Calc. Var. (2018) 57:65

https://doi.org/10.1007/500526-018-1324-7 Calculus of Variations

@ CrossMark

Order property and modulus of continuity of weak KAM
solutions

Chong-Qing Cheng! - Jinxin Xue?

Received: 6 March 2017 / Accepted: 28 February 2018 / Published online: 15 March 2018
© Springer-Verlag GmbH Germany, part of Springer Nature 2018

Abstract For the Hamilton—Jacobi equation H (x, d,u +c¢) = a(c) withx € T2, it is shown
in this paper that, for all ¢ € @' (E) with E > min , the elementary weak KAM solutions
can be parameterized so that they are %—Hélder continuous in C%-topology.
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1 Introduction

In this paper, we study the weak KAM solutions of the Hamilton—Jacobi equation
H(x,0u)=E, xeT? (1.1)

where H is a Tonelli Hamiltonian (see below), E is larger than the minimum of the a-function
determined by H (see below).

1.1 Preliminaries on Mather theory

Let M be a closed manifold. A Hamiltonian H € C*(T*M x T, R) is called Tonelli if the
Hessian matrix ByzyH is positive definite everywhere, H/||y|| — oo as ||y|| — oo and the
Hamiltonian flow is complete. For autonomous Hamiltonian, the completeness is automati-
cally satisfied, since each orbit entirely stays in certain compact energy level set. A Tonelli
Hamiltonian is uniquely related to a Tonelli Lagrangian by the Legendre transformation
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L(x,x,t) = myax{()‘c, yy—H(x,y, 1)}

The Mather theory is established for Tonelli Lagrangian, see [15-17].
We next define the minimal measure. We notice that, ¥ C! curve y: R — M with period
k, there is a unique probability measure w,, on T'M x T so that the following holds

1 k
/ fduy = %/ fdy(s),s)ds
TMxT 0

foreach f € CO(TM x T, R), where we use the notation dy = (y, 7). Let
9* ={uyly € C'(R, M) is periodic of k € Z*}.

The set $) of holonomic probability measures is the closure of $* in the vector space of
continuous linear functionals. Given a cohomology class ¢ € H'(M,R), the Lagrange
action A.(u) over each u € § is defined as follows

Ac() = f (L = nodp

where n.(x, x) = (n.(x), x) stands for a Lagrange multiplier, while (1.(x), dx) denotes a
closed 1-form so that [{n.(x), dx)] = c.

It is proved in [15,17] that for each class c¢ there exists at least one probability measure
L minimizing the action over $)

Ac(e) = inf / (L — nodp.
HES

which is invariant for the Lagrange flow ¢/, called c-minimal measure. The a-function is
defined as a(c) = —A.(ue) - H (M, R) — R. It is convex, finite everywhere with super-
linear growth. Its Legendre dual 8 : H;(M, R) — R is called S-function

B (@) = max{(w, ¢) — a(c)}.

It is also convex, finite everywhere with super-linear growth. The Fenchel-Legendre trans-
formation .Z3: H|(M,R) — HY'(M, R) is defined as follows

ce L) = alo)+p) =c, w).

Let $. C $ be the set of c-minimal measures, the Mather set is defined as

M@= | supppc.

He€Ne

Let Z: TM x T — T*M x T be the map such that (x, x,7) — (x,y = 0z L(x, x,1),1).
We also call the set %7 (M(c)) the Mather set for ¢. For autonomous system, we skip the
component of time 7, namely, %7 (M(c)) C T*M.

The Hamilton—Jacobi equation

H(x,0cu +c) =alc) (1.2)

was studied in [12] where the existence of viscosity solutions was established for continuous
Hamiltonians periodic in x and coercive in p. When the Hamiltonian is Tonelli, the connection
of the viscosity solution theory to the Aubry—Mather theory was shown in [7,8]. For each
¢ € H'(M, R), the equation admits viscosity solutions u}", u_ : M — R.They are Lipschitz
function and determine asymptotic orbit in the following sense. If u™ is differentiable at x,
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the initial condition (x, Buf(x)) determines an orbit (x(¢), y(¢)) of the Hamiltonian flow that
approaches the Mather set as # — =00. In other words, the weak KAM solution u:* defines
the stable (unstable) set of the Mather set

O e R VIR !

xeM xeM

Up to a constant, there is a unique pair of weak KAM solutions if there exists only one Aubry
class to be defined next. To define the Aubry set for the class c, let

,
[Ac)lir] = / (L@y .0 = netdy@))dr + @@’ =1,
t

if y: [£,1'] — M is an absolutely continuous curve. For time-T -periodic Lagrangian we say
that (x, ) € A(c) the Aubry setif there exists a sequence of closed curve yy, : [t, t+k; T] — M
such that yy, (1) = yi, (t + & T) = x and [Ac(y;)] — 0 as Z > k; — oo. For autonomous
system one skips the time component. Curves in the Aubry set .A(c) are called c-static curves.
To define Aubry class, let
he((x,7), (&', 7)) = inf  [Ac(E)r.]s

geCl g(r)=x
£()=x'

and for time-T -periodic Lagrangian one defines

e ((x, 1), (X', 1) = 11m1nf he((x, 7), (&', T)).

If the Lagrangian is autonomous, one has

hgo(x5 x/) = hm hC((x7 T)v (X/, f/)).
T'—1—>00

With 42° Mather introduced a pseudo metric on the Aubry set
de((x, 1), (X, 1)) = hZ((x, 1), (¢, 1)) + R (1), (x, 1)),

Two points (x, t) and (x’, t') are said to be in one Aubry class if d.((x, 1), (x’, ') = 0.
1.2 Elementary weak KAM solutions

If two or more Aubry classes exist, there are infinitely many weak KAM solutions, among
which we are interested in so-called elementary weak KAM solution, obtained from the
function 42°. Indeed, treated as the function of (x, ¢), the function A2°((x, 1), x',t))isa
weak KAM solution that determines orbits approaching the Aubry set as the time approaches
infinity, treated as the function of (x’, '), the function 22°((x, t), (x’, ¢')) is a weak KAM
solution that determines orbits approaching the Aubry set as the time approaches minus
infinity. Let (x, ¢) range over an Aubry class, denoted by A, ; one has a decomposition

R (e, 1), (1) = u_ (X, 1) —ul;(x,0), V', 1)eMxT,

where u+ is a constant, and u_; is called elementary weak KAM solution with respect to

Aci S1m11arly, let (x', ') range over an Aubry class, one obtains an elementary weak KAM
solution u_ ;. Again, for autonomous system, one skips the time component.

In this paper, we study the special case M = T2. We next define the globally elementary
weak KAM solutions on R, the universal covering space of T2. The well-definedness of
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these objects will be shown in Sect. 2. For ¢ € a~'(E) with E > mina, we shall show
later in Lemma 2.2 that if wy, wp € Z};l (¢), then 3v > 0 such that w; = vw;. So we are

only concerned about the direction of rotation vectors. A rotation vector w € R? is called
irrational if there does not exist real number v # 0 such that vew € Z2.

Definition 1.1 For each rotation vector w € fﬂ_ ! (! (E)),

(1) if Zg(w) N a N (E)isa singleton {c}, then we define globally elementary weak KAM
solution on R?

UZ(x) =ity (x) + {c, x),

where it (x) is the lift of the elementary weak KAM solution uF (x) to R? satisfying
ﬁf(O) = 0. This includes all the cases of irrational w.

(2) If Zg(w) N a~(E)isaline segment with endpoints ctand ¢, for ¢ € {c!, ¢"}, the weak
KAM solution # is uniquely determined if we normalize u* (0) = 0. We define

U:f(x) = uﬁ(x) + (', x), Ujf(x) = ui':,(x) +{c", x).

Remark 1.1 For E > mina, the set {c : a(c) < E} is a convex set containing 0 if we
assume «(0) = min « by adding a closed 1-form to the Lagrangian. In this case, each point
¢ € a”!(E) can be identified as a point ﬁ on the unit circle on S', and the line segment

[Tt}

in case (2) above can be identified as an interval on S!. The superscripts “/”” and “r”” means
“left” and “right” for an observer at the center.

1.3 The main result

We are going to establish certain modulus of continuity of elementary weak KAM solution
defined on the universal covering space, instead of the original manifold. The main result is
the following

Theorem 1.1 Let Eg be the set of extremal points of the convex set UE/EE{O[_I (EN), E >
min . For given bounded domain Q C R?, there exists a constant C(2, H) depending only
on Q and the Tonelli Hamiltonian H, and a one-to-one parametrization of the elementary
weak KAM solutions of cohomology classes in Eg by a number o € £ C [0, 1], such that
we have the following Holder regularity: Vo € £,V ¢ € c¢(X) = EE,

IUZ,, = UE o) < €@ H)(lle(@) — @] + o —o']5),
where C is a constant depending only on the Tonelli Hamiltonian H.

