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Abstract

In this article, we classify n-dimensional (n > 4) complete Bach-flat gradient shrink-
ing Ricci solitons. More precisely, we prove that any 4-dimensional Bach-flat gradient
shrinking Ricci soliton is either Einstein, or locally conformally flat and hence a finite
quotient of the Gaussian shrinking soliton R* or the round cylinder S® x R. More gen-
erally, for n > 5, a Bach-flat gradient shrinking Ricci soliton is either Einstein, or a
finite quotient of the Gaussian shrinking soliton R" or the product N"~' x R, where
N1 is Einstein.

1. The results

A complete Riemannian manifold (M", g;;) is called a gradient Ricci soliton if there
exists a smooth function f on M" such that the Ricci tensor R;; of the metric g;;
satisfies the equation

Rij + ViV [ = pgij

for some constant p. For p = 0 the Ricci soliton is steady, for p > 0 it is shrinking, and
for p < 0 expanding. The function f is called a potential function of the gradient Ricci
soliton. Clearly, when f is a constant the gradient Ricci soliton is simply an Einstein
manifold. Thus Ricci solitons are natural extensions of Einstein metrics. Gradient
Ricci solitons play an important role in Hamilton’s Ricci flow, as they correspond
to self-similar solutions, and they often arise as singularity models. Therefore, it is
important to classify gradient Ricci solitons or to understand their geometry.

In this article, we focus our attention on gradient shrinking Ricci solitons, which
are possible Type I singularity models in the Ricci flow. We normalize the constant
o = 1/2 so that the shrinking soliton equation is given by

1
Rij +ViV; f = 2 8ii- (1.1)
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In recent years, as a consequence of Perelman’s groundbreaking work in [21] and
[22], much research has been devoted to studying the geometry and classifications
of gradient shrinking Ricci solitons. We refer the reader to the survey papers [4] and
[5] by the first author, as well as to the references therein, for an overview of recent
progress on the subject. In particular, it is known (see [7], [20], [22]) that any com-
plete 3-dimensional gradient shrinking Ricci soliton is a finite quotient of either the
round sphere S3, or of the Gaussian shrinking soliton R3, or of the round cylinder
S? x R. For higher dimensions, it has been proved that complete locally conformally
flat gradient shrinking Ricci solitons are finite quotients of either the round sphere
S", or of the Gaussian shrinking soliton R”, or of the round cylinder S"~! x R (this
was first due to Zhang [25], based on the work of Ni and Wallach [20]; see also the
works of Eminenti, La Nave, and Mantegazza [15], of Petersen and Wylie [23], of
Cao, Wang, and Zhang [10], and of Munteanu and Sesum [19]). Moreover, it fol-
lows from the works of Ferndndez-Lo6pez and Garcia-Rio [16] and of Munteanu and
Sesum [19] that n-dimensional complete gradient shrinking solitons with harmonic
Weyl tensor are rigid in the sense that they are finite quotients of the product of an
Einstein manifold N* with the Gaussian shrinking soliton R* k.

Our aim in this paper is to investigate an interesting class of complete gradient
shrinking Ricci solitons: those with vanishing Bach tensor. This well-known tensor
was introduced by Bach [1] in the early 1920s to study conformal relativity. On any
n-dimensional manifold (M", g; j), n > 4, the Bach tensor is defined by

1
n—3

B,’j = VleVV,'kjl-f-anRk[Wikjl.

Here W;i;; is the Weyl tensor. It is easy to see that if (M",g;;) is either locally

conformally flat (i.e., Wjx;; = 0) or Einstein, then (M", g;;) is Bach-flat: B;; = 0.
The case when n = 4 is the most interesting, as it is well known (see [2] or [14])

that on any compact 4-manifold (M*, g; 1), Bach-flat metrics are precisely the critical

points of the conformally invariant functional on the space of metrics,

W(g>=/M|Wg|2dVg,

where W, denotes the Weyl tensor of g. Moreover, if (M 4 gi 1) is either half confor-
mally flat (i.e., self-dual or anti-self-dual) or locally conformal to an Einstein man-
ifold, then its Bach tensor vanishes. In this paper, we will show that the (stronger)
converse holds for gradient shrinking solitons: Bach-flat 4-dimensional gradient
shrinking solitons are either Einstein or locally conformally flat.

