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Abstract Integration factor (IF) methods are a class of efficient time discretization methods
for solving stiff problems via evaluation of an exponential function of the corresponding
matrix for the stiff operator. The computational challenge in applying the methods for par-
tial differential equations (PDEs) on high spatial dimensions (multidimensional PDEs) is
how to deal with the matrix exponential for very large matrices. Compact integration fac-
tor methods developed in Nie et al. (J Comput Phys 227:5238-5255, 2008) provide an
approach to reduce the cost prohibitive large matrix exponentials for linear diffusion oper-
ators with constant diffusion coefficients in high spatial dimensions to a series of much
smaller one dimensional computations. This approach is further developed in Wang et al. (J
Comput Phys 258:585-600, 2014) to deal with more complicated high dimensional reaction—
diffusion equations with cross-derivatives in diffusion operators. Another approach is to
use Krylov subspace approximations to efficiently calculate large matrix exponentials. In
Chen and Zhang (J Comput Phys 230:4336-4352, 2011), Krylov subspace approximation is
directly applied to the implicit integration factor (IIF) methods for solving high dimensional
reaction—diffusion problems. Recently the method is combined with weighted essentially
non-oscillatory (WENO) schemes in Jiang and Zhang (J Comput Phys 253:368-388, 2013)
to efficiently solve semilinear and fully nonlinear convection—reaction—diffusion equations.
A natural question that arises is how these two approaches may perform differently for vari-
ous types of problems. In this paper, we study the computational power of Krylov IF-WENO
methods for solving high spatial dimension convection—diffusion PDE problems (up to four
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spatial dimensions). Systematical numerical comparison and complexity analysis are carried
out for the computational efficiency of the two different approaches. We show that although
the Krylov IF-WENO methods have linear computational complexity, both the compact IF
method and the Krylov IF method have their own advantages for different type of problems.
This study provides certain guidance for using IF-WENO methods to solve general high
spatial dimension convection—diffusion problems.

Keywords Implicit integration factor methods - Weighted essentially non-oscillatory
schemes - Krylov subspace approximation - High spatial dimensions - Convection—diffusion
equations

1 Introduction

Efficient and accurate temporal numerical schemes are important for the performance of high
order accuracy numerical simulations. A number of state-of-the-art high order time-stepping
methods were developed in the literature. Here we just give a few examples and do not
provide a complete list. For example, the total variation diminishing (TVD) Runge—Kutta
(RK) schemes [11,12,41,42]; spectral deferred correction (SDC) methods [4,8,16,26,34];
high order implicit—explicit IMEX) multistep/RK methods [1,23,25,48,53]; hybrid methods
of SDC and high order RK schemes [6]; etc.

Integration factor (IF) methods are a class of “exactly linear part” time discretization
methods for the solution of nonlinear partial differential equations (PDEs) with the linear
highest spatial derivatives. This class of methods performs the time evolution of the stiff
linear operator via evaluation of an exponential function of the corresponding matrix. Hence
the integration factor type time discretization can remove both the stability constrain and time
direction numerical errors from the high order derivatives [3,7,22,24,33]. Here time direction
numerical errors are numerical errors for solving the semi-discretized ODE system resulting
from spatial discretizations of the PDE. In [37], a class of efficient implicit integration factor
(ITF) methods were developed for solving systems with both stiff linear and nonlinear terms.
A novel property of the methods is that the implicit terms are free of the exponential operation
of the linear terms. Hence the exact evaluation of the linear part is decoupled from the implicit
treatment of the nonlinear terms. As a result, if the nonlinear terms do not involve spatial
derivatives, the size of the nonlinear system arising from the implicit treatment is independent
of the number of spatial grid points; it only depends on the number of the original PDEs. This
distinguishes ITF methods [37] from implicit exponential time differencing (ETD) methods
in [3].

Nonlinear convection—diffusion-reaction (CDR) systems of equations [18] are common
mathematical models in applications from biology, chemistry and physics. A CDR system
defined on a multidimensional spatial domain has the following general form

d
iiy + Y fili)y, =V - (D@)Vii) + F (i), o)

i=1

where # is the unknown vector function, ﬁ, i =1,...,dareflux vector functions in d spatial
dimensions, D(#) is the diffusion matrix and it could be nonlinear, and 7 is the reaction term.
Often the CDR models in applications have nonlinear convection and reaction terms, but a
linear diffusion term V - (DVu), where D is the diffusion matrix that is independent of u.
In such case, the system is semilinear. To numerically solve this time-dependent problem
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(1), a nonlinear stable discretization suitable for hyperbolic PDEs is needed for the nonlin-
ear convection terms, to deal with the convection-dominated cases or a spatial mixture of
convection-dominated and diffusion-dominated cases. Weighted essentially non-oscillatory
(WENO) schemes are such kind of nonlinear stable discretizations. They are a class of popu-
lar high order numerical methods for solving hyperbolic PDEs whose solutions have complex
solution structures. It is robust to apply WENO schemes in discretizing the convection terms
in a general convection—diffusion problem, as that shown in [32]. We use WENO schemes
to solve convection—diffusion equations so that various situations in a general problem can
be dealt with directly.

WENO schemes have the advantage of attaining uniform high order accuracy in smooth
regions while maintaining sharp and essentially monotone transitions in large gradient regions
of the solution. WENO schemes are designed based on the successful ENO schemes in
[13,42]. The first WENO scheme was constructed in [28] for a third order finite volume
version. In [19], third and fifth order finite difference WENO schemes in multi-space dimen-
sions were constructed, with a general framework for the design of the smoothness indicators
and non-linear weights. The main idea of the WENO scheme is to form a weighted com-
bination of several local reconstructions based on different stencils (usually referred to as
small stencils) and use it as the final WENO reconstruction. The combination coefficients
(also called non-linear weights) depend on the linear weights, often chosen to increase the
order of accuracy over that on each small stencil, and on the smoothness indicators which
measure the smoothness of the reconstructed function in the relevant small stencils. Hence
an adaptive interpolation or reconstruction procedure is actually the essential part of the
WENO schemes. Later, WENO schemes on unstructured meshes (e.g. arbitrary triangular
or tetrahedral meshes) were developed to deal with complex domain geometries, see e.g.
[15,30,51,52].

Recently, we developed I[IF-WENO methods for solving nonlinear CDR systems in [20].
The methods can be designed for arbitrary order of accuracy. The stiffness of the system
is resolved well and the methods are stable by using time step sizes which are just deter-
mined by the non-stiff hyperbolic part of the system. Large time step size computations are
obtained. For CDR systems (1) defined on high dimensional spatial domains, the computa-
tional challenge in applying the methods is how to deal with the matrix exponential for very
large matrices. Currently there are two approaches to deal with the large matrix exponen-
tial problem in IIF methods. One is the class of compact implicit integration factor (cIIF)
methods in [29,38]. clIF methods reduce the cost prohibitive large matrix exponentials for
linear diffusion operators with constant diffusion coefficients in high spatial dimensions to a
series of much smaller one dimensional computations. This approach is further extended in
[49] as an array-representation technique to deal with more complicated high dimensional
reaction—diffusion equations with cross-derivatives in diffusion operators. The method is
termed as array-representation compact implicit integration factor (AcIIF) method. Another
approach is to use Krylov subspace approximations to efficiently calculate large matrix
exponentials. In [5], Krylov subspace approximation is directly applied to the IIF methods
for solving high dimensional reaction—diffusion problems. A natural question that arises
is how these two approaches may perform differently for various types of problems when
they are applied to solve more complicated CDR equations. In this paper, we study the
computational power of Krylov IIF-WENO methods for solving high spatial dimension
convection—diffusion PDE problems (up to four spatial dimensions) by direct numerical sim-
ulations. Systematical numerical comparison and complexity analysis are carried out for the
computational efficiency of the two different approaches. We show that although the Krylov
[IF-WENO methods have linear computational complexity, both the compact IIF method and
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the Krylov IIF method have their own advantages for different type of problems. This study
provides certain guidance for using IIF-WENO methods to solve high spatial dimension
problems.

The rest of the paper is organized as following. In Sect. 2, we first review the IIF-
WENO methods for solving CDR equations developed in [20]. Then we present two different
approach to deal with the high dimensional problems, i.e., the direct Krylov approach and
the AclIF approach. The AclIF method was developed to solve reaction—diffusion equations
in [49]. In order to compare it with the Krylov approach, we combine the AcIIF method
with WENO method for solving CDR equations. In Sect. 3, we perform systematical numer-
ical comparison and complexity analysis for applying these two approaches to various high
dimensional problems including three and four dimensional Fokker—Planck equations. Dis-
cussions and conclusions are given in Sect. 4.

2 Numerical Methods

In this section, we first briefly review the IIF-WENO methods for solving CDR equations
developed in [20]. Then we present two approaches for dealing with high dimensional prob-
lems. For the AcIIF method designed in [49], we combine it with WENO method and derive
the corresponding schemes for solving CDR equations.

2.1 ITF-WENO Methods

The method of lines (MOL) approach is applied to the Eq. (1). For the simplicity of pre-
sentation, we consider the scalar equation case. The system case is solved component by
component following the same procedure as the scalar case. For nonlinear convection terms
Z?zl fi(u)y;, the third order finite difference WENO scheme with Lax—Friedrichs flux split-
ting [43] is used. The second or fourth order central finite difference scheme (depending on
the order of accuracy of IIF time discretizations) is used to discretize the diffusion terms.

For the convection terms, the conservative finite-difference schemes we use approximate
the point values at a uniform (or smoothly varying) grid in a conservative fashion. The finite
difference WENO schemes approximate derivatives of multi-dimension in a dimension by
dimension way. For example, the x-direction derivative f (u), ata grid point is approximated
by a conservative flux difference

~ 1 £ £ 2
f@xli=x; =~ A (fz+1/2 - ft71/2) . (2)

where for the third order WENO scheme the numerical flux fH_] /2 depends on the three-
point values f(u;) (here for the simplicity of notations, we use u; to denote the value of the
numerical solution u at the point x; along the line y = y;, z = zx with the understanding that
the value could be different for different y and z coordinates),/ =i —1, i, i +1, when the wind
is positive (i.e., when f”(u) > 0 for the scalar case, or when the corresponding eigenvalue
is positive for the system case with a local characteristic decomposition). This numerical
flux fi+1 /2 is written as a convex combination of two second order numerical fluxes based
on two different substencils of two points each, and the combination coefficients depend on
a “smoothness indicator” measuring the smoothness of the solution in each substencil. The
detailed formulae is

o 1 1 1 3
fiv12 =wo [Ef(ui) + Ef(uiﬂ)] + wy [_Ef(uifl) + if(ui)} , (3)
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where
o d,
W=t gy = L r=0,1. @)
ar +a (€ +Br)
do = 2/3,d; = 1/3 are called the “linear weights”, and So = (f(u;+1) — f(ui))z, B1 =
(f(ui) — f(ui— 1))2 are called the “smoothness indicators”. € is a small positive number
chosen to avoid the denominator becoming 0. We take € = 10~ in this paper.

When the wind is negative (i.e., when f’(u) < 0), right-biased stencil with numerical
values f(u;), f(uit1 )A and f (u;4+>) are used to construct a third order WENO approximation
to the numerical flux f;1,2. The formulae for negative and positive wind cases are symmetric
with respect to the point x; 11 2. For the general case of f (1), we perform the “Lax—Friedrichs
flux splitting”

to = L
S = (W) +ow),

1
fow) = () —ow), (&)

where o = max, | f/(u)|. fT(u) is the positive wind part, and f~(u) is the negatlve wind
part. Corresponding WENO approximations are applied to find numerical fluxes f Y1/ and

fi 1172 Tespectively. Similar procedures are applied to the other directions for g(u)y and
h(u),. See [19,43] for more details. For diffusion terms, central differences are used. After
spatial discretizations, a semi-discretized ODE system

%]ZFd(UH-Fa(U)—FR(U) (6)
is obtamed Here U = Mi)1<i<N, Fd(U) = (Fd,(U))1<,<N, F (U) = (F[“(U))1<1<N,
= (r(u;))1<i<n- N is the total number of grid points, Fd(U ) is the approx1mat10n for the
dlfo.SlOIl terms by the second or fourth order finite difference schemes, and Fd, is a linear or
nonlinear function of numerical values on the approximation stencil. If the diffusion term is
linear, Fy (U )=C U where C is the approximation matrix for the linear diffusion operator by
the central finite difference scheme. Fa (U ) is the approximation for the nonlinear advection
terms by the third order finite difference WENO scheme, and F,; is a nonlinear function
of several numerical values on the WENO approximation stencil. R(U) is the nonlinear
reaction term, and r(u;) is a nonlinear function which only depends on numerical values at
one grid point. In [20], we developed a method to deal with the nonlinear diffusion terms
by factoring out the linear part which mainly contributes to the stiffness of the nonlinear
diffusion terms, then applying the integration factor approach to remove this stiffness. In this
paper, our main focus is on studying the computational complexity of Krylov and compact
IIF methods for high dimensional problems. Hence we simplify our discussions to problems
with linear diffusion, i.e., F7(U) = CU. IIF methods for (6) are constructed by exactly
integrating the linear part of the system. Directly multiply (6) by the integration factor e~¢"
and integrate over one time step from t,, to t,41 = t,, + Af, to obtain

Aty o
Ultny1) = 2 U () + 2" / e TF,(U(ty + 1))d7
0

Aty Lo
+eCAfn/0 e CTRWU (1, + 1))dx. )

Two of the nonlinear terms in (7) have different properties. The nonlinear reaction term I_é(lj )
is usually stiff but local, while the nonlinear term F,(U) derived from WENO approxima-
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tions to the convection term is nonstiff but couples numerical values at grid points of the
stencil. Hence we use different methods to treat them and avoid solving a large coupled
nonlinear system. For the stiff reaction term ¢ ~€* R (l} (tn + 1)), we approximate it implicitly
by an (r — 1)th order Lagrange polynomial with interpolation points at t,, 41, t, . .., th+2—r-
The nonstiff convection term is highly nonlinear due to the WENO approximations. Dif-
ferent from the nonlinear reaction term, we approximate the nonlinear convection term
e C1 I;a(l} (ty + 1)) explicitly by an (r — 1)th order Lagrange polynomial with interpo-

lation points at t,,, t,—1, . . ., ty+1—r. The rth order IIF scheme for CDR equations is obtained
as
0
Un+l = eCAt,, Un + Aty {an+1R(Un+l) + Z an+ieC(At’lirf)R(Un+i)
i=2—r
0
+ ) ﬁn+,-eC<A’"f”Fa<Un+i)} : ®)
i=l—r
where the coefficients
1 Aty ! T—71;
Opyi = / I Lde, i=1,0,-1,....,2—r; ©)
Aty Jo . LT T
J=2—r, j#
1 Aty 0 T—71;
Buti = f ]_[ ldr, i=0,-1,-2,...,1—r. (10)
Aty Jo . T T
J=l=r,j#i
T =Aty, 70 =0,7, = — Zk;ll Atpygfori = —1,-2,-3,...,1—r. l?nH is the numerical

solution for U (tn+i). Specifically, the second order scheme (IIF2) is of the following form

0n+l = eCAtn [_jn + Aty {Oanr]ﬁ(UnJrl) + aneCA["ﬁ([_jn)

1A TAND By (T + Bue A ()] an
where
1 1 At,
Op = 3 On+1 = 7 Bn—1 = _2Al‘n_1 s
1 At,
IBn = Aty ( ) +Atn—]> .

