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Note on finding an optimal deflation for quadratic
matrix polynomials

Xin Liang*

Yau Mathematical Sciences Center, Tsinghua University, Beijing 100084, China.

Abstract. This paper is concerned with the way to find an optimal deflation for the
eigenvalue problem associated with quadratic matrix polynomials. This work is a re-
sponse of the work by Tisseur et al. Linear Algebra Appl., 435:464—479, 2011, and solves
one of open problems raised by them. We build an equivalent unconstrained optimiza-
tion problem on eigenvalues of a hyperbolic quadratic matrix polynomial of order 2,
and develop a technique that transforms the quadratic matrix polynomial to an equiv-
alent one that is easy to solve. Numerical tests are given to illustrate several properties
of the problem.
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1 Introduction

Given a quadratic matrix polynomial

Q(A) =A*M+ACH+K,
where M,C,K € R"*" with M nonsingular. Its associated quadratic eigenvalue problem
is

Q(M)x=0,4""Q(1) =0,

where A is an eigenvalue and x,y are its corresponding (right) eigenvector and left eigen-
vector respectively. An eigenvalue is of positive type, if y7Q'(A)x =y"(2AM+C)x > 0;
An eigenvalue is of negative type, if Q' (A)x =y"(2AM+C)x <0.

Suppose that A(Q), the spectra of Q(A), is {Ay,...,A2, }. Deflating two distinct eigen-
values Aq,A; is to construct a new quadratic matrix polynomial

[0 o ol e )

*Corresponding author. Email address: 1iangxinslm@tsinghua.edu.cn (X. Liang)

http:/ /www.global-sci.org/csam 1 ©202x Global-Science Press



2 X. Liang / CSIAM Trans. Appl. Math., x (202x), pp. 1-21

such that A(q) ={A1,A2},A(Qg) ={As3,...,A2, }. Usually, in the two eigenvalues, one is of
positive type, and the other is of negative type. If M,C,K are symmetric, and A1 € A(Q)
but A; is nonreal, then A; € A(Q), and in this case, it is usually required to deflate this
conjugate pair together.

The deflation technique is very useful and popular in computing the eigenvalues of
a matrix, so that it is hoped to be used for computing the eigenvalues of quadratic ma-
trix polynomials. However, as far as we know, not many works discussed on this topic.
Meini [5] discussed a deflation method coupled in her so-called “shift-and-deflate” tech-
nique. Tisseur et al. [6] presented a general way to deflate two distinct eigenvalues of
quadratic matrix polynomials if the corresponding eigenvectors are given.

Here we briefly describe the idea of the method introduced by Tisseur et al. First they
developed a method to deflate a quadratic polynomial for two given eigenvalues whose
eigenvectors are parallel. Then they invented a way to transform a quadratic polynomial
for two given eigenvalues whose eigenvectors are nonparallel into a new one that has
two eigenvalues whose eigenvectors are parallel, i.e., transform this case into the solved
case.

The new quadratic matrix polynomial produced by the deflation may have a signif-
icantly large condition number compared to the original quadratic matrix polynomial.
For the special case that M,C,K are symmetric, Tisseur et al. gave an optimal choice to
minimize the condition number for the parallel case, but for the nonparallel case, in [6,
Section 3], they reported:

Identifying which solution minimizes the condition number x (T)=||T||2|| | T ||2
remains an open problem.

Here T is a related transformation matrix, of which the detailed form will be given below.

The aim of this paper is to solve this problem. First this problem is formulated and
simplified in Section 2, which induces a constrained optimization problem on the eigen-
values of a hyperbolic quadratic matrix polynomial of order 2. Next we parameterize (or
equivalently nondimensionalize) it and obtain an unconstrained optimization problem in
Section 3. Then we calculate the gradient and the Hessian matrix of the objective function
in Section 4. Then we make several numerical tests to show the properties of this prob-
lem and suggest a technique that transforms it to an equivalent problem whose objective
function is easy to solve, as is shown in Section 5. Finally some concluding remarks is
given in Section 6.

Notation. Throughout this paper, I, (or simply I if its dimension is clear from the con-
text) is the n x n identity matrix. For any scalar, vector, or matrix X, #tX and 3X are its
real part and imaginary part respectively; while || X||> and || X|| are its spectral norm and
sum-of-row norm. For any matrix X, A(X) represents its spectra, and A.(X) represents
the set consisting of all its nonzero eigenvalues. For any real symmetric matrix X, X >0
(X = 0) means that X is positive (semi-)definite, and X <0 (X <0) if =X >0 (=X = 0).
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By X®Y we denote the Kronecker product of two matrices X,Y. For any set S, S is its
orthogonal complement.

