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Abstract The Lanczos method is often used to solve a large scale symmetric matrix
eigenvalue problem. It is well-known that the single-vector Lanczos method can only
find one copy of any multiple eigenvalue (unless certain deflating strategy is incorpo-
rated) and encounters slow convergence towards clustered eigenvalues. On the other
hand, the block Lanczos method can compute all or some of the copies of a multiple
eigenvalue and, with a suitable block size, also compute clustered eigenvalues much
faster. The existing convergence theory due to Saad for the block Lanczos method,
however, does not fully reflect this phenomenon since the theory was established to
bound approximation errors in each individual approximate eigenpairs. Here, it is
argued that in the presence of an eigenvalue cluster, the entire approximate eigenspace
associated with the cluster should be considered as a whole, instead of each individ-
ual approximate eigenvectors, and likewise for approximating clusters of eigenvalues.
In this paper, we obtain error bounds on approximating eigenspaces and eigenvalue
clusters. Our bounds are much sharper than the existing ones and expose true rates
of convergence of the block Lanczos method towards eigenvalue clusters. Further-
more, their sharpness is independent of the closeness of eigenvalues within a cluster.
Numerical examples are presented to support our claims.
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1 Introduction

The Lanczos method [15] is widely used for finding a small number of extreme eigen-
values and their associated eigenvectors of a symmetric matrix (or Hermitian matrix
in the complex case). It requires only matrix-vector products to extract enough infor-
mation to compute the desired solutions, and thus is very attractive in practice when
the matrix is sparse and its size is too large to be solved by, e.g., the QR algorithm
[8,21] or the matrix does not exist explicitly but in the form of a procedure that is
capable of generating matrix-vector multiplications.

Let A be an N x N Hermitian matrix. Given an initial vector v, the single-
vector Lanczos method begins by recursively computing an orthonormal basis
{q1,q2, . .., qn} of the nth Krylov subspace of A on vy:

Kn(A, vo) = span{vg, Avg, ..., A" g} (1.1

and at the same time the projection of A onto K, (A, vg): T,, = QEA Qn, where
0, =191,92,-..,qn] and usually n « N. Afterwards some of the eigenpairs (A, w)
of Ty,:

especially the extreme ones, are used to construct approximate eigenpairs (A, Qpw)
of A. The number % is called a Rirz value and Q,w a Ritz vector. This procedure of
computing approximate eigenpairs is not limited to Krylov subspaces but in general
works for any given subspace. It is called the Rayleigh—Ritz procedure.

The single-vector Lanczos method may have difficulty in computing all copies of
a multiple eigenvalue of A. In fact, only one copy of the eigenvalue can be found
unless certain deflating strategy is incorporated. On the other hand, a block Lanczos
method with a block size that is no smaller than the multiplicity of the eigenvalue can
compute all copies of the eigenvalue at the same time. But perhaps the biggest prob-
lem for the single-vector Lanczos method is its effectiveness in handling eigenvalue
clusters—slow convergence to each individual eigenvalue in the cluster. The closer
the eigenvalues in the cluster are, the slower the convergence will be. It is well-known
that a block version with a big enough block size will perform much better.

There are a few block versions, e.g., the ones introduced by Golub and Underwood
[9], Cullum and Donath [5], and, more recently, by Ye [25] for an adaptive block
Lanczos method (see also Cullum and Willoughby [6], Golub and van Loan [10]).
The basic idea is to use an N X nj, matrix Vjp, instead of a single vector vy, and
accordingly an orthonormal basis of the nth Krylov subspace of A on Vj:

K, (A, Vo) = span{Vy, AVp, ..., A" 1V} (1.2)

will be generated, as well as the projection of A onto X, (A, V). Afterwards the same
Rayleigh-Ritz procedure is applied to compute approximate eigenpairs of A.
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Convergence of the block Lanczos method 85

There has been a wealth of development, in both theory and implementation, for the
Lanczos methods, mostly for the single-vector version. The most complete reference
up to 1998 is Parlett [21]. This paper is concerned with the theoretical convergence
theory of the block Lanczos method. Related past works include Kaniel [12], Paige
[20], Saad [22], Li [18], as well as the potential-theoretic approach in Kuijlaars [13, 14]
who, from a very different perspective, investigated which eigenvalues are found first
according to the eigenvalue distribution as N — oo, and what are their associated
convergence rates as n goes to oo while n/N stays fixed. Results from these papers
are all about the convergence of an individual eigenvalue and eigenvector, even in the
analysis of Saad on the block Lanczos method.

The focus in this paper is, however, on the convergence of a cluster of eigenvalues,
including multiple eigenvalues, and their associated eigenspace for the Hermitian
eigenvalue problem. Our results distinguish themselves from those of Saad [22] in
that they bound errors in approximate eigenpairs belonging to eigenvalue clusters
together, rather than separately for each individual eigenpair. The consequence is much
sharper bounds as our later numerical examples will demonstrate. These bounds are
also independent of the closeness of eigenvalues within a cluster.

One of the key steps in analyzing the convergence of Lanczos methods is to pick
(sub)optimal polynomials to minimize error bounds. For any eigenpair other than the
first one, it is often the standard practice, as in [22], that each chosen polynomial
has a factor to annihilate vector components in all proceeding eigenvector directions,
resulting in a “bulky” factor in the form of the product involving all previous eigen-
values/Ritz values in the error bound. The factor can be big and likely is an artifact
of the analyzing technique. We propose also a new kind of error bounds that do not
have such a “bulky” factor, but require knowledge of the distance from the interested
eigenspace to a Krylov subspace X; of a lower order as a tradeoff.

The rest of this paper is organized as follows. Section 2 collects some necessary
results on unitarily invariant norms and canonical angles between subspaces for our
later use. Section 3 presents the (simplest) block Lanczos method whose convergence
analysis that results in error bounds of the eigenspace/eigenvalue cluster type is done
in Sect. 4 for eigenspaces and Sect. 5 for eigenvalues. In Sect. 6, we perform a brief
theoretical comparison between our results and related results derived from those of
Saad [22] and point out when Saad’s bounds will overestimate the true rate of conver-
gence. Numerical examples are given in Sect. 7 to support our comparison analysis.
Section 8 establishes more bounds, based on the knowledge of Krylov subspaces of
lower orders. Finally, we present our conclusion in Sect. 9.

Throughout this paper, A is an N x N Hermitian matrix, and has

eigenvalues: A; > Xy > --- > Ay, and
A =diag(A1, A2, ..., AN),
orthonormal eigenvectors:  up, us, ..., uy, and (1.3)
U=1[uy,u,...,unl,
eigen-decomposition: A = UAUM and UHU = Iy.

C™*™ is the set of all n x m complex matrices, C" = C"*! and C = C!. P} is the
set of polynomial of degree no bigger than k. I, (or simply / if its dimension is clear
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86 R.-C. Li, L.-H. Zhang

from the context) is the n x n identity matrix, and e; is its jth column. The superscript
«.H> takes the complex conjugate transpose of a matrix or vector. We shall also adopt
MATLAB-like convention to access the entries of vectors and matrices. Leti : j be the
set of integers from i to j inclusive. For a vector u and a matrix X, u(;)is u’s jth entry,
X, jis X’s (i, j)th entry; X’s submatrices X x.¢.;: ), X (k:¢,:)» and X. ;. ) consist of
intersections of row k to row £ and column 7 to column j, row & to row £, and column
i to column j, respectively. R(X) is the column space of X, i.e., the subspace spanned
by the columns of X, and eig(X) denotes the set of all eigenvalues of a square matrix
X . For matrices or scalars X;, both diag(Xy, ..., Xz) and X| & - - - @ X denote the
same block diagonal matrix with the ith diagonal block X;.

2 Preliminaries
2.1 Unitarily invariant norm

A matrix norm [|-|| is called a unitarily invariant norm on C"™*™ if it is a matrix norm
and has the following two properties [1,23]

1. ||x"BY|| = lIBIl for all unitary matrices X and Y of apt sizes and B € C"*".
2. 1Bl = || Bll2, the spectral norm of B, if rank(B) = 1.

