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Abstract: This article pertains to the classification of multiple Schramm-Loewner evo-
lutions (SLE). We construct the pure partition functions of multiple SLE, withx € (0, 4]
and relate them to certain extremal multiple SLE measures, thus verifying a conjec-
ture from Bauer et al. (J Stat Phys 120(5-6):1125-1163, 2005) and Kytold and Pel-
tola (Commun Math Phys 346(1):237-292, 2016). We prove that the two approaches
to construct multiple SLEs—the global, configurational construction of Kozdron and
Lawler (Universality and renormalization, vol 50 of Fields institute communications.
American Mathematical Society, Providence, 2007) and Lawler (J Stat Phys 134(5-6):
813-837, 2009) and the local, growth process construction of Bauer et al. (2005), Dubé-
dat (Commun Pure Appl Math 60(12):1792-1847, 2007), Graham (J Stat Mech Theory
2007(3):P03008, 2007) and Kytolad and Peltola (2016)—agree. The pure partition func-
tions are closely related to crossing probabilities in critical statistical mechanics models.
With explicit formulas in the special case of k = 4, we show that these functions give the
connection probabilities for the level lines of the Gaussian free field (GFF) with alter-
nating boundary data. We also show that certain functions, known as conformal blocks,
give rise to multiple SLE4 that can be naturally coupled with the GFF with appropriate
boundary data.

1. Introduction

Conformal invariance and critical phenomena in two-dimensional statistical physics
have been active areas of research in the last few decades, both in the mathematics
and physics communities. Conformal invariance can be studied in terms of correlations
and interfaces in critical models. This article concerns conformally invariant probability
measures on curves that describe scaling limits of interfaces in critical lattice models
(with suitable boundary conditions).
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For one chordal curve between two boundary points, such scaling limit results have
been rigorously established for many models: critical percolation [SmiO1,CNO7], the
loop-erased random walk and the uniform spanning tree [LSW04,Zha08b], level lines of
the discrete Gaussian free field [SS09,SS13], and the critical Ising and FK-Ising models
[CDCH+14]. In this case, the limiting object is a random curve known as the chordal
SLE, (Schramm-Loewner evolution), uniquely characterized by a single parameter
k > 0 together with conformal invariance and a domain Markov property [Sch00]. In
general, interfaces of critical lattice models with suitable boundary conditions converge
to variants of the SLE, (see, e.g., [HK13] for the critical Ising model with plus-minus-
free boundary conditions, and [ZhaO8b] for the loop-erased random walk). In particular,
multiple interfaces converge to several interacting SLE curves [Izy17,Wul7,BPW18,
KS18]. These interacting random curves cannot be classified by conformal invariance
and the domain Markov property alone, but additional data is needed [BBKO05,Dub07,
Gra07,KL07,Law09a,KP16]. Together with results in [BPW 18], the main results of the
present article provide with a general classification for k < 4.

It is also natural to ask questions about the global behavior of the interfaces, such
as their crossing or connection probabilities. In fact, such a crossing probability, known
as Cardy’s formula, was a crucial ingredient in the proof of the conformal invariance
of the scaling limit of critical percolation [SmiO1,CNO7]. In Fig. 1, a simulation of the
critical Ising model with alternating boundary conditions is depicted. The figure shows
one possible connectivity of the interfaces separating the black and yellow regions, but
when sampling from the Gibbs measure, other planar connectivities can also arise. One
may then ask with which probability do the various connectivities occur. For discrete
models, the answer is known only for loop-erased random walks (x = 2) and the
double-dimer model (¢« = 4) [KW11a,KKP17a], whereas for instance the cases of the
Ising model (x = 3) and percolation (x = 6) are unknown. However, scaling limits of
these connection probabilities are encoded in certain quantities related to multiple SLESs,
known as pure partition functions [PW18]. These functions give the Radon—Nikodym
derivatives of multiple SLE measures with respect to product measures of independent
SLEs.

