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ABSTRACT. In 1999, Dar conjectured if there is a stronger version of the celebrated
Brunn-Minkowski inequality. However, as pointed out by Campi, Gardner, and
Gronchi in 2011, this problem seems to be open even for planar o-symmetric convex
bodies. In this paper, we give a positive answer to Dar’s conjecture for all planar
convex bodies. We also give the equality condition of this stronger inequality.

For planar o-symmetric convex bodies, the log-Brunn-Minkowski inequality was
established by Bdroczky, Lutwak, Yang, and Zhang in 2012. It is stronger than
the classical Brunn-Minkowski inequality, for planar o-symmetric convex bodies.
Gaoyong Zhang asked if there is a general version of this inequality. Fortunately,
the solution of Dar’s conjecture, especially, the definition of “dilation position”,
inspires us to obtain a general version of the log-Brunn-Minkowski inequality. As
expected, this inequality implies the classical Brunn-Minkowski inequality for all
planar convex bodies.

1. INTRODUCTION

Let K™ be the class of convex bodies (compact, convex sets with non-empty inte-
riors) in Euclidean n-space R", and let K be the class of members of K" contain-
ing o (the origin) in their interiors. The classical Brunn-Minkowski inequality (see,
e.g., [17,18,25,33]) states that

K+ L|» > |K[7 + L], (1.1)

with equality if and only if K and L are homothetic. Here K, L € K", | - | denotes
the n-dimensional Lebesgue measure, K + L denotes the Minkowski sum of K and
L:

K+L={x+y:x€ Kandye€ L}

In his survey article, Gardner [17] summarized the history of the Brunn-Minkowski
inequality and some applications in many other fields. For recent related work about
this inequality, see e.g., [0, 13—15,19,30,37].

In 1999, Dar [9] conjectured that

K7 L]
M(K,L)»
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1



2 D. XI AND G. LENG

for convex bodies K and L. Here M (K, L) is defined by
M(K,L)= m%X|Kﬂ (x+ L)|.
zeR™

Dar’s conjecture has a close relationship with the stability of the Brunn-Minkowski
inequality, and plays an important role in asymptotic geometric analysis. The sta-
bility estimates are actually strong forms of Brunn-Minkowski inequality in special
circumstances. Original works about this issue are due to Diskant, Groemer, and
Schneider referred in [10,12,22-24/33]. Dar [9] pointed out that the “weak estimates”
about the “geometric Banach-Mazur distance” cannot be essentially improved. In
fact, this might be why Dar proposed his conjecture (1.2).

Figalli, Maggi, and Pratelli [13, 11] tackled the stability problem for convex bodies
with a more natural distance, i.e., “relative asymmetry” (which has a close relation-
ship with the functional M (K, L)), by using mass transportation approach. Using the
same distance as in [13, 141], Segal [34] improved the constants that appeared in the
stability versions in these inequalities for convex bodies. He also showed in [34, Page
391] that Dar’s conjecture (1.2) will lead to a stronger stability version of Brunn-
Minkowski inequality for convex bodies.

Dar [9] showed that (1.2) implies (1.1) for convex bodies. He also proved (1.2) in
some special cases, such as:

(1) K is unconditional with respect a basis {e;}?; and L = TK, where T is linear
and diagonal with respect to the same basis;

(2) K and L are ellipsoids;

(3) K C R? is a parallelogram and L is a planar symmetric convex body;
(4) K is a simplex and L = —K.

In their article, Campi, Gardner, and Gronchi [, Page 1208] described this as “a
fascinating conjecture”. However, they also pointed out that Dar’s conjecture “seems
to be open even for planar o-symmetric bodies”. Besides, the equality condition of
(1.2) is also unknown.

In this paper, we prove that the inequality (1.2) holds for all planar convex bodies,
and we also give the equality condition.

Theorem 1. Let K, L be planar convex bodies. Then, we have
|K|2|L|2
M(K,L)z
Equality holds if and only if one of the following conditions holds:

(i) K and L are parallelograms with parallel sides, and |K| = |L|;
(i) K and L are homothetic.

K +L|2 > M(K,L)? + (1.3)

In our proof of Theorem 1, the definition of “dilation position” plays a key role.
It makes us be able to do a further study on the other stronger version of (1.1), i.e.,
the log-Brunn-Minkowski inequality.

The log-Brunn-Minkowski inequality for planar o-symmetric (symmetry with re-
spect to the origin) convex bodies was established by Bordczky, Lutwak, Yang, and
Zhang [5]. It states that:
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If K and L are o-symmetric convex bodies in the plane, then for all real A € [0, 1],
(1= X) - K 4o A- LI > [K[" AL (1.4)

When A\ € (0,1), equality in (1.4) holds if and only if K and L are dilates or K
and L are parallelograms with parallel sides. Here hx and hj are support functions
(see Section 2 for the definition); (1 — \) - K +, A - L is the geometric Minkowski
combination of K and L, which is defined in [5] for K, L € K7 as the Aleksandrov
body (see, e.g., [1]) associated with the function hi; *h;.

For o-symmetric convex bodies K and L, Bordczky, Lutwak, Yang, and Zhang [7]
also established the following log-Minkowski inequality:

hr K], |L]
/51 log thVK > 5 log K[
Equality holds if and only if K and L are dilates or K and L are parallelograms with
parallel sides.

On one hand, we observe that the equality condition of (1.3) is similar to (1.4)
and (1.5), equivalently to say, the uniqueness of the logarithmic Minkowski problem,
see [5,0,35,30] for details. We study the relationship between Dar’s conjecture and
the log-Brunn-Minkowski inequality in Section 4.

On the other hand, it is nature to ask if there is a general version of (1.4) for planar
convex bodies that are not o-symmetric. Although there is a counterexample shown
in [5] that: let K be an o-centered cube, and L be a translate of K, then (1.4) cannot
hold; however, there exists a translate of K, say, K, such that K and L satisfy (1.4).
Here we only require that K and L are at a “dilation position” (see the definition
below).

The following Problem was proposed by Professor Gaoyong Zhang when he was
visiting Shanghai University in 2013.

(1.5)

Problem 1. Let K,L € K2. Is there a “good” position of the origin o, such that K
and an “appropriate” translate of L satisfy (1.4)?

The following Theorem 2 is an answer to Problem 1. Before this, we give the
definition of the so-called dilation position.
Let K,L € K™. We say K and L are at a dilation position, if o € K N L, and
r(K,L)L C K C R(K,L)L. (1.6)
Here r(K, L) and R(K, L) are relative inradius and relative outradius (e.g., see [0, 11,
,32]) of K with respect to L, i.e.,
r(K,L) =max{t >0:2+tL C K and z € R"},
R(K,L)=min{t >0: K Cx +tL and x € R"}.
It is clear that
r(K,L)=1/R(L,K). (1.7)
By the definition, it is clear that two o-symmetric convex bodies are always at a

dilation position. Therefore, Theorem 2 and Theorem 3 below are extensions of (1.4)
and (1.5).
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When K and L are at a dilation position, by Lemma 2.1, o may be in 0K N JL.
Therefore, we should extend the definition of “geometric Minkowski combination”
slightly. Let K, L € K™ with o € KN L. The geometric Minkowski combination of K
and L is defined as follows:

(L=XN EK4oA L= [ {z €R" 12 u < hg(u) P hy(u)}, (1.8)
ueSn—1
for A€ (0,1); (1 =N - K+, A-L:=KforA=0;and (1—-X)- K+, \-L:=1L for
A=1
Lemma 2.2 shows that (1 — \) - K +, A - L defined by (1.8) is always a convex
body, as long as K and L are at a dilation position. The following is the general
log- Brunn-Minkowski inequality for planar convex bodies.

Theorem 2. Let K,L € K? witho € KN L. If K and L are at a dilation position,
then for all real X € [0, 1],

(1= A) - K 4, A L] > [ KL (1.9)

When X € (0,1), equality in the inequality holds if and only if K and L are dilates
or K and L are parallelograms with parallel sides.

The following is the general log-Minkowski inequality for planar convex bodies.

Theorem 3. Let K, L € K? witho € KN L. If K and L are at a dilation position,

then
hr K], |L]
log —dVyg > — log —.
/51 B =2 K]
Equality holds if and only if K and L are dilates or K and L are parallelograms with
parallel sides.

(1.10)

Here Vi denotes the cone-volume measure (see Section 2 for its definition). It can
be seen from (1.6) that {hx = 0} = {hy = 0}. The integral in (1.10) should be
understood to be taken on S! except the set {hx = 0}, which is of measure 0, with
respect to the measure V.

For o-symmetric convex bodies in the plane, it has been shown in [5] that the log-
Brunn-Minkowski inequality (1.4) is stronger than the classical Brunn-Minkowski
inequality (1.1). In this paper, by Lemma 2.1 and Theorem 2, together with the
fact (1 —=A)- K+, A-L C (1 = X\)K + AL, we see that (1.9) implies the classical
Brunn-Minkowski inequality (1.1) for all planar convex bodies.

In [5], the proofs of (1.4) and (1.5) use the o-symmetry in several crucial ways.
However, in the general case, our proofs require new approaches. First, we prove
(1.10) for bodies in K? under the assumption that the cone-volume measure of a
body satisfies the strict subspace concentration inequality. See Section 2 for the def-
inition and the development history of the subspace concentration condition. Then,
by establishing 2 approximation lemmas, we show that (1.10) does not require the
subspace concentration condition, and it holds even for the case that o is in the
boundary. That is to say, the definition of “dilation position” is natural.
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This paper is organized as follows. Section 2 contains the basic notation and
definitions, and some basic properties of dilation position. Section 3 proves Dar’s
conjecture of dimension 2, and gives the equation condition. In Section 4, we show
a connection between Dar’s conjecture and the log-Brunn-Minkowski inequality. In
Section 5, we show some properties of dilation position, and prove the equivalence of
the log-Brunn-Minkowski inequality (1.9) and the log-Minkowski inequality (1.10).
Section 6 proves a version of the log-Minkowski inequality (1.10) under an assump-
tion. In the final Section 7, we establish 2 approximation lemmas, and thereby prove
Theorems 2 and 3.

2. PRELIMINARIES

In this section, we collect some basic notation and definitions about convex bodies,
and we show some basic properties of the dilation position. Good general references
for the theory of convex bodies are the books of Gardner [18], Gruber [25], Leichtweiss
[29], and Schneider [33].

Denote by B™ the unit ball in R™. By intA, clA and 0A we denote, respectively,
the interior, closure and boundary of A C R".

Suppose Aj, Ag, ..., Ay C R™ are compact. Denote by [A;, As, ..., Ag] the convex
hull of AU Ay U ..U Ag. When A; = {z;} is a single point set, we will usually write
[Ay, Ao, ...y, ..., Ay Tather than [Ag, As, ..., {x;}, ..., Ag]. Thus, for distinctive points
x1 and xq, [x1,xs] is a line segment. We also denote by [(x;x2) the line through the
points 1, Ts.

The scalar product “” in R™ will often be used to describe hyperplanes and half-
spaces. A hyperplane can be written in the form

Hyo={zeR": 2 -u=a}l.
The hyperplane H, , bounds the two closed half-spaces

H,,={zeR":1v-u<a},

Hf,={zeR":z-u>a}.

Especially, a hyperplane in R? is just a line. Similarly, [, , denotes a line. We also
denote by [~ and [* two closed half-spaces bounded by the line [. Then, lyo and
l:; o are two closed half-spaces bounded by I, o; [(x122)” and [(z129)" are two closed
half-spaces bounded by [(x;xs).

