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Solving the cubic regularization model by a nested restarting
Lanczos method

Xiaojing Jia* Xin Liang' Chungen Shen? Lei-Hong Zhang®

Abstract

As a variant of the classical trust-region method for unconstrained optimization, the cubic
regularization of Newton method introduces a cubic regularization term in the surrogate ob-
jective to adaptively adjust the updating step and deals with cases with both indefinite and
definite Hessians. It has been demonstrated that the cubic regularization of Newton method
enjoys a good global convergence and is an efficient solver for the unconstrained minimization.
The main computational cost in each iteration is to solve a cubic regularization subproblem.
The Newton iteration is a common and efficient method for this task, especially for small-
to medium-size problems. For large size problems, a Lanczos type method was proposed in
[Cartis, Gould and Toint, Math. Program., 127:245-295(2011)]. This method relies on a Lanc-
zos procedure to reduce the large-scale cubic regularization subproblem to a small one and
solve it by the Newton iteration. For large and ill-conditioned problems, the Lanczos method
still needs to produce a large dimensional subspace to achieve a relatively highly accurate
approximation, which declines its performance overall. In this paper, we first show that the
cubic regularization subproblem can be equivalently transformed into a quadratic eigenvalue
problem, which provides an eigensolver alternative to the Newton iteration. We then establish
the convergence of the Lanczos method and also propose a nested restarting version for the
large scale and ill-conditioned case. By integrating the nested restarting Lanczos iteration
into the cubic regularization of Newton method, we verify its efficiency for solving large scale
minimization problems in CUTEst collection.

Key words. Unconstrained optimization, Cubic regularization, Newton’s method, Eigenvalue
problem, Global convergence, Lanczos process, Restarting

AMS subject classifications. 90C30, 90C06, 65K05, 49M15, 65F15

1 Introduction

For the unconstrained minimization

min f(x), (1.1)

xeR™

where f : R" — R and its Hessian V2 f(z) € R"*" satisfies

IV2f(x) = V2 f (W)l < L]z — yll2, Yo,y €R",
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[27] proposes a variant of the classical trust-region method [9, 35], namely, a cubic regularization
of Newton method. Let 0 < Ly < L. At the current iterate xj, the method solves the following
cubic regularization model:

min {m(h) i= f(@) + V()" G112 (b + SR (12)

with a properly chosen M}, € [Lo,2L]; whenever f(x + h) < m(h), the iterate ) is updated to
11 = T +h. The global convergence and local quadratic convergence of this iteration are proved
in [27]. Moreover, efficient variants and modifications have been extensively discussed in [7, §]. In
particular, [7, 8] show that there is flexibility in using certain symmetric approximates Hy € R"*"
of the Hessian matrix V2 f(x;,) where the nice global and local convergence can still be guaranteed.
Moreover, it is shown in [8] that an adaptive cubic regularization of Newton method needs at most
O(e3/2) function- and gradient-evaluations to achieve an approximation x;, with |V f(z)|l2 < €
for a given accuracy e. This improves the worst-case complexity [19] of the traditional second-order
trust-region method where O(e~?2) iterations are required to have ||V f(z)|l2 < e.

The above cubic regularization of Newton method, as was claimed in [7, 8], can be viewed as an
adaptive version of the classical trust-region method [9], where the rules for updating M}, are justi-
fied by an analogy to trust-region methods; in particular, M} might be regarded as the reciprocal
of the trust-region radius. Instead of imposing a trust-region ||h|| < A for the well-definiteness
when V2 f(x}) is indefinite, the cubic regularization model (1.2) introduces a regularization term
e ||h|21, to V2 f(xx) to adaptively adjust the solution h both for the indefinite case and for the
definite case. It can be seen that when V2 f(z}) is indefinite, the solution h cannot be of infinite
norm as the regularization term % ||k||21,, will enforce the modified Hessian V2 f(xy) + %Hh”g[n
to be positive definite, and hence the solution of (2.1) is well-defined.

Regarding the update 1 = x; + h in the cubic regularization of Newton method, we note
that the main computational step lies in solving the cubic regularization model (1.2). This is similar
to the trust-region method where the primary computation is to solve the so-called trust-region
subproblem (TRS)

. T |

HhIHnml/I%Ah Vf(xr) + 2h Vef(xzk)h (1.3)
where W is a proper positive definite weighted matrix. The TRS has been well-understood in
theory (see e.g., [0, 21, 22, 26, 28, 38]) and many efficient numerical methods have been proposed
which can be basically grouped into factorization-based algorithms for small-to-medium sized dense
problems (see, e.g., [1, 22, 23, 26]) and factorization-free algorithms for large scale and sparse
problems (see, e.g., [14, 17, 21, 30, 31, 32, 33, 34, 35, 37, 40, 41]). One of the most widely known
factorization-based methods is the Moré-Sorensen method [26], which is a Newton method for
solving the associated Lagrange multiplier. Another approach proposed recently in [1] generalizes
[14] and translates TRS into certain eigenvalue problems. For large scale TRS or when the Hessian
matrix V2 f(xy) is only available through its action V2 f(x;)z on a vector z, a Krylov subspace
method, namely the generalized Lanczos Trust-Region method (GLTR), was proposed by Gould
et al. [15] (see also [9, Chapter 5]). The convergence of GLTR has been recently established in
[5, 6, 18, 40, 41] and reveals the linear convergence in the worst case scenario [41, 5].

The purpose of this paper is to develop efficient methods for (1.2). A recent work by Lieder
[25] extends [1] for TRS and proposes an equivalent 2(n + 1) dimensional generalized eigenvalue
problem to solve (1.2). In this paper, we shall first introduce an equivalent (n + 1) dimensional
quadratic eigenvalue problem (QEP) for (1.2). By the new QEP, on the one hand, efficient Krylov
subspace methods working on R"*! such as the second-order Arnoldi process (SOAR) [2] can
be directly applied to solve (1.2), and provides new forms of 2(n + 1) dimensional generalized
eigenvalue problems for (1.2) on the other hand. The equivalent reformulations in the form of
generalized eigenvalue problem and QEP provide relations of (1.2) with the eigenvalue problem
and also offer numerical schemes to solve (1.2), especially for small to- medium size cases. For
large size problems or the cases when only the action V2f(zy)z of V2f(x)) on a vector z is
available, we discuss Lanczos methods [7, Section 6.2] for (1.2). Previously, the linear convergence
of this Lanczos method has been established in [5, 6], and we will sharpen this convergence result
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by developing a new convergence analysis; furthermore, we will also design an efficient restarting
scheme for this Lanczos method to obtain accurate approximation for ill-conditioned instances’
of (1.2). The resulting approach consists of a nested restarting procedure and is able to alleviate
numerical difficulties of the basic Lanczos method [5, 6] caused by the dimension increment of the
underlying Krylov subspace in the Lanczos process. As a practical application, we will integrate
the nested restarting Lanczos method for (1.2) to solve large scale minimization problems (1.1)
from CUTEst collection [16]. Our numerical experience demonstrates that the nested restarting
Lanczos method can be an efficient approach to deal with ill-conditioned inner subproblems (1.2)
and improves the overall performance of the cubic regularization of Newton method.

We organize the paper in the following way: in section 2, we first provide basic properties of
(1.2). Section 3 then introduces a QEP and establishes the equivalence. The presentation of the
Lanczos method of (1.2) is given in section 4 where we shall establish the linear convergence in the
worst case, and also propose a nested restarting version for ill-conditioned problems. Numerical
verification of our restarting Lanczos method will be carried out in section 5, and final conclusions
are drawn in section 6.

Notation. We use the following notation system in this paper. Vectors are generally referred
to be column vectors and are typeset in bold lower case letters; in particular, e; € R™ is the ith
column of the identity matrix I,. For a matrix A € R™*"  its Moore-Penrose inverse and its
column range space of A are presented by Af and span(A), respectively. The dimension of span(A)
is given by dim(span(A)). To facilitate the presentation, we shall conveniently adopt the MATLAB
format to access the entries of vectors and matrices: A(; ;) is (¢,7)th entry of A, and A4z ;.5) is
the submatrix of A that contains intersections of row k to row ¢ and column i to column j. For a
square matrix A, the set of all eigenvalues and the determinant are denoted by eig(A) and det(A),
respectively. Finally, ICs(A, x) stands for the fth Krylov subspace and any h € Ky(A,x) can be
expressed by h = p(A)x, where p € Py is a polynomial with degree no higher than ¢.