In this article, we construct the pure partition functions of multiple SLE, for all
k € (0, 4] and show that they are smooth, positive, and (essentially) unique. We also
relate these functions to certain extremal multiple SLE measures, thus verifying a con-
jecture from [BBKO05,KP16]. To find the pure partition functions, we give a global
construction of multiple SLE, measures in the spirit of [KL07,Law(09a,Law(09b], but
pertaining to the complete classification of these random curves. We also prove that,
as probability measures on curve segments, these “global” multiple SLEs agree with
another approach to construct and classify interacting SLE curves, known as “local”
multiple SLEs [BBKO05,Dub07,Gra07,KP16].

The SLE4 processes are known to be realized as level lines of the Gaussian free field
(GFF). In the spirit of [KW11a,KKP17a], we find algebraic formulas for the pure parti-
tion functions in this case and show that they give explicitly the connection probabilities
for the level lines of the GFF with alternating boundary data. We also show that certain
functions, known as conformal blocks, give rise to multiple SLE4 processes that can be
naturally coupled with the GFF with appropriate boundary data.

1.1. Multiple SLEs and pure partition functions. One can naturally view interfaces
in discrete models as dynamical processes. Indeed, in his seminal article [Sch00],
O. Schramm defined the SLE, as a random growth process (Loewner chain) whose
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Fig. 1. Simulation of the critical Ising model with alternating boundary conditions and the corresponding link
pattern o € LP4

time evolution is encoded in an ordinary differential equation (Loewner equation, see
Sect. 2.1). Using the same idea, one may generate processes of several SLE, curves by
describing their time evolution via a Loewner chain. Such processes are local multiple
SLEs: probability measures on curve segments growing from 2N fixed boundary points
X1, ..., X2y € 052 of a simply connected domain §2 C C, only defined up to a stopping
time strictly smaller than the time when the curves touch (we call this localization).
We prove in Theorem 1.3 that, when « < 4, localizations of global multiple SLEs
give rise to local multiple SLEs. Then, the 2N curve segments form N planar, non-
intersecting simple curves connecting the 2N marked boundary points pairwise, as in
Fig. 1 for the critical Ising interfaces. Topologically, these N curves form a planar pair
partition, which we call a link pattern and denote by o = {{ay, b1}, ..., {an, by}},
where {a, b} are the pairs in «, called links. The set of link patterns of N links on
{1,2,...,2N}isdenoted by LPy. The number of elements in LP y is a Catalan number,

#LPy =Cy = ﬁ (2]3]) We also denote by LP = |_]N20 LPy the set of link patterns
of any number of links, where we include the empty link pattern § € LPy in the case
N =0.

By the results of [Dub07,KP16], the local N-SLE, probability measures are classified
by smooth functions Z of the marked points, called partition functions. It is believed
that they form a Cy-dimensional space, with basis given by certain special elements
Z,, called pure partition functions, indexed by the Cy link patterns o € LPy. These
functions can be related to scaling limits of crossing probabilities in discrete models—see
[KKP17a,PW18] and Sect. 1.4 below for discussions on this. In general, however, even
the existence of such functions Z, is not clear. We settle this problem for all ¥ € (0, 4]
in Theorem 1.1.

To state our results, we need to introduce some definitions and notation. Throughout
this article, we denote by H = {z € C: Im(z) > 0} the upper half-plane, and we use
the following real parameters: « > 0,

6 —«k Bk —8)(6 — k)
= , and c=—"-""".
2k 2k
A multiple SLE, partition function is a positive smooth function
Z: XZN —> R>0

defined on the configuration space
2N
Xoy = {(x1,...,x28) €ER 1 xp < - < xopn}

satisfying the following two properties:
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Fig. 2. The removal of a link from a link pattern (here j = 4 and N = 7). The left figure is the link
patterna = {{1, 14}, {2, 3}, {4, 5}, {6, 13}, {7, 10}, {8, 9}, {11, 12}} € LP7 and the right figure the link pattern
a/{4,5) = {{1, 12}, {2, 3}, {4, 11}, {5, 8}, {6, 7}, {9, 10}} € LPg

(PDE) Partial differential equations of second order: We have

K 2 2h
—9% + ( 9 — ) Z(x1,...,xan) =0,
2 ; Xj— X / (xj—x,-)z
foralli € {1,...,2N}. (1.1

(COV) Mobius covariance: For all Mobius maps ¢ of H such that p(x1) < -+ <
@(x2n), we have

2N
Z(x1,..oxn) =o' @)" x 20, ..., e(xan). (12)
i=1

Given such a function, one can construct a local N-SLE, as we discuss in Sect. 4.2. The
above properties (PDE) (1.1) and (COV) (1.2) guarantee that this local multiple SLE
process is conformally invariant, the marginal law of one curve with respect to the joint
law of all of the curves is a suitably weighted chordal SLE,., and that the curves enjoy
a certain “commutation”, or “stochastic reparameterization invariance” property—see
[Dub07,Gra07,KP16] for details.

