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KAHLER-RICCI FLOW ON PROJECTIVE BUNDLES OVER
KAHLER-EINSTEIN MANIFOLDS

FREDERICK TSZ-HO FONG

ABSTRACT. We study the Kahler-Ricci flow on a class of projective bundles
P(Ox, @ L) over the compact Kahler-Einstein manifold ¥". Assuming the
initial Kahler metric wg admits a U(1)-invariant momentum profile, we give
a criterion, characterized by the triple (Z, L, [wo]), under which the P!-fiber
collapses along the Kéhler-Ricci flow and the projective bundle converges to
3 in the Gromov-Hausdorff sense. Furthermore, the K&hler-Ricci flow must
have Type I singularity and is of (C™ x P')-type. This generalizes and extends
part of Song-Weinkove’s work on Hirzebruch surfaces.

1. INTRODUCTION

The Ricci flow was introduced by Hamilton in his seminal paper [HI] in 1982,
proving the existence of a constant sectional curvature metric on any closed 3-
manifold with positive Ricci curvature. Since then, the Ricci flow has been making
breakthroughs in settling several long-standing conjectures. Just to name a few,
based on a program proposed by Hamilton, a complete proof of the Poincaré conjec-
ture was given by Perelman [P1l [P2] [P3] around 2003. See also [CZ| KT, IMT]. Fur-
thermore, the Differentiable Sphere Theorem was proved by Brendle-Schoen [BS]
in 2007, giving an affirmative answer to a conjecture about differential structures
of quarter-pinched manifolds proposed by Berger and Klingenberg in the 1960s.
In the realm of Kéahler geometry, the Kahler-Ricci flow was introduced by Cao in
[Caol], which proves the smooth convergence towards the unique Kéhler-Einstein
metric in the cases ¢; < 0 and ¢; = 0.

There has been much interest in understanding the limit behavior and singular-
ity formation of the Ricci flow in both Riemannian and Kéahler settings. Hamilton
introduced in [H3] a method of studying singularity formation of the Ricci flow
by considering the Cheeger-Gromov limit of a sequence of rescaled dilated metrics.
The singularity model that was obtained, which is often an ancient or eternal so-
lution, captures the geometry of the singularity formation near the blow-up time
of the flow. For closed 3-manifolds, the study of ancient k-solutions formed by the
dilated sequence limit in Hamilton-Perelman’s works (e.g. [H3, [P1]) leads to a solid
understanding of singularity formation of closed 3-manifolds.

Another way of interpreting singularity formation is by the Gromov-Hausdorff
limit, regarding the manifold as a metric space. This notion was recently employed
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in the study of algebraic varieties by Song, Tian, Weinkove et. al in [STT], [T [ST3|
SW2| [SW3| [SSW]. The unified theme of these works is the conjecture that the
Kahler-Ricci flow will carry out an analytic analogue of Mori’s minimal model pro-
gram which is about searching for birationally equivalent models that are “minimal”
in some algebraic sense. Like Hamilton-Perelman’s work, a surgery may need to be
performed by continuing the flow if necessary. To this end, the Gromov-Hausdorff
convergence provides a bridge to continue the relevant geometric data.

For a better understanding of singularity formation of the Ké&hler-Ricci flow,
one could study some algebraically concrete spaces and explore their flow behavior
and possible singularity types and models. In the work by Feldman-Ilmanen-Knopf
[FIK], Cao [Cao2| and Koiso [Koi], gradient Kéhler-Ricci solitons were constructed
on the O(—k)-bundles over P". Their work employs the U(n + 1)/Zy-symmetry
introduced by Calabi in [C] which reduces the Kahler-Ricci flow equation to a PDE
with one spatial variable. Assuming Calabi’s symmetry, Song-Weinkove [SWI]
characterized the limit behavior (in the Gromov-Hausdorff sense) of the Hirze-
bruch surfaces P(O @ O(—k)) and their higher dimensional analogues, which are
P!-bundles over P". In their paper, it was proved that the Kihler-Ricci flow ex-
hibits three distinct behaviors: (1) collapsing along the P!-fibers; (2) contracting
the exceptional divisor; or (3) shrinking to a point. This trichotomy is determined
by the triple (n, k, [wo]), where [wp] is the initial Kahler class. Later in [SW2], case
(2) is much more generalized and the assumption on the symmetry is removed. The
Calabi symmetry assumption is removed in case (1) by a recent preprint [SSW] by
Song, Székelyhidi and Weinkove.

The purpose of this paper is two-fold. For one thing, we generalize Song-
Weinkove’s work [SW1] on Hirzebruch surfaces to a class of projective bundles over
any compact Kéahler-Einstein manifold. We will employ an ansatz, known as the
momentum construction, which coincides with Calabi’s U(n + 1)/Zj-symmetry on
Hirzebruch surfaces where the base manifold has the Fubini-Study metric. The idea
of the momentum construction of projective bundles was introduced and studied in
the subject of extremal Kéahler metrics by Hwang-Singer in [HS|] and by Apostolov-
Calderbank-Gauduchon-(Tgnnesen-Friedman) in [ACGT]. We will show that under
this momentum construction, one can give a cohomological criteria under which the
Kihler-Ricci flow will collapse the P!-fiber near the singularity similar to the Hirze-
bruch surface cases in [SWI1]. Secondly, we study the singularity model of these
projective bundles (including Hirzebruch surfaces) via the techniques developed by
Hamilton in [H3]. We show that these collapsing projective bundles equipped with
momenta will all exhibit C" x P!-singularities, and also that the Ricci flow solution
has a Type I singularity. Here is the summary of our results:

Main results. Let M = P(Ox @ L) be a projective bundle where (X,wy) is a
compact Kahler-Einstein manifold such that Ric(ws) = vwy for some v € R, and
L — ¥ is a holomorphic line bundle that admits a Hermitian metric h such that
the Chern curvature is given by Fy = —Aws, A > 0. Let wy be a Kéhler metric
on M constructed by a U(1)-invariant momentum profile with K&hler class [wo] =
Abo[Eoo] — Aag[Xo]. Suppose the triple (2, L, [wo]) satisfies the following conditions:

v<A\or
v>Xand (v — A)bg < (v + Aag.
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KRF ON PROJECTIVE BUNDLES OVER KAHLER-EINSTEIN MANIFOLDS 565

Then along the Kéhler-Ricci flow 0w, = —Ric(wy), ¢ € [0,T), we have
o (M,g(t)) converges in the Gromov-Hausdorff sense to (£, ws) (Theorem
e the associated ancient x-solution is C* x P! (Theorem [7.3);
e the Ricci flow solution must have a Type I singularity (Theorem [7.4).

This paper is organized as follows. Sections 2 and 3 are the preliminaries which
define our projective bundles and construct Kéhler metrics using momentum pro-
files. We will see that the Kédhler-Ricci flow is equivalent to a heat-type equation
for the evolving momentum profile. Section 4 explains the trichotomy of blow-up
exhibited by a different choice of the triples (X, L, [wo]) via the calculation of Kéhler
classes and Chern classes. Section 5 is a variation on the theme of Song-Weinkove’s
work [SWI] on Hirzebruch surfaces (the collapsing case). We show that similar lim-
iting behavior can be observed in our projective bundles. Sections 6 and 7 are about
singularity analysis using rescaled dilations. We show in Section 6 that the ancient
k-solution obtained from the Cheeger-Gromov limit must split into a product. We
will classify their singularity type and the curvature blow-up rate in Section 7.

We also acknowledge that Kahler-Ricci solitons on this category of bundles (and
their variants) were studied and constructed in [DWI [Yg, [Li].

2. PROJECTIVE BUNDLES

In this section, we will define and elaborate on the projective bundles under
consideration in this paper. We first start with a compact Kéhler-Einstein manifold
Y™ with dim¢ = n. A Kéhler manifold is called Kahler-Einstein if it admits a Kéhler
form wy, whose Ricci form is a real constant multiple of wy, i.e. Ric(wys) = vws,
v € R. Clearly, a necessary condition for a compact Kahler manifold to be Kéahler-
FEinstein is that the first Chern class ¢; has a definite sign. It is well known by
results of Aubin [A] and Yau [Y] that when ¢; < 0 or = 0, Kéhler-Einstein metric
always exists. However, if ¢; > 0 (i.e. Fano manifolds), Kédhler-Einstein metrics do
not exist in general. For compact Riemann surfaces, i.e. dimg = 1, the Kéhler-
Einstein metric must exist according to the classical uniformization theorem. See
also Cheng-Yau’s work [CY] on pseudoconvex domains in the complete non-compact
case.