Our main results are the following classification theorems for Bach-flat gradient
shrinking Ricci solitons.
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THEOREM 1.1

Let (M*, gij. ) be a complete Bach-flat gradient shrinking Ricci soliton. Then,

(M*,gi;, [) is either

@) Einstein, or

(i)  locally conformally flat, and hence a finite quotient of either the Gaussian
shrinking soliton R* or the round cylinder S x R.

More generally, for n > 5, we have the following.

THEOREM 1.2

Let (M",gij, f), n =5, be a complete Bach-flat gradient shrinking Ricci soliton.

Then, (M", g;j, [) is either

6)) Einstein, or

(i1)  afinite quotient of the Gaussian shrinking soliton R", or

(iii)  afinite quotient of N"~! x R, where N"~! is an Einstein manifold of positive
scalar curvature.

The basic idea in proving Theorem 1.1 and Theorem 1.2 is to explore the hidden
relations between the Bach tensor B;; and the Cotton tensor C;jx on a gradient shrink-
ing Ricci soliton. It turns out that the key link between these two classical tensors is
provided by a third tensor, the covariant 3-tensor D, defined by

1
Dijie = —— (AjVif — AueVif) + (&jkEir — ik EjD Vi f,

1
(n—1(n-2)
(1.2)

where A;; is the Schouten tensor and Ej; is the Einstein tensor (see Section 3).

This tensor D;; (and its equivalent version in Section 3) was introduced by the
authors in [8] to study the classification of locally conformally flat gradient steady
solitons. On one hand, for any gradient Ricci soliton, it turns out that the Bach tensor
B;; can be expressed in terms of D;; and of the Cotton tensor Cjj:

1 n—3
Bij = —m<VkDikj + mcjlivlf)- (1.3)

On the other hand, as shown in [8], D;j is closely related to the Cotton tensor and
the Weyl tensor by

Dijk = Cijx + Wiji Vi f. (1.4)

By using (1.3), we are able to show that the vanishing of the Bach tensor B;; implies
the vanishing of D;;x for gradient shrinking solitons (see Lemma 4.1). On the other



1152 CAO and CHEN

hand, the norm of D;jj is linked to the geometry of level surfaces of the potential
function f by the following key identity (see Proposition 3.1): at any point p € M"
where V f(p) # 0, we have

2V fI* H g
(n—2)2 ab n_lgab )

|Dij|* = Vo R|?, (1.5)

1

n—1)n-2)
where h,; and H are the second fundamental form and the mean curvature for the
level surface ¥ = {f = f(p)}, and where g, is the induced metric on the level
surface X. Thus, the vanishing of D;;x and (1.5) tell us that the geometry of the
shrinking Ricci soliton and the level surfaces of the potential function are very spe-
cial (see Proposition 3.2); consequently, we deduce that D;;x = 0 implies that the
Cotton tensor C;jx = 0 at all points where |V f| # 0 (see Lemma 4.2 and Theo-
rem 5.1). Furthermore, when n = 4, we can actually show, by using (1.4), that the
Weyl tensor W;;jx; must vanish at all points where |V f| # 0 (see Lemma 4.3). Then
the main theorems follow immediately from the known classification theorem for
locally conformally flat gradient shrinking Ricci solitons and the rigid theorem for
gradient shrinking Ricci solitons with harmonic Weyl tensor, respectively.

Remark 1.1

Very recently, by cleverly using the tensor D;ji, Chen and Wang [13] showed that 4-
dimensional half-conformally flat gradient shrinking Ricci solitons are either Einstein
or locally conformally flat. Since half-conformal flat implies Bach-flat in dimension 4,
our Theorem 1.1 is clearly an improvement.

Note that by a theorem of Hitchin (see [2, Theorem 13.30]), a compact 4-dimen-
sional half-conformally flat Einstein manifold (of positive scalar curvature) is S* or
CP?2. Combining Hitchin’s theorem and Theorem 1.1, we arrive at the following clas-
sification of 4-dimensional compact half-conformally flat gradient shrinking Ricci
solitons, which was first obtained by Chen and Wang in [13].