The pure partition functions 2, : X2y — R ¢ are indexed by link patterns « € LPy.
They are positive solutions to (PDE) (1.1) and (COV) (1.2) singled out by boundary
conditions given in terms of their asymptotic behavior, determined by the link pattern
a:

(ASY) Asymptotics: For all « € LPy and for all j € {1,...,2N — 1} and & €
(xj—1,xj42), we have

1. Za(-xls""sz)
im ——
xjxjn—E (Xjel — X))
e (1.3)
_ 0, if{j,j+1} ¢«
Z&('xls"-1-xj—laxj+21"'7-x2N)7 lf{j’j+1}ea7

where & = «/{j,j + 1} € LPy_; denotes the link pattern obtained from
a by removing the link {j, j + 1} and relabeling the remaining indices by
1,2,...,2N — 2 (see Fig. 2).

Attempts to find and classify these functions using Coulomb gas techniques have been
made, e.g., in [BBKO05,Dub06,Dub07,FK15d,KP16]; see also [DF85,FSK15,FSKZ17,
LV17]. The main difficulty in the Coulomb gas approach is to show that the constructed
functions are positive, whereas smoothness is immediate. On the other hand, as we
will see in Lemma 4.1, positivity is manifest from the global construction of multiple
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SLEs, but in this approach, the main obstacle is establishing the smoothness.! In this
article, we combine the approach of [KL07,Law09a] (global construction) with that of
[Dub07,Dubl5a,Dub15b,KP16] (local construction and PDE approach), to show that
there exist unique pure partition functions for multiple SLE, for all ¥ € (0, 4]:

Theorem 1.1. Let « € (0, 4]. There exists a unique collection {Z,: a € LP} of smooth
functions Zy: Xoy — R, for o € LPy, satisfying the normalization Zy = 1, the power
law growth bound given in (2.4) in Sect. 2, and properties (PDE) (1.1), (COV) (1.2),
and (ASY) (1.3). These functions have the following further properties:

1. For all @ € LPy, we have the stronger power law bound

0<Zy(xro.comow) = ] 1o —xal ™. (1.4)
{a,b}ea

2. For each N > 0, the functions {Z,: a € LPy} are linearly independent.

Next, we make some remarks concerning the above result.

— The bound (1.4) stated above is very strong. First of all, together with smoothness, the
positivity in (1.4) enables us to construct local multiple SLEs (Corollary 1.2). Second,
using the upper bound in (1.4), we will prove in Proposition 4.10 that the curves
in these local multiple SLEs are continuous up to and including the continuation
threshold, and they connect the marked points in the expected way — according to
the connectivity «. Third, the upper bound in (1.4) is also crucial in our proof of
Theorem 1.4, stated below, concerning the connection probabilities of the level lines
of the GFF, as well as for establishing analogous results for other models [PW18].

— For k = 2, the existence of the functions Z, was already known before [KLOS,
KKP17a]. In this case, the positivity and smoothness can be established by identifying
Zy as scaling limits of connection probabilities for multichordal loop-erased random
walks.

— In general, it follows from Theorem 1.1 that the functions Z, constructed in the
previous works [FK15a,KP16] are indeed positive, as conjectured, and agree with
the functions of Theorem 1.1.