2 The cubic regularization model

For the simplicity of presentation, we omit the subscript & in (1.2), and also denote
g=Vf(zy), o= My/2, H=Hy~ V*f(zy).

Thus, we focus on the following minimization:

1 o
. T 1.7 Tip3
}{reller}L{m(h) =g h+ 2h Hh + 3|h||2} (2.1)
The following result generalizes the well-known sufficient and necessary conditions (Gay [13] and
Moré and Sorensen [26]) for the trust-region subproblem to (2.1).

Theorem 2.1. ([7, Theorem 3.1] and [27, Theorem 10]) Any hop is a global minimizer of (2.1)
over R™ if and only if it satisfies the system of equations

(H + )\optIn)hopt =g, (2'2)

where Aopt = 0||Ropt|l2 and H + AopiIy, is positive semidefinite. If H + AopiIy, s positive definite,
then hope 1s unique.

By Theorem 2.1, we know that Aope > —6; where

—0f :=max(0,-0;) and 0 =0y =--- =0, <0, 1 < <0, (2.3)
are the ordered eigenvalues’ of H and H = UOUT is its spectral decomposition with U =
[w1,...,uy] orthonormal. Notice that the value Aop¢ plays a similar role with the Lagrangian

LA problem (1.2) is said to be ill-conditioned if the matrix V2 f(xzy) + %”hoptHQIn is ill-conditioned, where
hopt is the minimizer of (1.2); see Theorem 4.1.

2In our discussion, without loss of generality, we assume that p < n. When p = n, then Theorem 2.1 implies
that hopt is parallel to g, and hopt can be obtained by solving a one-dimensional minimization.
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multiplier for the trust-region subproblem; thus, in what follows, we will also call Ao as the La-
grangian multiplier for the problem (2.1). Now, by the fact Aopy = 0||Ropt ||2, Wwhenever Apy > —61,
Aopt can be found via the system:

Aopt = llRoptl2 = o[l (H + Aopt ) "' gll2;

or
Aopt = 029 (H + Aope L) 2g =7 (0 + Aope ) °t = zn: (95?)2 (2.4)
j=1\"J opt
where t = cUTg = [t1,...,t,]T. Introduce the system
=y b (2.5)
(0, + 0
and we have ¢(Aopt) = 0.
We next present results for special cases: g = 0 and Aopt = max(0, —67).
Theorem 2.2. For (2.1) with o > 0, we have
(i) if g =0, then Aopr = —07 ;
(11) Xopt = 0 if and only if g = 0 and H is positive semidefinite;
(111) Aopt = —01 if and only if
g L & =span([u,...,uy]) and — 60, > o||(H —0,1,) gll2, (2.6)

where & 1is the eigenspace associated with the smallest eigenvalue 6, = --- =6, of H.

Proof. For (i), we know that when —6; < 0, then by (2.2), the assumption A > 0 leads to
hopt = 0, which contradicts with 0 < Aopt = o||Ropt||2 = 0. Therefore, when —6; < 0, we have
Aopt = max(0, —01) = 0. For —6; > 0, by a similar argument, we conclude Aopy = —Gf = —0,.

For (ii), if Aopt = 0, by 0 = Aopt = 0||hopt]|2 and the semidefiniteness of H + Agpt Ly, we have
hopt = 0, and 6 > 0; therefore, 0 = Hhope = —g. The converse is from (i).

For (iii), we first consider the necessity for Aop, = —61. If 61 = 0, then by (ii), we know that
(2.6) holds. If Aopy = —61 > 0, then optimality condition (2.2) implies that g L &, and also all the
solutions to the system (2.2) can be given by h = —(H — 6,1,,)Tg + u where u € &; is arbitrary.
Also, the condition —601 = Agpt = |Ropt]|2 gives

01 = o® [I(H = 0:1) g5 + [ul3] = Y ——"5 + 0 |ull3, witht =oU"g = [t1,....t,]".
i=p+1 (QZ - 01)
Consider the function
q\) =\ — — 2.7
=3 3 G (2.7)

It is easy to see that g(A) — 400 as A — 400, and ¢’'(A\) > 0 for A € [-6;,+00). Thus,
q(—01)—0?||u||2 = 0 for some u holds only if —6; > o|/(H—0:1,)g||2, and in this case, furthermore,
the optimal solution hopy = —(H — 60,1,)"g +u where u is any eigenvector of H corresponding to
01 with |[u3 = 03/0® — || (H + AL,)Tgll3.

For the sufficiency, —6; > o|(H — 611,)Tg||> first implies that —0; > 0. Assume Aopy > —61.
Then hopt = —(H + Aopt[n) "'g and g L & lead to hope L &1, and therefore,

n n

_ t2
B < Ny = ol = 9" (H 4 A D) g = > o< B
i=pt1 [ opt i=pt1 % 1

2
But >0 ., (91:71'91)2 = o?|(H — 6,1,)"'g|)3, and by assumption, we have 67 < X2, < 67, a

contradiction. Thus we conclude Agpy = —6;. O



140 By (iii) of Theorem 2.2, as in the trust-region subproblem [9, 1, 20, 41], we define the “hard”
o case and “easy” case for the cubic regularization model (2.1).

1z Definition 2.1. For (2.1) with o > 0, we say it is “hard” case (or the degenerate case) if condition
152 (2.6) holds. For the hard case, Aopt = —61 and any optimal solution hgp is of the form

153 hopt = —(H — 011,,)g +u (2.8)

15« where u is any eigenvector of H corresponding to 6 with ||u|? = 62/0% — ||(H 4+ \,,)g||3. The
155 “easy” case (or the non-degenerate case) is characterized by the opposite of the hard case, and
156 )\Opt > max(O, —91).

= 3 An associated quadratic eigenvalue problem (QEP)

155 Apart from Newton’s iteration for computing the root Aqp: of g(A) = 0, analogous to the trust-
150 region subproblem [1], we can also translate (1.2) into an eigenvalue problem, for which accurate
10 solution can be efficiently obtained when n is of small- to medium-size. In particular, by (2.4), we
1 can transform the solution Aop¢ into the following quadratic eigenvalue problem® (QEP):

a2 0 0 0 ogt ] [N og"
162 G()\) = A In+1 + 2\ |: 0 H :| + |: og 2 = og (/\In +H>2 . (31)

To see the relation more clearly, using again the spectral decomposition H = UOUT and

denoting K = {8 (1)} , we have

G\ = KTG\K [UT(AI;TL H)2U t] _ {(MJFQ)z t}

A2 tT A2
(A +6,)? t
B A+0,)2 o
t .. tn 22

Denote the eigenvalues of G()) by eig(G())) and eig(H) = {61, ...,0,}. Noting for all \ & eig(—H),
we have the determinant
- 2
det G(\) = det G(X) = det {(” :T@) ;2]

= det(\ 4 ©)? det(/\2 —tT(\ T +6)7%)
:<>\2—Z /\+9 )HA+9 (32)

M JJx+6:) (3.3)

=1
:AQﬁA ZtQHA+0 (3.4)
i=1 i=1 YE)

s and (3.4) is also valid for all A because (3.4) is a continuous function of A. This implies that all
1+ the eigenvalues of G(\) which are not in eig(—H) are the zeros of ¢(A) = 0, i.e., the solutions to
165 (2.4). This gives the connection between (2.4) and the QEP (3.1).

3A pair (A, ) with & # 0 is an eigenpair of a polynomial eigenvalue problem P(\) = Py A™ 4+ --- + PiA + Py if
P(A\)x =0. When m = 2 and m = 1, we say it is a quadratic and generalized eigenvalue problem, respectively.
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3.1 The largest real eigenvalue of G(\) and the associated eigenvector

We next show that the Lagrangian multiplier Aoy, can be found by solving the largest real eigenvalue
of the QEP (3.1).

