THE PETERSSON/KUZNETSOV TRACE FORMULA WITH PRESCRIBED LOCAL
RAMIFICATIONS
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ABsTRACT. In this paper we derive refined Petersson/Kuznetsov trace formulae with prescribed local
ramifications. The spectral side of these formulae are much shorter than the standard versions. We
use them to study the first moment and the subconvexity bound of certain Rankin-Selberg L-function
in a hybrid setting.
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1. INTRODUCTION

The Petersson and the Kuznetsov trace formulae are very close in nature, and they can be both
derived from a relative trace formula as in [[14]][[13], by integrating pretrace formula against charac-
ters over unipotent subgroups, with the difference coming only from the Archimedean component.
They have been important tools in analytic number theory to study various types of problems like
the moments of L-functions and their subconvexity bound. See for example [1] for a survey.

In this paper we derive refined Petersson/Kuznetsov trace formulae with prescribed local ram-
ifications. More precisely, the spectral side of these formulae consists of newforms which are
associated to automorphic representations whose local component at a given place p belongs to a
small family of supercuspidal representations or principal series representations.

We shall use them to study the first moment of the Rankin-Selberg L—function. In the special
case where we know the positivity of the L—functions, we further obtain hybrid subconvexity
bounds, which is as strong as the Weyl bound in a relatively wide range.

1.1. the classical trace formulae. Consider for simplicity the classical Petersson trace formula,
which is slightly easier to describe:

r (K - 1) /1ml (QO) /1mz (QO)
€ el
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Here the sum of ¢ is over an orthonormal basis (with respect to (2.1))) of holomorphic cuspidal
automorphic forms of weight «, level N and trivial nebentypus. A,,(¢) is the m—th normalized
Fourier coefficient. KL (m;, m,, ¢) is the classical Kloosterman sum with conductor c:

(12) KL (. mac)= Y e(M)

C
xe(Z/cZ)*

where X is the inverse of x in (Z/cZ)*. J._, is a J-Bessel function. The Kloosterman sum can
be written as a product of local Kloosterman sums. The formula (I.I) can be obtained from the
relative trace formula where the test function f,, at p|N is chosen to be essentially the characteristic
function of a congruence subgroup. The 6,, -, term comes from the first-cell terms in the Bruhat
decomposition, and the Kloosterman sum parts come from second-cell terms. See Section (4] or
[14]][13] for general settings.

Remark 1.1. In applications to depth aspect problems, there are however two major issues with
(L1D:

(1) There is an asymmetry between the Archimedean aspect and the level aspect. More pre-
cisely, in the Archimedean aspect, the analytic conductor of ¢ is roughly k%, whereas the
length of the sum in ¢ is roughly k. On the other hand in the level aspect, the finite conduc-
tor of ¢ is N, whereas the length of the spectral sum is also roughly N. Thus the spectral
sum is much longer in the level aspect in terms of the relation with the conductor.

(2) (L.I) picks out newforms as well as old forms on the spectral side. So it is not convenient to
use when aiming only for newforms. Contributions from old forms have to be subtracted,
which usually make computations more complicated, and also more tricky for depth aspect
problems. For this reason, many results using classical approach deal with square-free or

even prime levels only.
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1.2. Main results. For simplicity, we shall be interested in automorphic representation 7 over
Q with trivial central character and N = C(m) = p° for some integer ¢ — co and p # 2. A
local irreducible smooth representation 7y at p will be either a supercuspidal representation or a
principal series representation, associated to a character 6 over some étale quadratic algebra L/Q,
by compact induction or parabolic induction as in Section 3

1.2.1. the refined Petersson trace formula. Let Fy[n] be the set of holomorphic newforms of
weight «, level N = p® with ¢ > 3, and trivial nebentypus, whose associated local representation 7,
belongs to a ‘neighborhood’ my[n]. Equivalently, 7, is associated to 8" € 6[n]. See Definition [3.1]
[3.2] for precise meanings for 6[n] and my4[n]. For the test function given in Section 4.1l we have the
following:

Theorem 1.2 (Theorem [4.16)).

-2

1 _ (47r)"_1 « G\my,my,0,c 47 \fmim
> Ay () A () = Crllo] s | Sy + 27 ) ( )Jk_l e
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Here Cs[lo] <, N'? is given in @38). [, = 0,1 depending on L as in #37). ¢, is given in
Definition .13} and is roughly p*/2.

G (ml, my, 0, c‘z) is the generalized Kloosterman which is a product of local factors as in Defi-
nition 4.14] where the local factors at v # p are the same as the standard Kloosterman, while the
local factor G, (m 1, Mo, 6, c‘z) given in Lemma [4.5)Definition 4. 11]involves the character 6 and an
integration inside L*.

Remark 1.3. The square-root-cancellation type upper bounds are proven in Lemma 4.3 4.12] The
implied constants can depend on some fixed powers of p. But it should be possible to remove this
dependence by a more careful study of character sums over residue fields.

We will also explain in Remark [4.7] that G, (ml, my, 0, c‘z) becomes the standard Kloost-
erman sum when v,(c) > .

Remark 1.4. The main advantage of Theorem [I.2] is that it addresses both issues mentioned in
Remark [T,k it picks out only newforms; the length of the spectral side and the first-cell term have
size C#[ly] < N/ compared to N in (ILT)). There are also two trade-offs:

(1) The generalized Kloosterman sums are more complicated than the standard Kloosterman
sum to analyze;

(2) The length of the sum of Kloosterman sums is longer, in the sense that in Theorem [L.2]
v,(c) = v, (co) which is roughly 5, while in (LI) v,(c) > c.

We shall develop tools and tricks to mitigate these disadvantages. For example, we already dis-
cussed the square-root cancellation for the generalized Kloosterman sum in Remark In Theo-
rem we shall develop a formula picking out a larger family with shorter sum of Kloosterman
sums, helping us to reach a balance between the first-cell term and the second-cell terms; In Sec-
tion [I.3.2l we shall discuss alternative perspective for the generalized Kloosterman sum, and how
to deal with the character sum after applying the Voronoi summation, which is a commonly used
combo after the Petersson/Kuznetsov trace formula in dealing with many analytic number theory

problems.
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1.2.2. Spectral average. Let [ be an integer such that [, < I < iy, where ij is given in Definition
and is roughly £. Let ¢; = cop™, and F[!] be as above. Then we have the following:

Theorem 1.5 (Theorem 4. 18).

(1.3)
)
1 _ 4y o Glmi,my, 6,c 4 \Jmym
2D i @) A (9) = Crlll e 6y + 271 ) ( )JH —
ool lleoll (k —2)! o c c

Here C#[I] =< C#[ly)p'~" is given in (@.42).

Remark 1.6. One can obtain Theorem [L.5] from Theorem [[.2] by taking a sum. The nontrivial part
is however to show that the length of the sum of Kloosterman sums becomes shorter, which comes
from a local cancellation. Theorem [I.3]displays a nice transition from Theorem[I.2]to the classical

formula (L.1).

1.2.3. Refined Kuznetsov trace formula. In this case, let F4[n] now be the similar set of cuspidal
Maass newforms of level N = p*, trivial nebentypus, whose local component 7, € my[n].

The residue spectrum will not be picked out by our choice of the test function. The contribu-
tion from the continuous spectrum will be nontrivial only when allowed 7, is a principal series
representation. For this reason, let

(1.4) )
0, otherwise.

{1, if L~ Q, X Q,;
€, =

When € = 1, for each finite order Hecke character @ = (v, y~!) such that ¢ is unramified when
v # p, and 9;, € [n], define ¢, € m(x|-1*, x"!|-|™*) to be a flat section associated to a L>*—normalized
newform, and define

Ly s(8) = Z @s(78)-
YeBQ\GL:Q)

Then using the general setup from [13], together with the test function at p and the relevant
computations for the refined Petersson trace formula above, one can get the following:

Theorem 1.7 (Kuznetsov for prescribed local component). For [y < [ < iy, we have

(1.5)

(o0

I A R SN e T

petolll Ipll>— cosh(rty) = 7 0 Gpeoll) 2
o(my = ( 2i G (mi,my,0,c72) 4n h(t)t
_c i = ma) f h(t)tanh(ﬂt)tdt+—lz ( ) f g, (N _hor
r T clle ¢ c COSh(ﬂ't)

Here h is an even test function with sufficient decay. t, is the spectral parameter of ¢ such that
Ap =(1/4+ ti)go for the Laplace operator A.

Remark 1.8. Note that it is possible to compute 4, (Ey ;) more explicitly in terms of the twisted

divisor function and the L—function for Hecke characters. We skip the details here.
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1.2.4. Application to the first moment and the hybrid subconvexity bound for the Rankin—Selberg
L-function. We expect several possible applications for the above theorems. One of them is to the
vertical Sato-Tate law. Using Theorem [1.2] or[L7l the bound for the generalized Kloosterman
sum discussed in Remark [L.3] and the recipe in [2], one should be able to get some variants of the
vertical Sato-Tate law for small families of newforms in the depth aspect.

We also wish to explore other possible applications in future works. In this paper we focus on
the first moment of the Rankin—Selberg L-functions.

Theorem 1.9. Let Fy[l] be the set of holomorphic newforms of weight k > 2, level N = p* and
trivial nebentypus as above. Let g be a self-dual holomorphic cuspidal newform, with square-free
level M which is coprime to N, fixed weight k, > 2, and central character x. Then we have

L(f %8 1/2)
TP

Furthermore suppose that L(f x g,1/2) > O for all f € Fylll. Suppose that N = M° for
0 < 6 < oo, so that the finite conductor C (f X g) = M*** for any f € Fylll. By picking [ to be the
closest integer to log,, (M1/3N‘1/6) while 1 <[ < iy, we get that

(1.6) <pe (MN)* (Nl/zpl " N1/4M1/2p_l/2),

(1.7) L(f x g, 1/2) <., M™ 315 81%¢,
In particular we obtain a hybrid subconvexity bound for ¢ in any compact subset of (0, o), which
is furthermore a Weyl bound in the range 1/2 < 6 < 2.

Remark 1.10. The condition that L(f X g, 1/2) > 0 for all f can be guaranteed when, for example,
g is dihedral. See the discussion in [6, Section 1.1].

Remark 1.11. Note that from the proof in Section[6] the N 172 pl part comes from the first-cell terms
and N'/4M'2p~!2 part comes from the second-cell terms. Thus it is actually possible to obtain an
asymptotic formula when N'/2p3 is sufficiently large compared to M.

Remark 1.12. Compared to [5] [6]], this result has two differences/improvements. First of all, [5]]
[6] assume N to be square-free. Secondly, they obtain a Weyl-type bound only at 6 = 1/2.

We make a more detailed comparison of the method in this paper with the one used in [9] (which
extends [S)] in some sense). The current method has the following advantages:

(I) It made use of the flexibility of Theorem and the resulting subconvexity bound in
Theorem is stronger than both [9, Theorem 1.8] (which obtains Weyl-type strength at
0 = 2) and the analogue of [6, Corollary 1], allowing Weyl-type subconvexity bound in a
wide hybrid range.
(I) It covers the case where m, is a principal series representation. The treatments for the
principal series case and the supercuspidal case are relatively uniform.
(III) It does not require any e—value condition for the Archimedean components.
(IV) The refined Petersson/Kuznetsov trace formulae are probably applicable to many other
problems.

The method in [9] involves using the relative trace formula associated to Waldspurger’s period
integral on some quaternion algebra. This quaternion algebra is assumed to be a division algebra
at all Archimedean places (which translates into e—value conditions). The method there has the
following advantages:

(1) It does not require M to be square-free.
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(i1) Itis also used to prove a hybrid subconvexity bound [9, Theorem 1.10] in the joint ramifi-
cation case.
(ii1) It works for general number fields, and does not rely on the Ramanujan conjecture.

We do believe that some of the differences are amenable with extra work. For example, (I)-(I1I)
may also be achieved by the method of [9]]. On the other hand, (i) (ii) may also be recovered using
the method in this paper, by employing a more flexible version of the Voronoi summation formula.

1.3. Basic strategies.

1.3.1. Deriving the refined Petersson/Kuznetsov trace formula. The classical formula (I.1)) can be
obtained by setting the local test function for the relative trace formula to be the characteristic
function of the related congruence subgroup for the newform, as is done in [14]][13]. The first idea
to derive Theorem [L.2] is relatively straightforward, that is, to use instead suitable cut-off of the
local matrix coeflicient for the newform as the test function.

