measure Sk(-) of K is a measure on
S™=1 defined by

Sk(w) = / dH" (z), wC S
€K, v(x)Ew

where H"~! denotes the (n—1)-dimensional Hausdorff measure. The

surface area measure has the following property:
K,—-K = Sk, — Sk weakly. (2.2)

Let ¢ € C, K,L € KI!; « > 0 and 8 > 0. The definition of Or-
licz Minkowski addition and Orlicz combination are given in Section
1. In the following, we check that the Orlicz Minkowski combination
My(a, B; K, L) is indeed a convex body containing the origin in its
interior. Set M = My(a, 8; K, L); in fact, we need to show that the
function hy(+) is homogeneous of degree one and subadditive, and that

hyr is positive.
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First, for v > 0 we have

hyr(yu) = inf{r > 0 : a¢<hKS_7u)> + 5¢(hL(7u)> <1}

= 'yinf{g >0 aqﬁ(hf/(s)) +B¢<h:/(:)> <1}

= vhar(u).

Next, we show that hy(-) is subadditive. Set hp/(u) = 7, and
har(v) = 7,; then we have aqﬁ(h’j—i“)) + 5¢(hLT—£u)) =1 and ad)(hﬁ—iv)) +
Be(he)y = 1. Furthermore,

- Tu a¢<hK(u)>+ To a¢<hK(v)>

Tu + T Tu Tu + T Ty
() s ()
(Pl Pl

> a¢(hK(u+U)> +ﬂ¢(hL(u+U)>,

Tu + Ty Tu + Ty

>«

which implies that Ay (u +v) < hp(u) + har(v).

Finally, since

hi(u) hy(u)
a¢<hK(U)/¢‘1($)> +5¢(hK(u)/¢—1(§)> =L

from (1.8), we have hy(u) > hy(u)/¢~ (L) > 0. Thus, My(e, 8; K, L)
contains o in its interior.
3. PROPERTIES OF ORLICZ COMBINATION

Suppose ¢ € C, a,b,a > 0, and § > 0. Since the function z —

ap(?) + Bqﬁ(g) is strictly decreasing, we define a positive function
Cy(a, B3 a,b) by

z = Cy(a, f;a,b), if and only if ong(g) + ﬂgb(g) =1. (3.1

The functions Cy(c, B; a, b) have some properties listed in the follow-

ing lemma.



THE ORLICZ BRUNN-MINKOWSKI INEQUALITY 9

Lemma 3.1. Suppose ¢ € C and a,b > 0. Let « > 0, 5 > 0.

(i) If d > 0, then Cy(a, B;ad, bd) = dCy(a, 5;a,b).

(ii) Suppose 1, P2 € C. If po > ¢y, then Cy,(a, 5;a,b) > Cy, (a, B;a,b).

(iii) Suppose a;,b; > 0 are such that a; — a and b; — b. Then,
Cy(a, Bsa;,b;) = Cyla, B;a,b).

(iv) Suppose {¢;} C C are such that ¢; — ¢. Then, Cy, (v, 5;a,b) —
Cy(a, B5a,b).

(v) Suppose a; > 0, 5; > 0 are such that o; — « and B; — 5. Then,
Cy(ay, Bi;a,b) = Cy(a, B a,b).

Proof. (i) Suppose d > 0. By (3.1), we have
ad bd
L= a¢(C¢(a, B;ad, bd)) + ﬁ¢<0¢(a,ﬂ; ad, bd))
a b
= a¢<0¢(a, B ad, bd)/d) + 6¢<C¢(a,ﬁ; ad, bd)/d)’

and

a b
L= a¢<0¢(a,ﬁ; a,b)) +ﬁ¢<0¢(a,ﬁ; a, b))
Thus, we have Cy(a, 5; ad, bd) = dCy(c, B;a,b).

(ii) Set Cy, (e, B;a,b) = z;, i = 1,2. Since ¢o > ¢, we have

a b a b
= il ) > - _
1 a¢2(22> +6¢2<ZQ> - 0@1(22) +6¢1<22>7
which implies 29 > 2.
(ili) Set z; = Cyla, Byaib;), i = 1,2,..., and zy = Cy(a, f;a,b).

