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1. Introduction and main results

Let M be a complete, noncompact Riemannian manifold without boundary. It is called
stochastically complete if

/pt(x,y)dvol(y) =1, V>0, xe M, (1)
M
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where p;(+,-) is the (minimal) heat kernel on M. Yau [41] first proved that any complete
Riemannian manifold with a uniform lower bound of Ricci curvature is stochastically
complete. Karp and Li [23] showed the stochastic completeness in terms of the following
volume growth property:

vol(B,.(z)) < C’ec’"z, some x € M, Vr > 0, (2)

where vol(B,(z)) is the volume of the geodesic ball of radius r and centered at x.
Varopoulos [35], Li [27] and Hsu [19] extended Yau’s result to Riemannian manifolds
with general conditions on Ricci curvature. So far, the optimal volume growth condi-
tion for stochastic completeness was given by Grigor’'yan [14]. We refer to [15] for the
literature on stochastic completeness of Riemannian manifolds. These results have been
generalized to a quite general setting, namely, regular strongly local Dirichlet forms by
Sturm [34].

Compared to local operators, graphs (discrete metric measure spaces) are nonlocal
in nature and can be regarded as regular Dirichlet forms associated to jump processes.
A general Markov semigroup is called a diffusion semigroup if chain rules hold for the
associated infinitesimal generator, see Bakry, Gentil and Ledoux [3, Definition 1.11.1],
which is a property related to the locality of the generator. As a common point of view
to many graph analysts, the absence of chain rules for discrete Laplacians is the main
difficulty for the analysis on graphs. This causes many problems and various interesting
phenomena emerge on graphs. A graph is called stochastically complete (or conservative)
if an equation similar to (1) holds for the continuous time heat kernel, see Definition 3.1.
The stochastic completeness of graphs has been thoroughly studied by many authors
[7,8,13,21,24-26,32,36-39]. In particular, the volume criterion (2) with respect to the
graph distance is no longer true for unbounded Laplacians on graphs, see [39]. This can
be circumvented by using intrinsic metrics introduced by Frank, Lenz and Wingert [9],
see e.g. [11,13,22].

Gradient bounds of heat semigroups can be used to prove stochastic completeness.
Nowadays, the so-called I'-calculus has been well developed in the framework of general
Markov semigroups where T' is called the “carré du champ” operator, see [3, Defini-
tion 1.4.2]. Given a smooth function f on a Riemannian manifold, I'(f) stands for |V f|?,
see Section 2 for the definition on graphs. Heuristically, on a Riemannian manifold M if
one can show the gradient bound for the heat semigroup

L(Pf) < GR(I(f), VfeC5 (M), (3)

where P, = e'®M is the heat semigroup induced by the Laplace-Beltrami operator Ay,
Cy a function on t and C§°(M) the space of compactly supported smooth functions
on M, then the stochastic completeness follows from approximating the constant func-
tion 1 by compactly supported smooth functions. The gradient bounds (3) can be proved
under curvature assumptions, e.g. a uniform lower bound of Ricci curvature, and then
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the function C; depends on the curvature bound. This approach has been systemat-
ically generalized to Markov diffusion semigroups, i.e. local operators, see [3]. In this
paper, we closely follow this strategy and prove the stochastic completeness under cur-
vature dimension conditions on graphs, see Section 2 for definitions. This shows that
the gradient-bound approach works even in the nonlocal setting. Note that on graphs
one can also interpret the curvature bounds by the bounds of Laplacians of distance
functions, and the stochastic completeness has been obtained in this curvature notion
by Dodziuk [8, Theorem 4.2], Weber [36, Theorem 4.5] and Huang [21, Theorem 5.3].

We introduce the setting of graphs and refer to Section 2 for details. Let (V, E) be a
connected, undirected, (combinatorial) infinite graph with the set of vertices V" and the
set of edges E. We say x,y € V are neighbors, denoted by x ~ y, if (z,y) € E. The graph
is called locally finite if each vertex has finitely many neighbors. In this paper, we only
consider locally finite graphs. We assign a weight m to each vertex, m : V — (0, 00), and
a weight u to each edge,

p:E—(0,00), E3(x,y)— tay,
and refer to the quadruple G = (V, E, m, u) as a weighted graph. We denote by
Co(V):={f: V=R |{x eV ]| f(x)# 0} is of finite cardinality}

the set of finitely supported functions on V and by ¢7(V,m), p € [1, o], the ¢P spaces of
functions on V' with respect to the measure m.

For any weighted graph G = (V, E,m,pu), it associates with a Dirichlet form with
respect to the Hilbert space £2(V, m) corresponding to the Dirichlet boundary condition,

QP : DQP) x D(QP)) - R

(F,9) = 5 3 ey (F) — F@)ol) — (x), (1)

xr~y

where the form domain D(Q")) is defined as the completion of Cy(V) under the norm
I [lq given by

1712 = 1 vy + 5 3 (P (w) = F@), VS € Co(V),

T~y

see Keller and Lenz [25]. For the Dirichlet form Q(P), its (infinitesimal) generator,
denoted by L, is called the (discrete) Laplacian. Here we adopt the sign convention
such that —L is a nonnegative operator. The associated Cy-semigroup is denoted by
P, = el 12(V,m) — £2(V,m). For locally finite graphs, the generator L acts as

LI = —— 3 iy (F) — F@)), VF € Co(V),

m(z) 2~
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see [25, Theorems 6 and 9]. Obviously, the measure m plays an essential role in the
definition of the Laplacian. Given the weight p on E, typical choices of m of particular
interest are:

o m(x) =3, ., oy for any x € V and the associated Laplacian is called the normal-
ized Laplacian.

e m(xz) = 1 for any x € V and the Laplacian is called combinatorial (or physical)
Laplacian.

Note that normalized Laplacians are bounded operators, so that these graphs are always
stochastically complete, see [8] or Keller and Lenz [24]. Thus, the only interesting cases
are combinatorial Laplacians, or more general unbounded Laplacians.

Following the strategy in [3], to show stochastic completeness for the semigroups
associated to unbounded Laplacians on graphs, it suffices to prove the gradient bounds
asin (3). For that purpose, we first introduce a completeness condition for infinite graphs:
A graph G = (V, E,m, ) is called complete if there exists a nondecreasing sequence of
finitely supported functions {n;}3>, such that

7 (5)

lim gy =1 and T(n) <
k—o0

| =

where 1 is the constant function 1 on V. Without loss of generality, we may assume
0 <n, <1 forall k € N by taking the positive part of 7, i.e. max{ng, 0}. Note that the
measure m plays a role in the definition of I', see Definition 2.3, so that it is essential to
the completeness of a weighted graph. This condition was defined for Markov diffusion
semigroups in [3, Definition 3.3.9]; here we adapt it to graphs. As is well-known, this
condition is equivalent to the geodesic completeness for Riemannian manifolds, see [33].
For the discrete setting, this condition is satisfied for a large class of graphs which possess
intrinsic metrics, see Theorem 2.8.