Theorem 3.1. For (2.1) with o > 0, the Lagrangian multiplier Aopy associated with the global
optimal solution hepy, of (2.1) is the largest real eigenvalue of G(\).

Proof. We consider two cases.

Case I: g £ & where & given in (2.6) is the eigenspace associated with the smallest eigenvalue
of H. In this case, we know that there exists at least one t; # 0 for some 1 < i < p, and thus by
(3.4), for A > —07, we have det(G(\)) = ¢(A) [T/, (X + 6;)? where g()) is defined in (2.5) and

, 2 n /2 — 400, as A — 4oo

qg(N) = A — — - —t <0 asA—0 . 3.5

™ ti;éO,ZlgiSp (61 +A) i:zp;rl (6 +A)? — —00, as\— —6; (39

Therefore, together with the monotonicity of g(\) on (=6, +0c), we know that there is a unique
solution in (=67, 4+00) for det(G(\)) = 0, which by Theorem 2.2 is Aops.

Case II: g L &. In this case, by (3.4), we know that —6; € eig(G())), and also t; = 0 for all
1 <i<p If g=0, then eig(G(\)) = {—01,—064,...,—6,,—0,,0}, and the largest eigenvalue is
—07 . According to Theorem 2.2 (i), the claim of this theorem is true.

For g # 0, by (3.4), for A > —67, we have det(G(\)) = ¢g(A) [T~ (A + 6;)® where g()) is given
by (2.7). Note that g(\) — +oc as A — +o0, and is monotonically increasing on [—67, +00).
If —6; < 0, then —0] = 0 and by noting g(0) < 0, we know that there is a unique solution in
(=0, +0o0) for det(G()\)) = 0, which by Theorem 2.2 is Aop. Otherwise, —0; > 0 and —6; = —6;.
Note that

N = t2
100 =0t = 2, gy~ oI - L)l

Therefore, if G(—6;) < 0, then there is still a unique solution in (—6;, +oc0) for det(G()\)) = 0,
which by Theorem 2.2 is just Aop¢. But if g(—60;) > 0, then there is no solution in (—6;, 4+00) for
det(G(A\)) = 0, and the largest real eigenvalue of G(\) is therefore —6;. The latter case corresponds
to the hard case. O

We next show that the solution hepy of (2.1) can be obtained from the eigenpair (Aopt, 2)
associated with the largest real eigenvalue Aopy of G(A).

Theorem 3.2. For (2.1) with o > 0, suppose z = [a;y| € R"! is the normalized eigenvector of
G() associated with the largest real eigenvalue Aopt. Then we have

(1) if a # 0, then hopy = (Hy + Aopty)/ (o) is the solution to (2.1);

(i1) if a = 0, then Aopt = —b1, Y is an eigenvector of H associated with —Xopy and hopy =
(H + XoptIn) g + ny is the solution to (2.1), where

1=/ Nepe — o2(H + Ao ) g3

Proof. By G(Aopt)z = 0, we have
)\gpta +ogTy=0, and cag+ (H + NoptIn)?y = 0. (3.6)

For (i), we first consider the case Aopt > —01, which by the second equation in (3.6) implies
hopt = (Hy + Aopry)/ (o) satisfies (H + Aopifn)hopt = —g; moreover, by (3.6) again, we know
that o||hopt|l2 = A, and according to Theorem 2.1, the claim is true. For the case Agpy = —01,
Theorem 2.2 (iii) indicates that g 1 &;, and thus, the second equation in (3.6) implies

—(H 4+ AoptIn)'g = (Hy + Aopty)/ (ocv).
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Moreover, by (3.6) and a # 0, we have ||(H + Aoptn)Tglla = —61/0, and hence hop = (Hy +
doptY)/ (o) is the solution to (2.1). We remark that this case (Aopy = —61 and « # 0) only
happens if g 1 & and —0; = o|(H — 6,1,,)"g||2-

For (ii), we first know ||y||2 = 1, and also (3.6) reduces to cgTy = 0 and (H + \I,,)?g = 0. The
largest real eigenvalue of G(\) in this case must be —f; because otherwise y = 0. Thus, y € &
and by Theorem 2.2 (iii), we know that the solution in this case is hopy = —(H + )\OptIn)Tg + ny

with n as claimed. O
In practice, similar to [1], when |a| # 0 is close to zero, we can use
. )\o t Hy + >\o tY
hopt = sign(a P L4
o (@) [HY + Aopty |l

instead of hopy = (Hy + Aopty) /(o) to compute the solution hop.

3.2 All the eigenvalues of G()\)

We take a close look at the eigenvalues of G(A) in this subsection. We separate our discussion into
two scenarios: the generic case when 6; are distinct and the remaining special case.

3.2.1 The generic case: §; are distinct

In this situation, by (3.4), we have det(G(—0;)) = —t7 [];,;(6; — 6:)?, and it is clear that
t; =0 < det(G(—0;)) = 0 <= —0; € eig(G(N)).

When all t; # 0 for all ¢+ = 1,2,...,n, then eig(G()\)) N eig(— H) = (), and moreover, 0 ¢

eig(G(X)), because, otherwise by (3.4), d ( (0)) ==>"" 211, 62 # 0, implying 0 ¢ eig(G(N)),
a contradiction. Write g(A) = A25(\), where

- 12 (2 + 6;)t
—1-5 d §(\) =2
;)\2()\4-92‘)2’ a ZAB E¥YAE

According to (3.3), the zeros of §(\) are the eigenvalues of G(\). To have a clear picture of the
distribution of the eigenvalues, based on the signs of §(A) and §’(\), we draw a diagram of the func-
tion 0(A) in Figure 3.1 as an illustration for the case #; > 0. In this illustration, the branches in the
intervals (=0, —0n_1), (—0n—1,—0,—2),(—01,0) represent three types of eigenvalues respectively:
two different real eigenvalues, two same real eigenvalues, and two conjugate complex eigenvalues.
Together with (—oo, —6,,) and (0, 00), these n + 2 intervals contain 2n + 2 zeros in total. Clearly
there exists unique real eigenvalue of G(\) larger than max(0, —6,), and according to Theorem 2.1,
this real eigenvalue is just Aopt. We remark that this case, i.e., t; # 0 for all 4, is the easy case of
(2.1) by Definition 2.1.

For the case when ¢; = 0 for i € Z C {1,...,n}, we know that —6; is an eigenvalue of G(A).
To obtain other eigenvalues, we consider Gze(\) = Igé (M) Ize, where Izc is a matrix consisting of
e; for j € {1,...,n} \ Z. The cigenvalues of Gze()\) can be treated in the case above. If |Z| = n,
namely g = ¢t = 0 (implying that 0 is also an eigenvalue of G(A)), there is no real eigenvalue of
G()) larger than max(0, —6:), and according to Theorem 2.1, Agpy = max(0, —601). Otherwise,
|Z| < n, and there exists a unique real eigenvalue, say x, of G()) larger than max(0, —0;);¢z. For
this case, if 1 ¢ Z, then y is the largest real eigenvalue of G(A) which is just Aopy (the easy case)
according to Theorem 2.1, while 1 € Z, x and —0; are two eigenvalues. The latter case leads to
the easy case when x > —6; and the hard case x < —6; by Definition 2.1.