Let A C R? be a subset and [ a line. We say that [ supports A at x if x € AN
and either A C 1T or A C 7. We call [ a support line of A at z. In this paper, if [ is
a support line of a planar convex body K, we always assume K C [~.

The support function hg : R™ — R of a compact convex set K C R" is defined, for
x € R" by

hi(z) =max{z-y:y € K}.
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We shall use dg to denote the Hausdorff metric on K™. If K, L € K", the Hausdorff
distance dy (K, L) is defined by

dy(K,L) =min{a: K C L+aB" and L C K +aB"},

or equivalently,
dy(K,L) = max |hi(u) — hp(u)].

uesSn—
Let K € K™ The surface area measure Sk (-) of K is a Borel measure on S™~1
defined for a Borel set w C S™! by

S(w) =H" (v (),

where vg : K — S" ! is the Gauss map of K, defined on &K, the set of points
of OK that have a unique outer unit normal, and H""! is the (n — 1)-dimensional
Hausdorff measure.

Let K € K™ with o € K. The cone-volume measure Vi of K is a Borel measure on

Sn=1 defined by
1
dVi = EthSK.

We shall collect the notion of subspace concentration condition, which is defined
in [0]. Tt limits how concentrated a measure can be in a subspace.

A finite Borel measure g on S™ ! is said to satisfy the subspace concentration
inequality if, for every subspace £ of R™, such that 0 < dim& < n,

p(ENS™) < (5™ )dime, (2.1)

The measure is said to satisfy the subspace concentration condition if in addition to
satisfying the subspace concentration inequality (2.1), whenever

p(ENS™) =~ u(s™)dimé,

for some subspace &, then there exists a subspace &', which is complementary to & in
R™, so that also

p(€ N 8™y = (" )dime

or equivalently so that p is concentrated on S™~' N (£ U¢’).

The measure g on S™ ! is said to satisfy the strict subspace concentration inequality
if the inequality in (2.1) is strict for each subspace & C R", such that 0 < dim¢ < n.

It was first proved by He, Leng, and Li [27] that the cone-volume measures of
o-symmetric polytopes in R" satisfy the subspace concentration inequality (2.1), see
Xiong [38] for an alternate proof. Bérdczky, Lutwak, Yang, and Zhang [0] proved
that the subspace concentration condition is both necessary and sufficient for the
existence of a solution to the even logarithmic Minkowski problem. Recently, Henk
and Linke [28] proved that polytopes in R™ with centroid at o satisfy the subspace
concentration condition.
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Suppose K, L C R" are convex bodies. The mized volume Vi(K,L) of K, L is
defined by

Ly KLl ZR] 1 / o (0)dS e (1), (2.2)
Snfl

7 e—0t € n

Vi(K, L) =

When n = 2, it is clear that Vi (K, L) = Vi(L, K), and we will write V' (K, L) rather
than Vi (K, L).

Let K be a convex body in R™. For x € K, the extended radial function pk(x,z)
of K is defined by

pr(z,z) =max{A\ >0:x+ Xz € K} for z € R"\{0}.

Note that z could be in the boundary of K. Generally, see [20] for the definition of
extended radial function of star-shaped set with respect to the point x.

Now we show some basic properties of the dilation position. Let K, L € K" with
o€ KNL. K and L are at a dilation position if they satisfy (1.6). Note that:

(1) dilation position may not be unique, i.e., if K and L are at a dilation position,
then a translate of K and a translate of L may also be at a dilation position (e.g.,
K, L are parallelograms with parallel sides and centered at o);

(2) if K and L are at a dilation position, then K and a dilation of L are also at a
dilation position;

(3) for arbitrary convex bodies K and L, they may not be at a dilation position,
however, the following is true.

Lemma 2.1. Let K, L € K™. B o o B
(i) There is a translate of L, say L, and a translate of K, say K, so that K and L

are at a dilation position.
(11) If K and L are at a dilation position, then o € int(K N L) U (0K NOL).

Proof. Set R = R(K,L) and r = r(K, L).
(i) If K and L are homothetic, then R = r, and there exists a point ty € R™ such
that
K = T‘L + t().

Choose a py € L. Let L = L — p,, and let K = rL. Then we are done.

Assume K and L are not homothetic, then R > r. There are points t1,t5 € R™ so
that

L,.=rL+4+t; C K CRL+1ty=:Lpg.

Let t' be given by

Let
1

r
By a direct computation, we see that K and L are at a dilation position.

L=-(L,—t) and K=K—t.

(ii) By the definition, o € KN L and rL C K C RL. Then, there does not exist this
case: 0 € 0K but o € intL. Otherwise, there is a § > 0 such that §B™ C L C %K. It
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follows that o € intK, a contradiction. Similarly, there does not exist this case: o €
OL but o € intK. Therefore, either o € 0K NOL or o € intK NintL = int(KNL). O

Let K € K and L € K". If K and L are at a dilation position, then, by Lemma
2.1, o €intL, and

R 5) = g, 50 = s B, 29)
and
r(K,L) = min (1) = min prc() (2.4)

wesn=1 hp(u)  wesn—1 pr(u)

The following lemma shows that (1 — \) - K +, A - L is well defined for K, L € K"
that at a dilation position.

Lemma 2.2. Let K,L € K" with o € K N L. Suppose K and L are at a dilation
position. Then, for all real X € [0, 1], the geometric Minkowski combination of K and
L defined by (1.8) is a convez body.

Moreover, (1 —=X)- K+, AL - K as A\ = 0, and (1 —=X)- K+, AL — L as
A — 1, with respect to the Hausdorff measure.

Proof. Set r = r(K, L), and R = R(K,L). Since (1 — A) - K 4+, A - L is defined by
the intersection of closed and convex sets, it is also closed and convex. It remains
to show that (1 — )+ K +, A - L is bounded, and has interior points. Since rL C
K C RL, we have rhy(u) < hr(u) < Rhg(u) for all w € S™!. Tt follows that
rhi(u) < hg(u) = hr(u)* < R*ig(u) for all w € S*! and X € (0,1). This and the
fact K= (] {r€R":2-u < hg(u)} show that

ueSn—1

—~

MK C(1-))-K+,\-LCRK. (2.5)

Since (1—=X)- K+, A-L:=KforA=0,and (1—-X)-K+,A-L:=0Lfor A\ =1,
hence (2.5) holds even for A € {0, 1}. Therefore (1 — \) - K 4+, A - L is bounded, and
has interior points, for all A € [0, 1].

From (2.5), it is easy to see that (1 —\)- K +, AL — K as A — 0. In a similar
way, it follows that (1 = A)- K +,A-L — Las A — 1. O

In this paper, we shall make use of the overgraph and undergraph functions. Let
K € K™ For u € 8™ 1, denote by K, the image of the orthogonal projection of K
onto ut. Define the overgraph function f(K;z) and undergraph function g(K;x) of
K as follows:

K={rx+tu: —g(K;z) <t < f(K;z) for z € K, }. (2.6)
Then, f(K;z) and g(K;x) are concave on K.

3. PROOF OF DAR’S CONJECTURE OF DIMENSION 2

In order to prove Theorem 1, we need 7 Lemmas. The relative Bonnesen inequality
plays an important role, it states that:
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Lemma 3.1. [5] If K, L € K?, then for r(K,L) <t < R(K, L),
|K| —2tV(K,L)+t*|L| <0. (3.1)

The inequality is strict whenever r(K,L) <t < R(K,L). When t = r(K, L), equality
will occur in (3.1) if and only if K is the Minkowski sum of a dilation of L and a
line segment. When t = R(K, L), equality will occur in (3.1) if and only if L is the
Minkowski sum of a dilation of K and a line segment.

Bonnesen [1] proved this inequality for L = B?; the proof for the relative case was
established by Blaschke [2] and may also be found in [16]. We refer to [5, Lemma
4.1] for a detailed proof. Further study of Bonnesen-type inequalities can be seen

in [3,12,21,32].

Lemma 3.2. Let K, L € K?. Suppose that K N L has nonempty interior. Then, the
set OK\OL 1is the union of at most countably many disjoint connected open subsets
(with respect to the relative topology in OK ) of OK.

Proof. Let p, € int(K N L). Then, we have

OK\OL = {z € 0K : pp(po,x — Do) # 1}. (3.2)
Suppose there exists a point xqg € K N IL. Without loss of generality, we assume
Toool] = (1,0), where || - || denotes the Euclidean norm, and (cos #, sin §) denotes the

coordinate of a unit vector. Note that the map 6 — (cos,sin ) is a homeomorphism
from [0, 27) to S*. We define the function g () of a planar convex body K by

9r(0) := px(po, (cosB,sinf)) for 6 € [0,27). (3.3)

It is clear that the map 6 — p, + gx (€)(cos 0, sin ) is a homeomorphism from [0, 27)
to 0K, and 0 — p, + gr.(0)(cos 0, sin ) is a homeomorphism from [0, 27) to JL.
Notice that the set {6 € [0,27) : gx(0) # gr(0)} is open on R!, because gx(0) =
g1 (0). By the structure of open sets on a line, the set {6 € [0,27) : gx(0) # gr(0)}
is the union of at most countably many disjoint open intervals («;, 3;). It is also easy
to see that gr(a;) = gr(o) and gx (8i) = g (5;)-
Note that {x € 0K : pr(po,* — po) # 1} is just the image set

{po + 9K (0)(cosb,sinb) : g (6) # gr(6) and 6 € [0,27)},

and the map 6 — gx(0)(cosf,sinf) is a homeomorphism from [0, 27) to OK. Thus,
we complete the proof of this lemma. O

Now we give the definition of an arc. Let K,L € K?. Suppose that K N L has
nonempty interior. From Lemma 3.2, we have

OFK\OL = | J(a;b;)x.
1€l
Here I contains at most countably many elements, (&ZE,) k are disjoint connected open
subsets (with respect to the relative topology in 0K) of 0K, and a;,b; € 0K NJL are
endpoints of (a;b;) k. Note a;,b; ¢ (a;b;)x. We call (a;b;)x an arc on OK with respect

to L (or simply arc), for i € I. The arc (a;b;) is precisely the boundary part of K
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from a; to b; counterclockwise. In addition, (azbl) L, 1 € I, are precisely all the arcs
on JL with respect to K.
Note that 0K \OL is the union of (0K\ L) and (0K NintL), two open subsets (with

respect to the relative topology in OK) of 0K. Thus, an arc (a;b;) i is either contained
in (0K\L) or contained in (0K NintL).

Lemma 3.3. Let K, L € K% Suppose L, = r(K,L)L +t, C K and L, # K, where
t, € R2. Let (ab)x C OK\L, be an arc on K with respect to L,. Suppose that (ab)x

is contained in I (ab). Then, the arc (ab) satisfies the following property (P):
(P): there are two support lines: 1y support K at a, and ly support K at b, such that
[y Ny C intl™ (ab).

Proof. At the beginning, we will give an equivalent statement of property (P).

Set u = (a —b)/|la — b||. Let v be the unit vector orthogonal to u and such that
I*(ab) = I}, for some a. Choose a Cartesian system, such that v is the positive
direction of e;—axis, and wu is the positive direction of es—axis. Without loss of
generality, suppose v = (1,0) and u = (0, 1).