COROLLARY 1.1 ([13, Theorem 1.2])
If (M*, gi;, f) is a compact half-conformally flat gradient shrinking Ricci soliton,
then (M*, g;;) is isometric to the standard S* or CP2.

Finally, in Section 5, we observe that for all gradient (shrinking, or steady, or
expanding) Ricci solitons, the vanishing of D;;; implies the vanishing of the Cotton
tensor C;jx at all points where |V f'| # 0 (see Theorem 5.1). This yields the clas-
sification of n-dimensional (n > 4) gradient shrinking Ricci solitons, as well as 4-
dimensional gradient steady Ricci solitons, with vanishing D; .
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THEOREM 1.3

Let (M",gij, f), n > 4, be a complete gradient shrinking Ricci soliton with D;j; = 0.

Then

(1) (M*,gi;, f) is either Einstein, or a finite quotient of R* or S* x R;

(i) forn=>5(M",gi;, f) is either Einstein, or a finite quotient of the Gaussian
shrinking soliton R", or a finite quotient of N"~! xR, where N"~! is Einstein.

THEOREM 1.4
Let (M*,gij, f) be a complete gradient steady Ricci soliton with D;jx = 0; then
(M*,gij, f) is either Ricci flat or isometric to the Bryant soliton.

2. Preliminaries
In this section, we fix our notation and we recall some basic facts and known results
about gradient Ricci solitons that we need in the proofs of Theorem 1.1 and Theo-
rem 1.2.

First of all, we recall that on any n-dimensional Riemannian manifold (M", g;;)
(n > 3), the Weyl curvature tensor is given by

1
Wijit = Rijir = - —— (8ik Rj1 = it Rjic = 8 jie Rt + g1 Rire)

+ m(gikgjl — il jk)-
and the Cotton tensor by
1

Cijk =ViRji — V;Rjj — m(gjkViR —gik Vi R).
Remark 2.1
In terms of the Schouten tensor,

R

Aij = Rij — TSIk 2.1

we have

1
Wijki = Rijk1 — m(gikAjl —gitAjk — gjkAil + gj14ik),

Cijk = ViAjk — Vink.

It is well known that, for n = 3, Wj;¢; vanishes identically, while C;;x = 0 if
and only if (M3, gij) is locally conformally flat; for n > 4, W;;x; = 0 if and only if
(M", gi;) is locally conformally flat. Moreover, for n > 4, the Cotton tensor Cjj is,
up to a constant factor, the divergence of the Weyl tensor:
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n—2
Cijik = ——3V1 Wijki, (2.2)

and hence the vanishing of the Cotton tensor C;;x = 0 (in dimension n > 4) is also
referred as being harmonic Weyl.
Moreover, for n > 4, the Bach tensor is defined by

B — L yky! L o ikl
] Wikjl'i‘m kWit

By (2.2), we have
By = —— (ViCrij + R W% ;1 (2.3)
lj_n_z k“kij kIYWi j ). .

Note that C;jx is skew-symmetric in the first two indices and trace-free in any
two indices

Cijk = —Cj,'k and gijCijk = gikCijk =0. 2.4

Next we recall some basic facts about complete gradient shrinking Ricci solitons
satisfying (1.1).

LEMMA 2.1 ([18, Section 20])
Let (M",gi;, ) be a complete gradient shrinking Ricci soliton satisfying equation
(1.1). Then we have

ViR =2R;;V; f, (2.5)
and
R+|VfIP—f=Co

for some constant Cy. Here R denotes the scalar curvature.

Note that if we normalize f by adding the constant Cy to it, then we have

R+|Vf?= /. (2.6)

LEMMA 2.2
Let (M",g;;, f) be a complete gradient steady soliton. Then it has nonnegative
scalar curvature R > 0.