We will prove (iii) by showing that every subsequence of {z;} has a

subsequence converging to Cy(«, 5;a,b). From

a; + bz)
Zi ’

1=a(2) +59(2) < (a-+ 8)o(

we have 2 < (a; +b;)/¢7"(515), and since a; — a, b; — b, there

is a constant R > 0 such that z; < R, ¢ = 1,2,.... Let {2;} denote

a subsequence of {z;}. Then {z;} has a convergent subsequence, also
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denoted by {z;}, and we suppose that z; — z{. Since ¢ is continuous,

we have z) > 0 and

o) +0() = tm [as (%) + 56(2)] = 1.

which implies 2, = 2.

(iv) Set 7, = Cy, (e, B5a,b),1 = 1,2, ..., and 79 = Cy(cv, B;a,b). We

claim that
lim ¢;'(z) = ¢~ (), (3.2)
71— 00

for all x > 0. Let n > 0 be arbitrary. Since ¢ € C, we conclude that

1

¢! is concave on [0,00). Hence ¢! is continuous on (0,00). Then,

there exists a § € (0, z), such that
¢~z —0) > ¢ (z) =, (3.3)

¢ x+6) <o Ha)+n. (3.4)

Since ¢; — ¢ uniformly on [¢p~!(x — §),¢ " (z + J)], there exists an
N > 0, such that

$i(07' (x = 0)) < ¢(¢7 (x = 9)) +d ==, (3.5)

¢i(¢07 (x +0)) > ¢(¢7 (v +0)) —d ==, (3.6)
for all ¢ > N. Then, by (3.3), (3.4), (3.5), and (3.6), we have
¢~ (x) —n < ¢; (2) < ¢ (x) +,

for all ¢ > N. Since n > 0 is arbitrary, we complete the proof of our
claim.

From

1= 0@1’(%) +5¢z’<%) < (044'5)@(&2())7

we have 7; < (a + b)/qﬁ;l(ﬁ). By (3.2), there is a constant r > 0,

such that gzﬁi_l(ﬁ) > r, i = 1,2,.... Thus, {r;} is bounded. Then,
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each subsequence of {7;} has a convergent subsequence, also denoted
by {7;}, and we suppose it converges to 7. Since
a
1= Oéqbz( ) + BQSZ( ) > a¢z(;),

then,
a

T 2
¢ (1))
Thus, by (3.2), we have 1) > e > 0
By the continuity of ¢;(-), and ¢; — ¢, we have

o() +50( ) = tm [aer (%) + 56 (7)) =

’L

which implies 75 = 7.

(v) Set p; = Cy(ay, Biya,b), i =1,2, ..., and py = Cy(a, f;a,b). From
1= a(5) + 86(1) > s+ 8o

we obtain u; < (a +b)/¢~ (a+5
we have that {y;} is bounded. Hence, each subsequence of {x;} has a

a+b>’

)

). Noticing that ¢! is continuous,

convergent subsequence, denoted also by {u;}, converging to some uj.
By the continuity of ¢, we have p > 0 and

cof ) + ()~ s (2) + ()] -1

(3 K3

which implies g = py,. O
Notice that har,(a,sx,0)(w) = Cgla, B; hi(u), hr(u)), and that the

convergence of convex bodies is equivalent to the pointwise convergence
of the corresponding support functions on S*~! (see e.g. [72, p. 53-54]).

Therefore, we obtain the following properties of Orlicz combination.

Lemma 3.2. Suppose ¢ € C and K,L € K. Let « > 0, 5 > 0.
(i) If d > 0, then My(«, B;dK,dL) = dMy(a, 5; K, L).
(ii) Suppose 1, po € C. If oo > ¢y, then My, (a, f; K, L) O My, (o, 5; K, L).
(iii) Suppose K;, L; € K are such that K; — K and L; — L. Then,
My(a, B; K, L) = My(o, B; K, L).
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(iv) Suppose {¢;} C C are such that ¢; — ¢. Then, My, (o, B; K, L) —
My(a, B; K, L).

(v) Suppose a; > 0,8; > 0 are such that o; — a and ; — . Then,
My(oi, Bi; K, L) = My(a, 5; K, L).

Properties (ii) and (iv) are not used in this paper, but Properties (i),

(iii) and (v) are basic for our proofs.