And the third order scheme (IIF3) is
[_jn+1 = eCAt” Un + Aty {an+11_é(l7n+]) + anECAtnié(ﬁn) + an—leC(Atn+At”_l)I_é(ﬁn—])
+ ,Bn—ZeC(Atn+Atn_l+Atn_2)Fa (l}n—Z) + ,Bn—leC(AtrH_Atn_l)F_:a(Un—l)

+ B ﬁa(ﬁn)], (12)

where

1 Aty | Aty
o = _ s
" Aty + Aty \ 3 2

1 Aty, n Aty 1
o, = s
"T A \ 6 2
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B At?
O T At (D1 + Aty)’
Bu=1+ : [A’3 + A onn 4+ Arn_z)],
Aty (Aty 1+ At 2) [ 3 2
1 At Aty

Bn—1 = AL 1AL [ 3 + > (Aty—1 + Atn—z):|,
By — 1 <At§ Az,,Az,H) .

Aty (At + At, ) \ 3 2

Remark Theoretical analysis including stability and error analysis of the IIF schemes for
convection—diffusion-reaction equations is given in [20,21]. Due to the nonlinearity of
WENO schemes [43] and the global property of the exponential integrator in the IIF schemes,
theoretical analysis of the complete IIF-WENO schemes is still an open problem and it will
be one of our future work.

2.2 Two Approaches for High Dimensional Problems

The efficiency of IIF schemes for high dimensional problems largely depends on the methods
to evaluate the product of the matrix exponential and a vector, for example ¢! v. For PDEs
defined on high spatial dimensions (2D and above), a large and sparse matrix C is generated
in the schemes (8). But the exponential matrix ¢’ is dense. For high dimensional problems,
direct computation and storage of such exponential matrix are prohibitive in terms of both
CPU cost and computer memory. Two approaches have been developed to solve this problem.
Here we discuss and compare the computational efficiency of these two approaches when
they are applied to IIF-WENO methods for solving high dimensional problems. We first
review the Krylov approximation method. The Krylov approximation method was applied

to ITF schemes in [5]. It has been applied for solving CDR equations in [20].

2.2.1 Krylov Approximation Method

Notice that we do not need the full exponential matrices such as e€? itself, but only the
products of the exponential matrices and some vectors in the schemes (8). The Krylov sub-
space approximations to the matrix exponential operator is an excellent choice in terms of
both accuracy and efficiency. Follow the literature (e.g. [10,36]), we describe the Krylov
subspace methods to approximate ¢! v as following.

The large sparse matrix C is projected to the Krylov subspace

Ky = Span{v,Cv,sz,...,CM_lv}. (13)

The dimension M of the Krylov subspace is much smaller than the dimension N of the
large sparse matrix C. In all numerical computations of this paper, we take M = 25 for
different N, and accurate results are obtained in the numerical experiments. An orthonormal
basis Vi = [v1, v2, v3, ..., vy] of the Krylov subspace Ky is generated by the well-known
Arnoldi algorithm [47]:
1. Compute the initial vector: vi = v/||v||>.
2. Perform iterations: Do j = 1,2, ..., M:

1) Compute the vector w = Cv;.

2)Doi=1,2,...,j:
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(a) Compute the inner product 4; ; = (w, v;).
(b) Compute the vector w = w — h; jv;.
3) Compute hj11,; = [[wll2.
4HIfhji1; =0, then
stop the iteration;
else
compute the next basis vector vj 11 = w/hjiq, ;.
In the Arnoldi algorithm, if 441 ; = O for some j < M, it means that the convergence
has occurred and the Krylov subspace is Ky = span{vy, v2, ..., v;}, so the iteration can be
stopped at this step j, and we assign the value of this j to M. This algorithm will produce
an orthonormal basis V), of the Krylov subspace K ;. Denote the M x M upper Hessenberg
matrix consisting of the coefficients i; ; by Hys. Since the columns of Vj; are orthogonal,
we have
Hy =Vicvy. (14)

This means that the very small Hessenberg matrix Hj, represents the projection of the large
sparse matrix C to the Krylov subspace K, with respect to the basis Vj,. Also since Vi
is orthonormal, the vector Vy, Vﬁgecm v is the orthogonal projection of ¢! v on the Krylov
subspace K 7, namely, it is the best approximation to v in K ;. Therefore

eCAy ~ VMVAT,eCA’v = ,BVMVAgeCAtvl = ﬁVMVAEeCA’VMel,

where 8 = ||v||2, and e; denotes the first column of the M x M identity matrix I;. Using
(14) we obtain the approximation

eCATY :ﬂVMeHMAtel‘ (15)
Thus the large ¢€2! matrix exponential problem is replaced with the much smaller problem
efMAl The small matrix exponential e/ 2! will be computed using a scaling and squaring
algorithm with a Padé approximation, see [10,14,36]. Then the Krylov approximations are
directly applied in schemes (8), (11) or (12) to obtain Krylov IIF schemes for CDR equations
[20]. The rth order Krylov IIF scheme for CDR equations has the following form

- L. oo A
Unt1 = Atyay 1 R(Upt1) + vo,nVm,0ne M0 ey

+ Aty (,Bn-H—r)/l—r,n Vg 1=y e TM1=rn (Al =T1=r)

-1
+ ) Vi,nVM,i,neHM'i'”(At"Ti)el>; (16)
i=2—-r

where y0., = |Un + Aty(anR(U,) + BnFa(Up))ll2, Var.o.n and Hyp o, are orthonormal
basis and upper Hessenberg matrix generated by the Arnoldi algorithm with the initial vector
Un + Atn((an(U ) +,BnF (U )) Vi-rn = ”F (Un+l r)||27 VMl —rn and HMl —r,n are
orthonormal basis and upper Hessenberg matrix generated by the Arnoldi algorithm with
the initial vector F (Un+1 r) Vin = ||an+zR(Un+l) + Bu+i F (Un+z)”2’ Vi,in and Hyy i
are orthonormal basis and upper Hessenberg matrix generated by the Arnoldi algorithm with
the initial vectors o, 4 R(Un+,) + Buti F (Un+,) fori =2—r,3—r, , —1. Notice that
Vmon Vui—rnand Vypipn, i =2 —-r,3 —r,...,—1 are orthonormal bases of different
Krylov subspaces for the same matrix C, which are generated with different initial vectors
in the Arnoldi algorithm. Specifically, the second order Krylov IIF (KrylovIIF2) scheme has
the following form
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= 1 5 o
Un+1 = 5AtnR(U,1+1) —+ VO,nVM,O,neHM'O'"At”el

(Aty)?
2At,

(Vfl,n VM,71,n€HM"1”’(At”+AI"")61) , (17

where 10, = | Un + Aty (3R + 5 (3 + At Fo (@) | Vit and Hug o,
are orthonormal basis and upper Hessenberg matrix generated by the Arnoldi algorithm with
the initial vector Up+ Aty (lﬁ(f/ )+ xi (B 4 Aty_) Fa(Ty )) Vet = 1 Ea(Un_Dllas
Vm,—1,n and Hy 1, are orthonormal ba31s and upper Hessenberg matrix generated by

the Arnoldi algorithm with the initial vector F (Un 1). And the third order Krylov IIF
(KrylovIIF3) scheme has the form

2At, + 3At,—1

Un1 = A1, R(U, + 1% oHM 000,
T (Al + A, " Un+1) +v0,nVm,0n .
2(Aty)? 4 3At, Aty
+ ( (An) nAln—1 y,z,nVM,—Z,neHM'_Z’"(At"+m"7l+m"*2)e1
6Atn72(Atn71 + Atnfz)

+ Vot vM,_l,,,e”Mv-lv"(A’"Mf"-l)el) , (18)

where Yoon = ”Un + Ay ((xnﬁ(ﬁn) + ,Bnﬁa(l_jn))HZ’ VM,O,n and HM,O,n are orthonormal
basis and upper Hessenberg matrix generated by the Arnoldi algorithm with the initial
vector U, + Aty (0, R(Up) + B Fu(Up)). v—2.n = 1 Fa(Up-2)ll2, Vm,—2,n and Hy, 2,
are orthonormal basis and upper Hessenberg matrix generated by the Arnoldi algorithm
with the initial vector F (Un 2) V-1n = ”0511 IR(Un 1) + lgn 1Fy (Un 1)”2’ VM —1,n and
Hpys,—1,» are orthonormal basis and upper Hessenberg matrix generated by the Arnoldi algo-
rithm with the initial vectors o, R(U,—1) + Bn—1F4(U,—1). See the Eq. (12) for values of
A, Bns An—1, Pu—1-

As that pointed out in [20], in the implementation of the Krylov approximation methods
we do not store matrices C, because only multiplications of matrices C with a vector are
needed in the methods, and they correspond to certain finite difference operations.

Remark By the analysisin [10, 17], an error estimation of the Krylov subspace approximation
(15) is
1€€4T0 — BVirerAle||y < 10ge= M/ Gran), (19)

where M is the dimension of the Krylov subspace, and eigenvalues of the matrix C are in the
interval [—4p, 0]. For a fixed p At, the Krylov approximation error (19) decays exponentially
with respect to the square of the Krylov subspace dimension M.

2.2.2 Compact/Array-Representation Method

We first review the compact IIF (cIIF) method and the array-representation compact IIF
(AclIIF) method for solving high dimensional reaction—diffusion equations, developed in [38]
and [49]. Then we discuss how to apply the cIIF/AcIIF method in the IIF-WENO schemes
for solving high dimensional CDR equations.
(1) cITF/AcIIF for reaction—diffusion equations

We illustrate the cIIF method by solving a two-dimensional reaction—diffusion equation
with constant diffusion coefficient
du (82u 3%u

= +
Jt

Pyl 82)—i—]i’(u) x,y)eQ={a<x<b,c<y<d}, (20)
X
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with periodic boundary conditions in the y—direction and no-flux boundary conditions in
the x-direction. The spatial domain is partitioned by a rectangular mesh with N, + 2 and
Ny + 2 grid points in each direction. The grid sizes are h, = %, and hy = ﬁ Using
the second order central difference discretization on the diffusion terms, a system of ODEs

du;, Wit — 2uij +uior | Wiy — 2+ ui -1
o =D ( h)% + h§ + R(u;, ;) 21
is obtained. The idea of cIIF method [38] is that in stead of representing numerical values
u;j j in a large vector, numerical values are organized and stored in a matrix (see (23)). The
semi-discretized ODE system is written in a compact form

dU

Z:AU+UB+R(U), (22)

where the three matrices U, A and B are

Uil U12 o ULN, UIN+I]
Ul U2 ccc U2 N, UD N+
UN, x(Ny+1) = ) ) , (23)
UN¢ 1 UN2 " UN, Ny UN, Ny+1
_2 2
33
1 -2 1
D 1 -2 1
AN XN, = 5 ) 24
h% TS
1 -2 1
2 _2
3 3
-21 0 0 --- 1
1 -21 0 ---0
plo 1210
Bn,+x(Ny+1) = 7wz (25)
3

0 0 ---1-21
1 0---0 1 =2
Then following the similar procedure for deriving IIF methods [37], we multiply (22) by the

integration factors e 4! from the left and e =B’ from the right, and integrate over one time
step from #,, to t,,41 = t, + At to obtain

At
Upy1 = eAPU, B2 4 AL ( / eATRWU(t, + r))e*der> eBA . (26)
0

We approximate the integrand in (26) by an (r — 1)th order lagrange interpolation polynomial
with interpolation points at #,41, t, - . . , ty+2—r, and obtain the rth order clIF scheme for
two-dimensional reaction—diffusion equations

r—2
Unir = e U, At(a RWp) + Y 0 TIAMRW, 0B 27)
i=0
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where
1o kA ,
a_j = — —dt, —-1<i<r-2. (28)
At Jy Pl (k —i)At
ki
In particular, the second order cIIF scheme (cIIF2) is
At At
Uni1 = e (U + 5 RW)e"™ + SR ). (29)

Note that the matrices A and B have sizes of a one-dimensional problem. Hence in cIIF
schemes (27), (29) for a two-dimensional problem, we only need to compute matrix expo-
nentials for matrices with sizes of one-dimensional problems. This fact also holds for cIIF
schemes of three-dimensional reaction—diffusion equations, as shown in [38].

In order to solve reaction—diffusion problems with cross-derivatives and non-constant
diffusion coefficients on higher spatial dimensions, cIIF method has been extended to the
array-representation compact IIF (AclIF) method in [49]. We review the AcIIF method
[49] in the following and then describe the procedure to apply this approach to our IIF
schemes for CDR equations in the next subsection. The numerical solutions are stored
in multi-dimensional arrays, for example, a two-dimensional array U = (U, k). k1 =
I,...,Nx;kp = 1,..., Ny + 1 for the two-dimensional problem (21)—(25). If we fix the
second index k7, the two-dimensional array U defines a vector

UG, k2) = (Ut ky, Uskys - Unp i) T (30)

Then the array U can be considered as the collection of these vectors on a one-dimensional
array, with k> going through from 1 to Ny, + 1. This collection is presented using symbol )
in [49], so we can write

U= @ UGk 31)

1<kr <Ny+1

The finite difference operators are linear operators in (21) since the diffusion terms here are
linear. Define finite difference operators £, and Ly as

Ukj+1k, — 2Ur ey + Ur—1.1
(@Umh=D( e ﬁ, (32)
X
and
Uk ko1 = 2Uk) ky + Usy ka—1
(@Umth( W >, (33)
y
then the semi-discretized scheme (21) with the array U can be written as
dU
Apply IIF schemes, e.g., the second order IIF scheme (IIF2) [37] in (34) to obtain
At At
Un+1 = e(ﬁx+[,y)At (Un + TR(UH)) + TR(UVH-I) (35)

To implement the scheme (35) using array-representation technique, we first represent

LU = ® AU, k), (36)
1<ky<Ny+1
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where A is given in (24). So the exponential of £, can have the array-representation

MU= QUG ). &7
lSszN)=+l
Similarly,
PATAY - ® eBAU (K1, ), (38)
1<k; <N,

where B is given in (25). Since £, and £, commute with each other for this constant diffusion
coefficient equation case, e(“xT£)A1 = ¢Lx81pLyAl The array-representation form of the
IIF2 scheme [37], i.e., the AcIIF2 scheme for the 2D reaction—diffusion equation (20), is

Un+1—%R(Un+1)= X e“’( X e“’wm,:))c,kz), (39)

1<ky<Ny+1 1<kt <Ny

where V = U, + % R(U,). Similarly the AcIIF2 scheme for a 3D reaction—diffusion equation
with constant diffusion coefficient and without cross-derivatives is

At
Un+l - TR(Un-H)

= & eAuAf< X eAzzA'< Q) eV (ki ko, :))(kl,:,k3)>(:,k2,k3),

lSkZSNy 1<k <Ny 1<ky<Nx
1<k3<N, 1<k3<N; 1<ka<Ny

(40)

where V = U, + % R(Up,), U is a three-dimensional array to store the numerical values of u,
Ny, Ny, N, are number of spatial grid points in x, y, z directions respectively. A11, A2z, A33
are differential matrices for approximating diffusion operators in x, y, z directions respec-
tively, and they have sizes of a one-dimensional problem, i.e., Ny x Ny, Ny x N, and
N; x N;.