2 Simplify the problem

First we state the problem.
Given a symmetric quadratic matrix polynomial Q(A) =A?M+AC+K with M non-
singular, where (A1,x1) and (A,x2) are its two eigenpairs of opposite types. Write

A
1Y , [xl xz} , if A; and A, are real,
0 Ay
(A,X)=
AL SN

SARxy S , if A{=A, are nonreal and x; =X;.
_SA %/\1] [ 1 Jl}) 1=A2 1=X2

If x1,x, are nonparallel vectors, then the transformation T is

abt  adt
where
a= 2P b f d h]—(I—é)BAJUrU(I —AA+)+ﬁ—-Ve1Rnx4
—IXpll2’ T 2Tz : 2z '

Here U can be any matrix with zTU =0, and

ZOCM xc 0
A— 1 xc ZDCK 0

2l 0 2ay ac |’ B=—[Ma Ca Kal,

where apy,ac,ax are a® Ma,a' Ca,a" Ka respectively. Also z€R",w € R* are given by

e} XAp—1
T T
eg XAp—1 1 JegallXpll2
z=XAp—-L a, w=-— |1 ,
efa ela | € XAq
ef Xg—1

where ¢/ is a column of I, that makes |e]a|= [|a||c0, and

Y 4
p_M—/\z

{_11], v=1 orito make p real, g=Ap— (A +A2)p.
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The optimization problem to be solved is

min Kx2(T). 2.1
UeR"™*4:2TU=0 2(T) 21)

Besides, a,V,A,B,z,w have the properties below, which has been shown in [6]:
Z'W=w', VA=B, w'A=z'B; (2.2)
a"B+ajA=0 where a=[1 0 0 1]'; 2.3)

A has full column rank.

In the following, we will simplify the problem.
Define a linear mapping

rs: ]Rn><2m _>]R2n><m

_ 141,

Z—[Zl Zz] I—>I‘S(Z)—|:Z2:|
which satisfies

rs(XY)=(L®X)rs(Y), VX)Y. (2.5)
Let )
A0:12®a:[8 2] By=rs(V)= [d ﬂ

and then

T=1I,+AoB;.

To solve the optimization problem Eq. (2.1), we need to compute || T||» and || T}, first,
or equivalently, the minimal and maximal eigenvalues of TTT. Note that

TTY = Iy, + AoBE + By AL+ AgBE By A}
BBy I T
=Ib,+ [Ao Bo] 020 2 [Ao Bo} .
b 0
Since ATAO—(a a)l, =1, noticing A.(XY)=A.(YX),VX,Y,
B!B
)\*(TTT_IZn):)\*<[AO By [ 20 } 0 )

5% B a0 8][40 o))

BBy L] Al B
| L 0] BgAO BTBO

BiBy L|[ L 0][k 0 L AlBy
| L 0] |BfAy L) |0 BIBy—BIAA{Bo| |0 D

A

Il
>
*

I

>

*
/\/\/\
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L A{Bo|[B{Bo L|[ L 0][k 0
=As T Tp,_ BT T
0 b I, 0][BjAo L|[0 BjBy—BjAoAjBo

Y ( |:BgBo+BgA0+AgBO BgBo—BngAgBo] >
* I 0 '

Due to the relationship between the eigenvalues of a quadratic matrix polynomial and its
linearization, A, (TT' — I,,) = A(H), where
H(A)=—A?L+A(BjBo+Bj Ao+ Aj Bo)+ (Bj Bo—Bj Ao Aj Bo).
Note that
H(A):=—H(A—1)

= (A=1)*l,— (A—1)(Bg Bo+ By Ao+ Aq Bo) — (B§ Bo— By AgAq Bo)

= A2, —A(B{Bo+Bj Ao+ Al Bo+2L) + (I +BE Ao+ A Bo+ BE Ag AL Bo)

=A?I— A(BJ Bo+B§ Ao+ A Bo+2L) + (I + A Bo) " (I + AJ Bo). (2.6)

We can see the eigenvalues of H are also the eigenvalues of TTT, and the other eigenval-
ues of TTT are 1. Since AJAg=1,

H(1) = —B§ Bo+Bj AgAgBo=—Bg (Ion — Ao Aj ) By 0. 2.7)
Hence H(A) is a semi-hyperbolic quadratic matrix polynomial (see, e.g. [2]), which im-

plies
A(H)={A;,i=1,2,3,4} satisfying 0<A1 <A <1<A3<A,.

Here A; >0 is guaranteed by the fact A is an eigenvalue of TTT. Thus,

Kz(T) = \/?j

Now the problem is to compute the maximal and minimal eigenvalues of H. Note that
by Egs. (2.6) and (2.7),

H(A)=A2L—A [(12+A330)T(12+A330)+12—H(l)} +(L+A§Bo) (b+AjBoy)  (2.8)

The next step is to calculate AEBO and Bg By.
First, we simplify V. Write
1

ain[rxc —2ay 2ak —zxc]T.

Then it is easy to check aEA =0. By Eq. (2.4), namely the fact A has full column rank,
AT =(ATA) AT, and ,—AAT = % Thus, by Eq. (2.2),
1

a

ajal  zw'
T ToT
a,ay zZ Z

T
V=BAt -2 BA*+U
zTz
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T T
—BA*+ 2 (I,— AAT) UL
zZ z HLHL

T T
:BA++<ZZf +u> A
zZ Z

ata,’
Note that
{Ua, :z"U=0}={z}' =:U.
Then
V=BA" +val,
where T
—%z%—u,ueu,
aja z'z

or equivalently,
ve{veR:v'zata, =w'a, }.

Then we simplify Al By. By Eq. (2.3),

T

a'BAT = —al AAT=—al (1, - a%aL )=—a}.
a,aj
Thus,
AlBo=(L®a)Trs(V) by Eq. (2.5)
=1s(a'V) by Eq. (2.9)
=rs(a"BA" +a"val) by Eq. (2.11)
=rs(—a})+alors(al).
Write

1 2am  ac 10 -1
S_2|:D€C 26(1(:|’ ]_|:1 0:|'
It is easy to see that rs(al ) =S]. Therefore,
AlBy=—I+a'vS].