In this article, we will not go into the detail of existence issues of Kihler-Einstein
metrics, but we will start with a compact Kéahler manifold X" which is equipped
with a K&hler-Einstein metric ws;, such that the Ricci form is given by Ric(ws) =
vwy, where v € R. We take this Kéhler-Einstein manifold to be our base manifold,
and build a projective P!'-bundle upon it. Precisely, we construct our projective
bundles as follows:

M =P(Oxs ¢ L).
Here Oy is the trivial line bundle, and L — 3 is a holomorphic line bundle which is
equipped with a Hermitian-Einstein metric h such that «/—1991logh = Aws, A € R.
Here P denotes the projectivization of the holomorphic rank-2 bundle Ox; @ L over
Y. The local trivialization (z,u) of this rank-2 bundle has transition functions
of the form (24, ua) = (28, Napla) for some 1.5 € ]Vil(Z,(’)g). Passing to the
projectivization quotient, every element under this trivialization can be expressed
as either [1 : %] for z # 0 or [0 : 1], and we may regard [0 : 1] as the infinity.
One can easily check that the projectivization factors through the identification by
the transition functions Ox, @ L. Therefore, one can regard the projectivization of
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566 FREDERICK T.-H. FONG

Os @ L as compactifying each fiber by adding an infinity point (z, [0 : 1]) and hence
M can be regarded as a P'-bundle over ¥. We define ¥y to be the zero section
{z : [1:0]} and X to be the infinity section {x : [0: 1]}. It is easy to see that the
zero section ¥ and the infinity section ¥, are global over X.

The class of holomorphic line bundles over 3 with tensor product as the operation
form a group which is known as the Picard group, denoted by Pic(X). For ¥ = P,
it is well known (see e.g. |GH]) that Pic(P™) = Z and the line bundles over P”
are given by Opn(k), k € Z. In particular if (3,L) = (P!, Op(=k)), & > 0,
the projective bundles M = P(Op1 & Op:1(—k)) are called the Hirzebruch surfaces.
When k = 1, the projective bundle is P2#(—P?), i.e. P? blown-up at a point. When
¥ = C/A, i.e. an elliptic curve or a 2-torus, the class of line bundles are classified
by a classical result by Appell-Humbert (see [Muml]). In general, for the Riemann
surface X, of genus g, the Picard group Pic(X,) is isomorphic to J(X,) x Z where
J(34) is a compact complex manifold C?/A of dimension g.

The projective bundle M under our consideration is characterized by the pair
(X, L) where ¥ is a compact Kéhler-Einstein manifold and L a holomorphic line
bundle over ¥ which is equipped with a Hermitian metric h such that the Chern
curvature is of the form Fy = —Awys. In particular, the line bundles generated by
det(T*M) all fall into this category. Moreover, we will only focus on line bundles
L with A > 0, since the projective bundle P(Ox @ L) is biholomorphic to its dual
cousin P(Ox, @ L*). Since ¢;(L) = —cy(L*), one can replace L by L* in case ¢;(L)
is negative. We do not discuss the case of flat bundles, i.e. A =0, in this paper.

3. U(1)-INVARIANT KAHLER METRICS

Let’s first recapitulate the construction of the category of projective bundles we
are concerned about in the rest of this article. We let M = P(Ox @ L), where
(3,wy) is a Kéhler-Einstein manifold such that Ric(ws) = vws, v € R. Suppose
L is a holomorphic line bundle over ¥ such that it equips with a Hermitian metric
h whose Chern curvature is of the form Fy = —Aws, A > 0. In particular, such a
Hermitian metric ~ must exist if wy is a compact Riemann surface.

We will discuss the construction of U(1)-invariant K&hler metrics on these pro-
jective bundles in this section. Regard the circle group U(1) as {e¢*? : 6 € [0,27)}.
The U(1)-action is defined by

e (a2 u) = (x, [z : €u]).

Clearly, the action factors through the transition functions of the bundle, and fixes
the zero and infinity sections.

Recall that wy, is the Kéahler-Einstein form on the manifold ¥ and we have
Ric(wy) = vwy, for some v € R. Using the Hermitian-Einstein metric h described
above, one can define a height parameter p on M\ (Xy U X)) given by

p=log|| - [|j.
Note that p = —oo corresponds to the zero section and p = oo corresponds to the
infinity section.

Our next step is to define Kdhler metrics on M which are invariant under the
circle action defined above. We start by looking for possible K&hler classes that
M can have. We denote [Zg] and [Z] as the Poincaré duals (with respect to
a fixed background volume form) of ¥y and Y in Hs(M,R) respectively, i.e.
Js_[Ea] = = [, [Zo] = 1. We look for Kéhler metrics whose Kéhler classes have
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KRF ON PROJECTIVE BUNDLES OVER KAHLER-EINSTEIN MANIFOLDS 567

the form bA[X ] — aA[So] with b > a > 0. Note also that ¢;(L) = [—v/—190p] =
—Am*ws] = A[Zo] — A[Zoo]-

In order to define a Kéhler metric in the Kéhler class b[X] — a[X¢], we first
define a momentum profile function f(p) on My = M\(Zp U X ). The idea of this
momentum construction comes from the works [HS] by Hwang-Singer and [ACGT)]
by Apostolov-Calderbank-Gauduchon-(Tgnnesen-Friedman) on extremal and con-
stant scalar curvature Kahler metrics. Together with a pair of asymptotic condi-
tions given below, one can extend the metric induced by f to the whole manifold
M. Here are the details:

Let f(p) : R — (a,b) be a strictly increasing function. We define a Kéhler metric
w on My by

w = f(p)V=100p + V=11,(p)0p A Op.

Remark 3.1. If we let u(p) be the anti-derivative of f, i.e. u, = f, then one can
check that w = /=199u(p) on Mj.

In order for the Kéhler metric to be defined on M, we require the following
asymptotic conditions:
(1) There exists a smooth function Fy : [0,00) — R with Fy(0) = a and
F}(0) > 0, so that f(p) = Fy(e?’) as p — —oo.
(2) There exists a smooth function Fu : [0,00) — R with Fo(0) = b and
F'_(0) > 0 so that f(p) = Fs(e™2°) as p — co.
Note that f has to be a strictly increasing function, so we have a < f(p) < b for p €

R, and
S f(p) = a,
Jim f(p) =b.
Jm fo(p) =0.

The Kéhler class [w] can be easily seen to be [w] = bA[Xo] — aA[Xg], because

(], Boe) = / bV =103p)

b

_ / BASa] = bA,
Yoo

(], o) = / o[/ =199)

:/2 —aX[Xg] = a.

Under this construction, the Kéhler form depends only on the height parameter
p. We can see immediately that these Kéhler metrics are invariant under the U(1)-
action defined earlier, since the action preserves p: [|e*ul|;, = ||ul|;, for any section

ue (X, L).
Note that for (X, L) = (P™, Opn (—k)), i.e. Hirzebruch-type manifolds, the above
momentum construction with wy, = wpg, i.e. the Fubini-Study metric, is the

U(n + 1)/Zy-symmetry initiated by Calabi in [C].
Next we derive the local expression of the Kéhler metric w constructed by the
above momentum profile as well as its Ricci curvature. Let (z1,...,2,,&) be local
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holomorphic coordinates of M where z = (21, ..., z,) are the base coordinates and
¢ is the fiber coordinate. Recall that the height parameter is defined to be

p=log| |3

Let ¢(z) be a positive function such that ||£||? = [£|?¢(z) for any (z,&) in the local
coordinate chart. Then we have

(3.1) p = log €[ + log 6(z).