3.2.2 The special case

We now assume that the distinct values of 6; are pi, ...,y with m < n. First we consider the
subset Z; C {1,...,n} where 6; = py for any i € Z;.
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Figure 3.1: §(\) on the case 6; > 0

When t; = 0 for all < € Z;, then by (3.2)

A+ )P T+ 6:)
i¢11

2 &
det(G\) = [ A —%W

Thus, —puy is an eigenvalue of G(\) with (algebraic) multiplicity 2|Z;|. Analogous to the generic
case, the other eigenvalues can be obtained by considering Gze(\) = I%} G(M)Iz:.
Otherwise (i.e., Y o7 7 # 0), we have by (3.2) that

A+ )28
det(G) = | A2+ )2 = Y <(M“; S 2 o )BT+ 62
i¢Ty i€y ¢TIy

Thus, —pq is an eigenvalue of G(A) with (algebraic) multiplicity 2(|Z;| — 1), and the other eigen-
A+ pm)? s1ey,
S1€n I_%‘fé(A)IZi‘
The above arguments can be continuously applied to us,..., i, to obtain all the eigenvalues
of G()\) and the details are omitted.

t2

values can be obtained by considering éfg A = , where s7 =37, 13

3.3 Associated generalized eigenvalue problems

In a recent work by Lieder [25], it is shown that the optimal A\opy is the largest real eigenvalue of
the following generalized eigenvalue problem:

0 0 0 —g7 0 0 1 0
| 0 o, 0 —-H | 0 0 0 I 2(n+1)x2(n+1)

M(N) = 0 0 o 0 A 1 00 o0l€ R . (3.7)

—-g —H 0 0 0 I, 0 O
It is known that a QEP can be linearized to various types of generalized eigenvalue problem (see
e.g., [36]). Thus, our QEP (3.1) can lead us to other generalized eigenvalue problems. For example,
L) = —A 0 G B e | g B e 22 (3.8)

0 Intq Inyw O
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where

[0 o [0 og"
B{O QH]’ A{Ug HQ}'

We will see in the next theorem that the eigenpair of G(\) associated with Aype can be equivalently
obtained via a generalized eigenvalue problem.

Theorem 3.3. ([24, Theorem 4.1]) Let L(\) be given by (3.8), then we have

(1) The set of eigenvalues of G(\) is the same as that of the matriz pencil A — \B.

(2) The inertia (i.e., the number of the positive, zero, and negative eigenvalues respectively) of

Bis (n+1,0,n+1).

(3) If (A, z) is an eigenpair of G(\), then <)\, [ )\zz ]) is an eigenpair of L(N).

(4) If ()\, [ i }) is an eigenpair of L(X), then (A, z) is an eigenpair of G(A) and t = Az.

Remark 3.1. It should be pointed out that even though both (3.7) and (3.8) are 2(n+ 1) dimen-
sional generalized eigenvalue problems, (3.7) is preferable as it does not involve H?. However, our
QEP (3.1) has the following advantages.

1)

The QEP (3.1) is of dimension (n + 1) and efficient Krylov subspace methods working on
R"™*! such as the second-order Arnoldi process (SOAR) [2] can be directly applied to solve

(1.2).

The QEP (3.1) is more flexible. First, there are various types of generalized eigenvalue
problems that can be derived from (3.1) by linearization [36]. For instance, by taking the
advantage of the coefficient matrix I,,,; in the term A? in (3.1), another commonly used
linearization in the literature [36] leads to the following standard eigenvalue problem:

-B —-A A\
Cy =y, C—{Inﬂ 0 }y—[ - ]

Secondly, in many applications of the cubic regularization of Newton method for (1.1), the
BFGS update [28] will be used to approximate the inverse of the Hessian matrix, where only
H = H! is available. In this situation, by noting

der| |1 g Jem| T g | | = aetE) - aerioon,

=G\

we have a QEP involving just H:

~ 0 0 0 0 0 ogT™H
— 2 o~ o~ o~
G(A)_/\{O H2}+2)\[0 H}+[OH9 . ]

and the optimal \py can be computed by finding the largest real eigenvalue of G (N).

4 A Lanczos method

We next discuss a Lanczos type procedure introduced in [7, Section 6.2] for solving (1.2). The
approach is analogous to the generalized Lanczos trust-region (GLTR) method proposed in [15] for
the trust-region problem. GLTR is an efficient Lanczos type method for large-scale minimization
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problems and its convergence analysis was recently established in [41, 42] and efficient restarting
techniques are developed in [10]. For the cubic regularization model (2.1), the approach begins
with forming an ¢-th Krylov subspace Ky(H,g) = span(Qy) via the standard Lanczos process
(Algorithm 1) for ¢ less than the grade 7 of g with respect to H (i.e., 7 is the smallest number
that the Lanczos process breaks at step 6), and we have

HQ¢ = QuSe +vedyrel, Qeer = g/llgllo, (4.1)
where
do m
)
Se=QFHQ = | .1
Ve
Ye o O
is tridiagonal, Q; = [q4, 4>, - - - , @, is orthogonal.
Algorithm 1 The standard Lanczos Process
It computes an orthogonal basis matrix Q, of K¢(H, g).
1: set gg = 0,70 =0, q; = g/||gll2;
2: for j=1,2,...,¢/ do
3: t:qu, 5j_1 :q;rt;
4 t=t—10;-1q; —vj-1qj-1, 7 = lItll2;
5. if v; =0 then
6: break;
7. else
8: dj11 = /5
9: end if
10: end for
The approximation hy, € R™ at the ¢-th step is obtained by
h, = argmin m(h), (4.2)

hek,(H,g)

which, by denoting h € K,(H,g) by h = Qs with s € R, can be solved equivalently as the
following smaller sized cubic regularization model:

1 o
: T T 3
=58 - . 4.3
min{llgllzer s + 55" Ses + S lsl} (4.3)
Denote the solution of (4.3) by Sops,¢, which can be obtained by solving the associated eigenvalue

problem discussed in Theorem 3.2. Also, we have hy = Q¢Scpt ¢, and the corresponding Lagrangian
multiplier is

Ae = U||hf||2 = UHSOpt,Z |2- (44)

4.1 Convergence
To establish the convergence results of {m(hs)} and {h,}, we first have the following lemmas.

Lemma 4.1. Suppose g Y & where & is the eigenspace of H associated with the smallest eigen-
value 01. Then we have

(i) Before the breakdown at step 6 in Algorithm 1, it holds that Sp + AeIy > 0, where Sy is the
tridiagonal matriz given in (4.1) and ¢ is given by (4.4);

(i1) If the standard Lanczos process (Algorithm 1) breaks at the T-th step, then Aopy = Ay and
hT == hopt-

10
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Proof. For i), we note that Sy is irreducible, and then by [15, Theorem 5.3] (see also [29, Theorem
7.9.5]), any eigenvector v of S, satisfies vTe; # 0. Thus, by Theorem 2.2 (iii), we know that (4.3)
is an easy case and the associated )\, is strictly larger than the smallest eigenvalue of .S,.

We prove ii) by showing that Aop; = A-. According to Theorem 2.1, the assumption of g £ &
and the arguments in (3.5), it follows that A\op¢ and A are the largest real roots to the systems

g(\) =N = o®||(H + M) 'gl3 =0, and g(\) = A% = o|g|l2[|(S- + ML)~ eu]3 =0,

respectively. Indeed, in this case we can show that g(A) = g()) for any A\ & eig(H), and hence
Aopt = .. To this end, by assumptions, we know that span(Q,) = K,(H,g) is an invariant
subspace of H (implying eig(S;) C eig(H)), which contains the eigenvectors associated with the
smallest eigenvalue 61 of H. So the smallest eigenvalue of S; is #; and HQ, = Q-5 leading to

(H + AL)Q» = (S, + AL,),
Thus for any A\ € eig(H), we get from Q,e; = g/||g||2 that
(H+My,)"g = (H+X,) " Qreillglls = Q- (S- + M) egll2
which leads to ¢(A) = (), and the conclusion follows. O

The linear convergence of Ag in (4.4) to Aopy has been previously discussed in [5, 6], in which
the proof follows similarly as that for the trust-region subproblem. Here, following the argument in
[11] for the trust-region subproblem, we provide a different way which can render sharper bounds
(refer to Remark 4.2) for the approximate objective function value as well as the solution.

Lemma 4.2. Under the assumption of Lemma /.1, let £ be any subspace of R™ with dim(L£) > 1
and ¢ be the solution to minpep m(h). Then for any nonzero vector h € L, we have

0 < m(e) — m(hopt) < 2[[Hoptll2||h — h0pt||g> (4.5)
e = hoptll2 < 2v/k[[h — hopt |2,
where Hopy = H + Aopt Ly, and k = ?I%i::'
Proof. Let h € £ be any nonzero vector and let v = h\l)’:)\ilp;a € L. Define m = v — hopt. Since ¢ is

the minimizer, we have
0 < m(e) = m(hopt) < m(v) —m(hopt)

1 o
=g 'm+m " Hhgy + §mTHm + g(”””g — [1Poptll3)

1
= _)‘OptmThOPt + imTHm7 (Hhopt = —g — Aopthopt, [v]l2 = Hhopt”Z)

1
= §mT(H + )\Optln)m

N

1
5 Hope 2[5, (4.7)
where the last equality is due to the fact mThgp, = —|m||3/2 which follows from

hohopt = 070 = (Ropt + M) (Ropt + M) = hy hops + 2m T hope + [|m3.

