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Cosmetic surgeries on knots in S

By Yi Ni at Pasadena and Zhongtao Wu at Pasadena

Abstract. Two Dehn surgeries on a knot are called purely cosmetic, if they yield mani-
folds that are homeomorphic as oriented manifolds. Suppose there exist purely cosmetic surg-
eries on a knot in S3, we show that the two surgery slopes must be the opposite of each other.
One ingredient of our proof is a Dehn surgery formula for correction terms in Heegaard Floer
homology.

1. Introduction

Given a knot K in a three-manifold Y, let «, 8 be two different slopes on K, and let
Yo(K), Yg(K) be the manifolds obtained by «- and B-surgeries on K, respectively. If the
two manifolds Yy (K), Y5 (K) are homeomorphic, then we say the two surgeries are cosmetic;
if Yo(K) = Yg(K) as oriented manifolds, then these two surgeries are purely cosmetic; if
Yo (K) = —Yg(K) as oriented manifolds, then these two surgeries are chirally cosmetic.

Chirally cosmetic surgeries occur frequently for knots in S3. For example, if K is am-
phicheiral, then S?(K) = —S3,(K) for any slope r. If T is the right-hand trefoil knot, then

3 ~ 3
Stisk+9)/3k+1)(T) = =S¢igk 19y, 3k+2)(T)

for any nonnegative integer k (see [7]).

On the other hand, purely cosmetic surgeries are very rare. In fact, the following conjec-
ture was proposed in Gordon’s ICM talk [4, Conjecture 6.1] and Kirby’s Problem List [6, Prob-
lem 1.81 A].

Conjecture 1.1 (Cosmetic surgery conjecture). Suppose K is a knot in a closed oriented
three-manifold Y such that Y — K is irreducible and not homeomorphic to the solid torus. If
two different Dehn surgeries on K are purely cosmetic, then there is a homeomorphism of
Y — K which takes one slope to the other.
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This conjecture is highly nontrivial even when ¥ = S3. In [5], Gordon and Luecke
proved the famous knot complement theorem, which can be interpreted as that there are no
cosmetic surgeries if one of the two slopes is co. In [2], Boyer and Lines proved the cosmetic
surgery conjecture for any knot K with A% (1) # 0. In recent years, Heegaard Floer homology
[12] became a powerful tool to study this conjecture. In [14], Ozsvath and Szabd proved that
if S,31 (K) is homeomorphic to S,32 (K), then either Sr31 (K) is an L-space or ry and rp have
opposite signs. Moreover, when Sr31 (K) is homeomorphic to Sr32(K ) as oriented manifolds,
the second author [19] ruled out the case that S r31 (K) is an L-space, thus r; and r, must have
opposite signs. In [18], Wang proved that genus 1 knots in S> do not admit purely cosmetic
surgeries.

In this paper, we are going to put more restrictions on purely cosmetic surgeries for knots
in §3. Our main result is:

Theorem 1.2. Suppose K is a nontrivial knot in S3, and ry,r, € Q U {oo} are two
distinct slopes such that S r31 (K) is homeomorphic to S r32 (K) as oriented manifolds. Then the
following assertions are true:

(@ ry = —ra.
(b) If r1 = p/q, where p, q are coprime integers, then g> = —1 (mod p).

(¢) ©(K) = 0, where t is the concordance invariant defined by Ozsvdth—-Szabo [9] and
Rasmussen [15].

Remark 1.3. Suppose K C S3 is a nontrivial knot, and f is a homeomorphism of
S3 — K. Then f must send the longitude to the longitude (up to orientation reversing) for
homological reason, and the meridian to the meridian (up to orientation reversing) by the knot
complement theorem [5]. Thus if f sends a slope to a different slope, then f extends to
an orientation reversing homeomorphism of S3, which means that K is amphicheiral. So
Conjecture 1.1 for knots in S3 can be reformulated as: if Sr?’1 (K) is homeomorphic to S ,32 (K)
as oriented manifolds, then r; = —r3 and K is amphicheiral. Our Theorem 1.2 proves the part
of this conjecture concerning the slopes, and asserts that t(K) is the same as the t invariant of
amphicheiral knots.

Remark 1.4. Ozsvath and Szabd [14] remarked that their method can be used to ex-
clude cosmetic surgeries for certain numerators p. To illustrate, they proved that p # 3.
Our Theorem 1.2 (b) implies a more precise restriction on p: —1 must be a quadratic residue
modulo p.