Using this, one can easily check pig = p;g = pg = 0 for any ¢ = 1,2,...,n.
Moreover, v/=100p = Ar*ws, so we can let Am*ws = p;;dz’ A dz7. Hence, the
Kéhler metric in (z, ) coordinates is given by

w=+v—-1 Z (fpij + fopipj)dz" A d27 + v—lprpipgdzi AdE

i,j=1 i=1

+ VLS, D peprdé A dzt + V=1, |pe|2dE A dE.

i=1
Let g be the metric associated to the Kéahler form w, and g5, be that of ws;. The
determinant of the metric g and its logarithm are given by

det(g) = A" f" f, det(gx)[¢] 2,
log det(g) = nlog A + nlog f + log f, + log det(gs) — log €)%

Using this, one can then compute the Ricci form —/—100 log det(g):
Ric(w) = —v/—180log det(g)
={(wrx ! - dp(nlog f +1log f,))pi; — Opp(nlog f + log fp)pip;}dzi Adz
— Dpp(nlog f +log f,)pipgdz’ N dE — Dyp(nlog f +log f,)pepidé A d2'
— Opp(nlog f +log f,)|pe|>dE A dE.

In the computation of the Ricci form, we used the fact that wy is Kéhler-Einstein
so that —/—190 log det(gs) = vws.

Observing that the w and Ric have similar linear-algebraic expressions when w is
constructed by a momentum profile f, one can easily see that the Kahler-Ricci flow
on M is equivalent to a parabolic equation that evolves the momentum profile. In
other words, the Kéhler-Ricci flow preserves the momentum construction. Precisely,
we have

Proposition 3.2. Suppose wq is the initial Kdhler form on M with momentum
profile fo(p). Then the solution wy, t € [0,T), to the Kdhler-Ricci flow Oywy =
—Ric(wt) also admits a momentum profile f(p,t) at each time t € [0,T) where
f(p,t) evolves by

of 0 v

— = —(nl t)+1 1) — — 0)=

ot 8p (n ng(p7 )+ ngp(pa )) )\ f(p7 ) fo(p)a

or equivalently,

o _fuw 1y

(3.2) 5= Y

f(p,0) = folp)-
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KRF ON PROJECTIVE BUNDLES OVER KAHLER-EINSTEIN MANIFOLDS 569

4. KAHLER CLASSES UNDER KAHLER-RICCI FLOW

From now on, we will consider the Kahler-Ricci flow 0wy = —Ric(wy) on M
which satisfies the aforesaid U(1)-symmetry and admits evolving momenta f(p,t).
We say T is the blow-up time of the Ricci flow if [0, T) is the maximal time interval
for the Ricci flow to exist. For Ricci flow on compact Kahler manifolds, the blow-up
time is completely determined by the initial K&hler class and the first Chern class.
Namely, we have the following theorem proved by Tian-Zhang:

Theorem 4.1 (Tian-Zhang, [TZ]). Let (X,w(t)) be an (unnormalized) Kdihler-
Ricci flow Oywy = —Ric(wy) on a compact Kdahler manifold X™. Then the blow-up
time T is given by

T = sup{t : [wo] +ter(Kx) > 0},
where Kx := det(T*X) is the canonical line bundle of X™.

Note that the Kéhler class [w;] at any time ¢ is given by [wi] = [wo] + te1 (K x).
In order to work out the evolving Kahler classes and the blow-up time, one needs to
understand the first Chern class of Ky, which can be computed by the adjunction
formula.

Given any smooth divisor D of compact Kéhler manifold X, the adjunction
formula relates Kx and Kp by

(4.1) Kp = (Kx @ Nayp)|p, »

where N, M/ p is the normal bundle of D in M.
Using (4.1]), one can easily work out ¢;(K)s) by taking D = 3¢, ¥ in turn. For
example, taking D = Y., we have

Ky = Ey L)y,
(1K), [Bs]) = (e1(Knm) — ei(L), [Eoc])-
Since ¥ is Kéhler-Einstein such that Ric(ws) = vws;, we then have
(c1(K5.), [Bo]) = —v-
Since ¢1(L) = A\[Zo] — A[Zo), we have (c1(L), [Es]) = —A, and hence
(c1(Kp), o)) = —v — A
Similarly, one can also show by taking D = Xg in (&I) (now Ny p = L) to show
(e1(Knr), [Zo]) = —v+ A
Therefore, the first Chern class of the canonical line bundle K, is given by:

ar(Kap) = (—v =) [Zx] = (—v + A)[Z0)-

Hence, under the Ké&hler-Ricci flow djwy = —Ric(w;) with initial class [wo] =
boA[Zoo] — apA[Xo], the Kahler class evolves by
(4.2) [wi] = (boA — (v + V) [Esc] — (a0A — (v — A)E)[Z0].
We denote [w;] = Abt[Es] — Aa¢[Eo] where ay, by are defined by
-2
(4.3) a; = ay — v 3 )t,
(4.4) by = by — ¥ J; Ny,
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570 FREDERICK T.-H. FONG

Note also that [m*wx] = [Eoc] —[20], therefore the K&hler class can also be expressed
as
(45) [U.}t] = )\at [TF*WE] + )\(bt — at)[Eoo]

Hence, by Theorem ] the maximal time is characterized by A and v in the
following way:

e Case 1: v < \
In this case, [w;] ceases to be Kdhler when by = a;, namely, at T := bO_T“O.
The limiting Kéhler class is given by

[wr] = Aar[r*ws].

This holds true for any given by > ag > 0.
e Case 2: v > A
We further divide it into three sub-cases
(i) (v —=AN)bo < (v + Nao:
[we] ceases to be Kéahler when b; = a;. Likewise, the limiting K&hler
class is given by

[wr] = Aar[r*ws].

(ii) (v — AN)bg = (v + Nao:
[wy] is then proportional to ¢; (K '), i.e. the canonical class. The flow
stops at T' = Vi(_%\ and the limiting class [wr] = 0. It is well known
(see e.g. [ST2]) that in such a case (M, g(t)) extincts and converges to
a point in the Gromov-Hausdorff sense as t — T.

(111) (V — )\)bo > (1/ + )\)aoi
[we] ceases to be Kdhler when at T' = ag, and the limit class is given
by [wr] = Abr[Xa].

This trichotomy resembles that in Song-Weinkove’s work [SW1] on Hirzebruch
surfaces and Hirzebruch-type manifolds, i.e. (X,L) = (P",Opn & Opn(—k)). In
their work, from which our study was motivated, similar trichotomy of the blow-up
time of the Kéhler-Ricci flow with initial Kéhler class [wo] was also exhibited, as it
is characterized by the triple (n, k, [wo]). It was shown in [SW1] assuming Calabi’s
U(n + 1)/Zp-symmetry and in [SSW] assuming ¥ is projective that in the case of
having limiting Kéhler class ar[r*ws], the Kihler-Ricci flow collapses the P!-fiber
of the projective bundle, which hereof converges to some Ké&hler metric of ¥ as
metric spaces in the Gromov-Hausdorff sense.

Case 2(iii) is reminiscent of Song-Weinkove’s recent works [SW2] and [SW3] of
contracting exceptional divisors, in which the O(—k)-blow-up of the arbitrary com-
pact Kahler manifold X are considered. In their works, a cohomological condition
is given on the initial K&hler class and the first Chern class, under which the blown-
up manifold will converge in the Gromov-Hausdorff sense back to X with orbifold
singularity of type O(—k). There is no symmetry assumption in these works.

In our paper, we will only focus on Case 1 and Case 2(i) which exhibit a col-
lapsing of the P'-fiber assuming the Kihler metric admits the aforesaid momentum
construction.
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KRF ON PROJECTIVE BUNDLES OVER KAHLER-EINSTEIN MANIFOLDS 571

5. ESTIMATES OF THE KAHLER-RICCI FLOW

From now on we assume that the triple (X, L, [wg]) satisfies Case 1 or Case 2(i)
stated in the previous section, i.e. either

v<M\or
v>Xand (v — A\)bg < (v + Aag.
Recall that v is the Ricci curvature of the Ké&hler-Einstein manifold ¥ and A is the
Chern curvature of the Hermitian-Einstein line bundle L, i.e.
Ric(ws) = vwsy,
V—100p = —\r*ws.
Recall that the first Chern class of Kj; and the evolving Kéahler class are given by:
c1(Kum) = (v = N)[Zee] = (=1 4+ A)[Z0]
= (—v+ ) [rws] — 2A[Ex];
[we] = Ab¢[Eoc] — Aay[30]
= Aat[m*wys] + 2A(T — 1) [Zeo)
where a; and b; are defined in (L3) and (£4).