Two commonly used unitarily invariant norms are

the spectral norm: || B||2 = max; o,

the Frobenius norm: ||B|r = /Zi ajz,

where 01, 02, ..., Omin{m,n) are the singular values of B. The trace norm
IBlace = 0
J

is a unitarily invariant norm, too. In what follows, ||-|| denotes a general unitarily
invariant norm.

In this article, for convenience, any ||-|| we use is generic to matrix sizes in the sense
that it applies to matrices of all sizes. Examples include the matrix spectral norm || - ||2,
the Frobenius norm || - ||, and the trace norm. One important property of unitarily
invariant norms is

IXYZI < 1 XMz - IYW- 1212

for any matrices X, Y, and Z of compatible sizes.

Lemma 2.1 Let H and M be two Hermitian matrices, and let S be a matrix of a
compatible size as determined by the Sylvester equation HY —YM = S. Ifeig(H) N
eig(M) = 0, then the equation has a unique solution Y, and moreover

C
i = — s,
n
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Convergence of the block Lanczos method 87

where n = min |u — w| over all u € eig(M) and w € eig(H), and the constant ¢
lies between 1 and 7w /2, and it is 1 for the Frobenius norm, or if either eig(H) is in a
closed interval that contains no eigenvalue of M or vice versa.

This lemma for the Frobenius norm and for the case when either eig(H) is in a
closed interval that contains no eigenvalue of M or vice versa is essentially in [7] (see
also [23]), and it is due to [2,3] for the most general case: eig(H) Neig(M) = ) and
any unitarily invariant norm.

2.2 Angles between subspaces
Consider two subspaces X and Y of CV and suppose
k :=dim(X) < dim(Y) =: £. 2.1)

Let X € CN*kand Y € CV*¢ be orthonormal basis matrices of X and Y, respectively,
ie.,

XX =1, X =RX), and YUY =1, Y=R(©Y),

and denote by o; for 1 < j < k in ascending order, i.e., 01 < --- < o, the singular
values of YHX. The k canonical angles 6 (0, Y) from' X to Y are defined by

N

0<0;X,Y) :=arccoso; < — forl < j <k 2.2)

[\

They are in descending order, i.e., 01 (X, Y) > --- > 6,(X, Y). Set
O X, Y) = diag(01(X, Y), ..., (X, ). (2.3)

It can be seen that angles so defined are independent of the orthonormal basis matrices
X and Y, which are not unique. A different way to define these angles is through the
orthogonal projections onto X and Y [24].

When k = 1, i.e., X is a vector, there is only one canonical angle from X to Y and
so we will simply write 6 (X, Y).

In what follows, we sometimes place a vector or matrix in one or both arguments
of6;(-, -),0(-, -),and (-, -) with the understanding that it is about the subspace
spanned by the vector or the columns of the matrix argument.

Proposition 2.1 Let X and Y be two subspaces in CN satisfying (2.1).

(a) ForanyY € Y with dim(Y) = dim(X) = k, we have 6;(X,Y) < 6;(X,Y) for
l<j=<k

(b) There exist an orthonormal basis {x, x2, . .., x; } for X and an orthonormal basis
{y1, y2, ..., ye} for'Y such that

Uitk =¢, we may say that these angles are between X and Y.
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88 R.-C. Li, L.-H. Zhang

0;(X,Y) =06(x;,y;)) for 1<j<k,and
xfly; =0 for 1<i<kk+1<j<U¢.

In particulan OX,Y = oW, 9), where ? = span{yy, y2, ..., Yk}, and the
subspace Y is unique if 01(X,Y) < /2.

Proof Let X € (CN *k and ¥ € (CN *t be orthonormal basis matrices of X and Y,
respectively. If H C Y with dlm(y) = dim(X) = k, then there is W € (Cb‘k with
orthonormal columns such that ¥ = YW is an orthonormal basis matrix of ‘;j Since
cos 0 (X, y) for 1 < j < k are the singular values of XHY W which are no bigger
than the singular values of X"y, ie, cos 0 (X, y) < cos8;(X,Y) individually, or
equivalently, 6; (f)C,g) > 6;(X,Y) for 1 < j < k. This is item (a).

For item (b), let XHY = V X WH be the SVD of X"y, where

= [diag(o1, 02, ..., 0%), Ok (e—n)l-

Then XV and YW are orthonormal basis matrices of X and Y, respectively, and their
columns, denoted by x; and y;, respectively, satisfy the specified requirements in the
theorem. If also 61 (X, Y) < 7/2, then all 0; > 0 and the first k columns of W spans
RYHX) which is unique; so Y is unique for each given basis matrix Y. We have to
prove that H is independent of the choosing of Y. Let ¥ be another orthonormal basis
matrix of iJ. Then ¥ = Y Z for some £ x ¢ unitary matrix Z. Following the above
construction for ‘3 we will have a new Hnew = IR(Y W( 1:k)), where W is from the
SVD x"Y = V xWH. Notice

xHy = xHyz = vywhz)

which is yet another SVD of XHY. Thus the columns of (zH W)cin = VAL We
span the column space of YHX which is also spanned by the columns of W 1.
Hence W(_,l_k) zH W.,1.0)M for some nonsingular matrix M, and

?W(:,lzk) =YW¢ 1M

which implies gnew = R(?W(;,l;k)) =RA Wi 10) = 9 as expected. O

Proposition 2.2 Let X and Y be two subspaces in CV satisfying (2.1), and let X €
CN*K be an orthonormal basis matrix of X, i.e., XX = It. Then

k
max sinf (X j,Y) < lIsin® (X, Pl < Z sinf(X¢., jy, ¥), 2.4)
1<j<k o

k
max sinf (X j,Y) < [sin® X, Yl = ZsinZQ(X(;,j),}j), 2.5)
j=1

]<
llsin & (X, Y|

V1 —sin?6,(X,Y)

llsin © (X, DIl = litan © (X, DI < (2.6)
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Convergence of the block Lanczos method 89

Proof Let Y, € CVN*(N=0 be an orthonormal basis matrix of the orthogonal com-
plement of Y in CVN. We observe that sin 0; (X, Y) for 1 < j < k are the singular

values of X"Y and thus [|sin @ (X, Y)|| = || X"Y_||. Observe alsosin6(X . j), Y) =
H‘Xg,j)Yl M = | X{ ;)Y LIl. Therefore
k
s ] = wmoc = oty = st e
i=

H . < in & = H =
max [X{, ¥ < lsin©CE Yl = 1X"Y L

They yield both (2.4) and (2.5). For (2.6), we notice

sin6;(X, Y) - sin€; (X, Y)

sinf; (X, Y) < tan6; (X, Y) = cos0;(X,Y) ~ cost (X, Y)

forl <j<k. O

Proposition 2.3 Let X andY be two subspaces in CN with equal dimension: dim(X) =
dim(Y) = k, and let X € CN*¥ be an orthonormal basis matrix of X, i.e., X1 X = I,
and Y be a (not necessarily orthonormal) basis matrix of Y such that each column of
Y is a unit vector, i.e., || Y. jllo = 1 forall j. Then

k
Isin @, YlE < 1Y)~ D sin® 0(X (. jy, Yee.jy)- 2.7
j=1
Proof Since sin% 0 (X, Y) for 1 < j < k are the eigenvalues of
H
I — [XHY(YHY)_l/z] [XHY(YHY)—W]
= (yHy)~172 [YHY . (XHY)H(XHY)] (YHyy=172,

we have

k
Isin ©(X, YIIF = D sin”6;(X, Y)
j=1

I — [XHY(YHY)—I/Z]H [XHY(YHY)_I/Z:I

trace

< 1) T2 [y — Rty || et T2,

= I(Y"y)~1 |, trace (YHY _ (XHY)H(XHY))
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90 R.-C. Li, L.-H. Zhang