Next we simplify Bl By. By Eq. (2.5),

(2.9)

(2.10)

(2.11)

(2.12)

Bo=1s(V)=1s(B(ATA) 'AT) +rs(va] )= (L®B(ATA) Hrs(AT)+(L®v)rs(al).

It is easy to see that rs(AT) = (po®L)S where pg=[1 0 lf:el +e3. Thus

Bo=rs(V)=(L®B(ATA) ™) (po®L)S+ (L®v)S]=: (L®v)S]+DS,
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where
D=(L&B(ATA) ) (po@ ). (2.13)

Besides, by Eq. (2.11),
(L®a")DS=(L®a")rs(BAT)=rs(a'BAT) = — L. (2.14)
Then

BIBy=[(,®v)S]+DS|'[(I,®v)S]+DS]
= —JS(L®v'v)S]+SDY (L ®v)S]—JS(L®v')DS+SDTDS
= —010]S?J+SDY (L ®v)S]—JS(L®v')DS+SD'DS,

and by Egs. (2.7) and (2.12),

Hy:=—JH(1)]
= —[oTo—(a"0)?|S*— JSDT (L ®v)S+S(L®v")DSJ+]SDTDS] + 1, —a'v(]JS—S]).

Turn back to Eq. (2.8). Substituting Eq. (2.12),
H(A)=AL—A[L—(a"0)?]S?*]—H(1)] - (a'v)?]S?]
S ](AZIZ—A[12+(aTv)zsz—H1]+(aTv)252) J.

To sum up, the optimization problem Eq. (2.1) is equivalent to:

min 1(T)= min Ay (2.15)
veR":0 zaT 0 =wTa, vER0 za 0 =wTa, M
where 0<A; <Ay <1<A3< A4 are four eigenvalues of the hyperbolic quadratic
polynomial
~JTHA)]=A*L— A+ (a'v)?S* — Hy ]+ (a'v)?S?
and

Hy:=L—[v'v—(a'0)}S*~]SD (,&v)S+S(L&v ) DSJ+]SDTDS]—av(JS—S]).
(2.16)

3 Parameterize the problem

First we give a lemma to show the relationship between hyperbolic quadratic matrix
polynomial and its eigenvalues.
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Lemma 3.1. For any two hyperbolic quadratic matrix polynomial H/) (1) = A2T+ABW 4C

satisfying B =<0,C>0, let /\I(I?in and Ar(f;)ax be their minimal and maximal eigenvalues respectively.
2)

IFBD =B, then A\)) > A2 AL <A
Proof. Since the polynomial is hyperbolic, for any vector x satisfying xTx=1, we can well
define

p+(x):= % (—xTij: \/(xTBx)2—4xTCx) .

Then
dp+(x) 1 2x"Bx _ —p+(x)

——(—1+ - :
d(xTBx) 2( 2y/(xTBx)2—4xTCx" /(xTBx)2—4xTCx —

Thus, B = B?) implies xTB(x >xTB(@)x for all x. Then, p(j) (%) gp(f) (x). As aresult, by
the Courant-Fischer min-max theorem of hyperbolic quadratic matrix polynomials [1],

AL = maxpgrl) (x)< maxpgrz) (x)= A2
Similarly,
dp—(x) _1(_1_ 2xTBx B p—(x) 0
d(xTBx) 2 2,/(xTBx)2—4xTCx" /(xTBx)2—4xTCx ~
Then, p(,l) (x)> p(,z) (x), and Al(’rlli)n = minp(,l) (x)> minp(,z) (x)= Ar(ii)n. O

We may continue simplifying the optimization problem.
First, we know the minimal v must lie in {a,Ma,Ca,Ka}. Otherwise, let

v=v9+v, where vy€{a,Ma,CaKa}v, € {a,Ma,Ca,Ka}i.

Then a'v=a"vy, BTo=BT0vy, which implies (L®v")D=(I, ®08)D by Eq. (2.13). However,
vTv=0vlvo+v] v, >0vfvy. By Lemma 3.1, k5(T;v) > #2(T;0p).
Let
B,=B+a[am ac ax], B,=B.(ATA)™L (3.1)

Itis easy to check a' B,=0 and B"B,=B[B,. Since the minimal v must lie in {a, Ma,Ca,Ka},
we can write
v=_a+B,jp, where F€R,jp€R%. (3.2)

thus, by Eq. (2.14),
a"o=¢, v'o=+7LBl By, (L®v)DS=—C¢hL+(L®JLBI)DS.  (3.3)
Substituting Eq. (3.3) into Eq. (2.16),

