AFFINE INEQUALITIES FOR L, MEAN ZONOIDS
DONGMENG XI, LUJUN GUO, AND GANGSONG LENG

ABSTRACT. In this paper, the L,(p > 1) mean zonoid of a convex body K is given, and we
show that it is the L, centroid body of radial (n + p)th mean body of K up to a dilation. We
also establish some affine inequalities of these bodies by proving that the volume of the new

bodies are decreasing under Steiner symmetrization.

1. INTRODUCTION

The notion of zonoids is basic in the Brunn-Minkowski theory of convex bodies and appear
in different contexts of the mathematical literature (see e.g. [2, 12, 15, 16]). Zonoids are
defined as limits of zonotopes in the Hausdorff metric, where zonotopes are Minkowski sum of
segments. A zonoid Z can also be defined as a convex body whose support function is

1

hz(u) = 5/5 B lu - v|du(v), for all u € S™

where p is an even measure on the unit sphere S™1.
Let K C R™ be a convex body (compact, convex set with non-empty interior). As introduced

by Zhang [15], a mean zonoid ZK is defined by

1 _
hzp(u) = V(K /K/K lu- (x —y)|dzdy, for all u € S™ 1, (1.1)

where V(K') denotes the volume of the body K.
The body ZK is indeed a zonoid (limits of Minkowski sums of line segments). It was also
shown by Zhang [18] that the volume of V(ZK) satisfies

V(ZK) > V(ZBk),

where By is the n-ball with the same volume of K. The equality holds if and only if K is an
ellipsoid.
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Schneider and Weil [16] introduced the notion of L, zonoids. A finite dimensional real
normed space is isometric to a subspace of L, if and only if the polar of its unit ball is an L,

zonoid. Specially, Ly zonoids are ellipsoids in R". For p > 1, a L,, zonoid can be defined by
hz,(u)f = / lu - vPdu(v), for all u € S" 1, (1.2)
Sn—1

where p is a finite even Borel measure on the unit sphere S"~!. We refer to [11, 12] for the
study on this subject.

It is natural for us to consider a class of bodies ZpK named L, mean zonoids.

Definition. Let K C R" be a convex body, and let p > 1. Then, the L, mean zonoid ZpK of
K is defined by

he2) = (@ /K /K 2 (@ — y)ypdxdy)‘l’, for all = € R™ {0}. (1.3)

The case p = 1 is just the ZK defined by Zhang [18]. We will show that ZpK is a L, zonoid
in Section 2.

In their paper, E. Lutwak and G. Zhang [13] introduced the L, centroid body I' K, p > 1,
with I K = I'K. It was also shown that the volume of the polar of I')K is maximized if the
volume of K is given. This gives an L, version of the Blaschke-Santalé inequality. In [L1], it
was proved that the volume of I', K is minimized if the volume of K is given. These results
have found applications in asymptotic functional analysis.

Similar to the centroid body I'K, the L, centroid body I',K is origin dependent. In this
paper, the L, mean zonoid Z)K , which is defined by (1.3), is a translation invariant analog
of the L, centroid body. Further relationship between the L, centroid body and the L, mean
zonoid can be seen in Section 2.

Throughout this paper, we assume that

|:2n+pwn+pw2n+p %

Cn,p = Wn )

W Wp—1Wn 4p-1
where w, = 72 /I'(1 + 2).
The main result of this paper is the following theorem. The result of the case p = 1, in our

theorem, is first proved in [18].