The matrix coefficient itself however is not very convenient to directly make use of. So far we
have some understandings about its support, level (from [8, Proposition 2.12]) and size (from [11,
Theorem 5.4]).

Our approach in this paper is to make use of the special test vectors, i.e., the minimal vectors
for the supercuspidal representations discussed in [[10] [9] and the microlocal lifts for the principal
series representations discussed in [16]. These test vectors have the property that a large compact
open subgroup acts on them by a character 6, which can uniquely identify the test vector only
from members in 7y[ly] (See Proposition 3.13)Corollary [3.23] for more details). Using the relation
between these special test vectors and the newforms in Corollary 3.16/T.emma [3.24] we construct
test functions in Definition 3.19] from a linear combination of translates of 6, which exactly
pick out the newforms from m4[ly]. See Proposition3.20,

The second-cell terms from the relative trace formula for the constructed local test function
can be reduced to the computations for 6 by a change of variables, giving rise to the generalized
Kloosterman sums in Lemma [4.5)Definition [4.11l The explicit shape of these character sums
allows us to prove the square-root cancellation (up to a bounded power of p), and also detect
cancellations when taking averages in Theorem

1.3.2. Alternative description and the character sum after the Voronoi summation. In Lemma[5.2]
we show that the local test function we have constructed and used actually coincides with the
matrix coefficient of the newform in the range we are interested in.

This alternative perspective also turns out to be quite useful. To explain this, we remark that
in applications the Petersson/Kuznetsov trace formula is often followed by the use of the Voronoi
summation formula. In the classical setting, the Kloosterman sum becomes the Ramanujan sum

(1.8) KL(my, my, a, ) = Z

my + mpa
—X].
xe(Z/cZ)*

c

Here a is an additional parameter, which can be —1 for example. The Ramanujan sum has the
property that its average size is roughly 1 when, for example, taking a sum in m;.

On the other hand for the generalized Kloosterman sum G(m,, m,, 6, i), the corresponding char-
acter sum, which occurs in the proof of Lemmal[6.3] and is denoted by G(my, my, a, 0, 1) in Defini-
tion becomes more complicated to analyze. Take u = }2 and k = v,(c). Recall from Remark
[[3] that when k > ¢, G(m;, m,, 0, ;1) becomes the classical Kloosterman sum, so G(m,, m», a, 0, 1)

becomes the Ramanujan sum. We focus on the case v,(cg) < k < ¢ now. Using the alternative
6



description above, we can identify G(my, my, a, 6, W) in the range of interest with the value of the
matrix coefficient itself in the proof for Lemma[3.8l Then we apply the known results in [11}, The-
orem 5.4] on the support and the size of the matrix coefficient for the newform to obtain Lemma
[5.8] which says that 51, (my,my, a, 0, u) = 0 unless

(1.9) v(mz,u + a—n;,:) > -,
p
in which case we have
(1.10) G, (mi,my.a,0, 1) <, p'= .

Note that when k& = v,(co), the congruence condition (L9) is (almost) automatic, and the upper
bound in (I.10) shows square-root cancellation. Thus 5,, (my, my, a, 8, u) displays a transition from
Ramanujan-sum-type behavior to the square-root-cancellation behavior when k goes from ¢ to
roughly 3.

1.3.3. Studying moments and hybrid subconvexity bounds. The strategy to use the approximate
functional equation, the Petersson/Kuznetsov trace formula, and then the Voronoi summation for-
mula etc., is relatively standard. We have taken some arguments and results directly from, for
example, [15] [6]. The main new ingredients are the refined Petersson trace formula in Theorem
with a flexible parameter /, and the study of the character sum 5,, (my,my,a, 0, ).

By choosing [ properly, we can to some extent balance the contributions from the first-cell terms
and the second-cell terms, obtaining Weyl-type subconvexity bound in a relatively large hybrid
range.

1.4. The Structure of the paper. In Section 2l we introduce some basic notations and results.

In Section [3] we review some basic properties for the minimal vectors and the microlocal lifts,
discuss their relations with the newforms, and construct test functions which pick out small families
of newforms.

In Section 4] we use the relative trace formula for period integrals on unipotent subgroups to
derive Theorem[1.2] [I.3] and

In Section [/ we relate the test functions constructed in Section [3| with the matrix coeflicient for
the newform. Then we prove Lemma[3.8| for the character sum G p(my,my,a,0,u).

In Section [6] we review a special version of the Voronoi summation formula, and apply the
techniques developed so far to prove Theorem [1.91

2. PRELIMINARIES

2.1. Notations. Globally we shall work with the rational field Q. Many of the discussions also
hold for general number fields.

Let A be the ring of adeles over Q, and A, be the finite adeles. We fix an additive character y
on Q\A, which is a product of local additive characters ,, where Yo (x) = e >, and ,(x) = ™
where x’ € Q and X’ = x mod Z,.

Let F denote a p-adic local field, Or be its ring of integers and @ be a uniformizer with order of
residue field p # 2. Let Ug(n) = 1 + @"Or when n > 1, and Ug(0) = O3.

Let L be a quadratic étale algebra over F. When L is a field, let ey, be the ramification index of
L. Let Oy, @y, and Uy (n) be defined similar as for F.

If L = F x F splits, let e, = 1. Let Up(0) = Of = O3 X Oz, and Up(n) = 1 + @h(Og X Op).

7



Let 0 be a character over L with |zx = 1. Let ¢(6) be the level of 6. If L splits, then we can write

6= (x.x"), and €6) = c(x).
For GL,, let Z be its center, N be the unipotent subgroup. Over F, let K be the standard maximal
compact open subgroup GL,(Op). We also denote G = PGL,. We denote

(. oef )

Let 7 be an irreducible cuspidal automorphic representation of GL, with trivial central character.
Let m, denote its local component at v. Let ¢(r,) be the level of x,.

Haar measures are normalized so that Vol (Q\A) = 1, Vol(K) = Vol(Z\ZK) = 1.

For an automorphic cuspidal form ¢, define

@1 Il =< ¢, >= f (2P ds.
Z(A)GL2(Q)\GLy(A)

2.2. A basic result on characters.

Lemma 2.1. Suppose that either p is large enough and i = 1, or i is large enough. The p-adic
logarithm log is a group isomorphism from Ug(i) with multiplication with to Ug(i) with addition.

. X
There exists a, € (w“(v)“(‘/’F)OF / w"*c(‘/’F)) such that

v(1 +u) = yr(a,log (1 +u)),Yu € @:0g,

where log (1 + u) is defined by the standard Taylor expansion for logarithm

2 I/l3

u
logl+uw)=u——+—+---.
og(l1+u)=u >3

On the other hand if p # 2 and i > «(v)/2, we have
v(l + u) = Ye(a,u).

Note that we formulate this lemma for general c(y) because we will also apply it to characters
over L later on.

2.3. Kirillov model, Whittaker model and unitary pairings. This subsection is purely local so
we skip the subscript v from some of the notations.

For a fixed additive character ¢, the Kirillov model of 7 is a unique realization of 7 on a subspace
of C*(F*) N S (F) such that

(22) n((‘g Z))so(x) = wr (@) ¥ (ma;'x) ¢ (a16;'x).

where w, is the central character for . Let W, be the Whittaker function associated to ¢. Then it
is related to the Kirillov model by
a 0
wor=n ).

W, () =n(®e ).
When 7 is unitary, one can define the G—invariant unitary pairing on the Kirillov model by

(2.3) < @1 >= fsm ()2 () d"x.

FX
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On the other hand, if ¥ = (1, x») is a principal series representation with y; unitary, the unitary
pairing can be alternatively defined by

(2.4) <fi,fp>= f fitf,(k)dk.
K

Here f; € m are element in the parabolic induction model, and K is a fixed maximal compact open
subgroup.

2.4. Global Whittaker function. Let W, be now the global Whittaker function associated to a
holomorphic newform ¢ and the fixed additive character . It can be computed as

2.5) W,(g) = f (g (~1)dt.
teN(Q)\N(A)

W, factorizes into a product of local Whittaker functions
(2.6) We(o) = | [ W),

Here W, is the Whittaker function associated to the lowest weight element in a discrete series
representation of weight x over R. We have explicit expression

(2 7) W y x|\ yK/Ze—ZnyeZHix’ ify>0,
' “\\0 1/] o, otherwise.

On the other hand, W, is the Whittaker function associated to the local newform at finite place v
with W, (1) = 1. They are closely related to the classical Fourier coefficients. More explicitly for a
positive integer m,

(2.8) [ W((’” 1))=|mr”2am<<,o>.
v finite

Here A,,(¢) is normalized so that 4;(¢) = 1 and 4,,(¢) < m® by the Ramanujan conjecture.

2.5. Hecke algebra action. We shall choose a test function f = f, X fri, on G(A) (which can be

view as a function on GL,(A) invariant by Z(A)), where f;, is smooth on G (A f,-,,) and compactly
supported mod center, and f,, € C (G (R)) is sufficiently differentiable and with proper decay (the
exact requirements depend on whether we are deriving a Petersson trace formula or a Kuznetsov
trace formula). We define the Hecke algebra action both globally and locally as

o (F)F () = f F (@) F(hg)dg, 7, (f) ¢y = f £ (9) erd.

G(A) GQ)

3. MINIMAL VECTOR, MICROLOCAL LIFTS AND NEWFORMS

This section is purely local so we skip subscript v from all notations.
9



3.1. Small family.

Definition 3.1. Let L be an étale quadratic algebra over F. Let 6;,i = 1, 2 be characters over L such
that ;< = 1 and ¢ (6;) = ¢(6,). Denote

io = c(0) /ev,

which is always an integer by 6;|zx = 1. For 0 < n < iy, denote 6; ~, 6, if c(9;192) < ern. For a
fixed character 6 with f|zx = 1, denote

O[n] = {6 overL|c(0') = c(0),0 | =1,6" ~, 6}.
Definition 3.2. Let my[n] = {#’' = 7|0 € 0[n]}.

Here ny is the representation associated to 6 either by the compact induction theory or the
parabolic induction theory depending on L is a field or not. See Section 3.2[3.3] for more details.

Remark 3.3. When n < i, there is a bijection between 6[n] and my[n]. This is however not true
when n = iy, as my ~ 7y

Lemma 3.4. Let i’ = ny for 8 defined over the same L as 6, and ¢ (') = ¢(0) > 2. Then n’ € my[n])
forn < iy iff C (my1 X my) < C () p¥rel,
Proof. As 6 and @' are defined over the same L, C (741 X 1y) = C (14g-19) C (1,-15) . Since p # 2
and ¢(0) > 2, at least one of ¢ (9‘19’) , c(@‘lé’) is ¢(0). As mg ~ my, we can assume WLOG that
(071) = < ().

Now 7’ € my[n] iff C(G‘IG’) < epn. It remains to use that ¢ (mg) = %c(@) + e — 1 in general.

(See the list before Definition 3.9 for the supercuspidal representation cases. It is also true for the
parabolic induction case.) O

Lemma 3.5.
p—1, ifL splits,
[6[1] : 6[0]] = pLz' (1, &) ={p + 1, ifL is an inert field extension,
)22 ifep =2.
For 1 <n < i,

[6[n] : 6[n —1]] = p.

Proof. Forn > 1, let < {n) = {x over F*, ¢ (y) < n}. When L splits, the claims can be easily proven
as we have an identification

(3.1 0[n]/0[n — 11 = B {n} /B {n - 1}
0 - xif 070 = (y.x').
When L is a field define L% {n} similarly. Then we have a short exact sequence
1 - 0[n]/6ln — 11— L* {ner} /L {(n — Der) S B {n} /B {n -1} - 1.

Here ¢ (¢') = 67'¢’, and o (6) = 6l<. The lemma follows from counting £* {ney.} /L {(n — 1) e}
and IF* {n} /IF* {n — 1}, which can be done by using the Pontryagin duality for finite groups. O

Remark 3.6. It is also direct to see that §6[0] = 1 when L is inert, and #6[0] = 2 when L is ramified.

