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AN EXPLICIT GROSS-ZAGIER FORMULA RELATED
TO THE SYLVESTER CONJECTURE

YUEKE HU, JIE SHU, AND HONGBO YIN

ABSTRACT. Let p =4,7 mod 9 be a rational prime number such that 3 mod p
is not a cube. In this paper, we prove the 3-part of [III(Ep)| - [III(E5,2)] is as
predicted by the Birch and Swinnerton-Dyer conjecture, where E, : 23+y3 = p
and Eg0 : a3 4+ y3 = 3p? are the elliptic curves related to the Sylvester
conjecture and cube sum problems.

1. INTRODUCTION

In this paper, we are concerned about the explicit Gross—Zagier formula and
the full Birch and Swinnerton-Dyer (BSD) conjecture for the elliptic curves which
are related to the Sylvester conjecture. The motivation comes from the cube sum
problem. A nonzero rational number is called a cube sum if it is of the form a® 4+ b>
with a,b € Q*. For any n € Q*, let E,, be the elliptic curve over Q defined by the
projective equation x® + y3 = nz?® with the distinguished point (1: —1:0). If n is
not a cube or twice a cube of nonzero rationals, then n is a cube sum if and only
if £,(Q) has a point of infinite order. A famous conjecture concerning the cube
sums, attributed to Sylvester, is the following.

Conjecture 1.1 (Sylvester [Syl79] and Selmer [Sel51]). Any prime number p =
4,7,8 mod 9 is a cube sum.

For a good summary of this conjecture, please refer to [DV09,[DV18]. For an
odd prime p > 5, a 3-descent [Sat86L[DVQ9] gives

0, p=2,5mod9,
rankz F,(Q) < {1, p=4,7,8 mod 9,
2, p=1mod?9.

Let €(E,) be the sign in the functional equation of the Hasse-Weil L-function
L(s, Ep). From [Liv95], we know that

-1, p=4,7,8 mod 9,

+1, otherwise.

€(Ep) =

Then the BSD conjecture implies the Sylvester conjecture. In 1994, Elkies an-
nounced a proof of Conjecture [T for all primes p = 4,7 mod 9, but without any
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detailed publication. However, Dasgupta and Voight [DVI§| proved the following
weaker theorem using a method substantially different than that of Elkies.

Theorem 1.2. Let p =4,7 mod 9 be a rational prime number such that 3 mod p
is not a cubic residue. Then p and p? are cube sums.

Dasgupta and Voight proved the above theorem by establishing the nontriviality
of certain related Heegner points. By the work of Gross and Zagier [GZ86] and
Kolyvagin [Kol90], the nontriviality of Heegner points implies that the rank part of
the BSD conjecture for E, is true.

If ¢ 1 6p is a prime, then E, has good reduction at ¢. Then Perrin-Riou [PR&7]
and Kobayashi [Kobl13] proved that the ¢-part full BSD conjecture holds for E,.
Since E, has potential good ordinary reduction at p, the p-part full BSD conjecture
of E, is also true by the work of Li, Liu, and Tian [LLT16]. To summarize, the
following theorem is known.

Theorem 1.3. Let p =4,7 mod 9 be a rational prime number such that 3 mod p
is not a cubic residue. Then
1. ords=1L(s, E,) =rankz E,(Q) = 1; and
2. the Tate-Shafarevich group II(E,) is finite, and for any prime £t 6, the
C-part of |III(E,)| is as predicted by the BSD conjecture for E,.

But for the primes ¢ = 2,3, there are no results known for the /-part full BSD
conjecture of E,. In this paper, we adopt a similar method as in [CSTI17] to ap-
proach the 3-part full BSD conjecture of E}, and E3,> by comparing to an explicit
Gross—Zagier formula.

Let III(E,) denote the Shafarevich-Tate group of E,, let E,(Q)or denote the
torsion subgroup of E,(Q), let €, denote the minimal real period of E,, let E()
denote the Néron-Tate height of E, over Q, and let ¢, denote the Tamagawa number
of E, at a prime /. From [DVI18], we know that E,(Q) (resp., F5,2(Q)) has rank 1
(resp., 0). Let P be a generator of the free part of E,(Q). Then the BSD conjecture
predicts that

/ 2
|H_I(Ep)| — L (&EP) . |EP(Q)tor‘ ,
Q, -ho(P) Il ce(Ep)
where ¢ runs through all prime numbers. Similarly, for F3,2(Q), the BSD conjecture
predicts that

L(1, E3p)  |Esp2(Q)or|?
FEs 2| = LaEan P .
|LH( ” )| Q3p2 I, CK(EBZP)

Combining these two formulae, we shall expect that

_ L/(LEp) L(17Ep2) ‘EP(Q)torF |E‘p2((@)tor|2
(L.1) [HI(Ep)| - [HI(E5p2)| = 0, ho(P) Q3pj TLeE,) HZC@(Egpz)‘

Our main result is the following.

Theorem 1.4. Let p =4,7 mod 9 be a rational prime number such that 3 mod p
is not a cubic residue. Then both sides of (LT)) are nonzero rational numbers and
the exponents of 3 in both sides of ([I1l) are equal, as expected.

In the following, we sketch the proof of Theorem [[4 Let H = {z € C: Im(z) >
0} be the Poincaré upper half plane, and SLo(Z) acts on H by fractional linear
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transformations. Let ['g(3%) C SLa(Z) be the congruence subgroup of level 3°
which consists of matrices

<a b> with ¢ = 0 mod 3°.
c d

Then Yy (3%) = I'g(3%)\H is an affine smooth curve over Q, and let X(3°) be its
projective closure.