The modulus continuity of elementary weak KAM solution plays a key role in the study
of global dynamics. By applying the modulus continuity of Peierls’s barrier in [13], Mather
proved that for a twist map an invariant circle with Liouville rotation number can be destructed
by arbitrarily C°°-small perturbation [14]. Another case is about Arnold diffusion in a priori
unstable system. With the modulus of continuity of barrier function one obtains the genericity
of diffusion orbits [4,5,20].

It is natural to ask if similar Holder regularity results hold in higher dimensional cases.
The proof of the main theorem relies crucially on the order property (Proposition 4.3) coming
from the low dimensionality. We consider our result as an early step in understanding the
regularity problem of all weak KAM solutions on arbitrary manifold M. However, to study
manifolds with dimension greater than 2, some new ideas are needed. In the presence of the
normally hyperbolic invariant manifold, some partial result can be obtained. See Sect. 6.

The paper is organized as follows.
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e In Sect. 2, we study globally elementary weak KAM solutions on R?.

e In Sect. 3, we use method of viscosity solutions to study the structure of the zero set of
the difference of two globally elementary weak KAM solutions.

e In Sect. 4, we study the order property of the globally elementary weak KAM solutions.

e In Sect. 5, we prove the main theorem.

e In Sect. 6, we generalize the regularity result in the main theorem to the higher dimen-
sional case, with the help of the normally hyperbolic invariant manifold structure.

e In “Appendix A”, we prove a technical lemma used in Sect. 3.

e In “Appendix B”, we give further structure of the weak KAM solutions in the rational
case.

2 Elementary weak KAM on universal covering space

In this section we study the relation of the weak KAM solutiogs on a manifold M, a finite
covering space M and its universal covering space. Let A(c, M) denote the Aubry set and
let A(c, M) denote the lift of A(c, M) to the covering space, then

Lemma 2.1 A(c, M) = A(c, M).

Proof For each point x € A(c, M), by definition, there exists a sequence of closed curves
vk [0, Tx] — M such that 4 (0) = 4 (Tx) = x and [A:(yx)] — 0 as T — oo. If the lift
of yy consists of several curves yi 1, ..., Vk,;, €ither each curve is still a closed curve or the
conjunction y, 1% - -* i, j is aclosed curve. Clearly, [Ac (yk,1%- - %y, )] = j[Ac(v)] — 0
as Ty, — oo. This proves A(c, M) C A(c, M).

Given a point x € A(c, M), there exists a sequence of closed curves {yx : [0, Tx] — M}
such that 1 (0) = 9 (Tx) = x and [A.(yx)] — 0as T — oo. Let yx be the projection of
to M, one has [A.(yx)] = [Ac(yk)]. It implies A(e, M) D A(e, M). O

Let us focus on 2-torus TZ.

Lemma 2.2 Forc € o~ '(E) with E > min «, the Fenchel-Legendre dual w(c) = fﬁ_l (c)
is either a non-zero vector or a radial line segment which does not contain 0.

Proof 1t is known that fﬂ_l(c) is a convex set. Suppose that w(c) contains two extremal

points @| # w,, because of the special topology of T2, certain nonzero number £ € R exists
so that w; = £w;. Otherwise, there would be two intersecting c-minimal curves, which
violates Mather’s graph theorem. O

To study the elementary weak KAM in the universal covering space, let us consider a
finite covering space x: kT2 = {x € R? : x;modk;} — T? where k = (k{, kp) € Z*
with k1, ko > 0. Let uci’ ¢ denote the elementary weak KAM solution if the covering space
kT? is treated as the configuration manifold, and ufk is treated as a function defined on R2,
ki-periodic in x; fori = 1, 2. For the configuration manifold kT2 with min{k;, k»} — oo, the
number of ergodic minimal measures may increase, depending on whether w(c) is irrational.
By definition of the elementary weak KAM solutions in Sect. 1.2, the elementary weak KAM
solutions for the covering spaces can be defined explicitly as follows. Given an Aubry class
A(c, kT), we have the associated elementary weak KAM solution

0
Ue k(X) = ;?fo {/ LE®),EW) + (e, E(1)) dt | £(0) = x, &(1) € x0 + kZz}
1< t
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where xg is any point in A(c, kT).

In the following two subsections, we show that the globally elementary weak KAM solu-
tions on R? in Definition 1.1 are well-defined. Note that instead of defining the globally
elementary weak KAM solutions directly on R?, we define them by lifting the weak KAM
solutions on T?.

2.1 Uniqueness of elementary weak KAM solutions: the irrational case

Proposition 2.3 Forc € H L(T2, R) with irrational rotation vector w(c), there is a unique
ergodic c-minimal measure with respect to kT2 k € Z2 withk = (ky, ko) andk; > 0, ks > 0.
For different covering manifolds kT2, k'T?, if we think the elementary weak KAM solutions
uffk, ufk, as functions defined on R2, then one has uik = usz, up to an additive constant.

Proof By definition, each curve in the lift of a c-static curve to the finite covering manifold
is obviously c-static. Let y be a curve lying in A(c, T?), and 7 be a curve in the lift of y.
Then one has

uF () —uF (@) = ul () —us, (r@), Vi =t 2.1)

It follows that, restricted on the Aubry set, one has uzck = uf e

Let x € T? where u is differentiable, there exists a unique curve y,": (—oo, 0] — T2
such that y,~ (0) = x and

ue (x) =u. (e (1) +[Ac(yy li—rop), Vi €[0,00).

Let ¥ € kT? be a point in the lift of x, u, ;. also determines a minimal curve y k such that
¥2.k(0) = x and
U () =g Ve (—0) + [Ac(Vikl—r,0D], Vi€ [0, 00).

We claim that 7x 7z ¢ = ;. Indeed, let 7 be the lift of ¥~ to kT2 such that 7 (0) =
X, then there exist two sequences of times {#, té} such that |y (—t¢) — ?jfk(—té)l — 0
when ¢, 7, — o0, because there is only one ergodic minimal measure. If 7% Yik & Vi
one would have [Ac(?;_,kh—zé{,m)] > [Ac(Yy |[=1,07)] for large £. It follows from (2.1) that
ug (yy (=te)) > u_, ()7{,( (—té)) for large ¢, but it is absurd because, regarded as a function
defined on R?, we have u_ = U, when they are restricted on the lift of the Aubry set. O

2.2 Uniqueness of elementary weak KAM solutions: the rational case

Assume thatw € £ (« ~1(E)) is rational. Then there are two cases, either fgl (w)Na~Y(E)
contains a single point or an interval /,,. The first case occurs if and only if the torus is foliated
by periodic orbits with the rotation vector w. Up to a coordinate transformation on T2, we
assume o = (0, @).

Lemma 2.4 Suppose w is rational. Let ¢ be fﬁ_] (w) when fﬁ_] (w) is a single point, or be
either end point when fﬁ_l (w) is an interval. In either case, there is only one Aubry class,

each connected component of the set ’]IQ\(A(C) + 8) is contractible, where A(c) +6 = {x €
T2 : dist(x, A(c)) < 8} and 8 > 0 can be arbitrarily small.

Proof In this case, the Mather set consists of periodic curves {y,, ; } sharing the same homol-
ogy type (0, 1), and remains the same for all ¢ € I,. Next, we consider the weak KAM
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Fig. 1 The blue curve is in .A(c)
for ¢ at one end point of I, the
red curve is in A(c") for ¢’ at

another end point of 7, I
w

A
Yow, N Ve

solution for the class ¢ an end point of /,,. In this case, the Aubry set properly contains the
Mather set as well as some static curve approaching periodic curves when t — F00. Indeed,
the complementary part of the Mather set is made up of annuli, each annulus is crossed by
at least one static curve (Fig. 1). ]

Lemma 2.5 Assume ¢ € 91, and w is rational. Let 7wy: kT2 — T2 is a covering space, let
" € kT? be the points such that T X = 7k’ = x € M(c). Then h2° (%, %") = 0.

Proof For ¢ € I,, there is a periodic curve 1 which entirely lies in the Mather set for c.
If the lemma does not hold, there would be some D > 0 such that for any closed curve &:
[0, T]1 — T2 with [£] # Lw ¥ £ € Z, one has [A.(£)] > D, where

T
[Ac(®)] = fo (LEG). E65) — (e &) + a()ds.