When L is split, 6[0] is however not finite.
10



Lemma 3.7. Let L be an étale quadratic algebra over F, x € OF, j > 1. Then

0(x), ifxeOzUL(er)),
0, otherwise.

1
- 0’ -
(6171 - 6101} 9,6%;/~0 ©
Proof. When x € ZUy. (eLj), we have & (x) = 6(x) 67'¢’ (x) = 8 (x) as ¢ (9‘19’) <evLj.

On the other hand, note that [6[/] : 6[0]] = ﬁ(Oi /OZUL (e j)) by, for example, Lemma
So 0[]/ ~o is the Pontryagin dual of O} /O3 Uy (erj). The sum is thus vanishing because of the
orthogonality of the characters.

O

For any @ € 6[n], there is an element ay € (wic(g)ﬂ(m)OL / w‘i+((WL)OL)X by Lemma 2.1l with
(3.2) 0 (1 +u) = Y. (ag log (1 + u)),Yu € @t O;.
'z« = 1 implies that o, (and also ay) can be chosen to be imaginary, i.e. @, = —aj, where x — X

is the nontrivial automorphism of L/F.

Lemma 3.8. Fix n < iy. Suppose that p is large enough or 1 < j < n is large enough. For
any 8 € 0[n], let ay be an imaginary element associated to 8’ by Lemma 2.1l Then we have the
following bijection

(3.3) 0[nl/ ~; = agUr (io —n) /Us (i — )
0 — (07:%

Here j being large enough is similar to i large enough in Lemma 2. 1| with FF replaced by L.

Proof. We write ay = apu for u € Of as ¢(6) = c¢(#). From c(0‘19’) < eLn, we get that 6716’ is
trivial on Uy (e n), whose image under log is @]"Or = @"O.. As the associated constant to oo
is ap, — @y = ag (u — 1), we get that

YrL(apu—-1)x)=1,Vx e @"O.

This implies that u € Ug (iy — n).

On the other hand, if @), € @y Ur (iy — j), then by (3.2]) we get that ¢ (0‘10’) <eLj.

To show that the map is a bijection, it remains to see that the cardinalities of both sides agree
using Lemma[3.3] m|

3.2. Supercuspidal case. We now discuss the representation 7 associated to 6 over L. We consider
first the case L is a quadratic field extension over F, and thus = is supercuspidal. The detailed
construction can be found in, for example, [3] with some different conventions.

3.2.1. Review. Let F be a p-adic local field, L = F ( \/5) be a quadratic field extension with rami-
fication index er. In [9][12]], we assumed that vg (D) = 0 or 1, and used the following embedding
of L as a standard embedding:

3.4) x+y\/5f—>(y)lc) i)

We fix an additive character ¢ such that ¢ () = 0. Then ¢ (Y) = —ep + 1.
The supercuspidal representations are parameterized via compact induction by characters 6 over

some quadratic field extension L. More specifically we have the following quick guide.
11



Case 1. ¢(m) = 2n + 1 corresponds to e, = 2 and ¢(0) = 2n .
Case 2. ¢ () = 4n corresponds to e;, = 1 and ¢ (6) = 2n.
Case 3. ¢(m) =4n+ 2 corresponds toe, = l and ¢ (f) =2n+ 1.
Definition 3.9. Forep, = 1,2, let
M, (Og), ifep =1,
A, = (0] (0]
" o Fl. otherwise.

Its Jacobson radical is given by

@wM, (Og), ifep =1,
Bgl = (WOF O]F

, otherwise.

Define the filtration of compact open subgroups as follows:
(3.5) Ky, (n)=1+38;

er’
Note that each Ky, (n) is normalised by L which is embedded as in (G.4).

Denote J = LKy, (L¢(6) /2)), J' = U (1) Ky, (Lc(0) /2)), H' =Uy (1) Ky,, (Tc(6) /21). Then
6 on L* can be extended to be a character § on H' by

(3.6) (1 +x) =00y oTr(ax),

where le L*, 1 +x € Ky, ([c(0)/2]) and ay € L* c M, (F) is associated to § by Lemma 2.1l under
the fixed embedding.

When ¢ () is even, H' = J' and 6 can be further extended to J by the same formula. In this case
denote A = 6 and my = ¢ — IndS A is an irreducible supercuspidal representation. 7y ~ 7, if and
onlyif 6 =@ or@.

When ¢(6) is odd, J'/H' is a two dimensional vector space over the residue field. This case
only occurs when ¢ () = 4n + 2 as listed above. Then there exists a g—dimensional (or g — 1
dimensional if ¢(r) = 2, but we will be mainly interested in the case when ¢(r) is large enough)
irreducible representation A of J such that Al is a multiple of 8, and

(3.7) Al = @ %
0’ €0[11,0' 06,0

More specifically, let B! be any intermediate group between J! and H' such that B!/H' gives a
polarisation of J!/H' under the pairing given by

(3.8) (1+x,1+y)> ¥oTr(aylx,y]).

Then 6 can be extended to B! by the same formula (3.6) and A|;1 = Ind{;1 6. Againmy = c—Ind? A

is irreducible and supercuspidal in this case, and 7y ~ 7y iff 0 = 6’ or 6. We always have w, = |gx.
Note that when J! # H!, any intermediate subgroup B! works, as the pairing (3.8) is skew-
symmetric. It will however be convenient to fix a choice of B! for later purposes.

Definition 3.10. When L is inert and ¢ (6) = 2n + 1, let
(3.9) B' = Uy (1) Ky, 2n + 1)

In the case J' = H', ¢(6) even, we take B' = U, (1) Ky, (c(6) /2).
12



Definition 3.11. There exists a unique element ¢, € 7 such that B' acts on it by 8. We call any
single translate 7 (g) ¢ a minimal vector (Type 1 minimal vector in the notation of [9]).

Note that the conjugated group gB'g™! acts on 7 (g) ¢, by the conjugated character 6.

Corollary 3.12. Let O, be the matrix coefficient associated to a minimal vector ¢, as above. Then
D, is supported on J, and

(3.10) Dy, (bx) = Oy, (xb) = 6(b) Dy, (x)
for any b € B'. Furthermore when dim A # 1, ®, |1 is supported only on B'.

Due to the central character, it is clear that ZB' acts on ¢, by a character, which we also denote
by 6 without confusion. We also need a converse result.

Proposition 3.13. Let 7 be an irreducible smooth representation of GL, (F), with central character
wy = Blex and ¢ () > 3. Suppose that there exists an element ¢ €  on which ZB' acts by a given
character 0, then ¢ is unique up to a constant. Furthermore we must have n ~ ny where 6 € (1],
forly = 1 when L is inert, and ly = 0 when LL is ramified.

Proof. We consider only the case where L is inert and ¢ (6) is odd here, as the other cases are very
similar and slightly easier.

By the condition, ZB' acts on ¢ by 6. By the Frobenius reciprocity for compact inductions, we
have
(3.11) Homyp: (8, 7z ) = Homg (c — Indg

- 0, 7r) .
We study ¢ — Inng1 0 step by step as the induction of representations is transitive. Since Indljgll 6=
Aly, we have

zJ!
IndZ,,

é = AlZJl-

For each 8’ € 0[1], let Ay be irreducible representations of J constructed similarly as A, which are
not equivalent to each other by (3.7). From & € 0[1], we get that Ag |, = Alzp.
In particular we have

Hom, (Ind},, 8, Ag) = Homz (IndZ2} 8, Alz1) # 0.
Then we must have
Ind),,, = P Ay
o eol]
by a dimension counting.
Then (3.11)) becomes
(3.12) Homyp1 (8. 7z5) = @ Homg (c - Ind§ Ag. 7).

'eo[1]

From this we see that the RHS is trivial unless = =~ my for some ¢’ € 6[1], as 7y ’s are irreducible

and not mutually equivalent. The claims in the proposition are clear now. O
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3.2.2. Kirillov model and recovering the newform. We also need to describe the minimal vectors
explicitly in the Kirillov model.
As we are going to vary 6, we fix a choice of D (unlike [9][12] ), and assume

Qo a (0 L
= [ rd D .
WEG) \/5 o@ec \1 0
Here we can pick a € Oj by our assumption 6|zx = 1. We define the intertwining operator from 7
to its Whittaker model by

2O N1 n
(3.14) 90|—>W¢(g):f(l)%%(( @ 1)(0 l)g)lﬁ(—n)dn.
F

Lemma 3.14. Up to a constant multiple, a minimal vector ¢, is given in the Kirillov model by the
following:

(1) When ¢ (x) = 4n, @y = char (@ aoUs (n)).

(2) When ¢(rr) =2n+ 1, @9 = char (@ "aoUg ([n/21)).

(3) When ¢ (x) = 4n + 2, @y = char (@' ayUs (n + 1)).

(3.13) g

The computations are essentially same as in [9, Lemma A.7]. Using the notation i, = %i), one

can uniformly write

(3.15) o = (p— 1) plo/-Ichar (@ ayUs (Tig/21)).

()

Note here we have L?>—normalized ¢y. i is roughly = -

Remark 3.15. From the explicit Kirillov model, and the local unitary pairing given by

< @1, >= f @1 (x) o2 (X)d™x,

xeFX

one can see that the set
B, = {7T ((8 (1)) ((1) ’;)) o | a € F*/Us([iy/2]),n € F/WU"/2JOF}

forms an orthogonal basis for 7, and is invariant by any diagonal translation.

lio/210),.)* @a 0
Corollary 3.16. Fora € (OF/w 0 OF) yletgo, =m 0 1]] %o Then we have for ¢,,,, =
char (0;)
1
(316) Pnew = Pq-

V(p = 1) plio/21-1 ac(0s /02"

Note that ¢, can be viewed as the minimal vector associated to the embedding

y

X aw'o

(3.17) X+y VDH(yDain - )
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Definition 3.17. Define @ (g) =< m(g) ¢o, ¢o > with normalisation g (1) = 1,
Define @ = ®g|,5. Define in general for a,a’ € (OF/ wlio/?] OIF)X

io o/ 0 —iy ,—1 O ~ - 0 O —iy 4—1 0
cDa,a’ (g) = (DO,O ((woa 1) 8 (w Oa 1)) ) (Da,a’ (g) = (DO,O ((woa 1) 8 (w Oa 1)) .

Corollary 3.18. @, (g) = 0 unless g = e(l -(i)—x 1711 or ! -(i)—x nf)efor some e € ZUy (1), with
embedding as in B.17), x € @"'?10z and m € w™T/?\0x. In that case, we have

(3.18) D4 (g) = 0 (e) ¥ (@oam) .

Proof. Tt follows from the explicit conjugation in the definition of @, ,, Corollary 3.12] the explicit
shape of B! in Definition[3.10/ and the explicit shape of a; as in (3.13). O

Definition 3.19. For a quadratic field extension L and a character 6 on it, choose the local test
function to be

1 =
(3.19) f(g)= — : D B (e,
(P 1)p 0 Vol (Z\ZB ) (l,ll’E(O]F/w[iO/ZWO]F)X

Proposition 3.20. For f defined in (3.19), and let © be an irreducible smooth representation of
GL, (F) with trivial central character. Then n (f) is zero unless m ~ mg where 8’ € 0[ly], in which
case 1 (f) is the projection to the line generated by the newform.

Proof. We first discuss & (50,0). If © (60,0) ¢ # 0, then by a change of variable there exists ¢’ =

bis (50,0) ¢ such that B! acts by @ = 8. According to Proposition 3.3, 7 ~ m, for 6 € 0[1;].

In that case, we also know that ¢" must be a multiple of ¢,. We choose the orthonormal basis as
in Remark Then we have

1
~ Vol (Z\ZB")

F—1

< ﬂ((i)o,o)% Yo >=< ¢, ﬂ(q)a,o) Yo > <@, %0 >,

which implies that if ¢ € B,, then Jr(aw)ga = 0 unless ¢ = ¢y. Thus ﬂ(mgqo) is the
projection onto the line spanned by ¢.
. X
Now for any a,a’ € (OF /2] OF) , ¢ € B, we have by definition

_ —ig =1 io
aafiues [ s o7 )

g€Z\ZB!