4. THE ORLICZ BRUNN-MINKOWSKI INEQUALITY

Let K C R" be a convex body. For u € S"!, denote by K, the image
of the orthogonal projection of K onto u*. We write £,(K;y') : K, — R
and £,(K;y') : K, — R for the overgraph and undergraph functions of

K in the direction u; i.e.
K={y+tu:—L,(K;y) <t <l,(K;y)fory € K,}.  (41)

Thus the Steiner symmetral S, K of K € K" in the direction u can be
defined as the body whose orthogonal projection onto u* is identical
to that of K and whose overgraph and undergraph functions are given
by
_ 1 -
Cu(SulGy) = (5B y) = S0 Y) + L,(K3y)- (4.2)
In this paper, we use the following notations: when v € S~ ! is fixed,
the point x = (2/, s) always means 2’ + su, where 2’ € u' and s € R.
We will usually write hx(2', s) rather than hg((2',s)).
Suppose K € K" and 2,2} € ut. By (4.1), for (a’,s) € K, we have

(d)s)- (1) =d -2} +s<d- 2|+, (K;d),
then,

hi(xh,1) = max {(2},1)-(d,s)} < max{z]-d +(,(K;d)}.
(a/,8)EK a’'€Ky

On the other hand, noticing that (a’,¢,(K;a’)) € K for arbitrary a’ €

K,, we have

hi(xh,1) = max {(2},1)-(d’,s)} > max{z]-d + (,(K;d)}.
(a/,8)EK a’'€Ky
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Thus, we get that

hi(z),1) = max {2} -a’ + {,(K;ad)}. (4.3)

aeKy

In a similar way, we get that

hi(xh, —1) = max{zy - a + £,(K;d’)}. (4.4)

a' €Ky,

The following lemma will be used in the proof of our theorem.

Lemma 4.1. ( [17, Lemma 1.2]) Suppose K € K and v € S*~'. For
y' € relint Ky, the overgraph and undergraph functions of K in direction

u are given by

0, (K;y') = min{hg(2',1) — 2" -y}

z'eut
and
LKy = minL{hK(x’, —1)—2"-y'}.
z'eu
We refer to [17] for a proof. See [1] for an application in the proof of

the L, Busemann-Petty centroid inequality.

In addition to Lemma 4.1, note the following elementary fact: given
a convex body K and a direction u € S"~1, for each ¢/ € relintK,, every
outer normal vector at the upper boundary point (¢, £,(K;y')) can be
written as («7, 1), while every outer normal vector at the lower bound-
ary point (v, —£,(K; 1)) can be written as (x, —1), where x|, 2}, € u*.

The following lemma will be used in the proofs of our theorems.

Lemma 4.2. Suppose K € K". Let uw € S™! and xy, z, € u*. Then,

/ /
T+ Ty

hic(2,1) + hie (25, —1) = 2hs, Kk ( 1), (4.5)

and ) )
B (2, 1) + huc(h, —1) > 2hg, s (L2

1) (4.6)

Proof. For arbitrary af, € K,, noticing that (ag, £,(S.K;ap)) € K, we

have

(@, 1) = max, {(af,1)- (0 9)} > o) - + D(Ksap). (4)
a’,s)e
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In a similar way, we have

hilaty —1) = max {(h,=1)- (@)} = -y + L,(K: ). (48)
a’,s)€e

Then,

hic(21, 1) + hue (25, =1) 2 (2 +25) - ag + [Cu( K ag) + £,(K; ap)], (4.9)

for all af, € K.
By (4.2), (4.3), and (4.4), we have

R T vitay o, LG d) + 4,5 d)
and
il ety G d) 4, (K )
hs.xk( 2 ,—1) = g}ggi{ 5ot 5 bo(4.11)
Since (4.9) holds for all a; € K, equations (4.10) and (4.11) imply
that (4.5) and (4.6) hold. O

Lemma 4.3. Let ¢ € C,a > 0,8 >0, and u € S" . If K, L € K",
then

My(a, B; SuK, S,L) C Sy (My(a, 8; K, L)).