Fix K = Q(v/-3) C C, with O = Z[w] being its ring of integers, where w =
_1+T\/__3' We carefully embed K into M2(Q) as follows. Once such an embedding
is given, the group K> of invertible elements acts on H through fractional linear
transformations, and there is a unique point in H which is invariant under the
action of K*. There are exactly two embeddings p : K — My(Q) with fixed point
T = (2pw —9)/(9pw — 36) € H, and we choose the normalized one, i.e., we have

p(t) G) =t G) for any t € K.

For any n € Q*, the elliptic curve E,, has the Weierstrass equation
y? = a® — 432n2
and has complex multiplication by Ok over K. We fix the complex multiplication
[]: Ok ~ Endg(Ey) by [w](z,y) = (wz,y). The image of 7 € H defines a complex
multiplication (CM) point on X((3%). Let f : Xo(3°) — Eo be the the natural
modular parametrization. The Heegner point f(7) is defined over the ring class
field Hy, over K of conductor 9p.

Let p = 4,7 mod 9 be a prime. Let x : Gal(K/K) — O be the character given
by x(0) = (¥/3p)? 1. Define the Heegner cycle

P(f)= > f(r)7@x(0) € Eo(Hyp) @ K.
c€Gal(Hyp/K)

The base change L-function L(s, Fy, x) has sign —1 and has a decomposition
L(Sa E97 X) = L(57 Ep) : L(57 ESpQ)'

By the work [DV1§], we know that L(s,E,) has a 0 of order 1 at s = 1 and
L(1, E5,2) # 0. The morphism f is a test vector for the pair (Ey, X), i.e., there is
a nontrivial relation between the central value of the derivative of the L-function
L(s, Eg, x) and the height of the Heegner cycle P, (f). More precisely, we have the
following result (see Theorem F3)).

Theorem 1.5. For primes p = 4,7 mod 9, we have the following explicit height
formula of Heegner cycles:
L'(1,Ep)L(1, Es)2)
nggp’z

=2 (P (), P (D)) e e

where o = 0 if p =4 mod 9 and o = —1 if p = 7 mod 9, and where (-, )k K
denotes the K -linear Néron—Tate height pairing of E9 over K.

For the definition of (-, )k k, see, for example, [CST14] page 2531]. We remark
that we do not need the hypothesis that 3 is not a cube modulo p in the above
theorem.
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The proof of this theorem requires an ingredient on the local Waldspurger’s
period integral at 3-adic place, that is,

(1.2) B3 (/3 13) _ gat2

B8(f3, f3)
Here f3 is a local newform, f} is an eigenvector for the character y, and 33 is the
normalized local Waldspurger period integral, as in (£2). The computation and
proof for this formula will, however, be skipped for conciseness and simplicity in
this paper and are intended for a separate publication, as they are treated in more
general situations and have independent interest. Interested readers can see the
complete preprint version [HSYTT7] of this paper for details.

Comparing this explicit Gross-Zagier fomula with the product formula (T
of full BSD conjectures for E, and FEj,2, Theorem [L4] follows from the V=3
nondivisibility of Heegner points.

This paper is organized as follows. In Section 2, we give the construction of the
Heegner points and study the Galois actions on the Heegner points via modular
actions. In Section Bl we briefly recall the nontriviality of the Heegner points
from [DV1§] and study the 3-nondivisibility of the Heegner points. In Section ] we
establish the explicit Gross—Zagier formula for the Heegner points (Theorem [LH]).
In Section Bl we prove Theorem [L4] by comparing the explicit Gross—Zagier formula
and the full BSD conjecture.

2. MODULAR ACTIONS ON HEEGNER POINTS

2.1. The modular curves and modular actions. Let X be an algebraic curve
defined over Q, and let F be a field extension of Q. Denote by Auty(X) the group
of algebraic automorphisms of X which are defined over F. Let

H ={z € C|Im(z) > 0}

be the Poincaré upper half plane. The group GL2(Q)™ acts on A by linear fractional
transformations. N

Let Up(3%) be the open compact subgroup of GL4(Z) consisting of matrices (2 7)
such that ¢ = 0 mod 3%, and let T'5(3°) = GL2(Q)* N Up(3%). Let Xo(3%) be the
modular curve over Q of level I'g(3%) whose underlying Riemann surface is

Xo(3%)(C) = GL2(Q)*\ (HUP'(Q)) x GLa(Af)/Uo(3%)
~ (To(3°)\H) U (Tv(3°)\P(Q)) ,

where A denote the finite adele of Q. Define N to be the normalizer of I'g(3°) in
GL3 (Q). Tt follows from [KM88, Theorem 1] that the linear fractional transforma-
tion action of N on X(3%) induces an isomorphism

N/Q*Ty(3%) =~ Autg(Xo(3%)).

Moreover, all of the algebraic automorphisms in Autg(Xo(3%)) are defined over K.
We identify Aut@(X0(35)) with N/Q*T(3) by this isomorphism. By [AL70, The-
orem 8], [Ogg80], the quotient group N/Q*T(3%) ~ S3 x Z/37Z, where S3 denotes
the symmetric group with three letters which is generated by the Atkin-Lehner
operator W = (7%5 (1)) and the matrix A = (% /3 and the subgroup Z/3Z is

10) 3% 1

generated by the matrix B = (7).
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Put
U = (Uo(3%), W, A) C GLa(Ay).
Then Q*\Q*U is an open compact subgroup of Q*\GL2(A). Put
[ =GL(Q)* NU = (To(3%), W, A4),

and let Xr be the modular curve over Q of level I" whose underlying Riemann
surface is

Xr(C) = GLo(Q)"\ (HUPH(Q)) x GLa(Af)/U ~ (T\H) L (T\P(Q))-
Then Xt is a smooth projective curve over Q of genus 1, and Xr has three cusps

D\PH(Q) = {[oc], [1/9], [2/9]}-

The cusp [o0] is rational over Q, and the cusps [1/9] and [2/9] are both defined over
K. We identify X1 with an elliptic curve over Q with [oco] as its zero element. Let
Nr be the normalizer of I' in GL2(Q)". Then we have a natural embedding

® : Np/Q*T — Autg(Xr) ~ O x Xr(Q),

where O embeds into Autg(Xr) by CMs and Xr(Q) embeds into Autg(Xt) by
translations. The matrices

(Y e

lie in Np, and hence induce automorphisms of Xr.