Furthermore, |[m|lz = ||v — hoptll2 < ||lv — k|2 + ||k — hopt||2, and

>\0t
Hv—hh=Hh—h 2
Tallao |l
>\ot
|Wm¢b 2
Thll2o |l

11
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Ao
= s - 2
o

2

Ao
= llIBll2 = Ihopllzlly» (lhoptll2 = =)
< [[h = hopt|l2-

Thus, ||m||2 < 2||h — hopt||2, and together with (4.7), the claim (4.5) follows.
Now we consider (4.6). Denote by @, an orthonormal basis of £. Let

c= ngzg = argminm(h), where he = argmin m(ngz).
hel heRdim(£)

By Theorem 2.1, we know
(QLHQz + AcDhe = —QFg, Ac = ollhclz, QEHQL + Al =0,
where M. is the corresponding Lagrangian multiplier satisfying Az = o||¢||2. Since
m(e) —m(hopt)

opt

1 1 o . o
= 9" (e~ hop) + 3¢ He = Shd o + Tl = ol

—_pt

opt

1 1
(H + Aopt ) (€ — hopt) + 5cT(H + Aopt)e — 5hT (H + Nopt ) hop

opt

1 1 o o
- §>\opt||0||§ + §>\opt||hopt||2 + gHCH% - gllhoptH%

1
= 5(c — hopt) T (H + AoptI) (€ — hopt)

1 )\52 1 /\opt2 0)\53 U>‘opt3
‘zw<a> +2A0pt(a 3\ ) 3\

_ %(c — hoye)"(H + Aopt ) (€ — hope) + &%(Agpt ~ Bhope)d 4+ 203)
= 5(e = ap ) "(H + AapiD)(e = hape) + 55 (hope = Ae)*Cops + 2c)
> 500+ Aap)lle — o
together with (4.5), we have (4.6). O

Lemma 4.3 (Bernstein [3]). Given ¢ > 1, the best approzimating polynomial py(x) € Py of ﬁ

in [—1,1] satisfies
1 B b+ —1)"
g @)= 21

where Py denotes the set of all polynomials with degree no higher than £, o and B are such that
z =cosa and & 7(; = cos 3, and moreover,

X
xr—

cos(fa + B),

p(x) — ! ‘: (6+ V@ -1)"
T—¢ ¢?—1 '

€¢(¢) := min max

4.
p€P, —1<z<1 ( 8)

With these preliminary results, we are able to show the convergence of the Lanczos approach
(4.2).

Theorem 4.1. Suppose g [ & where & is the eigenspace of H associated with the smallest
eigenvalue 01 and hopy is the minimizer of (2.1). Let hy be the solution to (4.2). Then h; = hopy
where T is the grade of g with respect to H, and for any 1 < £ < 7, we have

0 < m(hg) —m(hopt) < 2||H0pt||2Cl?v (4.9)

12
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||h£ - hopt||2 < 2\/ECZ7 (41())
where Hopy = H + AoptIn,

2|lgll2¢e(¢)
= 4.11
Ce 0, — 6, ) ( )
eo(®) is defined by (4.8) and
K+ 1 91 + )\opt
= =14+42———>1 4.12
s e R (4.12)

with k = (O, + Aopt)/ (61 + Aopt) being the condition number of Hopy.

Proof. We apply Lemma 4.2 with £ = Ky(H,g) and ¢ = hy. In particular, we search a vector
h € K¢(H, g) that is closest to hop in 2-norm:

i h—h
pein I opt|l2

= min [[p(H)g +U(€ + Aopin) U glle, (b= p(H)g € K(H,g))

- géi[p% l9(O)g + (O + )‘0ptln>_1§”2 g=10,-.. 7§n]T = UTQ)

n

1 2
min 3= (000 + )

1

S min max @(9) + m . HgHz (413)

pEP, 6:<6<6,

In the following, we seek an optimal polynomial given in (4.13) with the aid of Lemma 4.3. First,
note that the linear transformation

on — 01 91 + on
0(z) = —
(x) 5 % + 5
maps x € [—1, 1] one-to-one and onto 8 € [6,6,]; thus,
. 1
@Hélﬂg elrﬁngiﬁxen p(g) * 9 + )\opt
i (0() -
=min max |p(6(z)) —
pEP, —1<a<1 (0, — 01)(z — Wrg:%;%m)
__ 2 , (0 — 01)p(6(x)) 1
T, —0, ook 1t 2 e v
n Ul
__ 2 X min max |¢(x) — b (with P(z) = 7(0"_01)9(0(@))
0, — 0, peP, —1<z<1 x—¢|’ 2
_ 2e(9)
0, — 61
with ¢ given by (4.12). Consequently, we can combine the above with (4.5) and (4.13) to get (4.9).
The inequality (4.10) also follows directly from (4.6) and and the proof is completed. O

Remark 4.1. Tt is noted that ¢ + 1/¢% — 1 > ¢ > 1 since ¢ > 1, and for ¢ given by (4.12),

Jgr— 1 VEtl
¢+ Ve — = Vio1 (4.14)

-1

Therefore, €;(¢) converges linearly to zero with the linear factor (%) as / increases, and
-1

consequently, ||hy — hopt|l2 converges to 0 linearly with the linear factor (%) , while the

-2
objective function value m(hg) converges to m(hopt) linearly with the linear factor (%) .

13
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We finally can provide the worst case convergence of the associated Ay.
Theorem 4.2. Under the assumptions of Theorem 4.1, it follows that
A} = X,0] < 1202 Hopl2GF + 602 gl2v/RGe, (4.15)
where Cp 1s given by (4.11).
Proof. By (H + Aoptdn)hopt = —g and Aopy = 0||hopt||2, we have

)\(3)pt = _02 (gThopt + hgptHhopt)
2
= _‘72(2m(h0pt) - gThODt - §U||h0pt\|§)
2
= _JQ(Qm(hOPt) - gThODt) + gAgpt
leading to
)\gpt = 7302(2m(h0pt) - gThopt).
Similarly, by
(St + Aede)sopte = —llgllze1, Ao = olsoptellz = ollhella, hy Hhe = 80 1SeSopt.e

and h} g = ||g||gsgpt7eel, it follows that
) = —302(2m(hy) — g hy).
Consequently, the conclusion follows from Theorem 4.1. O

Remark 4.2. In [5, 6], the linear convergence of the Lanczos iteration is also discussed. In
particular, it is shown that

—4¢

0 < m(hg) — m(hopt) < 36[m(0) — m(hopt)]e V= . (4.16)

The right-hand size of (4.16) is a very simple form of upper bound in [5, 6]. Ignoring the constants
that are independent on ¢ in (4.9) and (4.16), and using (4.8) and (4.14), we note that the ratio

factor related with £ is .
2
o7 (VEZD
o)’ [ ==

=1 _ 2
which satisfies v(k) = (\/27{:1)2 > 1. Figure 4.1 illustrates the values 67%, (ﬁ;}) and v(k) with
VRFL

respect to 0 < % < 1.

For the hard case, we remark that the approximation h, will not provide sufficient accuracy
because the condition g L &; implies hy € span(Q¢) L &;, and thus h, will never contain the
component u € & given in (2.8). Similar to the hard case in TRS, the Lanczos procedure should
restart after breakdown (i.e., £ = 7) with new starting vector orthogonal to span(Q,) [L5]. We
omit the further detailed discussions on this situation and refer to [15, 11, 5,

4.2 A nested restarting procedure

Revealed by (4.9) and (4.10), the convergence of h; could be slow when the condition number &
is large. In this case, a large ¢ is required for an accurate approximation h,. However, as the
dimension ¢ of Ky(H, g) continuously gets large, the orthogonality of @, deteriorates and memory
requirement increases; moreover, the computational costs for solving the reduced problem (4.2)
also grow and the numerical stability decreases. An effective treatment for this situation is to
restart the Lanczos process, which is the topic of this subsection.