k
=10 X [1 - v XX ]
j=1

k
< N0 D0 [ 1= Y8 X XE Y]
j=1

k
= (YY)~ D sin® (X (. ). Yee ) (2.8)
j=1

as was to be shown. In obtaining (2.8), we have used
H H H 2 H H
YO XXTYepy = 1X"Yepla = Y pXen X pYen

because ng)Y(:,j) is the jth entry of the vector XY, ;). u|

Remark 2.1 The inequality (2.7) is about controlling the subspace angle ® (X, Y) by
the individual angles between corresponding basis vectors. These individual angles
depend on the selection of the basis vectors as well as their labelling. By Propo-
sition 2.1(b), it is possible to find basis vectors for both X and Y and match them
perfectly such that 6; (X, Y) collectively is the same as all individual angles between
corresponding basis vectors. But, on the other hand, it is possible that for two close
subspaces in the sense that ® (X, Y) is tiny there are unfortunately chosen and labelled
basis vectors to make one or more individual angles between corresponding basis vec-
tors near or even 7t /2. In fact, this can happen even when X' = Y. Therefore in general
the collection {0(X . jy, ¥(,, j))» 1 < j < k} cannot be controlled by & (X, Y) without
additional information.

Proposition 2.4 Let X andY be two subspaces in C with equal dimension: dim(X) =
dim(Y) = k. Suppose 01(X,Y) < 7 /2.

(a) For any @ CYof dimension ki = dim(g) < k, there is a unique X C X of
dimension ky such that PyX =Y, where Py is the orthogonal projection onto Y.
Moreover

0j -k (0 < 0,09 < 0;(XY) for1<j=<hk (2.9)
which implies
Il sin © (X, Yl < lisin @ (X, Y.
(b) For any set {y1,y2,...,Yk} of orthonormal vectors in Y, there is a set
{x1,x2,..., x5} of linearly independent vectors in X such that Pyx; = y;

fgr 1 < j < kyi. Moreover (2.9) holds for X = span{xy, x2, ..., Xk, } and
Y = span{yy, y2, ..., Y, }-
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Convergence of the block Lanczos method 91

Proof Let X € CN*k and ¥ € CN** be orthonormal basis matrices of X and Y,
respectively. 9 C J can be represented by its orthonormal basis matrix ¥ Y, where
Y e CH*ki satisfies YHY = Ii,. We need to find a X C X with the desired property.
f)C C X can be represented by its basis matrix (not necessary orthonormal) X X, where
X e Chxki g nonsingular and to be determined. The equation ny)C Y is the same
as

yrixx=vy o vixX=vY o X=ulx)ly (2.10)

because el(x Y) < 7/2 implies YHX is nonsingular. This proves the existence of
X = R(XX). Following the argument, one can also prove that this X is independent
of how the orthonormal basis matrices X and Y are chosen, and thus unique. To prove
(2.9), we note that 6; := cos 6, (DC H) for 1 < j < kj are the singular values of

OHEXXOIXXOPXX)]? = YRYHx X[ X1 X~ 1/2

- [?H(YHX)—H(Y“X)—l?]_1 ?

So the eigenvalues of ?H(YHX)_H(YHX)_I? are &j—z for 1 < j < ky. On the
other hand, o := cos6; (X, Y) for 1 < j < k are the singular values of YHX. So the
eigenvalues of(YHX)’H(YHX)’] are 0/72 for 1 < j < k. Usethe Cauchy interlacing
inequalities [21] to conclude that '

-2

oc7r>672

-2 .
; 20 forl <j <k

which yield (2.9). This proves item (a).
To prove item (b), we pick the orthonormal basis matrix ¥ above in such a way

that its first ky columns are yi, y2, ..., yx,. In (2. 10) let Y = ler,ea, ..., e 1€,
‘j = span{yi, y2, ..., Yk }, and let X = YHx)~ Y. Then [x1,x2, ..., xK,] = XX
gives what we need because of (2.10). O

Remark 2.2 The part of Proposition 2.4 on the existence of X in the case of ki =1is
essentially taken from [22, Lemma 4].

Remark 2.3 The canonical angles are defined under the standard inner product
(x,y) = xHy in CV. In a straightforward way, they can be defined under any given
M-inner product (x, y)y = xHMy, where M € CVN*V is Hermitian and positive
definite. We will call these angles the M -canonical angles. All results we have proved
in this section are valid in slightly different forms for the M-canonical angles. Details
are omitted.

3 Block Lanczos method
Given Vy € CN*™ with rank(Vp) = ny, the block Lanczos process [5,9] of Algo-

rithm 1 is the simplest version and will generate an orthonormal basis of the Krylov
subspace X, (A, Vp) as well as a projection of A onto the Krylov subspace. It is
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92 R.-C. Li, L.-H. Zhang

Algorithm 1 Simple Block Lanczos Process

Given Hermitian A € CV*N and Vg € CN*" with rank(Vg) = ny,, this generic block Lanczos process
performs a partial tridiagonal reduction on A.

1: perform orthogonalization on given Vy € CN*Mb (rank(Vy) = np) to obtain Vy = V| By (e.g., via
modified Gram-Schmit), where V| € CV*" satisfying V]H Vi = Iy, and By € C">>"b;
2 Z=AVy, A =VHZ,

3:Z=7Z-V|Ay;
4: perform orthogonalization on Z to obtain Z = V, By, where V; € CNxmp satisfying V2H Va = Iy, and
By € C'v>"b;
5:for j =2tondo
. _ X . —_yH~.
6: Z=AVj,Aj=V]Z;
. _ A . H .
7. Z=Z-V;A;— Vj—lBj,ly
8:  perform orthogonalizationon Z toobtain Z = V; 1B, Vjy| € CNxnp satisfying V}'Er] Vig1 = In,
and B € Cno>np
9: end for

simplest because we assume all Z at Lines 4 and 8 there have full column rank 7,
forall j. Then V; € CN>m and

K = Kn(A, Vo) = ROV @ -+ ® R(V,), 3.1

the direct sum of R(V;) for j =1,2,...,n.
A fundamental relation of the process is

AQn = QnTn + [Oermb: Vn+an]y (32)
where
On =1V, Va,...,V,] e CN>*"  and (3.3a)
Al B}{
By A Bgl
T, = QNAQ, = e Crxnmy (3 3D)
B, 2 Ap B,I;I,]
Bn—l An

T, = QnHA Q,, is the so-called Rayleigh quotient matrix with respect to X, and
it is the projection of A onto X, too. Let

I, = 0, QrI:[ (34)

which is the orthogonal projection onto X,,. In particular I7T; = Q; QIIJ =V VlH is
the orthogonal projection onto R(Vy) = R(Vy).

Basically the block Lanczos method is this block Lanczos process followed by
solving the eigenvalue problem for 7, to obtain approximate eigenpairs for A: any
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Convergence of the block Lanczos method 93

eigenpair (A j»wj) of T;, gives an approximate eigenpair (x j» Qnwj) for A. The num-
ber A; is called a Ritz value and it ; := Q,w; a Ritz vector.
We introduce the following notation for 7,, that will be used in the next two sections:

eigenvalues (also Ritz values): 5»1 > Xz > > ):,,,,b, and
2 =diag(A1, A2, ..., Auny)s
orthonormal eigenvectors:  wi, wy, ..., Wyy,, and
W = [wls w2, ..., wnnb]s (35)
eigen-decomposition: T, W = W2 and WHW = Ly,
Ritz vectors:  ii; = Q,w;j for 1 < j < nny, and

U = [ﬁlvﬁZa '~'aﬁnl’lb]-

Note the dependency of A j» wj, W on n is suppressed for convenience.