Remark 1.5. Ozsvéth and Szab6 [14] gave the example of K = 944. This knot is a
genus 2 knot with (K) = 0 and

Ag(T)=T"2 4TV 4 74T + T2

Heegaard Floer homology does not obstruct K from admitting purely cosmetic surgeries. In
fact, S 13 (K) and SEI (K) have the same Heegaard Floer homology. However, these two mani-
folds are not homeomorphic since they have different hyperbolic volumes.
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An important ingredient of the proof of Theorem 1.2 is a surgery formula for Ozsvath
and Szabd’s correction terms. The statement of the formula is as follows, where the terms in
the formula will be explained in Section 2.

Proposition 1.6. Suppose p,q > 0, and fix0 <i < p — 1. Then
d(S;,,(K),i) = d(L(p,q),i) — 2max{V; . HL,-+,,q<_1>J}.

The above formula has independent interests, since the correction terms have been very
useful in many applications of Heegaard Floer homology.

We also compute the rank of the reduced Heegaard Floer homology of surgeries on knots
which admits purely cosmetic surgeries.

Proposition 1.7. Suppose K C S is a knot with S3(K) = S3 . (K) for some r € Q\{0}.
Then there exists a constant C = C(K), such that

rank HFred(Sj/q(K)) =|gq|-C

for any coprime nonzero integers p, q. In fact, the constant C(K) is the rank of H Feq(S ;’ (K))
for p > 0.

This paper is organized as follows. In Section 2, we use Ozsvath and Szabd’s rational
surgery formula [14] to prove Proposition 1.6. This gives a bound of the correction terms by
the correction terms of the corresponding lens spaces. A necessary and sufficient condition for
the bound to be reached is found. In Section 3, we review the Casson—Walker and Casson—
Gordon invariants. Combining these with the bound obtained in Section 2, we show that if
there are purely cosmetic surgeries, then the correction terms are exactly the correction terms
of the corresponding lens spaces. Our main theorem is then proved in Section 4. In Section 5,
we will prove Proposition 1.7.

2. Rational surgeries and the correction terms

2.1. The rational surgery formula. In this subsection, we recall the rational surgery
formula of Ozsvath and Szab6 [14], and then compute the example of surgeries on the unknot.

Remark 2.1. For simplicity, throughout this paper we will use [, = Z /27 coefficients
for Heegaard Floer homology. Our proofs work for Z coefficients as well.

Given a knot K in an integer homology sphere Y. Let C = CFK®°(Y, K) be the knot
Floer chain complex [11, 15] of (¥, K). There are chain complexes

AF=Cli=00rj >k}, keZ
and BT = C{i > 0} = CFT(Y). Asin [13], there are chain maps

vk,hk . A;: — B+.
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Given g € Q\ {0}, let

Af:@(S’ATMJ(K))’ BFL=@(S,B+)-

SEZL SEZL

Here, the first entry s in the parentheses is simply a decoration used to distinguish identical
copies of A or BT, Define maps

v+ﬂ : (s,A+M (K)) — (s, BY), h+ﬂ : (S’AJFM (K)) = (s +1,B7).
L= L= L= L=
Adding these up, we get a chain map
Dt , AT > B,
i,plq i i
with
D,Tp/q{(S,as)}seZ = {(s,bs)}sez,
where

by = vrmj(as) + hff,.ﬂ,(s_nj(as_l).
q q

In [14], Ozsvith and Szabé gave an identification of Spin®(Y),/,(K)) with Z/pZ. This
identification can be made explicit by the procedure in [14, Sections 4, 7]. For our purpose in
this paper, we only need to know that such an identification exists. We will use this identifica-
tion throughout this paper.

+

Theorem 2.2 (Ozsvith-Szab6). Let X F e

then there
i,p/q

be the mapping cone of D
is a relatively graded isomorphism of groups
H*(X;jp/q) ~ HF(Y,/,(K),i).

The above isomorphism is actually U -equivariant, so the two groups are isomorphic as
[F»[U]-modules.