It is easy to see that the AcIIF2 scheme (39) is equivalent to the cIIF2 scheme (29). As
that pointed out in [49], AcIIF schemes are actually equivalent to cIIF schemes for reaction—
diffusion equations without cross-derivatives. However, AclIF schemes can be easily applied
to more general high dimensional reaction—diffusion equations with cross-derivatives as
shown in [49].

(2) AcIIF-WENO schemes for CDR equations

Since AclIF method is an efficient approach for solving high dimensional reaction—
diffusion equations, we apply it in the [IF-WENO schemes for solving high dimensional
CDR equations. We present the schemes for the general three and four spatial dimension
cases that CDR equations have cross-derivatives and the diffusion coefficients can be non-
constant, such as the Fokker—Planck equations in the following Sect. 3. For such cases with
non-constant diffusion coefficients, differential matrices can not commute and an operator
splitting is needed to achieve the second order accuracy in AcIIF approach. Hence we use
the second order AcIIF scheme here.

Consider the three dimensional case of CDR equation (1), d = 3, with cross-derivatives for
the linear diffusion terms and periodic boundary conditions. For the simplicity of presentation,
we consider the scalar equation case. The system case is solved component by component
following the same procedure as the scalar case. The diffusion matrix D is
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ar+ax b by
D= by az+c b3 , 41D
by by ¢+ c3

where a;, b; and ¢;, i = 1, 2,3 are constant or non-constant coefficients of the diffusion
terms. The diffusion terms can be grouped into three classes for the convemence of applylng

the ACIIF method, i.e., (a1 e +2b —5— ax13x2 + ¢y o1 2)u (aza 5 + 2by—5— 3){13)[3 + Cza 2)u
and (a3 W + 2b3 m +c3 W)u. Applying the second order IIF-WENO scheme (11) to

the equation and re-grouping the exponential terms, we obtain

Unt1 = eCAt" (l_jn + Atrt‘)lnl_é(l_jn) + Al‘nﬁnl_':a(l_]'n)>

+ ecwnm*l)(mnﬁmﬁaa?nfl)) + Aty 1 R(Upg1) 42)
=01 + O3 + Aty 1 R(Unr ),
where
©1 = 4V, Vi 2 Uy + Atyay R(Uy) + Aty Fa(Uy), (43)
O, = LAY, Yy B AL B, Fy(Uy_y). (44)

Opn, Ont1, Bn—1, Bn are given in (11). Then we can apply the array representation approach
in computations of the matrix exponentials. Numerical solutions for u are stored in a three-
dimensional array U with size N1 X N> x N3, where N1, N> and N3 are numbers of grid
points of three spatial directions respectively. First we use £1> to denote the second order

. . . . 92 92 92
central finite difference approximation of (a; an? + 2b; Taom Tl W) as

ai
(L12U)ky ka ks = hﬁ(Uk1+1,kz.k3 = 2Uk ko ks + Uk =102, k3)
1

by
+4h I Uk +1,k0+1.k3 + Ui =1,k —1,k3 — Ukj+1,k0—1.k3 — Uky—1,kp+1,k3)
+ ﬁ(Ukl,k2+l,k3 —2Up ko ks + Uky ko —1,k3)- (45)
2

where A1, hy and h3 (not used in the above equation) are the grid sizes of the three spatial
directions respectively. Similarly we can define finite dlfference ol)erators L13 and £33. The
diffusion terms in the equation are approximated by Fd(U )= =L+ L3+ Ln)U.
To derive the array representation of the operator L7, we ﬁx k3 in the three-dimensional
array U (s, :, k3) which represents a N1 x N, matrix, and collect all these two-dimensional
matrices along a vector. This leads to

U= ® UG, k).
1<k3<N3

For constant diffusion coefficient cases, we can define a linear mapping Aj2, from a matrix
space consisting of all N1 x N matrices to itself as following

2by
4h1hy

el
+ ﬁ(Mi+l,j —2M; j+ Mi_1 ;) + ﬁ(Mi,jH —2M; i+ M j—1).
1 >

(AnM);j = —— M1, j+1 + Mi—1j—1 — Mi—1 j+1 — Mit1,j-1)

(46)
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Then, the array representation of £15 and its exponential are

LoU= @ AnUG, k),
1<k3<N3

L1y — ® eARBIY G k).
1<k3<N3

Similarly, the array representations for £13 and £3 can be written in terms of A3 and A>3
respectively. Note that here Aj», A13, A>3 and their exponentials are actually (Ny - Na2) X
(N1 - Np), (N1 - N3) x (N1 - N3) anﬂd (N> -_'N3) X (N - N3) matrices respectively.

For schemes (42)—(44), vectors V| and V; are stored in three-dimensional arrays V| and
V, as that for U. If £1», £13 and £;3 commute with each other as the case that the diffusion
coefficients are constants, application of array representations to (43) and (44) leads to direct
decomposition of large matrix exponentials for C to much smaller ones. For detailed formulas
in implementation the method, see the equations in (69) in “Appendix”.

If £12, £13 and £»3 do not commute with each other as the case that the diffusion coef-
ficients are not constants, two modifications to the method are needed. One is that the finite
difference operators L2, £13 and £23 may depend on other spatial dimensions since the dif-
fusion coefficients can be functions of all spatial variables. For example, different index k3
results in different finite difference operators L1> and different linear mappings .412. Hence
the linear mappings are represented by .A]z, A/% and Al£'3 in such cases. The other is that
the Strang operator splitting [45] is needed to obtain a second order accuracy. By the Strang
symmetric operator splitting, we have

eCOn — p(Lr2+Li3+Lo3) At e%ﬁlzeAzlﬂwemnﬁﬂeﬁ%ﬂme%ﬁu + O(Al‘n3). 47

Then array representations are applied in (43) and (44) for decomposition of large matrix
exponentials of C. See the equations in (70) and (71) in “Appendix” for detailed implemen-
tation formulas.

Similarly, for a four dimensional CDR equation (1), d = 4, with cross-derivatives for the
linear diffusion terms and periodic boundary conditions, the diffusion matrix D is

ay +ay + az b by b3
by aq + as + ¢y by bs
D= , 48
by by as +c2+cy b (“48)
b3 bs be c3+cs5+ce
where a;, b; and ¢;, i = 1,2,3,4,5,6 are constant or non-constant coefficients of the

diffusion terms. The diffusion terms can be grouped into six classes for the convenience of
. X 52 52 52 52 52
applylng the ACIIF method, i.e., (ay 3—2 + 2b; W + ¢ ax—z)u (aZW + 2b2m +

32 a2
2355 2)u (a3d  + 20355y 3x13x4 +a dxg 2)14 (a4 axa? + 2b43x23x3 + 6437)“ (“5(;7 +

2bs mfm + e5555)u, (@657 + 26 e + coziz)u. We apply the second order IIF-
WENO scheme (11) and obtaln the same form schemes (42)—(44), but with a much larger
system size. Again we can apply the array representation approach in computations of the
matrix exponentials. Numerical solutions for u are stored in a four-dimensional array U
with size N1 x Ny x N3 X N4, where N1, N, N3 and N4 are numbers of grid points of four
spatial directions respectively. We use L1 to denote the second order central finite difference

L 2 2 2
approximation of (a1 %12 + 2b; ax?iaxz +a 73222) as
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aj
(L12U)ky ko ks kg = ﬁ(Ukl-f-l,kz,kg,lq = 2Uk) ko ks oks + Uky=1,ka, k3 k)

2by

+— s Uk +1 ko4 1k ks + Ui =1 ko= ks ks — Uky+1,ko—1,k3 ks (49)

C1
— Uk —1.ky+1.k3.ks) + hi(Uk1,k2+l,k3,k4 - 2U/<1,kz-k3,k4 + Uky ka—1,k3,ks)-
2

Similarly £13, L14, £23, 524 and £34 are defined. Then the diffusion terms in the equation
are approximated by Fd(U) =CU = (L12 4+ L13+ L1a + L23 + Loa + L34)U. To derive
the array representation of the operator L2, we fix k3 and k4 in the four-dimensional array
U(,:, k3, kg) which represents a N1 x N, matrix, and collect all these two-dimensional
matrices along a vector to obtain

U= ® UG, :, k3, ka).
1<k3=<N3
1<k4=<N4

The same linear mapping Aj> is defined as (46) for three dimensional cases. The array
representation of £, and its exponential are

LU= @ AnUG,: ks, k),
1<k3<N3
1<k4=N4
MU = Q) eNPUC, L ks ka).

1<k3=<N3
1<kq4=<N4

Similarly, the array representation for £13, £14, £23, L£24 and L34 can be written in terms of
A1z, Ala, A2z, Aza and A3zq respectively.

For schemes (42)—(44), vectors \71 and ‘72 are stored in four-dimensional arrays V1 and V;
asthatfor U.If L2, £13, L14, £33, L24 and L34 commute with each other, array representation
is applied in schemes (42)—(44) to decompose large matrix exponentials for C to much smaller
ones. For detailed formulas in implementation of the method, see the Egs. (72) and (73) in
“Appendix”.

If £12, L£13, L14, L£23, L£24 and L34 do not commute with each other(e.g., the case that the
diffusion coefficients are not constants), again two modifications are needed in the method.
One is that the linear mappings may depend on other spatial dimensions since the diffusion
coefficients can be functions of all spatial variables. For example, different indexes k3, k4
result in different finite difference operators L1 2 and different ]inear mappings Aj2. Hence the
linear mappings are represented by A 3:ks .A k“, Alﬁ’k3, .A 1ke Akl *3 and Ak‘ *2 in such
cases. The other is that again the Strang symmetric operator sphttmg is needed to achieve a
second order accuracy. Namely, we have

eCOm — p(LratLiz+Ligt+Lo+Loa+L3a) Aty

_eAQIM L"%“g =2 524em E23€7£14 Atnﬁm Alnﬁlz (50)

Ay Ay Bty Bty Ay
e 2 LB LDt L3 p 5 Lo g 3 L O(At,f).

Then application of array representation in (43) and (44) leads to decomposition of large
matrix exponentials of C into much smaller ones. See the Eqs. (74)—(77) in “Appendix” for
detailed implementation formulas.
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Remark All linear mappings (i.e., A2, A13, etc) here are actually N2 x N2 matrices if all
spatial directions have the same number of grid points N. Although matrix exponentials
in any higher dimensional problems can be reduced to computations of such N2 x N2
matrices’ exponentials, itis still expensive to directly calculate them as shown in the following
numerical experiments. Applications of Krylov subspace approximations of Sect. 2.2.1 in
computations of these N> x N2 matrices’ exponentials are still necessary for the efficiency
of the AcIIF-WENO method for high dimensional CDR problems.

Remark An advantage of clIF/AcIIF schemes is that they have simpler formulations than
the Krylov IIF schemes, hence easier to code the algorithms. For multidimensional CDR or
reaction—diffusion problems whose diffusion terms do not have cross-derivatives, cIIF/AcIIF
schemes can be directly applied because we only need to compute matrix exponentials for
matrices with sizes of one-dimensional problems, i.e. N x N matrices with N the number of
grid points in one spatial direction. Such matrix exponentials are computed using a scaling
and squaring algorithm with a Padé approximation. They are computed and stored before
the time evolution, and directly used at every time step [38]. As that shown in the numerical
experiments of the Sect. 3, the cIIF/AcIIF schemes implemented this way are more efficient
than the Krylov IIF schemes for problems which do not have cross-derivative diffusion terms,
on not very refined meshes.

3 Numerical Experiments

In this section, we use different types of numerical examples to systematically compare the
computational efficiency of two different approaches in using integration factor methods for
solving high dimensional problems. Examples include equations with analytical solutions,
convection-dominated equation, a stiff reaction problem from mathematical modeling of the
dorsal-ventral patterning in Drosophila embryos, and three dimensional and four dimensional
Fokker—Planck equations. We test the convergence and CPU times, and analyze computa-
tional complexity of numerical schemes via mesh refinement studies. We perform simulations
on different meshes including very fine ones. Computations on fine meshes are needed to
resolve small structures in complicated solutions which often arise in application problems.
Comparisons of computational efficiency by different methods on very fine meshes in this
paper can provide certain guidance in choosing the suitable numerical methods. All of the
numerical simulations in this paper are performed on a 2.3 GHz, 16GB RAM Linux work-
station.

3.1 Diffusion Problems

We first test problems without convection, i.e., study computational complexity of both
approaches without considering the cost of WENO scheme. Then the complete convection—
diffusion problems are tested in the next subsection.