— Above, the pure partition functions Z, are only defined for the upper half-plane H. In
other simply connected domains §2, when the marked points lie on sufficiently smooth
boundary segments, we may extend the definition of Z, by conformal covariance:
taking any conformal map ¢: §2 — H such that p(x1) < --- < @(x2n), We set

2N
Zo( 2521 xaw) = [0/ Gol" % Zalp(en, ooy (15)

i=1
Both the global and local definitions of multiple SLEs enjoy conformal invariance and
a domain Markov property. However, only in the case of one curve, these two properties
uniquely determine the SLE,. With N > 2, configurations of curves connecting the
marked points xq, ..., xony € 982 in the simply connected domain §2 have non-trivial
conformal moduli, and their probability measures should form a convex set of dimension
higher than one. The classification of local multiple SLEs is well established: they are in
one-to-one correspondence with (normalized) partition functions [Dub07,KP16]. Thus,
we may characterize the convex set of these local N-SLE, probability measures in the

following way:

1 Recently, another proof for the smoothness with k < 4 in the global approach appeared in [JL18].
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Corollary 1.2. Let « € (0,4]. For any a € LPy, there exists a local N-SLE, with
partition function Z,. Forany N > 1, the convex hull of the local N-SLE, corresponding
to {Z,: a € LPy} has dimension Cy — 1. The Cy local N-SLE, probability measures
with pure partition functions Z, are the extremal points of this convex set.

1.2. Global multiple SLEs. To prove Theorem 1.1, we construct the pure partition func-
tions Z, from the Radon—Nikodym derivatives of global multiple SLE measures with
respect to product measures of independent SLEs. To this end, in Theorem 1.3, we give
a construction of global multiple SLE, measures, for any number of curves and for all
possible topological connectivities, when x € (0, 4]. The construction is not new as
such: it was done by M. Kozdron and G. Lawler [KL07] in the special case of the rain-
bow link pattern @, illustrated in Fig. 10 (see also [Dub06, Section 3.4]). For general
link patterns, an idea for the construction appeared in [Law09a, Section 2.7]. However,
to prove local commutation of the curves, one needs sufficient regularity that was not
established in these articles (for this, see [Dub07,Dubl5a,Dub15b]).

In the previous works [KL0O7,Law09a], the global multiple SLEs were defined in
terms of Girsanov re-weighting of chordal SLEs. We prefer another definition, where
only a minimal amount of characterizing properties are given. In subsequent work
[BPW18], we prove that this definition is optimal in the sense that the global multi-
ple SLEs are uniquely determined by the below stated conditional law property.

First, we define a (fopological) polygon to be a (2N + 1)-tuple (£2; x1, ..., xon),
where 2 C C is a simply connected domain and xp, ..., xpy € 02 are 2N distinct
boundary points appearing in counterclockwise order on locally connected boundary
segments. We also say that U C £2 is a sub-polygon of 2 if U is simply connected and
U and 2 agree in neighborhoods of x1, ..., xox5. When N = 1, we let Xo(£2; x1, x2)
be the set of continuous simple unparameterized curves in §2 connecting x; and x»
such that they only touch the boundary 92 in {x, x2}. More generally, when N > 2,
we consider pairwise disjoint continuous simple curves in §2 such that each of them

connects two points among {x1, ..., xax}. We encode the connectivities of the curves
in link patterns & = {{a1, b1}, ..., {ay, bn}} € LPy, and we let X7 (82; x1, ..., x2n)
be the set of families (171, .. ., ny) of pairwise disjoint curves n; € Xo(£2; Xaj, x;,j), for
jef{l,...,N}L

For any link pattern « € LPy, we call a probability measure on (11, ...,ny) €
XG(82; x1, ..., xan) a global N-SLE, associated to a if, for each j € {1, ..., N}, the
conditional law of the curve n; given the other curves {n1,...,nj—1,nj+1,..., N}
is the chordal SLE, connecting Xa; and x; i in the component of the domain
2\{n1,...,nj—1,nj+1, ..., nn} that contains the endpoints Xa; and Xb; of n; on its

boundary (see Fig. 11 for an illustration). This definition is natural from the point of
view of discrete models: it corresponds to the scaling limit of interfaces with alternating
boundary conditions, as described in Sects. 1.3 and 1.4.

Theorem 1.3. Let « € (0,4]. Let (£2; x1, ..., x2n) be a polygon. For any a € LPy,
there exists a global N-SLE, associated to a. As a probability measure on the initial
segments of the curves, this global N-SLE, coincides with the local N-SLE, with
partition function Zy. It has the following further properties:

1. If U C $2 is a sub-polygon, then the global N-SLE, in U is absolutely continu-
ous with respect to the one in §2, with explicit Radon—Nikodym derivative given in
Proposition 3.4.
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2. The marginal law of one curve under this global N-SLE, is absolutely continuous
with respect to the chordal SLE,, with explicit Radon—Nikodym derivative given in
Proposition 3.5.