Lemma 2.2 is a special case of a more general result of Chen [12], which states
that R > 0 for any ancient solution to the Ricci flow (for an alternative proof of
Lemma 2.2, see, e.g., the more recent work of Pigola, Rimoldi, and Setti [24]).
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LEMMA 2.3 ([9, Theorems 1.1, 1.2])

Let (M",gij, [) be a complete noncompact gradient shrinking Ricci soliton satisfy-
ing (1.1) and the normalization (2.6). Then,

(1) the potential function f satisfies the estimates

L —a) = ) = (0 + )’

where r(x) = d(xg,x) is the distance function from some fixed point xy €
M and where c1 and c, are positive constants depending only on n and the
geometry of g;j on the unit ball B(xg,1);

(i) there exists some constant C > 0 such that

Vol(B(xo.s)) < Cs"

for s > 0 sufficiently large.

3. The covariant 3-tensor D,y
In this section, we review the covariant 3-tensor D;;; (introduced in our previous
work [8]) along with its important properties.

For any gradient Ricci soliton satisfying the defining equation

Rij + ViV, f = pgij, (3.1

the covariant 3-tensor D;j is defined as

1
Dijr = nTz(RjkVif —RikV; f)+ 7 (gjxViR—gikV;R)

1
(n—1)(n-2)

B ﬁ(é’jkvz’f —&ikVif)-

Note that, by using (2.5), D;;x can also be expressed as

1
Dijie = -— (AjVif — AucVjif) + (8jkEir — gik Ej)V1 ],

1
n—1Dn-2)
(3.2)

where A;; is the Schouten tensor in (2.1) and where E;; = R;; — (R/2)g;j is the
Einstein tensor.

This 3-tensor D;;x is closely tied to the Cotton tensor, and it played a significant
role in our previous work [8] on classifying locally conformally flat gradient steady
solitons, as well as in the subsequent works of Brendle [3] and Chen and Wang [13].
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LEMMA 3.1
Let (M",gij, f) (n > 3) be a complete gradient soliton satisfying (3.1). Then Dj;y is
related to the Cotton tensor Cyji and the Weyl tensor W;j; by

Dijx = Cijx + Wijra Vi f-

Proof
From the soliton equation (3.1), we have

ViRjr —V;Rixp ==ViV;Vi f +V;iViVi f = —Rijui Vi f.

Hence, using (2.5), we obtain

1
Cijk = ViRjk = VjRix — Z(T_l)(gjkviR —&ikVjR)
1
= —RijrVif - m(gijil —&ikR;DVIf
1
= WijtaVif ——— RieVif = RjVif)
1
+2(n_1)(n_2)(g]k i gikVj )
b (Y £ 8V
n—1)(n—2) ik Vj 8jk Vi
=—WijxVi f + Dijk. U

Remark 3.1
By Lemma 3.1, D is equal to the Cotton tensor C;jx in dimension 7 = 3. In addi-
tion, it is easy to see that

Dijx Vi f = Ciji Vi f.

Also, Djjy vanishes if (M", g;;, f) (n > 3) is either Einstein or locally conformally
flat. Moreover, like the Cotton tensor C;jx, D;j is skew-symmetric in the first two
indices and trace-free in any two indices

Dijk=-Djix  and  g"Dy=g"*Dyj=0. (3.3)
What is so special about D;j is the following key identity, which links the norm

of D;jx to the geometry of the level surfaces of the potential function f. We refer
readers to [8, Lemma 4.4] for its proof.
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PROPOSITION 3.1 ([8, Lemma 4.1])
Let (M",g;j, f) (n > 3) be an n-dimensional gradient Ricci soliton satisfying (3.1).
Then, at any point p € M™ where V f(p) # 0, we have

2AVfI4 H P2 1

n—22 " " 18| T3 T w2

where hgp and H are the second fundamental form and the mean curvature of the
level surface ¥ = { f = f(p)} and where g, is the induced metric on X.

|Djj|* = |V RI?,

Finally, thanks to Proposition 3.1, the vanishing of D;;; implies many nice prop-
erties about the geometry of the Ricci soliton (M", g;;, f) and the level surfaces of
the potential function f.