14
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Figure 4.1: The values e V=, (%) and v(k) wr.t. L.

4.2.1 Restart the Lanczos procedure

Suppose (h(k), )\(k)) is the current approximation pair of (Rops, Aopt) and define the residual

r0) — (R 4 AB BB 4 g (4.17)

We aim at finding the correction (d(k), p(k)) so that hopy = R +d*) and Aopt = AF) 4 p(R) - The
conditions (2.2) and (4.17) imply

d®) = —(H + Aopi L) '™ — oW (H 4+ A\opi 1) "R, (4.18)

The vectors (H +AopeI,) ') and p(k)(HJr)\optIn)*lh(k) cannot be obtained due to the unknown
Aopt and p*). However, we can produce a subspace where these vectors lie. Specifically, using the
fact K(H + AoptIn,r) = K(H,r) for any vector r, we have

d™ = —(H + Aopt L) 2% — oW (H + Aopi L) " R
~ p(H)r(k) + ﬁ(H)h(k)

€ Ki, (H, 7™ + K, (H, B®), (4.19)

where p and p are certain polynomials of properly chosen degree k; — 1 and m; — 1, respectively.
This implies that we can construct the subspace K:ki(H,T(k)) + Ko, (H,h(k)) for the correction
d® and restart the Lanczos process at (h(lc ), )\(k)). In particular, we solve the following to update

R by the solution of
min m(h). (4.20)

RER®) 4y, (H,r0))+ Ko, (H, ()

We shall show in our numerical results in section 5 that the second Krylov subspace K, (H, h(k))
will improve significantly the convergence; in practice, a small dimension m; is usually sufficient.
An orthonormal basis matrix U®) of Ky, (H,r®)) + K,,,(H,h®™) can be obtained by first

computing the orthonormal basis of Ky, (H, r(k)) and then augment it to have U®*) by, for example
[10, Algorithm 3.3], the (modified) Gram-Schmidt process.

4.2.2 Acceleration by a nested restarting procedure

The previous restarting procedure continues with R as a solution to (4.20) and A+ —
o|[h V|5, This is the basic restarting Lanczos method for (1.2). For TRS, the convergence of

15
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this version has been established in [410]. Also, it is shown that this basic restarting procedure can
be further improved by a nested restarting structure originally proposed in [L1] (see also [10]) for
the nonsymmetric linear system in the GMRES framework. Recently the nested restarting Lanczos
approach is also applied to solve the maximal correlation problem arising in applied statistics [39].

> (k
To describe this nested restarting scheme, we denote by h( b the solution of (4.20) and let
o (k o (k
R Z e + " = argmin m(h) (4.21)

heh®) + Ky, (H,pR))+ICp,, (H,RKF))

where k; and m; are preset dimensions of the Krylov subspaces Ky, (H,r®*)) and ICki(H,h(k))7

o (k41
respectively. The idea of the nested restarting in [11] is to refine h( - by finding an improved
o (k+1 o (k—p+1 o (k
approximation h**1) in the affine set h( = + span(D®)) where D*) = [d( " ),...,d( )] €
R™*P contains the previous p correction vectors &(]) forj=k—p+1,...,k That is,
REFD = k) 4 gk .= argmin m(h). (4.22)

heh(®) fspan(D*))

o (k+1 > (k+1
One can see that h*™V) is a better approximation than A because AT € h™ 4 span(D®))
(corresponding to p = 1). Algorithm 2 summarizes the nested restarting Lanczos method for (1.2).

Algorithm 2 A nested restarted Lanczos method for (1.2)
1: Choose € > 0, p > 0 and let RO =0, r© = g, DY =[],k =0;
2: while [|[r®)||y > € and k < kpay do
3:  Compute fl(kﬂ) by (4.21);
Set D®) — (D=1 {*HY _ oy,

)

4

5. Delete the first column of D®) if D*) has p + 1 columns;
6: Compute pk+D) by (4.22) and A(F+1) = O'Hh<k+1)||2;
7
8

. Set p(+HD) = FRFFD L NG+ REFD 4 goand k =k + 1;
: end while

4.2.3 Solve the inner subproblem
Notice that the two inner subproblems (4.21) and (4.22) in Algorithm 2 have the same formulation:

min  m(h) (4.23)
heh(®) 4y
where V = Ky, (H,7®)) + K., (H, R™®) for (4.21) and V = span(D®) for (4.22), respectively. Let
V € R™*? be orthonormal basis matrix of V, and represent h € V by h = Vv. Then the minimizer
h = V@ of (4.23) can be solved by finding

3

~ )1

U = argmin {’UTT’U +n o+ 2 <\/||VTh(k) +v|%+ 02) }
vERY 2 3

where T = VITHV € R*", n = VT(g + Hh®) and ¢z = |h™|2 — [[VTA® |2 > 0. Noting
from V = Ky, (H,r®) + Ky, (H,h®) and h® € span(V'), we know the associated ¢z = |[h™ |2 —
[VTR® |2 = |h®)12 — |h®)|12 = 0. Denote z = VTR® + v and b= n — TVTA® to rewrite the

above to X
- ) 1
z = argmin {m(z) =bTz+ izTTz + % (\/ |zI13 + c2> } . (4.24)

z€eRv

The resulting problem (4.24) is of a similar form as the original (1.2) except for the new parameter
c? > 0. Following the argument for establishing Theorem 2.1 (see [7, Theorem 3.1]), we next
provide a necessary and sufficient optimality condition for the global solution of (4.24).

16



395

396

397

398

399

400

402

403

404

405

406

407

408

409

410

411

412

413

414

415

416

417

418

419

Theorem 4.3. Z € RY is a global minimizer of (4.24) if and only if (T + XIU)E +b=0 and
T + M, is symmetric positive semi-definite, where X\ = o\/||Z||3 + 2. Moreover, if T + A, is
positive definite, then Z is unique.

Proof. The proof follows similarly from that of [7, Theorem 3.1], and thus we omit the details. O

The value Xopt can be obtained by expressing 2 = —(T + Al,)~'b and solving from A =
a\/||(T+XIU)—1b||% +e2if A > —A1(T), where (A1 (T),w;) is an eigenpair of T associated with
the smallest eigenvalue A\ (7). The case for X = =1 (T') implies that z = —(T—l—XL,)Tb—i—f'wl and
¢ can be determined by A = o/ [[(7'+ AL)Tb + w3 + 2 = o/ [[(T+ AL) 1|3 + €2 w1 |3 +
Let T = WEWT be the eigen-decomposition of 7' and define

v 2
N =T+ B)2=S — T & —eTwb
v(A) = (T + ) 2 ; A (T) + N2 1% e; Wb,

then we can apply the Newton iteration to the system (see [7])

1 o
d(A) = \/1/)(/\) — Ny Cp =0, (4.25)

for the general case A > —A1(T) and analogously for X = —A1(T) by including the eigenpair
(A1(T),w1). Note that A = o1/[|z]|3 + ¢ > oc and we use oc as a lower bound for the approxi-
mation A of A.

The Newton iteration for the system (4.25) involves the derivative of ¢()), and for this, we first
have

PN = =22\ T(T 4+ ML) Pz(N), with z(\) = (T + AL,) " 'b; (4.26)
thus, if T+ I, = L(A\)L(\)" is the Cholesky decomposition of T+ A1, with A > —X;(T'), the deriva-
tive '(\) = —2||[L(A)~tz()\)||3 at A can be computed via first solving z(\) from L(A)L(\)Tz(A) = b
and then solving I()\) from L(A)I(A) = z(\). This gives ¢/ (\) = —2|[I(A\)||3. With ' ()), we further
have

OIE o
Iz(M)13 (A2 — c2g2)3

Therefore, for the current approximation A of :\\opt, the Newton step computes a correction A\
and updates the approximation as A + A\ where

2(|lz(\) 2 — ¥2)

- ova? ILNV)13
I=ll + 5= 551

P'(N) = >0, YA>—\(T). (4.27)

where a = \? — c®o?. (4.28)

5 Numerical results

In this section, we will report numerical results of the nested restarting Lanczos algorithm to
illustrate two aspects: (a) its performance for solving the cubic model (1.2), and (b) the perfor-
mance for the minimization (1.1) when it serves as an inner solver for the subproblems of the cubic
regularization of Newton method.