Since pluripotential theory plays a very important role in Kéahler-Ricci flow and
in Kéhler geometry in general, we would like to understand the Kahler-Ricci flow
Owwr = —Ric(w;) from the viewpoint of potential functions. To do so, we need a
reference family of Kahler metrics {&;}1c(o,7) whose Kéhler class at each time ¢

coincides with that of w;, the Kéhler-Ricci flow solution. We choose @; to be the
U(1)-invariant Kéhler metric induced by the following momentum profile:

(by — ap)e® n 2T — t)e?r
1+e2p  ° 1+ e2p
This momentum profile gives the following Kahler metric:

f(pv t)=a+

= e2r = 2e2P
QO = ag/—100p + 2/ —1N(T — t) (maap + (Ew=OE
Clearly, f satisfies the asymptotic conditions for extendil}g w; to the whole M.
Also, we have [@;] = [w¢] because f —> a; as p — —oo and f — b as p— 0.
For simplicity, we denote O := H_egp V—100p + (H_ezp)z V/=10p A p, so that

50p A 8p>

W = i wy + 20T — t)0O.
Note that [0] = [Lo] and s0 22t = (—v+ \)m*ws —2)0 € ¢1(K ). Take Q to be a

ot 3
fixed volume form of M such that 85”; =+1/—10010g Q. Then the Kéhler-Ricci flow
Owwr = —Ric(wy) is equivalent to the following complex Monge-Ampere equation:
¢ det(@y + /—100¢)
5.1 - =1 =
( ) 6t Og (T _ t)Q ) (b‘t:() ¢0

in a sense that w; = @; ++/—199¢, t € [0,T), is a solution to the Kihler-Ricci flow
Oywy = —Ric(wy) with initial data wy = &g + /—199¢y if and only if ¢ : M x [0,T)
is a solution to (&.I)).

Working similarly as in [ST1, ISW1l, [SW2] [TZ], etc., one can derive the following
estimates using maximum principles.
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572 FREDERICK T.-H. FONG

Lemma 5.1. There exists a constant C = C(n,wo, v, \) > 1 such that the following
holds:

(1) o) < C,
(2) witt < CQ, and
(8) Tr,,m*ws < C.

Proof. The proof goes similarly as in [SW1]. First note that since
O > 2Xay(n + 1)(T — t)(1*ws)™ A O,

one can then find a constant C' > 0 independent of ¢ such that

(5.2) CHT -t <optt <Co(T -t

Consider the function ¢ = ¢ + (1 + log C)t; at the point p; € M where ¢ achieves
its minimum at time ¢, we have 00¢ = 00¢ > 0. Therefore,

det(@; + v/—100¢)
(T —1)Q

> log det w;

=TS0 T -0

%({Smin(t) = log +log C

Pt

> 0.

Pt

Here we used ([B.2). It proves ¢ is uniformly bounded from below as the flow
encounters finite-time singularity. The uniform upper bound for ¢ follows similarly.

For (2), we consider Q := % —|A=v]a"t¢+log(T —t) where a := inf(o 1y a; > 0.
By direct computation, we have

(5.3) %—? — Tro, (A — v)*ws — 200) + A (%‘f)
A= vla @ + A~ vla~é —log(T —t)) — ﬁ
=AQ + |A—v]a ' Ag + (A — v)Tr,, mws — 2ATr,, ©
A =v]a T (Q+ N —v]aT g —log(T —t)) — %
Since wy = aym*ws + 2M(T — t)© + /—109¢(t), taking trace with respect to w;

yields
n+1=aTr,mws + 2\T — t)Tr,, 0 + A¢d > a;Tr, 7 ws + Ag.
Hence we have
(5.4) IAN—vja ' Ad <A —v|a T (n+ 1) — A — v|Tr,, T ws.
Note that a; > a for any t € [0,7). Combining (53] and (54, we have
(55) OQ < (n+DA—vja' = |A—vjaH(Q+|N—v|a'¢)+ A —v|a logT.
As ¢ is uniformly bounded from (1), (55) implies a uniformly upper bound for Q.

Since @ = log % — |\ = v]ja"1¢, again together with the uniform bound for ¢,
we proved (2).

Finally, for (3), we let (z1,. .., zn, &) be local holomorphic coordinates such that
z = (z1,...,2n) is the base coordinate and £ is the fiber coordinate. Then the

bundle map is given by 7 : (z,§) — z. Write Ar*ws = p;3dz* A dz7. Assuming the
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Kéhler metric w; admits momentum profiles f(p,t), we have gﬁ = % pﬁ and one

can prove
T " 1 n
T, T W =
Wt = )\g ng A f
which is clearly bounded from above uniformly independent of t. O

Next, we will derive estimates on the Kahler-Ricci flow by assuming the metric
is U(1)-invariant and admits a momentum profile f(p,t). First note that because
fo(p,t) > 0 for any t and also lim,,_ f(p,t) = a¢, lim,_,o f(p,t) = by, we have

ar < f(p,t) <by, forany (p,t) e Rx[0,T).

Note that a; and b; are both bounded away from zero as ¢ — T; (2) in Lemma
B0l implies f, is also uniformly bounded. Using these, one is able to derive the
following estimates.

Lemma 5.2. There ezists a constant C' = C(n,wp, v, \) > 0 such that
(1) C7' < f<C,
@) || <c,
(5) f, < O - 1)
for any (p,t) € R x [0,T).
Proof. As discussed above, (1) clearly holds because a; is bounded away from zero
and b; is uniformly bounded above on [0, 7).

For (2), first note that by the asymptotic conditions of the momentum profile
f(p, t)a [Oa T)a SO SUPRx[0,T—e¢
e > 0. We will derive the uniform lower bound for %” on [0,7T) since the upper
bound is similar. Given any € > 0, let (p,t) € R x [0,T — €) be the point such

exists for every

that
Too —  sup Joo-
fp (peste)  Rx[0,T—¢) fp
. s /s
Then at (pe, te), one has % (%") >0, 8% (%") =0, and g—pg (%") <0.
Recall that f satisfies the heat-type equation ([B.2), i.e. % = fee —l—n% —%. By
P
direct computation, one has
2 2 3
<fpp> 2nf; 2nfpp iy + 300 + " pop . 4fppfopp + fooop
Y
f? f2 A flo 13 f3
(fpp) fPfPPP
3
o (fpp> 3fppfppp + fpppp
fp fp
2
Evaluating at (pe, tc), the fact that ‘9 (J;’;:) = 0 implies f,,p = h at (pe,te). By
substituting f,,, = %" into the expressions of % (’;{’—p”) and F— o (jf—), one can

check that after cancellation of terms, we have

0< <2 _ i8_2> Joo _ Q”pr _2nfp
—\ot  f,00%) f» IE 12

at (pe,te)-
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It shows sup Lo e = See <L . Since f, is uniformly bounded
RX[O?T ©) Jo fo (peste) ! (Peste) ’
from above and f > C~!, there exists C' > 0 independent of € such that

sup @ < (.
Rx[0,T—¢€) fp

A similar approach proves infgy o 1) —];f” > —C for some uniform constant C' > 0.
’ P
It completes the proof of (2).

Part (3) follows from part (2). Precisely, (2) implies |(log f,),| < C. If we let
pt € R such that f,(p;) = sup,cg f,, then by the mean-value theorem,
[og fo(p,t) —1og fo(pi, )] < Clp = pul.
Thus for p € [py — C~1, p; + C~1], we have

or equivalently, f,(p,t) > e~!f,(ps,t). We then have

Pt+071
/ Jodp > / Todp > QC_le_lfp(ptat)'
R p

1 —C 1
On the other hand, we have

/ fodp = f(00) = f(—00) = by — ar = 2\(T — t).
R
Hence sup ,cp f, < C(T —t) for some uniform constant C. O

Lemma implies that the P!-fiber of our manifold M is collapsing along the
flow. Precisely we have the following:

Proposition 5.3. Assume (X, L, [wo]) satisfies the condition stated in Case 1 and
Case 2(i) following Theorem 4.1. Let V, € T,M be a tangent vector of M at
r € M\(XoUZXy) which lies T,PL. Here we denote PL as the P'-fiber passing
through x. Then we have ||V |lg) — 0 ast — T.

