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1. INTRODUCTION

In this article, as a sequel of [51], we prove a conjectural refinement of the global
Gan-Gross-Prasad conjecture [7] for unitary groups under some local conditions.
This refinement is modeled on the pioneering work of Waldspurger [40] on toric
periods and the central values of L-functions on GLs. In an influential paper [23],
Ichino and Ikeda first formulated the refinement for orthogonal groups. After the
Ichino-Tkeda formulation, R. N. Harris considered the case of unitary groups in his
Ph.D. thesis at the University of California, San Diego [21].
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542 WEI ZHANG

1.1. The conjecture of Ichino-Ikeda and R. N. Harris. We now recall the
conjectural refinement. Let E/F be a quadratic extension of number fields with
adeles denoted by A = Ar and Ag, respectively. Let V be a Hermitian space of
dimension n + 1 and W a (nondegenerate) subspace of codimension one. Denote
the unitary groups by U(V') and U(W), respectively. Let G = U(W) x U(V) be
the product and H the diagonal embedding of U(W) into G. Let m = m, ® mp41
be a cuspidal automorphic representation of G(A) and let 7; g be the base change
of m; to GL;(Ag), i = n,n+ 1. Denote by L(s,7g) the Rankin-Selberg convolution
L-function L(s, 7, g X Tp+1,) due to Jacquet—Piatetskii-Shapiro-Shalika [27]. It
is known to be the same as the one defined by the Langlands-Shahidi method. The
reader may consult the introduction of [I1I] for an overview of the study of the
central value L(1/2, 7, g X Tp+1,5). We also consider the adjoint L-function of 7
(cf. [7, §7],[21, Remark 1.4]),

L(s,m, Ad) = L(s, 7, Ad)L(8, Tp41, Ad).

We refer to Remark [7 for the definition of the adjoint L-function at bad places (also
cf. Remark [I] after Conjecture [Tl below).
Denote the constant
n+1
An-‘rl = H L(iv ni) = L(lv 77)L(2, 1F)L(37 77) e L(n +1, nn+1)7
i=1

where 71 is the quadratic character of F*\A* associated to E/F by class field
theory. Note that here A,11 = L(MV(1)) where MY is the motive dual to the
motive M associated to the quasi-split reductive group U(n + 1) defined by Gross
[15]. We will be interested in the following combination of L-functions:

L(S, 7TE)
(s+1/2,7, Ad)’
We also write .Z (s, m,) for the local factor at v.

Let [H] denote the quotient H(F)\H(A) and similarly for G. We endow H(A)
(G(A), resp.) with their Tamagawa measured]] and [H] ([G], resp.) with the quotient

measure by the counting measure on H(F') [G(F)]; cf. §2. In [7], Gan, Gross, and
Prasad propose to study an automorphic period integral

P(9) = Pra() = / o(hydh, e

(H]

(1.1) L(s,m) = Dps1 T

They conjecture that the nonvanishing of the linear functional &2 on 7 [possibly by
varying the Hermitian spaces (W, V') and switching to another member in the Vogan
L-packetd of 7] is equivalent to the nonvanishing of the central value L(1/2,7g)
of the Rankin-Selberg L-function. This conjectural equivalence is proved for m
satisfying some local conditions in our previous paper [5I]. One direction of the
equivalence had also been proved by Ginzburg-Jiang-Rallis (cf. [I1], [12]).

For arithmetic application, it is necessary to have a more precise relation between
the automorphic period integral & and the L-value Z(1/2,7g). To state the

1Since the unitary group H has a nontrivial central torus, we need to introduce a convergence
factor: dh = L(1,1) "' [, L(1,m)|w|v for a nonzero invariant differential w of top degree on H.
Similarly for G.

2For the term “Vogan L-packet,” cf. [T} §9-11].
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precise refinement of the Gan-Gross-Prasad conjecture, we need to introduce more
notations. Let (-, -)pet be the Peterson inner product

(12) (6, 0)pet = /[G] Ho)Pg)dg, dpem

Fix a decomposition as a product
<'7 '>Pet = H<7 '>’U
v
under the decomposition m = ®m,,. In this way we fix an invariant inner product on

7. Ichino and Ikeda first consider the following integration of the matrix coefficient:
for ¢y, p, € Ty, we define when 7, is tempered,

(1.3) u(Bor p0) = /H (o (W) bop)odh,  H, = H(F,).

It has the following nice properties for tempered m,:
(1) Tt converges absolutely, and it is positive definite: (¢, @) > 0.
(2) When m, is unramiﬁedE‘ and the vectors ¢,, ¢, are fixed by K, such that
(dv, Puv)o = 1, we have

0u(Gnp0) = £ (57 ) voH(O).

(3) If Homg(p,)(my, C) # 0, then the form cv, does not vanish identically.

The first two were proved by Ichino and Tkeda (R. N. Harris in the unitary group
case). The third property was conjectured by them and proved by Sakellaridis
and Venkatesh [36], §6.4] in a more general setting. Waldspurger also proved the
third property in the p-adic orthogonal case. Because of the second property, we
normalize the form «, as follows:

(1.4) o (hu, o) = m

Clearly 045 is invariant under H, x H,, and we may call it the “local canonical
invariant form.”

We are now ready to state the conjecture of Ichino-Ikeda and R. N. Harris
(cf. [23], [21, Conjecture 1.3]) that refines the global Gan-Gross-Prasad conjec-
ture for unitary groups. Assume that the measure on H(A) defining & and the
measures on H(F,) defining «, satisfy

dh = Hdhv.

Conjecture 1.1. Assume that w is tempered; i.e., m, is tempered for all v. For
any decomposable vector ¢ = ®¢,, € 1 = ®m,, we have

POP 1 (1 )7 0h(6..6)
(+5) i~ (3 )H (o fo)o

where S; is a finite elementary 2-group: the component group associated to the
L-parameter of m = mp, @ Tpy1.

/ <7rv(h)¢v790v>v dh
H,

3For a non-Archimedean place v we say that m, is unramified if the quadratic extension E/F
is unramified at v, the group G(F,) has a hyperspecial subgroup K, = G(O,), and m, has a
nonzero K,-fixed vector.
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544 WEI ZHANG

Remark 1. The right hand side of the conjectural formula is insensitive to the
definition of local L-factors at the finitely many bad places, as long as we choose
the same definition in .Z(s, m,) and in the local canonical invariant form af.

The conjectural formula of this kind goes back to the celebrated work of Wald-
spurger [40] for the central values of L-functions of GL(2) [more or less equivalent
to the case U(1) x U(2) in the unitary setting]. An arithmetic geometric version
generalizing the formula of Gross-Zagier and S. Zhang [16],[44] is also formulated
in [7, §27], [49], and |50} §3.2]. More explicit formulae were obtained by Gross [14],
S. Zhang [48], and many others. The formula of Waldspurger and the formula of
Gross-Zagier and S. Zhang [16], [46],[47],[44] play an important role in the spec-
tacular development in application to the Birch and Swinnerton-Dyer conjecture
for elliptic curves in the past 30 years. More recently, Tian [39] applies both for-
mulae together to a classical Diophantine question and proves the infinitudes of
square-free congruent numbers with an arbitrary number of prime factors.

The refined global conjecture for SO(3) x SO(4), concerning “the triple product
L-function,” was established after the work by Garrett [9], Piatetski-Shapiro—Rallis,
Harris-Kudla [19], Gross-Kudla, Watson [43], and Ichino [22]. Recently Gan and
Ichino [8] established some new cases for SO(4) x SO(5) [for endoscopic L-packets
on SO(5)]. All of the known cases utilize the theta correspondence in an ingenious
way.

The Waldspurger formula was also reproved by Jacquet and Jacquet-Chen [4]
using relative trace formulae.

1.2. Main results. We now state our main result. Throughout this paper, we will
assume two hypothesis, denoted by RH(I) and RH(II).

The first one is about some expected properties of the (global and local) L-
packets of unitary groups (for all Hermitian spaces W, V'), analogous to the work
of Arthur on orthogonal groups (cf. [34], [42] for the progress toward the unitary
group case).

RH(I): Let E/F be a quadratic extension of number fields. For i = 1,2,

let V; be a Hermitian space of dimension N, U(V;) the unitary group, and

m; an irreducible cuspidal automorphic representation of U(V;). We further

assume that at one place vy split in E/F, and the representation ; ,,

(i = 1,2) is supercuspidal. Then we have

(i) The (weak) base change 7; i to Resg,pGL(NV) exists, and 7, is cuspi-
dal with a unitary central character, while the Asai L-function L(s, 7,
As(_l)Nfl) (cf. Remark [B]) has a simple pole at s = 1.

(ii) The multiplicity of m; in L2([U(V;)]) is one.

(i) Assume that m; and m are nearly equivalent (i.e., m1, ~ ma, with
respect to fixed isomorphisms Vi, ~ V5, for all but finitely many
places v of F'). Then for every place v of F, m, and ma, are in the
same local Vogan L-packet, and this local Vogan L-packet is generic.

The second one is a part of the local Gan-Gross-Prasad conjecture in the unitary
group case.

RH(II): Let E/F be a quadratic extension of local fields, and (Wp, Vp) a
pair of Hermitian spaces of dimension n and n 4+ 1. Then in a generic local
Vogan L-packet II, of U(Wy) x U(Vp), there is at most one representation
7 of a relevant pure inner form G = U(W) x U(V) that admits a nonzero
invariant linear form, i.e.,

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



AUTOMORPHIC PERIOD, THE RANKIN-SELBERG L-FUNCTION 545

Hompy (m, C) # 0.

We refer to [7, Conj. 17.1] and [7), §9] for the detailed description. A proof (of an
even stronger version) for tempered L-packets for p-adic fields is recently posted
by Beuzart-Plessis [2] Theorem 1]; the local conjecture in the orthogonal case for
p-adic fields has earlier been proved by Waldspurger.

We need the fundamental lemma for the Jacquet-Rallis relative trace formu-
lae. In [45] and its appendix, this fundamental lemma is proved when the residue
characteristic p > ¢(n) for a constant c(n) depending only on n (cf. Theorem FI]).

Theorem 1.2. Let 7 be a tempered (i.e., 7, is tempered for every place v) cuspidal
automorphic representation of G(A). Assume that the running hypothesis RH(T)
and RH(II) holds. Denote by ¥ the finite set of nonsplit places v of F' where m,
s not unramified. Assume that

(i) There exists a split place vy such that the local component m,, s supercus-
pidal.
(ii) If v € X3, then either H, is compact or m, is supercuspidal.
(iii) The set 3 contains all nonsplit v whose residue characteristic is smaller
than the constant c¢(n).
Then we have the following two cases:

(1) (the totally split case) when every Archimedean place v of F is split in the
extension E/F [i.e., Gp ~ (GL, X GLp41)r.. ], we have

PO o g (1 )77 2. 00)
<¢a¢>Pet =2 $<27 >];[ <¢va¢v>v.

(2) (the totally definite case) if G(Fu) is compact where Foo = [],|o Fo, then
there is a nonzero constant c,__ depending only on the Archimedean com-
ponent T, of ™ such that

2(9)]> _ 2 (1 ) al ¢y, ¢v)
<¢a¢>Pet_C7rm2 < 2,7‘— ];[ <¢Ua¢v>v-

Remark 2. Under our assumptions (), the base change of mg of 7 to the general
linear group is cuspidal, and hence

‘Sﬂ| = |S7Tn

: |S7Tn+1‘ =4

Remark 3. The condition (i) is due to the fact that currently we do not have a
complete spectral decomposition of the Jacquet-Rallis relative trace formulae. The
condition (4¢) seems to be only a technical restriction for our approach and will be
discussed in §9. We have the restriction for the Archimedean place because (1) we
have not proved the existence of smooth transfer at Archimedean places (cf. §5),
and (2) it is probably a more technical problem to evaluate the constant ¢, __.

Remark 4. For a non-Archimedean place v, the unitary group H, is possibly com-
pact only when n < 2. When n = 1, H,, is always compact for a nonsplit v. In this
case, our proof is essentially the same as the one in [4].

We also make a local conjecture (Conjecture ) for each place v. Together with
a suitable spectral decomposition of the relative trace formulae, this conjecture
would imply Conjecture [L.T] for those w with cuspidal base change 7.
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1.3. Some applications. We have the following application to the positivity of
some central L-values. The positivity is also predicted by the grand Riemann
hypothesis. Lapid has obtained a more general result for Rankin-Selberg central
L-values by a different method ([32]; cf. also [3I] for the positivity of the central
value of the L-function of symplectic type).

Theorem 1.3. Assume that 7 satisfies the conditions of Theorem and E/F is
split at all Archimedean places. Then we have

1

Proof. 1t suffices to show this when L(3,7g) # 0. Then by [51], there exists ’
in the same Vogan L-packet of 7w such that the period &2 on 7’ does not vanish.
By replacing 7 by 7/, we may assume that the space Homy ) (g, ) (s, C) does not
vanish for every v. Then the local terms o do not vanish. Now the positivity
follows from the fact that the o are all positive definite, and the other L-values
appearing in Z(1/2,7g) except L(%, mg) are all positive. a

Remark 5. As another application, M. Harris showed that Conjecture [I.I] would
imply the algebraicity of the L-value £ (1/2,7) up to some simple constant when
G(F) is compact and a # 0 (cf. [20] §4.1]).

1.4. Outline of proof. We now sketch the main ideas of the proof, following the
strategy of Jacquet and Rallis [28]. First of all, by the multiplicity one result [I],[38],
we know a priori that there is a constant denoted by %, depending on 7 such that
for all decomposable ¢, ¢ € ,

(16) gz(gb)‘@((/)) = Cr HQEJ(¢07<P11>'

Instead of working with an individual ¢ € 7 as in the conjecture, we switch our
point of view to a distribution attached to 7.

Definition 1.4. We define the (global) spherical character J. associated to a cus-
pidal automorphic representation 7 as the distribution

(1.7) Jo(f) =3 2@ P@),  feET(GR),
%

where the sum of ¢ is over an orthonormal basis of 7 (with respect to the Petersson
inner product).

The name “spherical character” is suggested by many early analogous distribu-
tions (cf. [35], etc.). We also have a local counterpart as follows.

Definition 1.5. We define the (local) spherical character Jfrv associated to m, as
the distribution,

(1.8) T2 (fo) =D b (mulf)busdu)s  fo € E(GR)),

ol
where the sum of ¢, is over an orthonormal basis of m,. Similarly we define an
unnormalized one J; ,

(1.9) I, (fo) ::Zav(ﬂv(fv)(lsmﬁf’v)'
¢
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By (L.8), we clearly have for decomposable f = &), fo
(1.10) T(f) =C [] I3, (f)

where in the product in the right hand side, for a given 7w and f, the local term
Jfrv (fv) = 1 for all but finitely many v. Then we have the following consequence of
Conjecture [[.11

Conjecture 1.6. Assume that 7 is a tempered cuspidal automorphic representa-
tion. For all f =@, fo € €°(G(A)), we have

5 =g (3 )Hﬂ ()

Lemma 1.7. The Conjecture is equivalent to Conjecture [L1

Proof. Tt suffices to show that Conjecture [ implies Conjecture [LIl To see this,
we note that the following are equivalent: (1) Hompgp,)(m,C) # 0, (2) ap # 0,
(3) the distribution Jh does not vanish{] Hence, Conjecture [[1] holds if for some
v the linear form a, vamshes Now assume that for all v, the linear forms «, do
not vanish. Then the distributions Jr, do not vanish. Then by Conjecture [[L6] the
constant % must be 5 Z(1/2,7), which implies Conjecture [T} O

Note that there is a parallel question for the general linear group. This question
can essentially be reduced to the celebrated theory of “Rankin-Selberg convolution”
due to Jacquet—Piatetskii-Shapiro—Shalika [27]. The idea of Jacquet and Rallis is
to transfer the question from the unitary group to the general linear group via
(quadratic) base change. They [28] introduced two relative trace formulae (RTF),
one on the unitary group and the other on the general linear group. This is the
main tool of this paper and the previous one [51].

In the general linear group case, there is a decomposition of a global spherical
character into a product of the local ones, analogous to Conjecture But this
time one may prove it without too much difficulty. Hence, to deduce Conjecture
[[6 it suffices to compare the two local spherical characters. Moreover, since we
only need to find the constant %, we may just choose some special test functions
f, as long as the local spherical character on the unitary group does not vanish for
our choice. Therefore the main innovation of this paper is a formula for the local
spherical character evaluated at some special test functions. The formula can be
viewed as a truncated local expansion of the local spherical character, analogous to
the local expansion of a character due to Harish-Chandra. The result may be of
independent interest in view of local harmonic analysis in the relative setting.

For comparison, let us recall briefly a result of Harish-Chandra. Let F be a
p-adic field. We temporarily use the notation G for the F-points of a connected
reductive group, and g the Lie algebra of G. Let N be the nilpotent cone of g and
N/G the set of G-conjugacy classes in A/. The set N'/G is finite. Let puo be the
nilpotent orbital integral associated to O € N'/G for a suitable choice of measure.
The exponential map defines a homeomorphism exp : w —  where w (€ resp.) is
some neighborhood of 0 in g (1 in G, resp.). Let m be an irreducible admissible
representation of G. Then Harish-Chandra showed that there are constants co ()

41t is clear that (2) is equivalent to (3). The equivalence of (1) and (2) follows from the third
property of a,, listed earlier.
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548 WEI ZHANG

indexed by O € N/G such that when Q is sufficiently small, for all f supported
in Q,

(1.11) (r(f)) = Y. colmpolfy).

OeN/G

Here fj is the function on w via the homeomorphism exp, and J?h is its Fourier trans-
form. The constants c¢o(7) contain important information about 7. For example,
there is a distinguished nilpotent conjugacy class, namely the class of 0 € N. If 7
is a discrete series representation, the constant cyoy () is equal to the formal degree
of m for a suitable choice of Haar measure on G.

Now we return to our relative setting. We consider the local spherical character
on the general linear group. Let G’ := Resg,/p(GL, x GLy11), and let II be
an irreducible unitary generic representation of G’(F'). Then the local spherical
character Iy [cf. ([B3T)] defines a distribution on G’(F) with a certain invariance
property. These distributions are related to distributions on the F-vector space,

Snt1 = {X € My (E)| X +X =0}

Here X ~ X denotes the Galois involution (entrywise). The group GL,11(F) acts
on s,+1 by conjugation. We will be interested in the restriction of this action to
the subgroup GL,,(F) [as a factor of the Levi of the parabolic of the (n,1)-type].
We let w be a small neighborhood of 0 in the F-vector space s,11. Then we have
a natural way to pull back a function f’ on a small neighborhood of 1 in G’ to a
function denoted by fhl on w (cf. §8 for the precise definition). It is tempting to
guess that there exists an analogous expansion of Iy in terms of the [relative to
GL, (F) action] unipotent orbital integrals on s, 1 B However, so far there are some
difficulties. For example, when n > 2 there are infinitely many GL,, (F')-nilpotent
orbits in s,41, and these nilpotent orbital integrals often need to be regularized.
We then restrict ourselves to a subspace of admissible functions (cf. Definition [B])
supported on a small w. The precise definition is very technical. We expect that
admissible functions have vanishing nilpotent orbital integrals (however, generally
not even defined so far), except for one of the two regular unipotent orbits denoted
by €. An expansion such as (LII) of Ii(f) would then tell us that there should
be only one term left, corresponding to the regular unipotent orbit £ . Though it
seems challenging to prove something such as ([LII]) in our setting, we nevertheless
manage to establish a truncated version (see Theorem BH for the detail).

Theorem 1.8. Let IT be an irreducible unitary generic representation of G'(F).
Then for any small neighborhood w of 0 in §,,41, there exists an admissible function
[ € €2°(G'(F)) such that f; is supported in w and

In(f") = ())ue_(F]) #0,

where (%) is an explicit nonzero constant depending only on the central character

of TI.

We have a similar result for a local spherical character J, on the unitary group
when either 7 is a supercuspidal representation or the group U (W) is compact. See

5Relative to the GLy, (F)-action, an X € sp41 is “nilpotent” if the closure of its GL, (F)-orbit
contains zero.
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§9 for more details (Theorem [0.7). Then our main Theorem follows from the
local comparison of the two spherical characters (cf. §4 Conjecture [A4]).

The proof for the unitary group case seems to be harder and needs the full
strength of our previous results in the companion paper [5I]. Namely we have to
make use of the following results (cf. §9):

(1) The existence of smooth transfer.
(2) Compatibility of smooth transfer with Fourier transform.
(3) Local (relative) trace formula on “Lie algebra.”

Note that the proof in [51] of these ingredients is in the reverse order listed here.