The MATLAB code of Algorithm 2 is labeled as nrLan cubic. Numerical experiments are
conducted in the environment of MATLAB R2015b and Ubuntu 20.04 system on a 64-bit PC with
an Intel Core(TM) I5 8550U CPU (3.0GHz) and 8GB of RAM. As a stopping criterion, for the given
tolerance € = 107% and the maximun number kpnax = 10000, nrLan_cubic terminates whenever
the relative residual® is no greater than e, or the iteration k exceeds the maximum number, i.e.,

Ir® oo (I + AP L)RY) + g]loc
gl gl

res = <e or k> kpax.

(k)
4We choose res := % as the relative residual is because approximately we have (H + )\<k)In)h<k) ~ —g.
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Table 5.1: Numerical results of nrLan_cubic with different values of k; and m;

. . n = 1000, o = 0.1 n = 1000, o = 0.05

’ ‘ Tterouter Prod res CPU Tterouter Prod res CPU
20 2 33 1115 9.40e-7 0.51 71 1989 1.00e-6 0.68
30 10 21 1181 7.51e-7 0.46 45 2165 8.04e-7 0.71
30 20 20 1320 8.73e-7 0.53 43 2493 9.95e-7 0.83
30 30 19 1439 5.46e-7 0.56 42 2842 9.39e-7 0.94
50 2 15 1091 7.14e-7 0.46 30 1886 5.82e-7 0.65
50 10 14 1134 6.74e-7 0.48 28 1988 7.06e-7 0.73
50 30 13 1293 9.64e-7 0.60 28 2508 4.19e-7 0.93
50 50 13 1513 8.77e-7 0.70 27 2927 3.03e-7 1.15
80 2 10 1066 4.78e-7 0.49 19 1813 8.82e-7 0.73
80 10 10 1130 4.06e-7 0.55 19 1949 7.55e-7 0.78
80 30 10 1290 1.48e-7 0.63 17 2067 9.23e-7 0.88
80 50 10 1450 5.53e-7 0.71 18 2498 9.83e-7 1.09
80 80 9 1529 6.08e-7 0.77 16 2656 8.12e-7 1.30
100 2 9 1123 2.28e-7 0.52 17 1947 5.05e-7 0.80
100 10 9 1179 1.74e-7 0.55 16 1956 9.22e-7 0.88
100 50 9 1459 1.12e-7 0.73 14 2214 8.54e-7 1.04
100 80 8 1488 5.08e-7 0.81 13 2393 8.89e-7 1.24
100 100 8 1608 3.74e-7 0.89 14 2814 3.04e-7 1.51
150 2 7 1167 1.59e-7 0.60 12 1932 8.21e-7 0.93
150 10 7 1207 1.90e-7 0.63 12 2012 3.57e-7 1.01
150 50 7 1407 9.37e-8 0.84 11 2211 8.04e-7 1.22
150 100 7 1657 7.16e-8 1.08 11 2661 2.69e-7 1.65
150 150 6 1606 5.40e-7 1.14 10 2810 7.80e-7 1.96

Before the evaluation of the two aspects of nrLan_cubic, we first carry out numerical tests
to demonstrate two crucial integrations of nrLan_cubic, namely the double Krylov subspaces in
(4.21) and the nested structure in (4.22). For this purpose, we choose an appropriate parameter pair
(ki,m;) for nrLan_cubic, and verify the contribution of the second Krylov subspace K, (H, R ))
and the nested structure (Lines 4-6 in Algorithm 2). The test problems for this purpose are from
randomly generated H and g as used in [40], i.e.,

H=GGT —1,, G =randn(n), g =randn(n,1). (5.1)

Also, we choose two values for o, i.e., 0 = 0.1 and o = 0.05.

In Table 5.1, we report the numerical results of nrLan_cubic with various parameters, where
Iter,uter, Prod and CPU stand for the number of iterations, the number of matrix-vector products
and the consuming CPU time in second. It tells that the number of iterations decreases as k; and
m,; increase in general. However, as the dimension of the projected subproblems of (4.21) and
(4.22) get larger as well, the efficiency overall does not improve consistently. A good choice of
parameters indicated by this testing is k; = 50 and m; = 2.

We next show that the additional Krylov subspace K, (H, h(k)) and the nested structure are
two crucial integrations for the performance of the algorithm. First, by setting m; = 2 and m; = 0,
we report in Figure 5.1 the average quantities from nrLan_cubic over 20 random test problems
(with the same settings for H and g as (5.1)) with and without using this additional Krylov
subspace K, (H ,h(k)), respectively. One can clearly see that the additional information from
Ko, (H, h®) improves the performance substantially.

For the nested structure, we similarly run nrLan_cubic by enabling and disabling this nested
structure (Lines 4-6 in Algorithm 2) on 20 random instances. The average numerical results
are plotted in Figure 5.2, which also demonstrate the importance of the nested structure for
nrLan_cubic.
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Figure 5.2: CPU time and matrix-vector products for H = GGT — I,

5.1 Performance for the cubic model (1.2)

Now, we carry out numerical evaluation to illustrate the first aspect of nrLan_cubic, namely, its
performance for solving the cubic model (1.2). For this purpose, we compare nrLan_cubic using
the associated parameters

p =min(100,n), k; = min(50,n), m; = 2.

with the basic Lanczos method (labeled as Lan_cubic) [7, 8]. We test four instances of model
(2.1) on dimension n = 5000, 8000 and parameter o = 0.1, 0.05, where H and g are generated
randomly as (5.1). In Figures 5.3 and 5.4, we demonstrate how the computed relative residual of
each algorithm behaves against the number of matrix-vector products. It can be seen from Figures
5.3 and 5.4 that, for all instances, nrLan_cubic consumes less CPU time to reach the stopping
criterion than Lan_cubic. The saving computational cost is from the requirements in dealing with
smaller projected subproblems (4.3) than those of Lan_cubic, and this saving compensates the
slight increase of the matrix-vector products in nrLan_cubic. More numerical comparisons on the
two implementations will be reported in the next subsection for solving the minimization problem

(1.1).
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5.2 Performance for minimization on the CUTESst collection

In this subsection, we turn to the second aspect of nrLan_cubic for solving the minimization
problem (1.1). We conduct this testing by choosing unconstrained optimization problems from the
CUTESst® collection [16], when nrLan_cubic is embedded in the cubic regularization framework [7,
8]. In particular, we denote by Lan_cubic(500) and Lan_cubic(1000) the basic Lanczos method [7,
8] that restarts in every 500 and 1000 steps (i.e., the dimension of the underlying Krylov subspace),
respectively. To clearly indicate the minimization solvers with different inner solver for (1.2), we
use min nrLan_cubic, min_Lan_cubic(500), min_Lan_cubic(1000), and min_Nt_cubic to represent
the overall minimization solver where our nrLan_cubic, Lan_cubic(500), Lan_cubic(1000) and the
Newton method [7, 8] are used for solving subproblems (1.2) in the cubic regularization framework
[7, 8], respectively.