For this u, let the overgraph and undergraph functions f(K;x), g(K;z) and f(L,; x),
g(L,;z) be defined by (2.6). Let [sk,tx] denote the projection of K on e;—axis, and
let [sg,,tr,] denote the projection of L, on e;—axis. Then f(K;x) and g(K;x) are
concave on [sg,tk|, and f(L,;x), g(L,;x) are concave on [sy, ,t; |. Here x should be
understood as a coordinate as well as a point on the e; —axis.

Denote by f' (K;-) and ¢’ (K;-) the left derivatives of f(K;-) and g(K;-).

Note the following facts:

(1) if 1;//l5 (i.e., with opposite outer normal vectors), then Iy Ny = () C intl™ (ab);

(2) aline [ is tangent to the graph of f(K;z) at (0, f(K;0)) if and only if [ supports
K at a, and a line !’ is tangent to the graph of —g(K;x) at (0, —g(K;0)) if and only
if I’ supports K at b;

(3) let A1 be the slope of a tangent line of the graph of f(K;z) at (0, f(K;0)), and
A2 be the slope of a tangent line of the graph of —g(K;x) at (0, —g(/K;0)), then

FL(K;0) <A < fL(KG0), =gl (K50) < Ay < ¢ (K;0).
From the facts above it is easy to see that property (P) is equivalent to
JL(K;0)+ ¢ (K;0) > 0. (3.4)

To prove this lemma, we suppose the contrary, i.e.,
fL(K;0) + gL (K30) < 0.

Since f' (K;x) and ¢’ (K;x) are left-continuous, there exists a constant 6 > 0, such
that

S 2) + g (K 2) <0,
for all z € [-6,0]. Let ¢; = f/(K;—0) 4+ ¢ (K;—0) < 0, co = f/(K;—0), and
c3 = g (K;—6). Then, by the concavity of f(K;-) and g(K;-), we have

fK;x—e€) > f(K;x) —coe, and g(K;x —¢€) > g(K;x) — cse, (3.5)
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for all z € [-2,¢;,] and e < &.

Since (ab)x C OK\L, and the functions f(K;-), g(K;-), f(Ly;-), and g(L,;-) are
continuous, there exist my, my > 0 such that

FKia =) = f(Leiz) > my >0, and g(K;z — ) — g(Lyia) > my >0, (36)

for all z € [sg,, —g] and € < my. Note: (cﬁ))K C OK\L implies sy, > sk, and hence

we can choose my sufficiently small so that = — € € [sg, tx].
Note that co +c3 = ¢ < 0. For 0 < € < min{é —H—_ms}, let n be such that

0 < n < —cie. Then, by (3.5) and (3.6), we have sl
f(K;z—¢€) > f(K;2) —cre+cse > f(K;2) +cse+n > f(Lyx) + cse + 1,
g(K;x—¢€) > g(K;x) — c3e > g(Ly; ) — c3e — ),
for all x € [—16,1,]; and
f(K;x—e€) > f(Ly;x) + cse +my — cze > f(Ly;x) + cze +n,
9(K;x —€) > g(Ly;w) — cze +my + cze > g(Ly; 1) — cze — 1,

for all z € [sg,, —3].

Note that f(K;x—¢) = f(K+ev;z), g(K;x—€) = g(K+ev;x), f(Ly;x)+cse+n =
f(Ly + (cze + n)u; x), and g(L,; z) — cze — n = g(L, + (cse + n)u; z). Then, the body
Ly = L,—ev+(c3e+n)u is contained in the interior of K. This leads to a contradiction,
since a larger homothetic copy of L; will be also contained in K.

Therefore, we get (3.4). This means that the arc (ab)k satisfies property (P). O

Lemma 3.4. Let K,L € K? satisfy o € KN L and r(K,L) < 1. Suppose K and L
are at a dilation position. Let (ab)x C OK\L be an arc on OK with respect to L.
Suppose that (ab) is contained in 1~ (ab). Then, (ab)k satisfies property (P).

Proof. Since K and L are at a dilation position, hence

L. :=r(K,L)L C K.
By the assumptions (ab)x C OK\L and r(K,L) < 1, we see that (ab)x C OK\L,.
Since (ab)k is a connected open subset (with respect to the relative topology in 0K)
of 0K, there exists an arc A on JK with respect to L,, such that (ab)x C A. By

Lemma 3.3, A satisfies property (P). It follows from the convexity of K that the arc
(ab) x must satisfy property (P), too. O

Let K, L € K? with o € KN L. Suppose K and L are at a dilation position. Then
K N L has nonempty interior. Denote the arcs on 0K with respect to L by (a;b;),
@ € I, where I contains at most countably many elements. For ¢ € I, we define the

branch BE of K with respect to the arc (a;b;)x by
BE .= {\z:z € cl(ab)x and 0 < X < pg(z)}.
We also define C(K, L) by
C(K,L):={ x:x € 0KNOL and 0 < X < pg(x)}. (3.7)
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(a) (b)
Figure 1. The Branches BX and BF in Lemma 3.5.

Since [ contains at most countably many elements, we have

> IBf|+ |C(K, L)| = K], (3.8)
iel

and
> B +|C(K, L) = |L]. (3.9)
icl

The following lemma is crucial in the proof of Theorem 1.

Lemma 3.5. Let K, L € K? satisfyoe KNL and r(K,L) <1< R(K,L). Suppose
K and L are at a dilation position. Let (a;b)x C OK\L and (a;b;), C OL NintK be
arcs. Denote by BE the branch of K with respect to (ZL,\'b/i)K, and by BE the branch
of L with respect to (ZL:b/,)L Then, we have

(2R(K, L) - 1)| Bf| > | Bf|. (3.10)

Suppose (a;b;) C 1~ (a;b;). If equality holds in (3.10), then there are parallel (i.e.,
with opposite outer normal vectors) support lines of K at a; and b;, and there are no
other support lines of K at a; and b; satisfying property (P).

Proof. Set R = R(K,L). Suppose that (a;b;)x is contained in [~ (a;b;). Then, by
Lemma 3.4, there are two support lines: [; support K at a;, and [, support K at b;,
such that [; Nl C intl~(a;b;). The lines [; and Iy are either parallel or meeting at a
point s € [~ (a;b;). Let I3 be such that o € I3 and [3//1;//ls in the first case, and let
I3 = l(0s) in the second case. See Figure 1 for details. Note: our proof is feasible
even for the case Za;ob; > .
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Suppose K C Iy NIy Set chdy = (R - (aiby)) N7 NIy, where ¢ € Iy, d, € ly. Let
¢ dy = Ecbdy, then cidi C (a;b;). Define E(chdy) and E(cids) as follows:
E(c/gvdlz) ={\x:x¢€ clcgle/é and A € [0,1]},
E(cfllvdll) ={\:zx¢€ clcfilvdi1 and A € [0,1]}.
There are points ¢}, d}, ¢4, dy € I3 such that ¢} € (a;,c4), d4 € (b, dy), [ch, 4]/ /]cL, ],

and [dY, d}]//[d},ds]. By the convexity of K and L, it is clear that

R E(cidy) = E(chd3): (3.11)
R-lo,cy,cs] = [o,c5,ci],  R-[o,dy,dy] = [o,dy, dyl; (3.12)
E(cidi) U [o,a;, ¢}] U o, by, di] C BY; (3.13)
BX ¢ E(cddi) U o, a;, ) U [o, b, di); (3.14)
E(cidy) C [o,h, 3] U [o.d}, (3.15)
E(c/’;dg) C [o,cb, iU [o,db, d). (3.16)
Set Vi = |[o, a;, ¢t]|, Va = |[o, b;, d]|, V3 = |E(cfllvdll)| By (3.11), (3.12), (3.13), and
(3.14), to prove (3.10), it suffices to prove
2R — 1)(Vi + Va4 V3) > R*Vs + |0, a;, ¢5]| + |[o, by, db)].
Since ||cs|| = R||¢}]| and ||ds|| = RJ|d||, it suffices to show
(R—1)(Vi+V3) > (R—1)°Vj. (3.17)

Let c§ € [ch,¢j] and dy € [d}, dy] be such that [c},ci|//[d}, d5]//ls. (R — 1)V is
just the area of [a;, ¢}, c)], (R — 1)V4 is the area of [b;, d}, ds]. By (3.15) and (3.16),
(R —1)?Vj3 is less than or equal to the sum of |[cy, ¢4, ct]| and |[db, di, di]|. Recall that
l1,ly and [3 are either parallel or meeting at a common point s € [~ (a;b;). Thus, we
will deduce that

|[CZQ’CZI>CZS]| < |[czlaai>cz2]|v (318)
and

|[d3, dy, ds]| < |[dy, bi, da]]- (3.19)
In fact, if 11//la//l3, then [a;, cb, ¢k, ct] and [b;, db, dy, d}] are parallelograms, and e-
qualities hold in (3.18) and (3.19). If [;,ly and I3 meet at an s € [~ (a;b;), then
llch — il < |la; — || and ||dy — di|| < ||bi — d}]|, and the inequalities (3.18) and (3.19)
are strict.

Thus, (3.17) holds, and (3.10) is established. If equality holds in (3.10), then (3.18)
and (3.19) must be equalities, which implies l3//l; and l3//ls, and there are no other
support lines of K at a; and b; satisfying property (P). Therefore, we complete the
proof of this lemma. O

To establish the equality condition, we need the following 2 lemmas.
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Lemma 3.6. Let K € K2 Suppose a1, as, a3, as € OK are distinctive, and they locate
counterclockwise on OK. If there is a pair of parallel support lines (i.e., with opposite
outer normal vectors) of K at ai,as, and there is a pair of parallel support lines of
K at as,ay, then [a1,aq), [az,a3] C OK.

Proof. Denote the outer normal vectors of these support lines of K at aq,as, as, ay
by (cosfy,sinby), (cos by, sinbsy), (cosbs,sinbs), (cosby,sinb,) respectively.

Since aq,asg, by, by are distinctive and locate counterclockwise on the boundary of
the planar convex body K, we can assume

Since (cos 61, sin ;) and (cos s, sin 6y) are opposite, we have 0y = 7+ 6. Similarly,
0, = m + 05. Therefore, the inequality (3.20) becomes

0<0, <m+0 <05 <7+ 03 <2,
which implies
61:0, 02:71':93, 94:27'('.
Thus, by the convexity of K, we get the desired result. 0

Lemma 3.7. [31] Let K, and K, be two convex bodies in R" and u € S™'. For
y € P(K;),i=1,2, write

oF (y) = max{t : tu +y € K},

¢; (y) = min{t : tu + y € K;},
and
flr) =K1 0 (ru+ Ks),
where P,(K;) denotes the projection of K; onto ut. Then, we have

F(0) =H" (G (1,2) = H"H(C, (2.1)),
fL0) =H"H(C, (1,2)) = H"H(Cf (2, 1)),

where
Ci(1,2) = Py(K1 N Ka) N{d] > ¢5 > ¢y > by b,
Cy (1,2) = Pu(Ky N KQ) N {6] > 65 > dy 2y 1,
and CE(2,1) are defined analogously.

Proof of Theorem 1. Set Ry = R(K,L), and Ry = R(L,K). If Ry <1 or Ry <
1, then M (K, L) = min{|K]|,|L|}, and (1.3) is just the classical Brunn-Minkowski
inequality (1.1). In this case, equality holds in (1.3) if and only if the condition (ii)
holds.

In the following, we may assume R;, Ry > 1. We claim that either RiM (K, L) >
|K| or RyM(K,L) > |L|.

