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Abstract In this paper we provide a detailed proof of the second variation formula,
essentially due to Richard Hamilton, Tom [lmanen and the first author, for Perelman’s
v-entropy. In particular, we correct an error in the stability operator stated in Theorem
6.3 of (Cao in Adv Lect Math 11:1-38, 2010). Moreover, we obtain a necessary con-
dition for linearly stable shrinkers in terms of the least eigenvalue and its multiplicity
of certain Lichnerowicz type operator associated to the second variation.

Mathematics Subject Classification (2000) 53C44

1 The Results
A complete Riemannian metric g;; on a smooth manifold M" is called a gradient

shrinking Ricci soliton if there exists a smooth function f on M" such that the Ricci
tensor R;; of the metric g;; satisfies the equation

1
Rij+ViVjf = 7-8ij. (1.1
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748 H.-D. Cao, M. Zhu

for some constant T > 0. The function f is called a potential function of the Ricci
soliton. When f is a constant we obtain an Einstein metric of positive scalar curvature.
Thus, Ricci solitons include Einstein metrics as a special case.

Ricci solitons correspond to self-similar solutions of Hamilton’s Ricci flow, and
often arise as limits of dilations of singularities in the Ricci flow. In particular shrink-
ing solitons are possible Type I singularity models in the Ricci flow. We refer the
readers to [2,3] and the references therein for more information on Ricci solitons.

Ricci solitons can be viewed as fixed points of the Ricci flow, as a dynamical
system, on the space of Riemannian metrics modulo diffeomorphisms and scalings.
In [15], Perelman introduced the VW-functional

Wigij. £.) = [[e(R+ 194P) + £ = nlamr)"SeTav.,
M

on a compact manifold M", where g;; is a Riemannian metric, R the scalar curvature,
f asmooth function on M", and t a positive scale parameter. The associated v-entropy
is defined by

v(gij) = inf [W(g, f,1): feC®M),t>0, (4m)*%/e*fdv = 1].

It turns out that the v-entropy is monotone increasing under the Ricci flow, and its crit-
ical points are precisely given by gradient shrinking solitons. In particular, it follows
that all compact shrinking Ricci solitons are gradient shrinking solitons, a fact shown
by Perelman [15].

Indimensions 2 and 3, Hamilton [11] and Ivey [12] respectively showed that the only
compact shrinking solitons are quotients of the round spheres. However, for dimension
n > 4, compact non-Einstein shrinking solitons do exist. Specifically in dimensionn =
4, Koiso [13] and the first author [1] independently constructed a gradient Kihler-Ricci
shrinking soliton on C P?#(—C P?), and Wang-Zhu [16] on CP?#(—2CP?), while in
the noncompact case Feldman-Ilmanen-Knopf [8] constructed the U (2)-invariant gra-
dient shrinking Kéhler-Ricci solitons on the tautological line bundle O(—1) of CP!,
the blow-up of C? at the origin. These are the only known examples of nontrivial (i.e.,
non-Einstein or non-product) complete shrinking Ricci solitons in dimension 4 so far.

In [4], Hamilton, Ilmanen and the first author initiated the study of linear stability
of Ricci solitons. They found the second variation formula of the v-energy for positive
Einstein manifolds and investigated the linear stability of certain Einstein manifolds.
By definition, a Ricci shrinker or Einstein manifold is called linearly stable if the
second variation is non-positive. They showed that, while the round sphere S” and the
complex projective space CP" are linearly stable, many known Einstein manifolds
are unstable for the Ricci flow so that generic perturbations acquire higher v-entropy
and thus can never return near the original metric. In particular, all Kahler-Einstein
manifolds with Hodge number #''! > 1 are unstable.

In dimension n > 4, so far no one knows how to classify Einstein manifolds of
positive scalar curvature, let alone gradient shrinking Ricci solitons. However, as far as
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applications of the Ricci flow to topology is concerned, one is more interested in stable
shrinking solitons since unstable ones could be perturbed away thus may not represent
generic singularities. For this reason, it is desirable and important to classify stable
shrinking Ricci solitons. Note that, the work of Cao-Hamilton-Ilmanen [4] suggests
that most gradient shrinking Ricci solitons are unstable. In fact, Hamilton conjectured
that, at least in dimension n = 4, compact linearly stable shrinkers are rank one sym-
metric spaces, namely either the round sphere S* or the complex projective space C P>
with the Fubini-Study metric. Of course, in studying linear stability of shrinkers, the
second variation formula of the v-entropy is indispensable. In this paper, we present
a detailed proof of the second variation formula, first due to Hamilton, Ilmanen and
the first author (cf. Theorem 6.3 in [2]), for Ricci shrinkers.