Proof. It suffices to express ||V;||) in terms of f and f,, since the metric g(t) is
given by

g(t) = fAT*gs + f,0p @ Op.
Since V,, is parallel to the fiber, we have m,V, = 0 and so 7*gs(Vy, V) = 0. Hence
||Vm||3(t) =f, 68‘;” 88% — 0 as t = T. Here we have used part (3) of LemmaB2l O

Furthermore, Lemmas 5.1 and provide enough estimates in order to show
(M, w;) converges to (X, arws) as metric spaces in the Gromov-Hausdorff sense.

Theorem 5.4. Suppose (X, L,[wo]) satisfies the condition stated in Case 1 and
Case 2(i) following Theorem 4.1, then (M, g(t)) converges to the Kdahler-Einstein
manifold (¥, arws) in the Gromov-Hausdorff sense as t — T.

Proof. The proof proceeds in almost the same manner as in Song-Weinkove’s paper
[SWI] on Hirzebruch surfaces with Calabi ansatz. We will sketch the main idea
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here. For details, please refer to Song-Weinkove’s paper. The main ingredients of
the argument are as follows:

(1) the metric g(t) is degenerating along the fiber direction on compact subsets
of M\(2pU Xw),

(2) ¢(t) is bounded above uniformly ¢(0), and

(3) for any 0 < a < 1, g(t) converges to arm*ws, in the C'*-sense on compact
subsets of M\ (2o U Xeo).

Proposition (3] implies (1). (2) can be proved by a uniform estimate on f, which
can be easily obtained by the bound on the volume form wf“ in Lemma Bl
For (3), note that w; = f(p,t)v/—199p + v/=1f,(p,t)0p A dp. One can compute
that [|V,g(t)]|%, is a polynomial expression of f(p,t), fy(p,t) and f,,(p,t) where
the coefficients are time-independent. Lemma then shows for any compact
subset K € M\ (g UX), so we have supg (o1 [[Vgg(t)|, < Ck for some
time-independent constant Cx > 0. It proves (3).

To show the Gromov-Hausdorff convergence, first fix a leave of ¥ in M\ (2o U
Yoo). We denote it by o(X). Using (2), one can choose a sufficiently small tubular
neighborhood of ¥y and ¥ such that their complement contains o(X). Then given
any two points x1,xry € M, we project them down to the base ¥ via the bundle
map 7. Consider the length of the geodesic v joining 7(x1) and m(z3); by lifting the
geodesic up by o, we know that the lifted v has length arbitrarily close to the arws-
length by (3). Finally, using (1), one can show x; is arbitrarily close to o o 7(z;) as
t — T. Using triangle inequality, one can then prove that the g(t)-distance between
x1 and x4 is arbitrarily close to the apws-distance as t — T [l

150

6. SPLITTING LEMMA

In the singularity analysis of closed (real) 3-manifolds as in [H3] and [P1],
one often considers a rescaled dilation, which is a rescaled sequence of metrics
9i(t) = K;g(t;+ K; 't) where K; are chosen such that K; = |Rm(z;)| 4(,) — oo and
[Rmg, 4 [lg,4) < C for some uniform constant C' > 0 independent of 7. By Hamil-
ton’s compactness [H3| and Perelman’s local non-collapsing theorem [P1], one can
extract a subsequence, still call it g;(¢), such that (M, g;(¢),z;) = (Moo, goo(t), Too)
on compact subsets in the Cheeger-Gromov sense. The convergence is in C>°-
topology because once the curvature tensor is uniformly bounded, Shi’s deriva-
tive estimate in [Shi] asserts all the higher order derivatives of Rm are uniformly
bounded. The limit obtained is often called a singularity model. According to the
curvature blow-up rate (Type I or II), a singularity model may be an ancient or
eternal solution, and is x-non-collapsed by Perelman’s result. These singularity
models encode crucial geometric data near the singularity region of the flow.

We will show that under our momentum construction and our assumption on
the triple (X, L, [wo]), the singularity model M, obtained by the aforesaid rescaled
dilations splits isometrically into a product N x L, where dim¢ N = n and dim¢ L =
1.

Let (21, .., 2n, &) be local holomorphic coordinates where z = (21, ..., 2, ) are the
base coordinates and £ is the fiber coordinate. Then Am*wy = \/—_1p1-3 (2)dz* Nd2,
the Kéhler metric defined by momentum profile f(p,t), its inverse and the Ricci
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tensor are locally written as

fpii + fpp2p§ if (Av B) = (iv :)a
gAB = fpszE if (A7B) = (/La )7
fp|p§|2 if (AaB):(§7 )a
19" ) if (A, B) = (i, ]),
GAB = )~ T D PR if '

1 1, Srama pMerer .
|P£‘2 (E + 7 _) lf (A,

(V/\_l - Fp)pij - Fpppip3 if (Aa B) = (i’i)a
Ricap =< — ppPiPE if (AaB) = (Za§)7
_Fpp‘pf|2 if (AaB):(gv )7

where ' = nlog f + log f,.

From the local expressions of ¢ and ¢g~!, one can easily derive local expressions
of the Christoffel symbols which we will need for deriving our splitting result.

Lemma 6.1. The Christoffel symbols of the Kdahler metric g on M constructed by
momentum profile f are given by

Ige =0,
J Peg J
Ff — ﬂp 4+ 5SS — PP q e,
& fp ¢ 143 fp ¢
s = (@ _ &) pi
« fo  f
f 2fp\ piri 1 ( ik
I = (ﬂ =22 ) B = (0 pupygi + i)
! fof ) e pe o !
f _
Iy = f(piéf +0;00) + 0™ pjii-

Remark 6.2. Recall that for Kahler manifolds, the only (possibly) non-zero Christof-
fel symbols are those with indexes of either all (1,0)-type or all (0,1)-type. For

succinctness, please excuse us for omitting those which are vanishing or conjugate
to one of the above.

Remark 6.3. We will see that the vanishing of Fég is crucial when dealing with the
curvature tensor in the blow-up analysis in the next section. Moreover, we only
need the first four Christoffel symbols in order to obtain the splitting lemma.

Proof. Using the formula PZB = Vsaagﬂg for Kéhler manifolds, one can compute
the Christoffel symbols directly:

i 7 0 i 0
Pee = 9" gedei +9° 5e9ee

1 -9 1 - 0
= ?p”a—g(fppgpg) - f—péplkp;;a—g(fppgpg)
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)

" 0 g0
§ & _
T = ;g gede 9% pgtee
1 &Ky O 1

_ fp mepkag(fpppgp—i—fppggpz)

Zkl 1P PkPl

f

1 1 ZZ,Z:1 pklpkpf
+ 5 | =+ === (Fopripe + fopecre)
|pe | f
Joo pee (fpp )
= Dpe+ = 22 -1 pe,
fo ¢ 143 Io ¢

" -0 g 0
_ i _
ig—E g]—92i95j+9 02 o 9¢d
j=1

B 1 b (f )+ 1 1 n
fpp p’“a PP T e \ 7, f
1 ki

= or(foopirep; + fopepiz)

1 (1 S oeer
(- L — (FopPipepe)

ZZ,Z=1 P prpr

[pe]?
_ @_&) _
( e L),
) n a
FZE = Z —ggk + g7t oz, a9k
1_ 1
=7 (fppgpk) 7 5‘) . a7 (fppﬁﬂg)
1 .
= ?ﬂ’ (foppiPepi + fopepin) — fpép”“p;;(fpppmspf)
— fp 53
f Z

0 8
rs; *Zgé’“a g5 + 9% 52,95

k=1
1 0 1 1 pMpupr
= pF pz Tpii + foripr) +
T’ Pz st Topspr) |<fp 7
fp fpp
= =2 o pi(pips + pips 05
fp ( ]k J k) fppf J

1 1 .
= fp I(Foppepeps + fopeeps) — fpgp ok (Foppepepe + fopecpe)
0

)
) 5—5(fppsp5)

0
) a_zi(f”pfpf)

0
) 9z (forjre)

1
pe
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_ (fpp %) PiPj

o f

F’“*Zn ki 0 ,+k§’8 _
k=1

- (o prji + i)
1, )
Pe  Pe s

1 _
= ?pkl(fppmﬂ + foii + foppiripr + fopijor + fopipir)

1 —
— " pi(foppinipe + fopijre)
fpg

f _
= T (0i85 + p;80) + 1" b

Let’s state and prove our splitting lemma.