1.5. Structure of this paper. After fixing some notations in §2, we review several
global periods involving the general linear group in §3 and deduce the decomposition
analogous to Conjecture Then in §4 we recall the Jacquet-Rallis RTF and
reduce the question to a comparison of local spherical characters. Then we give the
proof of Theorem assuming a local result (Theorem [4.0]). In §5 we deal with the
totally definite case (i.e., G(R) compact). In §6 we prepare some (relative) harmonic
analysis on Lie algebras. In §7 and §8, we prove the local character expansion for the
general linear group. The two key ingredients are Lemma [7.6] and Lemmal[8.8 In §9
we show the local character expansion for the unitary group under some conditions,
and we complete the proof via the comparison of both spherical characters.

Finally, we warn the reader of the change of measures: Only in the introduc-
tion do we use the Tamagawa measures associated to a differential form w on H
normalized by

dh = L(la 77)71 H L(17 77U)|w|U'
To have a natural local decomposition, below we will immediately switch to

dh =[] dhy,  dhy =] L m)lwlo.

Another change comes when we move to the local setting (cf. the paragraph before
Lemma [7): there we consider the unnormalized local measure

dhy = |wly.

A similar warning applies to other groups such as G and the general linear group.

Part 1. Global theory
2. MEASURES AND NOTATIONS
We always endow discrete groups with the counting measure.

2.1. Measures and notations related to the general linear group. We first
list the main notations and conventions throughout this paper. We denote H, =
GL,, its standard Borel B,, with the diagonal torus A,, the unipotent radical N,
of B,,. We denote by B,, _ the opposite Borel subgroup, and N,, _ its unipotent
radical, and an open subvariety H/ = N,, A, N,,_ of H,, (essentially the open cell of
Bruhat decomposition). Their Lie algebras are denoted by b, n,, etc. We denote
by My, m(F) the F-vector space of all n x m matrices with coeflicients in F’; and if
n = m we write it as M, (F). Then we have a natural embedding H,, C M,,. We
denote
e, = (0,0,...,0,1) € My, (F),
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and let e € M, 1(F') be the transpose of e,,. The letter u (v, resp.) usually denotes
an upper (lower, resp.) triangular unipotent matrix or a column (row, resp.) vector.

We usually understand H,,_; as a subgroup of H, via the block-diagonal
embedding

H, 15h— (h 1) € H,.

We thus have a sequence of embeddings ... C H,_» C H,_1 C H,. Similarly we
have a sequence of embeddings for the diagonal torus A,,, the unipotent N, etc.
For a quadratic extension E/F (local or global), we assume that

E = F[r],

where 7 = V8, § € F*. We write E¥ the F-vector space where the nontrivial
Galois automorphism in Gal(E/F) acts by +1, and EtT = F.

Now let F' be a local field. We will fix an additive character ¢ = ¢p of F and
then define a character ¢ of E by

Yp(z) =1 <%trE/pz>

for the trace map trg,p : £ — F'. In particular, we have the compatibility ¢ g|F =
1. We also say that ¢ is unramified if F' is non-Archimedean and the largest
fractional ideal of F' over which 9 is trivial is O, and similarly for ¢g. On M, (E)
there is a bi-FE-linear pairing valued in F given by

(2.1) (X,)Y) :=tr(XY).
We then have a Fourier transform for ¢ € €°(M,,(E)),

3(x) = / oY) (X, Y)) dY.
M, (E)

Here we use the self-dual measure on M, (E), i.e., the unique Haar measure char-
acterized by

~

(2.2) $(X) = d(—=X).

Note that this is also the same measure obtained by identifying M, (E) with E™
and using the self-dual measure on E = M;(E). We now view both M, (F) and
M, (E~) as F-vector subspaces of M,,(E). Then the restriction of the pairing (-, -)
to each of them is nondegenerate F-valued pairing. In this way we may define
the Fourier transform of f € €>°(M,(E¥)) and we normalize the Haar measure
on M, (E¥*) as the self-dual one characterized by the analogous equation to (Z2).
Set n = 1 and we have a measure for F = E* and E~. Note that if we use the
isomorphism F' ~ E~ by 2 — /dz, then the measure on E~ is |5|},/2dx for the
self-dual measure dx on F. Here our absolute values on F' and E are normalized
such that
d(az) = |a|F dz, ackF,

and similarly for F.
On F* we denote the normalized Tamagawa measure associated to the differen-

tial form z~'dz,

d*z = CF(l)d—x

2|’
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and the unnormalized one,
dzx

d'r=—,
x| p
and similarly for E*. On H,(F) we will take the Haar measure
Hij dx;
| det(g)[3’
and similarly for H,(E) [where we replace (r(1) by (g(1)]. Sometimes we also
shorten | det(g)| by |g| if no confusion arises.
We will assign the measure on N, (F') the additive self-dual measure,

du = H duij, u = (U”) € Nn(F)

1<i<j<n

dg = (r(1) g = (v4j),

We denote the modular character by
On(a) = det(Ad(a) : n,) = Ha;”l*zi,

where a = diag[ay, as, ..., a,] € An(F) acts on n by Ad(a)X = aXa~!. Similarly,
we have 0, g if we replace F' by E. For x € M, ,,,(F'), we define

l|z]| = max{mj\F}lgign,lgjgm.

Now let F' be a number field and let ¢ = [], ¥, be a nontrivial character of
F\A. We denote by A! the subgroup of A* consisting of x = (x,), € A* with
|z| =1, |zo]o = 1. We endow the group H,,(A) with the product measure

dg =[] dg-

We denote by Z,, the center of H,,, and the measure is determined by the measure
on Ay,
d*x = H d*x,.
v

Note that under our measure, if v, is unramified, the volume of the maximal
compact subgroup of H,(F,) is given by

vol(Hu(OF,)) = Go(2) 71 Gu(3) 7" -+ Go(n)

If E is a quadratic extension of F, we take similar conventions for H,(Afg),
Zn (AE) et al.

2.2. Measures and notations related to unitary groups. In this paper, W C
V will denote an embedding of Hermitian spaces of dimension n and n + 1, respec-
tively, U(W) and U(V) the corresponding unitary group, G = U(W) x U(V) and
its subgroup H being the diagonal embedding of U(W).

Our method involves the comparison of orbital integrals between the unitary and
general linear group cases, and between their Lie algebras, respectively. We thus
need to choose compatible measures on them. Let # be a nonsingular Hermitian
matrix of size n+1. Then we may and will view the group U(6)(F) as the subgroup
of GLy+1(E) consisting of g € GL,,4+1(E) such that

§t . 999_1 =1.
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We may and will view the Lie algebra u(f) of U(f) as the subspace of M, 11(FE)
consisting of X € M, +1(F) such that

X' +0x07 =0.
We denote by u(#)" a companion space where the last equality is replaced by
X =0x0".

For any number 7 € E such that 7 = —7 # 0, we have an isomorphism (as F-vector
spaces) from u(f) to u(6)" mapping X to 771 X.

We will need to consider the symmetric space Sy11(F) ~ Hy,1(F)\Hp11(E).
We identify S, 41 with the subspace of GL,,4+1(F) consisting of g € GLy,+1(E) such
that

(2.3) gg = 1.

We have its tangent space § = s,41 at 1 € S, 1, which we call the Lie algebra
of Sp+1(F). Viewed as a subspace of M, +1(E), the vector space s consists of
X € M,,11(F) such that

(2.4) X+X=0.

Its companion is the space M,, 11 (F') [or gl,,+1(F')] viewed as a subspace of M,,1(E),
namely consisting of X € M, 41 (F) such that

X=X

For any number 7 € F such that 7 = —7 # 0, we have an isomorphism (as F-vector
spaces) from s(F) to M,,+1(F) mapping X to 77 1X.

We consider both s and u as F-vector subspaces of M, 1(E). The restrictions
of the bilinear form (-,-) [cf. (@ZI)] on M,4+1(F) to s and u = u(f) take values
in F' and are nondegenerate. The additive characters ¢ and g then determine
self-dual measures on M,,11(Ag), u(A), s(A), and the local analogues. Moreover,
if we change the Hermitian matrix 6 defining u to an equivalent one, the subspace
u changes to its conjugate by an element in GL,1(F). Hence the measures are
compatible with the change of 8. These measures can also be treated as Tamagawa
measures associated to top degree invariant differential forms. Let wg be a differ-
ential form on u so that |wpl|, defines the self-dual measure for every place v. We
also use the form wq to normalize the differential form w that defines the measure
on U(0)(Fy) as follows. We consider the Cayley map

(2.5) X)) =(1+X)(1-X)"1.

It defines a birational map between u and U(f), and it is defined at X = 0. We
normalize the invariant differential form w on U(#) by requiring that the pullback
c*w evaluating at 0 is the same as wqy evaluated at 0. It follows that, when v is
non-Archimedean, under the Cayley map, the restriction of the self-dual measure to
a small neighborhood of 0 in u is compatible with the restriction of the Tamagawa
measure |w|, to a small neighborhood of 1 in U(#)(F),). In this way we choose the
measure on U(#)(A), globally and locally, as follows:

dh =[] 21 m)wlo-
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Our global measure is therefore not the Tamagawa measure, which should be
L(1,m)~tdh. In particular, under our choice of measure, the volume of [U(1)] =
U1)(F)\U(1)(A) is given by

(2.6) vol([U(1)]) = 2L(1,n).

This is due to the fact that the Tamagawa number for U(1) ~ SO(2) is equal to 2.

3. EXPLICIT LOCAL FACTORIZATION OF SOME PERIODS

In this section, we decompose several global linear forms on the general linear
group into explicit products of local invariant linear forms. Nothing is original in
this section, but we need to determine all constants in order to prove the main
result of this paper.

3.1. Invariant inner product. Let II = II,, be a cuspidal automorphic represen-
tation of H, (Ag) with unitary central character wr;. We recall some basic facts
on the Whittaker model of II = ®,,II,,. We extend the additive character ¢ g to a
character of N, (E) by

Yp(u) =Yp ( z_:um-H), u = (u;j) € Np(E).

Similar convention applies to the other unipotent matrices in N, (F) et al. We
denote by €°°(N,,(Arp)\H,(AE),¥r) the space of smooth functions f on H,(Ag)
such that

flug) =¥(uw)f(g),  uweNn(Ap),g € Hn(Ap).
Similarly we have the local counterpart €°° (N, (E,)\Hn(Ew), ) for each place
w of E. The Fourier coefficient of ¢ € II is defined as

Wolo) = | o(ug) (1) d
N(E)\N(Ag)

Then we have Wy € €°(N,,(Ag)\H,(Ag),¥g). The map ¢ — W, realizes an equi-
variant embedding II — €¢°°(N,,(Agp)\H,(AEg),¥r). The image, the Whittaker
model of I, is denoted by W(II, ¥g). For ¢ € Il = ®,,IL,,, we assume that Wy is
decomposable

31 Wele) = [[Wouwlgw): W € C°(Nu(Bu)\Ho () Vp.0),

where w runs over all places of E, and W,,(1) =1 for almost all places w.
We need to compare the unitary structure in the decomposition

I~ ®W(Hw7"/}E,w)‘

On IT we have the Petersson inner product, for ¢, ¢’ € II,

<¢w»ﬁ=/' 6(9)%(9) dg.

Zn(AE)Hn(E)\Hn(AE)

On W(IL,, ¥g ) we have an invariant inner product defined by

(3.2) D (W, W) :/ W, <h 1> W, (h 1> dh.
Np_1(Ew)\Hn—1(Ew)
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The integral ¥,, converges absolutely if II,, is generic unitary. When IL,, and ¢
are unramified, the vectors W, = W), are fixed by K,, ., := H,(Og ) and normal-
ized by W,,(1) = 1, we have

(3.3) Oy = VOl(K ) L(1, T, x TL,).

This can be deduced from [29, Prop. 2.3] [also a consequence of the proof of Prop.
B particularly (38) and (39)]. Therefore we define a normalized invariant inner
product

Oy (W, W)

(3.4) 3, (W, W) = =
L(1,10, x IL,)

Then the product [, 99 converges and defines an invariant inner product on
W, ¢g). Tt is a natural question to compare it with the Petersson inner product.
We now recall a result of Jacquet-Shalika (implicitly in [29] §4]; cf. [5, p.265]).

Proposition 3.1. We have the following decomposition of the Petersson inner
product in terms of the local inner product 95, :

n - Rese—1 L(s, IT x II)
’ 05 (W Wer ),
VOI(EX\AIE) 1:[ w( d,w> ?’, )

where Wy = @4 Wew and Wy = QW 4.

(35) <¢7 ¢/>Pet -

Proof. Up to a constant this is proved by [29, §4]. We thus recall their proof in
order to determine this constant, and the same idea of proof will also be used
below to decompose the Flicker-Rallis period. We consider an Eisenstein series
associated to a Schwartz-Bruhat function ® on A%. We consider the action of
H, (F) on the row vector space E™ from right multiplication. Then the stabilizer
of e, = (0,0,...,1) € E™ is the mirabolic subgroup P, of H,. Set

f9.5) = 1o [ @coaglal™ d*a,  Rels) >>0.
A
Consider the Epstein-Eisenstein series
(3.6) E(g,®,s) = > f(v9,9),
YEZP(E)\Hn(E)
which is absolutely convergent when Re(s) > 1. Equivalently, we have
Egos =g [ 3 eyl da
EX\Ap ¢epn—{0}

(Note: this corresponds to the case n = 1 in [29] §4].) It has meromorphic contin-
uation to C and has a simple pole at s = 1 with residue [29, Lemma 4.2]

vol(E\Ap) 5 o

Note that the only nonexplicit constant denoted by ¢ in [29, Lemma 4.2] is the
volume of E*\AL. Now consider the zeta integral

I(s,®,6,8) = / E(g,®,5)0(9)(g) dg.

Zn(Ag)H, (E)\H, (Ag)
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On the one hand, it has a pole at s = 1 with residue

vol(E*\AL)

n

®(0)(¢, @) per-

On the other hand, when Re(s) is large, it is also equal to the following integral:
BD) Vs Wa W) = [ B(eq) W (9) TV (9)] det(9)|*dy.
Nn(Ap)\Hn(AE)

This is equal to the product
[T 9w Wow, Wer ),

where the local integral is defined as

\IJ(Sa (I)wa Wqﬁ,un qu’,w) = / ®w(69)W¢,w(g)W¢/7w(g)‘ det(g)|s dg

Np(Ew)\Hn(Ew)

By [29, Prop. 2.3], we have, for unramified data of (®,,, W,,, W,)) and ¥, at a

place w, normalized such that W (1) = W (1) = ¢,,(0) =1,

(3.8) (s, ®, Wy, W) = vol(Kp, ) L(s, I, x I1,,).

[Note: for our measure on N, (E,,), we have vol(N,,(E,,) N K,,) = 1.] From this we

may deduce that

\II(S, (I)wa W¢,U}7 WQV,’LU)
L(s, 1L, x II,)

(s, , Wy, W) = L(s, T D) [ |

w

3

where the local factors are entire functions of s and for almost all w they are equal to
one. Moreover, all local factors converge absolutely in the half plane Re(s) > 1 — €
for some € > 0 [29]. From this we deduce that its residue at s = 1 is given by
another formula,

\I](laq)wawgb,w,wqb/,w)
L(1,1L, x I,)

Resg—1 L(s, 1T x II) H

w

From the two formulae of the residue, we will first deduce that ¥, (W, w, Wy w) is
H, (F,) invariant and second that

(3.9) (1, @, W, Wesr o) = Py (0) 006 (W, Wesr a0 )

To see this, let N, 1 4+ (E,,) be the unipotent part of the mirabolic P, and N,, 1 _(E.,)
the transpose of N, 1 4 (E,,). We consider the open dense subset N,, 1 + H,— 1Ny 1, Zp
= P,Ny1,_Z,. We may decompose the measure on H,, (or more precisely its re-
striction to the open subset)

dg = |det(h)| "' dn, dhdn_ d*a,

where

g=nihn_a, heH, 1, nt € Np1,+, a € Zy,.
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Note also that the embedding H,_; — P, induces an isomorphism N,\P, ~
N,—1\H,—1. For an integrable function f on N,\H,, we may write

/ F(g)dg
Ny (Ew)\Hpn(Ew)

:/ / f(hn_a)|det(h)|"*dh | dn_ d*a.
ZnNn,l,*(E’LU) anl(Ew)\anl(Ew)

We now apply this formula to the integral ¥(1, ®,,, W ., Wy ). For simplicity we
write Wy, = Wy, and W), = Wy . Clearly 9, is P,(E,,) invariant. Therefore
we may write

\Il(lu (I)wv W¢,w7 W¢’,w)

= / ®(ean_ )V, (1L, (an_ YW, I, (an_ )W, )|a|™ d*adn_.
ZnNn1,—(Ew)

For X € E7, (with last entry nonzero), let n_(X) be the element in Z, N, 1, _(E,)
with the last row equal to X. We consider

D(X) := P (I (n— (X)) W, Iy (n— (X)) W,,),

whenever it is defined. A suitable substitution yields

U(1, @, W, W 1) = / D, (X)I'(X)dX.

B
Since by the other residue formula, we also know that this is equal to a constant
multiple times ®,,(0) times an invariant inner product on W(Il,, ¥k, ), for all @,
and W, W, . We deduce that I'(X) is a constant function (whenever it is defined).
Therefore I'(X) = ¥, (Wy,, W,,) and 9, is H,(E,,) invariant. Moreover, we now

have

WL, Puys W0, Wer ) = ﬁw(Ww,WZu)/ B(X) dX = Dy (Was, W,,) By (0).

By,
This completes the proof. We also note that if we use the H,(F,) invariance
of ¥, which can be proved independently, then the proposition can be deduced

immediately from the two residue formulae. |

For later use, as we will be dealing with the case of a quadratic extension E/F,
we will consider H,, g as an algebraic group over the base field F. Therefore we
rewrite the result as

, ~ n-Res,;—1 L(s, 1T x ﬁ) " ,
(3.10) (6,0 ) per = wol(BX\AT) gﬁv(wv, W),
where ¥, =[], Y for all (one or two) places w above v.

3.2. Flicker-Rallis period. Now let E/F be a quadratic extension of number
fields and II = II,, a cuspidal automorphic representation of H,(Ag). Assume that
its central character satisfies

wH\Ax =1.

We would like to decompose the Flicker-Rallis period [6],[10] explicitly. It can be
viewed as a twisted version of the Petersson inner product (it indeed gives the
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Petersson inner product if we allow E = F' x F' to be split globally). Therefore it
is natural that the method is similar as well.

We first assume that n is odd. Then we have the global Flicker-Rallis period, an
H,, (A)-invariant linear form on II:

(3.11) B(6) = ul0) := / oy dh, el

n(A)Hp (F)\Hy (A)

The global period §3 is related to the Asai L-function L(s,II, As™) (for the definition
of As*; cf. [7, §7]). We set

(3.12) €, = diag(t" ", "% ..., 1) € Hy(E)

and

(3.13) €n1 =7 -diag(t" 2,73, 1) =1¢,1 € H,_1(E).

(Note: 7 € E~.) Indeed, we may choose any €, = diag(ay,...,an_1,a,) such that

a;/aiv1 € E- fori=1,...,n—1 and a, = 1. We again use the Whittaker model
of II. We will again consider H,, g as an algebraic group over F. In particular, we
consider II, as a representation of H,,(F,) where E, = E®p F), is a semisimple F,
algebra of rank two. For a place v of F', we define the local Flicker-Rallis period S,
as follows: for W,, € W(IL,, ¥g, )

W 1h
(3.14) By (W) :/ W, (6 1 1> dh.
Nn—l(Fv)\Hn—l(Fv)

The integral 3, converges absolutely if II, is generic unitary. It depends on the
choice of 7 = /5. For unramified data with normalization W,(1) = 1, we have

(3.15) Bu(W,,) = vol(K,, ) L(1, I, As™).
We thus define a normalized linear form
h ﬂ(Wv)

Remark 6. For bad places v, we may define the local factor L(s,IIL,, As™) as the
greatest common divisor (GCD) of the local zeta integral in ([BI9). Then the local
factor L(s,IL,, As™) has no pole or zero when at s = 1 for a unitary generic IL,.

Proposition 3.2. We have an explicit decomposz'tion

(3.17) B(o) =

n - Ress=1L(s, 11, Ast h
vol(F>\Al) Hﬁ

where W = Wy = @,W,, € W(IL ¢g).