The elliptic curves F,, are all endowed with CM by K, and we fix the CM
[] : Ok ~ Endg(E,) by [-w](z,y) = (wz,—y). We will always take the simple
Weierstrass equation y? = x3—2%.3 for the elliptic curve Ey, unless stated otherwise.

Proposition 2.1.
1. The elliptic curve (Xr,[o0]) is isomorphic to Eg over Q.
2. We have an embedding
®: Np/Q*T — Of x (T\P(Q)) C Autg(Xr).
Moreover, for any point P € Xr, we have
®(B)(P) = [w’]P, ®(C)(P) = [w’]P +[1/9].
In particular, the automorphisms ®(B) and ®(C) are defined over K.

Note that there exists a unique isomorphism X — Ey over QQ such that the cusp
[1/9] has coordinates (0,4+/—3). We use this isomorphism to identify Xt with Eq.

Proof. Tt is known from [DVIS| that Ey is the natural quotient of X((3%) by the
finite group S3. Since the automorphism group of the elliptic curve Fg is isomorphic
to O, we have

Aut@(Xp) ~ O;é- X Xr(@)

Then for any M € Ny and P € Xp, ®(M)(P) = [a]P + S for some a € OF,S €
Xr(Q). Taking P = [cc], we see S = ®(M)([oc]) € T\P(Q). The formulae for
®(B) and ®(C) are taken from [DVI8|, which can also be verified numerically using
SageMath. O
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Let V' C Up(3°) be the subgroup consisting of matrices (¢ %) with a = d mod 3,
and put Uy = (V,W, A). Let X2 be the modular curve over Q whose underlying
Riemann surface is

XP(C) = GL2(Q) "\ (HUP(Q)) x GLa(Af)/Up.

By class field theory, @12* /Q% det(Up) ~ Gal(K/Q). Noting that GLo(Q)*NUy =
', we see that the modular curve X is isomorphic to Xt xg K as a curve over Q
(see [Shi94, Chapter 6]). Usually, we denote by [z, g]y, the point on X which is
represented by the pair (z,g), where z € H and g € GLa(Af). The curve X{ is not
geometrically connected and has two connected components over C. Put

1 0
U/U0—<€>, 6(0 _1>.
The nontrivial Galois action of Gal(K/Q) on X2 is given by the right translation
of € on X2. We have
Autg(XP) = Autg (Xr) x Gal(K/Q) ~ (Xt (K) x OF) x Gal(K/Q).

Let Ngr,(a;)(Uo) be the normalizer of Uy in GL2(Ay). Then there is a natural
homomorphism

NGL2(Af)(UQ)/UO — Ath(XIQ)
induced by right translation on Xp: for P = [z, g]y, € X and & € Ngr,(a,)(Uo),
P — P* = [z, gz|y,.
An element g € Ngp,a,)(Uo) maps one component of X onto the other if and
only if it has image —1 under the composition of the following morphisms:

GLy(Af) = GLy(Q) T GLy(Z) X QX Z* —— Z5 /(1 + 3Zs),

where 7 = [1,Z; and the last morphism is trivial on @i, and, on 2X, it is the
projection from Z* to its 3-adic factor composed with mod 3.

2.2. The modular actions on Heegner points. Let p = 4,7 mod 9 be a rational
prime number. Let p : K — Ms(Q) be the normalized embedding with fixed point
T = (2pw —9)/(9pw — 36) € H; i.e., we have

p(t) G) =t G) for any t € K.

Here it is matrix multiplication on the left-hand side and scalar multiplication on
the right-hand side. Note that

2 -1\ (/2 o0
- — 9
= m=(5 (5 Y):

Then the embedding p : K — M2(Q) is explicitly given by

B -1 -1 1 2p+8+36/p —4p/9-2-9/p
p(“)M(l 0>M <9p—|—36—|—144/p —2p—9—36/p )

Let Ro(3°) be the standard Eichler order of discriminant 3% in M(Q). For any
integer ¢ > 1, let O, be the order of K of conductor ¢, and let H. be the ring class
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field of conductor ¢. Then K N Ry(3%) = Og,. Let Ok 3 be the completion of Ok
at the unique place above 3. We have

O;é’?)/Z;(l + 9(9}(’3) = <w3> X <1 + 30.}3> = Z/?)Z X Z/3Z,
where ws is the image of w into Ok ;. Considered as elements in GLa(Ay) with

other components 1, it is straightforward to verify that ws and 1 + 3ws normalize
Uy, and hence we have an embedding

Ok 3/Z5 (1 + 90k 3) — Autg(Xp).
If p =7 mod 9, it is straightforward to verify that the element

(U 1N (2= 1T 4p/9+4
“’_M<0 —1>M _<—9p—72 2p + 17

is a nontrivial normalizer of K* in GL2(Q) and we normalizes Uy, and hence we
also induces an automorphism of X2.

Theorem 2.2.
1. For any point P € Xlg, we have
P — %P,
and
pos {[wQ]P—i— (0,4v/=3), p=4mod 9,
[W]P + (0,4v/=3), p=7mod 9.
2. Suppose that p =7 mod 9. For any point P € X2, we have

P = [w"5 P — (0,4v/=3).