3.1.1 Diffusion Problems Without Cross-Derivatives

Example 1 (A problem with linear reaction). We consider a reaction—diffusion problem with

linear reaction
ou

— =02V - (V 0.1u.
ar (Vu) +0.1u
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First we test the two dimensional case defined on the domain @ = {0 < x < 27,0 <
y < 2w}, subject to no-flux boundary conditions at x = 0, x = 27 and periodic boundary
conditions in the y-direction, i.e.,

Ju Ju
—0,y,)= —Qm,y,0) =0; u(x,0,1) =u(x,2m,1).
0x 0x

The initial condition is u(x, y, 0) = cos(x) + sin(y). The exact solution of the problem is
u(x,y, t) = e 01 (cos(x) + sin(y)). We compute the problem until the final time 7" = 1
by the second order cIIF/AcIIF scheme (29) or (39) (they are equivalent), and the second
order Krylov IIF scheme (17) with the convection term F, = 0. Since the problem has a
linear reaction term, the local implicit equation is just a linear equation and can be solved
directly. We test the L errors, numerical accuracy orders and CPU times on successively
refined meshes to compare the two approaches. The total numbers of multiplication and
division operations at one time step are counted. The cITF2 method needs 2N3 4 8 N2 4 6N
operations, where N is the number of grid points in each spatial direction. The KrylovIIF2
method for this problem needs (M24+12M +T7)N2+ (M2 +20M +7)N + O (M?3) operations
at every time step. M is the dimension of Krylov subspace. M = 25 for all examples in this
paper, and M does not need to be increased when the spatial-temporal resolution is refined.
Here O(M?) term is the number of operations for computing matrix exponential of a small
M x M matrix such as ¢! Since it is a small constant which is independent of N, we
omit it. Hence for M = 25, the number of operations at one time step for the KrylovIIF2
scheme is estimated to be 932N2 4 1132N. This is a two dimensional problem with N2
grid points. So the KrylovIIF2 scheme has a linear computational complexity, while the
computational complexity of the cIIF2 scheme is not linear. However, their computational
efficiency depends on the size of the problem. The numerical errors, accuracy orders, CPU
times (time unit: second) for a complete simulation, for time evolution part and for one time
step are listed in Tables 1 and 2 for the cIIF2 scheme and the KrylovIIF2 scheme. We also
list the ratios of corresponding CPU times on an N x N mesh to that on a % X % mesh, to
study the computational complexity of these two approaches. Both methods give the same
numerical errors and the second order accuracy. For this two dimensional time dependent
parabolic problem, we achieve large time step size computation At = 0.5k by using the IIF
method. A linear computational complexity method should have the CPU time ratio be 8
for a complete time evolution and the ratio 4 for one time step. The KrylovIIF2 scheme’s
CPU time ratios shown in Table 2 verify its linear computational complexity. On the other
hand, although the cIIF2 scheme’s CPU time ratios shown in Table 1 are not linear, the cIIF2
scheme is more efficient than the KrylovIIF2 scheme on 40 x 40, 80 x 80 and 160 x 160
meshes, because the cIIF2 scheme has a much smaller coefficient 2 in its leading operation
amount than the KrylovIIF2 whose leading operation amount coefficient is 932. On more
refined meshes 640 x 640 and 1280 x 1280, the KrylovIIF2 scheme is more efficient than the
cIIF2. On 320 x 320 mesh, the cIIF2 scheme is more efficient than the KrylovIIF2 scheme for
one time step, but KrylovIIF2 is more efficient for the complete simulation and for the whole
time evolution. This is because that cIIF schemes compute matrix exponentials (e.g., matrix
exponentials for N x N matrices AAt and B At) before the time evolution and at the last time
step when At changes to reach the final time 7'. So additional CPU times are needed. Other
strategies to improve computational efficiency can be explored further here, for example,
interpolation in time for the last time step rather than recomputing matrix exponentials. This
will be one of our future work.

We perform the same test for third order schemes. The third order cIIF scheme cIIF3 (the
scheme (27) with » = 3) and the third order KrylovIIF scheme KrylovIIF3 (18) are used
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Table 1 Example 1: 2D case, clIF2 scheme, At = 0.5A, final time 7' = 1.0

N x N L error Order CPU (s) R1 CPUI (s) R2 CPU2(s) R3
40 x 40 7.45 x 10~* 0.13 0.09 0.0031

80 x 80 1.86 x 1074 2.00 1.43 11.06  1.04 12.21 0.025 7.92
160 x 160 4.66 x 1075 2.00 18.26 12.73 14.21 13.66 0.20 8.02
320 x 320 1.16 x 1073 2.00 269.66 1477 225.03 15.84 1.77 8.88
640 x 640 291 x 107 2.00 4,667.67 17.31  4,328.65 19.24 19.58 11.07
1280 x 1280  7.28 x 107 2.00 79,855.09 17.11 76,837.65 17.75 180.42 9.22

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one
time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU times on an N x N

mesh to that on a % X % mesh

Table 2 Example 1: 2D case, KrylovIIF2 scheme, At = 0.5A, final time 7 = 1.0

N x N L°° error Order  CPU (s) R1 CPUI (s) R2 CPU2(s) R3
40 x 40 7.45x 1074 0.50 0.50 0.04

80 x 80 1.86 x 1074 2.00 3.56 7.16  3.56 7.16 0.14 3.58
160 x 160 4.66 x 1075 2.00 27.34 7.68 2734 7.68 0.54 3.92
320 x 320 1.16 x 1075 2.00 219.15 8.02  219.15 8.02 2.15 4.01
640 x 640 291 x107%  2.00 1,828.21 834  1,828.21 8.34 8.91 4.15
1280 x 1280  7.28 x 10~7  2.00 14,174.02  7.75 14,174.02 775  34.66 3.89

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one

time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU times on an N x N

mesh to that on a % X % mesh

to compute the same two-dimensional problem until the final time 7 = 1. The comparison
results are presented in Tables 3 and 4. Both methods have comparable numerical errors and
accuracy orders. We observe higher than third order (around fourth order) numerical accuracy
orders because we used a fourth order central difference scheme to discretize the diffusion
terms. This is for the purpose of having comparable spatial and temporal numerical errors.
Again as that in the second order schemes, the Krylov IIF scheme KrylovIIF3 shows a linear
computational complexity, while the cIIF scheme cIIF3 does not. However, cIIF3 is more
efficient than KrylovIIF3 on not very refined meshes such as 40 x 40, 80 x 80, 160 x 160
and 320 x 320. On very refined meshes 640 x 640 and 1280 x 1280, KrylovIIF3 is more
efficient.

Then we test the three dimensional case defined on thedomain Q2 = {0 <x <7, 0<y <
7,0 < z < m}, subject to no-flux boundary conditions. The initial conditionis u(x, y, z, 0) =
cos(x) + cos(y) + cos(z). The exact solution is u(x, y, z,t) = e 01 (cos(x) + cos(y) +
cos(z)). We count the total numbers of multiplication and division operations at one time
step. The cITF2 scheme needs 3N* +4N?3 operations, while the KrylovIIF2 scheme requires
(M?%+8M +6)N3 + 12MN? + O(M?3) operations. N is the number of grid points in each
spatial direction. Again M is the dimension of the Krylov subspace and M = 25. O(M?)
term is the number of operations for computing matrix exponential of a small M x M matrix
such as e 2 Since it is a small constant which is independent of N, we omit it. Hence for
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Table 3 Example 1: 2D case, cIIF3 scheme, At = 0.5h, final time 7 = 1.0

N x N L error Order CPU (s) R1 CPUI (s) R2 CPU2(s) R3
40 x 40 1.47 x 1073 0.21 0.16 0.01

80 x 80 9.18 x 1077 4.00 243 11.37  1.96 12.31 0.05 7.82
160 x 160 5.74 x 1078 4.00 34.41 14.18  30.38 15.49 0.49 9.44
320 x 320 3.59 x 1077 4.00 433.57 12.60 397.46 13.08 341 7.01
640 x 640 229%x 10710 397 7,782.29 17.95  7,385.89 18.58 33.51 9.83
1280 x 1280  2.89 x 10711 2.99 145,987.45 18.76  141,798.99 19.20 332.66 9.93

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one
time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU times on an N x N

mesh to that on a % X % mesh

Table 4 Example 1: 2D case, KrylovIIF3 scheme, At = 0.5A, final time 7 = 1.0

N x N L°° error Order CPU (s) R1 CPUI1 (s) R2 CPU2 (s) R3
40 x 40 1.47 x 1073 1.13 1.12 0.09

80 x 80 9.18 x 1077 4.00 7.45 6.60  7.39 6.59 0.28 3.22
160 x 160 574 x 1078 4.00 62.08 833 61.58 8.34 1.21 4.37
320 x 320 3.59 x 1072 4.00 504.81 8.13  500.40 8.13 4.90 4.06
640 x 640 235x 10710 3094 3,743.59 742  3,696.45 7.39  17.63 3.60
1280 x 1280 1.25 x 10~11 423 33,080.77 8.84  32,580.07 8.81  80.09 4.54

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one

time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU times on an N x N

mesh to that on a % X % mesh

M = 25, the number of operations at one time step for the KrylovIIF2 scheme is estimated to
be 831 N3 4 300N2. Since three dimensional problem has N3 grid points, the computational
complexity of the KrylovIIF2 scheme is linear, while the computational complexity of the
clIF2 scheme is not linear. Again as that for the two dimensional problem, their computational
efficiency depends on the size of the problem. We compute the problem until the final time
T = 1. The numerical errors, accuracy orders, CPU times for a complete simulation, for
time evolution part and for one time step, and the ratios of corresponding CPU times on an
N x N mesh to that on a % X % mesh are listed in Tables 5 and 6 for the cIIF2 scheme
and the KrylovIIF2 scheme. Both methods give the same numerical errors and the second
order accuracy. For a three dimensional time dependent problem with At = h/3, a linear
computational complexity method should have the CPU time ratio be 16 for a complete time
evolution and the ratio 8 for one time step. The KrylovIIF2 scheme’s CPU time ratios shown
in Table 6 verify its linear computational complexity. However, the cIIF2 scheme is more
efficient than KrylovIIF2 scheme on 10 x 10 x 10, 20 x 20 x 20, 40 x 40 x 40, 80 x 80 x 80,
and 160 x 160 x 160 meshes, because the cIIF2 scheme has a much smaller coefficient 3 in its
leading operation amount than the KrylovIIF2 whose leading operation amount coefficient
is 831. On the most refined mesh 320 x 320 x 320, the KrylovIIF2 scheme is more efficient
than the cIIF2. We can also see that the cIIF2 scheme needs slightly additional CPU times
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Table 5 Example 1: 3D case, clIF2 scheme, At = h/3, final time 7 = 1.0

N x N x N L error Order CPU (s) R1 CPUI1 (s) R2 CPU2 (s) R3
10 x 10 x 10 2.24 x 1073 0.0061 0.0057 0.00054

20 x 20 x 20 579% 107% 195 021 3499 0.21 36.76 0.010 19.12
40 x 40 x 40 1.87x 1074 1.63 693 32.67 6.90 32.96 0.18 17.05
80 x 80 x 80 550 x 1075 177 230.83 33.33  230.60 33.42 2.99 16.94

160 x 160 x 160 1.53 x 1075 1.85  8,792.19 38.09 8,790.15 38.12 55.13 18.42
320 x 320 x 320 4.06 x 107% 191  367,739.27 41.83 367,712.22 41.83 1242.62 22.54

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one
time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU timesonan N x N x N

mesh to that on a % X % X % mesh

Table 6 Example 1: 3D case, KrylovIIF2 scheme, At = h/3, final time 7 = 1.0

N x N x N L error Order CPU (s) R1 CPUI (s) R2 CPU2(s) R3
10 x 10 x 10 2.24 x 1073 0.22 0.22 0.02

20 x 20 x 20 579 x 1074 1.95 3.06 14.15 3.06 14.15 0.15 7.02
40 x 40 x 40 187 x 1074 1.63 50.54 1649 50.54 16.49 1.30 8.51
80 x 80 x 80 550 x 1075 1.77 850.24 16.82 850.24 16.82 11.06 8.53

160 x 160 x 160  1.53 x 1075 1.85 13,637.13 16.04 13,637.13 16.04  89.28 8.07
320 x 320 x 320 4.06 x 1070 1.91 225,543.28 16.54 225,543.28 16.54 735.62 8.24

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one

time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU timesonan N x N x N

mesh to that on a % X % X % mesh

to compute a few N x N matrix exponentials before the time evolution and at the last time
step.

Example 2 (A problem with nonlinear reaction). We consider a reaction—diffusion problem
with nonlinear reaction
2 2

a—u = a—u + a—u —ut e cosz(nx) cosz(ny) + (271'2 — e~ cos(x) cos(my).

at  9x2  9y?
The PDE is defined on the two dimensional domain (x, y) € (0, 1) x (0, 1), subject to no-
flux boundary conditions. The initial condition is u(x, y, 0) = cos(mrx) cos(zy). The exact
solution of the problem is u(x, y, r) = e~ cos(rrx) cos(y). We compute the problem until
the final time 7' = 1 by the cIIF2 scheme and the KrylovIIF2 scheme. Again we test the L>°
errors, numerical accuracy orders and CPU times on successively refined meshes to compare
the two approaches for such a nonlinear reaction—diffusion problem. In the cIIF2 scheme and
the KrylovIIF2 scheme, a local nonlinear equation needed to be solved at every grid point,
due to the implicit treatment for the reaction term. Here the local nonlinear equation is solved
by fixed-point iterations as that in [37]. The results are reported in Tables 7 and 8. We can
see that both methods give the second order accuracy and they have comparable numerical
errors, while KrylovIIF2 has smaller numerical errors on refined meshes 640 x 641LVO an}sl

1280 x 1280. The ratios of corresponding CPU times on an N x N mesh to thatona 5 x 7
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Table 7 Example 2: cIIF2 scheme, At = 0.5k, final time 7 = 1.0

N x N L error Order CPU (s) R1 CPUI (s) R2 CPU2(s) R3
40 x 40 2.81 x 1073 0.56 0.49 0.0062

80 x 80 719 x107% 197 635 1130 5.73 11.67 0.036 5.78
160 x 160 1.82x107% 198 8236 1297  76.56 13.35 0.24 6.61
320 x 320 456x 1072 199  1202.63 1460  1,146.50 14.98 1.80 7.56
640 x 640 1.14x 107> 200  18,05574 1501 17,598.19 1535 1372 7.63

1280 x 1280 2.86 x 1070 2,00 375,400.69 20.79 371,035.11 21.08 142.81 10.41

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one

time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU times on an N x N

mesh to that on a % X % mesh

mesh show that the KrylovIIF2 scheme has a linear computational complexity. Similar as
the last example, the cIIF2 scheme is more efficient than the KrylovIIF2 scheme on meshes
40 x 40, 80 x 80, 160 x 160 and 320 x 320. On more refined meshes 640 x 640 and
1280 x 1280, the KrylovIIF2 scheme is more efficient than the cIIF2 scheme.

3.1.2 Diffusion Problems with Cross-Derivatives

Example 3 (A 3D problem with constant diffusion coefficients). We consider a three-
dimensional reaction—diffusion problem with constant diffusion coefficients

ur = (0.1uyxy — 0.15uxy + 0.1uyy) + (0.1uyyx + 0.2uy; + 0.2u;;)
+(0.2uyy +0.15uy; + 0.1u;;) 4 0.8u,

where (x,y,2) € Q ={0 <x < 27,0 <y < 27,0 < z < 27} with periodic boundary
conditions. The initial condition is u(x, y, z, 0) = sin(x + y + z). The exact solution of the
problem is

u(x, y,z,1) = e " sin(x + y +2).