Lemma 6.4. Let M = P(Ox @ L) be the projective bundle such that the triple
(X, L, [wo]) satisfies the assumptions stated in the subsection on main results. Let
(M,wy), t € [0,T) be the Kihler-Ricci flow O, = —Ric(w,) with initial Kdhler
class |wo]. Let (x4,t;) € M x [0,T) be a sequence such that t; — T and K; :=
IRm(z;)lg(¢,) — 00 as i — oo. Define g;(t) to be a rescaled dilated sequence by K;
and t;, i.e.
gi(t) == Kig(ti + K 't), t€[-fi,ail,
where B; = o0, a; > 0 and a; — A € [0,00]. Suppose the curvature tensor of
gi(t), t € [=PBi, o], is uniformly bounded independent of i, i.e. there exists C' > 0
independent of i such that
sup  [|[Rmllg,4) < C.
M x[—Bi,a;]
Then, after passing to a subsequence, (M™ 1, g;(t),z;) converges smoothly in the
pointed Cheeger-Gromov sense to a complete ancient Kdhler-Ricci flow (Mo, goo (t),
Zoo) whose universal cover is of the form

(NT* x N3, hi(t) @ ha(t)), te (—o0,A]
where (N;, hi(t)), t = 1,2, are Kdhler-Ricci flow solutions.

Proof. By the uniform boundedness condition of [|[Rml|y, ) over M x [—f3;, o], the
subsequential Cheeger-Gromov convergence can be done by Hamilton’s compact-
ness theorem and Perelman’s local non-collapsing theorem. See [CCG H3| [P1],
etc. Furthermore, we may assume the complex structure of J of M converges after
passing to a subsequence to a complex structure Jo, of M. That makes (Mo, Joo)
Kaéhler because VI~ J, = lim;_,o, V9J = 0.

We will use the well-known de Rham holonomy splitting theorem, which asserts
that if the tangent bundle T'M,, admits an irreducible decomposition @le E;
under the holonomy group action, i.e. parallel translation, then the universal cover
of M, splits isometrically as (M, g) = Hle NImE with TNS™ 5 — B, Note
that in the Kéhler case where the holonomy group is a subgroup of the unitary
group, each N, is also Kéhler.

Suppose (M, goo(t), o) is the pointed Cheeger-Gromov limit obtained above.
We would like to show that it (precisely, the universal cover) splits isometrically into
a product. According to the nature of the collapsing of the P'-fiber, it is natural
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to guess that one factor of the split product should correspond to the base and the
other should correspond to the fiber. Based on these, we define the following unit
vector fields:

; 1 0 1 0
(6.1) Z = — = Y
5:(%) H%Hgi(t) 0z;  \/Ki(fpj; + folpi?) 0%
1 8
(6.2) S00) T e
Then we have HZ;N) llg:t) = I2g;0)ll gty = 1. After passing to a subsequence, they

converge to vector fields Zgoo(t) and = (4 in the limit Mo,

We will show that the real distribution Fo = spang{R(Z, 1)), S(Eg @)} is
invariant under parallel translation. Here ® and <& denote the real and imaginary
parts respectively. For simplicity, we will denote Zgi (1) 88 Zf and =g,y as Z; for
any i € NU {oo}. l

It is worthwhile to note that E, = spang{R(ZZ,), $(ZL,)}}_, since

1 .
’< 7Y 00 To . lpil

bmpg gy, Kilereei| S\

which tends to 0 as ¢ — oo using Lemma Note that we have used g;; =
foi5 + folpil? = fpj5. Since p = log|¢|? + log ¢(z) by @BI), the term \/% is
independent of £, ¢ and ¢, and hence is uniformly bounded near p = foo. Therefore
E is orthogonal to each of ZZ,, i.e. Ex, = spang{R(ZL,), 3(ZL,)}1—,.

In order to show F is invariant under parallel translation, we need to show that
by parallel translating =., along any vector field X on M., it stays inside E.,
We will prove this by showing V=2 lies inside Eo, or equivalently, orthogonal

to EL. We will make use of the Christoffel symbols calculated in Lemma G.1}

Vezi = e ()
R\
9 1 ¢ 0 P
< <\/—fppf> % " VEifope (P558€+F££3Z ))

. 1 ety a - (@—1> pe o
fpp \/— p f3/2 \/ fppg 85
fop 0 1 fp0 1 a)

Kﬁm(\/— 2T h % VT e 96 T, 06

“ar (7)o
2Kzfp fo ) o

Taking the inner product with the vectors along the base direction, we have

—_ 7 f fpp 1
(V=8 Z])g, = al - Kifopeps,
TV 2K, f EK(Fog + Foleg) T
A 1 fpp . |P§|

LN, R AR

Licensed to Hong Kong University of Science & Technology. Prepared on Sun Mar 12 09:54:08 EDT 2017 for download from IP 143.89.91.56.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



580 FREDERICK T.-H. FONG
Letting i — oo, we get (Vz__Ec, 2% ), = 0 for any j = 1,...,n; here V is the
Levi-Civita connection with respect to go,. We have used the estimates proved
in Lemma [52] which says f,,/f, = O(1) and f = O(1), as well as the fact that
K, — oo. This proves Vez_ ZE € Ex

Similarly, by parallel translating =, along Z.,, we calculate

1 1 0
Vg, Bi = Ve E—
\/Kz‘fppé ¢ (\/K'fp 85)
w1
Kif, \ f, )~ 0¢
= _inEi
Hence, we also have [(Vz Z;, Z 7, )| = 0forany j =1,...,n as i — oo, and that

proves (Vz_ Zec ZL )y =0 and so Vz Ex € Ex
The other calculations are similar:

TV R

L 2 <1"§?§i+1‘§52>
VEigjj 3Za VE fpps o€ " VEifppe \ 7 021 ¢
0

_ 1 ( Pj (fpp>
Ki\/9;5 2\/f_pp§ o€
(2-4)8)
. )70
Lo,
£

)

e (i
VIore \F 20z
! ((h__> o0
Kipe/ fpgjj 2fp & T og

(V355 Z8) gty =
: J Kipe/ fpgjj\/ Kigyk

X {<2f_j”,; - %) PiKifopepr + %PfKi(fij + fppipk)}

fo (fpp )
—r Pipk+ P
Kigjigne \2f,"" kT Fak

Hence
- 7 fp fpp Pj Pk Pjk
S A\ R AN N RN T
and so [(V ;i Z, ZF) (1| — 0 as i — oo since by Lemma[B.2 we have f, = O(T —t).
Finally, we have

v.z, - _ L 0 L 9
% VEKigj; 07 \/K‘fppf 23

:_; (fpp) 5
Kzfp\/ﬁ fp ] 85
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_ 1 f
(V5120 2y = =~ (22) i
Z3 gi(t) Ki0;:9m \ fo Pk

— 1 f PjPk
‘<V’J'-:iaZ£€> ) | < (ﬂ) N L L
& 9ON= TR\ L ) | Voo

Hence |<Vngi, ZFY sty — 0 as i — oo.

Since {ZJ_,Z }?:1 spans the whole Tc M, the above calculations show that
for any vector field X on (M, goo(t)), one has (VxEo, Z4 ), = 0 for any j =
1,2,...,n. Therefore, VxR(E), VxS(Ew) € Foo. This shows whenever we have
Vi € Exl,, v € My, and let V(s) € TM be the parallel translation of V,, along
a curve v(s), then V(s) € E,. To see this, write V(s) = VZ(s) + V*(s) where
VT(s) € Es and V+(s) € EL for any s. By the above calculation, we have
VW/(S)VT(S) € F for any s. Therefore,

0=V V(s) = Vy)VI(s) + Vv’(S)VL(S)-
Hence V.5V *(s) also lies inside E... By the fact that V*(s) L Ew, we have

WP = 2(T, V),V (s)) =0,

It implies that ||[V+(s)|| = ||[V+(0)|| = 0 for any s. In other words, V(s) = VT (s) €
F for any s. Therefore, E, is invariant under parallel transport. By the de Rham
decomposition theorem, our splitting lemma follows. (I

7. SINGULARITY ANALYSIS

The splitting lemma in the previous section allows a dimension reduction for our
singularity analysis. The ultimate goal of this section is to analyze the singularity
formation of the Ricci flow on our projective bundles M = P(Os, & L) whose P!-
fiber collapses near the singularity. We are going to prove that the Kéhler-Ricci
flow (M, g(t)) must be of Type I (see definition below) and the singularity model
is C" x P!, in a sense that one can choose a sequence (z;,t;) in space-time in the
high curvature region such that the universal cover of the Cheeger-Gromov limit of
the rescaled dilated sequence is isometric to (C" x P!, ||dz||? ® wrs(t)). Here wrs(t)
is the shrinking Fubini-Study metric.