Proof. For a Schwartz-Bruhat function ® on A™, we consider the Epstein-Eisenstein
series F(g, ®,s) [cf. [B.0])] replacing the field E by F. Then we define

I(s,®,¢) := E(g,®,5)(g) dg-

We then have [6l, p.303]
(3.18) I(s, ¢, @) = ¥(s, Wy, ®),

where

n/;(A)Hn(F)\Hn (A)

(s, W¢,<I)):/ Wy (2nh)®(enh)|h|* dh.
N (A)\Hou ()
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(Note that we use a different choice of the additive character ¢g.) Indeed, we have

I(s,®,6) = / B(eng)d(9)lal* dg

P (F)\Hn (A)

- / (eng) ( / $(ng) dn) l9l* d.
P, (F)Nn(A)\Hn(A) Ny, (F)\N,, (A)

We have a Fourier expansion
do)= Y, We(rg).
YENR(E)\Pn(E)

Only those 7 such that 1g(yny~!) = 1 for all n € N,,(A) contribute nontrivially.
Therefore we may replace the sum by v € €, P, (F):

I(s,@,0) = / B(eng) S WG | lol*dg
Pr(F)Nn (A)\Hn (A) ~ENn (F)\ Py (F)
- / B(eng) W (En0)lgl* dg
Np(A)\H,(A)
= U(s, Wy, D).

[Note that vol(N,,(F)\N,(A)) = 1.] We define for each place v of F,
(3.19) U(s, W, By) = / Wy (Eah) Do (enh)|h|* dh.
No (Fo)\Hn (Fy)
For unramified data, we have
(s, W,,®,) = vol(K,(OF,))L(s,IL,, As™).
And we have [10] p.185]
\I’(l, W, q)v) = BU(WU)(/ISU(O)'

Alternatively we may prove this using ([B.I8)), analogous to the proof of Prop. Bl
Again, analogous to the proof of Prop. Bl we may take the residue of (B.I8) to

obtain
[(F*\A!) ~
vol(FX\AY) <
n

(0)B(¢) = Ress1 L(s, 1, AsT)®(0) [ [ BE(W).

This completes the proof. (Il

When n is even, we insert the character n in the definition of 3,

(3.20) B(¢) = Bn(¢) := ¢(h)n(h)dh, ¢ €ll,

/zn (A)Hp (F)\Hn (A)

where, for simplicity, we denote n(h) = n(det(h)).
The Asai L-function is then replaced by L(s,II,As™), or we may write it as
L(s, 11, AsC=D"""). We also modify the definition

/ W, <€"1h 1) 1o (R) dh.
Np_1(Fy)\Hpn—1(Fy)

The same argument shows that (BI7) still holds.

(3'21) BU(WU) =
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3.3. Rankin-Selberg period. We now follow [27]. Let II = II,, ® II,,41 and II;
be a cuspidal automorphic representation of H;(Ag), i = n,n + 1. We define the
global Rankin-Selberg period as

(3.22) A(9) = / o(h)dh,  Gell,
H,.(E)\Hn(AEg)

where H, embeds diagonally into H, x H,;;. To decompose it, we need the
Whittaker model W(IL,,, %) OW(Il,41,%g), tesp.) of I, (Il,y1, resp.) with
respect to the additive character 1 (g, resp.). We define a local Rankin-Selberg
period on the local Whittaker model which associates with W,, € W(Il,,, ) ®

W(llnt1, ¥E),
(3.23) Aw (8, W) = / Wy (h)| det(h)|® dh, seC,
N (Bw)\Hp(Ew)

and a normalized one using the local Rankin-Selberg L-function L(s, I, . % IL;41 40)
(cf. [27]),

Aw (W)
(S + 1/27 Hn,w X HnJrl,w) .
When II,, is generic, the integral A\, (s,-) is absolutely convergent when Re(s) is
large enough and extends to a meromorphic function in s € C. The normalized
M (s,-) extends to an entire function in s € C. Moreover, there exists W, such

that A%, (s, W,,) = 1 (cf. 25, Theorem 2.1, 2.6] for Archimedean places). Therefore
we will define

(3.25) M (W) = AE(0, W),

(3.24) M (5, W) = 7

In particular, A% defines a nonzero element of the (one-dimensional) space
Homp, (g, (Ily, C) for generic II,,.

If I, is tempered, then the integral A, (s,-) is absolutely convergent when
Re(s) > —1/2 (cf. [25] Lemma 5.3] for Archimedean places). Therefore in this
case we may even define A, (W,,) = A(0,W,,) directly.

When II, and ¥g , are unramified, the vector W,, is fixed by K, ., X K11 w
and normalized by W,,(1) = 1, we have [30] p. 781]

(3.26) Aw (8, Wiy) = vol(Ky ) L(s + 1/2,11,, 4y X It ),

and therefore
A (W) = vol(Ko ).
We also form the global (complete) Rankin-Selberg L-function

L(Sa I, x Hn-‘,—l) = HL(S; Hn,w X Hn+1,’w>-

It is an entire function in s € C.

Proposition 3.3. We have the following decomposition if 11 is cuspidal unitary,
and ¢ € 11

(3.27) 39) = L (3 x T ) TG00

where Wy =11, Ws,w is as before.
Proof. This is due to Jacquet, Piatetskii-Shapiro, and Shalika [27]. O
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For generic unitary II, we need to use the completed L-function. Indeed, the
local L-factor may have poles at s = 1/2 since we do not know the temperedness
of each II,,.

3.4. Decomposing the spherical character on the general linear group.
We now denote

(328) G/ = RGSE/F (GLn X GLn+1)

viewed as an F-algebraic group. We consider its two subgroups: Hj is the diagonal
embedding of Resg,pGL, (where GL,, is embedded into GLy 1 by g +— diagl[g, 1])
and H) is GL,, g X GLy41,r embedded into G’ in the obvious way.

Now we consider a cuspidal automorphic representation IT = II,, ®1II,,+1 of G'(A).
Denote by 8 = 8, ® 8,41 the (product of) Flicker-Rallis period on IT = II,, ® I, 4 ;..

Definition 3.4. We define the global spherical character Ity as the following dis-
tribution on H(A): for f' € €>(G'(A)),

N MI(f)9)B(9)
(3.29) In(f)%:—< oD

where the sum runs over an orthogonal basis of II. Equivalently,

In(f") = AI(f)$)B(6),
[}

where the sum runs over an orthonormal basis of II for the Petersson inner product.

Note that the definition of II(f’) involves a choice of the measure on G’(A) to
define the Petersson inner product. We could choose any one as long as then we
use the same measure [quotient by the counting measure on G’'(F)].

By definition of As®, we have for i =n,n + 1

L(s,1; x 1Y) = L(s,I1;, AsT)L(s,1I;, As™).
Now recall that in the Introduction we have a product of unitary groups G =
UW) x U(V) for Hermitian spaces W C V with dimW = n,dimV = n + 1.

Assume that II = 7y is the base change of a cuspidal automorphic representation
T =mp ® Tt of G(A). By [1, Prop. 7.4] we also have

L(s,1I;, As(fl)i) = L(s,m;, Ad).

Remark 7. For bad places v, we may define the local factor L(s,m;, Ad) by this
formula. But note that for our purpose, it only matters to know the local L-factors
at unramified places.

Since such II must be conjugate Self—dual—ﬁ~f: II° where ¢ is the nontrivial
element in Gal(E/F)—we deduce that L(s,II; x II;) has a simple pole at s = 1. By
our running hypothesis RH(I)(i), the Asial L(s,II;, As(fl)%l) has a simple pole.

We conclude that L(s,IT;, As(~D") = L(s, m;, Ad) is regular at s = 1 and
Resg—1 L(1,11; x II,)
Ress—1L(s,II;, As(=D""")
We denote by W(II, ¥) the Whittaker model W(Il,,, %) @ W(IL,,11,%). Let II =

®,1I0,. Let A%, 3% be the local Rankin-Selberg period ([3:25) and the local Flicker-
Rallis period (BI6). Let 9% be the normalized local invariant inner product (5:4)).

(3.30) = L(1,11;, AsC V") = L(1, m;, Ad).
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Definition 3.5. We define the normalized local spherical character IIIEIU associated
to a unitary generic representation II,,,

N5 (TL, (£) W) 85 (W)
0% (W,y, W)

(3.31) oo => ,

W,

where the sum runs over an orthogonal basis W, € W(IL,,,). We also define an
unnormalized local spherical character Ir7, s as the meromorphic function in s € C,

Av (3 11, (f,)Wv)E(Wv)
3.32 I "= . z .
( ) Hru,s(f'u) ; ﬂU(vaw'u)
We will write Iy, (f;) for its value Irr, o(f}) at s = 0.
We now summarize to arrive at an analogue of the decomposition in Conjec-
ture

Proposition 3.6. Assume that the cuspidal automorphic representation I1 of G'(A)
is the base change g of a cuspidal automorphic representation m of G(A). Then
we have

(3.33) i) = 1 72 TR 62

Proof. By the assumption, II is unitary generic. Note that

vol(E*\AL)
——22 = [(1,n).
vol(FA\AL) = )
Then the result follows from Prop. [3.1] B.2] and the relation (3:30). |

Remark 8. Note that we do not need to assume the temperedness of 7 at this
moment.

4. RELATIVE TRACE FORMULAE OF JACQUET AND RALLIS

4.1. The construction of Jacquet and Rallis. We recall the Jacquet-Rallis
relative trace formulae [28], and we refer to [51] for more details.

First we recall the construction of the RTF of Jacquet-Rallis in the unitary group
case. For f € €>°(G(A)) we consider a kernel function

Ki(z,y)= Y fla '),
YEG(F)

and a distribution

1= [ / Ky(z,y) dz dy.
H(F)\H(A) JH(F)\H(A)

The integral converges when the test function f is nice in the sense of [51], §2.3]
(the precise definition will not be used in this paper). Associated to the RTF we
have two objects:

e the global spherical character J, associated to a cuspidal automorphic rep-
resentation 7 of G(A) (Definition [[4] in the Introduction), and

e the (relative) orbital integral associated to a regular semisimple elementd
§ € G(F): for f € €°(G(A)), we define its orbital integral

6See [50, §2.1] for the definition, where “regular” corresponds to “regular semisimple” in this
paper.
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(4.1) 0@, f) == /H(A)XH(A) f(z=16y) dx dy.

We have a local counterpart associated to a regular semisimple element § € G(F},):
for f, € €°(G(F,)) we define

(4.2) 06, f,) = /H oo P00

We now recall the RTF in the general linear group case. Recall that G’ =
Resg/p (GLn x GLy11) as an F-algebraic group. We consider its two subgroups:
e Hj is the diagonal embedding of Resg,rGL,, (where GL,, is embedded into
GLy+41 by g = diag[g,1]), and
e H) =GL, r X GLj4+1,r embedded into G’ in the obvious way.

For f' € €2°(G'(A)), we define a kernel function

Kpi(x,y) = / > fﬂs vzy)d
Zpy ()

vEG! (F

We then consider a distribution on G'(A),

I(f/) = / / Kf’(hl,hz)n(hz) dhy dha,
H{(F)\H{(A) / Zy; (A)H3(F)\H5(A)

where n(ha) == 7" (g™ (gni1) if b2 = (gn, gns1) € Hu(A) x H,y1(A). The inte-
gral converges when the test function f is nice in the sense of [51l §2.2]. Associated
to the RTF we have two objects:

e the global spherical character Iy (cf. [50, §2]) associated to a cuspidal
automorphic representation II of G’(A) (Definition [3.29]), and

e the (relative) orbital integral associated to a regular semisimple element
(cf. [50L §2]) v € G'(F): for f' € €°(G'(A)), we define its orbital integral:

(4.3) ot = | N / o, T e ) i,

Similarly we have a local counterpart: a regular semisimple element v € G'(F,):
for f) € €>°(G'(F,)) we define

(1.4) ovf=[ g DT )

We now recall the comparison of the orbits (cf. [50, §2]). Denote by
(H{(F)\G'(F)/HL(F)),s the set of regular semisimple (H x H})(F)-orbits in G'(F)
and (H(F)\G(F)/H(F))s the set of regular semisimple (H x H)(F')-orbits in G(F).
We need to vary the pair W C V of Hermitian spaces of dimension n and n + 1
modulo the equivalence relation: (W, V) is equivalent to (W', V') if there is a con-
stant k € F'* such that kW ~ W' and KV ~ V' (here kKW means that we multiply
the Hermitian form by the constant x). Without loss of generality, we may and will
assume that V is an orthogonal sum of W and a one-dimensional Hermitian space
FEe with a norm one vector,

(4.5) V=W @ Ee, (e,e) = 1.
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In particular, V' is determined by W so that we only need to vary the Hermitian
space Wl To indicate the dependence on the Hermitian spaces W, we will write
Gw for G and Hy for H. Then there is a natural bijection [50, Lemma 2.3]
(46)  (H(F)\G'(F)/Ho(F))rs = [[(Hw (F)\Gw (F)/ Hr(F))y,
w

where on the right hand side the disjoint union runs over all Hermitian space W
of dimension n. Moreover, the same holds if we replace F' by F, for every place v
of F. When v is non-Archimedean, there are precisely two isomorphism classes of
Hermitian spaces W,,.

In [511, §2.4] we defined an explicit transfer factor {Q,}, on the regular semisimple
locus of G'(F,) for any place v. It satisfies the following properties:

e If v € G'(F) is regular semisimple, then we have a product formula

[T, Qu(v) =1.
e For any h; € H/(F,) and v € G'(F,), we have Q(h1vha) = n(h2)Q, (7).

The construction is as follows. It depends on an auxiliary character 7/,
(4.7 n' : EX\Aj — C*
(not necessarily quadratic) such that its restriction n'[yx = 1. Let S,41 be the

subvariety of Resg/pGLy 41 defined by the equation s5 = 1. By Hilbert Satz-90,
we have an isomorphism of two affine varieties

ReSE/FGLn+1/GLn+1,F o Sn+1;

induced by the following morphism v between F' varieties,

(4.8) v:Resg/pGLyy1 — Snp1
(4.9) g 99",
and in the level of F-points,

Write v = (71,72) € G'(F,) and s = v(v; '72). We define for a regular semisimple
s € Sn+1(Fv)

(4.11) Q,(s) := 1, (det(s) "+ D/2 det e, es, . . . , es™)).

Here e = e,41 = (0,...,0,1) and (e, es,...,es™) € My41 is the matrix whose ith
row is es’~ 1. If n is odd, we define

(4.12) Qu(7) = 1, (det (77 192)) Q2 (s),

and if n is even, we simply define

(4.13) Qu(7) = Q(s).

For a place v of F, we say that the function [’ € €>°(G'(F,)) and the tu-
ple (fw)w, fw € €X°(Gw(F,)), indexed by the set of all equivalence classes of

Hermitian spaces W over E, = E ® F,, are smooth transfers of each other or
match if

whenever a regular semisimple v € G'(F,) matches § € Gy (F,) via ([£8). One of
the main local results in [5I] is the existence of a smooth transfer at

"In terms of [7], §2], we only consider Hermitian pairs (W, V) that are relevant to each other.
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non-Archimedean nonsplit places (cf. [51, Theorem 2.6]) and arbitrary split places
(cf. [51, Prop. 2.5]).

In this paper, we usually need to consider a fixed W, and we say that f’ and
fw € €°(Gw (Fy)) match if there exist some fy for each equivalence class W' #
W such that f/ matches the completed tuple fuw, fi.

Moreover, the fundamental lemma of Jacquet-Rallis predicts a specific case of
matching functions.

Theorem 4.1 ([45]). Assume that the quadratic extension E,/F, is unramified.
Denote by {W,,, W/} the two isomorphism classes of Hermitian spaces of dimen-
sion n where W, contains a self-dual (with respect to the Hermitian form) Og,
lattice. Sef

(4.15)

— 1 1 =0, fl = L 1

I = oty o e T = o = G, el g 0, ¢ O
Then there is a constant c(n) depending only on n such that, when the characteristic
of the residue field of F, is larger than c(n), the function f! matches the pair

(ny7fW1’))

We need some simplification of orbital integrals [51] §2.1]. Identify H{\G' with
Resg/pGLyy1. Now we write F' for F, for a fixed place v. We may integrate f’
over H{(F) to get a function on Resg/pGLy11(F),

(416) ‘]?I(g) = /H/(F) f/(hl(l,g)) dhl, g € ResE/FGLn+1(F).

Using the fiber integral of v [cf. (23] and (Z.I0)] we define

(4.17) Fe)= [ Flamdn  vlg) =
Hyp1(F)

if n is even, and

(4.15) Poi= [ Flahhdn  vlo) =5,
H,(1(F)

when n is odd (then this depends on the auxiliary character 7). Then fr e
€>°(Sn+1(F)) and all functions in €°°(S,,+1(F)) arise in this way.
Now it is easy to see that for v = (y1,72)

(4.19) 0(%f’)=17’(det(7f172))/H (F)J%’(h‘lsh)n(h)dh, s =v(v "72),

if n is odd, and

am) ot = [ P S a5 = (i),

if n is even. Up to a sign, the integral on the right hand side depends only on the
orbit of s under the conjugation by H,,(F'). Therefore, we define the orbital integral
associated to a regular semisimple element s € Sy, 41(F),

(4.21) O(s, J') = /H " P tshyn(hydh, ] € G2 (S (F)).

8Note that the measures in the fundamental lemma proved in [45] are different from ours.
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Then we always have, for regular semisimple v = (v1,7v2) € G'(Fy) [cf. (EII))],

(4.22) QO0( f) = QAs)0(s, 1), s = v ).

4.2. A trace formula identity. We are led to a comparison of the two RTFs and
the two spherical characters Ity and J, when II = 7y is the base change of 7.

Conjecture 4.2. Let w be an irreducible cuspidal automorphic representation on
G(A) that admits the invariant linear functional,

HomH(A) (7T, (C) 75 0.

Let wg be the base change of w and assume that wg is cuspidal. Then, for every
f € EX(G(A)) and a smooth transfer f' € €°(G'(A)) of f, we have

272[’(17 77)72]7715 (Jﬂ) = Jx(f)-
Remark 9. Note that we do not need to assume that 7 is tempered.

Theorem 4.3. Assume the following:

(1) At a split place vy, m,, is supercuspidal.
(2) The test functions f and f' are nice and f' is a smooth transfer of f.

Then Conjecture holds for such ™ and the test functions f, f'.

Proof. We would like to apply the result from [5I]. But we need to compare the
difference on the normalization of the Petersson inner product in the unitary group
case (caused by the presence of the center). There implicitly we use a different
Petersson inner product

(¢,¢') = 9)9'(9) dg = vol(Z(F)\Z(A)) " (¢, ¢").

/Z(A)G(F)\G(A)
Note that the center Z of G is isomorphic to U(1) x U(1). Hence the volume for
our choice of measure is [cf. (20])]

vol(Z(F)\Z(A)) = (2L(1,m))*.

Now taking into account this correction, we apply the trace formula identity [51]
Prop. 2.11]: if a nice function f’ matches a tuple (fy ) indexed by equivalence
classes of W, we have

Lep (') = QL) Y Y~ Jrw (fiw)s

W mw

where the sum is over all equivalence classes of W and all cuspidal automorphic
representations my of Gy (A) that are nearly equivalent to 7 and at vy all Ty, are
isomorphic to m,,. We denote by (Wy, Vp) the Hermitian spaces we started with,
mw, = T, and by fy, = f the function in the assumption of the theorem.

By our running hypothesis RH(I), we have

(1) the multiplicity of each cuspidal 7y in L?([Gw]) is one. Namely, for a fixed
W, all my occurring in the sum are nonisomorphic.

(2) Note that for all W, all my occurring in the sum are in the same nearly
equivalent class and my ., are supercuspidal (so mg is cuspidal and partic-
ularly g, is generic for every v). Hence for every v, the my,’s are in the
same Vogan L-packet, and this L-packet is generic.
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Now by our running hypothesis RH(II), there exists at most one my and W in
the sum such that Homg,, 4y (7w, C) # 0. By our assumption Hompa) (7, C) # 0.
Hence the sum reduces to one term contributed by the m we started with,

ITK'E(f/) = (2L(1777))2J7r(f) 0

Remark 10. If wg is not cuspidal, then we may reformulate the conjecture at least
for tempered representation m. We also need to regularize the definition of I,
in the above equality, and the constant 22 should be replaced by |S;|. Then the
analogous conjecture should ultimately follow from the full spectral decomposition
of the Jacquet-Rallis relative trace formulae.

4.3. Reduction to a local question. Our main ingredient is an identity between
the two local distributions Iy, [cf. B3I)] and J., [cf. (LC8)]. Note that the
distribution J, does not depend on the choice of the inner product on m,. Denote
d, = (g), which satisfies

(4.23) 70 =5, 1(€n_1) = det(Ad(en_1) : Npy_1(E)).