We prove the existence of a global N-SLE, associated to « by constructing it in
Proposition 3.3 in Sect. 3.1. The two properties of the measure are proved in Proposi-
tions 3.4 and 3.5 in Sect. 3.2. Finally, in Lemma 4.8 in Sect. 4.2, we prove that the local
and global SLE, associated to o agree.

1.3. k = 4: level lines of Gaussian free field. In the last Sects. 5 and 6 of this article, we
focus on the two-dimensional Gaussian free field (GFF). It can be thought of as a natural
2D time analogue of Brownian motion. Importantly, the GFF is conformally invariant
and satisfies a certain domain Markov property. In the physics literature, it is also known
as the free bosonic field, a very fundamental and well-understood object, which plays an
important role in conformal field theory, quantum gravity, and statistical physics—see,
e.g., [DS11] and references therein. For instance, the 2D GFF is the scaling limit of the
height function of the dimer model [KenOS].

In a series of works [SS09,SS13,MS16], the level lines and flow lines of the GFF
were studied. The level lines are SLE, curves for k = 4, and the flow lines SLE, curves
for general « > 0. In this article, we study connection probabilities of the level lines
(i.e., the case k = 4). In Theorems 1.4 and 1.5, we relate these probabilities to the pure
partition functions of multiple SLE,4 and find explicit formulas for them.

Fix A := /2. Let x; < .-+ < x2p, and let I" be the GFF on H with alternating
boundary data:

Aon (x2j-1,x2;), for j € {1,..., N},

1.6
and  —Xon (x2;,x2j4+1), for j € {0,1,..., N}, (1.6)

with the convention that xop = —o0 and xay4+1 = 00. For j € {1, ..., N}, let n; be the
level line of I starting from x;;_1, considered as an oriented curve. If x is the other
endpoint of 7, we say that the level line n; terminates at x;. The endpoints of the level
lines (n1, ..., ny) give rise to a planar pair partition, which we encode in a link pattern
A= A(m, ey 77N) € LPN.

Theorem 1.4. Consider multiple level lines of the GFF on H with the alternating bound-
ary data (1.6). For any a € LPy, the probability P, := P[A = «] is strictly positive.
Conditioned on the event { A = a}, the collection (91, ...,nyN) € Xg(H; x1, ..., x2n)
is the global N-SLE4 associated to a constructed in Theorem 1.3. The connection prob-
abilities are explicitly given by, for all o € LPy,

Z, ey
po= Sy 2= Yz ()
ZGFF(xl’ ..., X2N) a€lPy

and Zy are the functions of Theorem 1.1 with k = 4. Finally, for a,b € {1,...,2N},
where a is odd and b is even, the probability that the level line of the GFF starting from

X4 terminates at xp, is given by
Xj— Xq |-

PPy, omom) =[] (1.8)

1<j<2N,
j#a.b

Xj — Xb
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In order to prove Theorem 1.4, we need good control of the asymptotics of the pure
partition functions Z, of Theorem 1.1 with « = 4. Indeed, the strong bound (1.4)
enables us to control terminal values of certain martingales in Sect. 5. The property
(ASY) (1.3) is not sufficient for this purpose.

An explicit, simple formula for the symmetric partition function Zgpp is known
[Dub06,KW11a,KP16], see (4.17) in Lemma 4.15. In fact, also the functions Z, for
k = 4, and thus the connection probabilities P, in (1.7), have explicit algebraic formulas:

Theorem 1.5. Let k = 4. Then, the functions {Z,: « € LP} of Theorem 1.1 can be
written as

Zo(xt,oooxan) = ) My Us(xr, . xaw), (1.9)
BELPN

where Ug are explicit functions defined in (6.1) and the coefficients M;}s € Z are given
in Proposition 2.9.