Theorem 1. Let K C R" be a convex body, and let p > 1. Then, the volumes of ZpK and K
satisfy the following inequality:

V(Z,K) > C,,V(K), (1.4)
with equality if and only if K is an ellipsoid.
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This paper is organized as follows. In Section 2, we observe that ZpK is a dilation of
I'y(Ry4pK), where I')(+) is the L, centroid operation, and R, , /K is the radial (n + p)th mean
body of K. Section 3 contains the proofs of our main results. Note that the volume ratio
V([',L)/V (L) take the minimum if and only if L is an ellipsoid (see [1]), while the volume
ratio V(R,4,K)/V(K) take the minimum if and only if K is a simplex (see [5, p. 522]), we

found that Theorem 1 can not be obtained from the results above in [1] and [5]. However,
it seems that we could not get a proof using the same method as in [18]. Inspired by the
work of Lutwak, Yang, and Zhang [10], we prove our main theorem by utilizing the Steiner

symmetrization. In Section 4, two inclusion relationships are established: one of them is
between ZPK and I',II*K, the other is between ZDK and ZP(AK), where II*K is the polar
projection body of K, and AK = (K — K)/2. The results of the case p = 1 are first obtained

in [18].

2. PRELIMINARY

2.1. Definitions and notation. Let R™ denote the Euclidean n-dimensional space. Let S"!
denote the unit sphere, B" the unit n-ball and o the origin in R"”. Denote by K™ the class of
convex bodies (compact, convex sets with non-empty interiors) in R, let K be the class of
members of K" containing the origin in their interiors, and let K be the class of o-symmetric
members of K. If u € S"~1, we denote by u* the (n — 1)-dimensional subspace orthogonal to
u, by 1, the line through o parallel to w and by [,(x) the line through the point x parallel to w.

Lebesgue k-dimensional measure V, in R™, kK = 1, ..., n, can be identified with k-dimensional
Hausdorff measure in R”. We also generally write V' instead of V,,. Let w,, = V(B"), and thus
nwy = V,1(S™1). Associated with a convex body K is its support function hy defined for all
x € R"\{0} by

hg(z) :==max{z-y:y € K}.
We shall use § to denote the Hausdorff metric on K™ : If K, L € K", 6(K, L) is defined by
O(K, L) = max |hx(u) = hi(u)l,

or equivalently,

O(K,L)=min{\: K C L+ AB" and L C K + AB"}.

The projection body IIK of a convex body K is defined in [11] by

1
hug(u) = V,_1(K|ut) = 5/ lu - v|dSk(v),
Sn—1
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for each u € S™ !, where K|u' is the orthogonal projection of K on u’, Sk(-) is the surface
area measure of K.

A set L is star-shaped with respect to the point x if every line passing through x crosses the
boundary of L at exactly two points different from x. If L is a compact set that is star-shaped
with respect to z, its radial function pr(z,2) : R"\{z} — [0, 00) with respect to x is defined
by

pr(z,z) =max{c:x +cz € L}, forall z € R"\{z}. (2.1)

When z is the origin, we also denote py(0,z) by pr(z) and refer to it simply as the radial
function of L. By a star body we mean a compact set L whose radial function is positive and
continuous. Note that this implies o € intL.

The L, centroid body I',K of a star body K is defined by

p_ 1 u.xpx:—l u-v|Pp(v)"Pdv
b0 = g [ fueabde = s [ aPosoy a2

for all u € S"~!. We denote the polar body of K by K*. The difference body DK of K is
defined by DK = K — K.
Let K € K*, for all > 0 and u € S™ !, define

Ex(r,u) ={y € u*: [l,(y) N K| >r}
and
ag(r,u) =V, 1 (Ex(r,u)).
In [18] ax(r,u) is called the restricted chord projection function of K. It is clear that Fx (0, u) =
Klut, and ag(0,u) = hng(u). When r > ppr(u), ag(r,u) = 0.
The following inequality can be found in [5] or [18] that
1
V(K) 2 ~ax(0, u)ppr (u), (2.3)
with equality if and only if K is a simplex.
If A > 0, Zhang (see [18, (2.2)]) proved that
/ ag (ryw)r dr < BN+ 1, n)V(E) M ag (0, 1), (2.4)
0

with equality if and only if K is a simplex.
Let K be a convex body and p > —1. The radial pth mean body R,K is defined in [5] by

o (25)
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and it has been shown that

00 pDK ()
/pK(:U,u)pdm:/ aK(r,u)rpdr:/ ar (r,u)rfdr. (2.6)
K 0 0
The formula
o0 pD K (1)
V(K) :/ ar(r,w)dr :/ a(r,u)dr (2.7)
0 0

can be obtained from (2.6).
When p > 0, it has also been proved in [5] that R,K is a o-symmetric convex body.