Hy=L—yBIBjsS*—JSD" (L@ B,y5)S+S(L®yEBy ) DS]+]SD'DS]J.
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Clearly,
I,=aa"+B,Bf +B, BT,
where B is a basis of {a,Ma,Ca,Ka}*. Thus,
DS]=(L®[aa"+B,B; +B,B])DS]
by Eq. (2.13)
=(L®aa")DS]+(L®[B.B; +B.B])(L®B(ATA) ) (po®1)S]
by Eq. (2.14)
= —(L®a)]+(L®BB B(ATA) 1) (po®1,)S]
by Eq. (3.1)
=—(L®a)]+ <12®§a§;(§,1—a [am ac ag] (ATA)_1)> (po®1)S]
by aTBa:aTEazo
=—(L®a)]+(L®B,)(po®12)S].
Then
—JSD'DS]=—](L@a'a)]—]S(pj @ L) (@ By Ba) (po® 12)S]
=L—]S(py®1L)(L®B;By)(po®1)S]
=:L+SDID,S,
where D, = (12®§u)(p0®12)515_1, and by aTB,=0,
—S(L®yEB;)DS]=S(L®ypBsa)] —S(L®YB,s Ba) (po®L)S]
=—S(L®ygB; Ba)(po@1)S]
=—S(L®y3B;)D.S,
which gives
Hy =1L —y5BIB,73S*+S(L®yLBY)D,S+SD} (I, ®B,y3)S— I, —SDID,S
= —S(Dy— (L®B,y8))" (Da— (L@ B,5))S
=—SD,D,S,
where Dy =D, — (Iz®§,JB). Note that
D,=(L®B,)(po®L)S]S ™!
= (L®B,(ATA) ) (po®L)S]S ' = (L®B,)R.

where calculation tells

Rz(12®(ATA)‘1)(170®12)5]5_1:5[ez r_—eelz]’

(3.4)
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inwhich 5=[e; e, e3],and

20c(ap+ak)
S— 4 y= 1 402 + 02
= r= Kk TAC
4ok — o2 2(2a3+2a% +az) —2ac(ap+ag)

Thus, writing ys = (ATA) ~'y5 and y=r— jys,

Dy=(L®Ba)R—(L®Bayp) =6(L®Ba) [ey3 y__eelj .

Then, letting Bw = B;FB” =BTB— [DCM ac lXK] B [IXM ac DCK],

DD :52[ ¥ Bwy (e3—e1)"Bwy } 52[ el Bwes —elBwes ]
y=y (e3—e1) "By yTBWy—ZegBWy —egBWeg egBWez%—e?Bwel (3.5)
=162 (W, +W,).
Note that [ ey y—e; ] has full column rank, because otherwise v || e1,(y—e2) || e, which is
3 Y—e

a contradiction. Thus D; D, -0 and then by Eq. (3.4) H; =-S5 DyTDyS =<0, which implies
Ay <1< Az,
On the other hand, by Eq. (3.2),
v=_Ca+B,yp=CEa+0B,(r—y), FERycR>.

Then the only constraint on v, namely Eq. (2.10), is

?/UTlZL
.= vlz= CaTz +0z Byr— 5ZTBay,
a,a;
or equivalently,
T, _
z,y=C+p,
where
5Bz . wlay
Za=—5—, =zt — ——F—.
T, T
alz a‘zaa,
Also,

—JH(A)]=AL=A(L+8S(Wy+ W,)S+¢757) +£75”.

To sum up, the constrained optimization problem Eq. (2.1), or Eq. (2.15), is equivalent
to this unconstrained optimization problem:
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) V.V
T)= — 3.6
=y e
where 0<A; <Ay <1<A3< A4 are four eigenvalues of the hyperbolic quadratic

polynomial
—JH(A)J=A*L— AL +0*SW,.S+8*SW, S+ (zh y— B)*S*|+(zay—B)*S?, (3.7)

and ( )T
T 0 es—ep) Bwy
Wy =y Buy) o+ (e3—e1)"Bwy  —2ejBwy |’

4 Analyze the problem

It might be possible to have an explicit solution of the unconstrained optimization prob-
lem Eq. (3.6), but it must be complicated and difficult to use in practice. Note that H(A) is
of order 2, we can directly use some numerical optimization method to reach the minimal
point Ymin and the minimum 2 (T; Ymin)-

If zly=p, then —JH(A)J=A%l,—A(I,— H;), which implies that A=A, =0 and x,(T) =
+o00. Hence the whole domain is split into two connected domains: {y:zly < g} and
{y:zly > B}. Then we may use optimization methods to try to attain the local minimum
in both of the two domains.

Most optimization methods require the gradient and the Hessian of the objective
function, and we calculate it theoretically.

First try to obtain those for the eigenvalues. For any eigenpair of Eq. (3.7), it holds that
—JH(A)Jx =0, and without loss of generally, xTx=1. Let W =6*(W,+W,), & =zly—B,
and then

~JH(A)]=A*L— A+ SWS+&25%) + #2582, (4.1)

Taking differential on both sides gives
—Jd(H(A))Jx—JH(A)Jdx =0, (4.2)

and
0=x"TH(A)Jdx=—x"Jd(H(A))]x.

Thus,

0=—xT (2Ad)uz —dA[L+SWS+25%) — A[SAWS +2¢dES?] +2§d§52) x.