For gradient bounds (3), besides completeness we need curvature dimension condi-
tions. For Markov diffusion semigroups, the curvature dimension conditions are defined
via the T' operator and the iterated operator denoted by T's, see [3, Eq. 1.16.1]. This
approach, using curvature dimension conditions to obtain gradient bounds, was ini-
tiated in Bakry and Emery [2]. The curvature dimension condition on graphs, the
non-diffusion case, was first introduced by Lin and Yau [31] which serves as a com-
bination of a lower bound of Ricci curvature and an upper bound of the dimen-
sion, see Definition 2.4 for an infinite dimensional version CD(K, o). For bounded
Laplacians on graphs, Bauer et al. [5] introduced an involved curvature dimension
condition, the so-called CDE(K,n) condition, to prove the Li—Yau gradient estimate
for heat semigroups. Also restricted to bounded Laplacians, Lin and Liu [29] proved
the equivalence between the CD(K,o00) condition and the gradient bounds (3) for
heat semigroups, see Liu and Peyerimhoff [30] for finite graphs. In this paper, under
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some mild assumptions, we prove the gradient bounds for unbounded Laplacians on
graphs.

Theorem 1.1 (see Theorem 4.1). Let G = (V,E,m,u) be a complete graph and m be
non-degenerate, i.e. inf,cy m(x) > 0. Then the following are equivalent:

(a) G satisfies CD(K, o).
(b) For any f € Co(V),

L(Pf) < e ?MIP(T(f)).

Since it is not clear what volume growth is for a graph satisfying the CD(K, co) condi-
tion, our result cannot be derived from the criteria involving volume growth conditions.
For unbounded Laplacians, standard techniques for bounded Laplacians as in [29,30]
fail due to essential difficulties in the summability of solutions to heat equations. For
instance, we don’t know whether I'(P; f) lies in the form domain (or, more strongly, in
the domain of the generator), see Remark 4.2. In order to overcome these difficulties,
we add a mild assumption on the measure m, i.e. the non-degeneracy of the measure,
and critically utilize techniques from partial differential equations, see Lemma 3.4 for the
Caccioppoli inequality and Theorem 4.5. For Caccioppoli inequalities for general graph
Laplacians, one may refer to [18, Lemma 3.4], [9, Theorem 11.1] or [16, Theorem 1.8].
The assumption of the non-degeneracy of the measure m is mild since it is automatically
satisfied for any combinatorial Laplacian.

A direct consequence of the gradient bounds is the stochastic completeness for graphs
satisfying the CD(K, 0c0) condition.

Theorem 1.2. Let G = (V, E, u,m) be a complete graph satisfying the CD(K,00) con-
dition for some K € R. Suppose that the measure m is non-degenerate, then G is
stochastically complete.

We give an example, see Example 2.5, of a weighted graph with unbounded Laplacian
satisfying the CD(0, c0) condition where we may apply this theorem.

The paper is organized as follows: In next section, we set up basic notations of weighted
graphs. The I'-calculus is introduced to define curvature dimension conditions. We define
a new concept on the completeness of a graph and prove the completeness under the
assumptions involving intrinsic metrics on graphs. In Section 3, we adopt some PDE
techniques to prove a (discrete) Caccioppoli inequality for Poisson’s equations. In Sec-
tion 4, we prove our main results: the equivalence of curvature dimension conditions
and the gradient bounds for heat semigroups on complete graphs, Theorem 1.1, and the
stochastic completeness for graphs satisfying the curvature dimension condition, Theo-
rem 1.2.
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2. Graphs
2.1. Weighted graphs

Let (V, E) be a (finite or infinite) undirected graph with the set of vertices V and
the set of edges E where E is a symmetric subset of V' x V. Two vertices z,y are called
neighbors if (x,y) € F, in this case denoted by = ~ y. At a vertex z, if (x,z) € E, we say
there is a self-loop at x. In this paper, we do allow self-loops for graphs. A graph (V, E)
is called connected if for any x,y € V there is a finite sequence of vertices, {z;},, such
that

=T~ T~ " ~ITp =Y.

In this paper, we only consider locally finite connected graphs.

We assign weights, m and pu, on the set of vertices V' and edges E respectively and
refer to the quadruple G = (V, E,m, ) as a weighted graph: Here 1 : E — (0,00), E >
(x,y) — Py is symmetric, i.e. pyy = py, for any (z,y) € E, and m : V — (0,00) is a
measure on V of full support. For convenience, we extend the function p on F to the
total set V x V, n: V xV — [0, 00), such that p,, =0 for any = ~ y.

For functions defined on V, we denote by ¢P(V,m) or simply ¢, the space of ¢?
summable functions w.r.t. the measure m and by | - ||z, the ¢’ norm of a function.
Given a weighted graph (V, E,m,u), there is an associated Dirichlet form w.r.t. (2,
corresponding to the Neumann boundary condition, see [17],

QWM DQ™)) x D(Q™) - R

(f,9) = Q™M(f,9) Z pay (f(y) = f(2)(9(y) — 9(2)),

z,yeV

where D(QW)) := {f € £2] Zzy/‘xy( (y) — f(x))? < oo}. For simplicity, we write

QWI(f) = gzx,yﬂwy(f( ) — f(x))? for any f : V — R. Let D(Q")) denote the
completion of Cy(V') under the norm || - || defined by

1flle = /17, +QWI(), VS € Co(V).
Another Dirichlet form Q(P), defined as the restriction of QV) to D(QP)), corresponds
to the Dirichlet boundary cond1t10n see (4) in Section 1.
For the Dirichlet form Q) there is a unique self-adjoint operator LN) on 2, with

D(Q™)) = Domain of definition of (fL(N))%

and
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QM(f,9) = (LW £.(~L™)Eg) . f.g€ DQWY)

where (-,-) denotes the inner product in ¢2. The operator L) is the infinitesimal
generator associated to the Dirichlet form Q") also called the (Neumann) Laplacian.
The associated Cop-semigroup on £2, is denoted by P(N) L™ For the Dirichlet form
QD) , L) and P{P) are defined in the same way. In case that the Dirichlet forms
corresponding to Neumann and Dirichlet boundary conditions coincide, i.e.