2.2. The L, mean zonoids. Let K be a convex body and p > 1, the L, mean zonoid ZPK
of K is defined by (1.3). We can consistently define Z.oK by

. — - e s,
hz_r(u) = H;%i%'“ (x —y)|, foralluels

In fact ZMK = DK. From Jensen’s inequality, it is obvious that
ZngZquDK, for 1 <p < q.

By (1.3), (2.1), the Fubini theorem, (2.5) and (2.2)

(V // |z-(x—y \pdxdy>;

i (y:v) . 1
(V //S" 1/ |z - v[PrmtP drdvdy)p
(Grpvar
(7

1 p n+p v %
V(K /Sn1 kg /ka(y,v) Pdyd ) (2.8)
=\ +p1 / e vl”pRHpK(v)"*pdv)E (2.9)
_ (V(Bn pK)
B (m) Ry (R 1) (2): (2.10)

From (2.10), h is obviously a support function, and

ZPK(Z)

2ok = (B k). (211)

Z,K =
P n+p)V(K)
Since R,4,K is o—syrilmetric, le(K)PRn L,k (v)"TP can be seen as a density function of an even
Borel measure, thus Z,K is a L, zonoid from (2.9) and (1.2).
Using (2.8) and (2.6), we have the following useful formula

h ! b [ "Pdrd ’ 2.12
ZPK(Z)_ (M‘/(K)Q/Snl |2 - vl /o ak (r,u)r r U) . (2.12)
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3. PROOF OF MAIN RESULT

We first give some notation and definitions about Steiner symmetrization that will be used in this
Section. Let K be a convex body and u € S®~!, denote by K, the image of the orthogonal projection
of K onto u*. We write £,(K;y') : K, — Rand £,(K;y') : K, — R for the overgraph and undergraph

functions of K in the direction u; i.e.
K={y +tu:—£,(K;y) <t </l K;y) fory € K,}.

Thus the Steiner symmetral S, K of K € K™ in direction u can be defined as the body whose
orthogonal projection onto u' is identical to that of K and whose overgraph and undergraph functions
are given by

Cu(SuEY') = £,(SuK;y') = S[u(Ky') + £,(K;y)).

N

For y' € K,, define m, = m,(u) by
1.
my (u) = S [lu(K5y) = £,(K5 )]
So that the midpoint of the chord KNl (y') is y' +m, (u)u, where [, (y') is the line through ¢ parallel
to u. The length |K N1, (y')| of this chord is denote by o, = oy (u).
Throughout this section, we denote x = (2/,s) € R*~! x R, and we will usually write hx (2, s)
rather than hy ((2/, s)).

The following lemma will be used in the proofs of our theorems.

Lemma 3.1. ([10, Lemma 1.2]) Suppose K € K" and u € S"~!. For y' € relintK,, the overgraph

and undergraph functions of K in direction u are given by

by (K y) = minl{hK(x’, 1) -2 -y}, (3.1a)
z’'cu
and
£,(Ksy) = min {hee(a', 1) =2’ -3/}, (3.10)
z'cu
We refer to [10] for a proof, and [I] for an application to the proof of the L, Busemann-Petty

centroid inequality.

We next show the operation Zp : K" — K7 is continuous.
Lemma 3.2. Supposep > 1,K; € K™, and K; — K € K", then ZpKi — ZPK.
Proof. Suppose ug € S 1. We will show that

thKi (UO) — thK(uo)'

Since K; — K implies {K;} are uniformly bounded, there is R > 0, such that K; C RB".
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By (1.3) and Minkowski’s inequality, we have

7,000 = )| = (5 [ [ k@)@l - (o = )Py

N——

= (VT o e U0 - Pdady)’

1 p
< (v | @) ) = 1@ Wl o - =) Py

1

(G~ v [ [ e - pPasdy)]

3=

3=

Obviously these two integrals converge to 0 when K; — K in the Hausdorff metric, thus h 7K (ug) —

thK(UO)‘

Since for support functions on S”~! pointwise and uniform convergence are equivalent, we complete

the proof.