S e )

As B, is invariant by diagonal translates (up to constants), we see from the previous discussion that

1 =
—q)aa’ =0
”(Vol(Z\ZBl) ’)""

15



-1

—io
unless ¢ = 7{[© ¢ 1 )QOO = ¢,, in which case it becomes ¢,. By Corollary and Defini-
tion 3.19] we get that

1 1 z
new = 1 (D
n(f)e (- l)prlom—l Z (Vol (Z\ZB") ) W ZQD
(p _ 1)p|'10/2'| 1 \/W Z‘Pa' = Pnew

as #(0s/@2105)" = (p — 1) plo/1!. O

Remark 3.21. It may seem possible and desirable to devise f so that one can take [, = 0 also for
the e, = 1 case. We start with /, = 1 in this case because of the following two reasons:

(1) When ¢ (my) = 4n + 2, it is still complicated to write down and make use of the matrix
coeflicients on the whole group J, compared to its restriction to ZB!.

(2) When ¢ (my) = 4n, one can easily start from /[, = 0 and k > i;. One small benefit to start
with [y = 1 is that the formulations in Theorem [[.2][I.5 are relatively more uniform for the
supercuspidal representation cases. The proof of Lemma4.17lin Section[4.6.1lalso becomes
slightly easier when k > i holds.

3.3. Principal series representation case. We remark that when the central character wy is trivial,
p # 2 and c(r) > 4, m can not be a Steinberg representation. It also can not be a twisted
complementary series representation.

3.3.1. Microlocal lift and twisting. Here we recall the microlocal lifts of [16], which is essentially
the twisted newforms. For convenience, we mainly restrict ourselves to the case where the central
character is trivial, but the approach can be easily extended to more general cases.

We start in slightly more general situations. Let 7 = 7 (v, x2) be a principal series representa-
tion, whose elements ¢ € r satisfies

¢((g Z) ) @)1 (s).

Let ) = 71'(1,/\/1_1/\/2) = ®x;', sothat 7 = 71; ® . Assume that iy = c()(l‘l)(z). Let

i s )

be the usual congruence subgroup.

Lemma 3.22. The exists a unique (up to constant) element, i.e. the newform, ¢, € m such that
Ko (wio) acts on ¢y by )(1‘1 X2 (d). The normalised Whittaker function associated to ¢, is given by

W, ((a/ o)): - {p‘W, ifv@=0

0 1 0, otherwise

Furthermore if there exists an element ¢’ from an irreducible smooth admissible representation n’
such that K (wiﬂ) acts on ¢’ by x7'x2 (d), then’ ~n (Vl, vaxi! )(2) for some unramified characters

Vi, V2.
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Proof. The existence of ¢; is simply the newform theory in [4]. In the parabolic induction model,
1 1s supported only on BK| (wio). Furthermore, for any ¢’ € 7’ with the same equivalent property,
¢’ is in particular invariant by

wio-{l 2l i)

so ¢(n’) < ip. On the other hand the equivalent property implies that w, |px = )(1‘1 X2- Then
c (') > ¢ (wyr) = iy. This forces n’ to be in the specified shape.
The expression for W, follows immediately from, for example, [7, Lemma 2.13] ]

For uniformity, let L denote the diagonal torus, and let 6 be the character (y1, y»). We associate
the pair (L, 6) to the principal series representation r = 7 (y1, x2), and simply write 7 = 7.
Let 0 be the character on ZK, (wio) defined by

(3.21) 0(z8) = x1x2 (@) x1 (det ) x7'x2 (),
where z € Z, g € K, (wio).

Corollary 3.23. There exists a unique element ¢y € m = n(y1, x2) such that ZK, (wio) acts on @qg
by 0. The associated Whittaker function for ¢y is given by

—v(a)/2 .
(3.22) W, ((g (1))) _ W{P x1 (@), ifv(e) >0,

0, otherwise.

Conversely, if there is an element ¢ € n’ such that ZK, (wio) acts on it by 0, then i’ =~ n(vx1,v"'x>2)
for some unramified character v.

Proof. Follows directly from Lemma[3.22] by a twist, and the requirement for the central character
to be X1X2- O

In particular if we assume the central character to be trivial, we get 7’ = m, for some 6" € 6[0]
as in Definition[3.11

3.3.2. Recovering the newform.

Lemma 3.24. Denote ¢y = ¢ (x1), @q = JT(((I) ?)) @y, and

- 3/2 C —C
Co=(1—p 1) p" f)a(x)w(w Lx)d”x.
xeO%

Then the newform can be written as

1
Gnew = char(09) = — > xi(@e¢,

Co /
a0 /@1 0)*

Proof. Note that Cy = /1 — p~! > x1 ()Y (@ x). In the Kirillov/Whittaker model, we
x(0/@1 0)*
have for v(x) > 0,
17



o592, ol %)l )

as(0/w@1 0)* ag(0/w“1 0)*

5 wos()w(fs %)

ae(0/w10)*
- ax
= ]_plp v(x)/ Z w( C)Xl(ax)
() 1
ac(0/w10)*

Here we used Corollary for the third line. The sum is automatically 0 when v(x) < 0. Note
that when v (x) > 0, the sum in a in the last line will be vanishing as the levels do not match. Thus
by a change of variable, we have

1 X

= 2 X (a)Wa((O ?)):char(OX):W%,,

0 4e(0jm1 0)*

From now on we assume that 7 = 71()(1,)(1‘1), p # 2 and ¢(y;) > 2, so that

(3.23) io = c(x1).
Then the character 8 can be rewritten as

(3.24) é(z (Z‘ Z)) = y1@x;" (@), forV(CCl Z) € Ko(@).

Definition 3.25. Define ®y (g) =< 7 (g) g, 99 > with normalisation @ (1) = 1, (i)o,o = @ | ZKo(w0)
and define for a,a’ € (O/zvio 0)X

(3.25) @ww@:xmmX?@7Qm«é_a?wyiéaﬁw»

- IR 1 —dw™\ (1 aw™
(3.26) Do (8) = X1 (@x7" (@) Doy g
0 1 0 1
Definition 3.26. Define the following test function

. =
3.27 - ' | e
( ) f(g) (p _ 1)pzo—1V01 (Z\ZKO (w’lo)) aa’e(OgﬂiOOP)x ’ (g)

Proposition 3.27. For L split, f defined in (3.27) w, = 1 and Iy = 0, Proposition[3.2Qis true.

Proof. The proof is parallel to that of Proposition[3.20L We first specify the orthonormal basis we
are going to work with. First of all, the elements in the set

(3.28) %«éﬁ»w

are orthogonal to each other. The proof for this is exactly the same as (3.30) in the proof of Lemma

[3.28] Then we complete an orthonormal basis B, from (3.28)).
18
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As in the proof of Proposition [3.20, we get that & (m&m) is the projection onto the
line spanned by ¢, by Corollary 3.23] Then as y7 = x;',

( 1 6 ) 0, if o € By, 0 # ¢,
/e - a.a = .
Vol (Z\ZK, (w')) XiH@x @) s, ifo=g,

Using Lemma[3.24] we get that

1 1
T (f) new = Colp= 1)pi0‘1 Z (Vol Z\ZKe (wm)) )ZXI ) e»

" GCo (p- 1)]?10 1 Z)(l (@) @ar = Gnew-

O

—igy
3.3.3. K—type generated by py. Let K’ = (g € GL, (F)N (ng wO 0 . We shall discuss the

representation o of K’ generated by ¢, here, which might have independent interest. It will also be
used in Lemma[5.2]

Lemma 3.28. Let m = 71()(1, )(1_1) be a unitary principal series representation, and @y € T be as
in Corollary[3.23) Let o be the representation of K’ generated by @g. The set {7 (g) @o}oek, Ko(@)

provides an orthonormal basis for the representation o, which is dimension [K' : K (wiﬂ)] =
(p+1)po.
Note that y; is automatically a unitary character by the setting.

Proof. 1t is straightforward to verify that we can choose the coset representatives as follows:
, ; 1 x 0 w@™\(1 x
(3.29) KK ()= | | (o 1)“ L (wfo 0 )(o 1)
x€m@™00/0 xew0*10/0

where the RHS has exactly (p + 1) p~! elements.
Let g, g’ be any different elements from the RHS of (3.29). By the invariance of the unitary

pairing, we have < m(g) g, 1 (g') @y >=< n(g’_lg) ©g, 09 >, Where g g e K’ — K, (wio).
Thus for the orthorgonality, it suffices to show that for any coset representative g # 1,

<7 (g) s, ¢o >= 0.

Letg = ((1) 1) for x ¢ O first. Then using Corollary [3.23]

(330) < 7(g) @y 0> = f W%((g (1))((1) ’f))W% ((‘(’; ?))dm: f Oy (ax) d*a
a€elf*
1

v(a)=

v(@)=0
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@ 0 J\0 1
open subgroup. Then up to a constant multiple, we have by (2.4)
(3.31)

< (g) gy, o >= fgoe (k (;jﬂ w(;l()) ((1) )15)) g (k) dk ~ f P (k (,;io w(;m) ((1) )15)) 6! (k) dk

keK keKo (w0

—iy
Nowletg:(o @ )1 x

) with v(x) > —ip + 1, let K be the standard maximal compact

Here we have used that ¢y in the parabolic induction model is only supported on BK) (wiﬂ). Writing
ki k
k = (wi°k3 k4)’ for ki, k4 € O and ky, k3 € O, we have
r 0 @™\l x\_ [ko" ko™ +kxoo
o 0 J\0 1) \ky@® ks + kyxo'

As v (quwi") > 0, we need v (k3) = O for the matrix above to land in the support of ¢y, which is

BK, (w’b). In that case we can write the matrix above as

(_ detk klw—io + kzxwio)( 1 O)

k3+ky xw'0

0 ks + ko (2
thus
detk _ N

(3.32) < 7(8) 0gr g >~ f i (m))(11 (ks + kaxar) i () (k)

kEKo(’wiU)

) k3 io
= X1 |\ —+x@°|dk=0
ky

kEKg(m‘iO)

Here we have used (3.24) for A(k), and that y,(detk) = y;(kiks) as ¢ (x1) = . O

4. A REFINED/SPECIALIZED PETERSSON TRACE FORMULA

Fix an étale quadratic algebra L over F = Q, at a fixed place p, and a character § on L. Let
¢ (7ry) be the level of m,y. Fix a weight k > 2, k = 0 mod 2. Let n, i be as in Definition [3.1l Define

4.1) Foln] = {holomorphic newforms F' of weight «, level N = p°, and trivial nebentypus
s.t. m, € mg[n] where &, is the local representation associated to F'}

We shall develop refined Petersson trace formula where only the members of #y[n] appear on
the spectral side. We shall start with smaller family and get the larger family by summation.

4.1. Test function. We shall make the standard choice for the local test functions when v # p. In
particular f, = char (ZGL, (O))) for any non-archimedean place v # p. f is the conjugate of the
matrix coeflicient for the lowest weight element of r.,, normalized to be an idempotent element
under convolution. Explicitly one can take

k=1 _det(g)/*(2i)* .
4.2) fu(g) = { 7 Chrer@dy if’ det(g) > 0,
0, otherwise.
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At the place p, f, is chosen to be (3.19) or (3.27), depending on L/the local representations
we are interested in. By Proposition 3.20, 3.27, p ( fp) is the projection onto the newforms from
r, = gy where 8 € 0[1], and

= 1, ifL/Fis an inert quadratic field extension,
0~ 0, otherwise.

4.2. Relative trace formula for integrals along unipotent orbits. Let iy be a fixed additive char-
acter of Q\A. Recall from Definition [3.1] that

c(0)
er '
Here when L ~ F x F, we use the convention that ¢(f) = c(y) if 6 = (y,x~'), and e = 1.
Alternatively one can define

(4.3) ip =

0]
4.4) io = | =5~ 1.
To get the relative trace formula associated to unipotent period integrals, we start with a pretrace
formula for proper f

1
(4.5) 2ippP De@Fe = D 1)
[

YeG(Q)

The sum in ¢ is over some orthogonal basis for Automorphic forms, and || - || denotes the L?—norm.
We choose the orthogonal basis to be extended from %4[ly]. Then by the choice of f specified in
Section 4.1l and Proposition the sum for ¢ is actually over ¢ € Fy[ly] as in (@.1)).
Integrating x,y in (4.3) along unipotent subgroups against additive characters, we obtain that
that

(4.6)
1 —
2, TGP ff PN ENF @)Y Cmity +mop)dndi = Y 1y, fom,m)
oeritol 1 1,eN(Q\N(4) YEN@\GQ)/N(Q)
where

-1
10 fomomy = [ f(((l) tf) y ((1) ’f)) Wty + mats)d (1,12
heH,\H(A)
H = N x N, H, is the stabiliser of y in H(Q).
The period integrals on the left-hand side of (4.6)) is directly related to the Whittaker function:

m
(O (-mi)dr = W, (( 1))
EN(Q\N(A)
Using the discussions in Section[2.4] we can rewrite the spectral side of (4.6)) as

- —2n(mi+m 1 3
(4.7) (mymy) 2712 g 2mmem) N () A, ().