To state the second variation formula, we need some notations first. For any sym-
metric 2-tensor & = h;; and 1-form w = w;, we denote

Rm(h, ) = Rjjihj,
divw = V,'a),', (diV h),' = thj,‘.

Moreover, as done in [2], we define
divy w:= e/ dive ' w) = Viw; — &1 Vi f, (1.2)
and
divy h = el dive™'h) =divh — hV £, (1.3)
ie.,
(divy h); = Vjhij —hi;V; f.
We also define div} on 1-forms (and similarly on functions) by
(diV} w)ij = —(Viwj + V) /2 = —(1/2) L » gij (1.4
so that

/e_f <diviw h>dVv = /e_f <o, divih>dV. (1.5)
M M

Here " is the vector field dual to w. Clearly, div} is just the adjoint of div s with
respect to the weighted L2-inner product

(g = / <> efav. (1.6)

M
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Finally we denote
Ap=A-=Vf.V. 1.7

Remark 1.1 Tf we denote by div* the adjoint of div with respect to the L2-inner product

(-,-)=/<-,->dV,

M

then, as pointed out in [2], one can easily verify that
div} = div*. (1.8)

Now we can state the full second variation formula for Ricci shrinkers:

Theorem 1.1 (Cao-Hamilton-Ilmanen) Let (M",g;;, f) be a compact Ricci
shrinker with the potential function [ and satisfying the Ricci soliton equation (1.1).
For any symmetric 2-tensor h = h;j, consider variations g;j(s) = gij + sh;j. Then
the second variation 8§v(h, h) is given by

2

d
72 0V(g(S)) =

§=

T ~
W/ < Nh,]’l > e_de,
T
M
where the stability operator N is given by

Sy < Re,h > e/
Ju Re™?

’

R 1 1
Nh:= 2 A¢h+ Rm(h, ) + div div,h+ §V2ﬁ” — Re
(1.9)

and vy, is the unique solution of

Aplp + —;h =divydivyh, /ﬁheff =0.
. . A
M

Remark 1.2 As we pointed out before, Theorem 1.1 is essentially due to Hamilton,
IImanen and the first author (cf. Theorem 6.3 in [2]). However, the coefficient of the
last term of the stability operator N (which depends on 47, the first variation of the
parameter ) was stated incorrectly in [2]. One of our contributions in this paper is
to derive an explicit formula for §t (see Lemma 2.4 below), thus obtaining the cor-
rect coefficient and hence a complete second variation formula for Ricci shrinkers.
Of course, it would be interesting to investigate the noncompact case as well. In this
case, the asymptotic estimates on potential functions and volume growth upper bound
proved by Cao-Zhou [5], and an integral bound on the Ricci curvature by Munteanu-
Sesum [14] should be very helpful. We point out that, while the stability operator Nis
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already quite useful even without knowing the explicit coefficient of the last term, it
will be rather crucial to have this explicit and correct coefficient in efforts of trying to
classify stable shrinkers. For example, this explicit coefficient is essential in showing
that the Ricci tensor is a null eigen-tensor of N (see Lemma 3.3) which rules out any
hope of using the Ricci tensor as a possible unstable direction.

Remark 1.3 In the very recent work [10], Stuart Hall and Thomas Murphy proved
that Kihler-Ricci shrinking solitons with Hodge number /'"! > 1 are unstable, thus
extending the results of Cao-Hamilton-Ilmanen [4] in the Kéhler-Einstein case men-
tioned above. In the course of their proof, they also verified the second variation
formula stated in [2], though didn’t find out explicitly the coefficient of the last term
of N (which does not affect the proof of their result since they only considered certain
special variations orthogonal to Rc).