PROPOSITION 3.2

Let (M",gij, f) (n > 3) be any complete gradient Ricci soliton with D;ji =0, let c

be a regular value of f, and let ¥, = {f = c} be the level surface of f. Set e1 =

V £/IV fl, and pick any orthonormal frame e, ..., e, tangent to the level surface

Y. Then

(a) |V f|? and the scalar curvature R of (M", gij, f) are constant on T;

(b) Ry =0foranya >2,and ey =V f/|V f| is an eigenvector of Rc;

(c) the second fundamental form hgy, of X is of the form hap = Hgap/(n —1);

(d) the mean curvature H is constant on X.;

(e) on X, the Ricci tensor of (M", gi;, f') either has a unique eigenvalue A or it
has two distinct eigenvalues A and | of multiplicity 1 and n — 1, respectively.
In either case, e; =V f/|V f| is an eigenvector of A.

Proof
Clearly (a) and (c) follow immediately from D;;x = 0, Proposition 3.1, and (2.6); and
(b) follows from (a) and (2.5): R1s = (1/(2|V f]))V4R = 0.

For (d), we consider the Codazzi equation

Rlcabzvfphbc_vbzcham a,b,c=2,...,n. (3.4)

Tracing over b and c in (3.4), we obtain

I
Ria = V3 H =V hap = (1- — ) VaH.

Then (d) follows since Ry, = 0.
Finally, the second fundamental form is given by

v v/ > _ VaVp f _ P8ab — Rap
a—7eb - -
IV /] IV /] VS

hab=<



1158 CAO and CHEN
Combining this with (c), we see that
H
Rap = p8ap = 1V f lhap = (p = ~—1V./1)gan-

But both H and |V f'| are constant on X, so the Ricci tensor restricted to the tangent
space of X, has only one eigenvalue u:

U=Roa=p—H|Vf|/(n=1), a=2,...,n, (3.5)

which is constant along %.. On the other hand,

n
A=Ri1=R-> Riw=R—(n—1p+H|VS] (3.6)
a=2
again a constant along X.. This proves (e). O

Remark 3.2
In any neighborhood U of the level surface X, where |V f|? # 0, we can always
express the metric g;; as

2

ds (df)? + gap(f.0)d0 db®. (3.7)

1
VSR 6)
Here 6 = (62,...,0™) denotes any local coordinates on X.. It follows from Proposi-
tion 3.2 that, when D;;; = 0, the metric g;; is in fact a warped product metric on U
of the form

ds®> =dr* + ¢*(r)gs., (3.8)

where g5, denotes the induced metric on X.. Furthermore, (2., g5, ) is necessarily
Einstein. The details can be found in [6].

4. The proofs of Theorem 1.1 and Theorem 1.2
Throughout this section, we assume that (M", g;;, f), n > 4, is a complete gradient
shrinking soliton satisfying (1.1).

First of all, we relate the Bach tensor B;; to the Cotton tensor C;jx and the tensor
Dk, and then we show that the Bach-flatness implies that D;;x = 0.

LEMMA 4.1
Let (M", gi;, f) be a complete gradient shrinking soliton. If B;; = 0, then D;j; = 0.

Proof
By direct computations and by using (2.2), (2.3), and Lemma 3.1, we have
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1
B;; =—n—VkCzk, 2Rklu/lk]l

1 1
= _mvk(l)ikj —~ Wi Vi f) + mRleVikjl

! 1
= —n _2(kaikj - VkW_,-l,-lef) + m(Rkl + Vkvlf)VVijkl.

Hence,

1 n-3
By = ——— (Vi Ditj + = CiuiVif ). 1)

Next, we use (4.1) to show that Bach-flatness implies the vanishing of the tensor
Djjr. By Lemma 2.3, for each r > 0 sufficiently large, Q, = {x e M | f(x) <r}is
compact. Now, by the definition of D;;r and the identity (4.1), as well as properties
(2.4) and (3.3), we have

/ BijVifV;fdv
Qr
= (n—Z)/ kalkjV fv de
1
B (n—2) (/ D"k-"vikavffdv_/ﬂr Vk(Dik.iViijf)dV)
B (n—2) f D’kJVfRJde+/ rDiijiijkadS)

- - i (Vi FR i — i
55 - DRV Ry) v

1
= | 1Dayav.
Q,

Here we have used the fact, in view of (3.3), that

/ DikjvifvjkadSzf DixiVi fV; kaf—dS 0.
39, 92, [V f]

By taking r — oo, we immediately obtain

1
/Bi,vifv,fdvz_if |Dixj|>dV.
M M

This completes the proof of Lemma 4.1. O
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LEMMA 4.2
Let (M",gi;, ), n > 4, be a complete gradient shrinking Ricci soliton with vanishing
Dijji. Then the Cotton tensor C;jx = 0 at all points where V f* # 0.