As in Saad [22], there is no loss of generality in assuming that all eigenvalues of A
are of multiplicity not exceeding n;. In fact, let P; be the orthogonal projections onto
the eigenspaces corresponding to the distinct eigenvalues of A. Then

U == P R(P; Vo)

J

is an invariant subspace of A, and Ay, the restriction of A onto U, has the same distinct
eigenvalues as A and the multiplicity of any distinct eigenvalue of Ay is no bigger
than n;,. Since X, (A, Vp) € U, what the block Lanczos method does is essentially to
approximate some of the eigenpairs of A)y.

When n, = 1, Algorithm 1 reduces to the single-vector Lanczos process.

4 Convergence of eigenspaces

Recall 7, in (3.4), and in particular, IT; = Q1 Q? =V VIH. For the rest of this and
the next section, each of i, k, and ¢ will be reserved for one assignment only: we
are considering the ith to (i 4+ n, — 1)st eigenpairs of A among which the kth to £th
eigenvalues may form a cluster as in

AN Aitnpg—1 Ao A Ai A1
@ @ o @ @

where

Recall (1.3). We are interested in bounding

1. the canonical angles from the invariant subspace R(U(. x.¢)) to the Krylov subspace
:Kn = JCI‘I(Aa VO),

2. the canonical angles between the invariant subspace R(U( k.y) and
span{iy, . .., ug} (which we call a Ritz subspace),

@ Springer



94 R.-C. Li, L.-H. Zhang

3. the differences between the eigenvalues A ; and the Ritz values X jfork <j<¢.

In doing so, we will use the jth Chebyshev polynomial of the first kind .7 (¢):

(1) =cos(j arccos t) for || <1, (4.1a)

=% [(; V2= 1)j + (; V= 1)_j] for +>1.  (4.1b)

It frequently shows up in numerical analysis and computations because of its numerous
nice properties, for example |.7; ()| < 1 for |¢t| < I and |.7}(¢)| grows extremely fast?
for |¢] > 1. We will also need [17]

: 1+1¢ _ : t+1 _1 j —j
’z(:)‘_‘@(:)'_E[A,JFA,] for 1 #£1>0, (42

where
t+1
At = —\/—+
Vi —1]

In the rest of this section and the entire next section, we will always assume

for > 0. “4.3)

rank (Vo' U ivitn,—1)) = 1ank (VU isin, —1)) = np, 4.4)

and X; x ¢ € CN*(E=k+1) is to be defined by (4.5) below. Consider an application of
Proposition 2.4(b) with k; = ¢ — k + 1,

X=R(Vo)=R(V1), J=RW¢,iitny—1))s 1. y2, oo Y 1=lupe, kg, - uel
The application yields a unique
Xike = [x1,x2, ..., xK] 4.5)
such that R(X; x.¢) € R(Vp) and
U(:,i:i+n;,—1)Ugi;i+nb_1)Xi,k,£ =U¢ke) = i, ups1, ..., uel. (4.6
Moreover, by Proposition 2.4(a),

llsin ® (U k:0), Xik, || < [|sin © Ue..izign,—1y, VO |- .7
[tan © (U ey, Xik,o)|| < [[[tan © (U isiny—1), VO |- 4.8)

They show that the chosen R(X x ¢) has a significant component in the eigenspace
R(U(. k:¢)) of interest if the initial R(Vp) has a significant component in the eigenspace
:R(U(:,i:z#nbfl))-

2 In fact, a result due to Chebyshev himself says that if p(¢) is a polynomial of degree no bigger than j and
|p(t)] < 1for —1 <t < 1,then |p(t)| < |7/ (#)| for any 7 outside [—1, 1] [4, p. 65].
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The matrix X; x ¢ defined in (4.5) obviously depends on n;, as well. This dependency
is suppressed because ny, is reserved throughout this article. The idea of picking such
Xi k.¢ 1s essentially borrowed from [22, Lemma 4] (see Remark 2.2).

Theorem 4.1 For any unitarily invariant norm ||-||, we have

Eik . '
[[tan © (U k-0, K || < T ke [ltan © (U k:0). Xik o) 4.9)
[[sin @ (U ey, U ko) || < v [sin @ Ue.rey. K || (4.10)
YEE it @(WUeeny, X0, @11)

= Tn-i(kieny,)
where X i ¢ is defined by (4.5), U by (3.9), and®

i—1

Aj — AN At — Aitny, 1+ 6i0n,
gx=]"—= Siem="—""2 kitm =2, (412
w=11 e T Y VY N

j=1

c
y=1+ " T, A(I — ITy) 2. (4.13)

and the constant ¢ lies between 1 and 7 /2, and it is* 1 for the Frobenius norm or if
Ae—1 > Ak, and

=  min |A; — A, 4.14
n ey | j p| ( )
p<k,or p>t

For the Frobenius norm, y in (4.13) can be improved to

| 2
Yy = \/1 + (; 1T, A(I — Hn)llz) . (4.15)

Proof Write

i—1 np N-np—i+l

i1 np N—np—i+l i—1 A
U=[UwlU, Us |. A= Ay , (4.16a)
N—np—i+1 A3
Uz = Uty = U2) okmidtit—it) = [k, ., g, (4.16b)

Ay = Aty = (A rmit it Lk—i10—it 1) = diag(ue, .., he).  (4.160)

3 By convention, H?:l (-)=1.
4 A by-product of this is that ¢ = 1 if k = .
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For convenience, let’s drop the subscripts to X; x ¢ because i, k, £ do not change in
this proof. We have

X =vU%X = v,Ul'x + Lullx + UsUlx
= U, URX + 0,0 X + usulix (4.17)

by (4.6). Let X = X (XHx)~1/ 2 which has orthonomal columns. We know that
R(f(A)Xo) C Ky forany f € Ppy,
since R(Xp) = R(X) € R(Vp). By (4.17),
Y = f(A)Xo = U1 f(ADU}'Xo + Ua f (A)U' X0 + Us f (43)U§' Xo.  (4.18)

By (4.6), lv/;IX = Iy_k4+1 and thus U?Xo is nonsingular. Now if also f(/iz) is
nonsingular (which is true for the selected f later), then

. -1 . v -1 v
v (031X0)  f (A1 = U1 fanURXo (08X0)  1f (A1

v v -1 v
+0s + Us f(40) U Xo (U3 X0) L (A1, @419)

and consequently by Proposition 2.1

‘Htan@(lj/z, < ‘tan O, Y)(H
_ [ ranulix §*x(>)_1 f(ziz) .
f(AoU%{Xo ZHX [f(A)]™
1
o | f(A3) ZI:;: Z%{XO;_I [f (417!
§l+nb<j<N|f()‘ I max e|f(k )l mtan@(l}z’XO)M'

(4.20)

We need to pick an f € PP,_; to make the right-hand side of (4.20) as small as we
can. To this end for the case i = 1, we choose

) = T (2l — (Aup+1 + AN)

)"l’lh'i‘] - )"N

) /‘%—I(Kl,l,nb) 4.21)
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for which
min Ai)=f(y) =1, ma A < . 4.22
ki;ief( D= 00 anrls;KSNIJ‘( D= T o) (4.22)
This, together with (4.20), concludes the proof of (4.9) fori = 1.
In general for i > 1, we shall consider polynomials of form
f@) =@ =) (hi-1 —1) x g(1), (4.23)

and search a g € P,,_; such that max;,,<;j<n |g(;)| is made as small as we can
while ming<;<¢ |g(A;)| = g(A¢) = 1. To this end, we choose

2t — ()\H-nb + )\N)
Aign, — AN

gt) = Th_i ( )/Z—i(lﬁ',z,nb), (4.24)

for which

(4.25)

min g(A;) = g(Ap) =1, ma L)<
ksjsfg( ) =800 i+nb§;(§N|g( D= T,

—i(Kien)
This, together with (4.20) and (4.23), concludes the proof of (4.9) fori > 1.