We have a local conjecture.

Conjecture 4.4. Let m, = T @ Tpy1,0 be an irreducible tempered unitary repre-
sentation of G(F,) with oy, # 0. Assume that the base change I1, = I1,, , ®IL,, 41, of
Ty 18 generic unitary (so that Iy, is well-defined). If the functions f, € €°(G(F,))
and fl € €>°(G'(F,)) match, then we have
(4.24) In, (f{;) = ry L(1, nv)il']m (fo);
where the constant k., is given by
Ky = Ko(n', T, M, 1)
(dn+dn 2 n(n :
= |7l 2 (e(1/2, 0, 000) [ (7)) D 2, (dise(W))wn,, (7).

Here wn, , is the central character of 11, ,, and disc(W) € F*/NE* is the dis-
criminant of the Hermitian space W, I, (Jr,, resp.) is defined by (B.32)) ((L3),
resp. ).

Proposition 4.5. Let 7 be a tempered cuspidal automorphic representation of G(A)
with cuspidal base change Il = wg. Assume that there exists a test function f = Q f,
and a smooth transfer f' = ®f! such that for every place v

T, (fo) #0.

Assume that

e Conjecture holds for =, f, f'.
e For every v, Conjecture A4l holds for my, fu, fi.

Then Conjecture and [L1] holds for .
Proof. By Conjecture and Prop. 3.6l we have

) =2 ) ) =2 2 T )

Conjecture .4l is equivalent to the identity between the normalized distributions

Ilh‘[v (fz/;) = ”vL(lv nv)_lAnJrl,vJErv (fv)-
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1 1
H€ (57771)7'(/)1)) =€ (57”) =1,

HHU =1.
v

Note that the product [T, L(1,7,) " Ap1,, converges absolutely to L(1,7) *A,41.
We thus obtain

Since

we have

Jﬂ'(f) = 22L(1’n)1An+1% H JE'U (fv)

v

Note that the global measure on H and G in the Introduction are normalized by
L(1,7)~! and L(1,n)~2, respectively. The correction of measures yields Conjec-
ture for the choice of test function f. Since J2 (f,) # 0 for all v (and equal
to one for almost all v), it follows that Conjecture holds for all test func-
tions f € €°(G(A)). We have shown in Lemma [[T7] that Conjecture implies
Conjecture [[.11 O

We have the following evidence of Conjecture .41

Theorem 4.6. Let v be a place of F and let m, be a tempered representation as in
Conjecture 4.4l

(1) Congecture A4l holds if the place v is split in E/F.
(2) If v is a non-Archimedean place nonsplit in E/F, then under any one of
the following conditions, there exists f, and a smooth transfer f!, such that
the equality (L24) holds and J. (f,) # 0:
(i) The representation m, is unramified and the residue characteristic p >
c(n).
(ii) The group H(F,) is compact.
(iii) The representation m, is supercuspidal.

Below we first prove Theorem [L.6] when 7, is unramified [case (1)] or v is split in
Corollary Il [case (2)-(i)]. We postpone the proof of the cases (2)-(ii) and (2)-(iii)
to the last part of §9.

We now give the proof of the first part of Theorem assuming Theorem

Proof of Theorem [L2: Case (1). We may assume that Hom g g, )(7,, C) # 0 for all
v (otherwise the formula holds trivially). This implies that the linear form o/ does
not vanish for all v. We then construct nice test functions f = ®f, on G(A) and
f'=&f! as follows:

e at each inert v with residue characteristic p > ¢(n), f,, f, are given by the
fundamental lemma (Theorem E.T]).

e at each v € X, we choose f,, f/, as in (2)-(ii) or (2)-(iii) of Theorem A6l

e at almost every split place, we choose the unit element in the spherical
Hecke algebra.

e at the remaining finitely many split places including vy and the Archimedean
ones, we choose suitable functions so that f, f’ are nice and such that

Jx, (o) # 0.
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Apply Theorem A3 to 7w and f, f' to obtain

272 L(L,0) Ly (') = Jx(f)-
Now Theorem [[2] case (1) follows from Prop. O

4.4. Proof of Theorem The Case of m, Unramified and p > c(n).
Then we may assume that

(1) The quadratic extension E/F is unramified at v.

(2) The number 7 is a v-adic unit.

(3) The character ¢ is unramified and hence so is Y.
Indeed, it is easy to see how Iy, depends on 7: only the local period S, involves
the choice of 7, and we see that |T|Efj’ﬁd"“)/277’(7)”(""‘1)/2IHU is independent of
the choice of 7. If we twist ¢ by a € F*, it amounts to change 7 by ar.

We need to utilize the fundamental lemma: by Theorem Il we have a matching
pair,
! 1 f = 1 1

VOl(H(0,))2 9@ v = ol (H{(0,))vol(H(0,)) ")
Let Wy € W(II,, ¥g) be the unique spherical element normalized such that Wy (1) =
1. Then we have

fv:

/ vol(G'(0,))
0o = otz o, vl 0,)

and

I (f) = ML, (f7)Wo)B(Wo) _ vol(G'(O)) )‘(WO)B(WO).

v 9o (Wo, Wo) vol(H{ (O,))vol(H%(O,)) 9, (W, Wo)
Note that by (B:20)

A(Wo) = L(1/2,11,) - vol(H1(O,))
and by B3) and BI5)
B(Wo » vol(H,(O,
7 = A R

We obtain

/ L(1/2,1L,) vol(G'(Ow)) vol(Hi(Oy))vol(H3(Ou))
In, (f)) =

L(1, 7y, Ad) vol(H{(O,))vol(H,(O,)) vol(Hn(Op.y))vol(Hpi1(Op.))

In summary we have

L(1/2,11,
(1.25) (1) = g 20
In the unitary group case, we take ¢g € 75+ normalized by (¢o, ¢o) = 1,
1(G(O,

mf )0 = e st

Therefore we have
1(G(O,
Jﬂ'v (fv) = av(ﬂ-v(.fv)¢0a ¢0) = %%(%, ¢O)
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By the unramified computation in [21]
_ L(1/2,11,)
av(¢07 QSO) - VOI(H(OU))AnJrl,v L(Lﬂ'u, Ad) .

We thus obtain
vol(G(0.) L(1/2,1,)

vol(H(O,)) L(1,m,, Ad)’

Note that % is equal to the volume of the hyperspecial compact open of
U(V)(Fy), which is equal to L(1, n)A;}LM. Therefore we obtain that

L(1/2,11,)

L(1,m,, Ad)

Ix, (fv) =

An+1,v

(426) Jﬂ'(f) = L(l,’l?v)

By ([#23) and ([26]), we have
(4.27) I, (fy) = L(L,m0) " r, (fo)-

This completes the proof of case (i) of Theorem

Change of measures. From now on, all measures will be the unnormalized
[namely, without the convergence factor (,(1),L(1,n,) etc.] Tamagawa measures
with the natural invariant differential forms on the general linear groups, their
subgroups, and Lie algebras.

Lemma 4.7. When using the unnormalized measures, the identity in Conjec-
ture 4] becomes

(428) I, (f:}) = K/vJﬁv(f’U)7

for matching functions f, and f), (also under the unnormalized measures).
Proof. The old distribution Iy, is the new one times

Eaw(1)Cre(1)?

CE,U(I)QC U( )C 112( ) ,

(0(1)

where the first term comes from the measure on G’ involving the definition of
IL,(f!), and the fraction comes from the measures in A, 3,, and ¥J,. Similarly, the
old distribution J, is the new one times

L(1, 771))2 - L(1,m),
where the first term comes from the measure on G involving the definition of 7, (f,),
and the second from the measure on H(F,) in the definition of «,. Moreover,
the change of measures on Hj(F,), H5(F,), and H(F,) also changes the require-
ment of smooth matching: if f, and f] match for the normalized measures, then
Cev(1)Cry(1)2f, and L(1,7,)?f) match for the unnormalized measures. Therefore,
when using the unnormalized measures, the identity in Conjecture [£.4] becomes the

asserted one ([€.28)). O

4.5. Proof of Theorem The Case of a Split Place v. Assume that F' =
F, is split. Let m = m,, ® m,41 be an irreducible unitary generic representation of
G(F). We may identify H, (E) with GL,,(F) x GL,,(F) and identify U(W)(F,) with
a subgroup consisting of elements of the form (g,t g~1), g € GL,(F) and ‘g is the
transpose of g. Let p1, pa be the two isomorphisms between U(W)(F) with GL,,(F)
induced by the two projections from GL,(F') x GL,(F) to GL,(F). If m, is an
irreducible generic representation of U(W)(F,), the representation II,, = BC(m,)
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can be identified with pjm, ® pim, of H,(E) where pim, is a representation of
GL, (F) obtained by the isomorphism p;. For simplicity, we will write II,, = 7, @7,
and similarly for m,41,1I,41. We fix a Whittaker model W(n;),i = n,n + 1 using
the additive character ¢ at v. We define an auxiliary element o/ € Hom(r®7, C) by

(4.29) (W, W) = \WOAWT), W, W' e W(x).

Again we have identified 7 with 7. Here we require that the invariant inner product
on W(n) is the one defined by ¢ [cf. [B2])]. Then we define a variant of the local
spherical character,

(4.30) T = (®(HW,W),  feEX(GF)),
w

where the sum of W runs over an orthonormal basis of W(r). Similarly we have a
normalized one J.A(f).

Lemma 4.8. Let f' = f1® fa € €°(G'(F)) and [ = f1 x f5 € €°(G(F))
[f3(z) = fo(x™1)] matching f'. Then we have
(4.31) In, (f') = Ko (f)-

Proof. We identify II,, with 7, ® 7,, = 7, ® T,. Then we have for W, W’ € W(m,,)

Nr—1 (F)\\Hn—1(F)

This yields
B (W @ W) = |7]%/29,, (W, W'),
and similarly for f3,11. Then the desired equality follows by the definition of I

in terms of the linear functional A, 3, and ¥ (note that § = 72 is indeed a square
in F). O

Now it remains to identify the distribution J. with J,, or equivalently, to prove
that o’ = a. The key ingredient is from [33]; in the non-Archimedean case, we
could also use [411 §3.5].

Note that we may write « in terms of the Whittaker model W(r),

W) = [ (xWW b (W) = oW,
Hy (F)

We temporarily denote N_ = N,,_(F) and N = N,,(F). Let N° = [N, N]| be the
commutator subgroup of N, N = N°\ N the maximal Abelian quotient of N, and
Nab the group of characters of N®. The diagonal subgroup A4,, of H, acts on N
(by conj/ugation), on. N and hence on Nab, Moreover, A,, acts transitively on the

subset N2, ., of N consisting of regular characters (i.e., with minimal stabilizer
under the action of A,,). The character ¢ on N is regular, and we denote by v, the
character of N (equivalently, of N) defined by

be(u) = P(tut™).
For W,,, W} € W(my, ), we denote by ®w, w the matrix coefficient
Oy, wy (9) = (mn(9)Wa, W)
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Lemma 4.9. Assume that 7, is tempered.
(i) The integral

(4.32) Fw, .w (u) ZZ/ dw, wr (vu)dv

is absolutely convergent and defines a square integrable function Fy, w: €
L2(N). Its Fourier transform ﬁWn,W,’,’ € L%(Nb) is smooth on the open

subset ]@reg of]@.
(ii) For allt € A,, and W,,, W, € W(m,,), we have

(4.33) Fuwwy (e) = [6,()| T W ()W (1),

Here the left hand side denotes the value of the Fourier transform at the
character i € N 4.

Proof. The first part of (i) follows from [33, Corollary 2.8]. The second part of
(i) follows from [33, Lemma 3.2] for a special class of W,, and W,. The general
case follows from this special case together with the Dixmier-Malliavin theorem (cf.
[33, Remark 3.3]). The assertion in (ii) for ¢t = 1 is [33] Prop. 3.4]. The general
case of t € A, follows easily from this. |

Proposition 4.10._Assume that m = m, @ m,41 s tempered. Then we have, for
all Wu W/ S W(’n-'ru Qﬁ) ® W(ﬂ—n+17 w);

a(W, W) = A(WHNW).
Namely, o = o' as nonzero elements in Hom(r @ 7,C).

Proof. The right hand side does not vanish by the nonvanishing of the local Rankin-
Selberg integral [27], [25]. By the multiplicity one theorem for generic representa-
tions, dim Hompy, (g)(m, C) = 1, the left hand side is a constant multiple of the right
hand side for all W, W’. Hence it suffices to prove the identity for some choice of
W, W’ so that A\(W)AN(W') # 0.

Let W = W,, @ Wy, W = W, @ W}, ;. We choose Wy, 41, W), as follows.
Let ¢ be in €2°(B_). Then there is a unique element in W(m,+1,%), denoted by
W, such that the restriction W, |, is supported in NB_ and

W, (“b 1) — we®), ueNbeB_.

Similarly we choose ¢’ € €>°(B_) and define W,» € W(m,41,9).

We may and will consider the action of €>°(B_) on W(m,, ) by

(4.34) ()W (g) = : W (gb)p(b)db,

where db is the right invariant measure on B_ normalized so that the measure on
H,, decomposes as dg = dudb where g = ub,u € N,be€ B_.

Let ¢ € Ry and consider the subset N of N consisting of elements v = (u;;)1<i j<n
such that

luiiv1] <e, 1<i<n-1.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



572 WEI ZHANG

We denote by N2 the image of N, in the Abelian quotient N. Let us consider
the integral parameterized by t € A,,,

(4.35)
LW, W' y) = /B /B /N By, v, (B by (w) W (0) W (1) s b b

This is the same as

VW) = [ [ m o (00007 duh b

We claim that the triple integral ([d33]) converges absolutely. Since supp(y) and
supp(p’) are compact, by [3, Theorem 2] and [37, Theorem 1.2], there exists a
constant C' such that, for all b € supp(¢),b’ € supp(¢’), the matrix coefficients are
bounded in terms of the Harish-Chandra spherical function = (cf. [37])

P, (o) Wm0y W, (9)] < C - E(g), g € Hy.
Hence the triple integral I, is bounded above by

c B_\<p(b)\db/3_|go’(b’)|db’/N =(u) du.

c

It suffices to prove that [, = N, u) du is finite. We may write it as

(4.36) /N =(u) du = /N . ( / S(ow) dv) du.

c

Since = is also a matrix coefficient of a tempered representation, the function u €
Nt — [yo E(vu) dv is in L*(N?) by Lemma 3 (or rather directly, [33, Lemma
2.7]). Now the integral (@3] is finite since N2 is compact. This proves the claim.
For ¢ € €>°(B_) and t € A,,, we define ¢, € €>°(B_) by ¢;(b) = p(t~1b). For
simplicity we denote W, = W,, ® W,,, and Wy = W] ® W,,. Then we have

(4.37)
(t) = /Bi W, (th)(b)db = \6n(t)|/37 Wi (b) (¢ 0)db = |6, () A (W)

We now study the integral I, as ¢ — oo. We first substitute u ~ ¢t~ lut in ({@35)),
IC(W W/; wt)

or /B, /B, /N Oy, wr ()~ uth) o (u) W (D) Wer () du db b,

where N, := tN.t~1. Substitute b — ¢t~1b and b’ — ¢t~ 1%/,
(W W/a '(/)t

sol | / B (6 W 1)

t)‘/ / / ‘I’WmW,Q,(b’—lub)ib(u)W%(b)W—%(b’) dudbdb .

o (t71b) dudbd’

Since the triple integral is absolutely convergent and ¥ (u)Wo, (b) = W, (ub), we
could rewrite it by Fubini’s theorem as

VW50 = 6,00 [ [ w6 )W ()T ) dg b
B_ JN..B_
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Now we make a substitution g — b'g and then interchange the order of integration,

W) =01 [ (W 0T 0 dg

— 16 (0) r— ( [ wawy
B_N..B_ B—

= [0 (t)] Pw, w; (9)Pw,, .w,, (9)dg.
B_N..B_ ¢

W, (V) db’> dg

Since the integral
(W, W) :/ Pw, .w; (9)Pw,, w,, (9)dg
H,(F) ¢

B_N,.B_ is of measure zero, we conclude
(W, W' 1)) exists and is given by
) =

|00 (8) (W, W7).

converges absolutely and Hy, \ .,
that for all t € A,,, the limit lim. ., 7,

(4.38) hm L(W, W'y

There is another way to evaluate the limit. We first interchange the order of
integration in (£30]) and rewrite it as

(4.39) (W, W’;%)Z/ Do ()W s o1y, ()1 (w) du

c

This integral is the same as [cf. ([@32])]
(440) IC(VI/? WI) ,ll)t) = / b ‘Fﬂ'n (‘P)anﬂ'n (‘P/)Wr/L (U)'l/)t (u) du
Ne

Note that Fr (oyw,,x, (o)W, € L?(N®) by LemmaZ9 (i). We now view I.(W, W’';-)
as a function of ¢, € Neb. Tt follows that lim._,. I.(W, W’;+) converges in L?(N@b)
t0 o, ()W mn (o)W - But we have proved that lim. o I.(W,W’;-) converges
pointwise (for regular characters) almost everywhere. Therefore, for almost all

(i.e., except a measure zero set) t € A,, the pointwise limit is the same as the
Fourier transform (cf. [I3, Theorem 1.1.11]),

Jim T (W, W5 4y) = Foen () Wosen oy, (1)
By (ii) of Lemma [0 the right hand side is equal to
(4.41) [6(8) ™ 7 (D)W (1) (YW (8) = 180 () NW)AW),
where the equality follows from ([£37). Therefore we have for almost all t € A,
(4.42) Tim L(W,W48) = [8,() [N(W) N,

Comparing ([£42)) with ([38), we have for almost all t € A,
(4.43) a(We, W) = A(W)A(W).

In particular, in any small open neighborhood of 1 in A, there exists ¢ so that the

equality ([@43]) holds.
Finally, it remains to verify that for some choice of W,,, W/ and ¢, ¢’, the local

period A(Wi)A(W/) does not vanish for ¢ in a small open neighborhood of 1 in A,,.
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We choose W,,, W), such that W,,(1) # 0, W (1) # 0. Since W,,|5_ is a continuous
function, there exists ¢ € €>°(B_) so that

W (B)p(B)db £ 0.
B_

It is easy to see that t — [ W, (b)@(th)db is continuous. Hence for ¢ in a small

open neighborhood of 1 in A,,, the integral [, W, (b)¢(tb)db # 0, or equivalently,

by @37), A(W;) # 0 for Wy = W,, ® W,,. Similarly we may achieve A\(W}) # 0 for

t in a small open neighborhood of 1. This completes the proof. (I
Corollary 4.11. The case (1) (i.e., for a split v) of Theorem holds.
Proof. This follows from Lemma .8 and Prop. a

5. THE TOTALLY DEFINITE CASE

We now prove part (2) of Theorem[[2] assuming Theorem L6l We hence assume
that G(F) is compact. Equivalently, F' is a totally real field, E is a CM extension
and the Hermitian spaces W,V are positive definite at every Archimedean place
v of F. As in the proof of part (1) of Theorem [[.2] we may assume that the
local invariant form a, # 0 for all v. We may further assume that the global
period & # 0 so that the global spherical character J; does not vanish (otherwise
Z(1/2,7) = 0 and the result holds trivially). We then have

(5.1) Jﬂ(f) :%WHJEy(fv)

for a nonzero constant &.

Let us recall that in the disjoint union of (6] we take all isomorphism classes
of n-dimensional Hermitian spaces W,. When F, ~ R is non-Archimedean and
E, ~ C, the isomorphism classes of such W, are indexed by the signature (p,q)
of W,. We denote them by W, ;). Then the two definite (positive or negative)
spaces correspond to (p, q) = (n,0), (0,n). Only when W, = W, o), is the positive
definite one, is the space V, also positive definite [by (£IH)], or equivalently the
group Gw, (Fy,) is compact. Let G'(F,)ys n,0) be the open subset of the regular
semisimple locus G’(F,),s corresponding to the positive definite one GWn .0y (Fy)rs
in the disjoint union (@G). In our case, our G(F,) is isomorphic to Gw,, ., ,(F)
for all v|oo.

For every v|oo, we now choose a test function f, supported in the regular
semisimple locus Gy, ,, , (Fy)rs. Then there exists a smooth transfer f; supported
in G'(Fy)rs,(n,0)- Since the representation 7, must be finite dimensional and we are
assuming that a, # 0, our choice of f,, can be made so that J,E“ (fv) #0.