Write t:=Sx= 11 1] T and noticing xTx=1,

0=2AdA —dA[1+tTWt+E Tt — A[tT AWt +2¢dE T ] +2EdEt
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and then
MTAWE+2(A—1)EdEtt

2A—[14+tTWE+ 21T
Note that d& =z dy and by Eq. (3.5),

dA =

—e)TB
dwt=62d( (y'B 1+[ (e3 el) WyDt
<<y wy)l2 (e3— el)TBWy —232 Bwy

2 (T 2 (es—e1) Bwdy]
=0 td(y Bwy> o [(eg—el)TBWdy —2elByydy

552, T 2 T2(6’3— 1)T
_2(5 ty dey+5 |:T1(83—€1)T—2Tzeg:| dey

=462(2ty" +E] ) Bwdy,
where
Et = [T2(€3 —61) T (63 —61) —21’262] .

Then

tTth :2(52[(tTt)y+ %Ett]Tdey:252[(tTt)y+TlT2(€3 —81) — T22€2]Tdey,

and we have

2082 [(tT)y+ i (es—er) —t3ea) T By +2(A — 1)1 #gz ]

A= 2A—[L+tTWt+E2HTH]

dy,

which implies

AS?Bw|[(tTt)y+ 112 (e3—e1) —t3ea] + (A — 1)tTt§za

vA=2 2A—[L+tTWt+ 2T

Writing Ty := tTWt, then

)L(Ssz[(tT )y+T1T2(€3—€1) TZEZ] ()\ 1)tTt§Za

vA=2 20— [1+T + 2Tt
and OVA . AVA . aVA . VA, VA
d(VA)= 51 dA+ 5 dé+ a1, dn + 7 dn+ 3t dty.
Let 1
o:=2A—[1+tTWt+&T1], g::A52BW[(tTt)y+§Ett]+(A—1)tTt§za,
then

va=2%.
ag

(4.3)

(4.4)

(4.5)
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Putting

AVA 2
oA o2
aang - % <(A— 1)tthu0’+2tTt§g> ,
AVA 2
FE
AVA 2
F
VA 2
FE pg,

doy =2tTWdt++TdWt,

((52BW[(tTt)y+ %Ett] —|—tTt§za)a—2g> ,

(A*Bw[2tiy+ma(es—er)] +2(A— 1)1 éza) 0 +E2T18),

((/\5sz[21’2]/—|—1’1 (63 —61) —2T2€2] —l-Z(A— 1>T2§Zu)0'—|-§22’f2g) ,

into Eq. (4.3) gives

2 1 T
d(VA)= = < ((52BW[(tTt)y+2Ett] +tTt§za)o*—2g) 2% dy+ ((A—l)tthaU+2tTt§g) zl dy
+20A8*Byyt! dt+0AS*BwErdt +20 (A —1)Ez,tT dt +2&2gtT dt

+g <2tTWdt+252[(tTt)y+;Ett]Tdey> )

2
=5 (Gydy—l—tht>,

(4.6)
where
2 T 1 T gT T T T
Gy = ( (*Bwl(F" Oy + S Est] +1"tz0)0 —2g 27+((A—1)t tz0+217128 ) 2]
+2g52[(tTt)y+%Ett]TBw
by (SZBW[(tTt)y—i—%Ett] = %[g— (A—1)t"t5z,)
(5= )88+ T H (208 + g2 )+ O (A~ 1) hzg]
A O A
Z2tTt
by —xTJTHA)Jx=A*>—-A2A—0)+&Tt=0=0—-A=— 5

4 &2tTt . 2 o T T . .
=0 o 88 Tt (2" +8z,) +o (A1)t Hzaz,

:atTt(—(za 26 )(za 26 )T+Azazg>,

ToaS T8
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and
G =2gt"W+2(0A8?Byy+0(A—1)Ez,+E2)tT +0AS*BwE;. 4.7)

Then we calculate dt. By Eq. (4.2), dx satisfies —JH(A)Jdx=]d(H(A))Jx, which gives
~JH(A)Jdx = [d(H(A)Jx

= —2AdAx+dA[L+SWS+&S?|x+ASAWSx +2AFdES*x —2EdES%x
= (1—2A)dAx+dA[SWS+E2S?x+ASAWSx+2(A—1)FdES?x.

Note that xT i x=0,xTdx=0and x€R?. Hence dx=#Jx holds for some 7. Moreover, since
x is an eigenvector of the matrix —JH(A)] corresponding to 0, Jx has to be its eigenvector
corresponding to a positive eigenvalue w, and

w=(Jx)"(=JHA)])(Jx) = (Jx)T[A’,— A(I,+ SWS+&25?) +&25?] (Jx)
=A2—A(1+sTWs+&2sTs) + 2T,

where s:=5]x=S]S~!t. Thus
(J)T(=THAN)]) (n]x) = —dAxT J[SWS+ &5 x — AxTJSAWSx —2(A —1)&déxT]S?x,
and

_ —dAxTT[SW+22S|t—AxT JSAWt—2(A—1)¢dexT ]St

w
28 W TSI 228]¢ — AxT]S(26%ty T By dy + 02 ET By dy) —2(A—1) &zl dyxT St
w

X USWEESIE T 90 52(xT[SE)yT By — A62xT JSET By —2(A—1)&(xTJSt)2T 4
- y
w

| SWEEST O T 0 A 52Tty By + AS%TET By +2(A—1)&sTt2]

a
= ” dy.