Proof. Since w3, 1 4+ 3ws, and we all have determinant = 1 mod 3, when identified
as elements in Autg(X?P), they actually lie in the subgroup Autg(Xr). Let P =
[z, 1]y, for z € H be a point on XP. We have

9 60p + 837/p + 214 2p/3+9/p+7/3 9
B(1+ 3ws) A% = <(5130p +71145/p + 18252 57p +765/p+199),° BAT) €V,

where the subscript “3” denotes the 3-adic component of the adelic matrices. Then
PY3@s — [2 1+ 3ws)y, = [B(2), B(1 4 3ws)]y, = [B(2), 1]y, = ®(B)P = [w?]|P.
If p =4 mod 9, then

5 867p + 11635/p + 2685 31p/3 + 416 /3p + 32 )
CusA” = <(—20808p — 281925/p — 64440 —248p — 3360/p — 768 ) .’ CAT) eV,

and hence
P¥s = ®(C)(P) = [w?|P + (0,4v/=3).
If p=7mod 9, then

- 867p + 11635 /p + 2685 31p/3 + 416/3p + 32 )
BCuwsA™= ((494191) +660510/p + 153045 589p + 7872/p + 1824 ) BCA™ )€V,

and hence
P¥s = &(BC)(P) = [w]P + (0,4v/=3).
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Suppose that p =7 mod 9. It can verified that

BC?weA? €V, ]%7 = 0 mod 3,

C?weA? eV, ]%7 =1 mod 3,

B2C?weA? €V, ]%7 = 2 mod 3.

Hence, the second assertion follows. O

Let o : KX — Gal(K?*/K) be the Artin reciprocity law, and denote by o; the
image of t € K*. Let Py = [r,1] be the CM point on X.
Theorem 2.3.
1. The point Py € X2(Hygp) satisfies
Ry - AR,
and
o [w?] Py + (0,4v/=3), p=4mod 9,
Py =
[w]Py + (0,4v/—3), p =7 mod 9.
2. Suppose that p =7 mod 9. We have

Py = [w"™ | Py — (0,4v/=3).
Proof. By Shimura’s reciprocity law [Shi94] Theorems 6.31 and 6.38], we have
P(()Tt:Pé:[T’t]’ te K.

Since K* N Uy = (59\1,X, we see that Py is defined over the ring class field Hy,, and
the Galois actions of o, and 0143, are clear from Theorem O

Proposition 2.4.
1. We have Hy, = Hs3,(3/3) with Gal(Hop/Hs,) = (0143w,) =~ Z/3Z, and

(va)" =

2. We have (\‘q/g)gu"rl =1 and

w?, p=4mod9,

(/P = {

w, p=7T7mod 9.

Proof. For any place w of K, let K,, denote the completion of K at the place
w, and let (ﬁ> be the third Hilbert symbol over K,,; see, for example, [Neu99,

Chapter V, Section 3]. We have the decomposition of ideal 70k = (1+3w)(1+3w?).
Let v be the place corresponding to the prime ideal (1 + 3w). Then

3=\ T1+3wz —1 14 3ws, 3
) o (L)
<\/_ ( K3; 3 )
It is an important property of the Hilbert symbol that

1+ 3wy, 3
H( K:;Js )Zl’
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where w,, denotes the image of w in K,, and w runs through all places of K.
Since the symbol is trivial whenever w # 3,v, we have by [Neu99, Chapter V,
Proposition 3.4] that

5=\ 1+30s—1 (14 3ws, 3 1+3w,3\ " ., )
3) — () (T Een) g d (1+3w) = w?
(\f < K33 > ( Ky;3 ) mod (1+3) =
Since p = 1 mod 3, the prime p splits in K. Let v and © be the two places of K
above p. Then similarly,

—1 —1
3 Owg—1 _ w3, p — Wy, P . Wy, P _ _p_1 O
(VP) <K3;3> (Kv;?) K3 v

The elliptic curve E; has Weierstrass equation y? = 2® — 432. Consider the
isomorphism

¢: By — En, (z,9) = ((V3)%z,3y).
We have the following commutative diagram:

Trrg, /L3,

Eo(Hoyp)7+3s=" T By(Lg ) +ows="

Tros, /L)

Ey(Hsp) Ey (L)),

where the field extension diagram is as follows:
Hoy, = Hsp(V/3)

" 5 T

Hy
(p—1)/3 Lz = K(V/3, /D)
/ ’3 \3
L) = K(/p) , Lzp) = K(/3p) , L) = K(V/3)
|3
|2
Q.

Put Q = ¢(F) and R = Try, /1, Q-
Corollary 2.5. The point R € E1(L,) and satisfies
o [W?]R + (0,12v/=3), p=4mod 9,
R = {[w]R—I— (0,—12v/=3), p=7mod 9,
and if p="T7 mod 9,
R=[w" R+ (0,12V/=3).

Proof. This is a consequence of Theorem 2.3 Proposition 2.4 and the fact that
-1
Tru,, i, (0,12V-3) = Z’T(o, 12v/=3).
Recall that the cusp (0,12y/—3) is a 3-torsion. (]
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3. NONDIVISIBILITY OF HEEGNER POINTS

By the assumption that 3 mod p is not a cubic residue, we decompose pOx = pp
so that
(3.1) 3% =w mod b, 3% =w? mod p.
Since Hs,/K is totally ramified at p and p, let B and B be the primes of Hj, above
p and p, respectively. We have

Ok /pOx = Ox /9D O /P € Oy, /B D O, /T

The main result (Proposition 5.2.8) in [DV18] states that if 3 is not a cube

modulo p, the reduction
(R mod B, R mod B) € E;(F,)?

is not equal to the image of any torsion point in E1(L(,)), and hence the Heegner
point R is of infinite order.

We sketch their strategy briefly. Note that the CM points P considered in this
paper are exactly those considered in [DV18]. We will use the explicit coordinates
of R modulo p later, so we record them in the following lemma.