This problem was used in [49] for testing the AcIIF2 scheme. We compute the problem until
the final time 7' = 1 by the KrylovIIF2 scheme (17) with the convection term F, = 0, and
the AcIIF2 scheme (42), (69) with the convection term F, = 0. For the AcIIF2 scheme, we
implement it in two different ways. One way is to directly compute the matrix exponentials
in (69). As that shown in the following numerical results, it is still very expensive in terms
of both CPU times and computer memory to directly calculate such N2 x N2 matrices’
exponentials. A more efficient way to implement AclIF schemes is to apply Krylov subspace
approximations of Sect. 2.2.1 in computations of these N> x N2 matrices’ exponentials.
We call such method AclIIF schemes with Krylov subspace approximations. Again we test
the L errors, numerical accuracy orders and CPU times on successively refined meshes
to compare the KrylovIIF2 scheme, the direct AcIIF2 scheme, and the AcIIF2 scheme with
Krylov subspace approximations for this problem. The results are reported in Tables 9, 10
and 11. We can see that all of methods give the same numerical errors and the second order
accuracy. However, the direct AcIIF2 scheme is computationally expensive as shown in
Table 10, in both CPU times and computer memory costs. The significant CPU time and
computer memory costs for the direct AcIIF2 scheme come from the direct computations
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Table 8 Example 2: KrylovIIF2 scheme, At = 0.5h, final time 7 = 1.0

N x N L error Order CPU (s) R1 CPUI (s) R2 CPU2(s) R3
40 x 40 2.81 x 1073 3.85 3.85 0.05

80 x 80 719 x 1074 1.97 26.50 6.88  26.50 6.88 0.17 3.51
160 x 160 181 x 1074 1.9 198.52 749  198.52 7.49 0.61 3.63
320 x 320 445 % 107> 203 1,621.66 8.17 1,621.66 8.17 2.54 4.13
640 x 640 7.65x 1070 254 12,822.76 7.91 12,822.76 7.91 9.92 391
1280 x 1280  1.90 x 107 2.01 104,679.46  8.16  104,679.46 8.16  40.07 4.04

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one
time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU times on an N x N

mesh to that on a % X % mesh

Table 9 Example 3: KrylovlIF2 scheme, Ar = /3, final time 7' = 1.0

N x N x N L° error Order CPU (s) R1 CPUI (s) R2 CPU2 (s) R3
10 x 10 x 10 421 x 1072 0.15 0.15 0.03

20 x 20 x 20 111 x 1072 1.92 2.09 13.51 2.08 13.52 0.21 6.76
40 x 40 x 40 2.79 x 1073 2.00 33.11 15.88  33.09 15.89 1.65 7.95
80 x 80 x 80 6.97 x 1074 2.00 538.81 16.27 538.70 16.28 13.69 8.27

160 x 160 x 160 1.74 x 10™%  2.00 8,413.74 15.62 8,412.93 15.62 109.56 8.00
320 x 320 x 320 4.36 x 1075 2.00 132,359.95 1573 132,353.57 15.73 866.21 791

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one

time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU timesonan N x N x N

mesh to that on a % X % X % mesh

and stores of several N> x N2 matrices’ exponentials. In fact, the computations on the
160 x 160 x 160 mesh can not be performed due to memory restrictions of our workstation.
Direct large N2 x N? matrix-vector multiplications require a large amount of CPU time for
refined meshes as shown in Table 10 the one time step CPU times. On the other hand, if we
use the Krylov approach to approximate these N2 x N2 matrices’ exponentials in the AcIIF2
scheme, the computational efficiency can be improved dramatically. This is shown in Table
11. An interesting case is that for the coarse meshes such as 10 x 10 x 10 and 20 x 20 x 20,
the one time step CPU time for the direct AcIIF2 scheme is less than that for the AcIIF2
scheme with Krylov subspace approximations due to the relative small sizes of N2 x N2
matrix-vector multiplications. However, the total CPU time for the direct AcIIF2 scheme
still costs more due to the expensive direct evaluations of N2 x N2 matrices’ exponentials.
In Table 9, we report results for the KrylovIIF2 scheme. The efficiency of the KrylovIIF2
scheme is impressive. In fact, the KrylovIIF2 scheme is the most efficient one among all three
approaches here on all meshes. We can also see that both the KrylovIIF2 scheme and the
AclIF2 scheme with Krylov subspace approximations have linear computational complexity
as shown by the CPU time ratios in Tables 9 and 11.

Example 4 (A 4D problem with constant diffusion coefficients). We test a higher dimen-

sional problem, the four-dimensional reaction—diffusion problem with constant diffusion
coefficients
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Table 10 Example 3: Direct AcIIF2 scheme, At = h/3, final time 7 = 1.0

N x N x N L error Order CPU (s) R1 CPUI (s) R2 CPU2(s) R3
10 x 10 x 10 421 x 1072 2.16 1.08 0.01

20 x 20 x 20 111 x 1072 1.92 143.85 66.60 73.36 67.75 0.28 31.73
40 x 40 x 40 279 x 1073 2.00 11,831.05 82.24 5,214.92 71.09 8.88 32.26

80 x 80 x 80 6.97 x 107* 2,00 1,601,309.44 135.35 753,295.70 144.45 485.98 54.73
160 x 160 x 160 — - - - - — — _

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one
time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU timesonan N x N x N

mesh to that on a % X % X % mesh. The symbol “~” means no enough memory for computation

Table 11 Example 3: AclIF2 scheme with Krylov subspace approximations, At = h/3, final time 7' = 1.0

N x N x N L error Order CPU (s) R1 CPUI (s) R2 CPU2 (s) R3
10 x 10 x 10 421 x 1072 1.17 1.17 0.23

20 x 20 x 20 1.11x 1072 1.92 8.66 7.41 8.66 741 0.87 3.70
40 x 40 x 40 279 x 1073 2.00 96.87 11.18 96.86 11.18 4.85 5.59

80 x 80 x 80 6.97 x 1074 2.00 1,352.48 13.96 1,352.37 13.96  34.70 7.15
160 x 160 x 160 174 x 10™% 2,00  21,221.14 15.69 21,220.33 15.69 275.57 7.94
320 x 320 x 320 4.36 x 1075 2.00 339,245.16 1599 339,238.81 1599 2,217.32 8.05

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one
time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU timesonan N x N x N

mesh to that on a % X % X % mesh

Table 12 Example 4: KrylovIIF2 scheme, At = h/3, final time 7 = 1.0

NxNxNxN L error Order CPU (s) R1 CPUl (s) R2 CPU2(s) R3

10x10x10x 10 1.16 x 107! 1.60 1.59 0.32
20x20%x20x20 292x 1072 1.99  49.34 30.89 4930 3092 493 15.49
40 x 40 x 40 x 40 7.24 x 1073 2.01 1,596.13 3235 1,595.56 3237 79.79 16.19

80 x 80 x 80 x 80 1.81 x 1073 2,00  70,569.13 4421 70,560.68 44.22 192945 24.18

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for
one time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU times on an

NxNxNmeeshtothatona%x%x%x%mesh

ur = (0.1uyx; — 015150, + 0. 11y, 0y) + (0. 12y, +0.20 5 x5 + 0.201555)
+ (0.1uy 0, + 020004 +0.20x,0) + (0. 123y, +0.20 1505 + 0.2U15x5)
+ (0.1ttxyxy + 020550, +0.201,5,) + (0205505 + 0.150 x5, + 0.10y,x,) + 2,
(51)
where (x1,x2,x3,x4) € 2 ={0 < x; <27m,0 <xp <27,0 < x3 <2m,0 < x4 <27}
with periodic boundary condition. The initial condition is u(xy, x2, x3, x4, 0) = sin(x] +
X3 + x3 4+ x4). The exact solution of the problem is

0

u(x, x2,x3, x4, 1) = e~ sin(x1 + x2 + x3 + x4).
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Table 13 Example 4: Direct AcIIF2 scheme, At = h/3, final time 7 = 1.0

N xNxNxN L error Order CPU (s) R1 CPU1(s) R2 CPU2(s) R3

10x10x10x 10 1.16 x 101 5.20 3.04 0.19

20x20 x20 x20 292 x 1072 1.99 39891 76.75 258.66 85.06 11.84  63.91
40 x40 x 40 x 40 7.24x 1073 2.01 3834137 96.12 25777.97 99.66 799.41 67.50
80 x 80 x 80 x 80 — - - - - - - -

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for
one time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU times on an
N x N x N x N mesh tothaton a % X % X % X % mesh. On the 80 x 80 x 80 x 80 mesh, the computations
can not be performed due to computation time restrictions of our workstation

Table 14 Example 4: AcIIF2 scheme with Krylov subspace approximations, At = /3, final time 7' = 1.0

NxNxNxN L error Order CPU (s) R1 CPUI (s) R2 CPU2(s) R3

10x10x 10 x 10 1.16 x 107! 23.70 23.69 4.73

20x20%x20x20 292x 1072 1.99  346.17 14.61 346.13 14.61 34.59 7.31
40 x 40 x 40 x 40 7.24 x 1073 201  7,779.73 2247 1,779.17 2247 389.45 11.26
80 x 80 x 80 x 80 1.81 x 1073 2,00  217,356.07 27.94 217,347.68 27.94 5573.58 1431

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for

one time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU times on an

NxNxNmeeshtothatona%x%x%x%mesh

We compute the problem until the final time 7 = 1 by the KrylovIIF2 scheme (17) with the
convection term F, = 0, and the AcIIF2 scheme (42), (72), (73) with the convection term
F, = 0. For the AcIIF2 scheme, we also implement it in two different ways, i.e., the direct
computations of N2 x N2 matrices’ exponentials and the Krylov subspace approximations
of them. The numerical results are reported in Tables 12, 13 and 14. We obtain the same
conclusion as the 3D problem (Example 3). All of methods give the same numerical errors and
the second order accuracy. However, the direct AcIIF2 scheme is computationally the most
expensive one among three approaches for relatively refined meshes such as 40 x 40 x 40 x 40.
We count the total numbers of multiplication and division operations at one time step. The
direct AcIIF2 scheme needs 6N® 4+ 2N* operations, where N is the number of grid points
in each spatial direction. The computational complexity is not linear and CPU time ratio is
expected to be around 2° = 64 when the spatial mesh is refined once. This is verified in
Table 13. As a result of the significant increase of computation time with mesh refinement,
CPU time has reached the maximum computation time restriction of our workstation and
the computation on 80 x 80 x 80 x 80 can not be performed. The computational efficiency
is improved dramatically when the Krylov approach is used to approximate these N> x N2
matrices’ exponentials in the AcIIF2 scheme, as shown in Table 14. Again, the KrylovIIF2
scheme is the most efficient one among all three approaches here on all meshes as shown
in Table 12. In terms of total numbers of multiplication and division operations at one time
step, the KrylovIIF2 scheme needs (M? + 28M + 4)N* + O(M?) operations, and the
AclIF2 scheme with Krylov subspace approximations needs (6M?>466M + 14)N*+ O (N?)
operations. M is the dimension of the Krylov subspace and M = 25 in this example. Hence
they have linear computational complexity.
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Table 15 Example 5: KrylovlIF2 scheme, At = h/3, final time 7 = 1.0

N x N x N L error Order CPU (s) R1 CPUI (s) R2 CPU2(s) R3
10 x 10 x 10 2.15 x 107! 0.17 0.17 0.03

20 x 20 x 20 529 x 1072 2.02 2.20 13.06 2.19 13.10 0.22 6.56
40 x 40 x 40 134 %1072 1.99 35.05 15.94  35.00 15.98 1.75 7.89
80 x 80 x 80 334 x 1073 2.00 551.57 15.73  551.17 15.75 14.13 8.07

160 x 160 x 160 8.34 x 10~%  2.00 8,992.13 16.30 8,989,12 16.31 115.99 8.21
320 x 320 x 320 2.09 x 10~* 200 153,195.14 17.04 153,171.55 17.04 958.75 8.27

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one
time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU timesonan N x N x N

mesh to that on a % X % X % mesh

Table 16 Example 5: Direct AcIIF2 scheme, At = h/3, final time 7 = 1.0

N x N x N L° error Order CPU (s) R1 CPUI1 (s) R2 CPU2(s) R3
10x10x 10 2.12x 101 13.79 6.77 0.02
20x20x20 5.19x 1072 203 1,723.95 125.01 852.12 125.81 0.54 27.17

40 x40 x40 131x 1072 1.99 328,908.44 190.79 145,345.87 170.57 20.18 37.45
80 x 80 x 80 - - - - - - - -

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one
time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU timesonan N x N x N
mesh to that on a % X % X % mesh. The symbol “~” means no enough memory for computation

Example 5 (A 3D problem with variable diffusion coefficients). In this example, we test the
three-dimensional reaction—diffusion problem with variable diffusion coefficients

u; = 0.5uyy — 0.5sin(x + y)uxy + 0.5uy,

1 1
+ 0.5uyy — 3 €08 Yihaz + 3l (52)

1
+ 0.5(1 + cosx)uyy — 0.5(1 + cos x)uy, + g(l 4+ cosxX)uz, + f(x,y,z,u),

where (x,y,2) € 2 ={0 < x < 27,0 < y < 27,0 < z < 27} with periodic bound-
ary conditions. The initial condition is u(x, y, z,0) = sin(x + y + z). The source term
flx,y,z,u) = (1.3 + % —0.5sin(x +y) + %(COS.X — cos y))u. The exact solution of this
problem is

u(x,y,z,t) = e 02 sin(x +y + z2).