According to the blow-up rate of the Riemann curvature tensor, the singularity
type of a Ricci flow solution which encounters finite-time singularity is classified as
in [H3].

Definition 7.1. Let (M, g(t)) be a Ricci flow solution d:g(t) = —Ric(g(t)) on a
closed manifold M which becomes singular at a finite time 7. We call the Ricci
flow encounters

e Type I singularity if sup,;o,7) (T — t)[[Rm|4r) < o0;

e Type II singularity if sup ;o) (7" — t)[|[Rml|4() = oc.

We would like to remark that although the Type I/II classification of finite-time
singularity was proposed in the early 90s, surprisingly the first compact Type II
solution was constructed by Gu-Zhu in [GZ] only recently in 2007.

In order to understand the singularity formation, we need to bring curvatures into
the topic. Therefore, we will compute and analyze the Riemann curvature tensor of
our projective bundle M which is equipped with momentum profile f. Recall that
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582 FREDERICK T.-H. FONG

for Kédhler manifolds, the Riemann curvature (3, 1)-tensor can be computed using
the formula

0
D D
Ripec=— 958 Iic

where A, B,C, D =1,...,n or £&. The non-zero components of the Riemann curva-
ture tensor are given below. For the ease of inspection of the norm ||[Rm|| later on,
we will split the components into five groups according to the number of £-indexes:

Riz, = —(10g f)pppj (pidki + prdir) — (10g ), (6i50k1 + Gix0i) — (0P pikp) 7,

Rﬁgk = —(log f) ppre(pidri + prdir),
Rz, = —(10g f) pppjpedit;

1
R~ = _p_f(bg fp — 2log f)pppjpipkz

1 1 _
- E(log Jo —2log f)p(pijor + pijpi) + E(plpplpiﬁk + pir);s

Rz = —(10g f)ppp;pei,

Rfﬁ_k = —(log f, — 2log f)ppz—fﬂiﬂk,

Rige = —(108 )oplpel*din.

nggk = —(10g f) ppl pel *6ki,

RL., =0,

Rggk = —(log f, —1log f)pppipr — (log f, —1og f)opi;j,

R%g = _(10g fp — log f)pppjpl - (IOg fp —log f)ppl§7

Rige = —(log f, = log ) pppepi,
Rl; =0,

R, = —(log f, —10g f)pppeprs

3,
!

e = —(log f5) pppjPe,
Rggg = —(log fp)pp|p§|2'

Since the understanding of ||Rm|| is crucial in analyzing the singularity according
to their type (I or II), we need an organized expression of ||Rm|| that is written in
terms of our momentum profile f. Obviously, it would take loads of unnecessary
work. However, in order to study the singularity model in our class of manifolds, it
suffices to understand the asymptotics of |[Rm||? in terms of f and its derivatives.
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KRF ON PROJECTIVE BUNDLES OVER KAHLER-EINSTEIN MANIFOLDS 583

Recall from Lemma 5.2 that f = O(1), % =O0(1), fop/fo = O(1). Therefore we
have the following asymptotics:

(log o = 2 = 0(1,)

2
(08 1) = 222 - ﬁ— — 0.
(log f,), = ff— — o).

The asymptotic of (log f,),, is not yet known because it involves the third p-
derivative of f, which we have not derived.
Also, the local expressions of g and ¢g~! have the following asymptotics:

9i5 = 0(1)7

9ig = Jie = 9eg = O(fp),
g7 =g = g€ = 0(1),
g€ =0(f,Y).

We claim that the norm ||[Rm||? can be expressed in the following asymptotic
form

Lemma 7.2.
(71) ||Rm||g(t) - (10g fp)pp + O(f (10g fP)PP)

+ O(f (log fP)pp) + O((log fp)pp)
+ O((log fp)pp) +O(1).

Proof. A generic term in |[Rml||? can be expressed as

(**) gAEgCDg GHRé’FG’RgEH

where A,...,H € {1,...,n,&}. From Lemma (52 we know f, = O(T —t), and
so f, lis a bad term as it diverges as t — T. The only factor in (F¥)) which can

contribute to a fp’1 is ggg, and there are at most three gfé’s in (F¥)). We are going
to check that

(1) whenever f- ! appears in (F¥)) exactly once, there must be at least one factor
of (log f,)pp from the curvature components;

(2) whenever f;? appears in (*), there must be a (log fp)2, factor from the cur-
vature components;

(3) it is impossible for f,? to appear in ).

Combining these, it is not difficult to see |Rm||? satisfies the asymptotic form (Z.1).

We start by arguing (1). Suppose there is exactly one f, ! factor in FF); we
can assume WLOG that either (C,D) = (&,€) or (E,F) = (£,£). Suppose the
former, we can check from the list of Riemann curvatures following Definition 7.1

that almost all R?F ¢ terms have either asymptotics O(f,) (which cancels out f,° b

or a (log f,),p factor. There is only one exception: Rék which has an O(1)-term

from (log f,),. However, if both of R4

B . .
cre and Ry &, are taken to be in this form,
then (%) becomes

¢& pj kqpt pE
9ee9> 9" 9 R Ry
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584 FREDERICK T.-H. FONG

where the gez = O(f,) cancels out the undesirable f° ! factor, and we end up with
no fp_l at all. A similar argument applies to the case (E, F) = (§,¢), and (1) is
proved. .

For (2), since g% is the only possible contribution to [t at least two of C, F, G
(and their corresponding two of D, E, G) must be £. Check again the list of Riemann
curvature components following Definition 7.1; we see all the terms with two lower
¢-indexes must either be of O(f,)-type or have a (log f,),, factor. It proves (2).

For (3), the only possible case for f;S to appear is that all of (C, D), (E, F') and
(G, H) are (£,&). The only possible choice for the curvature components are R

1333
and RE&. However, the former is 0. For the latter case, all indexes will be £ and

() becomes

_E€ ¢E EEnE 3
96697979 Rege leg

which can be computed easily as fp’z(log fp)%p.

Finally, we remark that gfggggggggnggggRE is the only term where

1333
f;2(log f,)3, appears, thanks to the fact that Rig = 0. As a result, the lead-
ing term of (1)) is fp_Q(log fp)%p with coefficient 1 which can be easily verified by
~ 06 gs€ S RS RS
computing gezg>>g>~g R§§§R§§§. ]

Having understood the asymptotics of |[Rm||?, we are in a position to study the
singularity models. Let’s first consider the Type I case:

Theorem 7.3. Let M =P(Ox®L) be the projective bundle with the triple (£, L, [wo])
satisfying the conditions listed in the subsection on main results. Let (M,w;) be
the Kdhler-Ricci flow dpw, = —Ric(wy), t € [0,T), with initial Kéhler class [wo].
Suppose the flow encounters Type I singularity; then choose (x;,t;) in space-time
such that K; = [[Rm(xi,t;)|lgt,) = maxy |[Rml|gq,) and t; — T. Consider the
rescaled dilated sequence of metrics g;(t) = Kig(t; + K;'t), t € [—t;K;, (T —
t;)K;). Then the pointed sequence (M, g;(t),x;) converges, after passing to a sub-
sequence, smoothly in the pointed Cheeger-Gromov sense to an ancient rk-solution
(Moo, oo (t), o), whose universal cover splits isometrically as

(C" x P!, [|dz||* ® wrs(t)),

where ||dz||? is the Euclidean metric and wrs(t) denotes the shrinking Fubini-Study
metric.