By Lemma 2.1, we can assume without loss of generality that K and L are at a

dilation position. Denote the arcs on 0K with respect to L by (a;b;)k, i € I, where I
contains at most countably many elements. Denote the branches of K with respect
to the arc (a;b;)x by BX, and the branches of L with respect to the arc (a;b;)r by

[
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B Let C(K, L) be defined by (3.7). Note that (ZLZ\-I):)K C OK\L is equivalent to
BF c BE. We define index sets I; and I, as follows:
I, ={i: Bf C B};
_{;i.RBK L
I,=1{j: B C B}}.

By Lemma 3.5, we have

(2R, - 1) Y |BH > 3 |BY],

i€l i€l
and
2R = 1) 3 BE| = Y |BY
J€l2 Jjel2
It 3 |Bf| > X |Bf*|, then
el Jjel2
Ry |Bf|+ (Ra— 1)) |Bf| =) |BfI. (3.21)
Jj€l2 i€ly VISP

Since
IKNL| =Y |Bf+) |Bf|+|C(K,L)
i€l J€l>

by (3.9), (3.21), and Ry > 1, we get
RyM(K, L) > Ro| K N L| = Ro(Y _ |BF| + ) |Bf| +|C(K, L)]) = |LI.

il jel
In a similar way, if Y |[B| > > |B}|, then we get
jel> i€ly
RIM(K,L) > |K]|.
Therefore, we have proved either Ry M (K, L) > |K|or RoM (K, L) > |L|. Note that

r(K,L) = ng’ and we have assumed Ry, Ry > 1. Then, either % € [r(K,L),R(K, L)]

rbt—]\{(ﬁ’m € [r(K, L), R(K,L)]. Substituting ¢t = % ort = M(‘ILj’L) in (3.1), we
obtain

| KL
2V(K,L) > M(K,L) + ———. 3.22

By the arithmetic-geometric mean inequality, we have
K|+ L] > 2|K|2| L. (3.23)

This together with (3.22) and the fact |K + L| = |K| + 2V (K, L) + |L|, give (1.3).
Now we turn to the equality condition. Note that we have assumed R, Ry > 1,
which implies K" and L are not homethetic. When K and L satisfy condition (i) in
Theorem 1, it is easy to verify that equality holds in (1.3).
Conversely, suppose equality holds in (1.3). Since (1.3) is established by using
(3.23) and (3.1), then |K| = |L|, and either |K|/M(K,L) = Ry or |L|/M(K, L) = R;.
From the proof above, this implies that equality holds in (3.10) for all branches B

and BJ-L, it € Iy and j € I,. By Lemma 3.5, there are parallel support lines of K



16 D. XI AND G. LENG

m=n=1 I’l1:1, m=2

Figure 2. The cases ny =ny =1 and ny = 1,ny = 2.

at a;,b; for ¢« € I, and parallel support lines of L at a;,b; for j € I,. Moreover,
M(K,L)=|KnNL|and |C(K,L)|=0.

Let n; be the number (the finiteness can be seen in the following) of the arcs
contained in 0K\ L, and ny be the number of arcs contained in 0L\ K. Then, ny,ny >
L. Otherwise, we will get L C K or K C L, a contradiction. If ny > 3, then it
follows from ns > 1 that there are arcs (albl) x and (agbg) K contained in 0K\ L, so
that ay, by, as, by are distinctive. Suppose aq, by, as, by locate counterclockwise on K.
Then, it follows from Lemma 3.6 that [b1, as], [a1,b5] C OK. Then, there will not be

any other arcs contained in 0K\ L except (albl) x and (agbg) K, a contradiction. So
ny < 2. In a similar way, we deduce 1 < ny < 2, too. Therefore, there are only 4
cases: Ny =ng =2;n1=ng=1;ny=1and ny =2; ny =2 and ny = 1.

When n; = ny = 2, suppose

(arb1) i, (azbe) i € OK\L, and (asbs)r, (asbs)r, C OL\K.

If ay, by, as, by are noigistincﬁi\v/e, assume by = ag, a; # by. By the necessary condition
of Lemma 3.5 for (a1b1)x, (asbe) i respectively, it must be the case that: there is a
unique support line of K at b; = as, say [y, and there is a common support line
of K through a; and by parallel to I;. Then, [ai,b] C K, and there are no more
than 1 arc contained in OL\K, a contradiction. Thus, ay, by, as,bs are distinctive,
and as, b3, a4, by are distinctive too. From Lemma 3.6, it follows that K N L is a
parallelogram, and the arcs (a1by)r, (a2bs)r, (ashs) i, (asbs)x are all line segments.
Furthermore, equality in (3.17) implies that (3.14) and (3.16) are also equalities for
©=1,2,3,4. Then, K and L must be parallelograms with parallel sides in this case.

When n; = ny, = 1, suppose (albl)K C OK\L and ((IQbQ)L C OL\K. Then, we
have - -

8K\((a1b1)K U (a2b2>K> C OKNOL.

These two arcs must have a common endpoint, and we suppose b; = as. Other-
wise, we will get |C(K,L)| > 0, a contradiction. |C'(K,L)| = 0 also implies that
[0,a1], [0,bs] C K N OL. Consider the branch Bf, and use the same notation
cy,dy as in Lemma 3.5 (let ¢ = 1). Equality in (3.17) implies that (3.13), (3.14),
(3.15) and (3.16) are all equalities. Then, (a;by). is either a line segment or the
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union of two line segments, and so is (azb2)x. Let vy = (a; — c3)/|la; — ¢}, and
substitute Ky = L, Ky = K into Lemma 3.7. The existence of parallel support
lines at ay,b; implies P, (K N L) = P, [a1,b;1]. Since [0,b5] C 0K N OL, we have
Py Jay, b N {dy > ¢r} = 0. Thus, H1(C; (2,1)) = 0. Since M(K, L) = |K N L], by
Lemma 3.7, it must be H'(C} (1,2)) = 0. Note that {¢5 > ¢7 > ¢5} = P, [ar, bi].
Then, C (1,2) = P, [a1,b1] N {¢] > ¢35}, and hence H'(C} (1,2)) = 0 if and only
if (agbs)x is the line segment [ag, by]. Similarly, we deduce that (aqby), is the line
segment [ay,b1]. If [0,a1] is not parallel to [ag,bs], let v = —aq/||a;||. By a direct
computation as above, we will get H'(C,,(2,1)) = 0, and H'(C} (1,2)) > 0, which
is contradict to M (K, L) = |K N L|. Thus, [0,a1]//]as, bs]. Similarly, [0, bs]//]a1, b1].
Therefore, K N L is a parallelogram. Equality in (3.17) implies that (3.14) and (3.16)
are also equalities for ¢ = 1,2. Therefore, K and L are parallelograms with parallel
sides in this case. - -

When ny = 1,ny = 2, suppose the 3 arcs are (a1b1)g C OK\L, and (bias)g,
(baa1)r, C OL\K. If ay, by, ag, by are not distinctive, assume without loss of generality
that as = by,a; # b;. By the necessary condition of Lemma 3.5 (consider the 2
branches of L), it must be the case that: there is a unique support line of K at
ay = by, say I’, there is a common support line of K through a; and b; parallel to /.
Then, [ay,b1], [az,bs] C OL, here [by, as] should be seen as a degenerate line segment.
If ay,by,as,be are distinctive, by Lemma 3.6, [a,b1], [ag,by] C OL, and (aiby)y is
a line segment. Consider the branch Bf*, and use the same notation ci,d} as in
Lemma 3.5 (for i = 1). Let vz = (a1 — ¢3)/[|ary — ¢3]|. By computing H'(C} (1,2)),
H'(C,,(2,1)), and using Lemma 3.7, a similar way as in the case n; = ny = 1, we
deduce that K and L must be parallelograms with parallel sides.

The case ny = 2,n9 = 1 is similar to the case n; = 1,ny = 2. Therefore, we com-
plete the proof of Theorem 1. O

4. CONNECTION OF DAR’S CONJECTURE AND THE LOG-BRUNN-MINKOWSKI
INEQUALITY

From Theorem 1, we find that the equality condition of Dar’s conjecture coin-
cides with the log-Brunn-Minkowski inequality’s. Actually, we have the following
proposition.

Proposition 4.1. Let K,L € K> witho € KN L and |K| = |L|. If K and L are at
a dilation position, then Vi =V, if and only if

K2 [ L

K+ L|2 = M(K,L)? + )
M(K, L)z

(4.1)

We will show this by establishing Lemma 4.2, which is an extension of [5, Lemma
5.1]. However, the equality case needs different steps.
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Lemma 4.2. Let K,L € K? with o € K N L. Suppose K and L are at a dilation
position. Then,

1 K]
dV h as 4.2

with equality if and only if K and L are dzlates, or K and L are parallelograms with
parallel sides.

Note that the set {hx = 0} = {hy = 0} is of measure 0, with respect to the
measure V. Thus, the integral in (4.2) is well-defined.

Proof. By Lemma 2.1, either o € int(K N L) or o € 0K NIJL. We will consider these
cases simultaneously.

Since r(K, L)L C K C R(K, L)L, we see that hx(u) = 0 if and only if hz(u) = 0.
Define the set w by

wi={ueS":hg(u) =0} ={ucS":hy(u) =0}

Then, we have
hK (U

~—

r(K, L) < < R(K, L),
(K, L) o0 (K, L)
for all u € S"\w. Thus, by Lemma 3.1, for u € S*\w, we get
hi (u) hic (u) 2
K| -2 K, L L| <
K| =2 SV D)+ (3RS ) 18 < 0

Integrating both sides of this, with respect to the measure h;dSk, noticing that the
set w is of measure 0 (whenever the respective measure is h;dSgk or dVk), we obtain

0> /S (|K| —QZK((U))V(K,L)Jr (ZIL((( ))) |L|)hL( )dSi (u)

— K|V(K.L) +2|L / (),

U

u

which implies (4.2).

If K and L are dilates or parallelograms with parallel sides, then it is easy to see
that equality holds in (4.2).

Now suppose equality holds in (4.2). Then,

hi (u) hic ()2
K| -2 K, L L| = for all . 4.
K| =2 SV L)+ (355 ) 1 =0, forallu € suppSic\w. (43)
By Lemma 3.1, we have
ZKEZ; e {r(K,L),R(K,L)} forall u € suppSk\w. (4.4)
L

Since K is a convex body, w must be contained in an open subset of a half-sphere,
and suppSy cannot be concentrated on a half-sphere. Then suppSk\w # 0. Without
loss of generality, we may assume that there exists a uy € suppSk\w, such that
hi(ug) = r(K, L)hy(ug). From (4.3) and the equality conditions of Lemma 3.1 we
conclude that K must be a dilation of the Minkowski sum of L and a line segment.
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Thus, K = sL + I; with s > 0, where [; is a line segment. In fact, it can be seen
from the proof of Lemma 3.1 or from the following discussion that s = (K, L).

If s > r(K,L), then a larger homothetic copy of L will be contained in K, a
contradiction. Thus, s < r(K, L). Since r(K, L)L C K, we have

shp(u) + hy, (u) = hg(u) > r(K, L)hy(u) for all u € S*.

Then,
hr,(w) > (r(K,L) — s)hp(u) >0 forallu € S*.

Thus, o € I. If s < r(K, L), then h;, > 0, which is impossible because [; is a line
segment. Therefore,

hi(u) = r(K, L)hp(u) 4 hy, (u) for all u € S*, (4.5)

with o € 1.