Proof
First of all, D;;x = 0 and Lemma 3.1 imply that

Cijk = Wi Vi f. 4.2)
and hence
Cijix Vi f =—WiikiVi fVi1 f =0. 4.3)

Next, for any point p € M with V f(p) # 0, we choose a local coordinates sys-
tem (92,...,0") on the lever surface ¥ = {f = f(p)}. In any neighborhood U of
the level surface ¥ where |V f|? # 0, we use the local coordinates system

(x1,x2, . x") = (f.0%,...,0M)

adapted to level surfaces. In the following, we use a, b, ¢ to represent indices on the
level sets which ranges from 2 to n, while i, j, k are used to represent indices on M
ranging from 1 to n. Under the above chosen local coordinates system, the metric g
can be expressed as

1

ds? =
V£

df? + gap(f.0)d6% deP.

Next, we denote v = —%. It is then easy to see that

1

Also, 91 and d r will be interchangeable below. We have
Vif=1 and Vof =0 fora>2. 4.4)
Then, in this coordinate, (4.3) implies that
Cij1 =0.

CLAIM 1
D;jx = 0 implies that Cgpe =0 fora>2,b>2, and ¢ > 2.
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To show that C,p. = 0, we make use of Proposition 3.2 as follows. From the
Codazzi equation (3.4) and h,p = Hgap/(n — 1), we get

1
Ricap = vaz:hbc - Vbz:hac = ﬁ(gbcaa (H)— gacab(H))- 4.5)

But we also know that the mean curvature H is constant on the level surface X
of f,so

Riabe =0.
Moreover, since R, = 0, we easily obtain
Wiabe = Riape = 0.
By (4.2), we have
Cabe = —Wabei V5 18 = Wieap Vi fg'! =0.

This finishes the proof of Claim 1.

CLAIM 2
Diji = 0 implies that Ciqp = Ca1p = 0.

To prove this, let us compute the second fundamental form in the preferred local
coordinates system ( f,62,...,0™):

hab = _<V’ vaab> = _(eralbaf> =

But the Christoffel symbol F;b is given by

1 8gab 1
Lo = 58" (-577) = 31/ I (gan).

Hence, we obtain

1
hap = Ev(gab)- (4.6)

On the other hand, since |V f| is constant along level surfaces, we have
[0q,v] = —[Ba, Vf|8f] =0.

Then using the fact that (v, v) = 1 and that (v, d,) = 0, it is easy to see that

V,v =0. 4.7
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By direct computations and using Proposition 3.2, we can compute the following
component of the Riemannian curvature tensor:

Rm(v,04,v,0p) = (V, V40, — V,V,0p, 1)
= (Vo (V205 + Va05).v) = (VaVyp.v)
= (V2 0p, —Vov) + (Vi (=hapv), v) + (Vpv, Vav)
= —v(hap) + haches

_v(H) N H?
= n_lgab (n_l)zgab-
Taking trace in a, b yields
H2
Rc(v,v)=—v(H) + .
n—1
Thus
v(H) H?
Rm(v, 04, V, ab) = —n — lgab + Wgab
Rc(v,v)
= ——— 8ab-
n—1

Finally, we are ready to compute Cigp:
Crab = ~Wiabi V; f87 = Wiawp|V /1> = W(v. 90, v.8p). (4.8)

However, by using Proposition 3.2(e), we have

R 1
W(,04,v,05) = Rm(v,04,v,0p) + = 1)g(a:_ R 2(Rc(v, V)&ab + Rap)
Rc(v,v) Rgap 1
1 8ab n—1)(n—2) n_2( c(v,v)gap + ab)
A A+ (=D gap 1
= — A
P ab n—D)n—2) n_2( gab + L&ab)
=0.
Hence,
Ciap = Wiaip = 0. 4.9)

This finishes the proof of Claim 2.
Therefore, we have shown that C;j1 = 0, Cgpe = 0, and Cy4p = 0. This proves
Lemma 4.2. U
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For dimension n = 4, we can prove a stronger result with the following.