For ¢’ € a~!'(E)\I,, with irrational rotation vector, we pick up a curve lying in A(c’). This
curve y intersects the the curve 7 infinitely many times. Let --- < t; < tj;+] < --- be a
sequence of time when the curve y intersects the curve 1. Let y; = y|;;,5,.,) be a segment
of y, n; be a segment of 1 that connects y (f;11) to y (¢;). Since the curve n; * y; is closed
and [n; *x y;] # Lw V¥ £ € Z one has

[Ac(yD]+ [Ac(m)] = D.

Since the curve ¢’ lies in the Mather set for ¢, there exists some large integer K such that
y (tx) is sufficiently close to y (tp). Let y the the lift of y to the universal covering space R2,
we have
K—1
3 (1At + 14c1) = 3 (1At + LA + (& — . 7ten) = 700)
i=0 i=0
> K(D —|{c" — e, 7(tis1) = Y (@))D.

>§

By the construction, both | Z A, ()]l and | ZK 01 [A:(n)]] are sufficiently small and
the term D — |{(¢’ — ¢, y (tix1) — 7 (#;))| > ? if ¢’ is sufficiently close to c. Therefore, the
absurdity of above inequality implies the lemma. O

Therefore, similar to Proposition 2.3, one has the following proposition.

Proposition 2.6 Assume ¢ € 01, with rational rotation vector w where 1, = Zg(w) is a
line segment. For different covering manifolds kT2, k'T2, if we think the elementary weak
KAM solutions uf,k, uik, as the functions defined on R?, then uik = uifk/ up to an additive
constant.
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Proof Since w is rational, the minimal measure is supported on periodic orbits. Pick up such
a circle y and consider its lift to kT2, denoted by {y;} with i modulo some iy € N. Let
A; be an annulus bounded by y; and ;11 and no other y; lying inside of A;. Once uffk
is well defined on some A;, one obtain its value on its other copies in the covering space.
Indeed, for any X € A, let X' € A; such that 73X = 7;%’. Because of Lemma 2.5, one has
U (B) = ul (). O

3 Topology of level set of weak KAM solutions

The parameter o in Theorem 1.1 is introduced to indicate “volume” bounded by the graph of
the weak KAM solution and the graph of a prescribed weak KAM solution. The introduction
of this parameter relies on a good understanding of the topology of level set of weak KAM
solutions. Given two globally elementary weak KAM solutions U and U’, we denote the
level set of U — U’ by

Zyy =1{x € R?: U(x) — U'(x) = 0},
and let
QU,U’ = {x (<] Rz U ((x) > U/(X)}.

3.1 Topology of the sets Zy, 7, Ry, pr and Ly y

Theorem 3.1 Let U and U’ be two globally elementary backward (forward) weak KAM
solutions of the Hamilton—Jacobi equation (1.1) on the universal covering space R?, corre-
sponding to cohomology classes ¢ and ¢’ respectively. Then

(1) If a(c) > a(c’) then Q y is connected and unbounded, the set Qy yr may not be
connected but contains only one unbounded connected component;

(2) Ifa(c) = a(c) = E > mina, with ¢, ¢’ € Eg and ¢ # ¢/, then both Q. and Qu y
are simply connected and unbounded.

In both cases, the level set Zy  has empty interior unless fﬁ_l(c’ ) = fﬁ_l(c) and the
Mather set M(c) = M(c') contains interior points.

Proof To prove the theorem, we introduce a lemma for the Hamiltonian satisfying the hypoth-
esis:
(H1) There exists a constant C such that

IH(y,p) —H&, @) <C(lx =yl +1llp—ql). Yx,yeQ, p,qeR"

We note that this extra assumption (H1) is not needed in Theorem 3.1. Indeed, by the
Tonelli condition, the weak KAM solutions are uniformly Lipschitz, so they do not depend
on the behavior of H (x, p) for || p|| large. Therefore, we can modify H such that H (x, p) =
Al p|l for || p|l > K for some constants K > 0 and A > 0. In this case, the extra assumption
(H1) is satisfied automatically.

The definition of viscosity solutions is provided in Definition A.1 in the “Appendix”.

Lemma 3.1 (a) Let 2 be an open subset of R" and f € C(2) satisfy f(x) <0 for x € €.
Let u € C(R2) be a viscosity subsolution of H(x, Du) = f(x), and v € C(2) be a viscosity

@ Springer



Order property and modulus of continuity of weak KAM solutions Page 9 of 27 65

supersolution of H(x, Dv) = 0 in Q where H satisfies (H1). If 02 # &, u < v on 0%, and
both u and v are bounded in <2, then u < v on Q.

(b) Let u € C(Q) be a viscosity subsolution of H(x, Du) = 0 and v € C(Q) be a
viscosity supersolution of H(x, Dv) = 0 in Q. If we assume further that

(1) there is a function ¢ € Cl(Q) N C(Q) such that ¢ <uonand
sup{H(x, D¢ (x)) :x e w,u e R} <0 Vo CCQ;
(2) the function p — H(x, p) is convex on R" for each x € L,
then u < v on Q2 provided that u — v is bounded in Q2 and u < v on 92 with 0Q2 # @.

We postpone the proof of the lemma to the “Appendix”, and return to the proof of the theorem.
If U, U’ are the elementary weak KAM solution on universal covering space, they are the
viscosity solution of the Hamilton—-Jacobi equation

H(x,du)=E, xeR%

For each connected component 2 of Q¢ yy or Qp yr, 3 a function g defined on 92 such
that U¢|yq = Ur|9q = g. Thus, both U, and U, are the viscosity solution of the Dirichlet
problem

H(x,0yu) =a, in<,
u=g, on 992

where « is valued as a(c) and a(c’) respectively. Note, Q2 # & and €2 is not necessary
bounded.

Since each elementary weak KAM solution admits a decomposition into a periodic func-
tion and a linear function, the difference of U and U’ also admits such a decomposition:
U—-U' = Au+ {(c—c,x). The level set Zy; v is restricted a strip {|(c — ¢/, x)| < D} for
certain positive number D > 0, i.e. both Qy y and Qp ¢y contain a unbounded connected
component if ¢ # ¢’.

In the case that a(c) > a(c'), the set Qyy = {x : U'(x) > U(x)} is connected.
Otherwise it would contain a connected component C in the strip {|{(c — ¢/, x)| < D}, since
each of the two connected components of the complement of the strip lies in a connected
component of Qg y or 2y . On the connected component C, we have that U’ — U is
bounded, and U = U’ on 3C, thus by Lemma 3.1, we have U’(x) < U(x) on C. This is a
contradiction to the definition of C.

For the case that a(¢) = a(c’) > ming, if w(c) # w(c’), then 30 < A < 1 such that

a(c®) < ale), where ¢* = Ac+ (1 —A)c.

By the result in [2,9], we know that there exists a C!! global sub-solution of the equation
H(x,0u + ¢*) = a(c*), i.e. there exists C!-function ¢: T" — R, such that ¢(x) =
¢(x) + {(c*, x) satisfies the condition

H(x,d¢) —a(c) < H(x,d¢) —a(c*) <0.
Since
U—-¢=Au+(1-21{c—7c,x),
and

U —¢=Au—xrc—c,x),
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where both Au and Au’ are periodic, thus U — ¢ as well as U’ — ¢ can be set positive in the
strip {|{c — ¢, x)| < D} by adding a suitable constant to ¢. Since H is assumed convex in the
action variable, by applying the second part of Lemma 3.1 we find that if there is a connected
component C of Qy y contained entirely in the strip, then we have U = U’ on C. This
contradicts the fact that C C Qp . Similarly there is no connected component of Q-
lying entirely in the strip. This implies that both Q¢ ;7 and Qg iy are simply connected and
unbounded.

Finally, we show that the set Zy v contains no interior if the Mather sets M(c) #
M(c"). Otherwise there exists a differentiable point xg € Zy ¢ of both U and U’ and
DU (xg) = DU’(xg). The initial condition (xg, DU (x9)) = (xo, DU'(x¢)) determines a
backward (forward) semi-static curve y whose « (w)-limit set lies in both M (c) and M(c").
This is impossible provided the Mather sets M (¢) and M (c’) are assumed to be different. The
set Z Ut Uk does not contain interior points, if the Mather set does not contain interior points.