This problem was used in [49] for testing the AcIIF2 scheme. We compute the problem until
the final time 7' = 1. The KrylovIIF2 scheme (17) with the convection term F, = 0, and the
AclIIF2 scheme (42), (70), (71) with the convection term F, = 0 are tested. Two different ways
to implement the AcIIF2 scheme, i.e., direct computations of N2 x N2 matrices’ exponentials
and Krylov subspace approximations of them, are performed. The numerical results are
reported in Tables 15, 16 and 17. We obtain the same conclusion as Example 3 and Example
4. All of methods achieve similar numerical errors and the second order accuracy. Again, the
direct AclIF2 scheme is computationally the most expensive one among three approaches
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Table 17 Example 5: AclIF2 scheme with Krylov subspace approximations, At = h/3, final time 7 = 1.0

N x N x N L™ error Order CPU (s) R1 CPUI (s) R2 CPU2(s) R3
10 x 10 x 10 2.12 x 1071 1.99 1.99 0.40

20 x 20 x 20 5.19x 1072 2.03 14.87 745 14.86 745 149 3.73
40 x 40 x 40 131 x 1072 1.99 165.34 11.12  165.28 11.12  8.26 5.56
80 x 80 x 80 3.27 x 1073 2.00 2,299.09 13.91 2,298.70 13.91 58091 7.13

160 x 160 x 160 8.17 x 10~%  2.00 35,181.50 15.30  35,178.49 15.30 456.60 7.75
320 x 320 x 320 2.04 x 107 200 57757749 1642 577.553.96 1642 3,775.65 827

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one

time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU timesonan N x N x N

mesh to that on a % X % X % mesh

due to direct computations of quite a few N> x N matrices’ exponentials. Especially for this
problem with variable diffusion coefficients, much more N> x N2 matrices’ exponentials
need to be computed than that for constant diffusion coefficient problems because such
N? x N? matrices AII“Q A/% and A§‘3 in (70) and (71) are different at different spatial grid
points. Since direct implementation of the AcITF2 scheme computes and stores these N> x N2
matrices’ exponentials before the time evolution, much more computer memory is used to
store matrices’ exponentials than that by the approach of Krylov subspace approximations, in
which multiplications of exponential matrices and vectors are performed in the time evolution
process and no matrix’s exponential is pre-stored. In fact, the computations on the 80 x 80 x 80
mesh by the direct AcIIF2 scheme can not be performed due to memory restrictions of our
workstation. Table 16 shows that a complete simulation needs much more CPU times than that
of the time evolution part. This verifies that direct computations of these N> x N2 matrices’
exponentials require a large amount of CPU resources. Again, the computational efficiency
can be improved dramatically by using the Krylov approach to approximate multiplications
of N2 x N? matrices’ exponentials with vectors in the AcIIF2 scheme, as shown in Table
17. And computations can be performed on much more refined meshes (Table 17) since we
do not need to pre-store these N> x N2 matrices’ exponentials. The most efficient one is
the computations by using the KrylovIIF2 scheme, as shown in Table 15. In terms of total
numbers of multiplication and division operations at one time step, the KrylovIIF2 scheme
needs (M2 + 19M + 7)N3 + MN? + MN + O(M?3) operations, and the AclIF2 scheme
needs 5N 4 6N3 operations. N is the number of grid points in each spatial direction, while
the constant M is the dimension of the Krylov subspace and M = 25 in this example. Hence
the KrylovIIF2 scheme has linear computational complexity as shown by the CPU time ratios
in Table 15.

3.1.3 A System with Stiff Reactions from Mathematical Biology

Example 6 We consider an example in mathematical modeling of the dorsal-ventral pat-
terning in Drosophila embryos, a regulatory system involving several zygotic genes [35].
Among them, decapentaplegic (Dpp) promotes dorsal cell fates such as amnioserosa and
inhibits development of the ventral central nervous system; and another gene Sog promotes
central nervous system development. In this system, Dpp is produced only in the dorsal
region while Sog is produced only in the ventral region. For the wild-type, the Dpp activity
has a sharp peak around the mid-line of the dorsal with the presence of its “inhibitor” Sog.
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Intriguingly, mutation of Sog results in a loss of ventral structure as expected, but, in addition,
the amnioserosa is reduced as well. It appears that the Dpp antagonist, Sog, is required for
maximal Dpp signaling [2]. Motivated by experimental study on over-expression of the cell
receptors along the anterior—posterior axis of the embryo [35], a two-dimensional reaction
diffusion model was developed [27] to exam the Dpp activities outside the area of elevated
receptors in a Drosophila embryo. The model has stiff reaction terms due to largely different
biochemical reaction rates in the system [38]. Here we compare the computational efficiency
of compact IIF method and Krylov IIF method for solving this example.

Let [L], [S], [LS], [LR] denote the concentration of Dpp, Sog, Dpp-Sog complex, and
Dpp-receptor complex, respectively. The dynamics of the Dpp-Sog system is governed by
the following reaction diffusion system [27]:

L] (L] | 9[L]
— =D < 2 Ty ) — kon[L1 (R(x, y) = [LR]) + kosf[LR]

—JonlLILST + (joff + Tjaeg) ILST + VL(x. y)

A[LR]
= kon[LT(R(x,y) — [LR]) — (koff + kaeg)[LR]
A[LS] 92[LS] 93[LS] ) , )
P =DLs ( 9x2 + 3)72 + Jjon[L1[S] — (]off + ]deg)[LS]
ST _ o (LISV L PUSIY o 100ST o 1] 4+ Vs, ») (53)
= - X,
a1 9x2 ayz Jon Joff N y
in the domain 0 < x < Xmax, 0 < ¥ < Ymax, where
Rp, x < Xy,
R(x,y) = (54)
Ry, x> Xj.
1
ly,
VL(X,Y) = vL, Yy <1 5 Y'max., (55)
0, y = ijax-
0 ly,
Vs(X, ¥y =] 72 /mw (56)

1
vs, ¥ = 5 ¥max-

The boundary conditions for [L], [LS], and [S] are no-flux at x = 0 and x = X, and
periodic at y = 0 and y = Ypax- R(x, y) is the concentration of the initially available
receptor in space; x = X, is the boundary between the two regions with different level of
receptors; Vp (x,y) and Vg(x, y) are the production rates for Dpp and Sog, respectively;
Dy, Drs, Dg are diffusion coefficients; t is the cleavage rate for Sog, and other coefficients
are on, off and degradation rate constants for the corresponding biochemical reactions. The
initial concentrations of all morphogen molecules are zeros. Both X4 and Y« are taken to
be 0.055cm, based on the embryo size of Drosophila at its certain developmental stage [35].
We study the cell receptor over-expression experiments in [35] by setting Ry, = 9 wM in the
region 0 < x < Xj = 0.02cm, and Ry = 3 uM in the rest part of the domain. The second
order Krylov IIF (Krylov IIF2) scheme and the second order compact IIF (cIIF2) scheme
are used to simulate the system. The numerical solutions for the concentrations of Dpp,
Dpp-receptor, Dpp-Sog and Sog are presented in Figs. 1 and 2. Similar results are obtained
for these two methods. Simulations by both methods confirm that the over-expression of
receptor induces a local boost of Dppreceptor activities near the boundary of two different
concentration regions of receptors, similar to the experimental observations in [35]. However
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Fig. 1 Numerical solutions of Example 6 using the Krylov IIF2 scheme: concentrations of [L], [LR],
[LS], [S]atT = 100 s for the Dpp-Sog system when receptors are over-expressed. At = hy = hy = 0.001375
in the simulation. Parameters are D; = Dy g = Dg = 85 pm2 s~ vy, = 1nM s vg = 80nM s Likon =
04uM s i kyrr =4 x 107057 L ke = 5 x 10745715 o = 95 UM s jprp =4 x 1070571
Jaeg = 0545717 = 1; Ry = 9uM; Ry = 3uM

the computational efficiency of these two methods are different. It takes 871.26 seconds CPU
time for the cIIF2 scheme to finish the simulation, while it costs 8152.50 seconds CPU time for
the Krylov IIF2 scheme. Again, consistent observations with previous examples are obtained.
For this example which has diffusion terms without cross-derivatives, compact approach is
more efficient than the Krylov approach.

3.2 Convection-Diffusion Problems

In this section, we test these schemes for dealing with high dimensional convection—diffusion
problems with WENO discretizations for convection terms.

Example 7 (A 4D convection—diffusion equation with anisotropic diffusion and constant
diffusion coefficients) We consider a four-dimensional convection—diffusion equation with
cross-derivative diffusion terms and constant diffusion coefficients

1 1 1 1
o (3), (), + (6), + (3)
2 ) ) ) et

= (0. 1ttx,2, — 01512 5, + 0.Lutxyey) + (0. Luty x, + 0.24 53 + 0.20151x,)
+ (0. 1wy x; +0.2ux vy +0.2u1,04) + (0. 11xy0, + 0. 201505 + 0.2Ux5x5)
(0. Lttxyy + 0200y, + 020,00) + (02015, + 015041,
+ 0.1uyyny) + S(x1, X2, X3, X4, 1),

(57)

where (x1,x2,x3,x4) € 2 ={0 < x; <27m,0 <x2 <27,0 < x3 <2m,0 < x4 <27}
with periodic boundary condition. The initial condition is u(xy, x2, X3, x4, 0) = sin(x] +
X2 + x3 4+ x4). The exact solution is
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Fig. 2 Numerical solutions of Example 6 using the cIIF2 scheme: concentrations of [L], [LR], [LS], [S] at
T = 100 s for the Dpp-Sog system when receptors are over-expressed. At = hy = hy = 0.001375 in the
simulation. Parameters are Dy = Dyg = Dg = 85 wm2s—1; v = 1nMs—L; vy = 80nM s~ L; ko =
04uM ™ sl kyrr =4 x 107057 L kgee = 5 x 10745715 o = 95 UM s jprp =4 x 1070571
Jaeg = 0545717 = 1; Ry = 9uM; Ry = 3uM

—0.5¢

u(xy, x2,x3,x4) =e sin(xy + x2 + x3 + x4).

The source term
S(x1, x2, X3, x4, 1) = (4e cos(x1 4+ x0 +x3 4+ x4) + 2)e sm(x1 + x2 + x3 4+ x4).

We compute the problem until the final time 7 = 1. The KrylovIIF2-WENO scheme (17)
and the AcIIF2-WENO scheme (42), (72), (73) with Krylov subspace approximations to
matrix exponentials in (72) and (73) are used. Here time step sizes are determined only by
the convection (hyperbolic) part of the equation with CFL number 0.1. Numerical results are
reported in Tables 18 and 19. We can see that both schemes achieve the same numerical errors
and second order accuracy. However, the KrylovIIF2-WENO scheme is much more efficient
than the AcIIF2-WENO scheme with Krylov subspace approximations for this example.

Example 8 (A 3D convection—diffusion equation with anisotropic diffusion and variable
diffusion coefficients) We add convection terms to the example 5 and consider the following
three-dimensional convection—diffusion equation with cross-derivative diffusion terms and
variable diffusion coefficients
15 [ I :
u; + (Eu ) + (Eu )y + (§M )z = 051y — 0.5sin(x + y)uyy
1 1
+0.5uyy + 0.5uy, — 3 cos(Y)uy, + guzz + 0.5(1 + cos x)uy, (58)

1
—0.5(1 + cosx)uy; + g(l 4+ cosx)uz, + S(x,y,z,1),
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Table 18 Example 7: KrylovIIF2-WENO scheme, final time 7 = 1.0

N xNxNxN L error Order CPU (s) R1 CPUI (s) R2 CPU2(s) R3

10x 10 x 10 x 10 2.27 x 1072 6.55 6.52 0.65

20x20 x20 x20 1.0l x 1072 1.18  242.15 36.97 241.64 37.08 10.51 16.13
40 x 40 x 40 x 40 330x 1073 1.61 801372  33.09 800598  33.13 16682 1587
80 x 80 x 80 x 80 9.00 x 10™% 1.87 31694598 39.55 316,803.84 39.57 3,084.58 18.49

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for
one time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU times on an

NxNxNmeeshtothatona%x%x%x%mesh

Table 19 Example 7: AclIF2-WENO scheme with Krylov subspace approximations, final time 7 = 1.0

NxNxNxN L% error Order CPU (s) R1 CPUI (s) R2 CPU2(s) R3
10x 10 x 10 x 10 2.27 x 1072 110.57 110.54 11.07
20x 20 x 20 x 20 1.01 x 1072 1.18  2,290.56 20.72  2,290.05 20.72 99.25 8.96

40 x 40 x 40 x 40 330 x 1073 1.61  60,778.28 26.53 60,770.28 26.54 1,269.46 12.79
80 x 80 x 80 x 80 9.00 x 10~% 1.87 1,812,641.33 29.82 181226639 29.82 17,984.97 14.17

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for

one time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU times on an

NxNxNmeeshtothatona%x%x%x%mesh

where (x,y,2) € Q ={0 < x < 27,0 < y < 21,0 < z < 27} with periodic boundary
conditions. The initial condition is u(x, y, z, 0) = sin(x + y + z). The exact solution of this
equation is

u(x,y, z,t) = e 02 sin(x + y + 2).

And the source term S(x, y, z, t) is

59
S(x,y,z,t) = (36_0'2t cos(x +y+2)+ 0 0.5sin(x + y)

+ %(cos(x) - cos(y)))efo'z’ sin(x +y + z).

We compute the problem until the final time 7 = 1. The KrylovIIF2-WENO scheme (17),
and the AclIF2-WENO scheme (42), (70), (71) with Krylov subspace approximations to
matrix exponentials in (70) and (71) are tested. Time step sizes are determined only by
the convection (hyperbolic) part of the equation with CFL number 0.1. Numerical results
are reported in Tables 20 and 21. The same observations as the last example are obtained.
Both schemes achieve almost the same numerical errors and second order accuracy. The
KrylovIIF2-WENO scheme is much more efficient than the AcIIF2-WENO scheme with
Krylov subspace approximations for this convection—diffusion example with anisotropic
diffusion and variable diffusion coefficients.