We show that the operator Zp : K" — K% is GL(n) covariant in the following lemma.

O

Lemma 3.3. Suppose p > 1. For a convex body K € K™, and a linear transform ¢ € GL(n), then

Zy(¢K) = ¢(Z,K).

Proof. By (1.3) and the substitution x = ¢z1, y = ¢y; we have

hip(qu)(Z) = (V(;K)g /¢>K /<1>K |z (z — Z/)|pd$dy);
= (oo [ [ 1o+ Gn = )i )

= (V(1K)2 /K/K |¢tZ (= y1)|pd$1dyl>;
= thK(CZ’tZ) = Nz, 1) (2)-

Thus, Z,(¢K) = ¢(Z,K).
The following lemma plays a key role in the proof of Theorem 1.

Lemma 3.4. Let K € K",p> 1, and v € S"~1. If 2|, 25 € u*, then

/ /
21 + 2o 1 , 1 ,
ZP(SuK)( 2 ’ 1) < §thK(Zl7 1) + ithK(Z% _1)7

h

and
/ /
Z1 + 24 1 1
th(SuK)( 9 a_l) < ithK(Zi7 1) + §thK(zéa _1)-

(3.2a)

(3.2b)

Equality in (3.2a) or (3.2b) implies that all of the chords of K parallel to u, have midpoints that lie

in a hyperplane.
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Proof. From the definition of L, mean zonoid, we have

1
Zl’ <V K)? / / (21,1 —y)]pdxdy>p
1 m /+ 0' / m ,+ Oy i
<V / / / / (151) - (@ 31) = (s 2)) Pdsda’dsady )
/_70- ! /—70- ’
m /+ Oyt m ,+ T .
B (V / / / / (z *y)+s1—52|pd51dxd52dy)
u y/—%a'y/ u ,_%a—z,
2 1
2 =
<V / / / / |21+ (@' — o)+t — to + g — my/|pdt1dx’dt2dy’> r
wd—%0, wl—1o,
1
SK / / x_y)+t1_t2+mac'—my|pdt1dmdt2dy> ,
by making the change of variables t| = —my + s1, t = —m, + s2, and

1 1
g2 1) = (m / 1651 (@ = ppdsay)”
m/—l—al m/-l-az ) , , pdd/dd/%
1 X 22?_ )'((xvsl)_(y782))’ siar asaay

m, /—*O' /

m /+ O’ ’ m /+ O' / 1
/ / / / |2 - (2 — ) — 81+ 52|pd81d:z/d82dy/> b
u /—%G'y/ u /—*0' ’
1

Sy (. — Do —y) b — ty — /—l—m/pdtdx’dtd’)E,
(V(SuK)2 /SK /SK 2 (& my) b =y P diady
by making the change of variables t1 = my — s1, t2 = m, — s3.

Then, by Minkowski’s inequality, we have

l\)\b—‘ @

1
y

/ / ) |22 o —y) +t =ty — my +my ]pdtldx’dtgdy’> !
w/ =50

_1ls
29

21 + 24 1 21+ 24 5
20,500 g0 =2t f e fo g F D = )P’
1

= (o253 DY (@ — )+ 2ty — 2t |Pdtyda’ dtady’ ) F
(V(SK2~/S'K/,SK|(21+22) (' —y') + 2t o|Pdtidz 2y>

3=

<(VSK / / f”—y)+t1—t2+mx/—my|Pdt1dmdt2dy)

1

+(VSK / / 2+ (@ = o) + b1ty — s + my [Pt dadiady’ )"

= hng(Zl’ ) + hipK(ZQ, _1)

Thus we established (3.2a), and (3.2b) can be obtained by the same way.
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Since the inequality is obtained by Minkowski’s inequality, it takes equality in (3.2a) or (3.2b) if
and only if there is A > 0, such that
2 (@ =)+t —to+my —my = Nzy - (2 — )+t — ta — my +my),
for all (2/,t1), (¢, t2) € K. This is equivalent to
(21 = Azp) - (@' = y) + (L + A)(my —my) = (A = 1)(t1 — ta), (3.3)

for all (2/,t1), (¢v/,t2) € K.