Next we prove (4.10) with an argument influenced by [11]. Recall (4.16). Let
Q1 € CN*(N=nm) quch that [Q,,, Q] is unitary, and write

U= 0,Z+ 0.7, (4.26)

where Z = Q10 7, = Qlf_lv]z. Then

H)cos @(02, XKn)

=1zl [Jsino @, %)

=1z @2

Keeping in mind that AU = Uy Ay, QHAQ, = Ty, and T, W = W2 from (3.5), we
have

ONA[Qn, 011100, 01170, = 01U, 4>
7 v
= [Ty, 0,/ AQ1] [Z } =74A
1
= TWZ—-ZAy=-0"40,7,. (4.28)
Similarly to (4.16), partition W and §2 as
k=1 €—k+1 nnjp—t
k=1 €—k+1 nnp—t k-1 | §21

W= W Wy Wi], 2= s 2, :
nnp—t ,93
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and set Wy 3 := [W), W3] and £2; 3 := £2; @ §23. Multiply (4.28) by WH from the
left to get QwHz — WHZzig = —WHQ,PIIAQLZL, and thus we have

213Whz —-wihz A, = -wiholla0,z,. (4.29)
By Lemma 2.1, we conclude that

H ¢ H HH ¢
|witz] < = [[wisefae.z. | < Simad - mouzi. @30

Let [71,3 = 0, Wj 3. It can be verified that
Wiz = (013)"(042) = U1 )" (U2 = 01Z1) = 1) 0>
by (4.26). Therefore
Jin o6 B = 115 021
< || @20 + [t

= H)WlHﬂH‘ +IZL 4.31)

which, for the Frobenius norm, can be improved to an identity

Isin (U, Tiaen)llr = IWSZIE + 1 ZL 1.

The inequality (4.10) is now a consequence of (4.27), (4.30), and (4.31). O

Remark 4.1 Although the appearance of three integers, i, k, and £ makes Theorem 4.1
awkward and more complicated than simply takingi = kori +np —1 = £, it provides
the flexibility when it comes to apply (4.9) with balanced &; ; (which should be made
as small as possible) and 8; ¢, ,, (Which should be made as large as possible). In fact,
for given k and ¢, both &; ; and §; ¢ ,, increase with i. But the right-hand side of (4.9)
increases as &; ; increases and decreases (rapidly) as §; ¢ ,, increases. So we would
like to make &; ; as small as we can and §; ¢ ,,, as large as we can. In particular, if
k < £ < np, one can always pick i = 1 so that (4.9) gets used with &; ; = 1; but then
if 81,¢,p,, 18 tiny, (4.9) is better used with some i > 1. A general guideline is to make
sure {A; }‘j.: « 18 a cluster and the rest of A; are relatively far away.

5 Convergence of eigenvalues

In this section, we will bound the differences between the eigenvalues A ; and the Ritz
values ij fork < j <.
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Theorem 5.1 Let k = i. For any unitarily invariant norm, we have

H‘diag(ki — divhigl = Mgl A — 5»@)‘”

2
i 2
< Gy = 2) [—} [ RESICTCANS 9] IRERY
l TIn—i (Ki o) (G0, 2
where ki ¢, is the same as the one in (4.12), and
i—1 X A
i~ p
; = max -—. 5.2
G = max 1:[ Ty (5.2)
In particular, if also 5»1;1 > A, then
i—1 5\ — Ay
=11 (5.3)
. Ai — A
J:] J

Proof Upon shifting A by A; I to A — Xx; Iy, we may assume A; = 0. Doing so doesn’t
change the Krylov subspace X, (A, V) = X, (A — A; I, Vp) and doesn’t change any
eigenvector and any Ritz vector of A, but it does shift all eigenvalues and Ritz values
of A by the same amount, i.e., A;, and thus all differences A, — A and A, — X j remain
unchanged. Suppose A; =0 and thus A;_; > X; =0 > A;41.

Recall (3.5), and adopt the proof of Theorem 4.1 up to (4.19). Take f as

f@O) =G =10 Gimt — 1) x g(0), (54)
where g € P,_;. We claim YHanj = 0for 1 < j < i — 1. This is because
Y can be represented by ¥ = (A — ;)Y for some matrix ¥ € CVN*(=+D with
fR(?) € K, which further implies Y = 0, Y for some matrix ¥ € Cex(—i+h),
Thus Y = (A —A;1)Q0,Y and

YHo,w; = Yo - 3,0 0,w; = YT, — X DHw; =0.

Set
M —1 . M
Yo=Y (UX0) 1/ (A1 = Uiy + Uz + UsRs, (5.5)

. -1 v
where R; = f(A)UNXo (U31X0)  [f (A1
Let Z = Yo(Y§'Yo)~'/2, and denote by 1 > -+ > w11 the eigenvalues of

ZH AZ which depends on f in (5.4) to be determined for best error bounds. Note

ZH0,wi, o wis 1 =0, R(Z) S Ky, ZMZ =141 (5.6)
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Write Z = Q,,f because R(Z) € K, where/Z has orthongrmal columns. Apply
Cauchy’s interlace inequalities to ZHAZ = ZH(Q,EIA 0,)Z and QEAQ,, to get

Aiyj—1 > pjforl < j<£€—1i+1,andthus
0 < hitjo1 —Aitj1 < Aigjo1 —p; forl <j<€—i+l. (5.7

In particular, this implies ;£; < A;y;—1 < A; < 0 and consequently Yé'lAYo is negative
semidefinite. Therefore for any nonzero vector y € C/=#+1,
0> yHy§lAvoy = YHRY A Ry + yH Ay + yHRE A3 R3y
>y Ary + y"RY A3 Ry,
YWYy = YRRy + 31y + YT RY Ry
=y,

where we have used yHR{'lAlRly >0, yHRll'lRly > 0,and yHR?R3y > (. Therefore

_oMgtavey  yMYAYey | yM(Ax + RYAsRy)y
yAYHYey = oy T yHy

(5.8)

Denote by 1] > --- > [ly—;+] the eigenvalues of As + R?A3R3. By (5.8), we know
Wi = /lj for 1 < j < £ — i+ 1 which, together with (5.7), lead to
0 < higjo1—Aipjo1 <Aigjo1—Q; forl <j<€—i+l (5.9
Hence for any unitarily invariant norm [16,23]
H)diag(ki - 5»,', Aigl — 5»,'_;,_1, e A — XZ)H)

< ||diag(ri — 21, Aig1 — A2, -y he — fe—itd) |
- Jet

< i — ) || RY RS

), (5.10)

where the last inequality is true because (1) R?A3R3 is negative semi-definite, (2)

we shifted A by A; I, and (3) the jth largest eigenvalue of R? (A;I — A3)R3 which is

positive semi-definite is bounded by the jth largest eigenvalue of (A; — A N)R§I R3.
Denote by o (in descending order) for 1 < j < £—i+1 the singular values of R3 =

. -1 v
f(A3)U3HX0 (U?Xo) [f(A2)]7 !, and by &; (in descending order) for 1 < j <

. -1
£ —i + 1 the singular values of U3H Xo (U;IXO) . Then 8j is less than or equal to the
. -1
Utixo (U3x0) .
Jjth largest singular value of , which is tan 6 (U2, X). We have

o —1
Ulix, (UZHXO)
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1
;< Aj o
O = D X, o <
1 .
< A tan0;(Us, X). 5.11
= e O max, ey X a6 X G-1D

What remains to be done is to pick f € IP,,_; to make the right-hand side of (5.11) as
small as we can.

For the case of i = 1, we choose f as in (4.21), and then (4.22) holds. Finally
combining (5.10) and (5.11) with (4.22) leads to (5.1) for the case i = 1.

In general for i > 1, we take f(¢) as in (5.4) with g(¢) given by (4.24) satisfying
(4.25), together again with (5.10) and (5.11), to conclude the proof. O

Remark 5.1 In Theorem 5.1, k = i always, unlike lin Theorem 4.1, because we need
the first equation in (5.6) for our proof to work.

6 A comparison with the existing results

The existing results related to our results in the previous two sections include those
by Kaniel [12], Paige [20], and Saad [22] (see also Parlett [21]). The most complete
and strongest ones are in Saad [22].