Example 9 (A convection-dominated problem) In this example, we test the performance of
the schemes for convection-dominated case. Consider the two-dimensional nonlinear viscous
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Table 20 Example 8: KrylovIIF2-WENO scheme, final time 7 = 1.0

N x N x N L error Order CPU (s) R1 CPU1(s) R2 CPU2(s) R3
10 x 10 x 10 137 x 107! 1.22 1.22 0.09

20 x 20 x 20 299 x 1072 2.19 21.24 1735  21.21 17.37 0.76 8.11
40 x 40 x 40 528 x 1073 2.50 393.16 18.51 39295 18.52 6.89 9.10
80 x 80 x 80 1.09 x 1073 228 8,463.98 21.53  8,462.12 21.53 61.55 8.93
160 x 160 x 160  2.62 x 10™%  2.05 95,558.44 11.29 9554598 11.29 413.83 6.72

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one
time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU timesonan N x N x N
mesh to that on a % X % X % mesh

Table 21 Example 8: AcIIF2-WENO scheme with Krylov subspace approximations, final time 7 = 1.0

N x N x N L error Order CPU (s) R1 CPUI (s) R2 CPU2 (s) R3
10 x 10 x 10 137 x 107! 10.05 10.05 0.78

20 x 20 x 20 299x 1072 219 8147 8.10 81.44 8.10 291 3.73
40 x 40 x 40 528 x 1073 250  936.26 11.49  936.05 1149  16.43 5.64
80 x 80 x 80 1.09 x 1073 228 11,024.66  11.78 11,022.74 11.78  91.27 5.56
160 x 160 x 160 2.61 x 10™% 2.06  215299.80 19.53 215287.37 19.53 936.02 10.26

CPU: CPU time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one
time step. CPU time unit: seconds. R1, R2 and R3 are the ratios of corresponding CPU timesonan N x N x N

mesh to that on a

N N

><7x7mesh

KrylovlIF2, d=0.01

cllF2, d=0.01

Fig. 3 Numerical solutions of nonlinear viscous Burgers’ equation on a 80 x 80 mesh by the Krylov IIF2-
WENO scheme and the cIIF2-WENO scheme. Time 7' = 5/ 7. Left picture result of Krylov IIF2-WENO;

right picture result of cIIF2-WENO
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Table 22 CPU time comparisons for solving the nonlinear viscous Burgers’” equation

N x N KrylovIIF2 CPU (s) clIF2 CPU (s)
40 x 40 0.52 0.10

80 x 80 5.83 1.20

160 x 160 29.81 15.15

320 x 320 378.36 290.28

640 x 640 3,067.96 4,344.81

The PDE is solved until the final time 7 = 5 /7r2. KrylovlIF2 CPU: CPU time of the Krylov IIF2-WENO
scheme; cIIF2 CPU: CPU time of the cIIF2-WENO scheme

Table 23 Numerical errors and KrylovIIF2-WENO
accuracy orders for the

KrylovIIF2 scheme and the Time step size L®error Order
AclIF2 scheme with Krylov g
subspace approximations for the At 1.56 x 10
3D Fokker—Planck equation (63) At)2 3.90 x 102 2.00
At/4 1.00 x 1072 1.96
AclIF2-WENO with Krylov subspace approx.
Time step L error Order
-8
The third order WENO scheme is ~ ~" 1.36>10
used for the convection terms. At)2 3.90 x 1079 2.00
Final time T = 5. At = 0.017 At/4 1.00 x 10—9 1.96
Burgers’ equation
u? u?
ur + (—=)x + (—=)y = 0.01Au, —2<x<2, —2<y<2,
Priga Ty (59)

u(x,y,0) =03 +07 sin(%(x ),

with periodic boundary condition. Since the viscous coefficient is much smaller than the
convection coefficient, a sharp gradient (the shock wave) is developed along with the time
evolution. The Krylov IIF2-WENO scheme and the cIIF2-WENO scheme are used to solve
the PDE to T = 5/72. The numerical results are reported in Fig. 3. We can observe that the
WENO scheme plays an important role here to obtain a sharp, non-oscillatory shock transition
region. The time step size is only restricted by the hyperbolic part of the PDE with CFL number
0.5. We compare the CPU times of the Krylov IIF2-WENO scheme and the cIIF2-WENO
scheme on different meshes. The results are reported in Table 22. Consistent observations
with previous examples are obtained. For this example which has diffusion terms without
cross-derivatives, compact approach is more efficient than the Krylov approach, except the
case with a very refined mesh.

Example 10 (Fokker—Planck equations)The Fokker—Planck equation (FPE) [9,39] describes
in a statistical sense how a collection of initial data evolves in time, e.g., in describing
Brownian motion. It is a N-dimensional convection—diffusion equation and has been applied
in computing statistical properties in many systems. In [49], AcIIF schemes with second order
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T=10, z=12.75 T=10, z=21.75 X107
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X X

T=10, z=30.75 T=10, z=39.75 X107
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Fig.4 Distribution of molecular species A and B with E4 = 12.75, 21.75, 30.75, 39.75. Numerical solutions
of (63) using the KrylovIIF2-WENO scheme. Final time 7" = 10. At = 0.017. The numbers of spatial grid
points are Ng = 120, Np = 120, Ng, = 60

central difference spatial discretizations for the diffusion terms were applied in solving FPEs
which describe the time evolution of the probability density function of stochastic systems
[40]. The general form of FPEs is

R N N
ap(x,t) a 1 9q,(x, 1)
T=—Z Z"riE(CIr(x,f)—Eanj%) ) (60)
r=1 | i=1 ! j=1 J
where p(x,t) is the probability density of the system at the state x = (x1,x2,...,xnN)

and time ¢. In the context of bio-chemical reactions, R denotes the total number of chemical
reactions in the system, N the total number of species involving in the reaction, and x; denotes
the copy number of ith reactant. n,; is the change of x; when the rth reaction occurs once.
gr(x,t) is defined by g, (x,t) = w,(x)p(x,t), where w,(x, t) is the reaction propensity
function for rth reaction at state x and time 7. In this section, we study computational efficiency
of Krylov IIF-WENO scheme and AcIIF-WENO scheme for solving high dimensional FPE.
Since IIF schemes in this paper are multistep methods, numerical values at the first time step
are needed to start computations for solving convection—diffusion equations. We use a third
order Runge—Kutta scheme for the first step time evolution. Then the second order Krylov
IIF scheme and AcIIF scheme are used to continue the time evolution.

(1) A three dimensional Fokker—Planck equation
We first compare the computational efficiency of the KrylovIIF2-WENO scheme (17) and
the AclIF2-WENO scheme (42), (70), (71) with Krylov subspace approximations for a three
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Table 24 CPU time for KrylovIIF2 scheme and the AcIIF2 scheme with Krylov subspace approximations
for the 3D Fokker—Planck equation (63)

CPU CPU1 CPU2
KrylovlIF2-WENO 44,568.7 44,562.3 75.24
AclIF2-WENO with Krylov 183,126.0 183,120.0 309.38

The third order WENO scheme is used for the convection terms. Final time 7 = 10. At = 0.017. CPU: CPU
time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one time step.
CPU time unit: seconds

T=50 z=12.75 T=50 z=21.75

T=50 z=30.75 T=50 z=39.75 x107°

Fig.5 Distribution of molecular species A and B with E4 = 12.75, 21.75, 30.75, 39.75. Numerical solutions
of (63) using the KrylovIIF2-WENO scheme. Final time 7 = 50. At = 0.017. The numbers of spatial grid
points are Ny = 120, Np = 120, Ng, = 60

dimensional Fokker—Planck equation [44] which involves two metabolites A and B and one
enzyme E 4. The reactions are described as following (here ) means that there is no reactant
or product in the reaction):

S K

g A g L8 B,
k[A][B
A+ ABy
(61)

A B
Aty gy

kEA

T+[Al/K E
@HMR A, Eg L\)]@.
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(@) T=0, z=20.25 x107™ (b) T=20, z=18.75 x 107

(c) T=35,2=17.25 <107 (d) T=50, z=16.50 x 107

Fig. 6 Distribution of molecular species A and B with different E 4 values, at time 7 = 0, 20, 35, 50.
Numerical solutions of (63) using the KrylovIIF2-WENO scheme. At = 0.017. The numbers of spatial grid
points are Ny = 120, Np = 120, Ng, = 60

In this system, the total number of reactions R is 7, and the total number of chemical species
N is 3. The vectors n, = (n,1,n2,ny3)areny = (1,0,0),ny = (0, 1,0),n3 = (—1, —1, 0),
ng = (—1,0,0), n5 = (0, —1,0), ng = (0,0, 1), n7 = (0,0, —1). We denote the system
state x by x = (x1, x2, x3) which is ([A], [B],[E4]) in this case. Then the propensity
functions w, (x) are

kaxs
w) = ————, wy =kp, w3 =kxixy,
14+ x1/K;
« (62)
Ex
W4 = UX], W5 = X2, W= —Pb—\, W7 = [LX3,
4 = X 5 = UX2 6 T+ x1/Kn 7 = QX3

where kg4 = 0.3s™ !, kg =2s~ !, K; =30,k = 0.001s™!, u = 0.004s~!, Kr = 30 and
kg, =1 s~! [44]. Then the FPE can be written as

ap(x,t
%=—<L1+L2+L3+L4+L5+L6+L7), 63)

where L, represents the operator for the rth reaction. Specifically,

dgi(x, 1) 18°qi(x,1)

L =

: 0x1 2 8x12
L den  19%q, 0
°T T 2?2

@ Springer



J Sci Comput

dg3(x,t dq3(x,t 1 /0%g3(x, t 2q3(x, t 82g3(x, 1
Ly= a0 945 )_7( a3(x.0) a3 n) o 9%5( ))

ax1 xo 2 ax? axo2 9x10x2
dqa(x, 1) 10%qa(x, 1)
Ly=— - —=,
0x] 2 0x]
Lo_ et 10%gs(x, 1)
> 9x2 2 8x% ’
dge(x, 1) 109%qe(x, 1)
Lo = - -
dx3 2 0x3
dgr(x, 1) 13%q7(x, 1)
L= L (64)
3X3 2 8)(3

The computational domain is & = [0, 100] x [0, 100] x [0, 45], which covers nearly all the
possible states of the chemical reactions, since the probability of [A] > 100, [B] > 100, and
[E4] > 45 is sufficiently small. The initial condition in our simulation is a Gaussian distri-
bution centered at point (30, 40, 20) with standard deviation +/30. Zero Dirichlet boundary
conditions are used.

For spatial discretizations, we use the third order WENO scheme for the convection terms
and the second order central difference scheme for the diffusion terms. And we compare the
second order Krylov IIF scheme and the second order AcIIF scheme with Krylov subspace
approximations. For simulation results shown in the figures here, the time step size At is
0.017 (corresponding to the CFL number 0.4 for the convection part) and the numbers of
spatial grid points are Ny = 120, Np = 120, Ng, = 60. In Table 23, we list the errors
and accuracy orders for both schemes, and the same numerical errors and second order
accuracy are obtained. Since there is no explicit form for the exact solution in this example,
we focus on testing the schemes’ temporal accuracy. So the spatial resolution is fixed to be
120 x 120 x 60, and numerical errors for a time step size At are obtained by calculating the
difference of numerical values for At and Ar/2. We compare the computational efficiency
of these two schemes and list CPU times of using them to solve the problem until the final
time 7 = 10 with Ar = 0.017, in Table 24. The CPU times in Table 24 show that the
KrylovIIF2-WENO scheme is more efficient than the AcIIF2-WENO scheme with Krylov
subspace approximations, for this example. In Figs. 4, 5 and 6, we show contour plots
of numerical solutions by the KrylovIIF2-WENO scheme on two dimensional domain of
molecular species A and B, with different values of the third dimension E 4. Contour plots of
numerical solutions by the AcIIF2-WENO scheme with Krylov subspace approximations are
presented in Figs. 7, 8 and 9. We see that both methods generate similar numerical solutions.

(2) A four dimensional Fokker-Planck equation

We further test the methods for a higher dimensional problem, i.e., a four dimensional
FPE which involves two metabolites A and B and two enzymes E4 and Ep. The reac-
tions are described as following (here ) means that there is no reactant or product in the
reaction):

kAlEA] kplEp]

I+[Al/K; I+[BI/K;
H 9 H 9
k[A][B]
A+B — 0,

A B
A g gy
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T=10, z=12.75 T=10, 2=21.75 X107

T=10, z=30.75 T=10, z=39.75

Fig.7 Distribution of molecular species A and B with E4 = 12.75, 21.75, 30.75, 39.75. Numerical solutions
of (63) using the AcIIF2-WENO scheme with Krylov subspace approximations. Final time 7" = 10. At =
0.017. The numbers of spatial grid points are N4 = 120, Np = 120, Ng, = 60

kEA
FE o HE
kEB
g TEIR B By MEy (65)

In this system, the total number of reactions R is 9, and the total number of chemical species
N is 4. The vectors n, = (n,1, ny, ny3,ny4) are gy = (1,0,0,0), ny = (0,1,0,0), n3 =
(=1,-1,0,0),n4 = (—1,0,0,0),n5 = (0, —1,0,0),n6 = (0,0, 1,0),n7 = (0,0, —1, 0),
ng = (0,0,0, 1), ng = (0,0,0, —1). We denote the system state x by x = (x1, x2, X3, X4)
which is ([A], [B], [E4], [Eg]) in this case. Then the propensity functions w, (x) are

kaxs kpxs
=, w =
14+ x1/K; ? 14+ x2/K;

kg, ki,
=———, W7 =UX3, wW§g=_——"——,
1+x1/Kg 1+x2/KRg

w3 =kxix2, w4 = uxy,
(66)

ws = uxz, We w9 = X4,

where kg = 0.3s™ !, kg = 0.3s~!, K; = 60, k = 0.001s~", & = 0.002s~!, Kr = 30,
kg, =0.02s7 ! and kg, = 0.02s~! [44]. Then the FPE can be written as

ap(x,t
%:—(Ll+L2+L3+L4+L5+L6+L7+L8+L9)a (67)
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Fig.8 Distribution of molecular species A and B with E4 = 12.75, 21.75, 30.75, 39.75. Numerical solutions
of (63) using the AcIIF2-WENO scheme with Krylov subspace approximations. Final time 7' = 50. At =
0.017. The numbers of spatial grid points are N4 = 120, Ng = 120, Ng, = 60

where L, represents the operator for the rth reaction. Specifically,

Le =

L7 =

Lg =

@ Springer

_ i) 19%q1(x. 1)

_0qa(x,1)  19%qa(x,1)

0x1 2 8x12

_gs(x,1)  19%gs(x,1)

0x2 2 3x22

dge(x, 1)  13%ge(x, 1)
0x3 2 8x32

Cdgqr(x.n)  19%q7(x1)

0x3 2 8x32

dgs(x, 1) 13%gs(x, 1)
0x4 2 8x‘%
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0x1 2 8x12
C0p(x, ) 19%qa(x, 1)
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(a) T=0, z=20.25

(c) 1=35, z=17.25

(b) 1=20, z=18.75

(d) T=50, z=16.50

Fig. 9 Distribution of molecular species A and B with different E 4 values, at time 7 = 0, 20, 35, 50.
Numerical solutions of (63) using the AcIIF2-WENO scheme with Krylov subspace approximations. At =
0.017. The numbers of spatial grid points are N4 = 120, Np = 120, Ng, = 60

Table 25 Numerical errors and
accuracy orders for the
KrylovIIF2 scheme and the
AclIF2 scheme with Krylov
subspace approximations for the
4D Fokker—Planck equation (67)

KrylovIIF2-WENO

Time step size L error Order
At 1.03 x 1078

At)2 258 x 1079 2.00
At/4 6.47 x 10710 2.00

AcIIF2-WENO with Krylov subspace approx.

Time step L error Order
—8
The third order WENO scheme is At 10310
used for the convection terms. At/2 258 x 10792 2.00
Final time T = 5. At = 0.1 At/4 6.47 x 10~10 2.00
dqo(x,1)  13%qo(x,t
ng_q( ) 1 q(z) 68)
0x4 2 oxg

The computational domain is = [0, 80] x [0, 80] x [0, 30] x [0, 30]. The initial condition
in our simulation is a Gaussian distribution centered at point (30, 40, 15, 12) with standard
deviation +/40. Zero Dirichlet boundary conditions are used.