2
ooy Il

The main task is, of course, to analyze the geometric side of (4.6)). For convenience, denote f , to

be the test function which agrees with f at all other places, and at p equals @, .
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Note that using the same computations in [9, Corollary A.6], together with that

p+1, ife . =1;

[L:FUL(1)] = {2’ ife =2

we have for supercuspidal representation case

1 =
(4.8) Vol (2\zB') = TETEE
On the other hand for principal series representation case, it is also straightforward to check that
(4.9) Vol (Z\ZKy (w")) = (p + 1) p*~".

Denote by Dy the constant appearing in f,, i.e.,
3 1
~ (p—1) plo/21-1Vol (Z\ZB!

when 7y is a supercuspidal representation, and

4.10) Dy /4

) P

1
De = . — =1
77 (p- 1) p Vol (Z\ZK, (w'))

when 71y is a principal series representation.
Define

(4.12) I(y,a,d' ,mi,my) = ff Jaa (”l (tl)_l yn (fz)) Y (=mity + mytr) d (11, 1)

Hy\HA

@.11)

Now the geometric side of (4.6) becomes

(4.13) Ds Z Z I(y,a,a’ ,my,m).

a,a’E(O]F/w“O/‘IUOF)X yeN\G(Q)/N
Here di, = 2 when L is a field, and d;, = 1 when L is split.
Also recall that by the Bruhat decomposition, N\G (Q) /N consists of first-cell terms (ﬂ 1) for

u € Q%, as well as second-cell terms ( 1 Ka ), u € Q. We shall discuss the corresponding orbit

integrals I (y, a,a’,my, m,) in the next two subsections.

4.3. Geometric side: First cell terms. The manipulations and the local factors at v # p for
first-cell terms and second-cell terms are the same as in [14), Section 3][[13, Section 7]. When

v = (ﬂ 1)’ H, = {(n (ut),n (1)) € N (Q)*). We get that

’ Hh—1
I(y,a,d’ ,my,mp) = ff Jaa ((g K 21 1))1&(—m1t1 + myty) dtydty

{(ut,nNeQ?)\A2

= f f fa,a/((g ’f))w(mlx)w«mz—uml)rz)dxdrz.

x€A HeQ\A
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Here we made a change of variable x = ut, — t;. As ¢ is nontrivial, the integral in ¢, is nontrivial
only when u = z—f In that case, we write mx = t and get that

(4.14) 1(vadmi,m) = f fuat ((”52 n;))wndz

teA
which is factorisable. At all finite places, we need v (m;) = v(m,) > 0 for the local factor to be

nonvanishing. At oo, we get mym, > 0. So I (y,a,a’, m;, m,) is non-vanishing only when m; = mj,.
For finite v # p, we have

m; t Iy, if v (m;) >0,
8’ , (D dt = ,
ff (( 0 ml))lﬁ @ {0, otherwise.
teQ,
For v = oo, my, m, > 0, we have according to [14, Proposition 3.4]

my t _ (47T)K_1 K =2n(my+my
ffv(( 0 ml))% (1) dt = *=2)! (mymy)* e ),
1€Qy

For v = p, and L is a field, we have by Corollary [3.18]

f fa,af,,,(("f; n;))wp (1 dt = f By (("51 n;))aﬁp () dt

tGQp ter

(= ((tm @ a't
= fq)o,o (( 0 m, ))l/’p (t)dt
1€Q,
a 00 7 .
Note that ( a(’)nl wma t) € ZB' iff ¢’ = a mod @}”*! and v (t) — v (m;) > —[iy/2], in which case
1
niy t t
f;t,a’,p 0 m lﬁp (I)dt = lﬁp —aoam—l lﬁp (f)dt
1€Q, v(t)—v(my)=—Tip/2]
[i0/2]

which is nonzero iff v (m;) = 0 and a = % mod @,""", in which case the value is plio/21,
In this case we obtain that when m,m, € Z., (m;, p) = 1,

(4.15)

D(F Z I (7’ a, Cl,, my, mZ) = 6m1=mz

a,a’E(O]F/'w“OmOEF)><

(4m)”! -1 -4 i0/2 2
(k — 2)'ml{ e Dy plio/?] =p Smy=m P,
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When v = p and L is split,

f fa,a’,p (("(1)1 I’I’il)) l,bp (1 dt = f Ea,a' ((7”(’;1 I’I’tll)) l,bp (t)dt
€Q),

1€Q,

:XI1 (a))(l (ar) f 50’0 ((n(’;l w m(a—a)+ Z)) lﬁp (0 dt

n
1€Qy

=x;' (@x (@) ‘f‘ Y, (1) dt

te—w Omy(a—a’)+m; Og
= Sunpzok” @ x1 (@) il (~@~my (a - o))
The sum over a, a’” would now be vanishing unless v (m;) = 0. In that case we obtain that
(4.16)

’ (47T)K_1 k=1 —4rm ’ — I ’
Dy Y I(ra.d mim) =8y e ™ D Yy (@) (@ ma ) P

i VX (k=2)!
a,a’E(OF/w’O OIF)
(G - . o
= 6m1=mz(K __2)'1’1’11 1€ 4 ngc (p - l)pU 1 = p( )/2_

4.4. Geometric side: Second cell term. This is probably the most technical part of the paper,
requiring more careful computations for the test function f,.
For v (u) < 0 even, denote the classical Kloosterman sum

(4.17) KL, (a, b, p) = > W, (at; + bt)

n.0&(@*?0,/0,)11t,=1 mod O,
where the additive character i, is assumed to be unramified.

First of all, as in the standard situation, we have for y = ((1) _(’)u ), H,=1and

-1
, 1t 0 —pu\(l ¢
(4.18) I(y,a,a,ml,ml):ffa,af((o 11) (1 (,)u)(o f))w(—m1t1+m2t2)dt1dt2,
A2

which is factorisable. The computation at the archimedean place and unramified places are the
same as in [[14]].
At unramified places, the local factor is nonvanishing iff v (1) < 0 is even. Then

4.19) I, (y,a,d',m;,my) = ffv ((_f1 * t_ tltz)) Y (=mity + maty) dtydty
2
F

= KL, (m, my, p) .
At oo, the local factor is nonvanishing iff m;, u > 0, in which case

e—27r(m1+mz) (47.”)K /—mlm2k—1
(4'20) IOO (Y’ a’ a” ml’ mZ) = 2 (K _ 2)' /’ll/z‘ll(—l (47T V/’tmlm2) *
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At the place p, the computations are more complicated. The basic strategy is to compute first

1 (((1) —O,u ) ,a,a’,my, mg) for a single pair of (a,a’), and then relate to others by a simple change
p

of variable.

4.4.1. Supercuspidal case.

Lemma 4.1. Suppose I, (((1) —O,u) ,1,1,my, mz) # 0. Then we must have m; = m, = oy mod @0/?1,

where aq is as in (3.13).

Proof. By making change of variable t, — t, + At, for At, € @ 0/210g, and note that ((1) Alt 2) €

Supp @, ;, we get by Corollary 3.1 that the integral is non-vanishing only if
W (—aoAnL) ¥ (myAty) = 1, i.e.my = ap mod @'/,
Similarly by a change of variable for ¢;, we get that m; = ay mod w'®/?1, |
To compute /, (((1) —O,u ) , 1,1, my, mz) explicitly when m; = m, = @y mod w@'™/?1 we care about

- —pu—hb
1 5
be even (including the e}, = 2 case, by the choice of f; ;). Then

when € Supp @, ;. By considering the determinant, we see that v (u) = —2k must

Lemma 4.2. (_fl Ka t_ tltz) € Supp @, if and only if all the followings hold
2
@) (12 + w=5) € ZUL (1),
(i) 15 — ﬁ = 1 mod " ®+To/2,
(iii) 1) = —5——1, mod w0/
27 poZio
In that case, we have
-t —u—tt = -t - =), L
(4.21) ! 12) = | 2750 iy 2 Do
1 b 0 1 15

and

—f -y — 1
(422) fl,l,p (( 1tl H ¢ lltz)) = 9_1 (tz + \/5 ] )lﬁ(ao (tl + %Q]) .
2 @ ™ Da™

Proof. The matrix decomposition (@D is direct to check, while the remaining statements follow
directly from the definition f;; , = @, ; and Corollary .18 O

We make an explicit description of admissible values for v (i) and v (1,).

Corollary 4.3. When the set satisfying (i)-(iii) is non-empty, we must have v (u) = -2k < —c(my),
and v () = =k < —i.

Proof. Consider the case e¢;, = 1 first. From Lemma [4.2(i), we get that v(f;) < —iy. From (ii),

we get v(u) = 2v(f) < —2iy = —c(mg). When e, = 2, we also get v(t;) < —ip from (i), and

v(u) =2v(t) < —2iy — 1 = —c(my) from (ii). O
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Under the conditions in Lemma4.1] 4.2] we have

(4.23)

I, (((1) —g), L 1,m1,m2)

_ 1
= f 0 ! (tz + \/l_) b)lﬁ(a/o (1‘1 + %tz]]lﬁ(—mltl + I’I12f2) dtldtz
wl 2 - DWZiO

t; satisfying (i)-(iii)

_ 1 @
= f o! (z2 + 7 'o)w[t Oﬂl th + m2t2) f v (g —my) ty) dtydt,
' 2~ Do

tp satisfying (i)-(ii) ty satisfying (iii)

15
h+ mzlz) v (— (g —my) oo i d

2 - Dw2i0

Qo

1
)
\/Bwlo) £~ ﬁ

= pri"/z] f 6! (tz +
tp satisfying (i)-(ii)

mu

1
e L4
\/BZD"O) (l% - le.ZiO

= pri"/z] f 0! (tz +

tp satisfying (i)-(ii)

H+ mzlz) dp,.

Here in the third line, we have used Lemmal4.l so that the integrand is constant for the integral in
t; with the domain given in (iii).
For a general pair (a, a’), we have

Lemma 4.4.

Ip(((l) _Oﬂ),a,a’,mbmz): p((? _ﬂga),l,l,a"lml,a‘lmz).

Proof. By definition,

(4.24)

-1
0 - , = 1 ¢t 0 — 1 ¢
Ip((1 51),a,a,m1,mz):f®a,af 0 11) (1 (’)u)(o f))lﬁ(—m1l1+mzt2)dt1dt2
F2

-1
= ©0\(1 ¢ 0 —u\(1 t\(a' O
= q)l,l’ % 1)(0 11) (1 51)(0 f)(ao 1))9&(—m1t1+m2t2)dt1dt2

F2
-1
= 1 a't 0 —waad'\(1 at
= q)l,l’ 0 all) (1 /Jéla)(o alz))w(—m1t1+m2t2)dt1dt2
F2
-1
= 1 ¢ 0 - (1 ¢ ,_ _
= q)l,l’ 0 11) (1 ,u(;ld)(o f))w(—a 1m1t1+alm2t2)dt1dt2
F2
(4.25) :1,,(((1) _Mga),l,l,a'_lml,a_lmz).
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Note that a, @’ are defined mod w'©/?!, and the local integral should be independent of the choice
of representatives. Combining the previous lemmas, we get that 7, (((1) _()Iu) ,a,d,my, mz) 18 non-

vanishing iff a’ay = m; mod @21, aay = m, mod w'©/?!, in which case we simply choose a’, a
such that a’ay = my, aayg = ms.
As a result, we have for fixed m;, m,,

(4.26)

B _ 2
ZI,, ((? 6“),61, a',m1,mz) =1, (((1) (';L),a51m2,0z51m1,m1,m2) =1, (((1) %o 'Lémlmz), 1, LOZO,OJO)

. 1
= plio/ f g (;2 + : )¢ TR+ ot |diy
VDw o (t% -1 )

7i
. NP2l _mimu V()+ig /21 Dw*'0
1 satisfying (i),r; 70 _—(Y(z) mod @'
, mymyu
— li0/2] -1 111,
=p 0 0 (t, + 0/9)(,0 — L+t |dh
2 0
) t; — -
tr+peZUr(1),Nm(tp +ag)=m mou mod w"#*io/2] 2 Dw?o

In the last line we have made a change of variable @y, — t,, and used that ay = %, Olpx = 1.
Note that we can alternatively write

(4.27)
—1 mympp
G, (my,my,0,u) = f 0 (h+ap ¢ 2—0212 + 1 |dh
t+ag€ZU(1),Nm(t2 +ag)=mimou mod w"®*Tio/21 t2 Dw0

= f 0" (e)y o Tr(% (mlzh'u + e)) de

e=t+geZUy (1),Nm(e)=m;myp mod w"¥+Tio/2]

Lemma 4.5. When k > iy, we can adjust the congruence requirement for t,, i.e.,

(4.28) G,(m,my,0,u) = f 07 (th+ap) Y wlz + 1 |dn
2

22
- —
V(tp)=—k 2 Dw*o
—1 @) mymyu
= f 0 |t + — |y —h+0h dt,
VD" 2%
Nm(ty+ag)=mmop mod w"W+i 2 Dw?0

for any 0 < i < |k/2]. In particular we have the square-root cancellation for the generalized
Kloosterman sum:

G, (mi,my,0,u) <, pk/z.