Note that K and L are dilates if and only if I; = {o}. Suppose K and L are
not dilates, then I; is nondegenerate. From (4.5) and o € I, it follows that the set
Q:={ueS": hg(u) =r(K,L)h;(u)} is contained in a half-sphere. Since K has
interior points, suppSk cannot be concentrated on a half-sphere. This, together with
the fact that {2 is contained in a half-sphere, proves that suppSk\{2 must contain
at least one unit vector u;. Then, from (4.4) and the fact w C 2, we conclude that
hi(uy)/hp(u1) = R(K, L). By the same argument above (4.5) we deduce that

1
L=——F—K+I
RS

with o € I5. This together with (4.5) implies that

r(K, L)

K=——"—K K, L)I,+ 1.

R(K, L) _'_ r( ? ) 2 + 1

Note that K and L are not dilates if and only if (K, L)/R(K, L) < 1. Thus, we have
1

K

1 (K, L)/R(K, L) (r(&. )82 + 1),

which implies that K is a parallelogram with sides parallel to I} and I5. Similarly,
we have

1 1
L= ( I+ 1),
= (K, L)/RK, D \R(K, L) ' 7
which implies that L is also a parallelogram with sides parallel to I; and I5. 0

Proof of Proposition 4.1. Suppose K and L are at a dilation position, and
|K| = |L|. Note that the set {hx = 0} = {hy = 0} is of measure 0, whenever the
respective measure is Vi or V. If Vi = V7, then, by Lemma 4.2, we have

1 hy
— | hpdSk = | Eav,
2 /Sl LK /51 he X

hr,
— [ v,
/51 hg F
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1
<= / hidS:,
2 Jo

1
= — hrdSk.
Q/SILSK

Then, there is equality in (4.2), and hence K = L or K and L are parallelograms
with parallel sides and |K| = |L|. This implies (4.1).

By Theorem 1 and |K| = |L|, if (4.1) holds, then either K and L are parallelograms
with parallel sides or K = L, which implies Vi = V. 0

There might be a direct proof of this equivalence that without the help of Lemma
4.2, and then it might be a new approach to consider the uniqueness of the logarithmic
Minkowski problem.

5. PROPERTIES OF DILATION POSITION AND EQUIVALENCE OF (1.9) AND (1.10)

In this section, we prove several properties of dilation position, and show the
equivalence of (1.9) and (1.10).
The following lemma is a useful tool when dealing with the dilation position.

Lemma 5.1. Let K, L € K".
(i) Suppose r(K, L)L is the biggest homothetic copy of L contained in K. Then, there
are Uy, U, .., Ups1 € S™F with o € [uy, ug, ..., Upy1], such that

hi(u;) = (K, L)hg(u;),

fori=1,2,...n+ 1. Here uy,us, ..., u,+1 may be distinctive or not. Furthermore,
there are z; € 0K NO(r(K, L)L), so that

hic(wi) = r(K, L)hp(wi) = i - w,
fori=1,2,...n+1.

(1) Suppose there is an s > 0 so that sL C K, and there are uy, Uy, ..., Upyq € S™71
with o € [uy,ug, ..., Up11], Such that

hi(u;) = shr(u;),

fori=1,2,...n+ 1. Then, sL is the biggest homothetic copy of L contained in K,
i.e., s =r1(K,L).

Proof. (i) See [33, Page 414], it is easy to conclude that o € conv{u € S" ! : hy(u) =
r(K,L)hr(u)}. Then, by Carathéodory’s theorem (see [33, Theorem 1.1.4]), o is
the convex combination of n + 1 or fewer points of the set {u € S"™' : hg(u) =
r(K, L)hy(u)}, which implies the first result.

Then, there are 1, xg, ..., Tpi1 € 8(7’(K, L)L), so that

x;-u; = r(K, L)hp(u;),
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fori =1,2,...,n+1. Since r(K, L)L C K, we see that z; € K. This and z;-u; = hg(u;)
imply x; € 0K.

(ii) Suppose sL C K, and there are uy, ug, ..., upy1 € S™ 1 with o € [uy, ug, ..., Up 1],
such that

hi(u;) = shy(u;),
for i =1,2,...,n+ 1. If there is an s’ > s, and a t € R", so that 'L +t C K, then
s'hy(u;) +t - u; < hg(u;) = shr(u;), (5.1)

n+1
fori=1,2,...,n+1. Since o € [uy, us, ..., uy41], there are A; € [0, 1], so that > \; =1
i=1

and
n+1

jzj)gui::O.
i=1

This and (5.1) together with the sub-additivity of support function give

n+1 n+1

0=(s"—5)hp(0) < (s' =) Y Nihp(ug) < —t- Y My =0.

Then, hp(u;) =0 for i = 1,2,...,n + 1. Since o € [uy, us, ..., Uns1], L will not contain
an interior point, a contradiction.
Thus, sL is the biggest homothetic copy of L contained in K. U

The next lemma is important.

Lemma 5.2. Let K, L € K™ with o € KN L. Suppose K and L are at a dilation
position. If s > 0, then K and L + sK are also at a dilation position.

Proof. Set r = r(K,L) and R = R(K,L). Since K and L are at a dilation position.
we have

rL C K C RL.
Then it is trivial that
,

14 sr 14+ sR
We remain to show that 7(K,L+sK) =r/(1+sr)and R(K,L+sK)= R/(1+sR).
If there is a bigger homothetic copy of L + sK contained in K i.e.,

r(L+sK)+ty C K,

with 7/ > r/(1 + sr) and to € R", then

r'hp(u) +to-u < (1 — sr')hg(u) for all u € S™ '

(L+sK)C K C (L + sK).

The case 1—sr’ < 01is impossible, because that hx > 0, L has an interior point and ¢
is a fixed point. So 1 —sr’ > 0. Then a bigger homothetic copy of L will be contained
in K, because r’/(1—sr’) > r. This is a contradiction. Thus r(K, L+sK) = r/(1+sr).
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If there is a smaller homothetic copy of L + sK containing K, i.e.,
r'(L+ sK) +ty C K,
with 0 < R' < R/(1 + sR) and t; € R", then
R'hp(u)+t;-u>(1—sR)hg(u) for all uwe S™ 1.

Since 0 < R' < R/(1+ sR), we have (1 — sR')R > R’ > 0, and hence (1 — sR') >
0. Then R'/(1 — sR') < R, and (R'/(1 — sR"))L + (1/(1 — sR'))t; contains K, a
contradiction. Therefore, R(K, L+ sK) = R/(1+ sR), and we complete the proof of
this lemma. U

The following lemma is needed, and natural.

Lemma 5.3. Let K, L € K" witho € KN L. If K and L are at a dilation position,
then (1 = X)- K 4+, A+ L and K are also at a dilation position, for each X € [0, 1].

Proof. Setr =r(K,L), R= R(K,L),and Q) = (1-\)-K+,\-L. By lemma 5.1, there
are Uy, Usg, ..., Upyy € S" 1 with o € [uy, ug, ..., uny1], and there are x1, o, ..., Tpi1 €
OK No(r(K,L)L), so that
x; - u; = rhp(u),
fori=1,2,...n+ 1.
Since rL C K C RL, we have
R hyg < hio*hy <rhg.

By the definition (1.8),

Q) = ﬂ {z eR":z-u < hg(u)' hp(u)},

ueSn—1

we have
RMK CQyCr K. (5.2)

Now z; € K N (r(K, L)L) implies rz; - u < hy(u)"*hy(u)*, which means r—z; €
Qy for i =1,2,...,n + 1. This and the fact z; - u; = rhr(u;) = hx(u;) give

ho, (wi) = 17 @ - up = hie(u) " hy(w) > ho, (u),

fori =1,2,....,n+ 1. Since o € [u, Uy, ..., Up41], by Lemma 5.1, we see that 7*Q) is
the biggest homothetic copy of @), contained in K.

Similarly, noticing that R~!K is the biggest homothetic copy of K contained in L,
we deduce that R~ K is the biggest homothetic copy of K contained in Q. Therefore,
(1-=X)-K+,X-Land K are also at a dilation position. O

Lemma 5.4. Let K, L € K" witho € KN L. If K and L are at a dilation position,
then
1= - K+, A L|—|K h
lim ( ) + [~ 5] = n/ log L avy.
A—0t A Sn—1 hK
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Note: the set {hx = 0} = {hy = 0} is of measure 0, with respect to the measure
Vi. The proof of this lemma is just an examination of the proof of [26, Lemma 1], as
long as (1 —\)- K +,A- L — K as A\ — 0, which is guaranteed by Lemma 2.2. So
we omit it here.

The following lemma shows the equivalence of the log-Brunn-Minkowski inequality
(1.9) and the log-Minkowski inequality (1.10).

Lemma 5.5. The log-Brunn-Minkowski inequality (1.9) and the log-Minkowski in-
equality (1.10) are equivalent.

With the aid of Lemmas 5.3 and 5.4, we are able to use the idea in [5] to prove
this lemma. For the sake of completeness we present the proof here.

Proof. Let K, L € K? with o € KNL, and suppose K and L are at a dilation position.
Set Qx=(1—-X)-K+,X-L, for A € [0,1].

First suppose that we have the log-Minkowski inequality (1.10) for each pair of
convex bodies that at a dilation position. Now Lemma 5.3 tells us @), and K are
at a dilation position, and (), and L are also at a dilation position. Then the set
{hx =0} = {hy =0} = {hg, = 0} is of measure 0, with respect to Vg, . By this, and
the fact that hg, = hi *h} a.e. with respect to Sp,, we know that hg, = hk *h}
a.e. with respect to Vg,. Then, we have

0= [ logA—ELdV,

O Js 8 Thg, T

1

=(1-— lo dV, +)\—/ lo A%

( >\QA| . gh@ RN gh@ @

K| 1zl

>(1—X)=log +)\ log 5.3

123 N RGITN] (5:3)
1. |K|1 ML

2%

This gives the log-Brunn-Minkowski inequality (1.9).
Suppose now that we have the log-Brunn-Minkowski inequality (1.9) for K, L and
A € [0,1]. Lemma 5.4 shows

@] - K] / hr
lim —/——— =2 log —dVk. 4
=S gt gy o0

The log-Brunn-Minkowski inequality (1.9) says that A — log|Q,| is a concave func-
tion, and hence

1 —log |K
og]Q,\])\ og| ’zlog\Ql\—log\Qd:log‘L‘—IOg‘K‘-

This and (5.4) yield the log-Minkowski inequality (1.10). O
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6. THE GENERAL LOG-MINKOWSKI INEQUALITY UNDER AN ASSUMPTION

From now on, we shall make use of the notations of Ry, 7, and Fg. Let K € K?
with 0 € K. We always set

Rx = maxhg(u) and rg = minhg(u).
ues! uesS?

In addition, suppose |K| = 1. Define Fx as a set of planar convex bodies by
Fr ={Q € K?: Q and K are at a dilation position, and |Q| = 1}

Consider the minimization problem,

inf/ loghgdVik, Q€ Fx. (6.1)
Sl

By the argument after Theorem 2, even for the case o € 0K N 0L, the integral in
(6.1) is well defined.

Our main purpose in this section is to establish the following version of the general
log-Minkowski inequality.

Theorem 6.1. Let K € K2. Suppose the cone-volume measure Vi satisfies the strict
subspace concentration inequality. If K and L are at a dilation position, then

hy, |K]| L
log —dVy > —1 . 6.2
/51 OghK K= 2 Og’K’ ( )
Equality holds if and only if K and L are dilates.

The following lemma shows that the set Fx is closed.

Lemma 6.2. Let K € K? with o € K. Suppose Ly, € Fg, and L, — Ly with respect
to the Hausdorff distance as k — oo. Then Ly € Fk.