Same as that for the three dimensional problem, for spatial discretizations we use the third
order WENO scheme for the convection terms and the second order central difference scheme
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Table 26 CPU time for KrylovIIF2 scheme and the AcIIF2 scheme with Krylov subspace approximations
for the 4D Fokker—Planck equation (67)

CPU CPU1 CPU2
KrylovlIF2-WENO 3831.98 3826.48 38.09
AclIF2-WENO with Krylov 93320.7 93315.6 924.16

The third order WENO scheme is used for the convection terms. Final time 7 = 10. At = 0.1. CPU: CPU
time for a complete simulation. CPU1: CPU time for time evolution part. CPU2: CPU time for one time step.
CPU time unit: seconds

(a) T=10, x3=4.50 x4=15 <107 (b) T=10, x3=12.00 x4=15
< <
20 40 60 20 40 60
Xy X
(c) T=10, X3=1g.50 x4=15 <107 (d) T=10, x3=27.00 X4=15

Fig. 10 Distribution of molecular species A and B with E4 = 4.5, 12,19.5,27 and Ep = 15. Numerical
solutions of (67) using the KrylovIIF2-WENO scheme. Final time 7 = 10. At = 0.1. The numbers of spatial
grid points are Ny = 40, Ng =40, Ng, =20, Ng, =20

for the diffusion terms. We compare the computational efficiency of the second order Krylov
IIF scheme (17) and the second order AclIF scheme (42), (74)—(77) with Krylov subspace
approximations. For simulation results shown in the figures here, the time step size At is 0.1
(corresponding to the CFL number 0.6 for the convection part) and the numbers of spatial
grid points are Ny = 40, Ngp =40, Ng, = 20, Ng, = 20. In Table 25, we list the errors and
accuracy orders for both schemes, and the same numerical errors and second order accuracy
are obtained. We compare the computational efficiency of these two schemes and list CPU
times of using them to solve the problem until the final time 7 = 10 with At = 0.1, in
Table 26. We obtain the same conclusion as that for the three dimensional problem. The CPU
times in Table 26 show that the KrylovIIF2-WENO scheme is more efficient than the AcIIF2-
WENO scheme with Krylov subspace approximations, for this four dimensional example. In
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(@) T=50, x,=4.50 x,=15

% (b) T=50, x,=12.00 x,=15

x 10

20 40 60 20 40 60

X

C) T=50, x,=19.50 x =15 d) T=50, x,=27.00 x =15 -8
3 4 3 4

x 10

20 40 60

X, X,

Fig. 11 Distribution of molecular species A and B with E4 = 4.5,12,19.5,27 and Ep = 15. Numerical
solutions of (67) using the KrylovIIF2-WENO scheme. Final time 7 = 50. At = 0.1. The numbers of spatial
grid points are Ny =40, Np =40, Ng, =20, Ng, =20

Figs. 10, 11 and 12, we show contour plots of numerical solutions by the KrylovIIF2-WENO
scheme on two dimensional domain of molecular species A and B, with different values of
the third and the fourth dimension E4 and Ep. Contour plots of numerical solutions by the
AclIF2-WENO scheme with Krylov subspace approximations are presented in Figs. 13, 14
and 15. We see that both methods generate similar numerical solutions.

4 Conclusions and Discussions

In this paper, we systematically perform numerical comparison and computational complexity
analysis to study two different approaches in dealing with solving high spatial dimension
diffusion and convection—diffusion PDE problems by integration factor WENO methods.
Specifically, one approach is the cIIF/AcIIF method, and the other one is the Krylov IIF
method, i.e., direct application of Krylov subspace approximations in efficiently calculating
large matrix exponentials in integration factor methods. Via extensive numerical experiments
and analysis of the results for various high spatial dimension problems, we find that both the
clIF/AclIIF method and the Krylov IIF method have their own advantages for different type
of problems. The Krylov IIF method has linear computational complexity. For the numerical
examples tested in this paper, it is shown that on not very refined meshes, the cIIF/AclIIF
method is more efficient than the Krylov IIF method for problems whose diffusion terms do
not have cross-derivatives. The Krylov IIF method is more efficient on such problems for very
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(@) 7=0, x,=15 x,=15 s (b) T=10, x,=15x,=15

20 40 60 20 40 60
X, X4
(c) T=30, x,=15,=15 10 (d) T=50, x,=15x,=15

Fig. 12 Distribution of molecular species A and B with E4 = 15 and Ep = 15, at time 7' = 0, 10, 30, 50.
Numerical solutions of (67) using the KrylovIIF2-WENO scheme. At = 0.1. The numbers of spatial grid
points are Ng =40, Np =40, Ng, =20, Ng, =20

refined meshes due to its linear computational complexity property. For high dimensional
problems whose diffusion terms have no cross-derivatives, the cIIF/AcIIF method only needs
to compute matrix exponentials with sizes as that for one spatial dimension problems (i.e.,
N x N matrices and N is the number of spatial grid points in one spatial direction). Hence it is
very efficient. For high dimensional problems whose diffusion terms have cross-derivatives,
the AcIIF method can reduce N x N¢ matrices’ exponentials to a series of N2 x N2 matrices’
exponentials. However, computations of these N2 x N2 matrices’ exponentials are still costly
in CPU time and computer memory, especially for a not very coarse mesh. Applications
of Krylov subspace approximations to these N2 x N> matrices’ exponentials in the AcIIF
method can significantly improve its computational efficiency. We compare three approaches
including the AcIIF method, the AcIIF method with Krylov subspace approximation, and the
direct Krylov IIF method for problems whose diffusion terms have cross-derivatives, and find
that the most efficient method for such problems is the direct Krylov IIF method, as that shown
in the numerical experiments. Certainly the efficiency of the Krylov IIF method depends
on the dimension size M of Krylov subspace used in computation. In the development of
Krylov IIF schemes for solving high spatial dimension convection—diffusion-reaction PDEs
[5,20,21], M is taken to be 25 and Krylov subspace approximation errors are much smaller
than truncation errors of the numerical schemes which discretize the PDEs, for different
problems and matrices’ sizes. Following the literature, for all examples in this paper, we
choose M = 25 and obtain correct accuracy orders of the numerical schemes, even for very
large N* x N* matrices from the four spatial dimension PDEs. It will be interesting to study
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a) =10, x_=4.50 x =15 b T=10, x,=12.00 x =15
3 4 3 4

(c) =10, x,=19.50 x,=15 (d) =10, x,=27.00 x,=15

Fig. 13 Distribution of molecular species A and B with E4 = 4.5,12,19.5,27 and Eg = 15. Numerical
solutions of (67) using the AcIIF2-WENO scheme with Krylov subspace approximations. Final time 7' = 10.
At = 0.1. The numbers of spatial grid points are Ng = 40, Np =40, Ng, =20, Ng, =20

possible dependence of the parameter M on different types of PDEs (different differential
operators) and problems, which is one of our future work.

To further improve efficiency of IIF methods for high dimensional problems, both the
AclIIF method and the Krylov IIF method have been implemented on sparse grids [31,50].
In [50], the AcIIF method was applied on sparse grids to solve high dimensional reaction—
diffusion systems of dimensionality up to 6, and significantly higher efficiency was achieved.
For higher spatial dimension problems with cross-derivative diffusion terms, the sparse grid
Krylov IIF method in [31] could be very efficient as that shown in this paper. While both
AclIF and Krylov IIF methods on sparse grids [31,50] can be applied to higher spatial
dimension problems, there are many interesting questions to address. For example, how
could a computation on sparse grids achieve similar accuracy level as that on single grids?
For higher spatial dimension problems, demands on computer memory increase significantly,
and parallel computing may be needed. These interesting questions will be studied in our
future research.

Another recent interesting work on the IIF method is to apply it in solving stochas-
tic reaction—diffusion equations in [46]. Stochastic reaction—diffusion equations have broad
applications in modeling biological or physical systems which are subjected to noises and
environmental perturbations. Stiffness in stochastic reaction—diffusion equations may occur
in the deterministic and/or the stochastic terms. In [46], the stiff deterministic diffusion and
reaction terms were treated by the IIF approach, and the stochastic term was dealt with explic-
itly. Nice stability properties and efficiency of the original IIF method were preserved well. It
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x10°

(@) T=50, x,=4.50 x,=15 (b) T=50, x,=12.00 x,=15

(c) =50, x,=19.50 x,=15 - (d) =50, x,=27.00 x,=15

Fig. 14 Distribution of molecular species A and B with E4 = 4.5, 12,19.5,27 and Ep = 15. Numerical
solutions of (67) using the AcIIF2-WENO scheme with Krylov subspace approximations. Final time 7' = 50.
At = 0.1. The numbers of spatial grid points are Ny =40, Ng =40, Ng, =20, Ng, =20

provides an efficient new approach for solving stochastic reaction—diffusion equations with
stiff deterministic terms. For such problems with high spatial dimensions, both Krylov IIF and
AclIIF methods discussed in this paper can be straightforwardly applied in dealing with the
large matrix exponential challenge arising from the stiff deterministic diffusion. We expect to
see the effectiveness of the Krylov IIF and AcIIF methods in solving high spatial dimension
stochastic problems, as that discussed in this paper. This is one of our future research.

Appendix: Detailed Formulae for AcIIF-WENQO Schemes

(1) For the three dimensional CDR equation, if £12, £13 and £23 commute with each other,
then

0= e““M’"< (124 e““”A’"< (129 e*‘lzﬂ’”w:,:,k3>>(:,k2, :))(kl,:,»,
I<ki=N 1<ky<N> 1<k3<N3

0, = ® eA23(Atn+Atn—l)< ® PUEICAE JAVARY)
1<ki<N, 1<kr<N»
( Q) etrbntanDyy(, ., ks))c, k2, :))(kl, o). (69)
1<k3=<N3
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(a) T=0, x3=15 x4=15 <107 (b) T=10, x3=15 x4=15

20 40 60 20 40 60
X, X
(c) T=30, x,=15 x,=15 <107 (d) T=50, x,=15 x,=15 <107

Fig. 15 Distribution of molecular species A and B with E4 = 15 and Eg = 15, at time 7' = 0, 10, 30, 50.
Numerical solutions of (67) using the AcIIF2-WENO scheme with Krylov subspace approximations. At = 0.1.
The numbers of spatial grid points are Ny =40, Ng =40, Ng, =20, Ng, =20

If £12, £13 and £33 do not commute with each other, then

k n n
0= eASAT’( ® AV, kz,.>>(:,:,k3>,

1<k3=<N3 1<kr<N»
ky ky Al k3 Aty
Vi = ® €A23At”< ® e ( ® e Vl(i,I,k3)>(2,k2, Z))(kl,i, Ok
1<ki<N; 1<ky<N; 1<k3=<N3
(70)
and
k3 (Atn+Arn D A2 (m,,+mn D
A A .
0= X e ( Q) e V3G ko .)><.,.,k3),
1=k3=N3 1=k2=N>
Ky k) (At,ﬁ»Ar,l )
vi= ® ef‘z;(mnm,m( R M o
1<k <N, 1<ky<N>
Ak3 (Atn+A/” D
Q) e Vo, s, k3) ) Goka, o) (ke s,
1<k3<N3

(2) For the four dimensional CDR equation, if £12, £13, L14, £23, L£24 and £34 commute
with each other, then
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® e.A34A[,,( ® e.A24Al‘y,( ® e.Az:;Al‘,,( ® eA14At,,< ® e.A|3At,,

1<k =N 1<ki =N 1<ki =N 1<ka<N» 1<k2<N>
I<ky<N» 1<k3=N3 1<ks=N4 1<k3<N3 1<ks <N4
(72)
< ® e““'zA’“V1(:,:,ks,k4))(:,k2,:,k4)>(:,kz,k3,i)>(k1,ivisk4)>(k1y5vk3#)>
1<k3<N3
1<ks<N4
(k1. k2, 20),
&= ® eAmAwmnf.)( ® bntinn
I<ki <Ny I<ki=N;
1<ko<N; 1<k3<N3
( ® eAzs(AthrAtn—l)( ® A1 (Bt +A1 1)
1<ki=N; 1<kr <N
1<ky<Ny 1<k3<N3 (73)
( ® eAl}(AT::+Atn—l)< ® e«AIZ(Aln‘f‘Atﬂ—l)Vz(:,Z,k3,k4))(:,k2,:,k4)>
1<ko<N» 1<k3<N3
1<ks<N4 1<k4<N4

(Z, kz, k3, )) (kl, A k4))(k1, o k3, :))(kl, kz, s )

If L1, L13, L14, L£23, L24 and L34 do not commute with each other, then

k1 ko Arn kl k3 Atn k1 kg Atn kz k3 Afn
® MA@ MA@ (R o

I<ki<N; I<ki<N; 1<ki<N; 1<ky<N>
1<ko<N» 1<k3<N3 1<k4<N4 1<k3<N3
Ak2k4
Q) e TV Gk k) ) ok ke, ) (K ka) ) Gk ks, ) [ (R ),
1<k2<N2
1<k4=<N4
(74)
k3.ky kp.k4 Atn kp k3 Am ky.ky A/n
® At @ AH(® ANH( @
1<k3<N3 1<k2<N» 1<k2<Na 1<k1<N,
1<ks<Ny4 1<ks<Ny 1<k3<N3 1<kg<Ny
kik3 Aty kik2 Aty
( ® e - < ® e TVl(kl,kz,:,:)> (75)
1<ki<N; 1<ki<N;
1<k3<N3 1<k2<N2

(ky,:, k3, Z)>(k1, 0, k4)>(1, ko, k3, Z))(Z, ko, 1, k4)) G, 5 k3, k).

And

kl kg (Atyﬁ»Atn 1)

g eAkl ko (Atn+At” D ( E e'AAl k3 (Atn+At,, < . A

1<ki <N, 1<k =N 1<k1=N;
1<ky<N; 1<k3<N3 1<ksa<Ny
ko .k (Aln+At D kz ky (Arn+At,, D
.A2 3 WBinThlp—1) .A
( X e X e V3 Gokao ka) (76)
1<k <N 1<kr<N;
1<k3<N3 1<k4<Ny

(:, ko, k3, 1))(/<1, S k4)> (k1, :, k3, 5))(k1, ka, ),
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ko k3 (Atn+Atn 1)

k3 k. k kg (A1 +At )
® e‘AI% 4(Al,,+At,,,1)< ® e 2 4 B+t 1) < ® e‘A

1<k3<N3 1<k <N 1<ky <N
1<k4<Ny4 1<k4<N4 1<k3<N3
Akl kg (Atn+Atn D Akl k3 (AthrArn ) Akl k) (Arn+Atn D
X e R e X e
1<k =Ny 1<ki <N, 1<k =Ny
1<k4=<N4 1<k3<N3 1<k2<N>

Vo(ky, ko, -, )) (ky, :, k3, )) (ky,:,:, k4)> (:, ko, k3, :))(:, ko, :, k4)> G, k3, k). (77)
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