QW) = Q(D)7
we omit the superscripts and simply write
Q= Q(N) — Q(D), L=LWN = (D) eate.

The following integration by parts formula is useful in further applications, see [12,
Corollary 1.3.1].

Lemma 2.1 (Green’s formula). Let (V,E,m,u) be a weighted graph. Then for any f €
DQ™) and g € DILM),

> f@) LN g(zym(z) = —Q™N(f, g). (6)

zeV

A similar consequence holds for the case of Dirichlet boundary condition.

For locally finite graphs, we define the formal Laplacian, denoted by A, as
1
Afl@) = S 2 a(fW) = f@) Vf:V R
X

This formal Laplacian can be used to identify the generators defined before. A result of
Keller and Lenz, [25, Theorem 9], states that

Pf=af, vfeDL®), (7)
and a similar result holds for Neumann condition, see [17]. Note that
AfeCy(V), VfeCy(V).
Different choices for the measure m induce different Laplacians. The typical choices are

normalized Laplacians and combinatorial Laplacians, see Section 1. Define the weighted
vertex degree Deg : V — [0, 00) by
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1
D = vy, TEV.

Then it is known, see e.g. [25], that the Laplacian associated with the graph (V, E, m, u)
is a bounded operator from (2, to 2, if and only if

sup Deg(z) < oo.
zeV

The measure m on V is called non-degenerate if

0= ;IEIfV m(z) > 0. (8)

The non-degeneracy of the measure m yields a very useful fact for ¢7(V, m) spaces.

Proposition 2.2. Let m be a non-degenerate measure on V as in (8). Then for any
fetr(V.m), pell o),

1
[f (@) <077 fller, VeeV.
Moreover, for any 1 <p < q < oo, P(V,m) — £1(V,m).

Proof. The first assertion follows from | f(x)[Pd < |f(z)[Pm(z) < || f[[;» - The second one
is a consequence of the interpolation theorem. 0O

Under assumptions of non-degeneracy of the measure m and local finiteness of the
graph, the Dirichlet forms corresponding to Neumann and Dirichlet boundary conditions
coincide, i.e.

Q(N) _ Q(D)7

see [25, Theorem 6] and [17, Corollary 5.3], and the domains of generators are charac-
terized as

D) = D(LWN)) = {f e £, | Af € 7.}
2.2. Gamma calculus

We introduce the I'-calculus and curvature dimension conditions on graphs following
[5,31].

First we define two natural bilinear forms associated to the Laplacian. Given f :
V — R and z,y € V, we denote by V,,f := f(y) — f(z) the difference of the function
f on the vertices z and y.
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Definition 2.3. The gradient form I', called the “carré du champ” operator, is defined by

D(f,9)(x) = 5 (A(fo) ~ FAg — oAf)(x)

1
(1‘) Z Ua:yvxyfva:yg-
Y

2m

For simplicity, we write T'(f) := I'(f, f). Moreover, the iterated gradient form, denoted
by TI's, is defined as

Ta(f,9) = 5 (AT(f,9) ~ T(, Ag) ~ (g, Af)).

We write Ty (f) = Ta(f, f) = LAT(f) = T(f, Af).
The Cauchy—Schwarz inequality implies that
L'(f,9) < vI(f)I'(g) <

In addition, one can easily see that Q™) (f) = ||IT'(f)[le -
Now we can introduce curvature dimension conditions on graphs.

(C(f) +T(9))- (9)

| =

Definition 2.4. We say a graph (V| E, m, u) satisfies the CD(K, o) condition, K € R, if
for any z € V,

Ly (f) (@) = KT(f)(x).

In the following, we give an example with unbounded weighted vertex degree, i.e.
sup,cy Deg(z) = oo, satisfying the CD(0, co) condition.

Example 2.5. Let V =N, E = {(i,j) : [t —j| = 1,4,5 € N}, m(3) = 1 and p;,41 = ¢,
Vi € N.

Proof. Consider general weights m and p on (V, E). To simplify the notation, we set
i = phiip1 and m; = m(i) for all ¢ € N. First, consider ¢ > 3. For any function f, set
2= fG—1) = i =2,y = f() = [~ 1)z = f(i+1) = fG),w = f(i +2) — f(i+1)
which are arbitrary since f is. We calculate the quantity T'a(f) at the vertex ¢ which is
a quadratic form in z,, z and w. Using basic estimates Ci2% + 2C 2y > —C19? and
Cow? + 20wz > —Cy2?% for C1,Cy > 0 to eliminate the variables z and w, we have

i—1(3pi—1 — pi— i—1(fi—1 — Hi 2piphi—
omiTa(f)(i) > (* 1Bzt = piza) | prima (Biz1 = i) LTS Y
2m;_q 2m; m;

i (3 — phi i — pi—
+(u(u piy) | pilp = p 1))22.
2mi 1 2m;
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Then plugging into it the assumptions of p and m for the example, one can show that
Ta(f)(i) >0, Vi>3
For i = 1,2, it is also true by direct calculation. O

By our theorem, Theorem 1.2, this graph is stochastically complete. Note that this
can also been obtained by using the curvature notion of Laplacians of distance functions,
e.g. [36] and [21], or other volume growth criteria, e.g. [13].

One can also define a finite dimensional version, CD(K, n) condition (see [31]), which
is stronger than CD(K, co). In fact, the previous example satisfies the CD(0, 2) condition.
An involved curvature dimension condition, called CDE(K, n), was introduced in [5]. In
this paper, we only consider CD(K, 0o) conditions.

2.3. Completeness of graphs

Yau [41] first proved that complete Riemannian manifolds with Ricci curvature uni-
formly bounded from below are stochastically complete. Bakry [1] proved the stochastic
completeness for weighted Riemannian manifolds satisfying CD(K,00) condition for
weighted Laplacians, see also Li [28]. The completeness of Riemannian manifolds plays
an important role in these problems.

For a graph (V, E,; m, u), we define the completeness of a graph as in (5), see Section 1.
The following lemma shows the importance of the completeness of a graph. Note that
we don’t need the non-degeneracy of the measure m here. A similar result can be found
in [18, Theorem 1].

Lemma 2.6. Let (V, E,m, i) be a complete graph. For any f € €2, such that Q™) (f) < oo
we have

[fax = fllg =0, k= oc.
That is, Co(V') is a dense subset of the Hilbert space (D(Q™N)),[-]lq) and QW) = QP).

Proof. Since we can take 0 < 7 < 1 and limg_ n7x = 1, the dominated convergence
theorem yields that fi, := fne — f in £2,. So it suffices to show that QN)(fy, — f) — 0,
k — oo.