Proof. When k > iy, t, + ay € ZUy (1) follows directly from v (#,) = —k. We apply the p-adic
analogue of the stationary phase analysis. Writing t, = ¢y (1 + dt), with v (dt) > [k/2], we have

203 tdt
_ Q@ 1 (o)) D@20
(4.29) 9%Q+ ,):0(m+ .)¢ ,
VD VD t(2) _ _D:le,o
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-0 -0
2 D,w.ZiO 0 D,w.ZiO

(4.30) w(zmlLff;tz + lz) = w[%m + to]w -
t !

The stationary point has to satisfy

2
2% mymou (t?) +—5 )
Do D@0 _ Lk/2]
4.31) — = > + 1 =0 mod @&".
2 a() 2 0/2
o~ Dw?0 (to - D 7 )
-0
This equation factorizes as
24 %
mymy 0 2i
(4.32) - £ Do — ) mod wi¥/2.
2 - % 2 %
0 D20 0 Dw0

2

t2+n—0i
When k& > iy, we have |k/2]| > [ip/2], and % # 0. Thus the stationary point must sat-
tiz)_om—gio
isfy the congruence condition imposed in (4.27)), and the nonzero contribution comes only from
Nm (fy + ) = mymou mod w"®@*%/21 The square-root cancellation follows directly from this

requirement for the stationary point. O

Remark 4.6. The freedom to adjust the congruence condition for #, is later used in the proof of
LemmaM.17to obtain cancellations among second-cell terms for different 6.

Remark 4.7. As a sanity check, we show that when k > ¢ (), the local integral G, (m;, m,, 6, i)
reduces to the usual Kloosterman sum. Indeed in that case, we have 87! (t, + ay) = 1 by the level
of 0, and

2
mpm mym @ mpm
l,b l—ﬂ;tz'i‘l‘z :lﬁ tHh + 1A 1+ 20 -+ - :lﬁ th + T .
2 % t Drtzeg2io t
tz_DWZiO 2

4.4.2. Principal series representation case. In this case, it is easier to compute

I, (((1) _(')u ) ,0,0,my, mz) first, i.e., to use ® as the test function.

Lemma 4.8. (‘1’ L ! 1’2) € ZKo (@) if and only if all the followings hold
2

(1) V(/J) = =2k, v(ty) =v(ty) = -k < —iy;
(2) tit, = —u mod w™*.

In that case, we have

(4.33) 1,,(((1) _()“),o,o,ml,mz): f X;l(ﬂ)xﬁ(tz)lp(mt—j‘mztz)dzz

w(ty)=—

Proof. Note that this case is very similar to the classical case where f, is the characteristic function

of a congruence subgroup. By considering the determinant, we get that v (u) = —2k for some k € Z.
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K[~h —H—hh
1 15)
Definition[3.23and ¢, = —% mod Ok,

0 - _ m
(4.34) 1,,((1 éu),O,(),ml,mg): f Xll(wk’:t_z))(l (wktz)w(#+m2t2)dt2
v(ty)=—k

m
= f X1 Wi )y (f’u + mzlz) dr,
w(tr)=—k

Thus @ ) € Ky (wio), giving rise to all the conditions for #; and k. Then by (3.24),

For a general pair (a, a’), we have

Lemma 4.9.
I 0 —u a,a ,mp,m | = y7' (a) lp(—m aw""’) (a) w(m a'w_io) I 0 —u 0,0,m;,m
p 1 0 s Uy s 1s 2 Xl 2 Xl 1 p 1 0 s U, U, 1, My .

Proof. By Definition [3.23]
(4.35)

Ip(((l) _O’u),a,a’,ml,mz)
-1
= 1 ¢ 0 - 1 ¢
:fCI)a,a, ((O 11) (1 (Su)(o f))w(—m1t1+m2t2)dt1dt2
F2
. -1 .
) N (= (1 —amo\(1 6\ (0 —u\(1 B\(1 az
:Xll(“))“(a)fq)oﬁ((() a;p' )(0 11) (1 611)(0 12)(0 awl- ))¢(—m1t1+m2fz)dtldt2
F2

=x{ (@ (—mzaw_io))(l (a)y (mla'w_’b) I, ((? _6u) ,0,0,my, mg)

Corollary 4.10. >’ I, ((? _O'U) ,a,a’,my, mg) is nonzero only when v, (m;) = 0, in which case

0 - ’ io— - mm
ZI”((l (';1),61,61,"11,"12) =(p—-1)p°! f Xll(mlmzu))(f(tz)w( 1t 21 +t2)dt2.
a,a’ 2

v()=—k

Proof. By the previous discussions, we see indeed that

ZXII (a) lﬁ(—mzaw_iO))(l (a") w(mla’w"b) #0
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iff v, (m;) = 0. In that case, by a change of variable, we have

2
ZI,, (((1) _O”),a,a’,ml,mz)=)(1 (mflmz) ZXI (a')lﬁ("/w—m) I (((1) _()ﬂ)’o’o’ml’mz)

_ e _ m
= x1 (my'my) (p = 1) p~! f)(ll(ﬂ))(f(tz)lﬁ(t—lﬂ+mztz)dtz
2

w(t)=—k

=(p-Dp"! f X1 (mimo) x (fz)kb(

W(tr)=—k

mymp{l

+ tz) dt.

Definition 4.11. When L splits, denote

mympU
[5)

G, (my,ma, 0, 11) = x7' (mymaps) f Xi (1) lﬁ( + fz) dr,.

w(ty)=—k

Lemma 4.12. G, (m;,m,, 0, 1) is vanishing unless there exists t, such that v, (t,) = —k and t% +
2a,,t, = mymop mod @ 321 In that case, we have

minpu
1)

(4.36) G, (my,ma, 0, 1) = x7" (mymap) f x%(rzw(

v(tr )=—k

= x7! (mimap) f Xi (1) w(

t% +2a), h=mymap mod @'

+ tz) dty

mymp
1)

+ lz) dn,.

Here 0 < i < |k/2]. In particular we have
|G]7 (mb my, 93 /1) | <<p pk/z-
Proof. Lett, =ty (1 + dt) for v, (dt) > [k/2]. Then

mympU
Iy

1mad
Iy

G, (my, my, 0, 1) = x7" (mymop) Z)ﬁ (5(2)) w(

fo

+ to) f W (Z%dt) W (—m dt + todt) .

dtew*/210g
The integral in dt is nonvanishing only if

mnnu —[k/21

2a,, — + 1) = 0 mod @

Io
for some #y,. The claims follow now easily. O

Remark 4.13. Again when k > 2iy = c(my), we get that the stationary points satisfy

2

) =xi(h) =1.

t% = mymyu mod w50 X1 (
mnipu

Then the generalized Kloosterman sum becomes the classical Kloosterman sum.
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4.5. Petersson trace formula for small families.

Definition 4.14. Define the generalized Kloosterman sum to be

G (my,ma, 0,1) = G (my,ma, 0,00 % [ | KLy Omy,ma, )

v#p finite

where G, (my, m, 6, u) is given in Lemma [4.5)Definition 4. 11l according to whether 7, is a super-
cuspidal/principal series representation, and KL, (my, my, 1) is as in ({.17).

Recall that

(4.37) o = {1, if L is z'm inert field extension
0, otherwise.
Recall Dy is given in (4.10)/@.11). Denote

(4.38) Cr[lo] = Dy ¥ plo/21if mry is supercuspidal,
. TR (p - 1) po!, otherwise.

Then in either case, we have C#[ly] <, p® <, VC (n), and
(4.39) L,(y, f,my,my) = Ce[lh]G,(my, my, 0, 1)

for second cell terms y = (1 Ka )

Definition 4.15. Let ¢y = p®*! when ny is a supercuspidal representation by Corollary 4.3] and
co = p" when ny is a principal series representation by Lemma 4.8l

Theorem 4.16.
-2
1 _ (4m)<! o O lmimy, 0, ¢ A \Jmim;
Z _2/1"11 (QO) /lmz (QO) = CT[ZO]— 6ml=mz + 2mi Z ( )Jk—l
gl (k=2)! 2. c c

Proof. Here we collect all the calculations we have done in the last three subsections. We start
with the relative trace formula in (4.6). The spectral side is given in (4.7), while the geometric side
is set up in (.13). The first order terms on the geometric side are given in (4.13))/ (4.16).

The second cell terms are given in (£.26))/Corollary at p, and in at other places.
Note that the local requirements for i implies that u = Ciz for cylc.

We have also canceled (m,m,)*/*~1/? e=27m+m) from both sides for the final formula. o

4.6. Spectral average. For applications, it is helpful to be able to sum over a larger family than
0[ly] on the spectral side, in order to reach a balance between the main terms and the complicated
analysis of the error terms. The main idea is that with longer sum on the spectral side, the sum of
the generalized Kloosterman sum should be shorter.

Let Iy < [ < iy. For any & € 0[I], we apply Theorem [4.16and get

(4.40)

1 _ (47r)i<—l y

E ‘ 5 Amy (@) Ay () = Corllo)——5 | Omy=m, + 27 E
llell (k —2)!

weFy[lo]

Note that C#[/y] depends only on L and ¢ (6).
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We now take a sum of (4.40) over ¢ € 6[I]/ ~;,. The non-trivial observation is that there are
further cancellation for the second order terms on the geometric side as below:

Lemma 4.17. Forv(u) = -2k < —2iy, we have

1 , Gy ma, 0., ifk >, (co) + -1
I TaAT > G,,(ml,mz,e,ﬂ)_{ :

ot~ 0, otherwise.
Define
(4.42) Crlll = CrllII6IT = Ollo]1.
It is clear from Lemma[3.5] that
(4.43) Crll) = p™" Crllo).