Since by Eq. (4.7),

g1:=Gis =2gtTWs+2(0A8? By +0 (A —1)&z, +E2¢)t s +0A? By Ess
=2(tTWs+&%tTs) g+ 0200t sByyy +2(A —1)tT ¢z, +A6* By Ess],

we have

T
_ & dy. (4.8)

ow

n
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Moreover,

15

g1 =2(tTWs+&%tTs) g+ 0216t sByy +2(A —1)tT ¢z, +A6* By Ess]

by Eq. (4.4)
T

1
:Z(tTWS—I—CZth)g—i—UDt—S (g—)uSZBWEEtt) +As2

BwEtS]

:z(tTWs+§2th+—)g T ASPBWE[(TH)s — (tTs)1]. (4.9)

tTt tTt

Note that
(tTt)ys—(tTs)t=[(tTt) L —ttT )]s = —JttT Js=—Jt(xTS]S]x) =

and

0=xT(—JTHA) ) Jx=xT (A2 L, — A[l,+ SWS+ 282 +-£28%) Jx = —A

which gives

Tvs— (1 —A)E2tTs
—

Note that by Eq. (4.4)

4 4
— T - e
Jtx' ( 512)3( (5]t'

[tTWs+&2tTs]4-¢2tTs,

(4.10)

EtTt oA =222 —A[1+tTWi4-ETH + &2t T = A2 (4.11)

Substituting Eqgs. (4.10) and (4.11) into Eq. (4.9) gives

CZ T tT
gt=Gis=2 (Xt +ﬁ)g+tTt/\53WEt]t
Cz 40
=2tTs (A tTt)g+tTtAéBwEt]t

At
Noticing by Eq. (4.8)
T
—Sdx= —ps=( St
dt—de—qS]x—iys—<0wdy>s,

Eq. (4.6) becomes

d(VA)= 02 (UtT <AzazuT—(za—§ig)(z —iig)T> dy

and

oA

VA= % (otTt (AzazuT (a2 9) (e Zgg)T> + gtgf) : (4.12)
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Following this, we may easily have VA4, VA and then

- /\1 V)L4—/\4V/\1 o K V)\4 V)\l
Vik= 2)\%1( =5 ( W " >, (4.13)
with k =x,(T), which can be used in the optimization methods. Moreover,
V2 V Ay _ VAL VT +E \VEI _ V/\4V)LZ _ V2\ n VA V)\lT
O\ A M 2 2 A4 )\i M A%
. E 2VKVKT 4 VZ)\4 o V)\4V)L:f - v2)\1 n V)L1V)L1T
- 2 K2 /\4 /\i /\1 /\%
_K \VEIW _ V2\ B 2V A VT _ ZVKVAlT B 2V VkT (4.14)
AN M Ak KA1 K2 ! '

of which the last equality holds for % =2Y5 4 VA—)I” by Eq. (4.13).

5 Solve the problem

Usually optimization methods converge to the local minimal point or stationary point,
which would not be the global minimal point. It is well known that optimization methods
performing on convex functions always converge to the unique global minimal point.
Hence we would like to know whether the objective function is convex in its connected
domain. However, numerical tests do not support that.

Example 5.1 (Convex Test). All the numerical tests in the paper are implemented in
MATLAB R2017a. We randomly generate three symmetric matrices M,C,K (not neces-
sarily positive definite), where M=UT AU in which U is generated by the MATLAB code
rand(10), and A is diagonal and each diagonal entry follows the uniform distribution on
[—0.5,0.5]. Then we pick its two eigenpairs of different types, and calculate the related
unconstrained optimization problem Eq. (3.6).

Then we randomly generate 1000 points where any coordinate follows the uniform
distribution [—100,100]. For each point we compute its Hessian matrix V2x, and then
compute its minimal eigenvalue Anin. Here the gradient Vx and the Hessian V2K are
generated according to Eq. (4.13) and Eq. (4.14) respectively. Specially, if the point (nearly)
locates in the hyperplane zIy = g, then we simply discard the pair, or equivalently let the
minimal eigenvalue be +co. Then we find the minimal Ay of the 1000 pairs.

The procedure above will be repeated 1000 times. The distribution of the 1000 mini-
mal Apnin is shown below.

(—108,—10%) [ (—10°,—10%) | (—10%,—10%) [ (—10%,—10?) | (—10%,—10)
27 294 351 255 73

The numerical test suggests us that the objective function is hardly convex.
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Although the objective function may be not convex, the global minimal point can still
be converged if it is pseudoconvex. A function f: S CIR" — R is called pseudoconvex, if
fy1) <f(y2) = (y1—y2)"Vf(y2) <0 for any y1,y2 €S. A function f(y) pseudoconvex on
S has this property: if yo € S is a stationary point, then yy is a global minimal point; if v
is a local minimal point, then yy is a global minimal point. If V2f(y) is positive definite
on the subspace {V f(y)}+, then f is pseudoconvex. In detail, we will judge whether
ZHV2kZ - 0, where Z is an orthonormal basis matrix of the orthogonal complement of
Vi, and ZTVx =0. Specially Z =I5 if Vx =0. More information can be found in classic
textbooks (e.g. [3]), or this early paper [4].

Numerical tests imply the objective function x,(T) with respect to y is pseudoconvex
in its connected domain for a few instances.

Example 5.2 (Pseudoconvex Test). The whole process is nearly the same as in Exam-
ple 5.1, but rather than the minimal eigenvalue of V?x, we calculate the minimal eigen-
value Xmin of ZHV?kZ.