To see this, we suppose w = (0, ®) up to a linear coordinate change. For any differentiable
point x notin the Mather set, the initial values (x, 9 U; (x))and (x, 0 Uci, (x)) produce different
minimal orbits, one moves towards the left, the other moves towards the right. This completes
the proof of the theorem. O

3.2 Normal direction of the set Zy y

The set Zy - is described in Theorem 3.1. However, the description is not clear enough for
later proof. For instance, even though Zy; ;7 contains no interior, it does not imply that Zy; ¢/
is a curve. In this section, we will introduce a notion of normal direction of the set Zy  for
later purpose.

For a convex function one define its sub-derivative.

Definition 3.1 The set of sub-derivative of a convex function v at x is defined as
DY) ={yeR":¢(x) =)= (y,x' —x), Vx' eR"}.

It is known that D~ (x) is a convex set.

Since each backward weak KAM solution u~ has a decomposition u~ = ¢ — { where ¢
is smooth and v is convex, we define the sup-derivative of the backward weak KAM solution
u- as

DVYu~(x) = {D¢p(x) — y : y is a sub-derivative of i/ at x}. 3.1

Definition 3.2 (Calibrated curves).
(1) Acurve y; (—o0,0] — M is called (u, L.)-calibrated if

t/
u(y () —uly () = / Le(y(s), y(s)ds + (t' = Da(c)
t

holds for each —oo <t <t' <0.

(2) We say that (x, v) determines a (u_ , L.)-calibrated curve y: (—o0, 0] — M if y(0) = x
and y(0) = v.

(3) We say that v € Vu_ (x) C R, if (x, v) determines certain (u, , L.)-calibrated curve
y:(—00,0] > M.

Definition 3.3 Letu: A — R be locally Lipschitz. A vector p is called a reachable gradient
of u at x € A if a sequence {xz} C A\{x} exists such that u is differentiable at x; for each
k € N and
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lim x; = x, lim Du(xy) = p.
k—00 k—o00

The set of all reachable gradient of u at x is denoted by D*u(x).
If u is a semi-concave function then it is proved in Theorem 3.3.6 of [3] that
DT u(x) = coD*u(x). (3.2)

Since wehave H (x, c+p) = a(c), forall p € D*u_ (x), the nextlemma follows immediately
from the strict convexity of H.

Lemma 3.2 For each point x, the set of reachable gradients D*u_ (x) coincides with the
set of extremal points of DY u (x).

Theorem 3.2 Let u_ be a backward weak KAM and y.: (—o00,0] — M be (u_, L.)-
calibrated curve. Then, we have

aL _ .
E(X, Vu_ (x)) = D*u; (x), x € M.

In particular, this implies that y is an extremal point of DV u_ (x) only when there exists a
calibrated curve y such that y = 831;" (y:(0), y:(0)).

Proof First, since u_ is differentiable along a calibrated curve, it is clear that
oL _ . _
a(x, Vu. (x)) C D*u, (x).
Second, suppose u_ is differentiable at x(, then there exists a backward calibrated curve

Yy : (OO, 0] — M with )/(O) = X0 and Du;(xo) — 38[)":
continuity of Vu_ , we get

(x0, ¥ (0)). Next, by the upper-semi-

. _ oL _
D¥u_ (x) C E(x, Vu, (x)).
The proof is now complete. O

Definition 3.4 Given two globally elementary weak KAM solutions U and U’, the derivative
set of U — U’ at the point x is defined by

Dyuyx=1{y—y :yeDUx), y € DU (x)}. (3.3)
Clearly, Dy gy x is closed and convex.
We define
Sy = v eR (v v) > 8llvll - Iyll. ¥ y € Dy}
Syb = (v eR": (y,0) < =8lvll - Iyll, Yy € Dyvr ) (3.4)

If 0 ¢ Dy y.x, neither of the two sets is empty provided § > 0 is suitably small.
For a C! function, it is well-known that its gradient is perpendicular to the level set. Here

Dy .y x can be considered as the gradient of the level set Zy yr, and Si?j, . are cones
containing & Dy . We naturally have the following.
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Lemma 3.3 Let U and U’ be two globally elementary weak KAM solutions. For each x,
there exists a suitably small € > O such that

U(x)) —U'(x1) >0, Vxi—xe S?}”?],!x N(BO)\ {0D), x € Zy v, 3.5)
and
U(x)) —U'(x1) <0, Vxi—xe S;”?],J N(BO)\{0D), x € Zy v, 3.6)

where B¢ (0) is a ball in R", centered at O with radius €.

Proof Note each backward weak KAM solution U has decomposition into a smooth function
¢ minus a convex function ¥, i.e. U = ¢ — 1. By definition, for x; = x 4+ te witht > 0 we
have by Proposition 4.11.1 of [8]

Uxi) = Ux) = (ye, x1 — x) + O(||lx1 — x|,
< (y,x1 —x)+ O(lx1 —x|>), VYyeD'U®) (3.7)
where y, = 0¢(x) — yy .. Similarly, we have
U'(x)) = U'(x) = (y., x1 — x) + O(|x1 — x|,
< x—x)+0(lxi — x>, ¥y eDU(x)  (38)

+.,0

UU e We subtract (3.8)

where y, = d¢/(x) — yy .. Therefore, if x € Zy yrandx; —x € §
from (3.7) and obtain

Ux)) = U'(x1) = (ye — ', x1 — x) = O(llx1 — x|*)
> 8llxt — x| - llye — ¥'ll = OCllxi — x%).

This proves (3.5). The proof of (3.6) is similar. ]

4 The order property of the derivative sets

We consider the level set of e-function @ ! (E) which is a closed and convex curve provided
E > min«. By adding a closed 1-form to the Lagrangian, we assume that the «-function
reaches its minimum at zero cohomology. In this case, o~ (E) encircles the origin.

4.1 Crossing properties of minimal curves

For Hamiltonian systems with two degrees of freedom, the dynamics on energy level set
resembles very much the dynamics of twist map.

Definition 4.1 Wesayacurve y : (—oo, 0] is backward c-minimal or backward c-semi-static
if

[AcWen] = ilgf[Ac(S)I[r.r/]],

where the inf is taken among £ € C!, £(t) = y(¢) and &(¢') = y (¢'). Similarly, we define
forward c-minimal or forward c-semi-static curves defined on [0, c0).
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Proposition 4.1 Assume that y and & are forward (backward) c-minimal and c’-minimal
curves respectively with ¢ # ¢ and a(c) = a(c’) = E > mina. Let y and & denote their
lifts to the universal covering space, if y and & are not tangent at a point, then y crosses &
at most once.

Proof We consider forward minimal case only, i.e. they are defined on [0, o). The backward
case is the same. If 7 and £ are tangent at a point, then they coincide for all the future time.

Let us assume that they cross twice, i.e. 3 #; # t» and 51 # s2 such that y(¢;) = é(s,-)
fori = 1,2. Clearly, 6; = y(t;) — £(si) # 0. Without loss of generality, we assume
1 # 0, s1 # 0. Otherwise, we extend the orbit backward to get an orbit defined on [r, c0)
for some r < 0. By the lemma of Mather on page 186 of [15], we obtain that some € > 0
and C > 0 exist depending on the Lagrangian only such that

A(Vl[li—s,t,-+ej) + A(S|[s,-—e,s,-+ej) — A(a;) — A(b;) = Ce||6; ”27

where a;: [—¢, €] — R? is a minimal curve of L joining & (s; —€) to y (f; +€), i.e. a;(—€) =

E(s; —€),ai(e) = y(t; +€) and

Aa;) = /E L(a(1), a(1))dt = ( i)Hf )/e L(¢ (), E(@)dr,

—€ {(—€)=a(—e€ —€

Z(e)=a(e)

bi: [—€, €] — R? is a minimal curve of L joining y (s; —€) to E(t; +¢€) and A(b;) is defined
in the same way as for A(a;). Let As = 5o — 51, At = 1, — t1, we define two curves

y (), r €0, — €],
bi(t — 1), I—1 €[—¢ €],
y'(t) =& —1), t—1t €[s1+¢€ 5 —€l,
ar(t — 11 + As), t—1t + As € [—¢€, €],
y(t —t + As), t—1+ As € [tp +€,00),
and
&), t €10,s1 — €],
ay(t —s1), t—s1 €[—¢€, €],
() = y(t —s1), t—s1 €[t +€,1—€],
by(t — 51+ At), t—s51+ At € [—€, €],
E(t — 51+ At), t—s1 4+ At € [sp + €, 00).