In comparing ours with Saad’s results, the major difference is that ours are
of the eigenspace/eigenvalue cluster type while Saad’s results are of the single-
vector/eigenvalue type. When specialized to an individual eigenvector/eigenvalue,
our results reduce to those of Saad. Specifically, for k = ¢ = i the inequality (4.9)
becomes Saad [22, Theorem 5] and Theorem 5.1 becomes Saad [22, Theorem 6]. Cer-
tain parts of our proofs bear similarities to Saad’s proofs for the block case, but there
are subtleties in our proofs that cannot be handled in a straightforward way following
Saad’s proofs.

It is well-known [7] that eigenvectors associated with eigenvalues in a tight clus-
ter are sensitive to perturbations/rounding errors while the whole invariant subspace
associated with the cluster is not so much. Therefore it is natural to treat the entire
invariant subspace as a whole, instead of each individual eigenvectors in the invariant
subspace separately.

In what follows, we will perform a brief theoretical comparison between our results
and those of Saad, and point out when Saad’s bounds may be too large. Numerical
examples in the next section support this comparison.

As mentioned, Saad’s bounds are of the single-vector/eigenvalue type. So a
direct comparison cannot be done. But it is possible to derive some bounds for
eigenspaces/eigenvalue clusters from Saad’s bounds, except that these derived bounds
are less elegant and (likely) less sharp (which we will demonstrate numerically in
Sect. 7). One possible derivation based on [22, Theorem 5] may be as follows. By
Proposition 2.2,

12
max. sinfu, Kn) < [sin © (U ey, K || < %sm@(u],fK ) 6.1)
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t
k??;(ZSine(uj’jcn) < Isin @ U k0), Kn)llF =< Z}(sinzO(u,’,fKn)- (6.2)
j=

These inequalities imply that the largest sin€(u;,X,) is comparable to
sin & (U(. x.¢), X,), and thus finding good bounds for all sin 6 (u ;, X,) is comparably
equivalent to finding a good bound for sin & (U. ¢y, K,,).

The right-most sides of (6.1) and (6.2) can be bounded, using [22, Theorem 5] (i.e.,
the inequality (4.9) for the case k = £ = i). In the notation of Theorem 4.1, we have,
fork < j <¥¢,

@0, Kn) < —39 tanow;, X;.5.5) (6.3)
n—j (Kj.jny)
and use sinf < tan @ to get
¢ £
|HSiIl OWU¢ k0, :Kn)m < Z 7 I tanO(uj, X ; i), (6.4)
= =i jmy)

¢ 2

. é‘., .

| sin @ (U k:0), Ki)llg < Z [% tan6(uj, X ;)| . (6.5)
LIk jiny)

where X ; ; € CN are as defined right before Theorem 4.1, and k. j,, are as defined

in Theorem 4.1. If 61 (U(. r.¢), XK,,) is not too close to /2 which we will assume, the

left-hand sides of (4.9), (6.4), and (6.5) are comparable by Proposition 2.2, but there

isn’t any easy way to compare their right-hand sides. Nevertheless, we argue that the

right-hand side of (4.9) is preferable. First it is much simpler; Second, it is potentially

much sharper for two reasons:

1. One ormore §; ; fork < j < £in (6.4) and (6.5) may be much bigger than &; ; in
(4.9).

2. By Proposition 2.3, @ (U(. k.¢), [ Xk,k k> - - -» X¢,e,¢]) can be bounded in terms of
theanglesin {0 (u;, X; j ;j), kK < j < £} butnot the other way around, i.e., together
{0(uj, X; j j), k < j < £} cannot be bounded by something in terms of

OWe ko), [Xikhs > Xeeel)

in general as we argued in Remark 2.1.

For bounding errors between eigenvectors u; and Ritz vectors i ;, the following
inequality was established in [22, Theorem3] (which is also true for the block Lanczos
method as commented there [22, p. 703]):

I, AU —17,1>||z)2

sin@(uj,ﬁj)ng sin9(uj,fK,,) with xj= |1+ - =
min e [Aj —Ap|

(6.6)
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This inequality can grossly overestimate sinf(u;, it ;) even with the “exact” (i.e.,
computed) sin & (u ;, K,) for the ones associated with a cluster of eigenvalues due to
possibly extremely tiny gap min,; [A; — X pl, not to mention after using (6.3) to
bound sin 0 (u;, X,). By Proposition 2.3, we have

¢
| sin @ (U k:0), Ug k0 IIE < Zsin2 Ouj,iuj)
N j=k

l
> X3 sin? 0(uj, XK,) 6.7)
\ j=k

¢ £ 2
= |2y e xn] . e
\ j=k n— s )b

IA

Inherently any bound derived from bounds for all sin’ 6 (u j» ;) likely very much
overestimates || sin @ (U k.¢), U(:,k:@))||12: because there is no simply way to bound
Zﬁ»:k sin20(uj, ;) in terms of | sin @ (U k:¢), ﬁ(:,k:g))H%, i.e., the former may
already be much bigger than the latter, as we argued in Remark 2.1. So we antici-
pate the bounds of (6.7) and (6.8) to be bad when A; with k < j < £ form a tight
cluster.

Saad [22, Theorem 6] provides a bound on A ; — i ;j individually. The theorem is the
same as our Theorem 5.1 for the case k = £ = i. Concerning the eigenvalue cluster
{Xk, ..., A¢}, Saad’s theorem gives

4 4 4
~ g
D=2 | DIy —an)? [m tane(u,-,x,-,,,j)] . (6.9)

j=k j=k

This bound, too, could be much bigger than the one of (5.1) because of one or more
¢j withk =i < j < £ are much bigger than ¢;.

7 Numerical examples

In this section, we shall numerically test the effectiveness of our upper bounds on
the convergence of the block Lanczos method in the case of a cluster. In particular,
we will demonstrate that our upper bounds are preferable to those of the single-
vector/eigenvalue type in Saad [22], especially in the case of a tight cluster. Specifically,

(a) the subspace angle ® (U¢. k.¢), X; k,¢) used in our bounds is more reliable than the
individual anglesin {6 (u;, X ; ;), k < j < £} together to bound & (U x.¢), K,,)
(see remarks in Sect. 6), and

(b) our upper bounds are much sharper than those derived from Saad’s bounds in the
presence of tight clusters of eigenvalues.
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We point out that the worst individual bound of (6.3) or (6.6) or for A; — A; is at
the same magnitude as the derived bound of (6.5) or (6.8) or (6.9), respectively. So
if a derived bound is bad, the worst corresponding individual bound cannot be much
better. For this reason, we shall focus on comparing our bounds to the derived bounds
in Sect. 6.

Our first example below is intended to illustrate the first point (a), while the second
example supports the second point (b). The third example is essentially taken from
[22], again to show the effectiveness of our upper bounds.

We implemented the block Lanczos method within MATLAB, with full reorthog-
onalization to simulate the block Lanczos method in exact arithmetic. This is the best
one can do in a floating point environment. In our tests, without loss of generality, we
take

A =diag(Ay, ..., AN)

with special eigenvalue distributions to be specified later. Although we stated our
theorems in unitarily invariant norms for generality, our numerical results are presented
in terms of the Frobenius norm for easy understanding (and thus for Theorem 4.1, y
by (4.15) is used). No breakdown was encountered during all Lanczos iterations.

We will measure the following errors: (in all examples, k =i = 1 and £ = np, = 3)

l
er= | D 1A — Al (7.1a)
j=k
€2 = [sin O (U ey, Utk I (7.1b)
€3 = || sin ® (U k:¢), Ko llF, (7.1c)
€4 = || tan O (U k), Kn)IFs (7.1d)

for their numerically observed values (considered as “exact”), bounds of Theorems 4.1
and 5.1, and derived bounds of (6.9), (6.8) and (6.5) considered as “Saad’s bounds”
for comparison purpose. Rigorously speaking, these are not Saad’s bounds.