LEMMA 4.3
Let (M*#, gij, f) be a complete gradient shrinking Ricci soliton with vanishing Dj.
Then the Weyl tensor W;jx; = 0 at all points where V f # 0.

Proof
From Lemma 4.2, we know that D;;; = 0 implies that C;;x = 0. Hence it follows
from Lemma 3.1 that

WijtVif =0

for all 1 <i,j,k,l <4.For any p where |V f| # 0, we can attach an orthonormal
frame at p with ey = (V f/|V f), and then we have

Wiijk(p) =0, forl<i,j k<4 (4.10)
Thus it remains to show that

Wabca (P) =0

for all 2 <a,b,c,d < 4. However, this essentially reduces to showing that the Weyl
tensor is zero in 3 dimensions (see [17, pp. 276-277])—observing that the Weyl tensor
Wi k1 has all the symmetry of the R;jx; and is trace-free in any two indices. Thus,

Wai21 + Wazaz + Wazaz + Waaza =0,
and so, by (4.10),
Wa323 = —Waan4.
Similarly, we have
Waaza = —W3a34 = Waaas,
which implies that W,3,3 = 0. On the other hand,

Wis1a + Wazoa + Waszs + Wazas =0,

s0 Wa324 = 0. This shows that W,;.s = 0 unless a, b, c,d are all distinct. But there
are only three choices for the indices a, b, ¢, d since they range from 2 to 4. O

Now we are ready to finish the proof of our main theorems.
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Conclusion of the proof of Theorem 1.1
Let (M4, g; i, f) be a complete Bach-flat gradient shrinking Ricci soliton. Then, by
Lemma 4.1, we know that D;;; = 0. We divide the arguments into two cases.

Case 1: the set Q = {p € M | Vf(p) # 0} is dense. By Lemma 4.1 and
Lemma 4.3, we know that W;;x; = 0 on 2. By continuity, we know that W;;z; =0
on M*. Therefore, we conclude that (M*, g; i, f) is locally conformally flat. Fur-
thermore, according to the classification result for locally conformally flat gradient
shrinking Ricci solitons mentioned in the introduction, (M4, g;;, f) is a finite quo-
tient of either R* or S* x R.

Case 2: |V f|*> = 0 on some nonempty open set. In this case, since any gradient
shrinking Ricci soliton is analytic in harmonic coordinates, it follows that |V |?> = 0
on M ; that is, (M4, gi;) is Einstein.

This completes the proof of Theorem 1.1. O

Conclusion of the proof of Theorem 1.2

Let (M",gi;, f), n > 5, be a Bach-flat gradient shrinking Ricci soliton. Then, by
Lemma 4.1, Lemma 4.2, and the same argument as in the proof of Theorem 1.1 above,
we know that (M", g;;, f) either is Einstein or has harmonic Weyl tensor. In the
latter case, by the rigidity theorem of Fernandez-Lépez and Garcia-Rio [16] and of
Munteanu and Sesum [19] for harmonic Weyl tensor, (M ", g;;, f) is either Einstein
or isometric to a finite quotient of N n—k x RK (k > 0), the product of an Einstein
manifold N~ with the Gaussian shrinking soliton R¥. However, Proposition 3.2(e)
says that the Ricci tensor either has one unique eigenvalue or two distinct eigenvalues
with multiplicity of 1 and n — 1, respectively. Therefore, only k = 1 and kK = n can
occur in N" 7K x Rk, O

5. Gradient Ricci solitons with vanishing D;

First of all, we notice that the proofs of Lemma 4.2 and Lemma 4.3 are valid for
gradient steady and expanding Ricci solitons. Hence we have the following general
result.