From Lemma .17, we immediately obtain the following result:

Theorem 4.18. Let ¢; = cop'™. Then
(4.44)

A7)« ! G (my,my,0,c™? 4 \Jmim
(4m) [5ml=mz+2ﬂikz ( )JH( NG 2)

(k=2)! c c

4.6.1. Proof of Lemmad. 17" supercuspidal representation case. Consider first the case where 7
is a supercuspidal representation. Note that v (Nm (ag)) = —c(79), and v, (cp) = ip + 1 in this case.
Suppose k > v, (co) + 1 — [, first. For any " € 6[I], we have ay € ayUr (i — I) by Lemma[3.8 Then

we claim that
1
Gy (ml, my, ¢, _2) = f o (12 + aef)lﬁ(Mfz + fz) dn,
c

1 _
2 o @ s (¢) = Crll]
eFalll ¢

clle

Nm (5, + ay)
W(tr)=—k
- mpmyl
4.45 = 0! (1, + — T o +b|dn.
(4.45) f (2 ag)w(Nm(t2+a9)2 2) 2
W(tr)=—k

Here the first equality is Lemma By the condition ag € ayUr (iy — j), we have 1, + @y €
(1) + ag) Up, (er, (k — c(mmg)/2 + iy — 1)) C (t, + ay) Uy, (erip). Here we have used that ¢ (my) = 2ip +
er — 1. Thus 07 (t, + ap) = 07" (t, + @) as ¢ (6) = iper; Similarly we have

Nm(t; + ag) = 13 + Nm(ay) € (8 + Nm(ay)) Us(2k — c(mg) + ig = 1) C (£3 + Nm(ayp)) Us(k).
Thus by the Taylor expansion, v(u) = =2k < =2y, v(t;) = —k,

mympu mymyu
t, + Opg, —0h| = —0h].
2T YR 50 l/'(Nm (> + ay) 2) w(Nm (> + ap) 2)

mymo c mimo
Nm(t; + ag) - Nm(t, + ap)

Lastly ™' (t + @) = 07 (t2 + @), as ¢(07'0") < el while 1 + ay € ZUL(%(2k - ¢(mp))) C
ZUL (eLl). Thus

1
Tari - a1 G b} s 9,9 = G . . 0, .
[611] : O[lo]] e'e%;N p (my,ma, 0, 1) p (my,my, 6, 1)
lo
Consider now the case v, (cp) < k < v, (cy) + 1 —ly. By the same argument as above, it is clear
that for any 6, € 0[l], and ¢ € 6,[k + [, — v,(co)], we have G, (m|,m,, 0", u) = G, (m;, my, 0, ).
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We shall average over slightly larger family ¢ € 6,[j] for j = k + [y — v,(co) + 1, so that we
will see the cancellation while only have to deal with the first order terms and first digits for the
p-adic stationary phase analysis. Note that j < [ by the condition on k. Then we claim that for any
0, € [1],

(4.46)
Z Gy (mi,mp, 0, 1) = Z f 0~ (12 + ap) lﬁ(ﬂtz + tz) dt, = 0.
¢ €6, ] e Nm (%, + ay)

2 ,
3=mymap mod @Y+l

Then a further sum over 6, € 6[/]/ ~; would also be vanishing.

For the first equality in (4.46)), we apply Lemma for i = 1. Note that v,(13) < v,(Nm(,))
as k > iy + 1 in the supercuspidal representation case, the congruence requirement Nm (#, + @) =
mymop mod @***! is the same as 7 = m;mop mod @' **!, which is independent of ¢'.

For the second equality of (£.46)) , we write @y = ay, + @y u for u € @*~/Oz. Then by Lemma
3.8] the sum over 6;[j]/ ~;-; is parameterized by the sum over u € @"*~/Oz/w"~/*! Og. By the same
argument as above, we have t, + @y € (f+ay, )UL(er (k — () /2 + ip — j)) = (ta+ay, ) Ur(erip—1).
Then by Lemma[2.1]

(4.47) 9,_1(t2 +ay) = 9,_102 + ap, + agu) = 9'_1(& + ag WL (_@e/ ~ )
tz + le
0,_1 20’3] tHhu

= Hh + S

2+ V| N, + )

r—1 zalglu
=0 (tz + @y, )lﬁ - " .
2

2

20, u
Here in the last line we have used again that v,,(t%) < v,(Nm(ayg,)), and that vp( Zl ) > —1 by our

choice of j. .
Furthermore as 1, + ay € ZUy, (%(Zk - (719))) with Z(2k — ¢(79)) > 5. Then
(4.48)

—1 -1 —1 -1 @y, -1 Zaglu
0 (trtag) = 01 (h+a )(010" ) ta+ay,) = 01 (L+ap WL —@gU—— =0, (h+ag) Y| - .

2 1)

Similarly one can compute that

—y mymyu b 2m1mzua§1u
Nm (fg + 0/91) 2 tg

Piecing together (4.46)@.47)(4.48)(@.49), we get that

(4.50)

Z Gp (ml’ ms, HI’N)

0'€61[/]

mm 2(m myi — 2t2)a'2 u

— 1mop 17182, 2776

= 6 ! L+ ag W | ———¢ E lﬁ 1 dt
f 1 ( 2 91) (N (tz 91) 2) ( t3 ) 2

uew'0~I O w0+ O 2

(4.49) lp( L )

Nm (t + ag)

t% =mymou mod @V (+1
=0.
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In the last equality we have used that v,(mimou — 263) = =2k as 3 = mymou mod w***!, and
2(m1m2,u—2t§)a§ . . . .
vy (—;‘) = —ip + j — 1, thus the sum in u first gives 0.

h

4.6.2. Proof of Lemmad. 17 principal series representation case. Consider now the case where
7y is a principal series representation. This case is easier than the supercuspidal representation

case. In this case, & = ()(’,)("1) € 0[] if and only if ¢ ()(Il)(’) < j. Recall that by Lemma 4.12]

tz
G, (my,my, 0, p) = f)(’( 2 )w(mlznz’uﬂz)dtz

mymp 2
v(tr)=—k

t2
“.51) - f X'( 2 )¢(m1m2” + tz)dtz.
mymyp 5]

t% +2a, ty=mymop mod @'+

Recall that in this case v, (co) = ip and [y = 0. 0 < i < |k/2]. Note that v (m;mypu) = v(tg). When
k > iy+1, choose now i = min{|k/2], k—iy}. Then the points in the integral domain in (4.51)) satisfy

ty + 2ty — mymo = t; — mympp = 0 mod @,

2 .
as v, (%n tz) = —ip — k. Equivalently we have mlt;lz# = 1 mod @'.
For such 1,, it is clear that

2 2 2 2
’ 2 2 1.7 2 2
X( )=X1( )Xll)(( )=X1( )
mlmz,u mlmz,u mlmz,u mlmz,u

as c()(fl)(’) < | < min{|k/2],k —iy}. Here we have used that either |[k/2] > k— iy > [, or
Lk/2] < k — iy, in which case we have k > 2i, + 1, and thus / < iy < |k/2]. Thus when k > [ + iy,

1 / _ t% myniy U
(452) m Z Gp (ml,MQ,Q,,ll) = f X1 (mlmzu)lﬁ( p +t2)dt2

& <611/~ 2

- )
fZ=mymyu mod @+

=G, (my,mp, 0, 11).

On the other hand when iy < k < iy + [ < 2iy, we have |k/2] > k —iy. Choose now i = k— iy + 1.
The domain of the integral in (4.51)) becomes

5 — mymyu = a1 = 2a,,t, # 0 mod o'W

Here we have used that when ¢’ € 0[], a,, € a),, Ug(ip — ). Asi =k —iy+ 1 <[, we have
2

5 I
# 1 mod w@'.
minnpu
Then we have
1
(4.53) _— G,(m;,m, 0,
(6101 - O1lo]] 9% p (o 649
1 f ( t% ) (mlmz,u )
- ! +t|dt, =0.
(6101 : Ollo]] 2. X o) Y\ T )

. —1,7
t%—mlmzyEchXltz mod @'+ C(Xl X )Sl
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4.7. the Refined Kuznetsov trace formula. The discussions so far also allow us to derive the
refined Kuznetsov trace formula in Theorem without additional difficulty. Note that the only
difference for this case and the Petersson trace formula case is the Archimedean computations,
which has already been done in, for example, [13]].

We shall skip the details here, leaving them to interested readers.

5. ALTERNATIVE DESCRIPTION AND COMPATIBILITY WITH VORONOI FORMULA
Again this section is purely local.

5.1. The relation between the test function and local matrix coefficient. The construction of
the test function f, is closely related to the restriction of the matrix coefficient of the newform to
proper subgroups. We make the relation more clear here for later discussions.

Definition 5.1. Let K’ be the maximal compact open subgroup whose elements lie in

O]F w"b O]F
w‘b OF OF )

Lemma 5.2. For n = r,, suppose that «(w) > 3. Let Qne, € © be a L>*—normalized newform, and

®,, .. be the associated matrix coefficient. Let v(u) = =2k < =2iy. For v(t;) = v(t;) = —k, we have
for test function f, as specified in Section @1l and some positive constant a, <, p"™'? <, C¢[ly],

= —pu—-hhl _ = —hi —pu—hb
iy | RS (i |

- —pu—-hb

1 ; ) Consider the supercuspidal representation case first. By
2

Proof. Denote g = (

Corollary |
Doy = =1 g1 Z X Qy
a,a'e(0p/w0/%105)
Comparing with Definition[3.19] we get that
1 -
= Nolz\zB") P
by (4.8), and it suffices to check by Definition 3.17] that,

CDO,O|ZBl (ga,a’) = (DO,0|ZK (ga,a’)-

oa’ 0\ (o a' 0
Here 8aa = 0 1 8

«(m)/2

), and we have used that

0 1
a0\ _, (@ a! 0
[0 (7o )=

Note that ZB! ¢ ZK. Thus it suffices to show that g, € Supp ®yo N ZK implies g € ZB'. Indeed
in that case, we have v,(det(g,)) = v,() = =2k, so
k=1 _ io+k 7

w'a'a't; —(u+hHhh)w a)eK.

k
Ty = o
8aa ( whiog! a*t,

Note that the lower left element satisfies v,(@*©a™") > 1. Recall that Supp ®o C J = L*Ky, (L(6)/2]),
and when c¢(rr) > 3, the lower left entry of any element in K%L(LC(H) /2]) also satisfies v, > 1. Then
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for @* g, € Supp @9 N K implies g, € ZJ' = ZUL(1)Ky, (Le(6)/2]). The claim now follows
from Corollary
The principal series representation case is mostly parallel. In this case by Lemma[3.24] we have

1 -
() ew — cDa,a’( )
o =iGE 2 Bus
a,a’€(0z /w0 OF)
Comparing with (3.27)), we get that

1
2 2
ay = |Col =, p2,

(p— 1) po=1Vol (Z\ZK, (@) ~

and the lemma is reduced to check that Supp ®yo N ZK' = ZKy(w™). This follows immediately
from Lemma[3.28 o

Remark 5.3. a, only depends on L and ¢(r), and actually a, = (1 — p~")C#[ly] for our choice of f,
using a case by case check. But we do not need this property here. The condition v(u) = -2k <
—2i, can be easily achieved by using Petersson trace formula for slightly larger family according
to Theorem H.18|

For later applications, we also prove the following lemma

Lemma 5.4. Let 1 and n be as in Lemma(5.2) and v(t,) = —k, v(t;) > —k. Then both f, and D,
are vanishing.

Proof. From the computations in Section 4.4} it is straightforward to check that f, is vanishing.
Consider for example the case where 7y is a principal series representation. By Lemma[4.8] g =
(_lt LR t_ tltz) € Supp d~)0,0 = ZKy(w@™) only if v(t;) = v(t,) = —k. For general (i)a,a/, we do
2
+w g
1
valuation of the upper left or lower right entries as k > i.
On the other hand, let —j = v(#,) > —k, and we apply the extended Iwasawa decomposition in

the sense of [7, Lemma 2.1],

2j J —l5=j
_i|pwm @ (—u—tn))( 1 5w e
wj( @ity )(w" 1)( i) =0

g =
-1 )(1 -1
K : , otherwise.
1 Ji1 1J\1 1++%

One can now check case by case that g is not in the support using [7, Proposition 2.19]. For
example when j > 0, we have v(a) = 2j — 2k for a = uw?/, while [7, Proposition 2.19] requires
v(a) > min{0,2;j — ¢(m)} > 2 — 2k. O

. 1 . . o
translations by on the left or right, which however does not change condition for the

Remark 5.5. With a little extra work, it is possible to show that @, is vanishing on the given g
when k = ij.