Remark 1.4 1f (M", g;;) is Einstein with Rc = % gij» Theorem 1.1 reduces to
Theorem 1.2 (Cao-Hamilton-Ilmanen [4]) Let (M", g;;) be a Einstein manifold and
consider variations g;;(s) = g;j + sh;;. Then the second variation 8§v(h, h) is given

by

d? T
- v(g(s)):—/<Nh,l’l>dV,
ds*|_o Vol(M, g) A

where

1 1
Nh =2 Ah+ Rm(h, ) +div* div b+ Evzuh - trghdV,

8
2nt Vol(M, g) /
M
and vy, is the unique solution of

Avy + 2 = divdiv /vh —0.
2T
M

Finally, using the second variation formula, we obtain the following necessary
condition for linearly stable shrinkers:

Theorem 1.3 Suppose (M", g;;, f) is a compact linearly stable shrinking soliton
satisfying (1.1), then — % is the only negative eigenvalue of the operator L y (with Rc
being an eigen-tensor), defined by

1
Lsh= 5 Ah+ Rm(h,). (1.10)

onker div y and the multiplicity of — % is one. In particular, — % is the least eigenvalue
of Ly onkerdivy.
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Remark 1.5 In proving Theorem 1.3, the explicit coefficient of Rc term in N is not
needed.

Remark 1.6 In the mean curvature flow, Colding and Minicozzi [7] have shown that
for any shrinker its mean curvature H is an eigenfunction of certain operator involved
in the corresponding stability operator, and that for any (linearly) stable shrinker the
mean curvature function H belongs to the least eigenvalue of the operator which in
turn implies that H does not change sign. This fact and a prior theorem of Huisken
allow them to classify compact stable mean curvature shrinkers. Our Theorem 1.3
above can be considered as the Ricci flow analogy of their results.

2 The Proof of Theorem 1.1
In this section, we describe the first variation of the v-entropy and derive the second

variation formula as stated in Theorem 1.1.
On any given compact manifold M", Perelman [15] introduced the VV-functional

Wigij. £.) = [[e(R+ 194P) + £ = nidmr) "5,
M
where g;; is a Riemannian metric, R the scalar curvature, f a smooth function on
M", and t a positive scale parameter. Clearly the functional W is invariant under

simultaneous scaling of 7 and g;;, and invariant under diffeomorphisms. Namely, for
any positive number a and any diffeomorphism ¢ we have

Wlap*gij, ¢* f,at) = W(gij, f. 7).

Lemma 2.1 (Perelman [15], see also Lemma 1.5.7 in [6]) If h;; = 8gij, ¢ = 4f,
and n = 8t, then

n " 1 _
5W(h,’j,¢),n) = @nrt) 2 (/ —‘K/’l,'j (R,‘j +Viij — Egij)e !
M

2

o [o(rerere-L) f) |

M

1 n 2 _f
+/ FUgh=¢—n)[T(R+2Af = [VfID) + f—n—1lle
M

Now, recall that the associated v-energy is defined by
v(gij) = inf(W(g, f. 1) : f € CZ(M), T > 0},
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On second variation of Perelman’s Ricci shrinker entropy 753

subject to the constraint

(4nr)—%/e—f =1. Q2.1
One checks that v(g;;) is realized by a pair (f, 7) that solve the equations

T(2Af +|Vf?=R)— f+n+v=0, (2.2)

and
(4rr)~% / fef = % +v. 2.3)

For any symmetric 2-tensor i = h;;, consider variations g;;(s) = g;; + sh;;. Using
Lemma 2.1, (2.2) and (2.3), one obtains the following first variation for the v-entropy.

Lemma 2.2 The first variation 54v(h) of the v-entropy is given by

d n 1
4 (gii(s) = () / < h R+ V2 — g tav
ds ’ 2t

n 1 '
= (4rt) 2 / —Thijj (Rij + ViV f - 2—gij) e av.
T
A stationary point of v thus satisfies the Ricci soliton equation (1.1):
1
Rij+ViVjf = 5-8ij =0,

which says that g;; is a gradient shrinking Ricci soliton.

Note that, by diffeomorphism invariance of v, ;v (h) vanishes on Lie derivatives,
henceonh;j = V;V; f = %Lv 7&ij- By scale invariance it also vanishes on multiplies
of the metric. Inserting h;; = —2 (Ri i+ ViVif— % gij), one recovers Perelman’s
formula that finds that v(g;;(¢)) is monotone increasing on the Ricci flow, and con-
stant if and only if g;;(¢) is a gradient shrinking Ricci soliton. In particular, it follows
that any compact shrinking Ricci soliton is necessarily a gradient soliton, a result first
shown by Perelman [15].