By the construction, we have y(t; — €) = y'(t; — ¢€), y(t2 + €) = y'(t) + As + ¢),
E(s1—€) =&'(s1—€),E(s2+€) =&'(s1 + At +€) and
[Ac(V i —e.04eD] + A Gl s —e,50+e)] — [Ac(J//|[tl—e,t1+Ax+e])]
- [Ac/($/|[S1—e,Sl+At+e])]
= AW lin—en+e) + AG|s1—es1+¢) — Alar) — A(b1)
+ AWV lin-ente) + Allsn—esr+e) — Ala2) — A(b2)
> Ce(l01]1” + 1621).
Note that the c-dependences are all canceled. This contradicts that fact that y and & are c-

and ¢’-minimal curves respectively. The absurdity verifies the fact that 7 crosses & at most
once. O

@ Springer



65 Page 14 of 27 C.-Q. Cheng, J. Xue

Corollary 4.1 Assume that both'y and & are forward (backward) c-minimal curves, dy and
d& share the same w (a)-limit set. Let y and & denote their lift to the universal covering
space, then they do not cross anywhere.

This corollary follows from the same argument as the Aubry’s asymptotic crossing lemma
(see Lemma 3.9 of [1]).

Lemma 4.2 Assume the autonomous Lagrangian is defined on TT2. For each ¢ € o~ (E)
with E > min «, the rotation vectors of all orbits in M(c) have the same direction, i.e. if
dyi,dy, € M(c), then

(@), o)) = o) - o) > 0.

Proof Since the system is defined on 7'T?, the minimal measure is uniquely ergodic if the
rotation vector is irrational. Therefore, for each orbit dy lying in the Mather set with irrational
rotation vector, its rotation vector w(y) is well defined by ergodic theorem. Next we consider
only the case of rational rotation vector, in which case orbits in the Mather sets are periodic.

We claim that for each orbit dy: T2 — TM in M(c), we have {c — c*, [¥1) # 0, where
¢* is the minimum point of the o-function, which is defaulted to be zero here. The convexity
of the o function implies that

a(0) > alc) — (w,c), Yo € da(c).

By assumption, we have a(c) > «(0) so we get (w, ¢) > 0. In the rational case, the rotation
vector w(y) is positively proportional to [y ]. The inequality (w, c¢) > 0 implies that all the
rotation vectors in da(c) are positively proportional to each other. O

4.2 Order property

Each energy level has a natural fiberation over T2. The fiber over a point x is denoted by
Yer=1{y:(x,y) € H ' (E)}.
If E > mina, Y, g is a smooth, convex and closed curve for each x € M. Next, let
Vie={v=0H(x,y):y €Yy £}

which is also a smooth, convex and closed curve in R? encircling the origin. The two curves
Y, £ and V, g are related by Legendre transform.

Definition 4.2 (Circle order). Given three vectors v;, v2, v3 € R2, we say that they are in
clock-wise order, denoted by v; < vy < wvj3 if the points ﬁ, Hzil\’ ﬁ are in clock-wise
order on the unit circle. ’

Via the one-to-one correspondence v — y = 9;L(x, v), v, v2, v3 in V, g uniquely deter-
mine three points yi, y2, ¥3 in Yy g. As L is strictly positive definite in the speed, we have
Y1 — Yx < Y2 — ¥y < ¥3 — Yy Where y, is the minimal point of H (x, y) with fixed x.

Proposition 4.3 (Order property). Consider three cohomology classes c1, ¢3, c3 € Eg with
E > min« satisfying c; < ¢z < c3.

(1) Suppose y; : (—o00,0] — T2 is a backward c;-semi-static curve with yi(0) = «x,
i =1,2,3, then one has

71(0) < y2(0) < y3(0).
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Fig. 2 The order of rotation (s, y)
vectors implies the order of
minimal curves

—————— Az, y)

Denote by y; = 9; L(x, y; (0)), then one has that

YI—YVx < Y2 = Yx < Y3~ Yx-

(2) Denoteby U; the globally elementary weak KAM solutions associated to the cohomology
classes c;, i = 1,2, 3. Then the order relation

VI—Yx <Y2—Yx <Y3— Vx

holds for each y; € D U7 (x), i = 1,2,3. So the following order property is well-
defined

DU (x) — yr < DTU; (x) — yx < DTU; (x) — ys.
Moreover; the order relation is independent of the base point x.

Proof For fixed x, the Legendre transform d; L(x, -) : R2 — R2 is defined by L(x,v) =
max,(y, v) — H(x, y) where v is sent to y attaining the max. The sublevel set {H (x, y) <
E} for each fixed x is a convex set. It turns out that the Legendre transform of the set
{H(x,y) < E} is also a convex set and it sends the boundary to boundary(Theorem 26.5 of
[19]). Moreover, the Legendre transform is a diffeomorphism whose Jacobian det fo L >0,
so the diffeomorphism 9;L(x, -) preserves orientation on the boundary. By the positive-
definiteness of BJ%XL, it is enough for us to prove y1(0) < y2(0) < 3(0). Suppose the circle
order is violated and without loss of generality suppose we have y1(0) < 13(0) < y2(0).

Let y;(-) denote the lift of the curves y;(-), i = 1, 2, 3, to the universal covering space
R? respectively such that y;(0) = y2(0) = 3(0). The order relation ¢; < ¢ < ¢3 induces
the order relation w; < wy < w3 for rotation vectors. Indeed, restricted to each energy
level, we can reduce the Hamiltonian system into a twist map, for which the order relation
of cohomology classes agrees with that of the rotation numbers.

In this case, y; either crosses yj () or crosses y3(-) at another point, because of the order
c] < ¢ < c3, see Fig. 2. (It may happen that two of the three vectors w;, wy, w3 coincide,
say w]; = w», in which case we have that y; and y, approaches two neighboring lifts of
periodic orbits in the Mather set M(c)) = M(c2). The crossing will also occur if the order
y1(0) < 12(0) < 13(0) is violated.) But this violates the property that all these three curves
are backward semi-static by Proposition 4.1. This contradiction verifies our claim.

kskok

Next, we consider part (2). Given x € T2, there might be two backward c-semi-static
curve originating from this point, denoted by y, and y/ with v = y.(0) # v = y/(0). In
this case, the elementary weak KAM solution U is not differentiable at this point, there
are at least two points y., y. € Y ; such that y. = 9;L(v, x) and y. = 0;L(v', x), and
Yes Yo € I(DTUS ().

Lemma 4.4 Letc, ¢’ € Eg and ¢ # ¢'. Then we have

Int(D U (x))NDTUS(x) =¥ and DYUZ (x) NInt(DF U (x)) = 0.
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Proof of Lemma 4.4 Suppose without loss of generality that D+UC’ x)N Int(D*UC_, ) #
#. Denote by yi, and y’, the extremal points of D+UCT (x) and by y, is the extremal point of
DTU (x) such that

Y = Yx < Ye = Yx <V = V.

The three points y., y.,, yé, are distinct and are all reachable gradients by Lemma 3.2. Denote

by ve, v and ycl, the calibrated curves terminated at x determined by the three points respec-
tively. We get the order relation after Legendre transform

Y5(0) < 7:(0) < y1(0).

We also know that 3/, (0), y.(0), )'/Z, (0) are distinct since 9; L(x, -) is a diffeomorphism.
We next pick ¢* satisfying ¢* < ¢ < ¢’ and a c¢*-calibrated curve y .+ with y.+(0) = x.
By part (1) of the lemma, we get y+(0) < y.(0) < ]}Cl/ (0) and p.+(0) < y.(0) < 7}C’/ (0). By
the same argument as in the proof of part (1), we see that y,. would intersect )/Ll_, or yl, ata
second point, which contradicts Proposition 4.1. O

Part (3) follows directly from the above lemma. ]

For each y € Y, g, there is a unique smooth curve y(¢,x,y): R — M such that
y(0,x,y) =x,0;L(x, y(0, x,y)) = y.Indeed, (y(z), y(¢)) is a trajectory of the Lagrange
flow. However, it is not necessary that each of these curve is semi-static.

Definition 4.3 Let
Y, =0 eYee :v( x, Vler- =V, (-, x) forsome ¢ € a N(E)),

namely, each point y € Y . determines a backward semi-static curve y (-, x, y) for cer-
tain cohomology class ¢ such that ¥ (0, x, y) = x and 3;:L(y (0, x, ), y(0, x, y)) = y. It
approaches to certain Aubry set in the following sense

a(dy (-, x,y)) € A).

Since the configuration space is two-dimensional, each orbit in «(dy (-, x, y)) N A(c) has
the same rotation vector, denoted by @ (x, y). Because of upper semi-continuity of backward
semi-static curves on cohomology classes, the set Y, - is closed in Y, .