QW (fi — f) = %Zuwwwf(nk —
z,y
= %Z/M%Avwf “(me(y) — 1) + f(I)nynkF
z,y

<Y ttay ([ Vay FP () = 117 + £2(2) | Vaynel?)

x,Y
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=1+ I.

By the dominated convergence theorem, I, — 0 as k — oco. For the second term,
2 2
Iy < o5 > Faym(x) =0, k- oo

This proves the lemma. 0O

Hence for a complete graph, QY) = Q(P). In the rest of the paper, given a complete
graph we simply write @ = Q™) = Q) and by (7)

L=A, onD(L).
2.4. Intrinsic metrics

In order to deal with unbounded Laplacians, we need the following intrinsic metrics
on graphs introduced in [9].

A pseudo metric p is a symmetric function, p : V x V' — [0, 00), with zero diagonal
which satisfies the triangle inequality.

Definition 2.7 (Intrinsic metric). A pseudo metric p on V is called intrinsic if

D thyp®(x,y) <mfz), Vo eV
yev

In various situations the natural graph distance, called the combinatorial distance,
proves to be insufficient for the investigations of unbounded Laplacians, see [26,38,39]. For
this reason the concept of intrinsic metrics received quite some attention as a candidate to
overcome these problems. Indeed, intrinsic metrics already have been applied successfully
to various problems on graphs [4,6,10,11,13,16,18].

Fix a base point o € V' and denote the distance balls by

B.(0o)={x €V | p(z,0) <7r}, r>0.

The choice of the base point o will be irrelevant to our results later. We say B,(o) is
finite, if it is of finite cardinality, i.e. §B,(0) < occ.

Theorem 2.8. Let G = (V, E,m, u) be a graph and p be an intrinsic metric on G. Suppose
that each ball B,.(0), r > 0, is finite, then G is a complete graph.

Proof. For any 0 < r < R, we denote by 7, g the cut-off function on Bg(o) \ B,(0)
defined as
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o) =i o A=20) g11,

Set Mg := Mi,2k. Then {ny} is a nondecreasing sequence of finitely supported functions
which converges to the constant function 1 pointwise. Moreover,

1

D) (@) = g5 D ol Vol
yev

1

< - 2

S @R > ayp® (2, y)
yev

1

<
- 2k2

1
< E,
where we used the definition of the intrinsic metric p. This proves the theorem. O

For any weighted graph (V, E, m, 1), intrinsic metrics always exist. There is a natural
intrinsic metric introduced by Huang [20, Lemma 1.6.4].

Example 2.9. For any given weighted graph there is an intrinsic path metric defined by

n—1
bay)=__ inf > (Deg(ri) VDeg(rir1)) % wmyeV,
"7 i=0

where the infimum is taken over all finite paths connecting x and y.

For the completeness of the graph, it suffices to find an intrinsic metric satisfying the
conditions in Theorem 2.8. For instance, one can check whether each ball of finite radius
under the metric J is finite.

3. Semigroups and Caccioppoli inequality
3.1. Semigroups on graphs

In this section, we study the properties of heat semigroups on graphs, which will be
used later.

We d (D) (™ . . o . (D)

e denote by P,/ =e the Cy-semigroup associated to the Dirichlet form @

on 2. Tt extrapolates to Cp-semigroups on (2, for all p € [1,00], for simplicity still
denoted by Pt(D), see [25].
Definition 3.1. A weighted graph (V, E, m, u) is called stochastically complete if

PP1=1, wt>o,

where 1 is the constant function 1 on V.
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The next proposition is a consequence of standard Dirichlet form theory, see [12]
and [25].

Proposition 3.2. For any f € ¢2,, p € [1,0], we have Pt(D)f €® and

1PP) f

& <\ fllep,s VE=0.
Moreover, Pt(D)f € D(LP)) for any f € £2,.
The next property follows from the spectral theorem.
Proposition 3.3. For any f € D(LP)),
L(D)Pt(D)f _ Pt(D)L(D)f_

3.2. Caccioppoli inequality

For elliptic partial differential equations on Riemannian manifolds, the Caccioppoli
inequality is well-known and yields the LP Liouville theorem for harmonic functions for

€ (1,00), see Yau [40].

By adapting PDE techniques on manifolds to graphs, we obtain the Caccioppoli in-
equality for subsolutions to Poisson’s equations.

Lemma 3.4. Let (V, E, m, u) be a weighted graph and g,h : V' — R satisfying the following
Ag > h.
Then for any n € Co(V),
IT(9)n°ller, < CUT G [lez, + lghn? ez, )- (10)

Proof. Multiplying 72¢g to both sides of the inequality, Ag > h, and summing over x € V'
w.r.t. the measure m, we get

> nPgh(z)m(z) <> n*gAg(x)m(z)

1
=5 2 VaygVay (179 tay

z,y

= *% > Vayg(Vaygn® (@) + g(1) Vay (0*) pay

z,y

1
= ) Z |meg|277 ,uxy Z megg |va77| + 2n(w )nyﬂ)ﬂm
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where we used Green’s formula, see e.g. Lemma 2.1, in the second line since i € Cy(V).
For the second term in the last line, by symmetry one has

1
-5 vaygg |sz77| Hzy = _Z Z |v:vyg|2|vzym2ﬂmy S 0.

x,Y

Hence, by this observation, the previous estimate leads to
5 Z ‘Vryg | 77 ,uzy

< —Zmegg )V ay ey — Zn gh(z)m(z)

[ /\

1 Z Vay g1 (@) tay + O [Vaynl*g* @)ttey — > 1°gh(z)m(z)
z,y xr

T,y

where we used basic inequality ab < iaQ + b2 for a,b € R. The lemma follows from

canceling the first term in the last line with the left hand side of the system of inequali-
ties. O

Using this Caccippoli inequality, we get a uniform upper bound of the Dirichlet energy
of P,f fort >0 and f € Co(V).

Lemma 3.5. Let (V, E,m, i) be a complete graph. Then for any f € Co(V) andt € [0, 00),
QL) = IL(Pef)ller, < Cllfllez, [AS ez,
where C' is a uniform constant.

Proof. For f € Cy(V), the local finiteness of the graph implies that Af € Cy(V). By the
completeness of the graph, let i, € Co(V) satisfy (5). Since P, f satisfies the equation
%Pt f = AP, f for any t > 0, applying the Caccippoli inequality in Lemma 3.4 with
g=DPif, h=4%P,f and 1 = n, we have

d
TP )niller, < CUT )P Pller, + 1 Pef - i Milles,)
<0 (Il + 1Pl |15 P s, )
By Proposition 3.2,

I1Pefllez, < NI flle2

m

and by Proposition 3.3 and the equation (7),
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d
||Eptf\|ezn = AP fllee, = [|PASllez, < [[AS]le2,

5)-

By passing to the limit, & — oo, the monotone convergence theorem yields the

Hence

||F(Ptf>7712c

Af

m m m

1
0, < (FI1, + 111

lemma. O

The following result is an improved estimate of the previous lemma which will be
useful in further applications.