In [KW11a,KW11b], R. Kenyon and D. Wilson derived formulas for connection
probabilities in discrete models (e.g., the double-dimer model) and related these to
multichordal SLE connection probabilities for k = 2, 4, and 8; see in particular [KW11a,
Theorem 5.1]. The scaling limit of chordal interfaces in the double-dimer model is
believed to be the multiple SLE,4 (but this has turned out to be notoriously difficult to
prove). In [KW11a, Theorem 5.1], it was argued that the scaling limits of the double-
dimer connection probabilities indeed agree with those of the GFF, i.e., the connection
probabilities given by P, in Theorem 1.4. However, detailed analysis of the appropriate
martingales was not carried out.

The coefficients M;g appearing in Theorem 1.5 are enumerations of certain com-
binatorial objects known as “cover-inclusive Dyck tilings” (see Sect. 2.4). They were
first introduced and studied in the articles [KW11a,KW11b,SZ12]. In this approach,
one views the link patterns o« € LPy equivalently as walks known as Dyck paths of 2N
steps, as illustrated in Fig. 4 and explained in Sect. 2.4.

1.4. k = 3: Crossing probabilities in critical Ising model. In the article [PW18], we
consider crossing probabilities in the critical planar Ising model. The Ising model is
a classical lattice model introduced and studied already in the 1920s by W. Lenz
and E. Ising. It is arguably one of the most studied models of an order-disorder
phase transition. Conformal invariance of the scaling limit of the 2D Ising model at
criticality, in the sense of correlation functions, was postulated in the seminal arti-
cle [BPZ84b] of A. A. Belavin, A. M. Polyakov, and A. B. Zamolodchikov. More
recently, in his celebrated work [Smi06,Smil0], S. Smirnov constructed discrete holo-
morphic observables, which offered a way to rigorously establish conformal invari-
ance for all correlation functions [CS12,CI13,HS13,CHI15], as well as interfaces
[HK13,CDCH+14,BH16,1zy17,BPW18].

In this section, we briefly discuss the problem of determining crossing probabilities
in the Ising model with alternating boundary conditions. Suppose that discrete domains
(.{25; x?, e, x‘ZSN) approximate a polygon (£2; x1, ..., xax) as 6 — 0 in some natural
way (e.g., as specified in the aforementioned literature). Consider the critical Ising model
on £2° with alternating boundary conditions (see also Fig. 1):
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@ on (x3;_.x5;), forje{l,....N},

and © on (xgj,x‘zsjﬂ), for j €{0,1,..., N},

with the convention that xg N = xg and x‘zsN i = xf . Then, macroscopic interfaces
(n‘f, e, nf\,) connect the boundary points x‘ls, e, xg > forming a planar connectivity
encoded in a link pattern A% € LPy. Conditioned on {A4° = «}, this collection of
interfaces converges in the scaling limit to the global N-SLE3 associated to o [BPW18,
Proposition 1.3].

We are interested on the scaling limit of the crossing probability P[A° = «] for
o € LPy. For N = 2, this limit was derived in [Izy15, Equation (4.4)]. In general, we
expect the following:

Conjecture 1.6. We have

Za(82:x1,...,x
lim P[A® = o] = (;)( ! W) here z2h =3 z,
=0 Zising (823 X1, ..., X2N) welPy

and Z, are the functions defined by (1.5) and Theorem 1.1 with ¥ = 3.

We prove this conjecture for square lattice approximations in [PW18, Theorem 1.1].
In light of the universality results in [CS12], more general approximations should also
work nicely.

The symmetric partition function Zsing has an explicit Pfaffian formula [KP16,
Izy17], see (4.16) in Lemma 4.14. However, explicit formulas for Z, for x = 3 are
only known in the cases N = 1, 2, and in contrast to the case of k = 4, for k = 3 the
formulas are in general not algebraic.

Qutline. Section 2 contains preliminary material: the definition and properties of the
SLE, processes, discussion about the multiple SLE partition functions and solutions
of (PDE) (1.1), as well as combinatorics needed in Sect. 6. We also state a crucial
result from [FK15b] (Theorem 2.3 and Corollary 2.4) concerning uniqueness of solu-
tions to (PDE) (1.1). Moreover, we recall Hormander’s condition for hypoellipticity of
linear partial differential operators, crucial for proving the smoothness of SLE partition
functions (Theorem 2.5 and Proposition 2.6).