Remark 2.3. For K C S3, the absolute grading on X;rp /a is determined by an absolute

grading on BT which is independent of K. The absolute grading on B is chosen so that the
grading of

| = H*(Xifp/q(O)) ~ T :=F,[U, U/ UF,[U]

+
i,p/q
with the absolute grading on HF 1 (S ; /q(K ),1). See [14, Section 7.2] for a discussion of the

absolute grading.

is d(L(p,q),i), where O is the unknot. This absolute grading on X (K) then agrees

Let
A = Ho(4)., B = Ho(BT),

let
+ q+ .9+ +
v b AT B
be the maps induced on homology, and let

5)+

T Hy(A) — H.(B)
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be the map induced by D"

i p/q ON homology. There is a natural short exact sequence of chain
complexes:

incl proj
0—B" — X — AT —0.

Then Theorem 2.2 implies that there is an exact triangle

DF
(1) Ho(AD) —2 1, (BY)

> incly
Proj

HF 1 (Y,/4(K).i).

If K = O is the unknot, then the g-surgery on K gives rise to the lens space L(p,q).
Then
WS = A =B =B =TT
We have
v+:{U|k| ifk <0, +:{1 if k <0,
Tl itk >o, o luk itk >o.

Suppose p,g > 0. Let 0 <i < p — 1, then LH—%J > 0 if and only if s > 0. We have
bo = ag + a—y. For § € T, define

LE) = {(s, &)}sez € A

by letting
£, if s € {—1,0},

£, = ULWJQ_I, ifs >0,
_Lier(SJrl)J .
U 4q és+1, if s < —1.

Then ¢ maps 7T isomorphically to the kernel of Dl.+p Iq It is clear that D;rp /a is surjec-

tive (see also Lemma 2.8 for a proof), hence ker Di+p /g = X;rp Iq

have absolute grading d(L(p,q),i). The absolute grading on B can be determined by the
fact

In particular, ¢(1) should

) vp](o, 1= hEL,.+,,(_1)J(—1,1) = (0,1) € (0, B1).
q q

2.2. Bounding the correction terms. For a rational homology three-sphere ¥ equipped
with a Spin® structure s, HF T (Y, s) can be decomposed as the direct sum of two groups: The
first group is the image of HF*°(Y,s) in HF " (Y, s), whose minimal absolute Q grading is
an invariant of (Y, s) and is denoted by d(Y, s), the correction term [8]; the second group is
the quotient modulo the above image and is denoted by H Fi.q(Y, ). Altogether, we have

HF+(Ya g) = U\;J—i(_y,g) @ HFred(Y’ g)‘

For a knot K C S3, let ?l,{ = U"?I,": for n > 0, then ?1,{ ~ T+ Let @iTp

. . _l’_
restriction of S)l.,p /g O

/q be the

Al = D Uiy (K)).
SEL 4
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Since U;, b,‘: are graded isomorphisms at sufficiently high gradings and are U-equi-
variant, U]j |?I,7; is modeled on multiplication by U "* and b;{r |?I]€ is modeled on multiplication
by UHx where Vi, H; > 0. Note that the numbers V}, and Hj, are invariants of the double-
filtered chain homotopy equivalence type of CFK*°(Y, K). Hence, they are invariants of the
knot K.

Lemma24. Vi > Viiq, Hy < Hyyq.

Proof. The map v]j factors through the map v]': 1 Via the factorization

+
UV,
Cli>00rj>k}— Cli>00rj >k+1} —1s Cli >0}

Hence it is easy to see that Iz > Vi 1. A similar argument works for Hy by considering the
factorization of h,': et
U hf
C{i>0orj>k+1}—C{i>=—lorj >k} —C{i >00rj >k} —> C{i =0}.
o

It is obvious that V;, = 0 when k > g and Hy = 0 when k < —g, V}, — 400 as
k — —o0, H — +o00 as k — +o00.

Theorem 2.5. Suppose p,q > 0 are coprime integers. Then

foralli € 7./ pZ. The equality holds for all i if and only if Vo = Hy = 0.

Remark 2.6. The first part of Theorem 2.5 easily follows from [8, Theorem 9.6] and
[10, Corollary 1.5]. We will present a different proof, which enables us to get the conclusion
about Vy and Hy.

Lemma 2.7. For any knot K C S3, we have Vo = Hy. Hence Vi, > Hy ifk < 0 and
Vi < Hi ifk > 0.