Lemma 3.1. Under the Weierstrass equation y*> = x3 — 432 for Ey,
_ (12w""? —36) mod ‘P,

= {(12&“, —36) mod P,

where ©+ = 0,1,2 depends on p.

Proof. As in the proof of [DV18| Proposition 5.2.8],

Q, p =4 mod 9,

—@, p=7mod?9.

By [DV18, Proposition 5.2.1 and Lemma 5.2.4], the z-coordinate x(Q) is p-adic
integral and satisfies the following congruence (see [DV18] (5.2.6)]):
(3.3) 2(Q) = 2(Q)P = 12Pw(—3)P~Y/6 mod pZ,

where Z denotes the ring of integral algebraic numbers and i = 0, 1,2 depends on
p (see [DV18, Lemma 5.1.3]). Note that Dasgupta and Voight [DV18] used the
Weierstrass equation y? 4y = 323 — 1 for F;, and we have adapted the coordinates
to the equation 32 = 23 —432. Since —3 € ) is a square, (—?;)pT_1 is a third root of

_p-1,_
(3.2) R = TrHsp/L(p) Q = TQ = {

unity modulo p. Note also that % is always even in our case. Therefore, by (B.I))
and (B3], we conclude that

B 1202 mod 9,
(3.4) z(Q) = {12001-“ mod .
By Theorem 2.3 we have
[1 —w*]Q = (0,12¢/-3) mod P (resp., B),
where oo = 2 if_p =4mod9, and a« = 1if p = 7 mod 9. This implies that (Q mod B)
and (Q mod ) both belong to Eq(F,)[3]. It follows that

(55) _ (1202 (=1)*"* - 36) mod ‘P,
' | (12w, (=1)271 - 36) mod B
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Then the lemma follows from (3.2) and (3.3). O

Consider the reduction map

Red : By (L)\{O} — O, /BED On,, /B, T+ (2(T) mod B, z(T) mod F).
By [DVI8, Lemma 5.2.9], we have E1(L))tor = E1(K)or- Let D be the image of
E1(Lp))tor \{O} under the reduction map. Then

D ={(0,0), (120",120");—0,1,2} C Ok /p D Ok /.

On the other hand, by Lemma Bl the reduction Red(R) is not trivial and also
does not lie in D. Hence, the Heegner point R is not torsion.
Put T = (12w**2, —36), which satisfies the relations

[w?T + (0,12v=3),
T =
W]T + (0, —12v/=3).
Let a = 2 or 1, according to p = 4 or 7 mod 9, respectively. By Theorem 25] the
point Y = R — T belongs to E(L(,))?~s=*", which is identified with E, (/) under
the isomorphism (z,y) — ((¢/p)*x,py) defined over L ;). Then the point Y +Y is
identified with an element in E,(Q).

Proposition 3.2. The point Y is not divisible by v/—3 in El(L(p))"%:‘*’a. More

precisely, there exists no point X € El(L(p))"W:s:wa and S € El(L(p))::f:wa such
that
Y=vVv-3X+6.

Proof. Suppose that
(3.6) Y=v-3X+S

for some X € El(L(p))"wsz“’a and S € Ei(Ly))
ramified at 8 and B, we have

Tuwg =w®
tor

. Since Hs,/K is totally

Yo =Y, X% = X, S%s =5 mod P (resp., mod ‘P).
From the formulae
Yous = [wY, X% =[w*X, 8% = [w"]S,
we have
[V=3]Y = [vV/=3]X = [V/=3]S = O mod P (resp., mod R).
By ([B:6) and our choice of T, we have
0, mod P,
S=Y= {[1 — w](12w™!, —36), mod B,

which implies that (z(.S) mod 9B, z(S) mod ) does not lie in the subset D, and this
contradicts the fact that S is a torsion point. This proves that Y is not divisible

by v —3 in El(L(p))U‘%:wu. O

By the work of Dasgupta and Voight [DV18], we know that the free component
of E,(K) has rank 1 over Ok, and we have

K ®0, Ey(K)~K.

Licensed to Tsinghua Sanya Forum. Prepared on Wed Jun 29 03:01:31 EDT 2022 for download from IP 183.173.185.248.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



6916 YUEKE HU, JIE SHU, AND HONGBO YIN

Proposition 3.3. As elements in K ®o, E,(K), we have

Y = (wll> ®RY,
v

wherei = 0,1,2, v € Ok is a nonzero element satisfying (7,7v) = 1, and all primes
of v are factors of rational primes which are split in K.

Proof. Recall that if we set a = 2 or 1 according to p =4 or 7 mod 9, respectively,
then Ei(L(,))°~s=*" is identified with E,(K) under the real morphism

p: B = Ep, (z,y) = ((/p)*x, py).
Since R and R have the same height, as elements in
K @0y Bi(Lgy) ™",
there exists a § € K* such that

Ng/o(B) =1
and
R=F®R.
By Hilbert satz 90, we may assume that
B=u-2,
5

where u € OF, v € Ok such that (7,7) = 1, and all primes of ~ are factors of

rational primes which are split in K.
Ouwsg =w®
tor

Then as usual points, there exists an S € Fy (L)) = F1(K)tor such that

[Y|R = [uy]R+ S.
Since Y = p(R —T), we have
WY = [uy]Y + 5

for some S’ € E, (K )tor-
It remains to prove that u is a third root of unity. We have

(3.7) IR+ [Y]R = [(u + 1)y]R + S.
We claim that if u is a primitive sixth root of unity or —1, then [(u + 1)7]R has
the same coordinates modulo both B and 8. The case u = —1 is obvious. Suppose

that w is a primitive sixth root of unity. Then u + 1 = v/=3w’ for some j = 1, 2.
By Lemma [3.I] we have

[w? F 2] [V=3](12, —36) mod P,

[w? T [/=3](12, —36) mod ‘B.