The topic of Sect. 3 is the construction of global multiple SLEs, in order to prove
parts of Theorem 1.3. We construct global N-SLE, probability measures for all link
patterns « and for all N in Sect. 3.1 (Proposition 3.3). In the next Sect. 3.2, we give
the boundary perturbation property (Proposition 3.4) and the characterization of the
marginal law (Proposition 3.5) for these random curves.

In Sect. 4, we consider the pure partition functions Z,. Theorem 1.1 concerning
the existence and uniqueness of Z, is proved in Sect. 4.1. We complete the proof of
Theorem 1.3 with Lemma 4.8 in Sect. 4.2, by comparing the two definitions for multiple
SLEs—the global and the local. In Sect. 4.2, we also prove Corollary 1.2. Then, in
Sect. 4.3, we prove Proposition 4.10, which says that Loewner chains driven by the
pure partition functions are generated by continuous curves up to and including the
continuation threshold. Finally, in Sect. 4.4, we discuss so-called symmetric partition
functions and list explicit formulas for them for « = 2, 3, 4.

The last Sects. 5 and 6 focus on the case of x = 4 and the problem of connection
probabilities of the level lines of the Gaussian free field. We introduce the GFF and its
level lines in Sect. 5.1. In Sects. 5.2-5.3, we find the connection probabilities of the level
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lines. Theorem 1.4 is proved in Sect. 5.4. Then, in Sect. 6, we investigate the pure partition
functions in the case k = 4. First, in Sect. 6.1, we record decay properties of these
functions and relate them to the SLE4 boundary arm-exponents. In Sections 6.2—-6.3,
we derive the explicit formulas of Theorem 1.5 for these functions, using combinatorics
and results from [KW11a,KW11b,KKP17a]. We find these formulas by constructing
functions known as conformal blocks for the GFF. We also discuss in Sect. 6.4 how the
conformal blocks generate multiple SLE4 processes that can be naturally coupled with
the GFF with appropriate boundary data (Proposition 6.8).

The appendices contain some technical results needed in this article that we have
found not instructive to include in the main text.

2. Preliminaries

This section contains definitions and results from the literature that are needed to under-
stand and prove the main results of this article. In Sects. 2.1 and 2.2, we define the
chordal SLE, and give a boundary perturbation property for it, using a conformally
invariant measure known as the Brownian loop measure. Then, in Sect. 2.3 we discuss
the solution space of the system (PDE) (1.1) of second order partial differential equa-
tions. We give examples of solutions: multiple SLE partition functions. In Theorem 2.3,
we state a result of S. Flores and P. Kleban [FK15b] concerning the asymptotics of solu-
tions, which we use in Sect. 4 to prove the uniqueness of the pure partition functions of
Theorem 1.1. In Proposition 2.6, we prove that all solutions of (PDE) (1.1) are smooth,
by showing that this PDE system is hypoelliptic — to this end, we follow the idea of
[Kon03,FK04,Dubl5a], using the powerful theory of Hormander [Hor67]. Finally, in
Sect. 2.4 we introduce combinatorial notions and results needed in Sect. 6.

2.1. Schramm—Loewner evolutions. We call a compact subset K of H an H-hull if H\ K
is simply connected. Riemann’s mapping theorem asserts that there exists a unique
conformal map gx from H\ K onto H with the property that lim,;_, » |gx (z) — z| = 0.
We say that gg is normalized at co.

In this article, we consider the following collections of H-hulls. They are associated
with families of conformal maps (g;, # > 0) obtained by solving the Loewner equation:
for each z € H,

2
0181(2) = ————, g0(2) =1z,

&) — W,

where (W;,t > 0) is a real-valued continuous function, which we call the driving
function. Let T, be the swallowing time of z defined as sup{r > 0: infsc[0./ |gs(z) —
Ws| > 0}. Denote K; := {z € H : T, < t}. Then, g; is the unique conformal map from
H; := H\ K; onto H normalized at co. The collection of H-hulls (K;, t > 0) associated
with such maps is called a Loewner chain.