Lemma 3.6. Let (V, E,m,pu) be a complete graph. Then for any f € Co(V) and T > 0,
we have maxy ) I'(Pf) € £}, and

< Cu(T, f), (11)

Hmax (P f)
29

[0,77]

where C1(T, f) is a constant depending on T and f. Moreover,
max (P, f d Pf) €l and
% ol
[0,T] gt m

d
H%?]‘F(Ptf’ ah) <OT.f).  (12)

max [['(P.f, AP, f)]
(0,77

o ‘ a,

Proof. The local finiteness yields that Af € Co(V) and A%f € Co(V) for f € Co(V).
For the first assertion, the Newton—Leibniz formula yields, for any ¢ > 0,

L(Psf)ds

&l

Naﬂ=mﬂ+/

=T()+2 [ T(Pf P s

- o\rb

=TD(f)+2 [ T(P.f, AP f)ds

“T(f)+2 [ T(P.f, Po(AS))ds,

o—__ °

where the last equality follows from Proposition 3.3. Hence by the equation (9) and

Lemma 3.5
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T
masrcein <0, +2 / R LS|
! 3
< T ez, +/(||F(P Aller, + IDPS(AH)) e, )ds
0

S ATA)ller, + CTUASNlez, (1 fllez, + 1A% fllez,) =2 Ci(T £).

The second assertion is a direct consequence of the first one. By Af € Co(V') and (9),

Hmax|r Pt LR )

ma)]{‘F(Ptfv AP, f)]

e

= (P f,P.A
H%ﬂ (P, PAS)|

o, £, £,
< Hlmaxrel| + 1 |maxrpar
2 I[g%")]( ! 0 2 I[I&Z%TP]( ' 2!
1
< E(Cl(T, )+ Cu(T,Af)) = Cao(T, f).

This proves the lemma. 0O

Now we can show that the Dirichlet energy, t — Q(P:f), decays in time for the
semigroup P; on complete graphs.

Proposition 3.7. Let (V, E,m,u) be a complete graph. Then for any f € Co(V),
QP f) <Q(f), Vvt=0.
Moreover, for any f € D(Q),

QP f) <Q(f), Vvt>0.

Proof. For the first assertion, taking the formal derivative of time in Q(P.f) for t > 0,
we get

—Q Pif)=2) T(Pf, dtPtf)( zym(z). (13)

zeV

Given a fixed T > t, note that for any ¢ € [0, 77,

T (Ptf, Ptf)( )| < max |F(Ptf, Ptf)( )| =:g(z) € 4y,

which follows from (12) in Lemma 3.6. Hence the absolute value of the summand on
the right hand side of (13) is uniformly (for ¢ € [0,7]) bounded above by a summable
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function g. The differentiability theorem yields that Q(P;f) is differentiable in time and
whose derivative is given by (13).
Since P.f € D(L) and AP;f = P,Af € D(Q), Green’s formula in Lemma 2.1 yields

—Q Pif) =2 T(P.f, AP f)(z)m(z)

zeV

= =23 AP f(x)]*m(z) < 0.

zeV

This proves the first assertion.
For the second assertion, set fi := fng for f € D(Q). It follows from the previous
result that

QP fr) < Q(fr)-

By Lemma 2.6, fy — f in the norm || - ||o. The monotone convergence theorem yields
that

Pife = Pof

pointwise. By Fatou’s lemma,
Q(P.f) <liminf Q(P:fx) < liminf Q(fr) = Q(f).
k—o0 k—o0

This proves the result.

An alternative proof provided by the referee. Let f € D(QP)) and u be the spectral
measure of L(P) with respect to the function g = (—L(P))2 f (which is in £2, since
feD@QP) = D((—L™)z). Since —L(P) has nonnegative spectrum, one concludes by

the spectral theorem

QPP f) = (e g Mg / e dp(x) / du(x) = (g.9) = QP ().
0 0

Note that this proof doesn’t use the completeness of the graph at the moment. Then one
may apply QP) = QY) by the completeness. O

4. Stochastic completeness
4.1. Gradient bounds and curvature dimension conditions
The curvature dimension condition implies gradient bounds, see [3] for the case of

Markov diffusion semigroups. In fact, they are equivalent on locally finite graphs under
some mild assumptions.
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Theorem 4.1. Let G = (V, E,m, u) be a complete graph with a non-degenerate measure
m, i.e. infocy m(x) > 0. Then the following are equivalent:

(a) G satisfies CD(K, o).
(b) For any f € Cy(V),

D(Pf) < e 2K R(T(f)).

(¢) For any f € D(Q),

D(Pf) < e 2KUR(D(f)).

Remark 4.2. For the case of finite graphs or bounded Laplacians, this result has been
proven by [29,30]. To illustrate their proof strategy, we consider a finite graph (V, E, m, u)
satisfying the CD(0, c0) condition.

(a) = (b): For any f:V — R, set A(s) = Ps(I'(Pi—sf)). Then

A/(S) = APS<F(Pt73f>) - 2PS(F(Pt*Sf» APt*Sf))
= PS(AF(Pt—sf) - 2F(Pt—sf7 APt—sf)) > 07

where the last inequality follows from the CD(0, 00) condition. However, for the case of
infinite graphs, APs(T'(Pi—sf)) = PsA(T'(Pi—sf)) may not hold since in general we don’t
know whether I'(P;_f) € D(L).

In addition, a strong version of gradient bounds has been proved using the following
stronger curvature condition, see [3, equation 3.2.4]

I'(I'(g)) < 4L(g)[T2(9) — KT(g)], Vg e Co(V). (14)

However, this stronger curvature condition can never be fulfilled for graphs. In fact, the
inequality (14) fails e.g. for g = §,.

4.2. Curvature dimension conditions and the properties of heat semigroups

In order to prove the gradient estimate under the CD(K, c0) condition, we need some
lemmata. For graphs satisfying the CD(K, co0) condition, the following lemma states
that I'(P; f) is a subsolution to the heat equation associated to the Schrédinger operator
A — 2K, a standard definition in the theory of PDEs.