The distribution of the 1000 minimal Xmin is shown below.

(—10°,—10%) | (=10%,—1072) [ (—=1072,—107°) | (—=10=%,—10~1) | (10~ '3,107®)
97 595 275 26 7

The numerical test suggests us that the objective function is pseudoconvex for a few
instances only.

Although in most instances the objective function is likely not to be pseudoconvex,
for any given problem, namely given the quadratic matrix polynomial Q(A) and its two
eigenpairs to be deflated, we are able to transform it into an equivalent problem whose
associated tiny-scale unconstrained optimization problem with a pseudoconvex objective
function.

Recall the problem setting in the beginning of Section 2. Note that a is determined by
the eigenvectors only. Thus, performing an affine transformation on the eigenvalue does
not change either a or the eigenvectors to be deflated. In details, the problem

2
~ K " -
Q()\)Z1/12Q(V1A+vz)=A2M+/\2V2]]\//I+C+V2M+VZZC+ —A2M4+ACHR ()
1 1 1

will be treated instead. However,

_ T VAamtvaactak
ax=a Ka= 5 .
1 VI

- ~  2map+tu
Gc=alCa="2"MTEC

It is not difficult to make &c =0, |ap| = |ak|. In fact,

\/dapak —aZ|
e C 7&0

V)=—— =
thM' ZaM
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Moreover, write x =sign(4apax — uczc), and then ag = ya .

Since the deflation works on eigenvectors only, the tiny-scale unconstrained optimiza-
tion problem must have the same form, except the terms involving ac,ax. Hence in the
following, we will directly use ac,ax rather than ac,ak, and all the notation will be kept.

Now .
(5:27, SZDCM |:l :|
X X

So |am|= ﬁ. The involving hyperbolic quadratic polynomial, namely Eq. (4.1), is

2 2
—JH(AMJ=A*L—A[L+SWS+?S?|+72S* =A2L— A[(1+ i5)12+sw5] i
Since I, and SWS can be simultaneously diagonalizable by an orthonormal matrix, that
hyperbolic quadratic polynomial is diagonalizable by an orthonormal matrix, which im-
plies: 1) an eigenvector corresponding to a positive-type eigenvalue has to be that corre-
sponding to a negative-type eigenvalue; 2) the eigenvectors corresponding to two positive-
type eigenvalues are orthogonal. There are two cases to be considered.

Case 1: Aq,A4 cannot share a same eigenvector, which implies that A1,A3 share a same
eigenvector x; and Ay,A4 share a same eigenvector x4 satisfying xel =0.

Since xlT X1 :x1x4 =1, without loss of generality, assume x; = Jx4. Then tZt4 Xy I's?x,=
%, and similarly tlT = %5. Thus, AjA3 = 7% = ApA4 and then % = j\\—‘;, which implies
A =Ap,A3=A4. This tells A1,A4 share a same eigenvector vector, a contradiction.

Case 2: Aj,A4 share a same eigenvector. Since xlT X1 = xe4 =1, without loss of gener-
ality, assume x; = x4, then t; =t4,51 =s4. Then t]sy =xI1S?Jxy =0, ]ty =x] S?xs = %. Also,
Op=—01= A4 —/\1, 81, =81 :4)((520'4/\4BwEt4]t4 by Eq (49)

By Egs. (4.5) and (4.13),

VK_1<VA4 V)q)_ g4 &

K A M) oA oA
tTty 1 It tTt 1 tt
=6°Bw [ y+fEt4f4]+(1—*) 2 4‘3 za— "By [ 1y+f5t1f1] (1——)= 15 Za
)\4 (%1} /\1
1 l 1 1 1 1 1 1
2
=6®By[(—— — ——)y+~——Ejts— —Ey t S
0 W[(X(5(74 Xéal)y+2c74 fa"4 207 4 4]+[Xz5c74 xo0q X5A404+X5A101]€Z”
1 [, 1
= 60 <5 Bw [2y+ XOEs,t4] +[2 (/\4 )]C%)
By zT¥£ =0,
O ZTBw[2y+XOEs,ts] = [— " +)T_2]‘:ZTZ”’
1
and then
(74)L4 —0_4/\4 <)\45 Z BW[X5y+2Et4t4]+ Za
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26 T
= ——2)¢z
0’4/\4 <2}(5 [/\4 + /\1 ]g Zat

S T
= ——=11Z
X004A4 \ M aa

AMAyg (7\4 ) T z?
— MM (M V7T by S
(Ag—A1)Ay ‘ yXf5 1

- ZTZa.

Ag—1

Similarly, U]z—f\lZT ¢1=2"z,. Thus, by Egs. (4.12) and (4.14),

VA VA 2 1 1
7Tv? Z:EZT 4_ 1 7Z=xZT | —=— — _ T'\z>o.
VK 2 A4 A . X00. Zﬂz +0“43[)\4604+7\1w1]gt4gt4 =0

Moreover, in the generic case, except several critical points

rank(Z'V?cZ) =rank(Z" [z, g1,])=2,

which implies ZTV2xZ > 0.