Now we are going to derive the second variation formula.
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754 H.-D. Cao, M. Zhu

Proof of Theorem 1.1 From the first variation formula in Lemma 2.2, we see that the
second variation at a gradient shrinker (M", g;;, f) is given by

. 1
82vg(h, h) = (4mt) "2 / —T<h$ (Rc+ vif— Z—g) >e/
T

. 1 :
= (4m1)"2 / —7 < h,8Rc+8V2f — 3h> e/
T
_n St —f
+ (4nt) 2 3 trg he™ /.
M

Lemma 2.3 We have
) 1 1 . 2 1
8Rc + 8V f—Z—hz—EAfh—Rm(h,~)—d1vfd1th—V —Sf—i—itrgh .
T .

Proof First of all, it is well-known that the variation § Rc of the Ricci tensor is given
by

1
(BRc)ij = —Rixjihi + E(Vivkhjk + V;Vihir + Rixh jx
+ Rjchix — Ah;j — ViVjtrg h), 2.4)

and, by direct computations (see, e.g., [17]),
1
(5V2f)ij =V;V;(f) — E(Vihjk + Vhix — Vihij)Vi f. (2.5)

On the other hand, by the definition of div s and div} and using the shrinking soliton
equation (1.1), we have

¥

1
div divy h =~ [Vi(divy h); + V;(div )]

1
_E[Vi(vkhjk —hj Vi f) +Vi(Vihik — hig Vi )]

1
_E(Vivkhjk + V;Vihik — Vi fVihjir — Vi fVjhir)

1 1
_E(Rikhkj + Rjihii) + Ehij-
Now, combining the above computations, we arrive at
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1
SRe+8V2f = —2Agh = Rm(h.-) — div’, divy

—V2(=5f + L h) + L
28 2T

O
Next we derive the variation 67 of the parameter 7.
Lemma 2.4 We have
<Rc,h>ef
ét = th ‘ ¢
JuRe™/
Proof First of all, from (1.1) we get
n
R+Af=—. (2.6)
2t
Also, it is well-known that
—v
R+|Vf|2=fT. 2.7
From (2.6) and (2.7) it follows that
—v—n/2
—Asf = |Vf|2—Af=%. (2.8)
Moreover, from (2.4) and (2.5) and using (1.1), we get
1
8R:—Ztrgh—i—h,jvivjfjtv,'vjh,'j—Atrgh, 2.9)
and
1
S(Af) =AGf) = hijViV;f —=Vihi;Vif + EVi trg hV; f (2.10)
respectively. Also,
SIVFI? =2V, fV;(8f) — hijVi fV, f. (2.11)

When we integrate (2.2) against the measure (47 7)™ 3¢=/dV and use (2.3), we obtain

(4r7)"3 /t(|Vf|2 + Ryefdv = % (2.12)
M
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On the other hand, by differentiating (2.1) and (2.3), we have

. 1
(4w7)"2 / (—Z"—Taz —8f + 5 g h) e/ =0, (2.13)
M

and

(4nr)‘%/f (—2"—131 —8f + %trg h) e/ +(4m)—%/5fe—f —0.
M M
(2.14)

Now, differentiating (2.2) and using (2.6), (2.10) and (2.11), we obtain

n 2
O=6r(——+|Vf| —Af)—af
2T
+ t(—2A(0f) + 2h,-jV,-ij + ZVihijij -V (tI'g WV, f
+2Vi fVi(8f) — hijVifV;f —8R).

Substituting (1.1) and (2.9) in the above identity, we get

0= _%& —2TAGS) +2tVEVf — 8f +8t(Vf2 — Af)
+ TQhi ViV, f 4+ 2Vihij Vi f — Vilteg Vi f — hij Vi fV; )

1
+ T(Z trg h — h;ij ViV f — Vivjhij + Atrg h).
But, by definition of div s, we compute that

din dinh = Vi(vjhij — h,‘jij) — V,-f(V,-h,-j — /’l,’jij)
= V;Vhij —hijViV; f =2V fVhij + hijVi fV; f.