Since [v—3](12, —36) = (0, —12v/—3), we see that [u+1]? has the same coordinates
when modulo both 8 and ; consequently, so does [y(1 4+ w)]R. Since S is a K-
point, the right-hand side (RHS) of ([8.7) has the same coordinates when modulo
both ¥ and ‘B.

On the other hand, we will show that the left-hand side (LHS) of (871) has distinct
coordinates when modulo 9 and B, respectively. To do this, it is enough to show

[u—l—l]RE{

Licensed to Tsinghua Sanya Forum. Prepared on Wed Jun 29 03:01:31 EDT 2022 for download from IP 183.173.185.248.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



AN EXPLICIT GROSS-ZAGIER FORMULA 6917

that [27]R + [27]R has distinct coordinates when modulo ¢ and ‘B, respectively.
Write 2v = a + by/—3, with a,b € Z. Then
[27]R + [27]R = [a](R+ R) + [bV/=3](R — R).

By Lemma Il R+ R has distinct coordinates when modulo 8 and B, respectively,
and R — R = [1 — w|R for some i = 0, 1,2 when modulo ‘B and ‘B, respectively.

Note that R mod B (resp., B) is of order 3 in F;(F,). Since a = 1,2 mod 3, we
know that [a](R+ R) has distinct coordinates when modulo 98 and §, respectively.
Since v/—3 | (1 — w?), we conclude that

[bv/=3](R — R) = 0 mod ‘B (resp., P).

So we conclude that that [2¢] R+ [27] R, and hence the LHS of (B1), has distinct
coordinates when modulo P and B, respectively. Therefore, if u is a primitive sixth
root of unity or —1, we come to a contradiction, and hence u must be a third root
of unity. O

Remark 3.4. If p =7 mod 9, it follows from Corollary that
Y = [w%]Y mod torsion.
Theorem 3.5. The point Y +Y € E,(Q) is not divisible by 3.
Proof. In the following, all points are viewed as elements in
K ®o, Ep(K) ~ K.

By Proposition B3], there exists a v € Ok satisfying (7,7v) = 1, and all primes of
are factors of rational primes which are split in K such that

Y4V = (1+ul)®Y.
~

Consider v + 7 as an element in Ok 3 = Z3[v/—3|. Suppose that v = a + by/—3,
with a,b € Zs. Since v is a 3-adic unit, we have a € ZJ. Then

2a
ltut =1+2+(w-1)2 =22 4 (u-1)2
Y v Y v Y
is a 3-adic unit since v/—3 | (u — 1). Then the 3-nondivisibility follows from Propo-
sition O

4. THE EXPLICIT GROSS—ZAGIER FORMULAE

4.1. Test vectors and the explicit Gross—Zagier formulae. Let m be the
automorphic representation of GL2(A) corresponding to Eg,p. Then 7 is only
ramified at 3 with conductor 3°. For n € Q| let x,, : Gal(K*/K) — C* be the
cubic character given by x, (o) = (¢/n)° 1. Define

L(S, E97X7L) = L(S - 1/277TK @ Xn)a 6(E97Xn) = 6(1/2’7‘-}( Y XTL)v

where 7 is the base change of 7 to GLa(Ag).
Let p = 4,7 mod 9 be a prime number, and put x = x3p. From the Artin
formalism, we have

L(s, Eg, x) = L(s, Ep)L(s, E3p2).
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By [Liv95], we have the epsilon factors €(£5,2) = +1 and €(£,) = —1, and hence
the epsilon factor

€(Eg, x) = €(Ep)e(Esp2) = —1.
For a quaternion algebra By, we define its ramification index e(B,) = +1 for any
place v of Q if the local component B, is split, and e(B,) = —1 otherwise.

Proposition 4.1. The incoherent quaternion algebra B over A, which satisfies

€(1/2, 7y, Xv) = Xo(—1)€x(B)
for all places v of Q, is ramified only at the infinity place.

Proof. Since 7 is unramified at finite places v 1 3, x is unramified at finite places
v 1 3p, and p is split in K, by [Gro88 Proposition 6.3], we get e(1/2,m,, xv) =
+1 for all finite v # 3. Again by [Gro88, Proposition 6.5], we also know that

€(1/2, ooy Xoo) = —1. Since €(1/2,7,x) = —1, we see that €(1/2,73,x3) = +1.
Since x is a cubic character, x,(—1) = 1 for any v. Hence, B is ramified only at
the infinity place. |

Let IB; = GL2(Ay) be the finite part of B*. For any open compact subgroup

UcC B;, the Shimura curve Xy associated with B of level U is the usual modular
curve with complex uniformization

Xu(C€) = GLy(Q)"\ (HUPH(Q)) X GLa(A)/U.

Let
TEy = ligﬂHomgu (Xy, Ey),
U

where Homgu (Xu, Eg) denotes the morphisms in Homg(Xy, Fg) ®7z Q using the
Hodge class £y as a base point. Then 7, is an automorphic representation of B*
over Q. Let m be the Jacquet-Langlands correspondence of mg, ®g C on GL2(A).
By Proposition [£.1] and a theorem of Tunnell and Saito [YZZ13, Theorem 1.4.1],
the space
HomA;; (ﬂ-EQ & X, (C) ® HomAIX( (ﬂ-EQ & X717 (C)
is one dimensional with a generator 8 = ®0, where, for each place v of Q, the
bilinear form
By TEyw @TEy, — C

is given by

(4.1) Bu(p1,02) = /@X\KX (T Eg 0 ()01, P2) X0 (t)dt, ©1, P2 € TEy,v-

Here (-, ), is a B -invariant pairing on mg, » X Tg, v, and dt is a Haar measure on
Ky /Qy. For later application of the explicit Gross—Zagier formula in [CST14], if
(p1,92)y # 0, we also define the normalized toric integral

(42) Bo(p1,92) = /@X\KX (W(t)(ill’ ‘f;j)vav(t)dt.