Proof. Since |L;| = 1, and the volume is continuous with respect to the Hausdorff
distance, we have |Lo| = 1. It remains to prove that K and L, are at a dilation
position.

By Lemma 5.1, there are 3 sequences of vectors {u;} C S, i = 1,2,3, such that
0 € [U1k, Uk, uz ], and

for i = 1,2,3 and k € N. Since S* is compact, and a subsequence of {L;} is always
convergent, we may assume that

lim w;p, =: u; € S, (6.4)
k—o0

for i = 1,2,3. Then o € [uy,us,us]. This and the fact that K contains an interior
point show that there is a u; satisfying hg (u;) # 0. We may assume

hi (uy) # 0. (6.5)
This and (6.4) imply hg(uy ) # 0 for sufficiently large k.



DAR’S CONJECTURE AND THE LOG-BRUNN-MINKOSKI INEQUALITY 25

Now, from (6.3), (6.5) and Ly — Ly, it follows that {R(Ly, K)} converges to an
Ry > 0, and
i, (uig) by (ua)

Ro = lim R(Ly, K) = lim

k—o0 k—o00 hK(uLk) hK(Ul) ’
Then, L C R(Ly, K)K and (6.3) show that
Ly C RyK,

and
Rohe(ui) = hiy(us),
for i = 1,2,3. Since o € [uy, ug, us), it follows from Lemma 5.1 that (1/Ry)Lg is the
biggest homothetic copy of Ly contained in K.
Similarly, we have that {r(Lg, K)} converges to a number ry > 0, and 7oK is the
biggest homothetic copy of K contained in Ly. Therefore, K and L are at a dilation
position. U

Lemma 6.3. Let K € K* with |K| =1 and 0o € K. If Ly € Fx is a minimizer of
the problem (6.1), then either Ly = K or Ly and K are parallelograms with parallel
sides.

Proof. By Lemma 5.2, (Lo + sK)/|Lo 4+ sK|2 € Fg, and by the assumption that L
is a minimizer of the problem (6.1), we have

hi, + sh
/ log L Lo T SNK grs / log by, dVic > 0,
st Lo+ sK|z st

for all s > 0. Then, recalling |K| = 1, we have
1
/ log(hr, + shx) —loghr,]|dVy > 5 log | Lo + sK]| (6.6)
S1

It is clear that (log(hr, +shk)—loghr,)/s = hi/hr, a.e. as s — 07, and |(log(hr, +
shx) —loghr,)/s| is dominated by hg/hr,, which is integrable S* with respect to
the measure V. By the dominated convergence theorem, we know that the right
derivative of the left sides of (6.6) equals

hi
dVi.
/S‘l hLO
One the other hand, by (2.2), we have
L K|—|L
lim 120 3K = Lol _ OV (Lo, K) = 2V (K, Ly) = / hi,dSi.

s—0t S g1
Thus, by taking right derivative of both sides of (6.6) at s = 0, we have

h 1
/ K avg > —/ hi,dSk.
S1 hLo 2 g1

h 1
/ K v < —/ hi,dSk.
S1 hLo 2 S1

But Lemma 4.2 tells us
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Then, equality holds in (4.2). This and |K| = |L¢| = 1 show that either Ly = K or
Lo and K are parallelograms with parallel sides. U

Lemma 6.4. Let K € K2. Suppose K and L are at a dilation position. Then, there
exists a uy € S* such that

r(L,K) = hufw) o he(=w) < 2ck - 1(L, K). (6.7)

- hK(Ul) - hK(—U,l)

Here ¢y = Ry /ri is a constant depends only on K.

Proof. By Lemma 5.1, there are unit vectors vy, vy, v3 (may be distinctive or not)
such that o € [v1, v9, v3] and
hp(vi) _ hp(va) _ hi(vs)
hi(vi)  hi(v2)  hi(vs)

=r(L, K).

3
Then, there are A1, A, A3 € [0, 1], so that A\; + Ao + A3 =1 and > A\;u; = 0. Then,
=1

1=

there exists a \; > %, say, A1. It follows that

Ao A3 1—X\
—+ == <2 .
N + N NS (6.8)

We may write
Ao N A3
—V] = —Uy + —3.
L=
Then, by the sub-additivity of support function and (6.8), we have
hL(—Ul) < i_ihL(U2> + i_?hL(UIi)
hK(—U]_) - K
i—?h[((vg) + i—?hK(Ug)

g

Let u; = v; and we are done. OJ

Lemma 6.5. Let K € K2 Suppose its cone-volume measure Vi satisfies the strict
subspace concentration inequality. Let {Ly} be a sequence of planar convez bodies in
Fr. If {Ly} is not bounded, then the sequence

/ IOg thdVK
Sl
1s not bounded from abowve.

Proof. Since K € K2 is fixed, from (2.3) and (2.4), and the facts that {L;} is un-
bounded and |Ly| = 1, it is easy to see that

lilgninfr(llk, K)=0, and limsup R(Lg, K) = +o0.
—00

k—o0
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Therefore, there is a subsequence (also denoted by {L;}) satisfying
lim r(Ly, K) =0, and lim R(Ly, K) = +o0. (6.9)
k—o0 k—o0

By Lemma 6.4, there is a sequence {u; ;} C S* satisfying

_ th(ul,k) < th(_ul,k)
hx(uir) = hr(—uig)

where ¢ = Rg/rk depends only on the convex body K. For each u;y, € St denote
by ug, € S I the unit vector that rotates uy  clockwise by 90°.

Since S is compact, {u;} has a convergent subsequence. Thus, we may assume
{uy .} itself is convergent, and

T’(Lk,K)

S QCK‘T<Lk,K), (610)

lim Ul g = Ul € Sl. (611)
k—oo
Since a subsequence of {L;} will also satisfies (6.9), we have found a subsequence
satisfying all of (6.9), (6.10), and (6.11). It follows that klim Ugp = ug € S*, where
—00
Uy is the unit vector that rotates u; clockwise by 90°.
Set hay = hp, (furg), and haoy = hy, (fugy). Clearly, (6.10) implies that
min{th, h—l,k} > C()(th + h—l,k)> (6.12)

where ¢ is a constant depends only on the convex body K.
Then, by (6.10) and (6.9), we have

lim hy g = klim h_1x =0. (6.13)
—00

k—o0

From Lemma 5.1 we know that there are unit vectors v, ;, and vq, such that

th (Ul,k) _ th (U2,k)
hK(ULk) hK(Uz,k)

with vy g - ugr > 0 and vy, - ug, < 0. This implies

lim hp, (v14) = im R(Ly, K)hg(vig) > rx lim R(Lg, K) = +o0.
k—o0 k—o0 k—o0

= R(Ly, K),

From (6.9) and (6.10) we conclude that vy - uay > 0 and voy - ugy, < 0 for all
sufficiently large k. If vy j-uq 5 > 0, then we write vy, = (V1 -1 k) U1 g+ (V1 Us k) U k-
By the subadditivity of support function, we have

hr, (v — (01 -urx)hr, (U
s — o () > Me(01) = () (1)

1
> §th (V1K)

U1,k - U2k
for all sufficiently large k. The last inequality is because klim hr, (u1x) = 0 and
—00
klim hr,(v1 ) = +o00. Then, we have
— 00
1 1 1
h?,k Z éth(ULk) = §R(Lk, K)hK(Ul,k) Z ETKR(L]“K), (614)

for all sufficiently large k. Similarly, when vy j - (—uy ) > 0, we also have (6.14).
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In a similar way, we have
1 1 1
h_gp > §th (Vo) = §R(LkaK)hK(U2,k) > érKR(Lka K), (6.15)

for all sufficiently large k, and then

lim hgk = lim h_Qk = +00.
k—o00 ’ k—o00 ’

From (2.3), (6.14) and (6.15), it is obvious that for all sufficiently large k,
min{hg,k, h,Q’k} Z Cl(hg,k + h727k), (616)

where ¢ is a constant depends only on the convex body K.
For § € (0,2), let Us be the neighborhood of {£u;} on S*, that is,

Us:={ueS"  |uwu|>1-7d}
Let
Vi={ueS" :|Ju-u|<1—-6 and w-uy >0},
and
Vi={ueS |ju-u|<1—-6 and u-uy <0},
Then, Vs := Vit UV is the complement of Us.

Since Vi satisfies the strict subspace concentration inequality, Vi ({£ui1}) < 1.

When 0 is decreasing, the Us are also decreasing (with respect to set inclusion) and
have a limit of {#+u;},

d—0+
Then, there is a dy € (0, 2) such that

Y

VK(U(;O) <

DN | —

and then,

Vie(Va) = Vie(S") = Vie(Uy,) > %

By (6.11), we have |u; , — u;| < dp for all sufficiently large k, where i = 1, 2. Note
that |u - ui|* + [u - uz]* = 1. Thus, for u € V., we have

w-ug > (1—(1— 50)2)% > 200,
where the last inequality follows from the fact that dy < % This shows that
U-Ugp =U- Uy — U - (Ug — U g)
> u-ug — |ug g — us
> 209 — dg
= do, (6.17)

for all sufficiently large k. For u € Vi, we have

w- (—ug) > (1= (1=680)%)7 > 26,
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which shows that

for all sufficiently large k.
By (6.10), for u € Us, and sufficiently large k, we have

— > hig,h_11}. 6.19
hK (Ulyk) = C%( Hlln{ 1,k l,k} ( )

Let x € Ly and y, € Lj be such that

1
hr,(u) > —hg, (u1 )
CK

th (U2k) = Tk - Uk, and th(_U2,k> = Yk - (_U2,k)~

By (6.17) and (6.13), for u € V;, and sufficiently large k, we have

hr, (u) > xy - <(u Ug g )Ug g + (U ul,k)ul,k)
> dohr, (uox) — max{hy g, h_1x}
do

> 2p
=9 2.k

Z % min{hg,k, h_27k}. (620)

By (6.18) and (6.13), for u € Vg and sufficiently large k, we have

hra() = g (0 (—uz))(—uzg) + (- ur i)
> 0ohr, (—ugk) —max{hyx, h_1:}
do
> —h_
=79 2,k

5
> 50 min{fiy g, oy} (6.21)

Therefore, by (6.19), (6.20), (6.21), and then (6.12), (6.16), we have

1 S .
/ log hy, (u)dVi(u) > Vic(Us,) log(—- min{hy p, h—14}) + Vic(Vs,) log(EO min{hg x, h_s s })
Sl

2
Cx

C )
> Vic(Us,) 10g( 5 (ha + her i) + Vic (Vi) 10g(5) (B + hoa i)

K
> (Vi (Vs,) — Vi (Us,)) log(hao + h_o)
+ Vi (Us,) log[(h1 + h_1)(hog + h_oy)]
)

+ VK(Ugo)log(%{) + Vie(Va, ) log(EO). (6.22)
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Since Ly is contained in the parallelogram

ﬂ {z:x-up <hgg, and - u_jp < h_p},
i=1,2

we deduce
(hig + h_1)(hog +h_op) > |Lg| = 1.
This and (6.22) together with the fact klim (hog + h_ay) = +oo imply the desired
—00
result. O

Proof of Theorem 6.1. Firstly, assume |K| = |L| = 1. Let {L;} be a minimizing
sequence of the minimization problem (6.1), i.e., a sequence of bodies in Fx so that
Jg1 log hp, dVi tends to the infimum (which may be —oo).