Proof. If (Z,a,B,w,z) is a doubly pointed Heegaard diagram for (S3, K), then
(=X, B,a,z,w) is also a Heegaard diagram for (S3, K). Hence the roles of i, j can be in-
terchanged. It follows that v(;r is equivalent to ¢, hence Vo = Hy. m|

r

Lemma 2.8. Suppose that p,q > 0. Then the map O »/a

0<i<p-Ll

is surjective for each

Proof.  Suppose
N =1{(s,n5)}sez € H*(B?)-

Let
—H itp-D),
q

£ =U no, &0 =0.
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—H itp-1 . . H itp—n
Here f_; = U '~ 'y means that £&_; is an element with U '~ @ J§_; = no. For
other s, let
=V itps H itpes—1) .
U V7 i(ns=U " a g ), ifs >0,
SS - —H i+ps

Vi s
U U (g1 —U F g L), ifs < — 1
By the definition of direct sum, ny; = 0 when |s| > 0. Using the facts that
H itps—1), — Viitps, = +00, ass — 400,
== L=
Viitpsty, — H itps, — +00, ass — —o0,
== L=
we see that & = 0 when |s| > 0. So & = {(s,&s)}sez € eA)iT. Clearly
Oipsa® =1 .
Our key idea is the following lemma.

Lemma 2.9. Suppose p/q > 0. Under the identification

Hu(X} ) = HFT(S)),(K).i),
U"HF +(S§ Ia (K), i) is identified with a subgroup of the homology of the mapping cone of
Dl.Tp /q whenn > 0.

Proof. By Lemma 2.8, ©7  is surjective, hence ©7 , is also surjective. By the ex-

i,p/q i.p/q
act triangle (1), we conclude that H F (Yp/q(K), 1) =ker oF Suppose & € U" ker S);rp/q

i,p/q’
for n > 0. Then

+ y 4T
EcUH(A], ) =A; 4

Hence &, being an element in ker D;rp I is actually an element in ker S)l.Tp Iq This proves that
T

U™ ker D;rp /a is a subgroup of the homology of the mapping cone of D; vla ]
Now we are ready to prove Proposition 1.6 stated in the introduction.

Proof of Proposition 1.6. Lemmas 2.4 and 2.7 imply that

H itps—1, = Ho=Vo > Viitps, ifs>0,
|itpG=D) | ites

3)

H itps—1, < Hyo=Vy < Viigps, ifs<O.
L= |t |

Given £ € 7, define

p(€) = {(s.&s)}sez

as follows. If
4 Vii,>H itp—1,,
( ) LEJ sl |_ +pq( I)J

let
H

Vii—H i+p—D
E=U WU g
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if
) Mgy < Hiiepen .

let
i+p=1 =V i
q

E=f f=U g,

For other s, using (3), let

H iqps—1), =V itps .
U ' a ) a g, ifs >0,

i+ps .
] J%-s-l-l’ ifs < —1.

£ =

UVL"J”’E;“)J_H

As argued in the proof of Lemma 2.8, £& = 0 when |s| >> 0. Then p maps 7 into ker S)Z.Tp/q
and Up(1) = 0. In light of Lemma 2.9, the grading of p(1) is d(S;/q(K), i).
If (4) holds, the map
o, (0,A7; ) — (0,81
7] L7l
Vi . . .
is U 'a). Using Remark 2.3 and comparing (2), the grading of p(1) can be computed by
q
If (5) holds, the map
b+[+p(—l) : (_1’917;-‘1-11(—1) ) = (0,B7)
(=5 (=5
isU U The grading of p(1) can be computed by
d(L(p,q),l')—ZHLwJ. O
q

Remark 2.10. The argument in the proof of Lemma 2.7 implies that V, = H_j for
any k € Z. So Proposition 1.6 may be stated as

d(Syy(K).i) = d(L(p.q).1) — 2max{V):, VL%—‘”J}-
Proof of Theorem 2.5.  The first part of Theorem 2.5 immediately follows from Propo-

sition 1.6.
Ifd(Sj/q(K),i) =d(L(p,q),i) forall i, then

(6) max{V,; ,H itpcn,} =0
11 Hy e

for all i. In particular, Vo = 0. It follows from Lemma 2.7 that Hy = 0.
If Vo = Hy = 0, then (6) holds for all i. So d(Sg/q(K),i) =d(L(p,q),i). |

3. Casson—Walker, Casson—Gordon invariants and the correction term
3.1. Casson—Walker invariant. The Casson invariant is one of the many invariants of

a closed three-manifold Y that can be obtained by studying representations of its fundamental
group in a certain non-abelian group G. Roughly speaking, the Casson invariant of an integral
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homology sphere Y is obtained by counting representations of 71(Y) in G = SU(2). The
geometric structure used to obtain a topological invariant is a Heegaard splitting of Y. An
alternative gauge-theoretical approach uses flat bundles together with a Riemannian metric on
Y and leads to a refinement of the Casson invariant, the Floer homology.