Proof. Set M = My(a, 8; K, L) and Mg = My(a, 8; S, I, Sy, L).
By Lemma 4.1, for arbitrary 3’ € relintM,, there are points 2/, z}, €

ut such that
Cu(My') = hay (2, 1) — 2 -y
and
C(My') = har(wy, —1) — 2y -y

Suppose z; = hy(2),1) and 2o = hy(ah, —1). Then,

ad)(%f’l)) + ﬁqs(%f’l)) _ 1, (4.12)
and
agb(%ﬁ) + 5¢(%{2’_1)> ~1 (4.13)
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By adding (4.12) multiplied with z; and (4.13) multiplied with 25, using
the convexity of ¢, and by Lemma 4.2, we get

2tz = 21@¢<M) + zw@(M)

Z1 22
hr(x},1 hr(zh, —1
+zpo (AT 4oy (ML)
hi (2, 1) + hg(xh, —1
I
hi (@1, 1) + hy(2h, —1)
+ 6 ( o )] (4.14)
2hg, k(D22 1) 2hg, (B2 1)
> .
_(21+Z2)|:a¢< 21+ 22 >+ﬁ¢< 21+ %22 :|
(4.15)
Therefore, we obtain
hs K(ma;mé7 1) hs L(%;wl27 1)
DA N (BT ) <) 4.16
() P ) < (4.16)
which implies that
/ /
T s g (2 1), (4.17)

Now (4.17) and Lemma 4.1 show that

/ ! 1 /
Cu(SuM;y') = §€u(M;y)+ §EU(M;?J)

1 1
= 5(21 -2y -y + 5(22 —ah-y)
x/ +l‘, x/ +l‘,
ZhMS<12 2’1)_ 122 /
> min {hy,(2,1) - 2"y}
_gu(MA%y/)

In the same way, we obtain

Since 3’ € relint M, is arbitrary, this completes the proof of the lemma.
O
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Figure 1. Method to find the chords.

We say a chord [z, y] of a convex body K is an interior chord of K
if (z,y) C intK, where (z,y) denotes the relative interior of [z,y]. We
say a chord is a boundary chord of a convex body if it is contained in
the boundary of this convex body.

It can be concluded from [52, Theorem 1.1.8] that a chord of a convex
body K is an interior chord if and only if there is an interior point of
K that lies in this chord. Therefore, a chord of a convex body is either
an interior chord or a boundary chord.

In order to get the equality condition of (1.7), we need the following

elementary observation.

Lemma 4.4. Suppose K € K. If x1,25 € OK are two distinct bound-
ary points of K, then x1 and x5 can be connected by k interior chords
with k < 3.

Proof. Since K is a convex body, we can suppose x, is an interior point
of K. Suppose n > 2, since when n = 1 it is obvious.

Next, we describe how to find the k interior chords (see Figure 1).

(1) If [z, z5] is an interior chord of K, then [z, x| is the chord which
we are searching for.

(ii) If we suppose [z1, 2] is not an interior chord of K, then [z, 23] C

OK. There exists a unique point x3 € 0K, such that z, € (x1,x3). If
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(23, 9] is an interior chord of K, then [z, 3], [23, x2] are the chords
which we are searching for.

(iii) If we suppose [z1,xs] and [z3, 2] are not interior chords of K,
then [z3,x5] C OK. There exists a unique point x4 € 9K, such that
Ty € (9, 24). If [x4,24] is an interior chord of K, then [xq,x4), [x4, 23]
are the chords which we are searching for.

(iv) We suppose [1, x2], [3, x2] and [x4, 21] are not interior chords of
K. By our construction, the points xz,, x1, 2, 3, x4 lie in a 2-dimensional
plane. Let & be the midpoint of the chord [z, z4]. Then [, x5] is an
interior chord of K because (&1,22) N (x1,73) # . There exists a
unique point & € (xq,z3) such that z, € (£1,&). So, & € K. Tt is
clear that the chords [£;, &) and [z1, &] are interior chords of K. Then,

(21, &), [€2, &1, [€1, 22] are the chords which we are searching for. O

Suppose ¢ € C is strictly convex; the following lemma gives the

necessary equality condition in the inequality of Lemma 4.3.

Lemma 4.5. Suppose ¢ € C is strictly conver. Let K,L € K, and
a,B>0. If

My(a, ; SuK, S,L) = Su(My(a, B; K, L)) (4.18)
for all w € S™1, then K and L are dilates.

Proof. Set M = My(«, 5; K, L). Suppose [{1, &) is an arbitrary interior
chord of the convex body M. Let u = (& — &)/[|& — & € S™71,
where || - || denotes the Euclidean norm. Then, [, ] is parallel to u,
&1 is the upper boundary point, and & is the lower boundary point.
Thus, there exists 3 € relintM,, such that & = (v, £,M(M;y')), and
& = (v, —Lu(M;y)).