By Lemma 3.2, we get that

Y p = Ueee, DU (x).

Since the complementary set Yy g\Y ; is composed of open intervals in Y, g, an equiv-
alence relation ~ in Y is introduced such that y ~ y’ if y and y’ are the two boundary
points of an open interval in Yy g\Y .

Proposition 4.5 If E > mina, y ~ y' in Y, then o(x, y) and o(x, y') have the same
direction, i.e.

(@, ), 0, y)) = o, Y- lox, y)I.
If ¢ and ¢’ are the cohomlogy classes such that y (-, x, y), y (-, x, y') are the c-, ¢'-semi static

respectively, then they stay in the same flat of the a-function.
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Proof Let us assume the contrary, i.e. the direction of w(x, y) is different from that of
@(x, y"). Under such assumption, the curves y (-, x, y)|;er- and ¥ (-, x, ¥)|;,er- can not be
semi-static for the same cohomology class, which is guaranteed by Lemma 4.2.

Denoted by ¢ and ¢’ the cohomology classes such that ¥ (-, x, y)|;cr- is c-semi-static
and y (-, x, ¥)|;er- is ¢’-semi-static. We claim that ¢ and ¢’ are not contained in one flat of
the «-function under the assumption that the direction of w(x, y) is different from that of
w(x, y"). Indeed, by Proposition 6 of [18], A(c;) = A(cz) whenever both ¢| and ¢; are in
the relative interior of the flat, A(c1) D A(cp) if ¢ is on the boundary of the flat while ¢; is
in the relative interior. Suppose ¢ and ¢’ are contained in the same flat. Choose ¢* from the
relative interior of the flat where ¢, ¢’ are, then we have A(c) 2 A(c*) and A(c') D A(c*).
But this places us in a dilemma: if the direction of the rotation vector for A(c*) is the same
as that for A(c), then it is different from that for A(c’), and vise versa.

Next, we have the following lemma since the level set ! (E), E > mina,isa C! curve.

Lemma 4.6 If an autonomous Lagrangian is defined on TT?, then, any flat of the a-function
is disjoint from any other flat.

By this lemma, we can choose c1, ¢2 € ol (E) with
c1<c=<c<c <cq,

such that no flat contains any two of the four cohomology classes.

By choosing suitable c¢; and ¢y, we assume that any two of these rotation vectors are
not colinear. Notice there exists a backward ¢;-semi static curve y;~ (i = 1,2) such that
¥; (0) = x. Then by Proposition 4.3, we have

VI—Vx <Y —=Yx <Y2—Vx <Y — Yx < VI — Yx.

However, this contradicts the assumption that y ~ y’. The contradiction implies that @ (x, y)
and w (x, y’) are in the same direction. Consequently, ¢ and ¢’ are in one flat of the «-function.
]

5 The modulus of continuity of weak KAM solutions

In this section, we give the proof of Theorem 1.1.

Consider cohomology classes ¢y, ¢z, c3 € Eg with ¢; < ¢ < ¢3, and the corresponding
elementary weak KAM solutions U, U, and U; respectively. By Proposition 4.3 (3), one
has

DYUT () = yy < DYUT (x) =y < DY UL (x) — ¥ 5.1)

and the relation is independent of x.

By choosing suitable constants we assume that U, (xo) = 0 for each i and for any gien
point xg. Denoted by

Z7 =lxe R? : U7 (x) = U (x) =0}

Since these rotation directions are all different, any two of the cohomology classes are not in
the same flat. In virtue of Theorem 3.1, each set Z; f is a connected set without interior. Indeed,
because both functions admit a decomposition of periodic and linear functions U;” (x) =
u; (x) + {ci, x) and U;(x) = u;(x) + {cj, x), the level set Z;j is a curve without self-
intersection, remaining in a strip {x € R2 : |{c; — cj,x)| < d; ;} for some d; ; > 0 and
extending to infinity in both directions.
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Lemma 5.1 Let the cohomology classes c;, c;j, cx satisfy that a(c;) = a(c;j) = a(cy) =
E > min«, then Z lntervects Zl © only at x = xo.

We postpone the proof of the lemma and complete the proof of the main theorem by
assuming the lemma. We next show that the order property (5.1) induces an order property
on the sets Z;~ i

Definition 5.1 Given level sets Z~ e £ =1,2,..., wesay they are in the order

Zjl,ll = ZJz in = Zj3,i3 <

if they intersect each other only at x¢, and at x¢ the “gradient” of Uj; - Ui; are in the order

D,,- - <D, - <D, ;- <
Ujl ’U"l X0 sz’Ufz X0 U/'3’Uf3 +*0
Given two points y¢, yx € Yx0 > we choose other two points yg, y1 € Y o.E such that
they are in the order yop < y¢ < yr < y1. We assume that all these four pomts determine
backward semi-static curves which approach the Aubry sets with different rotation direction.
One has the order (see the figure below):

Ye =Yoo <Yk = Y0 <Yk —Ye <Y1 = Yo <Y1 — Vk-

By applying Lemma 5.1 to the order y; — yo < yx — yo < Yk — ye as well as to the order
Yk — Yo < Y1 — Ye < Y1 — Yk, one sees that the following order property holds by (5.1),
Definition 5.1 and Definition 3.4

Ze,o < Zk,o < Zk,/z < Zl,/é < Zl’k.

Geometrically, the set Z, , lies in the sector-shaped region bounded by the sets Z, j and Z|
containing the sets Z; , and Z 1.¢» See the figure followed.
By the same argument, for any two points y;, y; € Y;O’ g between y, and yj in the
following sense
Yo < Ye <Yi <Yj <Yk <Y1,

we have
ZZ,O < Zi,o <Z;. < Zl’j < Zl,k'

Jst

Therefore, Z ;.; lies in the sector-shaped region bounded by the lines Z,,  and Z |, , containing

the curve Z,_ kot

The stralghthne{(co c¢, x—x0) = 0}isnot parallel to the line {(cxy —c1, x —xo) = 0}. The
curves Z, and Ziy lie in the strips {|{(co —c¢, x —x0)| < d¢.0} and {|{cx —c1, x —x0)| < dj k}
respectively.

Let us normalize {U } by the condition U (0) = 0, ¢ € £g. Given any bounded domain
Q, choosing m € Z? properly and making the translation x > x + m, we can guarantee that
€ falls into the sector-shaped bounded by the curves Z, , and Z; ,, but not containing the
curve Z; . It implies that Z ;- jinN=0 if the relation (5) holds. Without loss of generality,
we assume €2 is a disk. Otherwise, we replace 2 by a disk containing 2.

LetU,, U, , U, , U bethe global elementary weak KAM solution for the cohomology
classes co, c¢, ck, c1 respectively. It follows from the above argument that the global elemen-
tary weak KAM solutions for all cohomology classes {c : cop < ¢y < ¢ < ¢k < c1} are
totally ordered on the set €2 (Fig. 3). For any two functions U.” + (¢, m) and U, + (¢, m) for
different classes ¢ and ¢’ in this set we have either U (x) — U, (x)+{c— ¢’,m) > 0 for or
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alternatively, U= (x) — U (x) + (¢ — c',m) < Oforall x € Q. Therefore, these elementary
weak KAM solutions can be parameterized by the “volume” in the following way. Fix any
¢ = ¢(0), we introduce the parametrization o such that

o= / (U&g) — U&O))dx —i—/ (c(o) — c(0),m)dx
Q Q

where the second term is caused by the m-translation. The order property guarantees that the
map o — ¢ is well-defined.