All algorithms are coded in MATLAB, and the cubic framework as well as min Lan_cubic(500),
min_Lan_cubic(1000), and Newton iteration min Nt_cubic are translated from Manopt(MATLAB)®
[4] by removing the manifold structure. Manopt(MATLAB) is a toolbox for optimization on mani-
folds. Specifically, min Lan_cubic(500) and min_Lan_cubic(1000) are modified from arc_lanczos.m
in Manopt(MATLAB), while min Nt_cubic is from minimize_cubic_newton.m. The outer-loop

51t is available at https://github.com/ralna/CUTEst.
61t is available at https://www.manopt.org/.
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iteration of the cubic regularization algorithm terminates if the relative residual res, is no more
than 1076 and CPU time is no greater than the maximum CPU time 3600 seconds, i.e.,

©)
resy = g loo <1075 and CPU time < 3600(s),

19 o

where j denotes the j-th outer-loop iteration in the cubic regularization framework. As the cu-
bic regularization subproblem needs not to be solved accurately at each iteration j, we adaptively
tighten the inner tolerance e for all inner solvers nrLan_cubic, Lan_cubic(500) and Lan_cubic(1000),
and Nt_cubic in a same strategy.

The set of test minimization problems is systematically chosen from the CUTEst collection.
Specifically, we set relevant options in the following table for the resulting problems.

Objective function type : QSO

Constraints type D *

Regularity D%

Degree of available derivatives 2

Problem interest IS

Explicit internal variables *

Number of variables : in [100, 99999999]
Number of constraints Dok

where Q = quadratic type, S = sum of square type, O = other type (nonlinear, non-constant,
ete.), x = everything goes, in [100, 99999999] = 100 < n < 99999999, and “Degree of available
deriatives =2” means the analytic second-order Hesstan is used.

It should be mentioned that most of the resulting problems from the above choice consist of a
particular parameter; in this case, for each problem, we select one value in the given set for this
parameter so that the dimension n of the resulting problem is the largest one in [2000, 15000].
For those that do not have a value of the parameter corresponding to n in [2000, 15000], we then
remove them from the resulting set. As a result, 81 problems are selected for testing, and the
detailed information about these problems is listed in Table 6.1 in Appendix.

From the numerical results of the set of 81 test problems, we find that all the test solvers
fail to obtain approximations within the given stopping criterion for the problems FLETCBV3,
FLETCHBV, GENHUMPS, INDEF, NONMSQRT; therefore, we did not record them in our nu-
merical report in Figure 5.5 where the relative residuals res, and CPU time are plotted. In par-
ticular, the left subfigure in Figure 5.5 demonstrates res, for each problem (in 76 test problems)
indexed by the z-axis. It can be seen then that the number of failure cases for min nrLan_cubic,
min Lan_cubic(500), min Lan_cubic(1000), and min Nt_cubic is 6, 8, 10, and 8, respectively. This
subfigure also reveals that the Newton iteration min Nt_cubic is able to achieve higher accurate
solutions for most test problems. However, in term of efficiency, the right subfigure in Figure 5.5,
which is a demonstration of numerical results for the performance in the format of Dolan and Moré
[12], implies that min_nrLan_cubic in general is more efficient than the other three.
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Figure 5.5: Residuals and CPU time for the CUTESst collection

Our final remark on the solvers is from the observation of two test problems SSBRYBND
(n = 5000) and SSCOSINE (n = 10000). Figure 5.6 provides the details on how the relative
residual res, of each algorithm behaves against the number of outer iteration j. In particular, for
SSBRYBND and SSCOSINE, we notice that the relative residuals res, of min_Nt_cubic decrease to
1079 rapidly. This is an indicator showing that highly accurate approximations for the subproblems
(1.2) can be helpful for the outer-loop convergence. This fact can also be seen by the results from
min Lan_cubic(500) and min Lan_cubic(1000), in which the Lanczos process stops earlier and
then restarts. This produces approximations of low accuracy for (1.2). In such problems where the
subproblems (1.2) encounter ill-conditioned cases but relatively highly accurate approximations
are still desired in the outer-loop iteration, our proposed min nrLan_cubic can help as they have
demonstrated in SSBRYBND and SSCOSINE.

SSCOSINE

SSBRYBND

= min_nrLan_cubic = min_nrLan_cubic

——min_Lan_cubic(500) 4 —— min_Lan_cubic(500)
—=— min_Lan_cubic(1000) | 4 107 —=—min_Lan_cubic(1000) | 3
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Figure 5.6: Residuals vs. the number of iterations for SSBRYBND and SSCOSINE

6 Conclusions

In this paper, we made two numerical contributions to the cubic regularization of Newton method.
We first established an (n+1) dimensional equivalent QEP for the cubic regularization subproblem
(1.2) and derive two new 2(n+1) dimensional equivalent generalized eigenvalue problems by means
of linearization of QEP. Our second contribution is on the Lanczos method for (1.2) for the large
scale minimization. A new and sharp convergence result on the basic Lanczos method [7, 8] was
established, and a nested restarting version was proposed to handle ill-conditioned cases. Our
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numerical experience indicates that the nested restarting Lanczos iteration can be helpful for the
large scale minimization problem, especially in which ill-conditioned subproblems may emerge.
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« Appendix

Table 6.1: Information on test problems selected from the CUTEst collection

Problem | Parameter | n Problem Parameter n Problem Parameter | n
ARWHEAD | N=5000 [5000|] BDQRTIC N=5000 5000 BOX N=10000 (10000
BROYDNT7D| N/2=5000 [10000{ BRYBND UB=1 5000 [|[CHAINWOO| NS=4999 (10000
COSINE N=10000 [10000|CRAGGLVY M=2499 5000|| CURLY10 | N=10000 {10000
CURLY20 | N=10000 {10000[| CURLY30 N=10000 10000 |DIXMAANA| M=3000 |9000
DIXMAANB| M=3000 |9000 | DIXMAANC M=3000 9000 ||DIXMAAND| M=3000 |9000
DIXMAANE| M=3000 [9000| DIXMAANF M=3000 9000 ||DIXMAANG| M=3000 |9000
DIXMAANH| M=3000 |9000 | DIXMAANI M=3000 9000 || DIXMAANJ| M=3000 {9000
DIXMAANK| M=3000 |9000 | DIXMAANL M=3000 9000 |[DIXMAANM| M=3000 |9000
DIXMAANN| M=3000 |9000|DIXMAANO M=3000 9000 ||DIXMAANP| M=3000 |9000
DIXON3DQ| N=10000 [10000/| DQDRTIC N=5000 5000|| DQRTIC N=5000 |5000
EDENSCH | N=2000 [2000|| EIGENALS N=50 2550 || EIGENBLS N=50 2550
EIGENCLS M=25 2652 || ENGVAL1 N=5000 5000 ||FLETBV3M [KAPPA=0.05000
FLETCBV2 KAPPA=0.0 5000 || FLETCBV3 | KAPPA=0.0 |5000||FLETCHBV KAPPA=0.05000
FMINSRF2 P=100 [10000|| FMINSURF P=75 5625 ||FREUROTH| N=5000 |5000
GENHUMPS|ZETA=20.0{ 5000 INDEF |ALPHA=1000.05000|| INDEFM N=10000 (10000
LIARWHD | N=10000 [10000||MODBEALE| N/2=1000 2000|| MOREBV N=5000 |5000
MSQRTALS P=70 4900 || MSQRTBLS P=70 4900 NCB20 N=5000 |5010
NCB20B N=5000 |5000||NONCVXU2 N=10000 [10000NONCVXUN| N=10000 [10000
NONDIA N=10000 [10000NONDQUAR| N=10000 10000 |NONMSQRT P=70 4900
OSCIGRAD| N=10000 [10000/|POWELLSG N=10000 [10000| POWER N=5000 |5000
QUARTC | N=10000 [10000/| SBRYBND N=5000 5000 |[SCHMVETT| N=10000 {10000
SCOSINE | N=10000 [10000/| SCURLY10 N=10000 [10000| SCURLY20 | N=10000 [10000
SCURLY30 | N=10000 [10000|| SINQUAD N=10000 [10000| SPARSINE | N=10000 [10000
SPARSQUR| N=10000 [10000|| SPMSRTLS M=3334 10000/| SROSENBR,| N/2=5000 ({10000
SSBRYBND| N=5000 |5000|| SSCOSINE N=10000 |10000|TESTQUAD| N=5000 |5000
TOINTGSS | N=10000 [10000{| TQUARTIC N=10000 10000|| TRIDIA |DELTA=1.0{5000
WOODS NS=2500 [10000|| YATPILS N=100 10200/ YATP2LS N=100 (10200
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