Hence, we get

) 1
0:(—”2—T —8f + Etrgh) +8T(=Aff) + TAp(=28f +trgh) — vdivydivyh.
T
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Multiplying the above identity by f and integrating against the measure
)" 2e 1AV, we get

O=(4nt)_g/f(—i81—8f+ltr h)e—fdv
27 28
M
+ (4m)—%5r/f(—Aff)e—fdv
M

+ (4m)*%/zfAf(—25f +trghye /dv
M

—@rt)"2 / tf (div s divy hye fdv.
M

By (2.14) and integration by parts, the above identity becomes

0= (4m)—%/—5fe—fdv+5r(4nr)—%/|Vf|2e—fdv
M M

+ (4m)—%/r(—2af +trgh)Ayfe/dv
M

— (47‘[‘[)7%/1' < h, sz >e fav.
M

Using (1.1), (2.8) and (2.12), we obtain

0=—(4r7r)"? /(Sfe’de T 2351 _St(rT)"? / Re~/dv
T
M M

T n 1 1 v n —f
+(47TT) 2/21’ E(ST—FBf—Etrgh ;f—;—z e /dVv
M
_n 1 —f
+ @nrt)" 2 —Etrgh+th,~.,~R,~j e /dV.
M

@ Springer



758 H.-D. Cao, M. Zhu

By using (2.13) and (2.14), we arrive at

0= (4r7)"3 / (Z”—tar Lof — %trg h) e fav — st(dnr)~" / Re=fdv
M
+(47rt)7%/rR,~jh,~je7de
M
= —5t(47tr)7%/Refde+(4nr)7%/‘CR,‘jh,-jefde.
M M

Therefore,

57— ‘CfM Rl-jh,-je‘de
Sy Re=/

Now, by Lemmas 2.3 and 2.4, the second variation becomes

n 1
8%vg(h, h) = (4mt)"2 / —7 < h,8Rc+ 8V f — o> e
T
M

o f 8
+ (4mr)"2 (—2—t)/trg he™/
T
M

" 1 .
= (4711)_7/1' <h, 5 Aph+ Rm(h, ) +divy divyh > e/
M

n 1
+ @nrt)" 2 / T < h, V? (—6f + Etrg h) >e/
M

_n ot _
+ (4rt)" 2 (—E)/trghe f
M

n 1 1
— t(nr) / <h, S Agh+ Rin(h, )+ div) divy b+ V20, > ¢/
M
nd 1
+ r(4m)7—f/ < V2f——gsef
T 2t
M
_n 1 CF oL I _,. —f
=t(drt) 2 | <h, EAfh + Rm(h, ) + lef diveh + EV oy > e
M
n <Rc,h>e fdv
—1(dmnt)" 2 fM
Sy Re=1dVv

/<h,Rc>e_de.
M
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Here,
o 28T
Up = —=20f +trgh — —(f —v),
T

and it is straightforward to check that

Aoy + 12’—’* = div  div; h, /ﬁhe_de = 0. 2.15)
T
M

To see the uniqueness of the solution to (2.15), it suffices to show that A; (A ) > E’
where A1 = A1 (A ) denotes the first eigenvalue of A ;. Let u be a (non-constant) first
eigenfunction so that

Afu = —Au.
Then by direct computations (see also [9]), we get

1
5Af|Vu|2 = |V2u|* + V(A yu) - Vu + (Re + V2 £)(Vu, Vu)

1 1
~|Aul)® + (— — xl) [Vul?.
n 2T

Thus,

1 1 1
O:/—Af|Vu|2e_de > —/|Au|2e—fdv+ S /|W|2e—fdv.
2 - n 2T
M M

M

v

Since u is non-constant, we obtain

Al > —.
2t

This completes the proof of Theorem 1.1. O

3 Further remarks and the proof of Theorem 1.3

Recall that a gradient shrlnklng Ricci soliton (M", g;;, f) is called linearly stable
if the stability operator N < 0on symmetric 2-tensors. Note that N is degenerate
negative elliptic. In this section we shall exhibit the action of the stability operator on
a couple of special symmetric 2-tensors A: (i) h;; = g;; and (ii) h;; = R;;, and prove
Theorem 1.3.
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Without loss of generality, we assume 7 = 1 so that our shrinking soliton (M",
gij, [) satisfies the equation

1
R,'j-I—V,'ij:EgU. 3.1
We also normalize f so that
(4m)~ 3 /e_f = 1.
M
First of all, notice that we have

Arg=Ag—VfVg=0

divyg=—gjV,f==Vf div}

bh=—2f—f) F=(@rn)? / fe .
M

divy g = V2 f,

Hence, we get
. 1 _
N(g) :Rc+V2f+§V2(—2f+2f)—Rc:O (3.2)

as we expected.
On the other hand, we have

Lemma 3.1 For any complete shrinking Ricci soliton satisfying (3.1), we have
Rc e kerdivy .