For more details, we refer the reader to [YZZ13, Section 1.4], [CST14] Section 3].
The elliptic curve Eg has conductor 3°. Let f : Xo(3°) — Eg be a nontrivial
modular parametrization which sends the infinity cusp [0o] to the zero element
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O. Explicitly, we may take f to be the quotient map X¢(3°) — Xr = Eo, as in
Proposition 21l Let

Z Z - -

<35 .7 Z) f ( ) 2( )
be the Eichler order of discriminant 3°. Then Uy(3%) = R*, and by the newform
theory [CasT3], the invariant subspace 7T§9X has dimension 1 and is generated by f.

Proposition 4.2. The modular parametrization f : Xo(3°%) — Eq is a test vector
for the pair (tgy,x), i-e., B(f, f) #0.

Proof. Let R’ be the admissible order for the pair (7g,, x) in the sense of [CSTT4,
Definition 1.3]. Since R’ and R differs only at 3, it suffices to verify that B3(fs, f3) #
0, which is given by [HSY17, Corollary 7.10]. O

Let wg, be the invariant differential on the minimal model of E,,. Define the
minimal real period €2, of E,, by

Q, = / lwE,
En(R)

By [ZK87, Formula (9)], we have
(4.3) Qp Q3,2 = (3p)~1%.

Using SageMath, we compute that {Qg, Qg - (3 + @)} is a Z-basis of the period
lattice L of the minimal model of Egy. So

1
(44) \/gﬂg = 2/ dxdy = / |wE9 A GEQ\ = 6 . 87‘(2((,25, ¢)1’*0(35),
c/L E(C)

where ¢ is the newform of level 3% and weight 2 associated with Ey, and (¢, B)ro(35)
is the Petersson norm of ¢ defined by

(¢, P)ro(s%) = // 0(2)Pdady, 2=z +iy.
Xo(35)
Recall 7 = (2pw — 9)/(9pw — 36) € H, let P = [7,1]y,(35) be the CM point on
X0(3%)(Hop), and note that f(Py) = Py. Define the Heegner point
Ry =Trug, /1, P0 € Eo(Lzp)-

Theorem 4.3. For primes p = 4,7 mod 9, we have the following explicit formula
of Heegner points:
L'(1,E,)L(1, E3p2)
Q03,2
where a =0 if p=4 mod 9, and o« = —1 if p =7 mod 9.

=2%.9-ho(Ry),

Proof. We note that the conductor of 7 is 3° and the conductor of y is 9p. Let
R’ be the admissible order for the pair (7g,, x), and let f’ # 0 be a test vector in
V(mE,, x) which is defined in [CST14] Definition 1.4]. The newform f differs from
f" only at the local place 3. Define the Heegner cycle

0 o ﬁPlC(OP) o
PO = G ki oo T XD
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and define P)?_l(f) as in [CSTI14] Theorem 1.6]. According to [HSY17, Corol-
lary 7.10], we have

B??(féafé) — 2a+2
B8(f3, f3) 7
where « = 0if p=4mod 9, and o = —1 if p = 7 mod 9. By [CST14] Theorem 1.6],

we have
— 2oc+1 . (871-2) : ((rbv ¢)F0(35) )
\/gp : (fa f)R/

where L(®) denotes the partial L-function with the 3-adic local factor removed,
(+,-)r is the pairing on g, X Tg,v defined as in [CST14l page 789], and (-, )k i
is a pairing from FEo(K)g xx E9(K)g to C such that (-,-)x = Tre/r(-,)xx is
the Néron—Tate height over the base field K; see [CST14, page 790]. The local
representation mx 3@ xs is the principal series induced from the pair (O3x3, O3x3),
where © is the Hecke character over K associated with Ey via the CM theory.
By [HSY17, Lemma 7.5], [HSY17, Lemma 7.6], the characters ©33, ©3x3 are both

ramified. Hence, the 3-adic local L-factor of L(s, Fy, X) is trivial, and we have

/
L(S) (15 EE%X)

(PP, PL ()

KK’

L/(la E97 X) = L(g)/(lﬂ E97 X)
In our case, by [CSTT14, Lemmas 2.2 and 3.5,

o VO](X '><)
(f7f)R' - W){’f’g”

Vol(R*)

deg f =6 o=y =

So we get

45)  L'(1,Ee,x) =2°

3p? K.K
On the other hand,
#Pic(O,)
P)f) = ot > ()7 x().
X ;
#Pic(Op) tePic(Ogp)
Since )
#Pic P X (X X AX 1—1 1
=K K = -
#Pic(Oy,) K7 0; O 9’
we have )
PAH=5 D FP)"x®).
tePic(Ogp)
If we put
Ry = > F(P1)7x(0) = 3Ry € Eg(Lsy)),
o€Gal(Hgp/ L(3p))
then
(4.6)
1 loa loa —
(PUN P =g >0 Bx(e), > Rix (o)kx
o€Gal(Lsy) /K) o€Gal(Lsy) /K)

1 _
= o5 (f2, > REX (o)) ki
o€Gal(L 3/ K)
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1 /
= §(<R2’ Ry + X '(0')(R2, RS )k i
(4.7) + X Y(0™)(Re, RS ) ki)
1 .
=5 <<R2aR2>K,K - <R2,R2 >KK> ,

where o’ is a generator of Gal(Ls,)/K). In the last equality, we use the fact that
(Ra, Rgl)K,K = (Ra, Rg’2>K,K since (, )k Kk is symmetric and Galois invariant. By
Theorem 23 and Corollary 2B we can assume that RS = [w]Ry. Then

(o )

Since |1 +w| = |w| = 1, by definition, 71\[(([1+0J]R2) = /HK([w]Rg) = /]';K(RQ). Then

K % (?LK(H + w|Ra) — hic ([w]R2) _EK(RQ)) .

s

<Rz,Rg'>KK = —%EK(RQ),

)

and hence

@8 (PULPLA), = qghn(R) = Gha(Re) = To(Ra).