Lemma 4.3. Let (V,E,m,u) be a complete graph satisfying the CD(K,00) condition.
Then for any f € Co(V)

9r(pg) < AT(RS) ~ 2KT(P).
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Proof. This follows from direct calculation by means of the CD(K,o0) condition and
local finiteness of the graph. O

Lemma 4.4. Let (V, E,m, ) be a complete graph. Then for any f € Co(V) and t > 0,

d
|G

Proof. This follows by the computation,

)| =2V QNQAY).
G

m(z)

t

d
dt

22‘ (Pf, o Pt i)

= 22 IT(Pif, ABf)(x)lm(x) =23 |D(Pf, PAS)(x)|m(x)
<2\/Zr (P.f) ZFPtAf m(z)
< 2\/Zf(f)m(x)ZF(Af)m x) < 00

where we used Proposition 3.3 for f € Cy(V) in the third equality and Proposition 3.7
for f,Af € Cy(V) in the last one. O

For complete graphs satisfying the CD(K, co) condition, we have higher summability
of the solutions to heat equations.

Theorem 4.5. Let G = (V, E,m,u) be a complete graph with a non-degenerate measure
m. If G satisfies the CD(K, 00) condition, then for any f € Co(V) and t > 0,

L(Pf) € D(Q).

Proof. From the proof of Proposition 3.7, T'(Pf) € ¢*(V,m). Hence by the non-
degeneracy of m, I'(P.f) € ¢2(V,m). It suffices to prove that Q(I'(P.f)) <

Let {ny} be the sequence in (5) by the completeness of the graph. Note that L( mma 4.3
implies that T'(P; f) is a subsolution to the heat equation associated to A —2K. Applying
the Caccioppoli inequality (10) with g = T'(P,f), h = %g + 2Kg and n = n, we get

d
L@l < OO, +loCea+ 2K )il
<o (ol + ||g@g||@n +2IK] gl

< C(K)(lgllz, + llog; gl\z)
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=T+ 11,

where the constant C'(K) only depends on K. By the assumption that m is non-
degenerate, Propositions 2.2 and 3.7 yield that

I <CIT(Pf)|I < CIT(A)IF: < oo.

For the other term, noting that [|g|[¢=~ < C|lg|ls , by Lemma 4.4, we have

d
I < C\|g||£°°||—9||z;l

< Cllglles, I 7 9||e

m

Thus, [|[L(g)n}lle, < C < oo where the right hand side is independent of k. By passing
to the limit, £k — oo, Fatou’s lemma yields that

IP(C(PA )]s, < imind [D(C(P ), < C.
This proves the theorem. O
4.3. The proofs of main theorems

Theorem 4.6. Let (V, E,m, 1) be a complete graph with a non-degenerate measure m and
satisfying the CD(K, 00) condition. For any f € Co(V), 0 < (€ Co(V) and t > 0, the
following function

s G(s) = Y T(Pi—sf)(2)PeC(x)m()

zeV

satisfies
G'(s) > 2KG(s), 0<s<t.

Proof. First, we show that G(s) is differentiable in s € (0,t). Without loss of generality,
we assume that € < s < t — e for some € > 0. Taking the formal derivative of G(s) in s,
we get

~23 T(Pieof, AP, f) () Pu(2) +ZF (Pr—s /) (@)A(PC) (@)m(z)  (15)

This formal derivative is, in fact, the derivative of G(s) if one can show that the absolute
values of summands are uniformly (in s) controlled by summable functions. For the first
term in (15), note that ||PsC|lge < ||¢|lee < 00. Then the equation (12) in Lemma 3.6
yields that for any s € (e,t — ¢)



B. Hua, Y. Lin / Advances in Mathematics 306 (2017) 279-302 299

2|F(Pt,5f, A-Ptfsfxl‘)‘PsC(‘r) < ?Utp )2|F(Ptfsfa A-Ptfsf)(x”PsC(x)
se(e,t—e

<2|¢fle= sup  [D(Pof, AP f)(2)] =: g() € £y,

s€(e,t—e)

For the second term in (15), the equation (11) in Lemma 3.6 implies that for any s €
(e,t —€)

(P f)(@)|A(PQ) ()| < sup T(P—sf)(2)[A(PsC) ()]

s€(e,t—e)

= sup D(P_sf)(z)|PsAl(z)]

s€(e,t—e)

|AClle= sup  D(Psf)(z) =: h(z) € £y,

s€(e,t—e)

IA

Since g+h € £ which is independent of s € (e, —¢), the differentiability theorem yields
that G(s) is differentiable and its derivative equals to (15). Note that Theorem 4.5 and
Proposition 3.2 yield I'(P,—s f) € D(Q) and P, € D(L) C D(Q). Hence, using Green’s
formula (6) in Lemma 2.1, we obtain that

a'(s :—2Zr P of, AP f)(x) P, ZF (Pies f), PsC)(w)m(z). (16)
We claim that for any 0 < h € D(Q),
—2Zr Piof AP f) () ZF (Pesf), ) (@)m(z) - (17)

> 2K Y T(Pi_f)h(z)m(x).

Once this claim is verified, by applying h = Ps¢ in (17) and the self-adjointness of
operators P, we can prove the theorem. This claim can be proved by a density argument.
Firstly, the CD(K, o0) condition yields that (17) holds for 0 < h € Co(V): In fact, by
Green’s formula for h € Cy(V),

—QZF Po_of, AP, f)(x) ZF (Pis f), h)(z)m(x)
:—2ZF Pi_of, AP f)(x) +ZA (Pr-s.f))(@)h(z)m(z)

> 2K Y "T(Pi_f)h(z)m(),

where in the last inequality we used the CD(K, co0) condition.
For general 0 < h € D(Q), set hy = hn, where {n;} is defined in (5). It is
obvious that 0 < hy € Cy(V). Note that Lemma 3.5 and Theorem 4.5 yield that



300 B. Hua, Y. Lin / Advances in Mathematics 306 (2017) 279-302

D(P—sf,AP,_f),T(P,—sf) € £}, and T(P,_,f) € D(Q). Hence applying (17) for hy,
passing to the limit, & — oo, we prove the theorem. 0O

Now we can prove the gradient bounds of heat semigroups under the CD(K, o0)
condition.

Proof of Theorem 4.1. (a) = (b): Using the same notation as in Theorem 4.6, we get
G'(s) > 2KG(s).