For non-Archimedean places v, we choose f, and its smooth transfer f) as in
the proof of case (1). Particularly, J2 (f,) # 0 for all non-Archimedean v. Then
for such test functions f = ®f, and f' = ®f,, we again have, by Theorem 3]

Jx(f) = 2_2L(17 77)_2I7TE (f")-
By Prop. B.6] the right hand side is equal to

c- 2(1)2,m) [[ 12, (£,

for some constant ¢ independent of 7. Now fix an arbitrary vg|oo, and we further
assume that JETU (fv) # 0 for v # vo. By comparison with (51I), there exists a
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constant b, # 0, such that for all f,, with regular semisimple support and its
smooth transfer fv, supported in G'(Fy, ) s, (n,0), we have

IH,UO (fquo) = bmo JTFUO (fvo)-

Now we do not know how to evaluate b, for v|oo. Nevertheless, the same
argument as the proof of Prop. shows that

|'@( )|2 —2 (1 ) ah (¢va¢v)
U 2 g ) - )
<¢ ¢)>Pet = Omea 2 i ];[ <¢v; ¢v>v
where the constant ¢, = HU‘OO Cr, and

Cry = bm’% L(1,n,),

where k, is the constant in Conjecture [£.4]

Part 2. Local theory

In the rest of the paper, we prove the remaining parts of Theorem

6. HARMONIC ANALYSIS ON LIE ALGEBRA

We establish some basic results to prove the identity between local characters,
Theorem for a nonsplit non-Archimedean place v.

6.1. Relative regular nilpotent elements in M, ;. Let F' be any field. The
group H,, viewed as a subgroup of H, 1, acts on M, 11 by conjugation. Write

A u
X = (U U)) S Mn+1.

The ring of invariants for this action is freely generated by either

(6.1) (D" MrA' X, ens1XPel . 1<i<n4+1,1<j<n,
or

. —1)" tr A? vAIu, w <:1<n,0<73<n—-1.
(6.2) (—1)t1 A, vAlu, w, 1 ,0<j 1

We define a matrix

(6.3) 6 (X) = (A" tu, A" 2w, ... u) € M, (F)
and its determinant

(6.4) AL (X) = det(64(X)).
Similarly, we define

5 (X) := (v,vA, ..., vA" ) € M, (F), A_(X) =det(5_(X)),

and
A=ALA_.
Clearly we have for X € M,,;1(F) and h € GL,(F)
(6.5) S (hXh™h = héy (X), §_(hXh ™Y =6_(X)h "
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The H,-nilpotent cone N is defined to be the zeros of all of the above invariant
functions on M, 1. An element in M, is called H,-regular (or regular if no
confusion arises) if its stabilizer is trivial. Denote

0 1 0 0
0O 0 1 0
(66) §n+1,+ = 0o --- 0 1 S Mn-‘rl(F)a

and &,41,— its transpose. If no confusion arises, we simply denote them by &4.
Clearly £ are regular nilpotent.

Lemma 6.1. Let X € N. The following statements are equivalent:
(1) X is regular nilpotent.
(2) & is Hy-equivalent to &4 or &_.
(3) AL(X)#0 or A_(X) #0.

In particular, the orbit of &, is open in N.

Proof. Let x = <‘3 8) be an H,-nilpotent element. We then have A™ = 0 and

vAu = 0, for i = 0,1,...,n — 1. It follows that vA'u = 0 for all i € Zs>,.
Let r be the dimension of subspace of the (n x 1) column vectors spanned by
Alu,i=0,1,...,n — 1, and similarly 7’ the dimension of the subspace spanned by
vA',i=0,1,...,n — 1. Clearly, we have an inequality r + ' < n.

1 = 2. It suffices to show that, if X is regular unipotent, then either » or ' is
equal to n. Indeed, for example, if » = n, then ' = 0 (i.e., v = 0) and the column

vectors A'u,i = 0,1,...,n — 1 form a basis of the n-dimensional space of column
vectors. Then {e*, Xe*,..., X" !e*} form a basis of the (n + 1)-dimensional
column vectors [recall that e* is the transpose of e = (0,...,0,1) € My p+1(F)]. In

terms of this new basis we see that X becomes &, .

Now suppose that r,7" < n. Clearly if r = ' = 0, X must have a positive
dimensional stabilizer, hence is nonregular. We now assume that 0 < r <n. Let L
be the subspace spanned by A*u,i=0,1,...,7 —1. It is easy to see that this is the
same as the space spanned by A%u,i =0,1,...,n — 1. We write the column vector
spaces F" = L & L’ for a subspace L’. Then in terms of the basis of L given by
Alu,i = 0,1,...,7 — 1, we may write u as (0,0,...,1,0,0,...,0)" where only the
rth entry is nonzero and may be assumed to be equal to one, and

0 1 00
Y B 0 0 10
A_<O Z), Y=, . o 1|em®.

Then Alu = (0,0,...,1,0,0,...,0)" where only the (r — i)th entry is one, i =
0,1,...,7 — 1. Hence the conditions vA‘u = 0 (0 <4 < n — 1) imply that v is of

the form (0,0,...,0,%,...,%*) where the first r entries are all zero.
Now we consider
h= (1'“ @ ) € GL,.(F)
S \0 1, e

Clearly the matrix A1 Xh is an element of the same form with B replaced by
B+YQ — QZ. Hence the stabilizer of X at least contains all h with @ satisfying
YQ — QZ = 0. Define p € End(M, ,,—(F)) by Q — YQ — QZ. We claim that
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the dimension of the kernel Ker(p) is positive. Clearly the dimension of Ker(p)
depends only on the conjugacy class of Z in M,,_.(F). Since A is nilpotent, so is
Z. We thus can assume that Z is a Jordan canonical form. The endomorphism ¢
cannot be surjective since M, ,,—.(F) # 0 (0 < r < n) and every YQQ — QZ must
have zero as its lower left entry. This proves the claim, and hence the stabilizer of
such X cannot be trivial.

2 = 3. This is clear since we have 64 (hXh™') = hd,(X) and 6_(hXh™1) =
d_(X)h~! by ([G.5).

3 = 1. Note that Ay (X) # 0 is equivalent to 04(X) € GL,(F). The latter
property implies that the stabilizer (under the H,, action) of any X € M, 41 + must
be trivial. Indeed, if hXh™ = X, we have §,(X) = §. (hXh™!) = hd,(X); hence
h =1 and similarly for A_(X) # 0. O

6.2. A regular section. Denote
Mn+1’+ = {X € Mn+1|A+(X) 7& O}

Note that every element in M, i+ is regular J%cf. the proof of “3 = 17 of
Lemma [B.0). We shall write 2~ = A" x A"T1] the affine space of dimension
2n+ 1. Then the second set of generators (6.2]) defines a morphism that is constant
on H,, orbits

T Mpyy — 2 = A" x A"

(‘;1 ;‘)) - (a,b),

where a = (a1,...,a,),b = (bo,...,bn), a; = (—=1)"Hr A* A, by = w, and b; =
vA "y for 1 < i < n. We say that x € 2 is regular semisimple if one element
(and hence all) in 7~ !(z) is H,-regular semisimple.

Now we define a section of the morphism 7 : M, 1 — 2,

o: X — My

ay 1 0O 0 O
as O 1 0 0
(a,b) — 0 0O 1 o0
a, O 0 0 1
N T
We note that £ is precisely the image of 0 € 2" under o.
Mn+1
X =Mpi1/H,

Lemma 6.2. The morphism o is a section of w, i.e.,
oo =1id.

The image of o lies in M1+ (in particular, o is a regular section, in the sense
that the image o(a,b) is always Hy-regular).

9We use A in this section only to denote the affine line.
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Proof. 1t is easy to check that

agz 1 0 0
det | T-1,+ | %2 8 (1) (1) =T"+ a1 7" —aT" 2 + -+ (=1)" ta,,
a, 0 0 O
and the b invariants of o(a,b) are (bg, b1, bs, . ..,by,). This shows that o is a section

of m. To see that the image of ¢ lies in M,,11 4, we note that for any (a,b) € Z
we have

(6.7) 04(o(a,b)) =1,. (]
Proposition 6.3. We have an H,-equivariant morphism

L GLn X X — Mn+1’+
(h, (a,b)) = ho(a,b)h ",

where the group H, acts on the left hand side by a left translation on the first factor,
and trivially on the second factor. Moreover, the morphism ¢ is an isomorphism

with its inverse given by (34, 7|nr, ., . )-

Proof. Tt suffices to prove that (§4,7) ot = id and ¢ o (§4,7) = id. To show the
first identity we note that the invariants of ho(a,b)h~! [being the same as o(a, b)]
are (a,b). Hence it is enough to show that 04 (c(h, (a,b)) = h. This follows from
the fact that 0, (o (a,b)) = 1,, [cf. [60)] and 6, (hXh~!) = hé, (X) by (E5).

Now we show the second identity. Let x = (A “) € Mpi1,4. Let (a,b) = w(X)

v w
’

and A = 6+(X) — (An—l,qu"*Qu’ - ,u) € H,,. Denote .o (b4, m)(X) = (v'
Clearly w = w’. By the first identity, the elements ¢ o (61, 7)(X) and X have the

same invariants. In particular,

det(T - 1, + A) =T" + > (=1)"'a, 7",
i=1

and therefore
Am =g AT
i=1

This implies that

aip 1 0 O
ADL(X) = (A, A" M Auy =6, (X) [ 0 )
an 0 0 O
Since 64 (X) = h is invertible, we obtain
ag 1 0 O
a=nl® 00 Y n =
ap, 0 0 O
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Obviously we have u = §,(X)e: = hel = o' [ef = (0,0,...,0,1)"]. Finally since

n

by = vA" u, (by,bp_1,...,b1) = v3,(X), we have
v = (bn; bnfl, LR b1)5+(X)71 = (bnv bnfla ) bl)h’71 = ’Ul.
This completes the proof of the second identity. O

Similarly we define a variant o’ : 2~ = A" x A"*1 — M, 1 by

0 1 o --- 0
0 0 1 -0
(6.8) o'(a,b) = : :
an, Qp-1 -+ a1 1
bn bn_1 -+ by by

To facilitate the exposition, we introduce the following.

Definition 6.4. Consider a morphism between two affine spaces:
¢ A" = SpecF[x1,..., 2, — A™ = SpecF[y1, ..., Ym]

with induced morphism ¢* : Fly1,...,ym] — F[z1,...,2m]. We say that ¢ is
triangular if we have, possibly after reordering the coordinates,

¢*(yi):i$i+@i(xla"'azi—1)7 1S1Sma
where ;(z1,...,2;-1) € Flx1,...,2;-1] is a polynomial of z1,...,2;_1.
It is easy to see that if ¢ is triangular, then it is an isomorphism and its inverse

is triangular, too. Moreover, the Jacobian factor of a triangular morphism is equal
to £1.

Corollary 6.5. The following morphism is an isomorphism:
[,/ : Hn X % — Mn_;’_l)_;’_
(h, (a,b)) — ho'(a,b)h ™ .

Moreover, the induced morphism moo’ : 2 — 2 1is triangular, and in particular
an isomorphism.

Proof. The proof of the first part follows the same line as the previous one: it

suffices to show that for an arbitrarily x = (A “

. w) € Mn41,+, we may solve for (a, b)

and h uniquely in terms of the polynomials of the entries of X,

(6.9) ho'(a,b)h ™" = X.

We proceed in three steps.

Step 1. For the a component of ¢/(a,b), we have a; = (—1)""tr A" A.

Step 2. By (63), we have 6 (X) = hd(o’(a,b)). Note that the matrix d4 (o' (a, b))
lies in N, _, and it depends only on a (but not on b). Combined with Step 1, we
see that it can be expressed in terms of X,

(6.10) h=0,(X)6y(c"(a,b))" .

Step 3. In ([G3), the last row of o'(a,b), i.e., (by,...,b1,bp), is equal to (vh,w).
Combining with Step 2 we complete the proof.
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To show the second part, by Step 1 we may write 7 o ¢/(a,b’) = (a,b). By
computing the b invariants of o’(a,b’), we say that by = b, and for each i > 1,
b; — b is a polynomial of a,b),...,b;_;. This also shows that b; is a polynomial of

a, by, ..., b;_,. Therefore moo’ : 2" — 2 is a triangular morphism. O

We will need to consider the restriction of ¢/ to some closed subvarieties. We
denote by W the subvariety of M, ;1 consisting of matrices X of the following
form:

(6.11) X = € My

* X X X %
L N
* ¥ * = O
* ¥ = OO
* = O O O

Denote by V the subvariety of W consisting of X of the same form but with the
last row identically zero. Then we have a natural projection p : W — V.

Lemma 6.6. (1) The variety W is a subvariety of Mp11 + and the preimage
of W under ' is the product N, — x Z".
(2) For every (a,b) € 2", we define a morphism v(qp) : Npp,— — W by

(6.12) Viap) (u) = uo’(a,b)u™", u€ Ny —.

Then the composition Z/Ea by = PO V(ab) N, — V is an isomorphism
with Jacobian equal to £1.

Proof. Let x = (‘;‘ Z) be in W. It is easy to verify the following properties about
6+ (X)
(i) 64(X) € N, —.
(ii) d4+(X) depends only on the last n — 1 columns of A, but not on the first
column.
(iii) For each i, 0 < i < n — 1, the (n — ¢)th column of d,(X) is equal to the
sum of the (n — ¢ 4+ 1)th column of A plus a column vector whose entries
are polynomials depending only on the last (i — 1) columns of A.

By (i), such X lies in M,41 +, and hence W C M,,41. Setting X = o'(a,b) shows
that 64 (o’(a,b)) lies in N,, _ and depends only on a. Let (h, (a, b)) be the preimage
J/71(X). By (6I0) in the proof of Prop. 6.3, we have

h=64(X)dy(0'(a,b)™ " €N, _.

Hence the preimage of W is contained in IV, x % . Since W is preserved under
the conjugation by IV,, _ and contains the image of o, it follows that the preimage
of W is exactly N, _ x 2 . This proves part (1) of the lemma. Alternatively, we
may identify W with the variety consisting of X € M,, 11 such that 64(X) € N, _.

To show part (2), we denote by W, ;) the image of N, _ x {(a,b)} under /'
Consider an auxiliary subvariety V' of W with the first column and the last row both
being zero. Let p’ : W — V be the natural projection. By the property (iii) above,
the composition p’ o v : N,, _ — V' is a triangular morphism. Thus the restriction
of the projection p’ to W4 induces an isomorphism p’(a’b) : Wapy — V. To
prove part (2), it remains to show that the morphism p|w,, , © (pz%b))’1 V=V
is triangular.
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Now we let x = (‘3 Z)) € Wiapy With

aq 1 0 0 O
D) * 1 0 0
A= * * * 1 0| eM,.
* * * x 1
Qn=Pn Bn-1 * * p1

We denote by A the square matrix obtained by deleting the first and the last
row/column of A. By computing the coefficients of the characteristic polynomial
of A, we have the following;:

(W) For each i, 1 < i < n, the sum «; + f3; is a polynomial of aq,...,a;_1,
B1y--yBi1, a1, -..,a; and the entries ofg.

By induction on 4, a; is a polynomial of ji,...,3;, a1,...,a; and the entries
of A. The same statement holds if we replace o by § everywhere. Note that the
last row of X € W, 4) is also determined by the entries s, ..., ay,a1,...,a, and
A. Tt follows that the morphism p|W(a’b) o (pzmb))’1 : V' — V is triangular. This
completes the proof. O

A by-product of the proof is the following corollary.

Corollary 6.7. Let x = Z‘ Z) e w. Then every entry of the last row of A is

a polynomial of the first n — 1 rows of A and the coefficients of the characteristic
polynomial of A.

Proof. In the proof of the previous Lemma [6.6] the /3;’s are polynomials of the first
n — 1 rows of A, and the coefficient a;’s of the characteristic polynomial of A. [

We also have an easier statement about the upper unipotent IV,, acting on &, 41 4.

Lemma 6.8. Denote by V., the subvariety of M, 11 consisting of X of the following
form:

0 1 %
x=|% 0 (1) | € M.

0 0 0

Define a morphism
vy Np =V
U — u§n+17+u71.

Then vy 1is triangular.
Proof. Similar to the previous one. We omit the detail. |

For later use in §8, we take the transpose of the morphism ¢’ and denote it by g,

(6.13) o(a,b) = o’(a,b)".
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6.3. Regular nilpotent orbital integral. We now assume that F' is a p-adic
local field. We now define the (H,,,n)-orbital integral of a regular nilpotent orbit.
Since the orbits of £4 are not closed, we need to regularize the orbital integral. We
consider the following integral for s € C, X € M, 1(F):

(614)  O(X,f.5) = /H o O et i, f € 6 M ().

It is absolutely convergent for all s € C if X is regular semisimple in which case we
denote

(6.15) O(X, f)=0(X,f,0).

Lemma 6.9. The integral O(Ex, f, s) converges absolutely when Re(s) > 1— % and
extends to a meromorphic function in s € C with at most simple poles at

] 1+ 2mi
s=1—-+—17Z,
¢ loggq

for even integers £ with 1 < £ < n. Here q is the cardinality of the residue field
Proof. We use the Iwasawa decomposition of H,,(F) = KAN. Define

= / f(EXE™Y) dk.
K

By Iwasawa decomposition on H,(F'), we have
/ / «(au =" a ™ Yn(a)|al*|6(a)| du da,
A(F)
where ¢ is the modular character

6(a) =artay 3. a, ("7Y), a = diaglay, ..., ay).

By Lemma [6.8] this is
/ / fx (aza=Y)n(a)|al® dz da.
A(F) JV4(F)

Replacing z,; by zgjaza, ', 1 < €< j—2< (n+1)— 2, and setting a,; = 1, we
may partially cancel the factor |6(a)|,

O Z—; T13 14 *
0 0 Z—g * *
/ / fxklo o o - o [n(a)alflaas---a,| dzda.
A(F) JVy (F) e .0 0 G
An 41
o --- 0 0 0

Substitute by := ag/ap+1,1 < € <mn,

0 b1 z13 xig  *
0 b2 * *

0
fel 0 0 0 o | nibs )| TT0E T T dbe d.
/A(F) /\i+(F) e e H H

0 0 b,
o - 0 0 O

(Note dby is the additive Haar measure; cf. §2.) Now it is clear that the integral
converges absolutely if Re(¢(—1 + s)) > —1 for all £ = 1,2,...,n, or equivalently
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Re(s) > 1— % By Tate’s local zeta integral, the integral extends meromorphically
to s € C with at most simple poles at those s modulo ligzl satisfying one of the
following:

(=14 s)=-1, =24,...,2[n/2].

Namely s =1 — % + ligZZ, for even ¢ with 1 < ¢ <n. O

Definition 6.10. For f € €>°(M,+1(F)), we define the regular nilpotent orbital
integral O(&+, f), also denoted by pe, (f), as

e (f) = O(giv f) = O(E:I:a fa 0)
This defines an (H,,, n)-invariant distribution on M, 1 (F).

The two propositions below will not be used later on. They are interesting in
their own right and provide heuristics for the admissible functions in the remaining
sections of this paper.

Proposition 6.11. The intersection M,11+(F) NN is equal to the H, orbit of
&+. In particular, for a function f € €°(My41(F)) supported on My4+1 +(F), any
distribution on My, 11(F) supported in the closed subset N'\ (Hy, - £1) of My41(F)
vanishes on f.

Proof. Since & is precisely the image of 0 € 2 under o, the H,, orbit of £, is then

the image of H,, x {0} under .. We also have M1+ NN = (7|p,,, ) "(0), the
fiber of 0 € 2" under 7|y By Proposition B3] the fiber (7] —1(0) is

n+1,+° n+1,+)

precisely the image of H,, x {0} under «. This proves the first assertion. The “In
particular” part is clear from the definition of the support of a distribution. |

Proposition 6.12. For any f € €°(Mp+1,+(F)) C €°(My+1(F)), the orbital
integral

¢f(x) := O(o(2), f)
defined for regular semisimple x € Z [c¢f. (615])] extends to a locally constant

function with compact support on X~ [i.e., ¢y € €°(Z")]. Conversely, given any
function ¢ in €°(X), there exists f € €°(Mpt1,4(F)) such that O(o(z), f) =
¢(x) for all regular semisimple x.

Proof. The orbital integral (6.15]) is given by
O(o(@). )= [ Fhata)h () ah
H,

By the H,-equivariant isomorphism ¢ : H,,(F') x Z (F) — M+1,+(F), correspond-
ing to f we have an element denoted by f’ in €>°(H,, x Z), defined by

f'(h,z) = f(ho(z)h™"), heH,zeX,
with the property that

O(o(x), f) = /H F(h, 2)n(h) dh.