Since ' € relintM,, each outer normal vector of M at & can be
written as (z,1), and each outer normal vector at & can be written

as (rh, —1), where o, 2, € u*. Then, we have

hM(xlla 1) = (J’le 1) ’ (y/’ZU(M;y,))7
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hence,

LML) = harlah 1) — -
Similarly, we have

0, (My') = hag(wy, —1) — a5 -y
By the same argument as that for Lemma 4.3, we can establish inequal-
ities (4.14), (4.15), and (4.17). If (4.18) holds for all u € S™!, then
(4.14), (4.15), and (4.17) are all equalities. Since ¢ is strictly convex,
(4.14) is an equality if and only if

hi(ay,1) — hi(xy, —1) ho(xy,1) _ hg(ah, —1)

= , and =
21 Z9 21 Z9

)

and then there is a positive constant ¢y such that

o hr(2),1)  hg(xh, —1)
O hp(ah,1) T hp(ah, 1)

For every direction v € S™!, there is a point & € dM, such that

(4.19)

v is an outer normal vector at &3. If &3 # &, by Lemma 4.4, there are
k < 3 interior chords of M, such that they connect & to &3. Clearly, for
each interior chord of M, there is a similar equality as (4.19). Then,
we obtain that
_ (2 1) hik(v)
~ ho(2), 1) hp(v)’
If &5 = &, then v is a normal vector of M at & . Since (4.19) holds for
each normal vector of M at &, we have

¢ = M@ =) _ hic(v),

hr(xh,—1)  hp(v)

Therefore K and L are dilates because v is arbitrary. 0

Co

From Lemma 4.3 and Lemma 4.5 we get the following theorem, which

is indeed an original version of Orlicz Brunn-Minkowski inequality.

Theorem 4.6. Suppose ¢ € C, K, L € K", and a, f > 0. Let V(K) =
a"wy, and V(L) = b"w,, then

V(Mg(a, B; K, L)) > Cy(a, B;a,b)"w,. (4.20)



THE ORLICZ BRUNN-MINKOWSKI INEQUALITY 19

Equality holds if K and L are dilates. When ¢ is strictly convez, equal-
ity holds if and only if K and L are dilates.

Proof. There is a sequence of directions {u;}, such that the sequence
{K} converges to aB™ and {L;} converges to bB", where the sequences
{K;} and {L;} are defined by

K, =S5y - SuK, and L;=2S, - Su,L.

Since the Steiner symmetrization preserves the volume, by Lemma

4.3 we have
V(My(e, 3; K, L)) = V(Mg(ev, B;aB", bB")).
From the definition of Orlicz combination of convex bodies, we get that
My(a, B;aB™,bB") is an n-ball with radius Cy(«, 5; a, b). This implies
(4.20).
If K and L are dilates, there exists a convex body A € K} whose

volume is w,, such that A, K, and L are dilates. That is, K = aA, and
L =0bA. By (1.9), we have

h bh

a¢(a,4—(u)> + Bqﬁ(M) =1, forallue S,
Tu Tu,

where 7, = hpy,(a,p:x,0)(w). This implies that

th)(a”g;K,L)(u) = Cy(a, B;a,b)ha(u), forallue gn—t

Therefore, V(My(a, 5; K, L)) = Cy(a, B;a,b)"w,,.
Suppose ¢ is strictly convex. If equality holds in (4.20), then

M¢(O&, 57 SUK, SuL) = SU(M¢(a7 57 K? L))7

for all w € S"!. By Lemma 4.5, we conclude that K and L are dilates.

O
The following theorem is the general version of Theorem 1.
Theorem 4.7. Suppose ¢ € C and K,L € K. If o, 3 > 0, then
V(K)x V(L)w
ao( ) - ) + 86 ( (L) ) <1 (d21)
V(My(a, B; K, L)) V(My(a, B; K, L))n
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Equality holds if K and L are dilates. When ¢ is strictly convez, equal-
ity holds if and only if K and L are dilates.

Proof. Let V(K) = a"w, and V(L) = b"w,, with a,b > 0. By (4.20),
we have

V(My(a, B; K, L))% > Cy(a, B;a, b)w,%_

1

Since V(K)» = awy; , we get

V(K)n _ a
V(My(a, 3; K, L))w ~ Cola, Ba,b)

Therefore,

V(K) a
1 S - 5 I~ |-
¢<V(M¢(a,ﬁ; K, L))n> ¢<C¢(a,ﬂ;a,b)>
In the same way, we also get

V(L) b
qz5(v<1\4¢>(oa,6; K, L))i> Ao ran)

Hence,

1= acb(m) +B¢(m>
V(K): V(L)
(b(V(qu(oz,ﬂ; K, L))i> +5¢(V(M¢(a7ﬁ; K, L))’l).