Hence G(s) > e2(£5G(0). Since P is a self-adjoint operator on 2, and T'(P,f) € ¢2, by
Theorem 4.5,

= 3 P(D(P s f)(@)C(w)m(a).

zeV

By choosing delta functions, such as ((z) = dy(x) (y € V), we prove the theorem.
(b) = (a): Fix a vertex z € V. By (b),

F(t) = e M P(D(f)) () = D(Pf)(x) = 0.
It is easy to see that F(¢) is differentiable and F'(0) > 0. Note that

d

5| PI(N))(@) = AR(T(f))(@)l=0 = AT(f))(2).

t=0

Since the graph is locally finite,

D(Pf)(x) = 20(P, f, AP f)(2)]i=0 = 2°(f, Af)(x).

t=0

This proves the assertion by using F’(0) > 0.
(b) & (c): This follows from a density argument. O

Now we are ready to prove the analogue to Yau’s result [41] on graphs.
Proof of Theorem 1.2. It suffices to prove that P;1 = 1 where 1 is the constant function 1
on V. By completeness, let 0, € Co(V) satisty (5). The dominated convergence theorem
yields that Pinr — P:1 pointwise. By the local finiteness of the graph, for any =z € V
and t > 0,
I'(P1)(z) = klim T(Pog)(z) < likm inf e 25t P,(T'(nx)) (2)
— 00

1
< liminf e™2 - =
k—o00 k
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This means that for any ¢ > 0, P;1 is a constant function on V. Since the function P;1
is continuous in ¢ pointwise and Pyl = 1, we get P,1 = 1 for any ¢ > 0. This proves the
theorem. O

Acknowledgments

We thank the anonymous referee for his valuable comments and suggestions, in par-
ticular, for providing us a short proof of Proposition 3.7.

This work was done when the authors were visiting the Shanghai Center for Math-
ematical Sciences, Fudan University in Summer 2014. They acknowledge the support
from SCMS.

B.H. is supported by NSFC, grant no. 11401106. Y.L. is supported by NSFC, grant
no. 11271011, the Fundamental Research Funds for the Central Universities and the
Research Funds of Renmin University of China (11XNI004).

References

[1] D. Bakry, Un critére de non-explosion pour certaines diffusions sur une variété riemannienne com-
plete, C. R. Acad. Sci. Paris Sér. I Math. 303 (1) (1986) 23—26.

[2] D. Bakry, M. Emery, Diffusions hypercontractives, in: Séminaire de Probabilités, XIX, 1983-1984,
in: Lecture Notes in Math., vol. 1123, Springer, Berlin, 1985, pp. 177-206.

[3] D. Bakry, I. Gentil, M. Ledoux, Analysis and Geometry of Markov Diffusion Operators, Grundlehren
der Mathematischen Wissenschaften, vol. 348, Springer, Cham, 2014.

[4] F. Bauer, B. Hua, M. Keller, On the [? spectrum of Laplacians on graphs, Adv. Math. 248 (2013)
T17-735.

[5] F. Bauer, P. Horn, Y. Lin, G. Lippner, D. Mangoubi, S.T. Yau, Li-Yau inequality on graphs,
J. Differential Geom. 99 (3) (2015) 395-405.

[6] F. Bauer, M. Keller, R.K. Wojciechowski, Cheeger inequalities for unbounded graph Laplacians,
J. Eur. Math. Soc. 17 (2) (2015) 259-271.

[7] J. Dodziuk, V. Mathai, Kato’s inequality and asymptotic spectral properties for discrete magnetic
Laplacians, in: The Ubiquitous Heat Kernel, in: Contemp. Math., vol. number 398, Amer. Math.
Soc., Providence, RI, 2006, pp. 69-81.

[8] J. Dodziuk, Elliptic operators on infinite graphs, in: Analysis, Geometry and Topology of Elliptic
Operators, World Sci. Publ., Hackensack, NJ, 2006, pp. 353—-368.

[9] R.L. Frank, D. Lenz, D. Wingert, Intrinsic metrics for non-local symmetric Dirichlet forms and
applications to spectral theory, J. Funct. Anal. 266 (8) (2014) 4765-4808.

[10] M. Folz, Gaussian upper bounds for heat kernels of continuous time simple random walks, Electron.
J. Probab. 16 (62) (2011) 1693-1722.

[11] M. Folz, Volume growth and stochastic completeness of graphs, Trans. Amer. Math. Soc. 366 (4)
(2014) 2089-2119.

[12] M. Fukushima, Y. Oshima, M. Takeda, Dirichlet Forms and Symmetric Markov Processes, de
Gruyter Studies in Mathematics, vol. 19, Walter de Gruyter & Co., 2011.

[13] A. Grigor’yan, X. Huang, J. Masamune, On stochastic completeness of jump processes, Math. Z.
271 (3-4) (2012) 1211-1239.

[14] A. Grigor’yan, On stochastically complete manifolds, DAN SSSR 290 (1986) 534-537 (in Russian),
Engl. transl.: Sov. Math., Dokl. 34 (1987) 310-313.

[15] A. Grigor’yan, Analytic and geometric background of recurrence and non-explosion of the Brownian
motion on Riemannian manifolds, Bull. Amer. Math. Soc. (N.S.) 36 (2) (1999) 135-249.

[16] B. Hua, M. Keller, Harmonic functions of general graph Laplacians, Calc. Var. Partial Differential
Equations 51 (1-2) (2014) 343-362.

[17] S. Haeseler, M. Keller, D. Lenz, R.K. Wojciechowski, Laplacians on infinite graphs: Dirichlet and
Neumann boundary conditions, J. Spectr. Theory 2 (4) (2012) 397-432.


http://refhub.elsevier.com/S0001-8708(16)31416-5/bib42616B72793836s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib42616B72793836s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib42616B7279456D6572793835s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib42616B7279456D6572793835s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib42616B727947656E74696C4C65646F7578s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib42616B727947656E74696C4C65646F7578s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib42617565724875614B656C6C6572s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib42617565724875614B656C6C6572s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib42617565723133s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib42617565723133s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib42617565724B656C6C6572576F6A63696563686F77736B69s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib42617565724B656C6C6572576F6A63696563686F77736B69s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib446F647A69756B4D61746861693036s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib446F647A69756B4D61746861693036s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib446F647A69756B4D61746861693036s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib446F647A69756B3036s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib446F647A69756B3036s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4672616E6B4C656E7A57696E676572743132s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4672616E6B4C656E7A57696E676572743132s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib464F4C5As1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib464F4C5As1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib466F6C7A3134s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib466F6C7A3134s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib46756B757368696D61s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib46756B757368696D61s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib477269676F7279616E4875616E674D6173616D756E653132s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib477269676F7279616E4875616E674D6173616D756E653132s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib477269676F7279616E3836s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib477269676F7279616E3836s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib477269676F7279616E3939s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib477269676F7279616E3939s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4875614B656C6C65723134s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4875614B656C6C65723134s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib48616573656C65724B656C6C65724C656E7A576F6A63696563686F77736B693132s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib48616573656C65724B656C6C65724C656E7A576F6A63696563686F77736B693132s1

302 B. Hua, Y. Lin / Advances in Mathematics 306 (2017) 279-302

[18] X. Huang, M. Keller, J. Masamune, R.K. Wojciechowski, A note on self-adjoint extensions of the
Laplacian on weighted graphs, J. Funct. Anal. 265 (8) (2013) 1556-1578.