The integral on the right hand side is clearly absolutely convergent for all x € 2
and defines an element in €>°(27). The converse is clearly now by the isomor-
phism ¢. O

Remark 11. The proof also shows that if f is supported on M, 41 4 (F'), the integral
O(&4, f,8) [cf. [@I4)] converges absolutely for all s € C.
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6.4. Orbital integrals on s,,41. We will need to consider the induced H,, action
on the tangent space s,,41 at 1 of the symmetric space S, 1,

sp1(F) ={X € M,,;1(E)|X + X = 0}.
Fixing a choice of nonzero 7 € E~, we have an isomorphism
(616) Mn+1(F) ~ 5n+1(F),

defined by X +— 7X. In particular, we will abuse the notation £+ to denote 7&4
if we want to consider the regular unipotent orbit on s,;. We may extend the
definitions of o, ¢ and the orbital integrals to the setting of s,, 1 via the isomorphism
(©18). Then it is clear how to extend the results from the setting of M, 1(F) to
the setting of s,41.

7. SMOOTHING LOCAL PERIODS

7.1. Convolutions. We introduce some abstract notions for the use of this and
the next section. Let F' be a p-adic local field and G the F-points of some reductive
group. We consider the space of €>°(G) with an (anti-)involution * defined by

(7.1) [9)=1flg™), [eC=(G).
We will also use the other (anti-)involution defined by
(7.2) Fg)=flg™).

Let dg be a Haar measure on G. Let H be a unimodular (closed) subgroup of G
and dh a Haar measure H. We define a left and a right action of €>°(H) on €:°(G)
as follows: for f € €>°(G) and ¢ € €°(H), we define convolutions f * ¢ and ¢ * f
both in €>(G),

(7.3) (f % d)(g) = /H flgh™

and
= h)f(h~tg)dh = ht
0= [ stru g an= [ o
This also applies to the case H = G. Then we have
(fxo) =0 = f" (o f)"=[f"*¢".

If we have two closed unimodular subgroups H;, Hs, we could iterate the definition:
for example, for f € €°(G) and ¢; € €°(H;), we define

¢1 % Q2 * f 1= d1 % (2 x f) € €.°(G).

Now if we have a smooth representation m of G (hence its restriction to H is a
smooth representation as well), as usual we define 7(f) and 7(¢) to be the endo-

morphisms of m,
/ floye(o)dg.  7(6) = [ ohyn(h)dn

Then we have 7(f * ¢) = 7(f)m(¢) € End(n) and so on. If = has a G-invariant
inner product (-,-), we then have

(m(fHu,u') = (u,n(f*)u'), u,u’ €.
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The questions addressed in this section can be abstracted as follows (cf. [26, §2]).
Let 7 be a smooth admissible representation of G. The algebraic dual space 7* :=
Hom(7,C) is usually much larger than the congragredient 7 (the subspace of 7*
consisting of smooth linear functional, i.e., K-finite vectors in 7* for some open
compact K). Very often we will be interested in some distinguished element called
¢in 7* \ 7 (the set of nonsmooth linear functionals). Then the question is to find
some ¢ € €°(H), for suitable subgroup H (smaller than G in order to be useful),
such that 7*(¢)¢ is nonzero and smooth (i.e., in 7). In this section we will study
this question for the local Flicker-Rallis period and the local Rankin-Selberg period.

7.2. A compactness lemma. Now we return to our setting. Let E/F be a qua-
dratic extension of non-Archimedean local fields of characteristic zero with residue
characteristic p. We denote by 7 the quadratic character associated to E/F, and set

(74) M = Unil-

Let @p—1 € €°(Hp—1(E)) and ¢p,—1 € €.°(M,—1,1(E)). We consider the Fourier
transform of ¢,,_1 as a function on M; ,_1(E) by

@hﬂX):/’ Gn1(V)Yp(tr(XY)) dY.
My n1(E)
With the pair (¢,—1, ¢n—1) we associate a new function on H,,_1(E) by

(75) Wor s (9) = Bus(—enr9) / / o1 (9™ wen 1) () () du dh,

where u € Ny,_1(E),h € Nyp_1(F)\H,_1(F), and the integral is iterated. Note
that the integral converges absolutely. Clearly we have

WW71—11¢W,—1 (uy) = EE (U)W<ﬁn—1,¢n—1 (g)

for u € Ny,_1(E).

We would like to obtain a function with compact support modulo N,,_;(F) by
imposing suitable conditions on (¢,—1,¢n—1). To simplify the notation, we will
denote, when p > 2,

A=Op.

It decomposes as A = AT ® A~ where A* = Og+. If p = 2, in the rest of the paper
we define Op as Og+ ® Op-, which may be a nonmaximal order of E. Then the
Fourier transform of 15 € ¥2°(F) is a nonzero multiple of 15~ for a lattice (i.e., an
Opg module) A* C E (depending on v). Let w be a uniformizer of F. For an integer
m > 0, we naturally view C[cw™A/ww?™A] as the subspace of €>°(E) consisting of
functions supported in w™A and invariant by w?™A.

Definition 7.1. We define a dagger space of level m, denoted by C[ww™A /ww?™ Al
or €>*(E)! , as the subspace of C[w™A/w?™A] spanned by functions § = 07 @
0~ ,0% € €>°(E*), satisfying the following:
e 07 is a multiple of 1ma+.
e The Fourier transform 6 € Clew=2™A* /ow~™A*] is supported in o 2mA* —
w’QTilA*. With the condition on 67T, this is equivalent to that the func-

tion A~ is supported in w2mAT* — w2 AT where AT* = A*NE".
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In particular, every element in C[cw™A/w?™A]! is invariant under multiplication
by 1+ @w™Og. Heuristically, such § has a constant real part T but a highly
oscillating imaginary part 6.

Definition 7.2. We denote by €>°(M,,_1.1(F))}, the space spanned by functions
on M,_11(E) of the form ¢,_1 = ®1§i§n71 #) in the way that ¢, 1(z) =
[1; 09 (x) if 2 = (21,...,20-1)" € M,,_11(E), satisfying

e When 1 < i <n—2, ¢ is the characteristic function of @w™A; ¢("~1 is
an element of C[ww™A/ww?™A]T.

Definition 7.3. We denote by ¥>°(H,,_;(E))!, the space spanned by functions
on H,_1(E) of the form ¢,_1 = ®1§i7j§n714p(ij) in the way that ¢,_1(g) =

Hi,j @(ij)(gij) if g = (g4j), satisfying

When 1< j <i<n—1, ¢ is the characteristic function of @™ Op.
When 1 <i=j5<n-1, ga(ij) is the characteristic function of 1 + @w™Opg.
When 1 <i<j<n-—1,5—i%#1, ¢ is the characteristic function of
w™A.

e When 1 <i=j—1<n—2, ¢ is an element of Clew™A/w?™A]f.

Remark 12. A function ¢, 1 € €°(H,_1(FE))}, has the following property:
Qonfl(un72 T Uu1aUy e /Un72) = Lpnfl(ucr/(n72) C o Ugr(1)AVgr (1) 7 ’Ucr/(n72))7

where a € A,,_1,u; € Np—q (v; € Np—1,—, resp.), u; — 1 (v; — 1, resp.) has nonzero
entries only in the (¢ + 1)th column (row, resp.), and o, ¢’ are any permutations.

Definition 7.4. We say that the pair (p,—1,dn—1) is m-admissible if ¢,_1 €
G (My—1,1(E)),, and gn_1 € €°(Hy—1(E))]

c m*

Remark 13. The pair (p,_1, ¢n—1) defines a function denoted by ¢,—1 ® ¢,—1 on
the mirabolic subgroup P, of H,(E),

eoroon |(7) (7 1) F @it

For m-admissible (¢n—_1,¢n—1) as above, we define recursively ;, ¢;, ¢; ; for
i=mn-—2,...,1, such that

(7.6) Pit1 = $i ® $i ® Py i1,
where
@i € 6.7 (Mi(E)), ¢i € 6.7 (M;1(E)), Gip1 € €°(Myi1(E)).

Here the function ¢; is viewed as a function on M;(E) [though it is supported in
H;(E)]. The tensor product is understood as

Pi1(Xiy1) = 0i(Xi)bi(ui) D1 (vigr),
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where Xy = (Y, ") € Min(E), X € Mi(E),u; € Mia(E),vis1 €
Mi,i+1(E). Set ¢] = 1 so that we have the following decomposition of ¢, _1®@¢,_1:

¢,
s

O1 | P2 | | Dpg

7
n—1

To facilitate the exposition, we list the properties of admissible functions that will
be used later in our proof.

Proposition 7.5. Let (¢n—1,¢n—1) be m-admissible (Definition [[4), and we de-
compose it according to (IL0). Then we have the following properties:
(i) The function ¢ is the characteristic function of (0,...,0,1)+w™ M, ;(Og),
and ¢; € %COO(MZJ(E))LI
(ii) The function @,_1 is left and right invariant under N,_1 _(w™Og) =
1+ wmnn,17,(0E).
(iii) With respect to the decomposition M, _1(E) = Myp_1(F)® M,,_1(E~), the
function p,—1 = ¢ | @, | is decomposable and the “real” part @, is
a multiple of the characteristic function of 1 + w™M,,_1(OF).
(iv) The function o, is left and right invariant under the compact open sub-
group 1 +w™M,,_1(OF) (i.e., the support of the real part ¢\ | of Yn_1).

Proof. They all follow from Definitions [[.2] [[.3] and [[4l O

Property (iii) and (iv) of admissible functions will not be used until the next
section. Our key result of this section is the following compactness lemma.

Lemma 7.6. Assume that (pn—1,¢n—1) is m-admissible for some m > 0 and we
have the derived functions ¢;, P, as above.

(1) Then the support of the function W,
i.e., it defines an element in

C° (Nu-1(B)\Hy—1(E), ¥p).
Furthermore, ,V[\an—ly(bn—l (én—19) is nonzero only when
g€ H, (E)=N,_1(E)A,—1(E)N,—1 _(E).

(2) View ¢’ := @' '¢} as a function on B,_1 _(FE) orits Lie algebra b, 1(E)
(this is possible due to the special feature of the function ¢’'). Denote by
d, = (g) so that

Td" = 5n71(6n71) = det(Ad(en,l) : anl(E))
Then the value of W%Hh%fl(en_lg) atg=yv € Ap_1Np_1,_(F),

o vbm_ 18 compact modulo Ny, _1(E);

Yyiy2 - Yn—1
y= i € An_1(F),
Y1Yy2
Y1
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and
n—2 1.
v= 1:[1 ('U'ZL 1) € anl,f(F), v; € ,2\41,2‘(1'7‘)7
is given by the product of the constant
(77) i [ swa
B,_1,-(F)
and
n71 —_—
(7.8) N (Y)[0n—1(y)|F H Gn—i(=Yi(vn—i-1,1)7).

=1

Here the measure db on B,,_1 _(F) is either the left or the right invariant one;
they give the same value to the integral since the support of ¢’ is contained in
1+ wbn_l’_((’)E).

Proof. 1t suffices to consider the following absolutely convergent integral:

(7.9) w@zé (DA Pt R ),

where we have replaced N,,_1(F)\H,_1(F) by B,_1,— (with the right invariant
measure) and

¢T(u) = ¢E,T(u) = ¢E(€n—1U€;i1)~
Indeed, by a suitable substitution we have
Wenrtms (€n-19) = |7/ Snr (—en17g)u(g).

By the condition on the support of &H, we know that (;Abn,l (en—19) is zero unless
the (n —1,n — 1)th entry of g € H,,_1(E) is nonzero. Up to the left translation by
N,_1(E), such g € H,,_1(FE) is of the form

Ty 1,_
9= ( ne2 1) (Unj 1) 1 € EX xp_9 € Hy_o(E),vp—2 € My 5_o(E).

By the support condition on $n_1 [noting that ¢,_1 € €°(M,_11(E)),; cf.
Definition [T2], for w(g) in (Y to be nonzero, y; must lie in a compact set of
E* and v,—2 € @w™M;i ,,—2(Og). By the property (ii) in Prop. [[5], the function
@n—1 is invariant under left multiplication by such (11)::2 1). Hence we have

— ~ Ty
110) Wi (enmr) = [ Bcs (o ) [ (72 )]

Therefore it is enough to consider w(g) when g = ¥ (x"2 1) for xp,—2 €

H, »(E).
We write h € By,_1 _(F) = Ap—1(F)Np—1,—(F) as

_ Up—2 1n72
() (@)

where by € F*,ap—2 € Bp_o_(F),ch_2 € My ,_o(F). The measure can be
chosen as
|an—a| b1t dby den—o dan—s,
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where da,,_s is the right invariant measure on B,,_o _(F'). For the integration over
u € Nyp_1(E), we write

lp—2 ul_ Up—
u= ( 2 12> ( 2 1) € N,_1(E).

Then the product g~ 'uh is equal to

—1 /
-1 ([ Tp_9o 1p—2 Uy o Up—2 Ap—2 1,2
man ot () () () () ()

Then the last row of the product (ZII) is equal to y; 'b1(cn_o,1) € My, 1(E).
By the condition on the support of ¢/, _; [cf. Property (i) of Prop. [[H], we can
assume that

en—2 € w" M1 5—2(0F),
so that ¢, _1 is invariant under the right translation by such (i”:z 1) [cf. Property
(ii) of Prop. [CH]. The product of the first four matrices in (ZI1]) is then equal to

-1 -1
y71b1 Lp—oUn—20n—2 Tp_oln_o .
1 1

The integrations on ¢,_o and u,,_, yield, respectively,
[ el ) e
My —21(F)

/ ¢"_2(blyl_lxr_LiQU:I—2)ET(u:z—2) duy,_o
My, —21(E)

= by 1| 2T 02| EGn—2(—en—2Ty1b] 'Tn_2).

(Here we note that the Fourier transform of ¢,,_o is defined by the character ¢g.)
Therefore w(g) is equal to the integration of the function of b; € F* given by the
product of the above two terms and

/ / On—2(yy 1012, gty 00 —2) (un—2)|an—o| " 0 (h) du,—o da, o
Bn72,*(F) N’n*Q(E)

with respect to the measure |by|*~2db;. We may repeat the process and hence may
assume that the function on H,,_o(E) defined by

gn—2 > ¢n—2(_en—29n—2)/ / @n—Q(g;EQUJn—Zan—Z)
Bp_2,—(F) JN,_2(F)

X ET (un72)‘an72|_177n (an72) dun72 dan72

is zero unless go € H/,_,(F) and its support is compact modulo N,,_o(F). By the
support condition of ¢/, ; [cf. Property (i) of Prop. [[H], we know that y; *b; €
14+ @™Og. Since y; is in a compact region of E* | the integration of b; must also
be in a compact region. This implies that w(g) # 0 only when z,,_2 € H],_4(E)
and in a region compact modulo N, _2(FE). By the boundedness of v, _2 as shown
in Eq. (I0), we complete the proof of part (1).

To show part (2), we need to keep track of the computation above. Since we are
now assuming that g € H,,_1(F'), we have y; € F*, and hence we may substitute
by — b1y1. Then for ¢!, _;(b1(cn—2,1)) to be nonzero, we must have by € 1+ @™ O
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[cf. Property (i) of Prop. [H]. Note that ¢/n_\2 and o, o are invariant under
multiplication by scalars in 14+w™Op. We see that w(g) is given by the product of

nn<y?*l>h/" &y (b1 (ens, 1))den_an(B0 1) b1] " b,
Mnfl,l(F)

|xn—2|E¢n—2(_en—27xn—2)7
and

/ / (2 22D () an |~ 1 (an—2) duin_s dan_s.
Bn72,*(F) Nn72(E)

When y = y; - diag(xn—2,1),Tn_2 € By_o _(F), we have
(712) (Sn—l(y) = (Sn_g(.fn_g) det(l‘n_g).
Note that
|n—2|p = |2n—alp.
Now we may repeat this process to complete the proof. O

For admissible ¢, 1@¢n_1 € € (Hp—1(E)x M, 1(E)), the function ’W%_h%_l
lies in €>°(Np—1(E)\H,—1(E),¥g) and therefore determines a unique element in
W, denoted by W, characterized by

n—1,Pn—17
013 Waios (U )) = Worissl0) g€ Hia(B)

7.3. Smoothing local Flicker-Rallis period 3,. Let II,, be an irreducible uni-
tary generic representation of H,(E). We now consider the local period Flicker-
Rallis 3, [cf. §3, 1), B20)]. We let W = W(I1,,, ¢ 5) be the Whittaker model
of IT,, with respect to the complex conjugate of 1 for later convenience. As earlier
we have endowed W with a nondegenerate positive definite invariant Hermitian

structure [cf. (3:2))],

(W, W'y = 9(W,W') = / W <9 1) w <9 1) dg.
Noo1 (E)\Hy—1 ()

We also consider its Kirillov model denoted by K = K(Il,,, %), which is a certain
subspace of smooth functions € (N,,_1(E)\H,_1(E),v{ ). Moreover, it is well-
known that the Kirillov model always contains the subspace €:° (Np—1(E)\Hp—1(E),
1) of smooth compactly supported functions.

Let W* be the (conjugate) algebraic dual space of W and H be the Hilbert space
underlying the unitary representation II,,. Then W is the space of smooth vectors
in H and we have inclusions,

WCHCW".
The Hermitian pairing on W x W extends to H x H and W x W*. A similar
discussion also appears in [25] §2.1]. We still denote by II,, the representation of
H,(E) on W* so for any W e W, W' € W*,
(I ()W, W) = (W, IL, (g~ )W').

Then the local Flicker-Rallis period f,, is an element in W* defined by (BI1]). To
ease notation, we write this as

(7.14) B (W) :/ W (€n—1h) nn(h) dh,
Nn—l(F)\Hn—l(F)
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where 7, is as in ([T.4)). We also write this as
Bu(W) = (W, Br).
It is (Hn(F),ny) invariant [10],
Bn € Homp, (my(W,C,,,).

We would like to smoothen the local period 3, by applying some sort of
“mollifier.”

Proposition 7.7. LetIl,, be an irreducible unitary generic representation of Hy, (E).
Assume that the pair g1 € €°(Hp—1(F)), pn-1 € € (M, 1(E)) is m-admissible
form > 0. Let W, | 4, , €W be the element determined by (IL13). Then for
every W € W(Il,,, ), we have

(I (05— 1) (07, )W, Br) = (W Wo, 161 )-

In other words, the linear functional I, (¢n—1)I, (@n—1)Bn, a priori only in W*,
is indeed a smooth vector and is represented by Wy, | o, , € W, ¥g).

Proof. The left hand side is given by
/ [ M@ W (enmthga )% (5 g ) dh.
Nn—l(F)\Hn—l(F) Hn—l(E)
Substitute g, 1 +— h_le;llgn,h
/ [ M@ W )P (0 o) dh.
Nn—1(F)\Hn—1(F) J Hn1(E)

Since W (ug,_1) = ¥ (W)W (gn_1) for u € N,,_1(E), we may rewrite the integral as

/Hn(¢2-1)W(gn—1) (/N - @n—l(g;ilu16n—1h)EE(u)du> 1 (h) dh dgp—1,

where the outer integral is over
h e ]\fn_l(F‘)\I‘In_l(F‘)7 gn—1 € Nn—l(E)\Hn—l(E)

Now we also note that

(6 W) = | (E)W[gn_l (" 9)] o

— W (ga_n) /M ) B (a1

=

=W (gn-1) bn_1(—€5_19n-1)-
This completes the proof. O

7.4. Smoothing local Rankin-Selberg period A. Now let II = II, ® II,, 4
be an irreducible unitary generic representation of G'(F) = H,(E) x H,11(FE).
We now need another compactness lemma. For an integer m’ > 0, we consider
¢n € (fcoo(Mn,l(E))In, (cf. Definition [[2)). Note that by definition, the Fourier

transform ¢,, is supported in the domain

(7.15) {(z1,...,20) € My pn(B)||zs/an| < |@|™,i=1,2,...,n—1}.
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Lemma 7.8. Let ¢, € %COO(MTLJ(E))I”,, Let W € W(Il,,,¢y) be such that its

restriction to H,_1(FE) has support compact modulo Ny,_1(E). If m’ is sufficiently
large (depending on the vector W), the map

Hy(E) 3 g = dnleng)W(9)
defines an element in €>°(N,,(E)\H,(E), V).