By extending Casson’s SU(2) intersection theory to include reducible representations,
Walker extended the Casson invariant to rational homology spheres. Most remarkably, Walker’s
invariant admits a purely combinatorial definition in terms of surgery presentations. The fol-
lowing proposition is the special case of a more general surgery formula, when K is a null-
homologous knot in a rational homology sphere Y (see [2, Theorem 2.8]). Our convention
here is that )L(S_?_l (T)) = 1, where T is the right-hand trefoil.

Proposition 3.1. Let K be a null-homologous knot in a rational homology three-sphere
Y, and let L(p, q) be the lens space obtained by (p/q)-surgery on the unknot in S3. Then

q
(M A(Yp/q(K)) = A(Y) + A(L(p.q)) + 5512(1)-
Here, the Alexander polynomial Ak is normalized to be symmetric and satisfy Ag (1) = 1.

Definition 3.2. Given two coprime numbers p and ¢, the Dedekind sum s(q, p) is

lpl—1
s(q. p) = sign(p) - ;; ((%)) ((%1))

where
x—|x]—3, ifx¢Z,

) = {o, ifx ez,

The next proposition also follows from [2, Theorem 2.8].
Proposition 3.3. For a lens space L(p, q), one has A(L(p,q)) = —%s(q, D).

When p,q > 0, write p/q as a continued fraction

1
1
a J—
2 d3— 1

P _
= =lai,...,an] = ay —
q

We learn from Rasmussen [16, Lemma 4.3] that the Casson—Walker invariant of L(p, q) can
be calculated alternatively by the formula

(8) s(q. p) = %(% + q; + Y (ai - 3)),
i=1

where 0 < ¢’ < p is the unique integer such that g¢’ = 1 (mod p).

Lemma 3.4. The Casson—Walker invariant of a lens space A(L(p,q)) vanishes if and
only if g> = —1 (mod p).
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Proof. If A(L(p,q)) = 0, we must have ¢ + ¢’ = 0 (mod p) in view of formula (8).
Together with the definition of ¢/, we immediately see

g’ =—qq' = -1 (mod p).

On the other hand, it is well known from the classification result of lens spaces that
L(p, q) is orientation-preserving homeomorphic to L(p, ¢’). Hence,

ML(p.q)) = ML(p.q)).
If g> = —1 (mod p), then ¢’ = —g (mod p); so we have

AL(p.q)) = ML(p.—q)) = =A(L(p.q)).
This implies A(L(p,q)) = 0. |

The Casson—Walker invariant is closely related to the correction terms and the Euler
characteristic of H F.q. The following theorem is established as [17, Theorem 3.3], whose
special case was also known in [8, Theorem 5.1].

Theorem 3.5. For a rational homology sphere Y, we have

D) = Y (x(HEw(Y. )~ 5d(V.9)).
s€Spin“(Y)

3.2. Casson—-Gordon invariant. Let us recall the following G-signature theorem for
closed four-manifolds [1, Proposition 6.18].

Theorem 3.6 (G-signature theorem). Suppose XL Xisan m-fold cyclic cover of
closed four-manifolds branched over a closed surface F in X. Then,
21

sig(X) = m-sig(X)—[F]z-m

3m
Here [F]> = (PD™!([F]) — PD™!([F]). [X]).

Consider a closed oriented three-manifold Y with H{(Y;Z) = Z. It has a unique
m-fold cyclic cover Y — Y. Pick up an m-fold cyclic branched covering of four-manifold
W — W, branched over a properly embedded surface F' in W, such that

W W)= —7Y).
The existence of such (W, F) follows from [3, Lemma 2.2].