Proof. Suppose C = C(n) is a constant depending only on n such that |R| <

C(n)|[Rml|. Since the blow-up factor K; is defined by K; = maxy/ ||[Rm||yq,) =

[Rm(z;)[4(¢,), the scalar curvature at time ¢; satisfies [R(g(t;))] < CK; on M.
One can compute the scalar curvature explicitly:

Ry(y = Try, Ric(wy)
_nw—F) Fy
f fo’
where F' = log f, +nlog f. Hence,
1

I; (log fp)pp + 0(1)'
p

Ry = —
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KRF ON PROJECTIVE BUNDLES OVER KAHLER-EINSTEIN MANIFOLDS 585

Therefore, for any p € [—00, 00| at t;, we have

1
‘—f—p(log fo)po + 0(1)’ < CK;,
_1 B
‘m(logfp)pp + O(K; Hi<e
Recall that K; — oco. Letting ¢ — oo yields
(7.2) h?isogp ‘K;lfp_l(logfp)pp‘(p)ti) <C.

By considering the asymptotic expression of |Rm||? given by (7)), we have for
any p € [—oo,00] at time ¢;,

1> K72 |Rm|2 ) = (Kifo)"2(log f,)3, + O(K; 2 f, " (log £,)3,)
+ O(Ki_2f;1(log fo)oo) + O(Ki_2(10g fp)ip)
+ O(Ki_2(log fo)op) + O(Ki_Q)a

where equality is achieved at z;.
Letting ¢ — oo and using (L2) and the fact that f, = O(T —t) from Lemma
B2 we can deduce:

limsup(K; f,) ~*(log fp),%p <1, pée€[-oo,x], t=t;

1—00
. —2 2 _
(7.3) Jim (K f,)"*(10g fo)p 0y = 1

Recall that g;(t) = K;g(t; + K; 't); we then have

(log fp)pp + O(Kfl)

1
R i(t) = :
I Kifp ti+ Kt

Letting ¢ — oo, we have

(74) Rgoc (t) ==

. 1
Zlggo Kif, (08 Jo)eo t,i+Kf1t.
By strong maximum principle, the scalar curvature of every ancient solution must
be either identically zero or everywhere positive. In our case, (T3) and (4] to-
gether imply R, (o) = 1 and hence Ry_(;) > 0 on M x (—o0,0]. By our split-
ting lemma, Lemma [64] we know that the limit manifold M., splits isometri-
cally as a product N{* x N3, such that TN} = spang{R(Z1,), 3(ZZ,)}7-, and
TN3 = spang{R(Z),3(Zo)}. As a result, the curvature tensors also split as
Rmy, = RmNT, @ Ric Ni- Next, we would like to compute the curvatures of each

factor. Again, for simplicity we denote Zgi(t) by Zf and =, ) by Z;:

= |KiRm(Z], Z) 2}, Z) g4, 1)

_ K‘( 1 )4 1 1 1 L o
“\VE) T e NTea o T
:KLO(l)—H) as i — 00.

%
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586 FREDERICK T.-H. FONG

Hence Rmpy» = 0. Similarly, we have
1 1

V fp AV fp| £|2

1
= K 7, ——(log fp)pp + O( )

By ([Z4) and positivity of Ry (), we know that Ricy 1) (Ece, ) > 0.

Since the Kéahler-Ricci flow g(¢) is of Type I, the ancient solution obtained by
the blow-up sequence is also of Type I, i.e. supp/y(—oo 0 [t[[Rmlly ) < 0o, and
is x-non-collapsed. The limit solution splits as a product (N7*, hyi(t)) x (N3, ha(t))
where we know N7 is flat and N4 has positive curvature. According to Hamilton’s
classification of ancient -solution [H3] (see also [CLN]), (N4, ho(t)) must be the
shrinking round 2-sphere.

To conclude, if the K&hler-Ricci flow (M, g(t)) is of Type I, then the universal
cover of the limit solution (M, geo(t)) of the rescaled dilated sequence g;(t) is
isometric to

(7.6) Ricg, 1) (Ei, Z) = —(nlog f +1log f,) p|p§| )

(C" x P, ||dz||* ® wrs(t)).
O

Next, we will rule out the possibility of Type II singularity on (M, g(t)). We
will show that by a standard point-picking argument for Type II singularity, one
can form a rescaled dilated sequence of metrics which converges, after passing to a
subsequence, to a product of the cigar soliton and a flat factor. By Perelman’s local
non-collapsing result, such a limit model is not possible. Let’s state this result and
give its proof.

Theorem 7.4. Let M =P(Os@L) be the projective bundle with the triple (X, L, [wo])
satisfying the conditions listed in the subsection on main results. Let (M,w;) be the
Kdhler-Ricci flow Oywy = —Ric(wy), t € [0,T), with initial Kahler class [wo]. Then
(M, g(t)) must be of Type I, i.e. Type II singularity is not possible.

Proof. First take an increasing sequence T; — T'. Let (x;,t;) € M x [0,7;] be such
that

(T; — t;) IRml| (z, ;)

max (T; —t)||Rm]| g

MX[O,T,;]
= T, — (t; + K; 't))||R
I (T (6 K )R,
We denote K; = |Rm||(p;,t;); then K;(T; —t;) — oo by the Type II condition.

As in the Type I case, we let C = C(n ) be a constant depending only on n such
that |Ry)| < C[[Rml|4(+). Recall that scalar curvature has the following asymptotic
expression:
i(log fp)pp + O(l)'
fo
Hence for any p € [—o0, 0], t € [0,T;], we have

Ry = —

‘ fo (log fo)o + O(1)) < T — (t: + K; ')’
C(T; — t;)

1 +O(K Y| < ——* Y
(ngp)pp ( i ) _TZ‘—(ti—l—Ki_lt)

‘ -1
Kifp
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where we evaluate the left-hand side at ¢; + K 't. Letting i — oo, and using the
T;—t:)—K; '

fact that ¢ Tt L=1- ﬁ_t) — 1, one can show
(7.7) mixiilm (Kifp) " (10g ) p (iipi iy <1 forany (z,t).

At (z4,t;) we have (T; — t;)?||Rm||* (24, ;) = (T; — t;)?>K?. Consider the asymptotic
expression of |[Rm||? as in the Type I case; one can then show

. 1
(7.8) 11320 K?—fg(log fp)ip =1

(z4,ti)
As K; — oo, our splitting lemma, Lemma [6.4} also implies that the limit solution
(Moo, goo(t)) splits isometrically as a product (N7 x N3, hq(t) @ ha(t)). As in the
Type I case, Rmyy and Ricy; can be found by (Z.3) and (7.0):

- = 1
ngi(t)(Zij,Zf,Zé, Zf) = fO(l)’

7

Ricy, (50, 51) = Kl £ (08 )+ 0L,
Letting i — oo, we have Rmyz (hi(t)) = 0 and
(7.9) 1 > Ricya (ha(t)) > 0 from (7.7),
Ricyy (oo, h2(0)) = h2(0) from (g)).

(Moo, goo(t)) is an eternal solution to the Kahler-Ricci flow since we have (T; —
t;)K; — oo. By our splitting lemma, so does (N, ha(t)). From (7.3), the space-
time maximum of the scalar curvature of (N3, ha(t)) is achieved at (7, 0). Hence
by Hamilton’s classification of eternal solutions (see the Main Theorem of [H2]),
(N2, ha(t)) is a steady gradient soliton. In the case of dimg = 2, it must be the
cigar soliton (see Section 26.3 of [H3]). However, by Perelman’s local non-collapsing
[P1], the Cheeger-Gromov limit (M, ¢(t)) must be x-non-collapsed at all scales,
and so the product of cigar soliton and a flat space is not a possible singularity
model. It leads to a contradiction and hence completes our proof. O

Remark 7.5. Throughout this paper we have focused on Case 1 and Case 2(i)
following Theorem 4.1. We would like to point out as a final remark that for Case
2(iii) we expect one could mimic Section 5.2 in [SWI1] and also [SW2| [SW3] to
show the contraction of ¥y near the singular time. For singularity models obtained
by rescaling analysis in Case 2(iii), it is conjectured in [FIK] that for (¥, ws) =
(P, wps) the singularity should be modelled on Kéhler-Ricci solitons on O(—k)-
bundles over P".
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