Suppose the cohomology classes of the elementary weak KAM solutions under consider-
ation is bounded by M. Denote by L the Lipschitz constant for all the weak KAM solutions
u, . Itis known that L depends only on the Tonelli Hamiltonian H. So we get that

max |U; — U, + (c—c,m)| = max lu; —u_ + (c —c',x+m)| < (M+ L)(|lm|| + 1).
xeQ,c xeQ,c
We fix a number d > L + M such that
1
min Area(2 N B, (a)) > —Area(B,(a)),
aeQ 4
where B, (a) is a disk centered at a € Q with radius r < (M + L)(|m]| + 1)/d.
We next show that in the parameter o, the weak KAM solution is %-H(’jlder continuous in

cO- -topology. Indeed, given U o) T (c(0), m) > C(a) + {(c(c”), m), the region

Do = {(x.2) € X R: U, (x) + (c(0). m) < 2 < Uz, (x) + (c(o”), m))

contains at least two cones (Fig. 4). The height of each is

|| o) ~ Upony T (@) = c(o”), m) |l co(qys

Yo

Ye

Yk

Y1
Zioy Zro  Zke L Zu

Fig. 3 The graphs of the weak KAM solutions are ordered above Q2
Fig. 4 Inserting cones between

the graphs of two weak KAM
solutions

Graph of U,

Graph of Uy
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and the radius of its bottom disc is d , so the volume is By the choice of d, we have

3d2

1 7h3

|a—a|—‘/< o — C((,,)>dx+/<c(a>—c(a) m)dx| = 150

from which one obtains the %-Ht‘)lder regularity immediately

1Us0) = Usion lcoiey = 2+ lle@) = @)l - ml] < €@, H) (lo = 0|2 + fle(o) = e(@)]) -

AsY, o.E Can be covered by finitely many such arcs, and each global elementary weak KAM
solmon admits a decomposition of periodic and linear functions, we complete the proof of
the main theorem. o

Proof of Lemma 5.1 By Theorem 3.2, the vertex of D*Ui_ (x) must be on Y; g- Thus, by
Proposition 4.3(3) one deduces from the assumption w; # w; # wy # w; that the derivative
sets (see Definition 3.4) DU,-_’ Uy D US U and DUj‘., Uy x Are disjoint from each other for

eachx € T2 If ¢; < cj < ck,theny; —y; < yp — yi < yx — yj, namely

D <D <D

UTUS U U Ur U (5.2
We claim that each intersection point of Z;; with Z;, is isolated. To see it, let us note

that O ¢ CODU Uy holds for any x € T2 and i #j.If Z 1ntersects Z: ; x At some point
x, then U; (x) = U (x) = U, (x). Let x' e Z: be a pomt close to x, we obtain from
Lemma 3.3 that x’ —x is almost orthogonal to certaln vectory € DU[ U7 i.e. the inequality
[{(x" — x, y)| < 8|lx" — x|||ly|l holds for sufficiently small § > 0 and some y € DUf,U;,x'
Therefore, we obtain from (5.2) that

Z;; N Be(x) C Be(O\(S,): ‘5U LV Sl;j_‘S o

— +.8
Z; N Be(x) C SU U USU U
provided § > 0 is sufficiently small. It implies that x is the only point in B¢ (x) where Z;
intersects Z ik and the intersection is topologically transversal.
Therefore, glven an intersection point x of Z;- w1th Z, > it makes sense to find another
intersectlon point x” next to x when there are more than one intersection point. In this case,

k also passes through the points x and x’. Note that the intersection of these sets is always
topologlcally transversal. If the derivative sets of these curves at x are in clock-wise order

D <D <D

U7 U x U7, U x Uy U %0
then at x’ they would be in anti clock-wise order (see Fig.5)
Dy-v; > Dy ur o = Pusyp

However, the order property (5.1) is independent of x by Proposition 4.3(3). The contra-
diction verifies the fact: they intersect each other only at x = xo. O
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Fig. 5 The order property is VY
violated if the level curves
intersect twice

6 Extension of weak KAM solution by normal hyperbolicity

In this section, we consider a special case where the main theorem admits a higher dimensional
generalization. This is the case when the Hamiltonian system admits a normally hyperbolic
invariant manifold diffeomorphic to 7*T?. This structure exists widely in nearly integrable
Hamiltonian systems.

If such modulus continuity is established on certain normally hyperbolic invariant mani-
fold (NHIM), we can extend it to the stable and unstable fibers. We first recall the definition
of a NHIM. The theory of NHIM can be found in [10].

Definition 6.1 Let f : M — M be a C"-diffeomorphism on a smooth manifold M with
r > 1.Let N C M be asubmanifold (probably with boundary) invariantunder f, f (N) = N.
We say that N is a normally hyperbolic invariant manifold if there exist a constant C > 1,
rates 0 < A < u~! < 1 and an invariant splitting for every x € N

.M =T,N & E} & E!
in such a way that
veTN & |Dffov| < cuf], kez,
veE, & [Dff(vl <Al k=0,
ve EY & |IDffovl <= el k <o0.

[In 2|

We denote £ = min{ Mo

flow.

r} where r is the regularity of the time-1 map of the Hamiltonian

Theorem 6.1 Ler T x R¥(C T" xR"), k < n, be anormally hyperbolic invariant manifold
for the Hamiltonian flow with £ > 2 and let uzc(a) be elementary weak KAMs defined on T"
forc(): X - H L(Tk, R) continuous and one-to-one, where  is a compact subset of R¥.
Ifﬁia) = ﬁia) |Tx is v-Holder continuous in o, then the weak KAM solutions ui,c(a) satisfy
the following estimate

Iy = tionlcon < Cllo —a’I" + lle(@) — (@)D

for some constant C.

Proof In this setting of normal hyperbolicity, the unstable (stable respectively) manifold W*
(W* respectively) of an Aubry set A(c) C Tk x R¥ is given by the graph of the (x, du_ (x))
((x, Buj‘(x)) respectively) where uci are the elementary weak KAM solutions determined
by the Aubry set A(c). By the NHIM theorem, we know that for any point 7 € TF x R, in
its neighborhood W is the image of EZ under the exponential map which is near identity
if the neighborhood is small enough. Moreover, the unstable manifold W' is C “inz. So we
get that in a small neighborhood U of T¥, the weak KAM solutions uc_( g)’s are v-Holder in

-—
o as uc(a) S are.
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Next, we show how to extend the estimate from a neighborhood of T* to the whole T" as
stated in the theorem. The argument can be found in [5] Lemma 6.4. For each x € T" \ U
there exists x. € U and k. € R such that

U (x) =ug (xe) +he((xe, ke), (x,0)),

where the notation h.((x., k¢), (x,0)) was given in Sect. 1.1. Here the number |k.| are
uniformly bounded for all x € T" \ U and all ¢ € ¢(X), and the upper bound depends only
on the size of U. We denote by K the upper bound (Fig. 8).

Next, let y. : [ke, 0] = T the curve with y.(k.) = x. and y.(0) = x and attaining the
quantity

0
he((xe, ke), (x,0)) = /k L(dy:(?)) — (c, ye(t)) +a(c) dt.
It is clear that we have
0
u(x) < / Ldye(t) — (¢, 7e(t)) + a(c) di + u (x).
ke

This gives
0
he((xe, ke), (x,0)) —/ L(dye(1)) = (¢, ye@®) + a(c) dt

ke

=

0
/ (e = ye®) + ale) — () dt
ke

= 17(0) = Pelke) | - Ic" = cll + lke| - lee(€) — ae(cN)]

where y. denotes the lift of y. to R”. By the convexity of @ and the compactness of the set
X, we have that |a(c) — a(c’)| < C||c — ¢’|| for some constant C. We also have the uniform
bound |y, (0) — y.(k.)| < CK for all ¢ € ¢(X) due to the uniform bound on |k.|. Now we
get

0
g (0) —us (O] = |\he((xe, ke), (x,0)) —/ L(dyc(®)) = (¢, ye() + () dt
ke
+ lug (xe) =g (x)| < (CK +O)lle = || + Cllo —o'||".
This completes the proof. O
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Appendix A: Proof of Lemma 3.1

In this appendix, we prove Lemma 3.1. We first introduce the definition of viscosity solutions.

Definition A.1 (viscosity solution). Let U(C M) be an open set and H : T*M — R
continuous.
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We say a function u : U — R to be a viscosity subsolution of the Hamilton—Jacobi
equation H(q, dyu(q)) = a, if for any C ! function v, and any go € U such that u — ¢ has
a max at qo, then we have H (qo, d;¥ (qo)) < a;

We say a function u : U — R to be a viscosity supersolution of the Hamilton—Jacobi
equation H (g, dyu(q)) = a, if for any C! function 1, and any g € U such that u — ¢ has
a min at go, then we have H(qo, d; ¥ (q0)) > a;

We say a function u : U — R is a viscosity solution, if it is both a viscosity subsolution
and a viscosity supersolution on U.

To prove Lemma 3.1, we use the same method used to prove Lemma 1 and Theorem 1 in
[11] and Theorem 2.1 in [6].
We choose a smooth function 8 such that 0 < 8 < 1, 8(0) = 1 and B(x) = 0 whenever

llxll = 1. Let Bc (x) = B(x/e).