Definition 3.7. The total Casson—Gordon invariant of Y is given by
2
—1

2(Y) = m - sig(W) — sigW) — [F]2-
3m

It is a standard argument to see the independence of the definition on the choice of the
four-manifolds cover W — W. Suppose W’ — W' is another cover that bounds ¥ — Y, then
we can construct a branched cover —W’ Uy W — —W’ Uy W of closed four-manifolds. It
follows readily from Novikov additivity and the G-signature theorem that the invariant is well
defined.
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Definition 3.8. Let K be a knot in an integral homology sphere Y. The generalized
signature function og (£) is the signature of the matrix A(§) 1= (1 —£)A + (1 — £)AT fora
Seifert matrix A of K, where |£| = 1.

A surgery formula for the total Casson—Gordon invariant was established in [2, Lemma
2.22].

Proposition 3.9. Let K be a knot in an integral homology sphere Y, then
€] t(Yp/q(K)) = t(L(p.q)) — o (K, p),

where o (K, p) = Zf;; o (e Py,

Quite amazingly, the total Casson—Gordon invariant of the lens space L(p,q) is also
related to the Dedekind sum.

Proposition 3.10. For a lens space L(p,q), one has t(L(p,q)) = —4p -s(q, p).

3.3. Cosmetic surgeries with slopes of opposite signs. In this subsection, we derive
an obstruction for purely cosmetic surgeries with slopes of opposite signs. Recall that both
Spin© (S3 (K)) and Spin°(L(p, q)) are identified with Z/ pZ. This leads to an explicit iden-
tlﬁcatlon of Spin®(S3 »la (K)) with Spin®(L(p, q)) in the statement of the next proposition.

Proposition 3.11. Given p.q1,q> > 0 and a knot K in S3. If

(K)=S3? , (K)

/41 -r/q>

as oriented manifolds, then

Ag() =0, > x(HFe(Z,%) =0,
s€Spin“ (Z)

and there exists a one-to-one correspondence
o : Spin°(L(p.q1)) — Spin°(L(p, q2))
such that
d(S3)4,(K).) = d(L(p.q1).s) = d(S2 . (K).0(3)) = ~d(L(p.42).0(5))

for every s.

Proof.  Using the surgery formulae (7) and (9), we can compute the Casson—Walker and
Casson—Gordon invariants of Z from its two surgery presentations and obtain

MZ) = A(L(p.q1)) + A}’((l) = AL(p.—q2)) + —pA}é(l)

©(Z) = ©(L(p.q1)) —O(K, p) = t(L(p.—q2)) — o (K, p).
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In light of Propositions 3.3 and 3.10, we must have A% (1) = 0, hence

M(Z) = (2, (K)) = AML(p.q)).
This, according to Theorem 3.5, implies
1 1
Y. (rHFa(Zs)-3dZ.9) = Y —3d(L(p.qn).9).
s€Spin‘ (Z) s€Spin (L(p.q1))
It follows from Theorem 2.5 that
d(S;/ql (K), 5) E d(L(p’ q1)7 5)

for any knot K and p/q; > 0. Therefore,

Z X(HFeq(Z,5)) <0.
s€Spin“(Z)

On the other hand,
MZ) = M52, (K)) = A(L(p.~42)).

Again, this implies

Y (HEa(Zo) - 3dZ )= Y —d(L(p.2).9).

s€Spin€ (Z) s€Spin® (L(p,—q2))

With negative surgery coefficient —p /g, Theorem 2.5 implies that

d(S2 /0, (K).%) = ~d(S2,,(K).%) = ~d(L(p.q2).5) = d(L(p. ~q2).9).

Therefore,
Y x(HFw(Z.s)) > 0.
s$€Spin© (Z)
This implies
> X(HFe(Z.5) =0
s€Spin© (Z)
and
d(S3), (K).5) = d(L(p.q)). %)
fori = 1,2 and every s. ]

It is a natural question to ask what three-manifolds may be obtained via purely cosmetic
surgeries on knots in S3. The above obstruction enables us to eliminate the following class of
three-manifolds that includes all Seifert fibred rational homology spheres.