Proof By definition and the second contracted Bianchi identity,
(divy Re); = VjR;j — R;;V; f = %V,-R - RV, f.
On the other hand, it is a basic fact that our shrinker satisfies
ViR =2R;;V;f. (3.3)

Therefore, div s (Rc) = 0. O

Recall the operator £ s on symmetric 2-tensors defined in (1.10):
1
Lrh = EAfh + Rm(h, -).
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Itis easy to see that £ 7 is a self-adjoint operator with respect to the weighted L?-inner
product (-, -) s defined in (1.6).

Lemma 3.2 For any complete shrinking soliton satisfying (3.1), its Ricci tensor is an
eigen-tensor of the operator L y with eigenvalue —1/2:

1
Lf(Re) = ERC.

Proof The following computations are familiar to experts, but we carry out here for
completeness.
From the soliton equation (3.1), we have

1
Rij = 28ij = ViVjf-

By commuting covariant derivatives, we have

ARj; = —ViViViV, f
=Vi(ViVikV; f + RkijiVi )
= —ViViViVif = ViRiijitVi f — RiijiVi Vi f.

On the other hand, by commuting covariant derivatives again and using the contracted
second Bianchi identity as well as (3.1), we obtain

ViViViVif = ViVikViVif + RiijiViVii f + Reiu Vi Vi f
1
= _Eviij — RiijiRr — Ri1 Ryj

1
=—V,RyVif — ERij — Riiji Ry

Here we have used (3.3) in deriving the last equality.
Moreover, by the second Bianchi identity, we have

ViRiijiVif = (VjRiy — ViRV f.

Combining the above calculations and using the Ricci soliton equation (3.1), we arrive
at

ARij = ViRijVi f + 2RkijiRu + Rij, (3.4)
i.e., Zﬁf(le) = Rl] O
Now, for any & € ker div ¢, the stability operator N is given by

fM <Rc,h>e/

TR T (3.5)

Nh=Lsh— Re
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Moreover, from (3.4) we obtain

AfR = R —2|Rc|?, (3.6)
from which it follows that
2/ |Rc|?e™/ = / Re /. (3.7)
M M

Therefore, by Lemma 3.2, (3.5) and (3.7), we have

Lemma 3.3
N(Rc) = 0.
Now we are ready to prove

Proposition 3.1 Suppose (M", g;;, f) is a linearly stable compact shrinking soli-
ton satisfying (3.1), then —1/2 is the only negative eigenvalue of the operator Ly on
ker div ¢, and the multiplicity of —1/2 is one. In particular, —1/2 is the least eigenvalue
of Ly onkerdivy.

Proof By Lemmas 3.1 and 3.2, we know that Rc € ker div s, and is an eigen-tensor
of Ly with eigenvalue —1/2. Suppose there exists a (non-zero) symmetric 2-tensor
h € ker div y such that

Lrh = ah,
with @ > 0, and

(Re, h)y =: / <Rc,h>e 1 =0.
M

Then, by Theorem 1.1 and (3.5), we have

82vg(h, h) = / < Nh,h > e/

M

1 _
:—(4n)n/2/<£fh,h>e !
M

(%4 _
- (4n)"/2/|h|ze f=o
M

1
(42

a contradiction to the linear stability of (M", g;;, f). Thus —1/2 is the only negative
eigenvalue of £ ¢ on ker div ¢, with multiplicity one. O
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Remark 3.1 In [10], the authors have given a very nice interpretation of their proof in
terms of the multiplicity of the eigenvalue —1/2: for any compact shrinking Kihler-
Ricci soliton satisfying (3.1), the eigen-space of eigenvalue —1/2 has multiplicity at
least 11, Hence a compact shrinking Kihler-Ricci soliton with 2! > 1 is unstable.
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