By Lemma 6.5, { Ly} is bounded, since otherwise f g1 1og hp, dVi will be unbounded
from above, which is contradict to the fact that {Ls} is a minimizing sequence. Then
there is a subsequence of {L;} converging to Ly, and Lemma 6.2 implies Ly € F.
Thus, Ly is a minimizer of the problem (6.1). The fact that Vi satisfies the strict
subspace concentration inequality implies that K is not a parallelogram. Thus, by
Lemma 6.3, we deduce Ly = K. Then, we have

h h
/ log —LdVK > / log —KdVK = 0.
g1 h g1 h

K K

Secondly, for arbitrary K and L, notice that VK/IKI% — Vk/|K| and L/|L|z €
}"K”K'%. By the argument above, we have

lo 1 % >0
s ghK/|K|% /KR =

which implies the inequality (6.2).
If K and L are dilates, then it is easy to see that the equality in (6.2) holds.
If there is equality in (6.2), then the convex body L/|L|? must be a minimizer of

the problem (6.1) for K/|K|2. From Lemma 6.3 and the fact K is not a parallelo-
gram, it follows immediately that K and L are dilates. U

For the case that K is a parallelogram (not necessary o-symmetric) with o in its
interior, we can also use similar method and consider several cases to prove that the
inequality (6.2) holds. However, such a proof will be complicated, and it can be
replaced by the approximation lemmas in the next section. So we omit it.

7. APPROXIMATION PROCESS

We say a convex body K is strictly convex, if its boundary does not contain a line
segment. If K € K2 is strictly convex, then it is easy to see that its cone-volume
measure Vi always satisfies the strictly subspace concentration inequality.

Given a pair of convex bodies that are at a dilation position. The main goal of this
section is to construct a new pair of convex bodies, so that one of them is strictly
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convex, and that they satisfy some other desired properties. Before this, we give a
lemma concerning concave functions. A concave function f is called strictly concave
on an interval [a, b], if

f(A =tz +ty) > A1) f(x) +f(y),
for t € (0,1), z,y € [a,b], and x # y.
Lemma 7.1. Let fi, fo be nonnegative concave functions defined on [by, bs).

(i) Suppose fo > f1 on [by,bs]. Then, there is a strictly concave function g defined on

[b1,b2] so that g(b1) = fi(b1), g(b2) = fa(b2), and f1 < g < fo.
(i1) Let by < by < by. Suppose fo > f1 on [by, bs], and

Fle) > T olbe) + 5 falb) (7.1)
for by < x < by. Then, there is a strictly concave function g defined on [by,bs] so that
g(b1) = f1(b1), g(bo) = f2(bo), g(b2) = f2(b2), and f1 < g < fa.

Proof. (i) Since fj is concave and fo(by) > f1(by), there exists a o € [by, by) such that
the line through the point (bs, fo(b2)) tangent the graph of fi(z) at (zo, fi(xo)). Let

Fola) = {ﬁ() v € [br, ),
1 fi( )+M(:p x9), T € [zo,ba].

ba—xq
Then, it is clear that 71 (x) is concave on [by, bs), fl(bl) = fi(by), fl(bz) = fo(bs), and

f1 < foon [by,by).
Since f, is concave, its left derivative f is decreasing, and it satisfies

FLby) < fa(b2) — fo(wo) - fa(b2) —f1(l‘o).

by — g by — xg
From the fact that f! is left-continuous, it follows that there exists an 7 with 0 <
n < min{@, by — o}, such that

frlw) <

f2(b2) — fi(zo)

bg — X9
for all = € [by — 1, by]. Thus, when
1 be) — 4 : -

0<e< by — by (fQ( Zz — i:)(x()) _fé(b2—77))7 and ¢ < m xe[gl’%};in] (fz(l’)—fl(l’)),
we have

B 1) (g by —b) > i) (7.2)

b2 — 2o
for all = € [by — 1, by], and
e B ) - T (73)

for all x € [by, by — ).
Let g(z) = ?1( ) + [M — (2 — 2t21)2] Then (7.2) and the fact g(z) =
g1(ba) f gi(t)dt 1mp1y that ¢ < fo on [by — 1, by); (7.3) shows that g3 < fo
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on [by,by — n]. Therefore, g(z) is a strictly concave function on [by, bs] satisfying

g(b1) = f1(b1), g(b2) = fa(bz), and f1 < g < fa on [by, by).

(ii) By the argument in (i), there is a strictly concave function g, on [by, by], with
91(b1) = f1(b1), 91(bo) = fa(bo), and f1 < g1 < fo on [by, bo].
Set ag := (by + by)/2. Define a function f, on [by, be] by
Fyla) = { st () + gizar (@), @ € [bo, ao)
fo(ao) + =20 (bg), S [ao,bg].

ba—ag
Then, f, < f2 on [by, o).
For z € [by, by, let

ba—ap

by—u x — by (by — bp)? 2
G(x) - bQ _ b(]f(bO) + b2 o bof(bz) + Co [ 4 (.T ao) ]
From (7.1), it follows that :;:lf)f(bo) + lf;:%%f(bQ) < folx) for x € (by,by). It is easy

to choose a sufficiently small and positive constant ¢y, so that G(z) < f, < f, on
[bg, bQ] Let
_ gl(x)7 MRS [bhb(]])
9(w) = { Glz), € [bo.ba)]
Then, g(x) is the desired function.

To prove that g is strictly concave, suppose x € [by, bo], y € [bo, bs], and ¢ € [0, 1].
We may assume (1 — t)z + ty € [by, by, since the case (1 — t)x + ty € [bo,bo] is
similar. Then, there exists a t <ty < 1, so that by = (1 — tg)x + toy. It follows that
(1 —t)x+ty = ((to — t)/to)x + (t/to)bo. Then, we have

g(1 =tz +ty) = ¢ (tot; o %bo)
> (1= D)an(a) + 1 falbo)
> (1= D)rla) + 110~ to) fole) + toa0)
> (1= D)) + (= = gla) + 190

= (1 =t)g(x) +tg(y).
O

Let u € S*. We shall make use of the notion of exposed face (also called support
set) F(K,u) of a convex body K. That is,

F(K,u):==KnN{z €R*: 2 -u=hg(u)}.

Lemma 7.2. Let K,L € K2. Suppose K and L are not dilates, and they are at a
dilation position. Then, for each ¢ > 0, there are convex bodies K., L. € K2 so that
K. s strictly convex,

dy(Ke, K), dy(L, L) < ¢,
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and K. and L. are at a dilation position. Here ci is a constant depends only on K
and L.

Proof. Set r = r(L,K), R = R(L,K), and B = B?. Since K and L are not dilates,
we have r < R. By Lemma 5.1, there are u;,v; € S, x; € 0K N 8(%L) and y; €
OK NO(%L), so that o € [u, ug, us) N [vy, v2, vg),

hr(u;) = rhg(u;) = re; - u;, and  hp(v;) = Rhg(v;) = Ry; - v;, (7.4)

for i = 1,2, 3. Here uq, us, u3 may be distinctive or not, and so is the triple vy, vo, v3.
We will give 3 reasonable assumptions.

(A1) Assume y; ¢ F(K,v;) for y; # y;.

Otherwise, suppose yy € F(K,v1) with y; # y2. This and the fact o € [vq, v, v3]
imply that —v3 must be a normal vector at y,. Letting y; = yo and v} = vy = —uvs,
we will consider the points {y], 2, y3} and vectors {v], v}, v3}. Note: there does not
exist the case that y; = y3 € F(K,v;) and v; = vy = —v3, since otherwise K will not
contain an interior point. Therefore, the assumption (A1) is reasonable.

(A2) Similarly, assume z; ¢ F(K, ;) for z; # z;.

(A3) Suppose {i,7,k} = {1,2,3}. If y; = y;, assume v; = v; = —uy; if z; = 25,

assume u; = u; = —uy.
Otherwise, suppose y; = 9o, and vy # vs. Since o € [v1, v9, v3], then —v3 must be
a normal vector at y;. Letting v} = v}, = —v3, we will consider the points {y1,y2, y3}

and vectors {v}, v, v3}. Clearly, the assumption (A1) will be preserved. The discus-
sion for z; is similar.

Next, we use 2 procedures to construct the desired bodies. In fact, Procedure 1 is
to make the new body K! satisfy that F/(K!,v;) contains only one point, fori = 1,2, 3.

Procedure 1. Let K! and L! be defined by

Kl =[K, (14 ey, (1 + €)yz, (1 + €)ys), (7.5)
and
R
L'=1Ln K. 7.6
‘ 1+e ¢ (7.6)

Thus, for € < % — 1, we have
R
rK! C L! ¢ —K_.
1+e€

It can be seen that (1 + €)y; € 0K} NO(HEELY), and z; € OK! N O(+L}). Since
K! C (1+ ¢€)K, we see that

hK<Ui> S (1 + E)hK(Ui) = (1 + e)yi * V.
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This, together with (1 + €)y; € K., gives
hici(vi) = (1 + €)y; - v;.
Then, by L € K! and (1+ €)y; € £LE, we deduce that

1+e
7 R (i) = (L4 €)yi - v = hyr (v3).

Since 0 € [v1,va,v3), by LI € K} and Lemma 5.1, we know that +£€L! is the
biggest homothetic copy of L! contained in K!.
Recall that for € < % — 1, we have x; € K! C %Li C %L. Thus

1 1
T u < hga(ug) < —hpa(u) < —hp(w) = 5 - .
r r

It follows that
Thus, by o € [u1,ug,u3), TK! C L! and Lemma 5.1, we know that rK! is the
biggest homothetic copy of K contained in L!. Therefore K! and L! are at a dilation

position, for € < i—% —1.
From (7.5), it follows that

KCK!Cc(1+eKCK+eRgB. (7.7)
(7.5) and (7.6) give
R
Lc(1+e(LnN 1—+€K€) =(+eLlCLl+eL CL!+eRB. (7.8)

Now (7.7) implies dy (K}, K) < Rye, and (7.8) implies dy (L}, L) < Rpe. Therefore,
we have
di(K!, K) < ce, and dg(L!, L) < cae, (7.9)

where ¢o = max{ Ry, R}
By (7.5), a point p in K} can be written as

k
b= Z NiZi,
i=1

k

with \; € [0,1], Y- A = 1, and z; € K U (1 + €){y1,v2,y3}. Since we have assumed
i=1

yi - v; < hx(v;) for y; # y;, it follows that F(K}, v;) = {(1+ €)y;} for i = 1,2,3.

Procedure 2. Set R, = R/(1 + ¢€). From Procedure 1, we see that R, = R(L}, K}),
and r = (L', K)). Let K? = K! + B, K% = K' + £B, and L, = L! + ¢B. For
t=1,2,3, define H; by

H[:{:BERQ:QJ-UZ-S(1—|—e)yi-vi—|—l%}.

Then (1 + €)y; + #-v; is the unique point in F(KZ,v;), for i = 1,2,3.
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Since F(K!, v;) = {(1 + €)y;}, we know that x; - v; < hg1(v;). Let

. hK(Uz‘) — T
= min
" ije{1.23y 1/r—1/R
When e < 7, we have

1
T+ —eu; € OK2 Nint(H; N Hy N Hy ),
T

for i = 1,2,3. Now we are able to construct the desired convex body.

Notice the assumption (A3). When e is sufficiently small, the half-spaces H, , Hy , Hy
divide OK? into 3 parts (may be distinctive or not), and we denote them by dy2, Da3
and Os;. Here 0;; = 0K, 3N H NH;. Clearly, when € is sufficiently small, 9;; has
nonempty relative interior.