For very tiny 01(U(. k.¢), Ks), €3 & €4 since

€3 <€ < 63/\/1 — sin? 01 (U ke0), K-

Indeed in the examples that follows, the difference between €3 and €4 is so tiny that
we can safely ignore their difference. Therefore we will be focusing on €1, €3, and €3,
but not €4.

Example 7.1 We take N = 600, the number of Lanczos steps n = 20, and

T
M =35 =3 A3 =25, A, =1—Nj, j=4,....N,

and set i = k = 1,£ = 3 and n, = 3. There are two eigenvalue clusters:

{A1, A2, A3} and {A4, ..., An}. We are seeking approximations related to the first clus-

ter {A1, A2, A3}. The gap 0.5 between eigenvalues within the first cluster is to ensure
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Table 1 Example 7.1: N = 600,n =20,i =k =1, =3,n, = 3, and Vjy asin (7.2)

VS g =21 lIsin @ (U k) U ko) lIv lIsin @ (U k), K I

Observed Bound of Saad bound Observed  Bound of  Saad bound Observed Bound of  Saad bound
5.1 of (6.9) 4.11) of (6.8) 4.9) of (6.5)

1.9x 1071 44 x 10714 42x1073 35x107% 1.3x1077 6.8x1072 33x1078 1.0x 1077 2.5x 1072

that our investigation for our point (a) will not be affected too much by the eigen-
value closeness in the cluster. The effect of the closeness is, however, the subject of
Example 7.2.

Our first test run is with a special Vj given by

M1 0 0 ]
0 1 0
0 0 1
Vo= % sin 1 cos 1 (7.2)
N;"” sin(N —np) cos(N — np) |

Table 1 reports €1, €3, and €3 and their bounds. Our bounds are very sharp—comparable
to the observed ones, but the ones by (6.9), (6.8) and (6.5) overestimate the true errors
too much to be of much use. Looking at (6.5) carefully, we find two contributing factors
that make the resulting bound too big. The first contributing factor is the constants

=1 &y=15 &3=105. (1.3)

The second contributing factor is the angles 0 (u;, X; ; ;) fork < j < £:

| j [t 1 2 [ 3 |
9, (Uit), Xix.0)]|[1.51299]1.51298]1.49976
0(uj, X, |[1.49976]1.570661.57069

What we see is that the canonical angles 0; (U(. k.¢), X; k,¢) are bounded away from
/2 but the last two of the angles 0 (u;, X ; ;) are nearly /2 = 1.57080. This of
course has something to do with the particular initial V{ in (7.2). But given the exact
eigenvectors are e1, €3, €3, this Vj should not be considered a deliberate choice so as
to simply make our bounds look good.

Similar reasons explain why the upper bounds of (6.9) and (6.8) are poor as well.
In fact, now the first contributing factor is

a=1, ©=15-15-1002~15 3 =105-38-10""2~105, (7.4)
X1 7~ x2 =~ x3 ~ 2.6860, (7.5)

@ Springer



106 R.-C. Li, L.-H. Zhang

Table 2 Example 7.1: averages over 20 random Vj

VS g =21 llsin © (WU g0y U ko) I Il sin © (U g0y, Kn)llgp

Observed Bound of Saad bound Observed Bound of  Saad bound Observed Bound of  Saad bound
(5.1) of (6.9) (4.11) of (6.8) (4.9) of (6.5)

12x 1071 25x10713 82x 1078 59x 1078 25x1077 27x107% 5.6x 1078 20x 1077 9.9 x 107

and then again the set of angles 6 (u j, X ; ;) fork < j < £ is the second contributing
factor.

Next we test random initial Vj as generated by randn(N, np) in MATLAB. Table 2
reports the averages of the same errors/bounds as reported before over 20 test runs.
The bounds of (6.9), (6.8) and (6.5) are much better now, but still about 1,000 times
bigger than ours. The following table displays the canonical angles 8; (U x.¢), Xi x,¢)
aswellas O(u;, Xj j ).

| J 12 ]3|
0,(Ur0). Xix.0)][1.5497[1.5183[1.4712
0(u;. X ;) |[1.5481]1.53591.5281

It shows that the randomness in V) makes none of 0(u;, X; ; ;) fork < j < ¢
as close to w/2 as Vy in (7.2) does. In fact, they are about at the same level as the
canonical angles 0 (U(. r.¢), Xi k.¢). Therefore, the sole contributing factor that makes
the bounds of (6.9), (6.8), and (6.5), worse than ours are the &’s and ¢’s in (7.3) and
(7.4).

Example 7.2 Let N = 1,000, n = 25, and

S
=248, A =2, A3 =2—3, A,-:l—ﬁj, j=4.....N.

and again seti = k = 1,¢ = 3, np, = 3. We will adjust the parameter § > 0 to
control the tightness among eigenvalues within the cluster {A1, A7, A3} and to see how
it affects the upper bounds and the convergence rate of the block Lanczos method. We
will demonstrate that our bounds which are of the eigenspace/eigenvalue cluster type
are insensitive to § and barely change as é goes to 0, while “Saad’s bounds” are very
sensitive and quickly become useless as § goes to 0. We randomly generate initial Vj
and investigate the average errors/bounds over 20 test runs. Since the randomness will
reduce the difference in contributions by & (U. x.¢), X k,¢) andby 0(u;, X; ; ;) as we
have seen in Example 7.1, the gap § within the cluster and the gap between the cluster
and the rest of the eigenvalues are the only contributing factor for approximation errors
€.

Table 3 reports the averages of the errors defined in 7.1 and the averages of their
bounds of Theorems 4.1 and 5.1 and “Saad’s bounds” of (6.9), (6.8) and (6.5) over 20
test runs. From the table, we observed that
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Observed Eg observed €, and our bound on ¢, Observed € and its Saad bounds

2

1072 10%
—a— observed ¢, AN —a— observed e,
— 4 -observed, 10% "o ~ w - bound,
1073 ¢ A boundone, N -0~ bound,
20 o
10 Y
" N
10 10% o
107 10 KR
5 °s
10
107
10°
07y 107
K
10*8 10*10 L L L L s
1072 1071 1078 107 107 1072 10° 10712 10710 107 107° 107 1072 10°
) )

Fig.1 Observed €5 deteriorates as § goes to 0 while € seems to remain unchanged in magnitude. “Saad’s
bounds” on €5 are not included in the left plot in order not to obscure the radical difference between €7 and
€5 for tiny &

(1) all of our bounds which are of the eigenspace/eigenvalue cluster type are rather
sharp—comparable to the observed (“exact”) errors, and moreover, they seem to
be independent of the parameter § as it becomes tinier and tinier;

(i1) as 8 gets tinier and tinier, the “Saad’s bounds” of (6.9), (6.8), and (6.5) increase
dramatically and quickly contain no useful information for § = 10> or smaller.

To explain the observation (ii), we first note that &; ; in (6.5) are given by

6 6 36
§li=1, &ao=1+ 3 and &33 = 3T
They grow uncontrollably to co as § goes to 0. Therefore, the “Saad’s bound” of (6.5)
is about O(82) for tiny 8. Similarly, since & j,j and ¢; are almost of the same level,
it can be seen from (6.9) that the “Saad’s bound” for € is about O(8~*). For (6.8),
when 7 is moderate, x; is about 0(8_1), and therefore, “Saad’s bound” for ¢ is about
O(8~3) for tiny §.