If we fix 2/,y" and change ¢1,%2 in (3.3) such that (2/,¢1),(v/,t2) € K, then the left of (3.3) will
not change, this implies that A = 1. Thus, equality in (3.2a) or (3.2b) implies all of the chords of K
parallel to u, have midpoints that lie in a hyperplane. O

The theorems will be proved using the following lemma.

Lemma 3.5. Let K € K*,p > 1, and v € S™ !, then

Zy(SuK) C Su(Z,K). (3.4)
If the inclusion is an identity then all of the chords of K parallel to u, have midpoints that lie in a
hyperplane.

1

Proof. Suppose i € relint(Z,K),. By Lemma 3.1 there exist 2/ = 2/ (y/) and 2} = 25(y/) in u' such

that
Cu(ZpK3y) = hy (o (21,1) — 210/,
Eu(ZPK;y/) = thK<zév _1) - Zé : y/'
By (3.2) and (3.1), we have
_ - 1 ~ 1~
Eu(Su(ZpK)Q y/) = §£u(ZpK; y/) + iﬁu(zplﬁ y/)

1 1
= (g e (#1) — 2 ) 4 5 (hy (1)~ 2 )

2 2
1 1 1 1
= §h2pK(Zi’ 1)+ §h2p;<(zé7 -1) - (521 + 525) y
! !
Z1 + 2 L, 1, /
> i o (Coe2,1) — (5 + 5)

. / / /
> min {hy s, @1 =2y}

= 0u(Zp(SuK)s1)),
and
_ 1 ~
€U(ZpK; y/) + §£u(ZpK§ y/)

1
(hzy D) = 249 ) + 5 (g (o —1) = 2% o)

N = N =
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1 1 1 1
- §h2pk(zia 1)+ ithK(zé7 —1) - (521 + 525) -y

2+ 2 1 1
>h2p(su )( 12 2,—1)—(5214‘525)'3/

> min {th(s K)( -1 -2y}

z'eut

= L, (Zp(SuK); ).

If the inclusion is an identity, it must take equality in both (3.2a) and (3.2b), this implies all of
the chords of K parallel to u, have midpoints that lie in a hyperplane. O

Proof of Theorem 1. Choose a sequence of directions {u;} such that the sequence {K;} defined
by
Kiy1=8S,Ki, Ko=K
converges to B, where By is the n-ball such that V(K) = V(Bg).

Since the Steiner transform keeps the volume, by Lemma 3.5 and Lemma 3.2 we have
V(Z,K) > V(Z,Bx).

If K is an ellipsoid, then V(ZPK) = V(ZDBK) according to Lemma 3.3.

Conversely, if V(ZPK) = V(ZPBK), the inclusion in (3.4) must be identity for all u € S™"~!. This
shows that all of the chords of K parallel to u, have midpoints that lie in a hyperplane for all u € S~ 1,
and thus K is an ellipsoid. O

Thus, we have

V(Z,K) > V(Z,Bx), (3.5)
where By is the n-ball with the same volume of K, with equality if and only if K is an ellipsoid.