>«

The equality condition can be obtained as in Theorem 4.6. O

Taking o« = 8 =1 in Theorem 4.7, we obtain Theorem 1.

5. THE ORLICZ MIXED VOLUMES

In this section, we study the Orlicz mixed volume, which is defined by
(3). Since ¢ € C, the left derivative ¢] and right derivative ¢! exist, ¢,
is left-continuous and ¢/, is right-continuous on [0, +00). Furthermore,

¢) and ¢! are positive on (0,400).
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Lemma 5.1. Let ¢ € C satisfy ¢(1) =1, let a,b > 0, and > 0. Then,
Cs(1, B;a,b) is differentiable at § =0, and

/ Cy(1,B;a,b) — C4(1,0;a,0)  a b
C5(1,0;a,0) —515%1+ 5 = cb;(l)qj(_)'

Proof. Set zg = Cy(1,B;a,b), yg = gb(%), for all 5 > 0. Obviously,
zo = a and yo = 1. It follows by Lemma 3.1 (v) that z5 — a* and

ys — 17 as f — 0F.

Since ¢; and gb’ are positive on (0, +00), we have

(6 (1) = and (67 V() = ———

#(671(1)) ( )
Since 1 —yg = 6gb< ) we have

1-2 1— -2 b -2 b
lim £ — lim Y8 lim —=2 = qﬁ(—) lim g ¢<_>
B—0+ ﬁ B—0+ 5 g—ot+ 1 — Yg a

Hence, we get

C'(1,0:a,b) = lim 22— 20
o(1,0:0,0) = /35& B
-2
= lim zg- lim b
B—0+ B—0*
a b
=)

n

The following lemma shows that Az, (1,ex,r)(u) is uniformly differ-
entiable at ¢ = 0. This fact plays a key role in the proof of Theorem
2.

Lemma 5.2. Let ¢ € C satisfy ¢(1) =1, and let K,L € K. Then the

convergence in

. haern)(u) = hi(u) _ hi(u)  hp(u)
B ; ~ o) ¢< )

is uniform on S™1.
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Proof. Set K. = My(1,¢; K, L) for all ¢ > 0. From Lemma 3.2 (v),
K. — K. Since hg, (u) = Cy(1, ¢, hg(u), h(u)) for each u € S*~*, by

Lemma 5.1, we have

. hi (u) —hi(u)  hi(u) | h(u)
i, e ~ o ¢<hK(u)>'

Let g : [0, +00) — [0,400) be a concave function, and let x > y > 0.
Then,

gi(@)(z —y) < g(z) —9(y) < gy)(z —y). (5:2)
Let ye(u) = ¢(:}i(&))>. Then, y.(u) — 17 as e = 0. From ¢ € C we

conclude that ¢! is concave on [0, +00). By substituting g = ¢! into
(5.2), and the facts that yo(u) = 1 and ¢~ (yo(u)) = 1, we have

1 1 1

Notice that

(1 = ye(u)).

b () = () 16 ()

€ ) €

and

Therefore, we have

hk. (U)¢< hi(u) ) < hic () = hre(u) _ i (u) gb( hi(u) )

¢(1) "\, (u) € = ¢(hi(w)/hi (w) " \hi, (u)
(5.3)

Since hg,(u) — hg(u) (as € — 07) uniformly on S"!', we have
hr/hk, converges to hy/hy uniformly, and hg /hy, converges to 1 uni-
formly. Thus, hy/hk, and hg/hg, are uniformly bounded and they lie
in a compact interval I, and ¢(t) is uniformly continuous on I. So the
left side of (5.3) converges to ™ (“)¢<hL(“)> uniformly.