[19] P. Hsu, Heat semigroup on a complete Riemannian manifold, Ann. Probab. 17 (3) (1989) 1248-1254.

[20] X. Huang, On stochastic completeness of weighted graphs, PhD thesis, Bielefeld University, 2011.

[21] X. Huang, Stochastic incompleteness for graphs and weak Omori—Yau maximum principle, J. Math.
Anal. Appl. 379 (2) (2011) 764-782.

[22] X. Huang, A note on the volume growth criterion for stochastic completeness of weighted graphs,
Potential Anal. 40 (2) (2014) 117-142.

[23] L. Karp, P. Li, The heat equation on complete Riemannian manifolds, unpublished manuscript.

[24] M. Keller, D. Lenz, Unbounded Laplacians on graphs: basic spectral properties and the heat equa-
tion, Math. Model. Nat. Phenom. 5 (4) (2010) 198-224.

[25] M. Keller, D. Lenz, Dirichlet forms and stochastic completeness of graphs and subgraphs, J. Reine
Angew. Math. 666 (2012) 189-223.

[26] M. Keller, D. Lenz, R.K. Wojciechowski, Volume growth, spectrum and stochastic completeness of
infinite graphs, Math. Z. 274 (3) (2013) 905-932.

[27] P. Li, Uniqueness of L' solutions for the Laplace equation and the heat equation on Riemannian
manifolds, J. Differential Geom. 20 (2) (1984) 447-457.

[28] X.-D. Li, Liouville theorems for symmetric diffusion operators on complete Riemannian manifolds,
J. Math. Pures Appl. 84 (2005) 1295-1361.

[29] Y. Lin, S. Liu, Equivalent properties of CD inequality on graph, preprint.

[30] S.P. Liu, N. Peyerimhoff, Eigenvalue ratios of nonnegatively curved graphs, arXiv:1406.6617, 2014.

[31] Y. Lin, S.T. Yau, Ricci curvature and eigenvalue estimate on locally finite graphs, Math. Res. Lett.
17 (2) (2010) 343-356.

[32] J. Masamune, T. Uemura, J. Wang, On the conservativeness and the recurrence of symmetric
jump-diffusions, J. Funct. Anal. 263 (12) (2012) 3984-4008.

[33] R.S. Strichartz, Analysis of the Laplacian on the complete Riemannian manifold, J. Funct. Anal.
52 (1) (1983) 48-79.

[34] K.-T. Sturm, Analysis on local Dirichlet spaces, I: recurrence, conservativeness and LP-Liouville
properties, J. Reine Angew. Math. 456 (1994) 173-196.

[35] N.Th. Varopoulos, Potential theory and diffusion on Riemannian manifolds, in: Conference on Har-
monic Analysis in Honor of Antoni Zygmund, vols. I, II, in: Wadsworth Math. Ser., Wadsworth,
Belmont, CA, 1983, pp. 821-837.

[36] A. Weber, Analysis of the physical Laplacian and the heat flow on a locally finite graph, J. Math.
Anal. Appl. 370 (1) (2010) 146-158.

[37] R.K. Wojciechowski, Stochastic completeness of graphs, PhD, MI thesis, City University of New
York, ProQuest LLC, Ann Arbor, 2008.

[38] R.K. Wojciechowski, Heat kernel and essential spectrum of infinite graphs, Indiana Univ. Math. J.
58 (3) (2009) 1419-1442.

[39] R.K. Wojciechowski, Stochastically incomplete manifolds and graphs, in: Random Walks, Bound-
aries and Spectra, in: Progress in Probability, vol. 64, 2011, pp. 163-179.

[40] S.T. Yau, Some function-theoretic properties of complete Riemannian manifold and their applica-
tions to geometry, Indiana Univ. Math. J. 25 (7) (1976) 659-670.

[41] S.T. Yau, On the heat kernel of a complete Riemannian manifold, J. Math. Pures Appl. 57 (2)
(1978) 191-201.


http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4875616E674B656C6C65724D6173616D756E65576F6A63696563686F77736B69s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4875616E674B656C6C65724D6173616D756E65576F6A63696563686F77736B69s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4873753839s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4875616E673131s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4875616E673130s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4875616E673130s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4875616E673134s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4875616E673134s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4B656C6C65724C656E7A3130s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4B656C6C65724C656E7A3130s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4B656C6C65724C656E7A3132s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4B656C6C65724C656E7A3132s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4B656C6C65724C656E7A576F6A63696563686F77736B69s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4B656C6C65724C656E7A576F6A63696563686F77736B69s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4C693834s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4C693834s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4C697869616E67646F6E673035s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4C697869616E67646F6E673035s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4C6975503134s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4C696E5961753130s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4C696E5961753130s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4D6173616D756E6555656D75726157616E673132s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib4D6173616D756E6555656D75726157616E673132s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib5374726963686172747A3833s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib5374726963686172747A3833s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib537475726D3934s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib537475726D3934s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib5661726F706F756C6F73s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib5661726F706F756C6F73s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib5661726F706F756C6F73s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib57656265723130s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib57656265723130s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib576F6A63696563686F77736B693038s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib576F6A63696563686F77736B693038s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib576F6A63696563686F77736B6931s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib576F6A63696563686F77736B6931s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib576F6A63696563686F77736B6932s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib576F6A63696563686F77736B6932s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib5961753736s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib5961753736s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib5961753738s1
http://refhub.elsevier.com/S0001-8708(16)31416-5/bib5961753738s1

	Stochastic completeness for graphs with curvature dimension conditions
	1 Introduction and main results
	2 Graphs
	2.1 Weighted graphs
	2.2 Gamma calculus
	2.3 Completeness of graphs
	2.4 Intrinsic metrics

	3 Semigroups and Caccioppoli inequality
	3.1 Semigroups on graphs
	3.2 Caccioppoli inequality

	4 Stochastic completeness
	4.1 Gradient bounds and curvature dimension conditions
	4.2 Curvature dimension conditions and the properties of heat semigroups
	4.3 The proofs of main theorems

	Acknowledgments
	References