Finally, combining ([@3)-(Z8), we get
L/(lv EP)L(17 E3p2)
QPQ3p2

=2%.9-ho(Ry). O
Recall that there is an isomorphism

¢: By — Ey,  (x,y)— ((%)zxsy) :

and we have the following commutative diagram:

TrHQp/L(S,p)

Eg(.71f9p)0”3“3:‘”2 —————> Ey(L3p))7 3 =

TrHs, /L)

Ey(Hsp) Ei(Lp))-

In particular, we have ¢(R;) = R, and hence the following.

Corollary 4.4. For primes p =4,7 mod 9, we have
L'(1,E,)L(1, E32)
Q03,2

=2%.9.hg(R),

where a =0 if p=4mod 9, and a« = —1 if p="T7 mod 9.
Proof. This is immediate from Theorem |

Recall that Dasgupta and Voight [DV18] proved that the Heegner point R is not
torsion. By the above Gross—Zagier formula and the work of Kolyvagin [Kol90], we
know that

rankz E,(Q) = ords=1L(s, E,) = 1, rankz 5,2 (Q) = ords—1 L(s, E32) = 0.
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5. THE 3-PART OF THE BSD CONJECTURES

Let F be a number field. Let ¢ : A — A’ be an isogeny of elliptic curves over F
of degree m, and let ¢’ be its dual isogeny. The commutative diagram

0 Alg] A2 n 0
il
0 Afm] A4 0
Pl
0— > A'[¢) A2 A 0
induces the following commutative diagram:
0 0
0 > A'[¢'|(F)/$A[m](F) ——— A'[¢')(F)/$A[m](F) 0
o o
0 — A'(F)/$A(F) ———————— Sely(A/F) HI(a/F)[¢] ———0
o
0 — A(F)/mA(F) —————— Sel,,(A/F) Ia/F)im] ——— o0
b b
0 — A(F)/¢' A'(F) ——————— Sel,(A"/F) HI(a’/F)¢') ——0

0 —————— Sely/ (A'/F)/¢Seln (A/F) — II(4"/F)[¢']/¢LLL(A/F)[m] > 0

0 0
From this diagram, we immediately have the following.
Lemma 5.1. Let A, A’ and ¢, ¢’ be as above:
1,(A/F ly (A F
|Se1m(A/F)|= — ‘Squ( / )Hse,(b( /, )‘ )
|A'[¢'[(F)/ pA[m](F)|[IIL(A"/ F)[¢'] | oTIL(A/ k) [ml]
Let n be a positive cube-free integer, and let E!, be the elliptic curve given by the

Weierstrass equation y? = x3+(4n)2. Then there is a unique isogeny ¢, : E,, — E!,
of degree 3 up to [£1], and denote ¢!, as its dual isogeny.

Proposition 5.2. Let p =4,7 mod 9 be primes such that 3 mod p is not a cubic
residue. Then

dimg, Sel3(E,(Q)) <1,  dimg, Sels(Es,2(Q)) = 0.
Proof. By [Sat86, Theorem 2.9], we know that
Sely, (E,(Q)) = Sely (E,(Q)) = Z/3Z

Licensed to Tsinghua Sanya Forum. Prepared on Wed Jun 29 03:01:31 EDT 2022 for download from IP 183.173.185.248.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



AN EXPLICIT GROSS-ZAGIER FORMULA 6923

and
Sel%p2 (E3,2(Q)) = Z/3Z, Sel¢;p2 (Eépz (Q)) =0.

Note that £,[3](Q) and E3,2[3](Q) are trivial and that [E}[¢)](Q)|=|Ej 2 [¢5,:](Q)]
= 3. By Lemma 5.1l the proposition follows. O

Now we are ready to give the proof of Theorem [[4l

Proof of Theorem 1.4. By [ZK87| Table 1], we know that c¢,(E,) = 3, c3(E,) =
1 or 2 depending on p congruent to 4 or 7 modulo 9, respectively, and that ¢,(E,) =
1 for primes ¢ # 3,p, while ¢, (E3,2) = 3, c¢(E3p2) = 1 for primes ¢ # p.

Let P be the generator of the free part of E,(Q). Then the BSD conjecture
predicts that

L'(1,E,) m ~
L) g (B, o (P),
i
where m =0 if p=4 mod 9, and 1 if p = 7 mod 9, and where
L(1, Es32
%:3.“}1(}3&32)‘_
3p2

Combining these two, we get

L'(1,E,) L(1,Es32) _,, n
(Q 0) | G =29 |UU(E,)| - [W(Eyy2)| - ho(P).
P 3p?

p

By Theorem and Corollary 4] we expect that
ho(R)

(5.1) (B, - [TT(Byye)| = 2/ 22E)
hq(P)

where ¢ = 0 (resp., i = —2) if p = 4 mod 9 (resp., p = 7 mod 9). Note that the
RHS of (&) is a nonzero rational number.
By Proposition [5.2] with E, being rank 1 and the exact sequence

0 —— E(Q)/3E(Q) — Sel3(E(Q)) — LII(E)[3] —0,
we know directly that
(5:2) [TI(E,)[3%]] = [TI(Esp2)[3%]] = 1.
In order to prove the 3-part of (B.1), it suffices to prove that
ho(P) = uhq(Ry) = uhg(R)

for some u € Z; N Q. However, it follows from Proposition and Theorem
that

ho(P) = who(Y +Y) = who(R + R) = uhg(R)
for some u,w € Z5 N Q, where the last equality follows from Lemma B3l Indeed,

we note that a similar formula for the complex conjugation is valid for R in the
proof of Lemma [3.3] O
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