Corollary 3.12. If Z is a plumbed three-manifold of a negative-definite graph with at
most one bad point, then Z can not be obtained via purely cosmetic surgeries on knots in S3.
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Proof. By [10, Corollary 1.4], all elements of HF T (Z) have even Z /27 grading. This
implies that in the case H Fieq(Z) # 0, it must be that

Z X(HFred(Z» 5)) = rank HFred(Z) 7é 0,
s€Spin“ (Z)

hence we can apply Proposition 3.11. The other case where H Fi.q(Z) = 0 follows from
discussions in [19]. O

4. Proof of the main theorem

Let . A
A = C{max{i,j —k} =O}, B=C{i =0}

and
V(K) = min{k EL | Vg : /fk — fl?(Sz’) induces a non-trivial map in homology}

be the knot invariant defined by Ozsvath—Szabé [14].
Proposition 4.1.  Suppose that K C S3 is a knot with Vo = Hy = 0. Then v(K) < 0.
Proof. Consider the commutative diagram

~ is +
A —25 47

g T

B2, g+

and the induced commutative diagram of homology. Since Ul = 0,1 € ?I]’: is in the image
of (ig)«. Since Vy = 0, we have U(_)I— (1) = 1. The above commutative diagram shows that the
induced map (0g)« is nontrivial in homology. Thus v(K) < 0. i

Proof of Theorem 1.2. By the resultin [19], we only need to consider the case that rq, r»
have opposite signs. Suppose 71 = p/q; and r, = —p/q2, where p, q1, ¢» are positive inte-
gers, gcd(p,q1) = ged(p,g2) = 1. By Proposition 3.11, d(S;/ql(K),i) =d(L(p,q1),i).
Theorem 2.5 implies that Vo = Hp = 0. By Proposition 4.1, we have v(K) < 0. Since
V(K) = t(K) or t(K) + 1 (see [14, Lemma 9.2] and [9, 15]), 7(K) < 0. The same argument
can be applied to K to show that t(K) < 0. Since t(K) = —7(K), we must have 7(K) = 0.

Since v(K) = 7(K) or 7(K) + 1 and v(K) < 0, we must have v(K) = 0. The same
argument can be applied to K to show that v(K) = 0. So we can apply [14, Proposition 9.9]
to conclude that r{ = —r».

Using Proposition 3.11 and (7), we conclude that

ML(p.q1)) = M8, (K)) = A(S2, (K)) = A(L(p. —q1)) = —A(L(p.q1)).

So A(L(p,q1)) = 0. The fact that g7 = —1 (mod p) follows from Lemma 3.4. i
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5. The computation of HFy¢q

In order to get more information about the knot K, we need to consider the reduced
Heegaard Floer homology H Fi¢q of the surgered manifolds. If K admits purely cosmetic surg-
eries, our computation (Proposition 1.7) shows that H Fred(S;’ / q(K)) looks like the Heegaard
Floer homology of the surgery on an amphicheiral knot. Thus it provides more evidence to
Conjecture 1.1 for knots in S3.

Let
Wperea = Al /AL
and
tA‘i,red = @(S’ aLH_%J,red(K))’
SEZL
we have:

Proposition 5.1.  Suppose K C S3 is a knot with Vo = Hy = 0. If either

p/q >0

or
plq <0. d(S},(K).i) = d(L(p.q).i).

then
'Ai,red = HFred(S;/q(K)’ l)

and the isomorphism preserves the absolute grading.

Lemma 5.2. Suppose K C S3 is a knot with Vo = Hy = 0. If p/q > 0, then TEDZ.Tp/q

is surjective and its kernel is isomorphic to TV, if p/q < 0, then @l.Tp /a is injective and its
cokernel is isomorphic to T .

Proof. We always suppose p > 0 and 0 < i < p — 1. First consider the case that
p/q > 0. The surjectivity of S)l.Tp /a is guaranteed by Lemma 2.8. We define a map

0: Tt - Heo(AT)
as follows. Given £ € 71, let 6(£§) = {(s, &) }sez, Where

£, if s € {—1,0},

H iipes—1), =V itps H itpis—1) .
Es=U 0 U g =U T gy, ifs >0,
1%
U L

i+ps+1) ~H itps
q q

Vi itpes+D .
Jés+1=U L q JES+1, if s < —1.

We claim that there is a short exact sequence

T
Bi,ﬁ/(l

0— 7+ 5 Al H.(B") — 0.