Proof. Clearly ;ﬁ\n(eng) is N,,(E) invariant and smooth. Hence the product defines
an element in €°(N,(E)\H,(E),¥g). It remains to show that the product has
support compact modulo N, (F). By the support condition of q@n(eng) [cf. (CIH)],
we may assume that the lower right entry of g is nonzero. Therefore we may write
PR (h 1) (1%1 1) where h € H,_1(E),u € Ny(E),v € My ,,_1(E), and z €

v
E*. Again by the assumption on ¢,,, we may assume that ||v|| < |ew|™ [otherwise
(En (eng) vanishes]. We may choose m’ sufficiently large so that W is invariant under
right multiplication by 1 + @™ M, (Og) (such m’ exists since W € W is smooth).
We now have

~

On(eng)W () = p (u)dn (v, 1)) W [w <h 1)}

— vstuen, @G | ()],

where wry, is the central character of II,,. Since the last factor has support com-
pact modulo N,,_1(E), and z lies in a compact region, the desired compactness
follows. |

Since the Kirillow model K(II,, 11,7 ) contains €°(N,(E)\H,(E),¢y) as a
subspace, we may view the product ¢y (e,g)W(g) as an element in K(IL, 11,0 ).
This determines uniquely an element in the Whittaker model W(II, 41,4 p), de-
noted by Wy, . In other words, with each W € W(IL,, 1) whose restriction to
H,_1(FE) lies in €°(Np—1(E)\Hp-1(E),¢¥) and a ¢, € ‘écoo(Mnl(E))In/ for m/
sufficiently large, we associate an element W, € W(Il,,+1,¢ ) characterized by

(7.16) Wo (7)) = BnlenslW(a), € H,(E)

Its complex conjugate W defines an element in W(Il,, 41,V g).
Now we recall that the local Rankin-Selberg period is defined by [cf. (B23)]

AW ew) = [ wiw (¢ ) ol do

Nu(E)\Hn (E)

where W € W(IL,, ¢ ), W € W(Il,,41,%E). It has a meromorphic continuation
to s € C [with possible poles at those poles of the local Rankin-Selberg L-factor
L(s+1/2,11,)]. For ¢,, € €>°(M,,1(E)), we have an action on W(II, 11, ¥g) by

MW@ = [ wlg(M )| eatman, g€ )

Proposition 7.9. Let II = 1, ® I,41 be an irreducible unitary generic repre-
sentation of Hy,(E) X H,1(E). Assume that the restriction of W € W(Il,, ¢ )

to Hy_1(E) lies in €°(Ny_1(E)\Hn_1(E),¥g) and that ¢, € € (M, 1(E))!

m/’
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for m’ sufficiently large (depending on W ). Then for every W' € W(l,41,YE),
A8, W @IL,11(¢pn)W’) is an entire function in s € C and we have

A0, W ® Hn+1(¢n)Wl) = <W/, W¢n,>'
Proof. For g € H,(E), we have

tatow () - /MW_M(E) wl(© ) (" )] et
= [l )] e

St [(7 )]

Return to the local Rankin-Selberg period, and

(TAT) A5, W @ Ty ()W) = Wodn(eaa W () ol o

/Nn(E)\Hn(E)
By Lemma [7.8] W(g)q@n(eng) has compact support modulo N, (E). It follows that
the last integral converges absolutely for all s € C and hence defines an entire
function in s € C. Moreover the value at s = 0 is given by (cf. [10)

MO, W @ Iy i1 ()W) = (W Wy ).
This completes the proof. O

8. LOCAL CHARACTER EXPANSION IN THE GENERAL LINEAR GROUP CASE

In this section we prove a “limit” formula for the (local) spherical character in
the general linear group case. We will choose a subspace of test functions supported
in a small neighborhood of the origin of the symmetric space S, 1. Then we may
treat them as functions on the “Lie algebra” s,,41 of S,11, the tangent space at the
origin. The key property for these functions is that their Fourier transforms have
vanishing unipotent orbital integrals except for the regular unipotent element. The
intermediate steps are messy and somehow ugly; but the final outcome seems to be
miraculously neat.

8.1. A “limit” formula for the spherical character I(f). Now let II =
IT, ® 1,41 be an irreducible unitary generic representation of H,(E) X H,11(E).
Assume that the central characters of both II,, and I, are trivial on F*. Let
It s(f) be the (unnormalized) local spherical character defined by (3:32). We now
combine Prop. [[7] and [.9] to obtain a formula of Iy 4(f) for a special class of test
functions f.

Consider f,, € €°(H,(F)) and fr11 € €°(Hp11(E)). Let ¢, € €° (M 1(E)).
We consider a perturbation of f, 11 by ¢y,

1, wu
gaw=[ (" )dewan gema@
M, 1(E)
This is the same as ¢, * fr11—the convolution introduced in 7T, (T3))—where

we view M, 1(F) as a subgroup of Hy,41(F). Similarly, for ¢,_1 € €>°(H,-1(E)),
Gn—1 € €°(M,—_11(E)), we define a perturbation of f,: for g € H,(E),
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f;fnfly(lsn—l (g)

-1 _

Equivalently
f;zpnil’qbnil = fn * ¢n—1 * Pn—1 € %COO(Hn(E))
We will consider functions of the following form:
f=Ferte @ [ € 60 (Hu(E) X Ho s (E)).
Definition 8.1. Fix II. Let (m,m’,r) be positive integers with » > m’ > m > 0.
We say that f = f;f"’l’qs"’l ® ff:il is (m,m’,r)-admissible or admissible for II if it
satisfies the following:

e The function ¢,,_1 ® ¢, _1 is m-admissible. Hence it determines an element

on 13, € C°(Np—1\Hp—1(E),¥Yg) (cf. Lemmall6) and W, | 4., €

e The function ¢, € %C‘X’(Mml(E))In, for sufficiently large m’ (depending
on II,,, ¢n,—1 ® ¢p—1, and hence on the integer m). More precisely, m/
is large enough such that Lemma [Z§ holds for W = W, _, 4 .. Let
W 1.6n1.6n € W(llt1,9 ) be the function characterized by the equa-
tion ((LI6) for the choice W =W, | 4. ..

e The function f, (fn+1, resp.) is a multiple of the characteristic function of
14+ @"M,(Og) (of 1 + @"Mp4+1(OF)). We normalize f,, fnt1 by

(8.1) | n@de= [ haa@dg=t
H"L(E) H'rL+1(E)
We require that r is sufficiently large (depending on II, ¢, —1, ¢r—1, P, and

hence on m,m’) so that
Hn(fn)W@nflﬂz)nfl = W¢n717¢n71
and
Hn+1(fn+1)W80nfl,¢n717¢n = W‘Pn717¢n—17¢n'
Proposition 8.2. Fiz II and assume that f = f&" "' @ f;fH is (m,m’,r)-
admissible for II. Then we have
Il'Ls(f) = Bn+1(Wﬂo'rL—l7¢n—l7¢n)'
In particular, it is independent of s € C.

Proof. First we have

I (fa © frrn) = D A, Ha(fn)W @ Wi (f 1 )W) Ba(W) - Brga (W)
w,w’

= Z /\(57 w & Hn-i-l(fn-i—l)W/)ﬁn(Hn(f;{)W) : 6n+1 (W’),

w,W’

where the sum of W (W', resp.) runs over an orthonormal basis of II,, (IL, 41,

resp.).
For simplicity, we write ¢ for ¢,_1 and ¢ for ¢,_1. Now we replace f, by
f£? = fx ¢ p. Note that

Hn((frf’(b)*) = I ("), (") n (7).
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By Prop. [7 we have for all W € W(IL,,, ¢ )
/Bn(Hn((frf’(b)*)W) = <Hn(f:)VV, W%¢> = <VV’ Hn(fn)W%¢>'
For any Wy € W(Il,,, v ), we have an orthonormal expansion
Wo =Y (Wo, W)W,
w

where the sum of W runs over an orthonormal basis of II,,. Hence we may fold the
sum over W to obtain

Ins(f2% @ frs1) = Z A8 (fo)Weo @ Wit (fra1) W) Bt (W7).
T

Now we further replace f,,+1 by f,‘fﬂ = ¢ * fni1 and assume that f = f©? ®ff_”;1
is admissible. By the admissibility, f,, and f,,+1 have small support so that we have

I (fn)We,0 = We,s

and

i1 (far)Weo,606m = Wo 6

Now note that the function Wwb(g)an(eng) is supported in N,,(E)H,(Og). Hence
in (ZI7), we have |g|* = 1 independent of s € C. Now by Prop. [0 and

an(E) fn(g)dg = an+1(E) fn+1(g)dg =1, we have for all W' e W(Hn-ﬁ-lvwE)
)‘(Svnn(fn)wtp,aﬁ ® Hn+1(f7?11)W/) = <Hn+1(fn+l)WlaW<p,¢7¢'n>

= (W 1 (fi ) Wep.6.)
= (W', W .6.)-

Then we may fold the sum over W’ to obtain

Ins(f£° @ [711) = Bt (We6.6,) = Brsr (We6.0,,)-
This completes the proof. O

We need to simplify the formula. Define for a € A,,(F)
(8.2) 0 (a) := det(Ad(a) : n,,))/ det(Ad(a) : n,_1).

To simplify the exposition from now on we redefine f,‘fﬂ as ¢ * fri1-

Proposition 8.3. Fiz II and assume that f = f" """ @ fﬁil is (m,m’,r)-
admissible for II. Use notations as in Lemma [l Then we have

dn '(b) db
o </Bn1,<p>¢’() )

[ T uitonia D) nto) g e
1=0

where the integral of d*ydv is over y € A, (F),v € N,, _(F),

Ins(f) = wn, (7)|7

YoY1Y2 - Yn—1
(83) y = € An(F),
YoY1
Yo
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and

n—1
(8.4) v = H <1i 1) €N, _(F), v; € My (F).
i=1

;
Proof. By ([Z.16]), we have [cf. (ZI4]), and note to replace ¢, by ¢y]

Bt (Wps.0,) = / W o (en) B (—emenht) st (1) dh.
Nyp(F)\H,(F)

Let h = yv where

/
v=u (V) ear)r v edar),

_ U/ ]-nfl /
v = < 1) (Unl 1) , v € Np_1,_(F).

Then we may replace the integral on the quotient N, (F)\H,(F') by the integral
over y,v as in ([83) and ([84) for the measure

n—1 n—1
627 TT d7wi T dvy-
i=0 j=1

Since we have §,,(y) = 0n—1(y') det(y/) = 0pn—1(v')0n(v') [cf. (CI12), B2)], we may
also write this as a product
(-1 @Oy |71 ™y dv") d*yo dvg—s,
where d*y' = H;:(f d*y; and dv’ = H;:f dv;. Since the central character of IL, is
trivial on F'*, we have
W¢a¢(€ny0h) = W‘ﬂa¢(€nh)'
By the admissibility, the value ¢, (—enenh) = ¢n(—yo(vn—_1,1)7) is nonzero only if

[vn_1|| < |@™| is very small so that (ii:i 1) acts trivially on W, 4. This allows

us to write the integral as the product of

/gn(—yo(vn—h D7) 0n+1(yg) d*yo dvn—1

and
€n_1y'v _ _ .
an @ [ s () B ) a7
Ap—1(F) JNp_1,(F)

where we have used the equality

€n =T €n—1
n 1 M

By definition w, , (6"—”’,”, 1) = Wo.o (en1y'v’) [cf. (CI3)], we may apply the
formula of the latter by Lemma [7.6]

en—lylvl
W%ﬁs ( 1)

n—1
= |rl% </Bn1,(F) ¢'(b) db) ()00 1) [T &ni(Wi(vn—i1,1)7).

=1
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Finally we note 77,1 = 7 and n,1(y8) = n(yy") = n(y§) [cf. @D)]. This
completes the proof. O

8.2. Truncated local expansion of the spherical character It;. We are now
ready to deduce a truncated local expansion of Iy around the origin. As we have
alluded to in the Introduction, this expansion is the relative version of a theorem
of Harish-Chandra. His result is a local expansion of the character of an admissible
representation of a p-adic reductive group in terms of the Fourier transform of
nilpotent orbital integrals. Here we obtain a truncated expansion that only involves
the regular unipotent element.

First we need to associate with f € €>°(H,(F) x Hp4+1(F)) with small support
around 1 a function on the Lie algebra s with small support around 0. To f = f, ®
frt1 € €°(H,(F)x H,11(F)) we have associated a function f € €°(H,1(E)) by

[@I6) and f € €°(Sn41(F)) by @I7), @IR). It is easy to see that f = fY x fri1
[cf. ([2)]. The Cayley map [cf. ([ZX)] defines a local homeomorphism near a
neighborhood of 0 € s

C=Cpht1:86 — Sn+1
X (1+X)(1-X)
and its inverse is given by
cla)=-1—-2)(1+2)" "

In particular, for a function ® € €>°(S,) (¢ € €°(s), resp.) with support in a
small neighborhood of 1 € S,,1 (0 € s, resp.), we may consider it as a function on
s (Spy1, resp.) denoted by ¢~ 1(®) (c(¢), resp.). We also have a morphism,

L=tnt1:5 = Hpp1(E),
X—1+X,

such that, wherever they are all defined, we have v ot = ¢,

Hn+1(E)

. 4 e

where v is as in ([3]).

Definition 8.4. We associate with f € €°(H,(E) x Hy+1(F)) a function on s
denoted by fj,

(8.5) folX) = / f(A+X)h)dh, X €s,
Ho (F)
if n is even, and
(8.6) Fi(X) = / F((L+ X)) (1 + X)h)dh, X s,
H”(F)

if n is odd, where f is defined by ([@I8).
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Then we have when det(1 — X) # 0

THHX) = f(X),  Xes
From now on, all the test functions at hand will be supported in suitable neighbor-
hoods of the obvious distinguished points of Hp(E) X Hp11(E), Sp11(F) and s(F)
so that ¢ is well-defined. In particular, we have f; € €°(s).

We then consider s(F) as a subspace of M, 1(E). On M,;(E) we have a
bilinear pairing (X,Y) := tr(XY'), under which the decomposition M, 1(E) =
My 4+1(F) ®s(F) is orthogonal. We then define the Fourier transform on s(F') with
respect to the restriction of the above pairing,

R(X) = / Jo(V)(tr(XY)) dY.

Here the measure is normalized so that fh(X) = fi(—=X) [cf. §2 (Z2)]. We will
consider the orbital integral (Definition [6I0) of the regular unipotent element

(8.7) C=G-=7| | o o les®

Theorem 8.5. Let I be an irreducible unitary generic representation. Then for
any small neighborhood Q@ of 1 € G'(F), there exists admissible f € €°(Q2) such
that for all s € C

dn+dni1)/2 n
Ino(F) = 17l Peon, () - e (Fo),
where wr,, is the central character of Il,,, the constant d, = (3) is as in (E23).

Remark 14. Note that pe (fh) depends on the choice of 7, but ' (A_(£_))ue (fh)
does not.

The proof will occupy the rest of this section by several steps.

8.3. Determine f;. We consider admissible functions of the form f;f n=1,$n—1 ®

A\
f:fjh—note the change to ¢y, to simplify our later exposition [cf. (L2))]. Let P—not

to be confused with the mirabolic P,—be the subgroup P of H,1(F) consisting
of elements

* * ko k
0 0 1« S Hn+1(E) C Mn-l—l(E)
0 0 01

The triple (@n—1, Pn—1, ¢rn) then defines a function ¥ on P by

T U ,
U

(8.8) N4 1 ) = <Pn—1($)¢n71(u)¢n(ul),

where z € H,,_1(E),u € M,,_11(E),u’ € M, 1(F). For simplicity, we write

(8.9) FY = fen-19no1 g fv?il'
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We also consider the Lie algebra p of P, consisting of

x % ok ok
0 0 0 «|€M(E)

0 0 0 O
Both p and P are considered as subsets of M,,1(E). The map p — 1+ p from p
to P defines a local homeomorphism from wp(Op) to its image. The function ¥ is

supported in the subgroup of P(E),
P(wO) & p(wOg) =1+ p(wOE).

Note that 14+p(wOg) is a compact subgroup of M,,1(E) and hence is unimodular.
So both the left and the right invariant measures on P(E) are restricted to a Haar
measure on it. Let (on_1, ¢n_1, dn) be (m, m’')-admissible. We may write ¢; = ¢T®
¢; (i =n—1,n) according to the decomposition M; (E) = M;1(F) & M;1(E™)
and similarly for ¢,_1 viewed as a function on M,,_1(F). Write p = p™ @ p~ for
pt =pN M, 1(EF). Then we define U+ and ¥~ as functions on 1+ p*(Or) and
p~, respectively,

as follows:

(8.10)

where x € H,_1(F),u

\I,+

V=9l @el @¢L, 7=,

r u

1

ul

1

= SOI—1($) I—1(u)¢rt(“/)v

€ Mn_171(F),UI S Mn,l(F)a and

zou

(8.11) v 0 = 01 ()1 (W) by, (W),
0

where z € H,,_1(E~),u € Myp,_11(E~),u € M, 1(E~). We have

(8.12) U(py+p )=V (p )V (p), prel+pt,p ep_.

Vv
Lemma 8.6. Assume that f¥ = f,f"’l’d)"’l@ffil s admissible. Then the function
WU~ has the following invariance property:

(8.13) U (p4p-) =¥ (p-)
whenever py. € supp(¥T).

Proof. By the admissibility (8]), we may and will assume that ¥ is a multiple of
the characteristic function of the subset of 1 + p™(Op) consisting of the matrices
(zij) where z;; = d;;(modw@™) when j < n and ;11 = 011 (modw™ ). Any
pt € supp(¥T) is of the form

T u p

1 , rel+ TDmMnfl(OF), u € ’men,Ll(OF).

1
To show (RBI3), we may assume that p_ € supp(¥~). Now we note that

z o G T rr_  zu_  2U_ 4+ uvl
pyp— = 1 0 V| = 0 vl
1 0 0
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Now the invariance follows from Definition (for ¢,,), and Properties (iii), (iv) of
Pn—1 & ¢n71 in Prop. O

Lemma 8.7. Fiz II and assume that f¥ = f7"~ 11 g f 11 s admissible for 11.
Then we have

F(X) =e(Wh) [ fo(X + )T (p) dp,
.
where fy is the function on s associated to fn, ® fny1 and

(8.14) o) = [ W (p) dp
+pt(wO)
s a constant.

Proof. We consider the case when n is odd; the case n even is similar and only
requires us to change notations in several places. By definition we have

F¥ = (fat Gnot v ono1)Y * iy = @Yy * Sy % fiia.
Since f; (i =n,n+ 1) is a multiple of 11+wEM (0p) for some and [ f(g)dg =1, we

may assume that f * ff” is the same as f T

= Pp_1 % By ¥ fn+1 = Op1 * Gt * Gy * frt1.
Explicitly, this reads

() = / ot ()1 () 77 (ug) dar du = / U(p) fusr (p) dp.

P

Let us denote the right hand side by f,',;(g). Our choice of f,;; also implies that
frn+1 is conjugate invariant under 1 4 whl,,1+1(Og),

(8.15) fo1(hgh™") = fuy1(9), h€l+wMyi1(Og).

By the support condition, fh‘l’ (X) vanishes unless X € s(Op). We thus assume that
X € 5(Op). Then by definition and the support condition of ¥, we have

—[ ] WOl X0 dp

H,11(F)JP(E)
=[] R p ) s o (0 p )1+ XOR) dp dp
nt+1(F) P(F)

Note that (p (1+p-)) =TT (p1) ¥~ (p4p-) [cf. BI2)] and ¥~ (pip-_) =T~ (p-)
[cf. BI3)]. Together with the conjugate invariance ([8IH), we have

/ / / )T () s (L4 po)(L+ X)hps) dps dp_ dh

Hpy1( P(F)

- / / / V)T (0 ) fusr (14 p_) (1 + X)h) dps dp_ dh
Hoppa( - JP(F)

() / / ) fuea((L+po) (1 + X)h) dp_ dh.

Note that
1+p)1+X)=04p-X)(1+ 1 +p-X) ' (p- + X))
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and (1+p_X) € 1+ wM,+1(Op) C Hyp11(F). We have

/ / V(A +p_)(A + X)) dp_ dh
n+1(F) -

/ / Dfast (U4 (4 p-X) " (p + X))1) dp- dh.
Hy 1 (F)
Compared to the definition of f; for f = f, ® fn4+1, we obtain
00 =) [ W GO+ p-X) o+ X)) dp-
-
Finally note that f,(X) is a multiple of 15r4(0,) for some r > 1. It follows that

fulX) = fy(hX) for any h € 1 + wM,(OF). Since p_ € supp(¥~) C p~ (wO) and
X € 5(0), we therefore obtain

OO0 =) [ 0 ()il + X dp-
.
This completes the proof. O
8.4. Local constancy of the orbital integral and a formula for the regular

nilpotent orbital integral. To compare with the unitary group case in the next

section, we need to understand the orbital integral of fh‘l’ in Lemma B7] at least
around zero. We show that the orbital integral is locally constant around zero.
This constant is essentially given by the regular unipotent orbital integral [for £_

defined by (8] of Fourier transform fh‘l’ of fh‘I’ on §.