We claim that

V&Bo (v /. /B u- (o y)lPdody)”

(Tl + p wner P %
= ( |$ — 9| dmdy) .
nwawp—1wn V' Bk

Since th B, (1) is a constant independent of u, it is clear that ZpBK is a n-ball, we get the first

equality. The second equality is obtained by integral

(n + p)wnt
Lo e g = Sy

Walp—1

By using the spherical polar coordinates, , the Fubini theorem, and (2.6),

pBK(y u)
/ / (x —y)|Pdedy = / / / P drdudy
Bk J Bk By J§n—1

= pBy (Y, u)" Pdydu
ol M 0
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1 ppBy (1)
= / / ap, (r,u)r"Pdrdu
n+p Jon-1

2n+P
V(K
T / / (1-(5))"F r™*Pdrdu
n-+p gn—1
2" Pnwnwn—1 . n+ 1 n+p+1 »
= ——B( , YV (K)*
n+p 2 2
_ 2n+innWQn+p V(K)2+%.
(n + p)watnip-1
Combining these together, we have
[V(ZPBK)}JL _ [Qn;anerW?ner %V(K)%
Wn WaWp—1Wn+p—1
From (3.5) and (3.6), we get (1.4).
4. FURTHER RESULTS
In this section, we assume that
ntp+l 1 ntp—1 1
Cx(n,p)=n"7 Bn+p+1n)rV(K) » VII'K)r.

Theorem 4.1. Let K € K" and p > 1, then
Z,K C Cr(n, p)T,II*K,
with equality if and only if K is a simplez.
Proof. Let u € S"~1. We will prove
hz x(w) < Ck(n, p)hr,n-xk (u),

with equality for some u if and only if K is a simplex.
By (2.12) and (2.4), we have

=

fzac (W) = (nn+pﬁ(”+p7”+ 1)V(K)n+p_1/ 1 \uvlpaK(O,v)_”_pdv)
Sn—
By (2.2) and the fact that prx(v) = ax(0,v)7 1,

hr,mx (u) = ((n —I—p)‘lf(H*K) /snl |uv|paK(0,v)_"_pdv)

Then, (4.2) and (4.3) imply (4.1), with equality if and only if K is a simplex.

RS

The following lemma is crucial in the proof of Theorem 4.3.

11

(4.1)
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Lemma 4.2. Suppose p > 1, K € K". Let AK = %(K —K),r>0 and u € S" ', then
ag(r,u) < aar(r,u), (4.4)
with equality for all (r,u) if and only if K is symmetric.
Proof. Let L € K", denote G(r,u) by
Gr(r,u) ={z € L|pr(x,u) + pp(x, —u) > r}.

We first prove that
1 1
QGK(T, u) — QGK(T‘, u) C Gag(r,u). (4.5)

Let z,y € Gk (r,u), it is easy to see that

r+ pr (@, u)u —y + pr(y, —wu € K — K,

x— pr(z,—uw)u—y— pr(y,u)u € K — K.

Then

T -y Ty pr(@,u) + pre(y, —u) | prc(@, —u) + pr(yu) |

— >
park( 5 s u) + pak( 5 u) > 5 5 >,

we have (x — y)/2 € Gar(r,u), for arbitrary x,y € K, thus we get (4.5).

Noticing that G (r,u)|ut = E(r,u), using the Brunn-Minkowski’s inequality, we have

ank (7, U)ﬁ =V[(K/2 - K/Q)T\UL]ﬁ

v

1

1 1
V(G (r,u)|ut)»T + §V(—GK(7“, u)|ut) 7T

Y

V(G (r,u) /2 — G (r,u) /2) [ut] 7T
1
2

= 0K (73 u) = :
If K is symmetric, it is clear that ax (r,u) = aax(r,u) for all (r,u).
Conversely, if equality holds in (4.4) for all (r,u), we have V(K) = V(AK) by (2.7). By using
Brunn-Minkowski’s inequality, we have V(AK) > V(K), with equality if and only if K is a translation
of —K. Thus we complete the proof. O

Theorem 4.3. Suppose p > 1. Let K € K" and AK = %(K — K), then

Z,K C [V(AK)/V(K)]? Z,(AK),

with equality if and only if K is symmetric.
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Proof. For each u € S"~1, by (2.12) and Lemma 4.2, we have

() < [V(AK) VK] hy 30 (0):

Then

Z,K C [V(AK)/V(K)]» Zy(AK),
with equality if and only if
ag(r,u) = aar(r,u)

for all » > 0 and w € S™~!, this is equivalent to K is symmetric by Lemma 4.2. O
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