To sum up, the objective function of this transformed problem Eq. (5.1) is pseudocon-
vex. Then, optimization methods would effectively attain the global minimum in either
of the two connected domains. When using optimization method to solve the problem,
we may start at one initial y with z]y > B and another initial y with zJy < . As long
as the problem is pseudoconvex, the two numerical solutions come out fast. After that,
we may pick the better one in the two. Please note that this transforming technique is
implemented for the pseudoconvexity, so it would produce a structure-preserving trans-
formation for the deflation whose condition is worse than that of the untransformed one.

Example 5.3 (Convergence Test). The unconstrained optimization problem Eq. (3.6) is
built as in Example 5.1.

Then we randomly generate 100 points where any coordinate follows the uniform
distribution [—100,100]. Then we use each point as the initial point and perform both the
quasi-Newton method and the trust-region method to observe the convergence behavior.
All the options of the methods are set in default by MATLAB. Among those, the tolerance
of the difference of the function value is 107, and the iteration will stop if the number of
iterations reaches 300.

The procedure above will be repeated 1000 times. Two rounds of the procedure are
made for the untransformed problem and the transformed problem. The data of the
numerical tests are shown below.
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problem method domain | min attained 1tera.t10ns func. evgluatlons
max min mean max min mean

trustregion zZyy>B 502 300 10 282 | 301 11 292

untransformed & z2y<p 498 300 11 285 | 301 12 295

uasi-Newton zIy>B 489 68 1 131 | 280 14 433

q zZly<p 511 70 1 13.0 | 187 13 432

trust-resion vy >B 468 300 4 280 | 301 5 295

transformed & Zly<p 532 300 5 284 | 301 6 294

wasi-Newton zZly>B 496 65 1 134 | 300 8 392

d zZly<p 504 70 1 135 | 300 10  39.1

From the data, we know that generally the quasi-Newton method uses fewer itera-
tions but more function evaluations in the sense of the average case and the worst case.
However, the trust-region method needs the (numerical) Hessian. Since the number of
function evaluations needed by the quasi-Newton method does not exceed twice of that
need by the trust-region method, the quasi-Newton method is faster than the trust-region
methods according to the data.

It seems that in many cases the minimums are attained in different connected domain
by the two methods. Actually in fact, the minimums are nearly the same, which can be
illustrated by the distribution of the relative difference of the 1000 pairs of minimums

trust-region — Kquasi-Newton

obtained by trust-region and quasi-Newton, namely - given below.

Ktrust-region

problem (=2,-1) | (=1,-107%) [ (=1072%,0) | (0,1072) | (1072,1)
untransformed 0 153 44 115 688
transformed 1 33 39 365 562

From the data, we can see the minimums found by the trust-region method is between
half and twice those found by the quasi-Newton method, which would produce little
affect on the condition number; in most cases, the quasi-Newton method is a little better
than the trust-region.

On the other hand, from the data above, we know performing on the transformed
problem costs slightly less than performing on the untransformed problem. However,
if we compare the minimums found for the untransformed and transformed problems,
namely funtansformed ojye helow,

Kiransformed

(1075,0.1) | (0.1,1) [ (1,10) | (10,100) | (100,1000) | (1000,10°)
30 123 299 396 135 17

we may discover that in most cases performing on the transformed problems is likely
to find out a much better structure-preserving transformation than performing on the
untransformed problems.

To sum up, a good choice is to use the quasi-Newton method to solve the uncon-
strained optimization problem Eq. (3.6) induced by the transformed quadratic matrix
polynomial.

Besides, from the data, we can see the minimum has no preference on the connected
domain, which makes us have to compute on them both.
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6 Concluding remarks

We have built a tiny-scale unconstrained optimization problem and suggested using op-
timization methods to solve it, which make it successful to find an optimal deflation for
symmetric quadratic matrix polynomials. This would be a good answer to the question
asked by Tisseur et al. [6]. However, it is quite natural to ask whether this method can
be used for asymmetric problems. It is likely that some analogues would hold, but to
ensure this is left for future work. In addition, investigating the theoretical solution to
the unconstrained optimization problem would be also valuable to consider in future.

Acknowledgements

Part of the work was done when the author worked in Max Planck Institute for Dynam-
ics of Complex Technical Systems. The author would like to thank Prof. Peter Benner
and Prof. Sara Grundel for the discussion, and thank the anonymous referees for the
comments that spurs the author to survey further.

References

[1] Xin Liang and Ren-Cang Li. The hyperbolic quadratic eigenvalue problem. Forum of Mathe-
matics, Sigma, 3(e13), 2015. 93 pages, doi:10.1017/fms.2015.14.

[2] KreSimir Veseli¢. Note on Interlacing for Hyperbolic Quadratic Pencils. In Jussi Behrndt, Karl-
Heinz Forster, and Carsten Trunk, editors, Recent Advances in Operator Theory in Hilbert and
Krein Spaces, 198:305-307, 2010.

[3] Stephen Boyd and Lieven Vandenberghe. Convex Optimization, Cambridge University Press,
2004.

[4] O.L.Mangasarian. Pseudo-convex functions. SIAM J. Control, 3(2):281-290, 1965.

[5] Beatrice Meini. A “shift-and-deflate” technique for quadratic matrix polynomials. Linear Al-
gebra Appl., 438:1946-1961, 2013.

[6] Frangoise Tisseur, Seamus D. Garvey, and Christopher Munro. Deflating quadratic matrix
polynomials with structure preserving transformations. Linear Algebra Appl., 435:464-479,
2011.