Lemma 8.8. Fiz any m admissible function (on—1,Pn—1)-
(1) For an arbitrarily large compact neighborhood % of 0 € s, there exists large
enough (m,m’,r) and an (m, m’, r)-admissible Jfunction fY = fenrtng

f;ﬁl, such that the orbital integral n'(A_(X))O(X, fh ) is a (nonzero) con-

stant for reqular semisimple X € 2 and this constant is equal to
(A (&) (1)

(2) Let f¥ be as in (1). Then the regular unipotent orbital integral jie_ (fh‘l’) is
equal to

(U5, (e0)| 2 H o

g /A,,(F) H¢ —a;(vi—1,1)7)|8,(a)| "' n(a) d*a dv,

No,—(F) i=1
where v; € M; 1 (F), and 6,(a) is defined by (B2).

Proof. Without loss of generality we may assume c¢(¥*) = 1. Assume that f¥ is
(m,m’, r)-admissible. By Lemma B when r is large enough, the function fh‘l’ on

Sp41 is of the form ¥~ ® ¢;l_ ® ¢, 41 corresponding to the decomposition
Spy1 =P O Min(E7) S My p(E7).
More precisely we may write the function on s defined by
X = fY(—-X)
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in the following form:

o |or oy |- |on
Oy

qsnjrl
We also write fh‘l’ as the tensor product

Orn @O @ Dpiq,
where ¢, € €>°(sy,). We recall their key properties for our computation below:

(i) Fori=1,...,n—1, gi);_ is a nonzero multiple of the characteristic function
of w™Opg-; each of qS/n_ and ¢;;+1 is a nonzero multiple of the characteristic

—
’

¢ is in (gé)o(M’Ll(E))T

m’*

function of w”Op-, normalized so that ¢, (0) = ¢
(ii) Fori=1,...,n—1, ¢; is in €>°(M; 1(E))]

(iii) The function ¢, on s, is invariant under left and right multiplication by
1+ w@w™M,_1(Op) [as a subgroup of H,_1(F), and hence of H, (F)].

Back to the orbital integral, we may fix an arbitrarily large compact neighbor-

hood Z of 0 in the quotient of 5,41 by H,. We use the following regular elements

[cf. §6, EI3)]:

0 - 0z, oy
1 0 Tn—1 Yn-—1
(8.16) o(z,y)=711 0 1 0 T Yn—2 | € Snqa,
o0 1 1
o --- 0 1 Yo

where (z,y) € F?"*!1 and we may assume that 2 is a compact neighborhood of 0
in F2"*t!. We also denote

0 0 =z,
1 0 @ Zp
(8.17) olz) =71 ) € 5p.
0 1 0 :
0 1 X1

It suffices to show that, when we increase m, m/, r suitably, the orbital integral of
o(z,y) is a constant when (z,y) lies in the fixed compact set 2°. We proceed in
three steps.

Step 1. To ease notation, we denote

r=Jy.
By definition we have
(8.18)
Ololx,y), J¥) = / FY (" ola, y)h)n(h) dh = £/(h™ o, y)h)n(h) dh.
Hn(F) Hn(F)
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We may write h € H (F') as

Un—1

h = aykv, ke N,H,_,, v= (1"—1 1) . a, € F*.

Then the last row of h~'£_h is of the form

(an(vn-1,1),90)T.
For the integrand f’(h~1o(z, y)h) to be nonzero, a,(v,_1,1) must be in the support
of ¢. Since ¢, € €°(M, 1(E))! ), we may assume that [cf. (ZI5)]

[on—all < [@™ .

Now we claim that if h=Yo(x)h lies in the support of @y , then the last column
of h=Yo(z)h € s, is bounded by a polynomial of the norms of x; (1 <i < n) and
|cw| ™™, independent of r. To show this, suppose that g = h~1tp(x)h lies in the
support of ¢, . The same argument as in the previous paragraph shows that we
may find v = (11):2 1) € Nooy— € N o with [[un_s|| < |@|™, such that v~'gv is of
the form

O % ¥ ¥ %
* ¥ ¥ X
O ¥ ¥ ¥ ¥
* ¥ X X
* K K K K

0

Op—1
Since ¢y, is invariant under both left and right multiplication by 14+ @™ M, _1(OF),
the above v~!gv again lies in the support of ¢; . Continuing this process, we may
find an element v of N,,_1,_(F) C N,,(F) whose off-diagonal entries all lic in @w™Op,
such that v~1gv is of the form

* % * * *
a1k * *
0 oy = *
0 0o . * *

0 0 0 ap_q =

and remains in the support of ¢ . Since the functions ¢;, 1 < i < n — 1, lie in
€ (M;1(E))l,, all |a;| (1 < i < n—1) are equal to some constant multiple of
|co| 72™. Note that the x;’s are the coefficients of the characteristic polynomial of g
and hence of v~!gv. Now by Corollary (taking transpose), it is easy to see that
each entry of the last column of v~!gv is a polynomial of the first n — 1 columns of
v lgu, i, a;l’s and the x;’s. This shows that the claim holds for the last column
of v~1gv and hence also for g itself since the off-diagonal entries of v are bounded
by |wo|™. This proves the claim.

Now by the claim, there exists large enough m{, and ry such that once m’ > mj

and r > rg, we have the following invariance property when (z,y) € Z:

—~

(819)  f'(h " olw,y)h) = on (—kLo(@)k)gn (—an (01, 7)o (b 1y7)

if the left hand side is not zero [i.e., at least h='p(z,y)h lies in the support of f’].
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Step 2. We now may repeat the process and utilize the property (iii) [i.e., the

invariance of ¢, under 1+ w™M,,_1(OF)]. We write

aiag -+ Gy
h =uav, a= ,  u€ Nu(F),

Qn
and write v € N,_(F) as the product of (v" i 1) € Np_iz1,_(F) C N,_(F) for
1 <i<mn-—1.1In Step 1 we have seen that ||v,—1| < |w|™. Since the functions ¢;,
1<i<n-—1,liein €>(M;1(E))!,, and by the property (iii), we may inductively
show that

[vil| < Jw|™, 1<i<n-—2.

We now view ®n+1 i_ as a function on the set of upper triangular elements

and then consider it as a function on s,4; via the natural projection from s,
to the upper triangular elements. Then, when (z,y) € £, the orbital integral

Oola, ), F¥) is equal to [cf. EIN)]
(8.20)

n+1
/<®¢ ) (ua) ™" o(=, y)ua) dqus —a;(vi—1,1)7)[8n(a)| " 'n(a) d*a do,

where u € N,,(F),v € N, _(F).

Step 3. Note that u=!o(z,y)u is of the form

ok ok ok k
1 % % % x
ulolm,y)u=7]0 1 % *x *
0 0 1 = =
0 0 0 1 =

By Lemma [6.6] we may make a substitution to replace the integral over v in (8.20)
by an integral over u’ of elements of the form

(8.21) u = € H,(F),

O O = ¥
O = X% ¥
= % % %
o O OO

and the measure du’ is induced by du,
n+l___ n+1 u ok
/<® ¢;> ((ua)~to(x, y)ua) du = /<®¢ > a1 % x |ar| d,
i=1 0 1 =

where the last two columns are polynomials of entries of ', z;,y;, and n, by Lemma
(taking transpose). Now we may increase r suitably (i.e., increase the support

of ¢, and ¢;:+1) so that the constraints of the last columns on u' are superfluous.
In particular, there exists 1 > 1 large enough (depending on m,m’, and Z) such
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that when r > r1 we have

/<§¢ ) “ole,y)ua) du= 0,000 /<®¢ ) o Vlar) dul.

This is independent of (z,y) € Z. By (820), we conclude that the orbital integral

O(Q(x,y),fh‘l’) is a constant and the constant is equal to the regular unipotent

orbital integral O(p(0,0), J/"h‘\l’) = pe_ (J/"h‘\l’) This finishes the proof of the first part
of the lemma.

To prove the second part of the lemma, it remains to evaluate the regular unipo-

tent orbital integral pue_ (fh‘l’) First we note that ¢, (0) = ¢/n_+1(0) = 1 by our
normalization. We make the substitution u’ — auw’'a™ = Ad(a)u’ (equivalently,
ug; = i [[op<jae for 1 <i <n—1). This yields

/(@55?) o lar) du’ = det(Ad(a) : 1 /<®¢ )

= det(Ad(a) : n,_y)|7| T2 H 6;7(0)
i=1

[Or more explicitly det(Ad(a) : n,_1) = H?;ll la;|= D=9 ] Here the factor
‘T|SE1+2+~-+(n—2))/2 _ |gn,E(6n)|1/2

is caused by the difference between the measures on F7 and E~. We thus proved
that o, (fy) is equal to

n

n—1
(o) 2 T] 61 (0) / i1, 1)) Mn(a) d*a do.
}:[1 An(F)No—(F) ; H

[Or more explicitly, 0, (a) = det(Ad(a) : n,))/ det(Ad(a) : n,_1) = H?;ll la;|" %]
O

8.5. Proof of Theorem[§:5. We choose an admissible function f¥ = f&" %" 'x

ff:_]il for II so that it also verifies the conditions Lemma B8 We decompose

Yn—1,Pn—1 as in Lemma and similarly ¢,. Note that

/H (=90, OB ()| () d*y o,
- (H qﬁm) / 11 3 (st DP)Ba () () 'y s,
1=0 1=0
_ - () drs nil/f\,_-v i1 ol -1 *y dv
- (E/MLI(F) ¢7,( 1)d l) /EJQSn—z( yi( n—i— ?1) )|6n(y)| ﬂ(y)d yd )

where y € A, (F),v € N, _(F) are as in (83) and (84). Moreover,

n—1 n—1
¢'(b)ydb =TT ¢, (0) / it (b) dby.
/Bnl,(F) 11;[1 111 Ma,i(F)
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It is clear that the constant in (814) is given by

() _f[l/Mi,m o (2) de; H/ ) db;.

My i (F

Note that
S )2 15, (1) 21005 (€n) Y2 = (801, 5 (€n—1)|[8n, 5 (en) 2.

Then the identity in Theorem [R5l follows by comparing Prop. with Lemma B8
Moreover, we may choose such an admissible function with arbitrarily small support
by increasing (m,m’,r) and such that pe (fh‘l') #0.

9. LOCAL CHARACTER EXPANSION IN THE UNITARY GROUP CASE

9.1. Three ingredients from [5I]. Let F be a non-Archimedean local field of
characteristic zero. We need to recall the main local results of [51]. There are
two isomorphism classes of Hermitian spaces Wy, W5 of dimension n. Denote by
Hy, = U(W;) the unitary group. We let V; = W; @ Ee be the orthogonal sum of
W; and a one-dimensional space Ee with norm (e,e) = 1. Denote by u; the Lie
algebra of U(V;). We have a bijection of regular semisimple orbits (cf. ([@0]) and
[51L §3.1])

Hp (F)\s(F)ps ~ Hy, (F)\u (F TSHHW2 N2 (F)ys.

A regular semisimple X € s matches some Y € u; if and only if
(9-1) n(A(X/7)) = n(dise(Ws)),
where disc(W;) € F*/NE* is the discriminant of W;. For an f' € €>(s) and

a pair (f1, fa), fi € €°(w;), we say that f/ matches (f1, f2), if for all matching
regular semisimple X € s,Y € u;, we have [cf. ([€14)]

(9-2) 1'(AL(X))O(X, f') = O(Y, fy),

where 7’ is a fixed choice of character E* — C* with restriction 7'|px = 7.

Let W € {W;,W5}. Analogous to the general linear group case (cf. Defini-
tion B4]), with a function in a small neighborhood of 1 € G = U(W) x U(V), we
associate a function on the Lie algebra u of U(V). For f = f, ® fuy1 € €°(G),
we let f be the function on U (V) defined by

Flo) = / FolB) fusa(hg)dh, g € U(V).
U(W)

If f is supported in a small neighborhood Q of 1 in G, then ]7 is supported in a
small neighborhood Q of 1 in U(V). Since the Cayley map ¢ : u — U(V) is a local
homeomorphism around 0 € u, we may denote w = ¢ 1(9) ~ ) and with f we
associate a function denoted by f; = c’l(f) on u supported in w. To connect the
smooth transfer on the groups to the one on Lie algebras, we need the following.

Lemma 9.1. Let f' € €°(G'(F)) and fi € €°(UW;) x U(V;)) (i = 1,2) be
matching functions [in the sense of §4, (HIl)] with support in a neighborhood of
the identity where the Cayley map is well-defined. Then the functions f; € €°(s)
and f;p € €°(u;) (i =1,2) match.
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Proof. The support condition ensures that the associated functions fh/ , [,y are well-
defined. Then it remains to show the transfer factors are compatible,

7' (A (X))O(X, f;) = Q(9)O(g, 1),
where v(g) = ¢(X) € Sp4+1(F). This follows from the proof of [5I, Lemma 3.5]. O

Now we consider only one Hermitian space W € {Wy, Wa}, with the correspond-
ing groups U(W),U(V), and the Lie algebra u. We say that f € €°(u) and
1! € €2°(s) match if the equality (@.2]) holds for all regular semisimple X matching
Y eu

In [51, Theorem 2.6] the following result is proved.

Theorem 9.2. For any f € €>°(u) there exists a matching f' € €°(s) and
conversely.

Moreover, we have [51, Theorem 4.17].

Theorem 9.3. If the functions f and f' match, then so do 6(1/2,n,w)’L(1+")/2f
and f'.
An important ingredient of the proof of both theorems above is a local relative

trace formula on Lie algebra [51, Theorem 4.6]. Now we only need the one in the
unitary group case.

Theorem 9.4. For fi, fo € €2°(u), we have

/ﬁuxmxﬁMX=/ouﬁhmxmx

where the integrals are absolutely convergent.

9.2. A Hypothesis. We now return to the local spherical character in the unitary
group case. Let 7 be an irreducible admissible representation of G = U(V) x U(W).
We use the measure on U(V) determined by the self-dual measure on u via the
Cayley map. We call a subset Q@ C G a U(W) x U(W)-domain (associated to w)
if there is an open and closed subset w in the F' points (H\u)(F) of categorical
quotient H\u¥ such that
e the Cayley map is defined on the preimage of w in u and takes the preimage
of wto Q' C U(V).
e ) is the preimage of ' under the contraction map U(W) x U(V) — U(V)
[given by (gn, gn+1) = Gngn+1)-
In particular, © is U(W) x U(W)-invariant, open and closed.
We consider the following:
Hypothesis () for m: there exist a neighborhood @ C G of 1 € G that is a
U(W) x U(W)-domain, and a function ® € €>°(u), such that

(9.3) B(0) = 1,
and for all f € €°(Q) C €°(G),

#m=/ﬁWWW@MX

10Tn our case, the categorical quotient H\u := Spec Of is an affine space, and the natural
morphism u — H\u induces a continuous map on the F-points: u(F) — (H\u)(F).
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Theorem 9.5. Assume that 7 is tempered and Hompg (7,C) # 0. Let ¢ be a matriz
coefficient of w such that
/ ¢(h)dh = 1.
H

Then the distribution J. is represented by the orbital integral of ¢, as a function

on G,
G>g—0(g,9).

Moreover, the orbital integral g — O(g, ¢) is a bi-H -invariant function that is locally
L' on G.

Proof. When 7 is tempered and Hompg (7, C) # 0, we have a # 0 [cf. Property
(i) after (L3)]. Hence there exists ¢ such that [, ¢(h)dh # 0. Up to a scalar

multiplication, we may assume that [, ¢(h)dh = 1. Then the theorem is proved
in [24]. O

Proposition 9.6. Assume that Hompg(m,C) # 0. If the group H = U(W) is
compact or T is supercuspidal, then 7 verifies Hypothesis (*).

Proof. Assume first that 7 is supercuspidal. We choose an open and closed neigh-
borhood w of 0 in the categorical quotient of u. Clearly we may choose such w so
that the Cayley map is defined on the preimage of w in u. Then the associated
U(W) x U(W)-domain Q is an open and closed neighborhood of 1 € G. Let ¢
be a matrix coefficient as in Theorem We consider ¢ = ¢ - 1 where 1 is
the characteristic function of Q. Since ¢ € €>°(G) and 2 is open and closed, the

function ¢q also lies in €°(G). We now consider the function ¢ which lies in
€ (U(V)) and let @ = ¢y € €2°(u) be the corresponding function on u via the
Cayley map. It is important to note that we still have

(9.4) D(0) = 1.

Moreover, the measure on u is transferred to the measure on U(V). Then ® €
%>°(u) and for all functions f € €°(G) with small support around 1,

Jx(f) Z/fn(X)O(Xﬂ’) aX.

If H is compact (so that dimW < 2 or E/F = C/R), then there is a nonzero
vector ¢ € m fixed by H. Then for all f, we have

J+(f) = vol(H) /G F(9){m(g)0, o) dg

for a norm one ¢y € 7. Set ®(g) = vol(H)~(m(g)do, o). Then the same trunca-
tion as above completes the proof. O

We say that f is admissible if there is an admissible f’ matching f.

Theorem 9.7. Assume that w verifies Hypothesis (x). Then there exist an ad-
missible functions f € €°(G(F)) and a matching function f' € €2°(G'(F)) such
that

T (f) = (0 (1) /e(1/2,m,))" "D 2n(disc(W)) ze_ (f]) # 0.
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Proof. Suppose that in Hypothesis (x) we have a U(W) x U(W)-domain 2 associ-
ated to w in the categorical quotient of u. Since the categorical quotient of s and
that of u are isomorphic, we also view w as an open and closed set in the quotient
of s. Let f/ € €°(G’) be an (m,m’,r) admissible function and f € €>°(G) be a
matching function. We claim that we may choose an f supported in 2. Indeed,
we may choose (m,m’,r) very large so that the support of f’ is very small, say, so
that the image of the support of fhl in the categorical quotient of s is contained in
w. Now we choose any fo that matches f’. Then we set f = fo - 1g. Clearly the
function f has the same orbital integral as fy and is supported in 2. This proves
the claim.
Now we apply the local trace formula (Theorem [O.4])

/ (V)0 ) dy = / O, F)d(v) ay,

where ® is the inverse of the Fourier transform. By the compatibility between the
Fourier transform and the smooth transfer (Theorem 03] and ([@.2]), we have

(9.5) €(1/2,1,9)" " D20(Y, ;) = 1f (A4 (X))O(X, f))

for matching regular semisimple X and Y. Since ® has compact support, we
may choose a compact neighborhood 2 of 0 € s so that the image of 2 in the

quotient H,\s(F') ~ H\u(F) contains the image of supp(®). By Lemma B8 we
may choose an admissible function f” such that 7'(A_(X))O(X, f}) is equal to a
nonzero constant 7' (A_(£-))O(é_, fh/) when X € 2. Thus for regular semisimple

Y € supp(®) we have

~

O(Y, o) = e(1/2,1,9) "0/ (AL (X) /A (X)) (A (€ )e () #0.
By comparison with ([@.]), we know that
(AL (X)/A-(X)) = n(A (X/7)/A(X/7)) = n(A(X/7)) = n(disc(W)).
We note that n/(A_(£.)) = o/ (7)"**1/2. Therefore for all regular semisimple
Y € supp(®), we have
O(Y, ) = (o (7)/e(1/2,1,0))" " 2n(dlisc(W) g_(Fy) # 0.
We obtain

o) = / O(X, F.)®(X) dX

— (0 () e(1/2,m, )"V 2 dise (W) e () - / B(X)dX

u
= (0 (r) /e(1/2,, )" "D 2 (dise(W)pe_(F) - 2(0).
By Hypothesis (x) we have
o(0) = 1.
The theorem now follows. O
9.3. Completion of the Proof of Theorem Cases (2)-(ii) and (2)-(iii).
It remains to prove cases (2)-(ii) and (2)-(iii), i.e., when v is nonsplit. If we choose

a suitable admissible function f’ and a smooth transfer f, then the equality holds
for f, f’ by Theorem R5, Prop. [0.6] and Theorem Q.7
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9.4. Concluding remarks. Note that we only deal with 7, which appears as a
local component of a global 7. But we expect Conjecture [L4to hold in general (as
long as II, is generic in order to define Iyy,).

We conclude with the following.

Conjecture 9.8. The spherical characters Itt and J, are representable by a locally
L' function which is smooth (locally constant in the non-Archimedean case) on an
open subset.

There should be a more complete analogue of the Harish-Chandra local charac-
ter expansion in our relative setting. Moreover, it seems that the spherical charac-
ter (if nonzero) should contain as much information as the usual character of the
representation.
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