We argued in Sect. 6 that Saad’s bound on 6 (u ;, it ;) can be poor in a tight cluster
of eigenvalues. Practically, it is also unreasonable to expect it to go as tiny as the
machine’s unit roundoff u as the number of Lanczos steps increases. For this example,
by the Davis-Kahan sin 6 theorem [7] (see also [23]), we should expect, for 1 < j < 3,

(observed) sin6(u;, ii ;) = O(Lanczos approximation error) + O(u/$),
where O(u/$) is due to machine’s roundoff and can dominate the Lanczos approxi-

mation error after certain number of Lanczos steps. To illustrate this point, we plot, in
Fig. 1,

4
es= | > sin?0(uj, ii))

j=k
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Table 4 Example 7.3: N =900,n = 12,i =k =1, =3,n, =3

,/Zf':k i —xj1? I sin @ (U k0. Uge k) IF [ sin ®U(. g0y Kn) g

Observed Bound of  Saad bound Observed  Bound of  Saad bound Observed  Bound of  Saad bound
5.1 of (6.9) 4.11) of (6.8) 4.9) of (6.5)

94x10710 15x1078 48x107% 39x 1075 13x107% 3.0x1072 37x1075 1.1x107% 1.9x 1072

as 8 varies from 10~ down to 10!, Also plotted are its two upper bounds S; and
B2 of (6.7) and (6.8)

¢
es < Bri= | D x7sin?Ouy, Kn)
\ ik
¢ £ 2
< B = Z[M tan@(u/,Xj,/,j)i| s
\ = Tn—j(Kj jny) ' '

as well as the observed values of €2 = || sin @ (U x.¢), ﬁ(;,k;g)) ||r defined in (7.1b) and
its upper bounds of (4.11). From the figure, we see that the observed e is about 10~/
for 8 > 1077 and then starts to deteriorate from about 10~ up to 1073 as § goes down
to 1078 or smaller. At the same time, the magnitudes of €, and its bound of (4.11)
remain unchanged around 10~7. This supports our point that one should measure
the convergence of the entire invariant subspace corresponding to tightly clustered
eigenvalues rather than their each individual eigenvector within the subspace.

Example 7.3 Our last example is from [22]:

-3
=2, A =16, a3 =14, Aj=1—]T, j=4.....N,
1 1 H
Vo=[1 0 =1 - 1 0 -1
1 =2 1 1 =2 1

Since the first three eigenvalues are in a cluster, we takei = k = 1, £ = 3 and n;, = 3.
Saad [22] tested this problem for N = 60 and n = 12. We ran our code with various
N, including N = 60 and saw little variations in observed errors and their bounds.
What we report in Table 4 is for N = 900 and n = 12.

The table shows that our bounds very much agree with the corresponding observed
values but “Saad’s bounds” are much bigger — about the square roots of the observed
values and our bounds. This is due mainly to the small gap between A, and A3 since
we observed that 0; (U x.¢), Xik¢) = 0(u;, X; ;) ~ 151303 for j =1, 2, 3.

@ Springer



110 R.-C. Li, L.-H. Zhang

8 More bounds

The numerical examples in the previous section indicate that &; x in Theorem 4.1
and ¢; in Theorem 5.1 can worsen the error bounds, especially in the case of tightly
clustered eigenvalues. However, both can be made 1 if only the first n;, eigenpairs are
considered (see Remark 4.1). To use Theorems 4.1 or 5.1 for eigenvalues/eigenvectors
involving eigenpairs beyond the first n;, ones, we have to have &; x or ¢; in the mix.
Thus potentially the resulting bounds may overestimate too much to be indicative.

Another situation in which the bounds of Theorems 4.1 or 5.1 would overestimate
the actual quantities (by too much) is when there are clustered eigenvalues with cluster
sizes bigger than n;, because then 6; ¢ ,, is very tiny for any choices of i, k, and £. Ye
[25] proposed an adaptive strategy to use variable nj, aiming at updating n;, adaptively
so that it is bigger than or equal to the biggest cluster size of interest.

In what follows, we propose more error bounds with &; ; and ¢; always 1. However,
it requires the knowledge of the canonical angles from the interested eigenspace to
Ki(A, Vo), where i < n is a positive integer. Roughly speaking, the new results show
that if the eigenspace is not too far from X; (A, V) for some i < n (in the sense
that no canonical angle is too near 7 /2), the canonical angles from the eigenspace
to X, (A, Vp) are reduced by a factor purely depending upon the optimal polynomial
reduction.

To proceed, we let i < n. Now we are considering the 1st to (inp)th eigenpairs of
A among which the kth to £th eigenvalues may form a cluster as in

);N Ain, Ao A A1

(cluster)

where
l1<k<d{l<inp,, 1=<i<n.

Suppose 01 (U, 1:in,), Qi) = 01U, 1:iny)» Ki (A, Vo)) < /2, 1e.,

rank(QM U 1.in,)) = inp. 8.1
Consider an application of Proposition 2.4(b) with k1 = ¢ — k + 1,

X=RQ), 9=RWUc¢urin))s 1sy2 ooy Yy 1= luk, i1, - ugl

The application yields a unique

Zike :=I[x1,x2, ..., Xk,] (8.2)
such that R(Z; x ¢) € R(Q;) and

U(:,l:inb)U(I—;I,l;,‘nh)Zi,k,l = Ug ko) = [, ugs1, ..., ugl. (8.3)
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Moreover
lIsin @ (U ey, Zig.o)|| < ||sin @ (U :ingy)y. Q|- (8.4)
[[tan © (U k:0). Zik,o)||| < ||tan © U 1:imy). )] - (8.5)

Finally, we observe that
Kn—i+1(A, Qi) = Kn(A, Vo). (8.6)

The rest is the straightforward application of Theorems 4.1 and 5.1to K,,—; 11 (A, Q;).

Theorem 8.1 For any unitarily invariant norm ||-||, we have

1
[[tan © (U k), K[| < TG [[tan © Uiy, Zin o). 8D
lsin ©@ U k00, Uik || < v |[[sin © (U keey, K || (8.8)

14
—~ tan @ (U k-0), Z; , 8.9
= T Rien) |tan © (U k:0). Zi ) (8.9)

where Z; i ¢ is defined by (8.2), U by (3.5), and
& M =i 14 8i.0.m,

Oitm = = = kit = e . (8.10)

and y takes the same form as in (4.13) with, again, the constant ¢ lying between 1 and
/2 and being 1 for the Frobenius norm or if A1 > Ai, and with n being the same
as the one in (4.14). For the Frobenius norm, y can be improved to the one in (4.15).

Theorem 8.2 Let k = 1. For any unitarily invariant norm, we have

’Hdiag(M — A2 — A2, ke — 5»()”‘

1

L . @1
Tn—i(Kieny) ®-10)

2
< (A1 —ApN) |: } mtanz OWUe 10, Zie)

where K; ¢, is the same as the one in (8.10).

9 Conclusions

We have established a new convergence theory for solving large scale Hermitian
eigenvalue problem by the block Lanczos method from a perspective of bounding
approximation errors in the entire eigenspace associated with all eigenvalues in a tight
cluster, in contrast to bounding errors in each individual approximate eigenvector as
was done in Saad [22]. In a way, this is a natural approach to follow because the block
Lanczos method is known to be capable of computing multiple/cluster eigenvalues
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much faster than the single-vector Lanczos method (which will miss all but one copy
of each multiple eigenvalue). The outcome is three error bounds on

1. the canonical angles from the eigenspace to the generated Krylov subspace,

2. the canonical angles between the eigenspace and its Ritz approximate subspace,

3. the total differences between the eigenvalues in the cluster and their corresponding
Ritz values.

These bounds are much sharper than the existing ones and expose true rates of con-
vergence of the block Lanczos method towards eigenvalue clusters, as illustrated by
numerical examples. Furthermore, their sharpness is independent of the closeness of
eigenvalues within a cluster.

As is well-known, the (block) Lanczos method favors the eigenvalues at both ends
of the spectrum. So far, we have only focused on the convergence of the few largest
eigenvalues and their associated eigenspaces, but as is usually done, applying what we
have established to the eigenvalue problem for —A will lead to various convergence
results for the few smallest eigenvalues and their associated eigenspaces.

All results are stated in terms of unitarily invariant norms for generality, but spe-
cializing them to the spectral norm and the Frobenius norm will be sufficient for all
practical purposes. Those results can also be extended to the generalized eigenvalue
problem without much difficulty [19, Sect. 9].
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