#(1) 7\ hi(u)
Notice that ¢(t) is left-continuous at ¢t = 1, hx/hk, converges to 1

uniformly, and hg/hg, < 1. For arbitrary n > 0, there exists a 6 > 0,
such that |¢)(t) — ¢)(1)] < n for all 1 —§ < ¢ < 1. For this d, there
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exists a 6 > 0, such that
hi (u)
hi (u)
for all u € S ! and 0 < € < 6. Then,
hi (u) )

/ _ / 1 ) < ,
(bl (hK( (u) ¢l( ) n
for all u € S" ! and 0 < € < 6. Therefore, ¢}(hx/hx,) converges uni-
formly to ¢(1), and the right side of (5.3) converges to hK(")gb(hL("))

1-0<

<1,

¢ (1) T\ hx(w)
uniformly. Thus the convergence in (5.1) is uniform. O

Applying the method in Lutwak [35] (see also [20, Lemma 1]), we
get the proof of Theorem 2 by Lemma 5.2.

Proof of Theorem 2: Set K. = My(1,¢; K, L), ¢ > 0. By Property
(v) in Lemma 3.2, we have that K. — K as ¢ — 07, which implies that
the surface area measure Sk, — Sk weakly.

Since the measures Sk, are finite, converging weakly to Sk, by

Lemma 5.2, we have

. hi (1) — hi(u) _ hi(u) ¢ he(u)
tm c A5k (u) = /S (D) ¢<hK(u)>dSK(u>’
and

: hi (u) = hi(u) B hic(w) | ¢ hi(u)

Hence, we have
lim V(Ke) — Vi(K,, K) ~ im VI(K, K.) — V(K)
= D o 09 (S <)' )
5.4
Set
O R V) LG S



24 D.M. XI, H.L. JIN, AND G.S. LENG
From (5.4) and (1.4), we have
V(K. — Vi(K, K)

[ = lim
e—0t €
V(K)S (V(K)» — V(K)»
< lim inf ) ( (Ko) ( ))
e—0t €
= V(K)" liminf VK = VIE)"
e—0t €
and
| = piy KK — V(E)
e—0t €
V(E)S (V(E)n — V(K)x
Zlimsup()(() (K)»)
e—0t €
V(K)n — V(K)»

= V(K)"% limsup

e—0t €

Thus, we obtain

e—0t €
Therefore,
n—1
V(E)w = V(E)w) Y V(K)aV(K)S
v v VR VIO S VERV)
lim = lim
e—0t € e—0t
- K)w —V(K)a
=nV(K) = lim VIE) V(E)
e—0t €
= nl. (5.6)

Combining with (5.6) and (5.5), we complete the proof of Theorem 2. [J

Based on Theorem 2, we give two proofs of Theorem 3. The first uses
the Orlicz Brunn-Minkowski inequality, while the second uses Jensen’s
inequality. However, the first proof only establishes the inequality,

while the equality condition can be obtained in the second proof.
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First Proof of Theorem 3: By Theorem 2, the following limit

exists:

Vy(K, L) = a1) . VM1, K, L)) - V(E)

N e—0t €

By the convexity of ¢ (note that ¢(1) = 1), we have

a1 —z) > 1= o(x). (5.7)
By Theorem 2, (5.6), (5.7), and Theorem 4.7, we have

Vy(K, L) = )y, VI = VK

N e—0t €

st ”
= O(DV(K) lim %(l - x(( ?))
> V(K) ligggf% - ¢<“//((§)))>
= V(K) lim, ¢<VV<<2;)
i)
Thus we have established inequality (1.11). O

The second Proof of Theorem 3 uses the Jensen’s inequality.

Second Proof of Theorem 3: By Theorem 2, we have

Vil L) = s [ as(Z;—%)hK(u)dsK(u).

Since
L /S  hlu)dSic() = V(K),

n
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hr()Sk()
nV(K)

(1.4), we have

S | (e
(u) hg(uw)dSk(u
2o [ et )
<V1 (K, L)

is a probability measure on S" 1. By Jensen’s inequality and

(L> )

>¢< V(K)x

If K, L are dilates, it is easy to see that equality holds in (1.11).
Now suppose ¢ is strictly convex. If equality holds, then, by the
equality condition of Jensen’s inequality, there exists an s > 0 such

that hr(u ) = shK( ) for almost every u € S™ ! with respect to the

K ()Sk ()

nV(K) . Then, we have

measure

V¢(K,L) _ _
RIGRR I (T

Thus, s = V(L)Y/"/V(K)Y™. Furthermore, the equality condition of
(1.4) implies that K and L are homothetic. Then, L = sK +t for

some t € R". Since K has interior points, the support of the measure

%(SI?)(') cannot be contained in the great sphere of S"~! orthogonal
to t. Hence t = 0, which implies that K, L are dilates. U
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