To prove the first part of the lemma, we assume the contrary, i.e. 3 xo € Q2 such that
u(xp) — v(xp) > 0. Let M = max{|[ul|co, ||[v||co} and introduce ®: Q2 x & — R be given
by

®(x,x") =ux) —v(x") +3MB(x — x').
Asu—v<0o0ndQand ® < 2M if | x — x'|| > €, one deduces that
D (x0, x0) = u(xg) — v(xg) +3MpB(0) > 3M,
and
Pyaxa) < P(xp, x0) if € > 0 is sufficiently small.
Choose § > 0 very small and then (x1, xi) so that

@ (x1,x1) > sup ®(x,x") — 6.
QxQ

We choose a smooth function ¢: 2 x 2 — Rsuchthat0 < ¢ < 1,§(x1,xi) =1,¢(x,x)=0
whenever ||x — x1 |2 + ||x’ — xjll > land |D¢| < 2in Q x . Finally, we set

W(x,x) = ®(x,x) +28¢(x, x).
Clearly, ¥ has a global maximum point (X, X') €  x Q. Indeed,

W(xy,x]) = ®(x1,x1) +28 > sup ® +§

QxQ
whereas
limsup W(x,x') < sup ®
lx[I-+llx" | —o00 QxQ
and

W(x, .X/)la(QXQ) < sup ®+3§ if § and € are sufficiently small.
QxQ

Obviously, we have
¥ —X'|| <e.

Now X is a maximum point of x > u(x) — (v(x") — 3MBc(x — x') — 28¢(x, X)) and thus,
by assumption
H(X, =3M (X — %) — 2805 (x, X)) < f(X). (A.T)
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Similarly, X" is a minimum point of x” — v(x’) — (u(x) + 3MBe(x — x') +28¢(x, x')) and
)
H(E, —3M3B. (% — &) + 2802 (x, ¥')) > 0. (A2)

Since f(x) < 0 and 8 can be chosen arbitrarily small, (A.1) contradicts to (A.2). This
contradiction implies that # < v on 2. This completes the proof of the first part.
For the second part of the statement, we set

ug(x) = 0u(x) + (1 —0)p(x) forx € Q,

where 6 € (0, 1). By the assumptions, we are able to choose function f G_C () such that
H(x,0¢(x)) < f(x) < 0. Thus, we see that ug < u on Q and uyp € C(2) since ¢ < u.
Note that p — H(-, p) is convex, a formal calculation reveals that

H(x,0up) <O0H(x,0u)+ (1 —-0)H(x,0¢) < (1—-06)f.

Applying the first part of the lemma we get ug < v. Noting that 6 can be arbitrarily close to
1, we complete the proof for the second part.

Appendix B: Further structure of the weak KAM solutions in the rational
case

In Sect. 2, we have considered the globally weak KAM solutions when the rotation vector is
irrational, and in the rational case assuming ¢ = .Z3(w) when Zg(w) is a point and c is an
endpoint of %5 (w) when it is an interval. In this appendix, we consider a cohomology class
c in the interior of I, = .Zg(w). The result in this appendix will not be used in the proof of
the main theorem. We include it since it gives us some new information of the weak KAM
solutions.

We fix a periodic curve y,, ;, denote by uci ;, the corresponding elementary weak KAM
solution. Without loss of generality, we assume the rotation vector has the form w = (0, &).

In the covering space kT? with k = (k1,k2) and k; > 1, denote by y(;"y , the curve in the
lift of y,, , which passes through the interval {x € R2:x; €[0,1), x =0}. Any other curve
in the lift is obtained by certain Deck transformation. Denoted by uzc 5 the elementary weak
KAM solution determined by y,; , . Treating it as the k-periodic function defined on R?, one
has

Proposition B.1 Assume c € intl,, where 1, = Zg(w) is a line segment for w = (0, @) for
some & € R. For any bounded domain Q@ C R?, there is a positive number K(2) such that
forany k, k' € 7? with ki, ki = k() and ky, k, > 1, one has

“fx,km = ”ci.x,k/k?'
Proof Clearly, uLjE 5.« i always 1-periodic in x;. To study how this function is valued, let us
consider the quantity 4.(g) for g € H (T2, Z) defined as follows
he(g) = min liminf inf [A.(§)].

x€T2 T—00 £O)=£(T)=x
l&1=¢

Since the system is autonomous, the limit infimum is indeed a limit. Clearly, 4.(g) = 0 if
8 = [Vw,1]- Notice that H; (T2, Yw.r» Z) is generated by {e, —e} where e = (1, 0) and y,, »
is codimension 1, one has h.(me) = mh.(xe) for m € N. If U, y,, , does not make up a
2-torus, one has i.(€) + h.(—e) > 0, both h.(e) > 0 and h.(—e) > 0 if ¢ € intl,,.
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For the rotation vector w(c¢) = (0, ®) and ¢ € intl,, we consider the elementary weak
KAM determined by y,; , in the covering space kT?, denoted by ujt 5 g Forky > 4, the shifts

of ch,)a
Vo =Var—(1,0) and yrf =yi, +(1,0)

cut the torus into two annuli. Let us study how ucik « 18 valued when it is restricted on the
annulus which contains the curve y* ,, denoted by A = A~ U AT, where A~ is bounded
by the curves y,'; and y*,, AT is bounded by the curves y* , and y;f;r Letx € ), and
X" € AT U A, one obtains from the definition that
L _ . .
u xX)—u x)= lim inf [A .
L,A,k( ) c,)»,k( ) T oo e 7[ C(ST)]

7(0)=x
Er (=%

Notice ¢ € intl,,. For sufficiently large k1 and 7', the minimal curve &7 falls into the annulus
AT U A, it does not cross the annulus kT2\(A* U A~). Otherwise the quantity [A.(§7)]
shall approach infinity as k; — oo, guaranteed by %4.(e) > 0 and h.(—€) > 0. For the same
reason, the minimal curve for ”:x, « also stays in AT UA™. Therefore, the restriction of uf ok
on A* U A~ is independent of k; provided it is suitably large.

In the covering space, each curve in the lift of y,, , takes the form of V(:, 5, 1 (J, 0) with
j=1,...,k;,mod k;. Let A, denote the annulus bounded by the curves y;;‘ 5, +(m,0) and
vy, 4+ (m+1,0), we claim that, for a positive integer m, there exists k{ = k{ (i) such that
for any k1 > kY,

wp, ((5) =1y, (8= (m,0)) + mhe(F€), X € Ap

B.1
s, (5 =ur, [+ (m—1,0)+ (m— Dhe(xe), ¥ €Ay ®D

To verify, let &: [T, 0] — kT? be the minimal curve connecting Xp € y; 5, to x such that
&(—=T) = Xxo and £(0) = X. Because h.(Fe) > 0, the curve & will cross the annulus A ;
with j = 1,...,m — 1 if m > 0 is suitably smaller than k; as A.(§) > A.(¢) holds for
any curve ¢ : [-T,0] — kT2 which connects Xo to x but does not cross the annulus A j
with j =1, ..., m — 1. Denoted by ¢; the time when &(¢;) = )/;’)\(tj) 4+ (J, 0), then one has
|é(tj) — J}S,A(tjﬂ — 0as T — oo. Therefore, there exists a point X,, € A,, on the curve &
such that |x,, — (m,0) — xo| - 0 when T — o0. Note t,, € [-T,0], T + 1, — oo and
—t,, — o0 as T — 00, one obtains from the definition that

h2° (%o, %) < hl (%o, ¥) = hI T (%o, Xm) + A" (T, ¥),

namely, ”;A,k(i) = u;/\ X — (m,0)) + mh.(e). Other formulae can be proved in the
similar way. Therefore, for any domain © C R?, some positive number K (£2) exists such that
ur, lo =ul, vl provided ki, ki > k(<). o

B.1 An example
To illustrate what the lemma means, let us consider the weak KAM solution of
1
H(x,0cu+c)= E(axu + c)2 — (1 —cosx)

for ¢ = 0. The figures (Fig. 6, Fig. 7, Fig. 8) below are the graphs of the weak KAM solutions
when they are lifted to the universal covering space. They are equal for x € [—m, 7]. The
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i

—67 —47 —27 0 2T 47 6

Fig. 6 The graph of u , by treating {x € R : x mod 27} as the configuration space

3w

—6m —4m —'27r (3

27 4m 67

Fig. 7 The graph of u;, with respect to the Aubry class {x = 0}, by treating {x € R : x mod 47} as the
configuration space

flﬁﬂ' féllﬂ' —27 0 27 47 6T

Fig. 8 The graph of u with respect to the Aubry class {x = 0}, by treating {x € R : x mod 127} as the
configuration space

functions for {x € R : x mod4rx} and for {x € R : x mod 12} are equal when they are
restricted on [—27, 27].
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