5.2. Alternative approach to the second cell terms.
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Corollary 5.6. Let the test function f be as in Sectiond. 1l Suppose that v(u) = =2k < =2iy. Then
the the second-cell terms can be alternatively written as

G Ly, fomim) = 1_“’;) _ f W%(("éz (1))((1) —Ou)((l) 1))¢( mit)dt,

v(t)=—

_agpt my 0\(0 —u\(l * mu
-1 [ (5 )0 3o el

Proof. By Lemma[3.2] Lemma[5.4]and (2.3), we can rewrite
(5.2)

p(y’fml’ml)_ffp(( 1) ((1) _O/J)((l) 1))!,0( m1l1+ﬂl2l2)dt1dt2

— ({1 Y0 —u\(1
=a, f q)%ew((o 11) (1 (;J)(O 1))!,0( m1t1+m2t2)dt1dt2

v(t))=—k,v(tr)>—k

= a, an(—,U)< ﬂ(((l) tlz)) Pnew> ﬂ(((l) —O,u) ((1) tll)) Cnew >Y(—=mity + myty)dtidt,

n,h

caf TR s s 0 0 o

t1,ty x€F

Here we have used our assumption that w, is trivial. Now we swap the order and integrate in
v(t;) > —k first. Using that

(5 o )=l 3)

we get that the integral in 7, is nonvanishing iff x = m; mod @w*. As W,
we get

63 ho ey =apt [ [ w%ew((g; (1’)((1’ ‘0")((1) 1))w< i)y

v(t1)=—k x=my mod w*

(a(x)) = char (OX) (x),

Pnew

We show now that the integrand is a constant function in x when x = m, mod w@*. Note that in the
extended Iwasawa decomposition

)0 06 )= e ) )
L [ R L ([ S

which is of level < k in x by [8, Proposition 2.12]. Thus the integrand is constant for x

m, mod @*. The corollary is now clear. O
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5.3. Compatibility with the Voronoi formula. The alternative description Corollary [3.6] for the
second-cell terms for the Petersson/Kuznetsov trace formula allows us to analyze the character sum
after applying the Voronoi formula more easily and to reduce the problem to the existing works.

Definition 5.7. For some integer a with (a, p) = 1, define

k u
~ R Z my 0\(0 —u\(l = an
Gt =25 [ ([ S0 G )

v(u)=0

The reason we make this definition will be clear in Section [6l

am

T ) > —c(m), in which case we have
p

Lemma 5.8. 51, (my,my,a,0,u) =0 unless v (mz,u +

o 3k—c(n)
G[) (ml’st as 99#) <<p P 2

Proof. Our strategy is to reinterpret the integral as the value of the matrix coeflicient. By a change
of variable and the invariance of the newform, we get

~ my 0\(0 —pu\(l ML anmu
(54) G, (m,m,a,0,1) = p* f W%ew((o2 1)(1 O)(O fk) w(— pk )dxu

V(u)=0

|
o el T A

v(u)=0
_ ok 1 u 0 —mu\(l _dmi
=p fw,r (u)W%ew(( 1)(1 0 )0 ;)1))¢,( P )d
v(u)=0

I -0\ (0 -m 1 4
_ .k k 21 &
o ()0 )

1 —“p% 0 —-mou\ (1 # _ —am, —(mz,u + %)pk
1 I 0 0 1 P 1
By [11, Theorem 5.4], this matrix is not in the support of the matrix coefficient of the newform
%

k—c
unless v ((mz,u + 73 -
now. =

Note that

) pk) > k — ¢(m), in which case |D, | <, p . The lemma follows easily

6. APPLICATION TO THE FIRST MOMENT OF THE RANKIN—SELBERG L-FUNCTION

6.1. Preparations. We take a special version of the Voronoi formula from [6, Lemma 7] or [[15}
Theorem A.4], though a more flexible version would be helpful to extend our main result to more
general situations.

Theorem 6.1. Let (a,c) = 1 and h be a smooth compactly supported function in (0, 00). Let g be

a holomorphic modular form of weight ko, square-free level M and nebentypus . Let M = M, M,
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with My = (M, c). Then there exists a newform g* of the same level M and weight k, such that

2 aban) 4
6.1) Z/lg(n)e( )h(n)_ 7] Z/l (n)e( zn) f h(f)JKg_l(C”\/Af)df
0

Here x denotes the multiplicative inverse of x mod c, and n is a complex number of modulus 1
depending on a, c, g.

The following lemma is straightforward to check using the Chinese remainder theorem:

Lemma 6.2. Suppose (n;,ny) = 1, a;a; = 1 modn;, i = 1,2, niny = 1 mod ny, nony = 1 mod ny.
Then
(ainy + axny) (a_lnzn_zz + a_znln_lz) = 1 mod nn,.

6.2. the first moment of the Rankin—Selberg L-function and hybrid subconvexity bound. Re-
call that Fy[!] is the set of holomorphic newforms of weight «, level N = p° with ¢ > 3, and trivial
nebentypus, whose associated local representation 7, € my[l]. Let g be a fixed self-dual holo-
morphic cusp form of weight «,, level M and nebentypus y. We assume M to be square-free and
coprime to N. y is quadratic by that g is self dual.

The implied constant for the bounds < are always allowed to depend on €, which we omit from
notations. Denote the harmonic average as in [15]]

h F'k-1)
(6.2) pi=
Zfl (4m)~! Z 1P
Let M, be the first moment of the Rankin—Selberg L—functlons
h
(63) My= ) L(fxg.1/2)
feFolll

Here f is normalized so that A, (1) = 1. We also assume from now on that e(f X g,1/2) =
since if it is =1, L(f X g, 1/2) = 0. Note that e(f X g, 1/2) is the same for any f € Fy[/]. By the
approximate functional equation, we get

24, ( )
6.4) M, = Z; \/ﬁn ( NM)f;ymhﬂf ).

Multiplying with A, (1) = 1 and applying the refined Petersson trace formula in Theorem 4.18] we
get that

M, = M+ MY,
where
1
6.5 M =2C#[I]V
(6.5) au (NM)

6.6) My = 4i'Cr Iy Z“) ( )G(n,l,@,%)],(_l(dmc\/ﬁ).

clle

To analyze the off-diagonal term Mgd , we break the sum into dyadic ranges as usual by multiplying

with a bump function 77, where the size of the sum inn is Z <« (NM)'. Up to a small error, we

may assume that c < (MN )* for some fixed large A. Furthermore, we write ¢ = d, pk fork > v,(cr)
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and (dp, p) = 1, and organize the sum in ¢ according to d, and k. We shall however be mainly
interested in the case where k < ¢(r), as the complementary case is much easier to deal with by

Remark [4.7] By Definition 4.14, (4.39)) and Corollary

1 1 Py
G(n 1 9 Cz) Cg:[l] Z e(d_+d_p) p(y’fn 1)

ve(z/dyz)* d

_ ap Py ny 0 —u\(l = nu
7 =TT f(d—,,+d—,,)f W“’"”’((l 0)(0 pl))e(‘?)d”

ye(Z/dyz) W(u)=0

Because of this, we write

(6.8) MY = 4nita CT[ZO Z Z Koz

clle Z<<(MN)1JrE

where
. kol _IZA (n)nz(n) V() JK_1(4zrc\/ﬁ
3 ) e O D
" —ok _ «
i ye(z% z)*e(pd_”y)va e ((? o ((1) 1’1))
) (=55 2

Here in the second equality we have swapped the order of the sum in » and the sum/integral in y/u,
as the integral in u is essentially a finite sum.

Lemma 6.3. for L = g we have

(1+%)p ((")1/21 when L > 1;
K.7; < (cMZ)* g e
(1+dp2k ((,,)Lz) ,/ L when L < 1.

Proof. Denote

o= SO ) (4235 () )
P

P

for which we wish to apply the Voronoi summation formula in Theorem In particular Lemma

implies that
ny nu yp* - ud,
el—|e|-—|=e|l——n
d, pk c
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on the left-hand side of (6.1) with a = yp* — ud, becomes

aMsn ﬁzyl_f" Mzudl%
e|l- =el|- nle n|,
c d, pr

on the right-hand side of (6.1)). Thus

21 Vyﬁy‘ Myud ?
(6.10) Kea(y) = - M;ﬂg»«(ﬂ)e(— de n)e[ 2p < n][(n)
where
(V(F)1 ™ (anyz\ | (4n i
6.11 Imy= | —M ="
o - [, (1, foni,
Then
(6.12) K.y = 20 Z/l (WKL(1 - Man, d,)G, (nl —Myd, .6, 1)1(;1)
&
Here

— _ —2k l—ﬁ I—V
KL(1 - Myn,d,) = Z e(%pm)): Z e(y( - zn))

ye(z/d,Z)" ye(z/d,Z)"
is the Ramanujan sum. If
(6.13) (1 = Mon,dy) = d,,,
then
(6.14) IKL(1 = Man, d,)| < dpc”.

Ep (n, 1,—M-,d?, 0, Ciz) is as in Definition[3.7] which by Lemma[5.8]is nonzero only when

1 Mzdgl’l
Vp 2 p2k

(6.15) =v,(1 = Myn) — 2k > —c(n),

in which case
3k=c(m)

(6.16) |Gp| <P 7
On the other hand, let L = Q \/‘/: The function I (n) restricts the sum to essentially (up
to (cZM)*)
(6.17) L — Q] < 1, or equivalently |1 — \/Mz2| < LN
In this range we have
Nz if L>1;
(6.18) I(n) < \/Z(l AT +QQ)3/2 < {\L/ZL Gl < 1’ :

by [6, Lem2.1].
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Now the number of n satisfying the bound in (6.17) with the congruence conditions (6.13)),
(6.13) can be controlled by

<1+ M, (1+L)?
dp’np2k—c(7r) L2

For each of these terms in (6.12) we apply the bound A,.(n) < n€ and (6.14)), (6.16) (6.18). The
lemma is then clear. O

)(cMZ)E.

Lemma 6.4. For M} as in (6.6), we have
M;’d e (MN)E (N1/4p1/2 + N1/4M1/2p_l/2).

Proof. We shall focus on the case when v,(c;) < k < ¢(), as the case when k > ¢ () will be
easier (and one can use the argument in [[6] with slight modifications). For conciseness we drop all
€-terms in our computations.

By (6.8), @43), a, <, p*™’? = N'/? from Lemma[5.2} and Lemma[6.3] we get
(6.19)

M < N'V?p! Z Z Z [ Z Z i(1+dp2k t(ﬂ)) C(ir)\/i\/_

Z<(MN)'+€ MylM v (c)<k<e(n) o VZ e=d, pF=C,(M/M>)ld,

i \/_
+ZZ ( dpz"“”)cz)p - Mz c

C>VZ

Here the sum over ¢ < C is over dyadic intervals. It seems easier to discuss the contribution of
each term inside the square bracket separately. In particular we have

i) CMz ke
(6.20) 7 / A /
Z \/_ ZMZ kC \/— kM ¢ \/_

ZMsz<<\/Z c

<y ¥ & < <

k/2+c(m)/2 Z k/2 1/4 ,1/2°
ZMrk c< V7 M p T N"p

Here the range of the summation for Z, M5, k, ¢ are the same as in (6.19). In the last estimate we
have used that k > v,(c¢;) which is ¢(7r)/2 + [ up to a bounded constant. Similarly we have

k—c(n) | Z ¢ M'?
(621) Z Z Z cd ka c(7r) 2 Eﬁ < —N1/4p3l/2’

ZMsz<<\/Z c

ke \/_
(6.22) Z Z Z \/72 Nl/i 2

ZMsz>>\/Z c

2 k=c(m) Z \/Z M1/2
(6.23) Z Z Z Cd p2k () Zp 2 ET < N1/4p3l/2.

ZMk C VZ ¢

The lemma follows easily now. |
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We can now prove Theorem [[.9l From (6.3), Lemmal[6.4] and (6.3)),
(6.24) M, = Mgd + Mg < (MN)* [Nl/zpl n N1/4M1/2p—1/2]

Here we have used that C#[l] =< N'?p!. Recall that [, < [ < i;. We make different choices
according to the relation between N and M as follows:

(1) When N < VM, we choose [ = iy — 1, so p' < N'/? and
M, < (MN)* VM.

1/3
(2) When VM < N < M?, we choose 1 <1< io such that p' < (%) ,and

M, < (MN)"3*.
(3) When N > M?, we choose [/ = 1 and
M, < (MN)*N'.
Theorem [1.9 now follows easily.

Remark 6.5. If we work with the Maass forms instead of the holomorphic modular forms, the
Ramanujan conjecture does seem important for the bound in Lemma It is unlikely that a
Ramanujan-conjecture-on-average type of result would suffice. After all, the sum in n in (6.12)) is
over a thin arithmetic progression, especially when N is large compared to M.

On the other hand, a reasonable bound towards the Ramanujan conjecture can still give a slightly
weaker hybrid subconvexity bound.
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