THEOREM 5.1

Let (M",gij, f), n >4, be a complete nontrivial gradient Ricci soliton satisfying

(3.1) and with Dy = 0. Then

(1) the Weyl tensor Wijx; =0 forn =4 (i.e,, (M", g;j, [') is locally conformally
flat);

(ii)  the Cotton tensor Cijp =0 for n > 5 (i.e.,, (M",gi;, f) has harmonic Weyl
tensor).
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As an immediate consequence of Theorem 5.1, of the classification theorem for
locally conformally flat gradient shrinking solitons and the rigidity theorem for gradi-
ent shrinking solitons with harmonic Weyl tensor mentioned in the introduction, and
of Proposition 3.2(e), we have the following rigidity theorem for gradient shrinking
Ricci solitons with vanishing D; .

COROLLARY 5.1

Let (M",gi;, ), n > 4, be acomplete gradient shrinking Ricci soliton with D;ji = 0.

Then

6] (M*,gij, f) is either Einstein, or a finite quotient of R* or S*> x R;

(i) forn =5, (M",gi;. f) is either Einstein, or is a finite quotient of the Gaus-
sian shrinking soliton R", or is a finite quotient of N"~! x R, where N"™1 is
Einstein.

Moreover, combining Theorem 5.1(i) and the 4-dimension classification theorem
for locally conformally flat gradient steady Ricci solitons (see [8], [11]), we have the
following.

COROLLARY 5.2
Let (M*,gij, f) be a complete gradient steady Ricci soliton with Dijix = 0. Then
(M*,gij, [) is either Ricci flat or isometric to the Bryant soliton.

Finally, let us further examine the relations among Djj, Cijr, Wijki, and B;j.
Note that Theorem 5.1(ii) tells us that for any nontrivial gradient Ricci soliton, D;;; =
0 implies that C;j; = 0. On the other hand, the converse is not true because the prod-
uct space Sk x R"* has Cijk = 0 but not D;;x = 0 by Proposition 3.2(e) for k > 2
and n — k > 2. So one naturally would wonder how much stronger is the condition
D;jx = 0 than C;jx = 07 It turns out that we have several equivalent characterizations
of Di jk = 0.

THEOREM 5.2

Let (M",gi;, f), n > 5, be a nontrivial gradient Ricci soliton satisfying (3.1). Then
the following statements are equivalent:

(@ D =0;

(b) Cijk =0, and Wyjjr =0 for 1 <i, j k <n;

(©) divB-Vf =0and Wig1p =0for2<a,b<n.

Proof
For cases (a) — (b), this follows from Theorem 5.1 and Lemma 3.1.
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For cases (b) — (c), we see clearly that it suffices to show that C;j; = 0 implies
that div B - V f = 0. In fact, C;;x = 0 implies that div B = 0 for n > 5. This follows
from the following formula, which is well known at least for n = 4 among experts in
conformal geometry and general relativity.

LEMMA 5.1
For n > 4, we have

Proof
Recall that we have

Cijk = Vidjk =V Ak
and
Wijki = Rijk1 — n—iz(gikAjl —&itAjk — &jkAil + gj1Aik)- (5.1
By using the expression of the Bach tensor in (2.3), we have
(n —=2)ViBij = Vi Vi (Vi Aij — ViAgj) + Vi Rkt Wikji + Rt Vi Wik
But,
ViVi(ViAij — Vi Agj) = (ViVi = Vi Vi) Vi Aij
=—Ri1ViAjj + Ry Vi Al + Rigji Vi Air
= Rikji Vi Air-
Thus, by using (5.1),
ViVi (Vi Aij — ViAgj) + Vi Rkt Wikji = (Rikji — Wikj1) Vi Ail

1
= m(AjkgilClki + AirCrji)

1
= —mRki Cjki-
Moreover, by (2.2), we know that
n—3
VieWikjt = -— Cik-
Summing up, we obtain
n—4

—2)ViBij =~ R Cjir.
(n=2)ViBij = - — Rt Cjp O
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For (c) — (a), by Lemma 5.1, Lemma 3.1, and (3.3), we have

) n—4
divB-Vf = mciijjkvif
n—4
= m(Dijk = WijkitVi )R i Vi f
n—4 n—4
= WWUHZ + mewRabWﬂz-

Thus, divB -V f =0 and W41, = 0 for 2 < a < n imply that D;;r = 0 for all
1<i,jk<n.
This completes the proof of Theorem 5.2. U
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