In fact, we only need to construct the boundary parts of the new convex body.
Our aim is to get new boundary parts 0;; satisfying:

(B1) the support line that supports K? at x; + Su; also supports 9, U 9y U 95, at
T; + fui;

(B2) the support line that supports K2 at (1+¢)y; + 7-U; also supports 0, U053 U5,
at (1 +e)y; + 5-vis

(B3) 01, U 0%, U 04 is the boundary of the new convex body K. = [0}, D53, 0%], and
K. is strictly convex.

Without loss of generality, we study with d;5. Define the body K? by
K =K:NH NnH; NH;.

There may be the following 3 cases.

Case 1. 01, contains precisely 1 point in {1 + Suy, 2o + Sug, v3 + Sus}.
Case 2. 0;5 contains precisely 2 points in {z; + Uy, To + Su2, T3 + fug}
Case 3. 01 does not contain a point in {x; 4 Su1, x3 + Sug, 3 + Sus}.

In Case 1, assume z; + fu; € O12. Denote by v the unit vector perpendicular to
v1 such that

€
(1 + ;ul) ~vp > (1+e)yp - vf.

For the direction v/, consider the overgraph functions f(K?;-) and f(KZ;-). Denote
by pi1 the projection of (1+€)ys + £-v1 on l(ov1) (the line through o and v;). Denote
by py the projection of z1 + Su; on [(ovy). Since o € [v1, vz, vs], by the definition of
K? and K3, we see that f(K?;-) < f(K3;-) on [py,ps]. Then, it follows immediately
from (i) of Lemma 7.1 that there is a boundary part 9}, through (1 + €)y1 + 01
and x1 + fuy. In a similarly, we get a boundary part di, through z; + fu; and
(1 +€)y2 + -v2. Then, 9}, = Oly U 7,y is the desired boundary part.
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In Case 2, assume z; + ~uy, Ty + Suy € 0O12. Consider the overgragh functions of
K? and K! with respect to the direction v}, where v} is the same as in Case 1. The
assumption (A2) implies that [z1+ Suy, 2+ Sug] € OK?. Then the functions f(KZ; )
and f(K?2;) satisfy all the conditions in (ii) of Lemma 7.1. Then there is a boundary
part 9%, through (1 + €)y; + UL T+ fu and 3 + Suy, (1 + €)ya + 502 Similar
to Case 1, we get a boundary part 97, through s + fuz and (1 + €)yz + 5-ve. Then,
0}y = 0L, U d7, is the desired boundary part.

In Case 3, choose a point 29 € 9;\{(1 + €)y; + F-vi, (1 + €)y; + Fv;}. By using
the same method as in Case 1, we get a desired boundary part through (1 + €)y; +
RL€U17 20, (1 + E)yg —+ RLEU2'

Then, we get the boundary parts 0},, 953, 9%,. From our construction, it is obvious
that they satisfy (B1), (B2) and (B3). Recall that K, = [0}y, 043, 0%;] and L, =
L!+eB. Now (B1), (B2), and Lemma 5.1 guarantee that K, and L, are at a dilation
position. By (7.9), we have

di(Le, L) < dg(Le, L) + dp (L, L) < (1 + co)e.
It is also easy to see that
K?C K. C K.
From this, K? = K + B, K = K! + £B, and (7.9), we deduce

1
di (Ko, K) < dpy(K, K} +dy(K! K) < (; + c)e.

Then we finished the proof of this lemma, provided ¢; = max{1, 1} + c,. O

Lemma 7.3. Let K, L be planar convex bodies with o € 0K NOL. Suppose K and L
are not dilates, and they are at a dilation position. Then, for each € > 0, there are
convex bodies K., L, € IC?, so that K. and L. are at a dilation position, and

dH(KE,K), dH(Lg,L) < €.

Proof. Set r =r(L,K), R = R(L,K), and B = B?. By Lemma 5.1, there are u;, v; €
St x, € 0K N 8(%L) and y; € 0K N 8(%L), so that o € [uy, ug, us] N vy, va, v3),

hp(u;) = rhyg(u;) = rx; - u;, and  hp(v;) = Rhig(v;) = Ry; - v;, (7.10)

for i = 1,2, 3. Here uy, us, u3 may be distinctive or not, and so is the triple vy, vo, v3.
We shall use the same assumptions (A1), (A2) and (A3) as in the proof of Lem-
ma 7.2, with the same reason. In addition, we should give the following assumption.

(A4) If 0 # z;, assume o ¢ F(K,u;); if o # y;, assume o ¢ F (K, v;).

Otherwise, suppose o # x; and o € F(K,u;) (the discussion of the case o # y; is
similar). Since L C RK, and o € 9(RK)NOL, we see that u; is also a normal vector
of L at o. Then, we can replace x; by o. That is, consider {0, x2,z3} with normal
vectors {uq, ug, ug}. Thus, this assumption is reasonable.

We will consider 2 cases.
Case 1. o ¢ {x1,$2,$3} N {ylvaJ y3}
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If o ¢ {y1,92,y3}, then, by (A4), we deduce hg(v;) > 0, for i = 1,2, 3. This makes
us be able to use Procedure 1 and Procedure 2 in the proof of Lemma 7.2 directly
to construct the desired bodies K, and L.. It is just an examination of the method
there, so we omit it. After Procedure 2, it is clear that the resulting bodies K. and
L, satisfy #eB C K. and eB C L., thus they contain o in their interiors.

If o ¢ {x1, 29,23}, then, by (A4), we deduce hr(u;) > 0, for i = 1,2, 3. By chang-
ing the position of K and L, we can also use Procedure 1 and Procedure 2 in the
proof of Lemma 7.2 to construct the desire bodies.

Case 2. 0 € {z1, 29,23} N {y1,y2,ys}. Assume without loss of generality that
T =1y =o. (7.11)
Write u? = (cos,sinf), for 6 € [—m, «1]. Define the half-spaces H, by
Hy = {z:2z-u’ <0},

and denote its boundary by Hy. Without loss of generality, assume v; = u". There
are 01,0, with 61 < 0 < 0y, so that ) is the minimum in [, 7] so that K C Hj,,
and 6, is the maximum in [—7, 7] so that K C H,,.

In addition to (A3), it will be convenient to assume that

0 F# T and 0 # x3.

Let 0 > 0. Define K5 and L; as follows.

If {z2,73,92,y3} N Hy, # 0, let K} = K and L} = L; if {9, 3, v2,y3} N Hy, = 0,
let Kj =KNH, sand Ly=LNH, ;.

If {22, 23, Y0, Y3} N Hy, # 0, let K; = Kj and Ly = Lg; if {xa, 23, Y2, y3} N Hy, = 0,
let Ky =K§NH, sand Ly = L;N Hy .
Then, for sufficiently small 6 > 0, the points o, x5, x3 are also in Kz N (%L(g), and

the points o0, 1, y3 are also in Kz N (%L(;). Clearly, 6lim+ Ks =K and lim Ls = L.
—0

6—0t

Furthermore, by the definition of K; and Ls, and (A4), there are 2 distinctive
facet (1-dimensional face) containing o. Thus, there are points 2}, 27 & {0, ya, 93}, S0
that

1
Zg € 0K;sN 8(?3[/5) N (H‘gl,g U H@l),

and )
Zg € 0K;sN 8(EL5) N <H92+5 U HQQ).

Let v} be a unit normal vector at z{, for ¢ = 1,2. Then, v; is a positive combination
of v} and v2.

Now o0 € [v},v3,vq,v3], by Carathéodory’s theorem, there are 3 or fewer members
of them containing o in their convex hull. Denote them by v}, vy, v4, and denote the
corresponding boundary points by yi, y5, y5. Then, o ¢ {y},v5,y5}. We can assume
that {y},v5, y5} and {v}, v}, vi} satisfies (A1), and o ¢ {y}, v}, v4} will be preserved.
Then, by using Procedure 1 and Procedure 2 in the proof of Lemma 7.2 for Ks and
Ls, we get the desired convex bodies. After Procedure 2, it is clear that the resulting
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bodies K. and L. satisty % LeB C K, and €B C L., thus they contain o in their
interiors. O

Lemma 7.4. Let K,L € K2. If K and L are at a dilation position, then

hi K|, |L]
log —dVy > — log — 7.12
/51 0g hK K = 9 0g ’K| ( )

Equality holds if and only if K and L are dilates or K and L are parallelograms with
parallel sides.

Proof. First, suppose K and L are not dilates. By Lemma 7.2, there are K; € K2,
and L; € K2, such that K; are strictly convex, K; — K and L; — L, and K; and
L; are at a dilation position. Since K; are strictly convex, the cone-volume measures
Vi, satisty the strictly subspace concentration inequality. Thus, by Theorem 6.1, we

have
hi, !KI | Li
lo AV > lo
/51 e BT

Since K; — K and L; — L, it follows that the functions log Zf{l converge to log Z_;L{

uniformly on S', and the cone-volume measures Vi, converge weakly to Vi, then
(7.12) follows.

Next, if K and L are dilates or parallelogram with parallel sides, then it is easy to
see that the equality in (7.12) holds.

Finally, suppose equality holds in (7.12). Then the convex body L/|L|z must be a
minimizer of the problem (6.1) for K/|K|z. It follows immediately from Lemma 6.3
that K and L are dilates or parallelograms with parallel sides. 0

Proof of Theorem 3. If K, L € K2, then Theorem 3 follows immediately from
Lemma 7.4. Suppose o € 0K NJL, and K and L are not dilates. By Lemma 7.3,
there are convex bodies K, L; € K2, such that K; — K and L; — L, and K; and L;
are at a dilation position. By Lemma 7.4, and dVk, = 1hK,. dSk,, we have

1 hi, |K| | i
= 1 “)hk,dSk,
2/;1 ( Og hKl) K; SKz — 0 |K|

Since r(K,L)L C K C R(K,L)L, we see that hK(u) = 0 if and only if hz(u) = 0.
Define the set w by
w:={uec 8" : hg(u) =0} ={uecS": hy(u) =0},

and define (log ZL((Z)))hK(u) = 0 for u € w. Then, it is easy to see from r(L, K) <
hL < R(L, K) that the function (log L)h is well-defined and continuous on S™. !

“Since K; - K and L; — L, by usmg the same method as in the proof of Lemma
6.2, we deduce that r(Lj, K;) — r(L, K) and R(L;, K;) — R(L, K). Then, log ;- are
uniformly bounded. This, together with the fact that hx, — hx uniformly, shows

that (log )hK — (log 1L L )hy uniformly on St. The fact K; — K also implies that

hi
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the surface area measures Sk, converge to Sk weakly. From these, and the continuity
of Lebesgue measure, (1.10) follows.

If K and L are dilates or parallelograms with parallel sides, then it is easy to see
that the equality in (1.10) holds.

Suppose equality holds in (1.10). Then the convex body L/|L|z must be a mini-

mizer of the problem (6.1) for K/|K|z. It follows immediately from Lemma 6.3 that
K and L are dilates or parallelograms with parallel sides. . O

Proof of Theorem 2. By Lemma 5.5 and Theorem 3, the inequality (1.9) holds.
Suppose A € (0,1). If K and L are dilates, or they are parallelograms with parallel
sides, then it is clear that the equality in (1.9) holds.

If equality holds in (1.9), then, by the proof of Lemma 5.5, equality in (5.3) holds.
From the equality condition for the log-Minkowski inequality (1.10), it follows that
either (1—\)-K+,A-L, K and L are dilates, or they are parallelograms with parallel
sides. U
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