In fact, o is clearly injective and the image of o is in the kernel of ,’S)lT vl Suppose {(s, &) }sez
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is in the kernel of ©7T

ip/q WE Want to show that it is in the image of o. Since

VLéJ = [‘IL[-Haq(—l)J =0,

one must have £_; = &y. Let £ = &, then we can check 6(§) = {(s, &s)}. This finishes the
proof of the case where p/q > 0.
Next consider the case where p/q < 0. We have

(10) Viieps, =0whens <0, H,itps, =0whens > 0.
L=5—] =]
Suppose that {(s, &) }sez is in the kernel of S)l.Tp/q. Then
H S— Vi s
(an UV e 4 U P g =0

for any s € Z. By the definition of direct sum, £ = 0 when |s| is sufficiently large. Suppose
& = 0 for some s > 0, then it follows from (10) and (11) that £&_1 = 0. So we have & = 0
for all s > 0. Similarly, & = 0 for all s < 0. This proves that S)l.Tp /q is injective.
Given
n = {(S’ T’S)}SGZ € H*(B+)’
let 5 5
SV i— SVH i p
b = no + YU T = g SRR
5>0 §<0

We claim that the sequence

T

9i,p/q

0 —> AT HB}) 57+ —0

is exact. It is routine to check ¢ o SDZ.TP g = 0. Moreover, suppose ¢(n) = 0. Let M > 0 be
an integer such that n; = 0 whenever |s| > M. Define

Ns» if s < —M,
H iy pes—
6 = ns —U R I)Jgs_l, if —M <s <0,
T Ns+1, ifs>M-—1,
Vi s
Mop1 — U FPETE L if0<s < M~ 1.
We can check S)l.Tp/q{(s, &)} = n, where at (0, o) we use the fact that ¢ () = 0. This proves
ker¢p = im fSDZ.Tp Ja The image of ¢ is clearly 7, so 7 is isomorphic to the cokernel of
ﬁ)lT . i
.p/4q

Proof of Proposition 5.1. 'When p/q > 0, we can identify HF +(S;’ I i) with the ker-
nel of @;rp I Then there is a natural projection map

T HF+(S;/q’i) — Ai,red-

We claim that there is a short exact sequence

0— 7t 5 HFH(S3,.1) > Ajgea — 0,

where o is the map defined in Lemma 5.2.
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From Lemma 5.2 we know that ¢ is injective, and imo C kerm. If & € ker S;rp /a is in
the kernel of 7, then & is contained in AiTp Jq> 50

T .
IS ker,’i)i’p/q =imo.

Next we show that 7 is surjective. Let 7’ : ,A);r — sAj req be the projection map. We

need to show that for any § € +A; req, there exists a § € ker ZDZ.’LP /a with /(&) = ¢. In fact, let

&, be any element with /(&) = ¢. Since ,”2)1.7:17 /a is surjective, there exists &, € ,A)l.T with

S);'I:p/q(§2) = E)Z_p/q(gl)?

then & = &, — &, is the element we want. This finishes the proof of the claim.
The claim immediately implies our conclusion when p/g > 0.
When p/q < 0, suppose d(S;/q(K), i)=d(L(p,q),i). We claim that

. + . T
m S)i,p/q —m 3)i,p/q'

Otherwise, im @;fp /a is strictly larger than im @Zp I Then ¢ (im S;’rp /q) would contain a

nonzero element, where ¢ is the map defined in Lemma 5.2. Hence 1 € ¢(im D , ). By the

i,p/q
exact triangle (1), U”HF+(S;/q(K), i) is contained in incl, (coker S);rp/q) whenn > 0. It

follows that the bottommost element in U HF (S ;’ /q(K ),i) for n > 0 has grading higher
than the grading of (0,1) € (0, B™), which is d(L(p,q),i). This gives a contradiction.
Now our conclusion easily follows from the claim and Lemma 5.2. ]

By the proof of Theorem 1.2, Proposition 1.7 is an easy corollary of the following propo-
sition.

Proposition 5.3. Suppose K C S? is a knot with Vo = Ho = 0. Then there exists a
constant C = C(K), such that

rank HFred(Sg/q(K)) =|q|-C

for any coprime integers p,q with p/q > 0. Moreover, ifd(S;/q(K), i) =d(L(p,q),i) for
all i, then the above equality also holds for p/q < 0.

Proof. Let C =) jczrank Aj . In
p—1
D Airea = DDA itos o (K)).
i€Z/pZ i=0 seZ !
each Ay .q appears exactly |g| times. It follows from Proposition 5.1 that
rank H Frea(S,,,(K)) = lq] - C,

whenever the conditions in the statement of the theorem are satisfied. Note that the constant
C(K) is indeed the same as the rank of HFred(Sg (K)) for p > 0. ]
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