Let « > 0. The (chordal) Schramm—Loewner Evolution SLE, in H from 0 to oo
is the random Loewner chain (K;,t > 0) driven by W; = /k B;, where (B;,t > 0)
is the standard Brownian motion. S. Rohde and O. Schramm proved in [RS05] that
(K;,t > 0) is almost surely generated by a continuous transient curve, i.e., there almost
surely exists a continuous curve n such that for each + > 0, H; is the unbounded
component of H\7n[0, 7] and lim;_, , |7(¢)| = oco. This random curve is the SLE, trace
in H from 0 to oco. It exhibits phase transitions at x = 4 and 8: the SLE, curves are
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simple when « € [0, 4] and they have self-touchings when « > 4, being space-filling
when k > 8. In this article, we focus on the range « € (0, 4] when the curve is simple.
Its law is a probability measure P(H; 0, co) on the set X (H; 0, 00).

The SLE is conformally invariant: it can be defined in any simply connected domain
£2 with two boundary points x, y € 952 (around which the boundary is locally connected)
by pushforward of a conformal map as follows. Given any conformal map ¢: H — £2
such that ¢(0) = x and p(c0) = y, we have p(n) ~ P($2; x, y) if n ~ P(H; 0, c0),
where P(£2; x, y) denotes the law of the SLE, in §£2 from x to y.

Schramm’s classification [Sch00] shows that P(£2; x, y) is the unique probability
measure on curves 1 € Xo(§2; x, y) satisfying conformal invariance and the domain
Markov property: for a stopping time 7, given an initial segment 5[0, 7] of the SLE,
curve n ~ P(£2; x, y), the conditional law of the remaining piece 5[z, c0) is the law
P($2\K+; n(t), y) of the SLE, in the remaining domain $2\ K; from the tip n(7) to y.

We will also use the following reversibility of the SLE, (for k < 4) [ZhaO8a]: the
time reversal of the SLE, curve n ~ P(£2; x, y) in £2 from x to y has the same law
P(£2; y, x) as the SLE, in £2 from y to x.

Finally, the following change of target point of the SLE, will be used in Sect. 4.

Lemma 2.1 [SWO05]. Let « > 0 and y > 0. Up to the first swallowing time of y, the
SLE, in H from 0 to y has the same law as the SLE, in H from 0 to oo weighted by the
local martingale g, (y)h (g:(y) — W,)~2h,

2.2. Boundary perturbation of SLE. Let (§2; x, y) be a polygon, which in this case is
also called a Dobrushin domain. Also, if U C £2 is a sub-polygon, we also call U a
Dobrushin subdomain. If, in addition, the boundary points x and y lie on sufficiently
regular segments of 952 (e.g., C I+€ for some € > 0), we call (£2; x, y) anice Dobrushin
domain.

In the next Lemma 2.2, we recall the boundary perturbation property of the chordal
SLE,. It gives the Radon-Nikodym derivative between the laws of the chordal SLE,
curve in U and §2 in terms of the Brownian loop measure and the boundary Poisson
kernel.

The Brownian loop measure is aconformally invariant measure on unrooted Brownian
loops in the plane. In the present article, we do not need the precise definition of this
measure, so we content ourselves with referring to the literature for the definition: see,
e.g., [LWO04, Sections 3 and 4] or [FL13]. Given a non-empty simply connected domain
2 C C and two disjoint subsets Vi, Vo C £2, we denote by u($2; Vi, V,) the Brownian
loop measure of loops in £2 that intersect both V7 and V. This quantity is conformally
invariant: u(@(£2); o(V1), o(V2)) = n(82; Vq, V,) for any conformal transformation
0. 2 —> p(£2).

In general, the Brownian loop measure is an infinite measure. However, we have
0 < u(82; Vi, V) < oo when both of Vi, V, are closed, one of them is compact, and
dist(Vy, V2) > 0. More generally, for n disjoint subsets Vi, ..., V, of £2, we denote
by n(£2; Vi, ..., V,) the Brownian loop measure of loops in §2 that intersect all of
Vi, ..., Vu. Provided that V; are all closed and at least one of them is compact, the
quantity 1 ($2; Vi, ..., Vy) is finite.

For a nice Dobrushin domain (£2; x, y), the boundary Poisson kernel Hg(x, y) is
uniquely characterized by the following two properties (2.1) and (2.2). First, it is con-
formally covariant: we have

l@" ()19’ (M| Hp2) (9(x), () = Ha(x, y), (2.1)
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for any conformal map ¢: £2 — @(£2) (since §2 is nice, the derivative of ¢ extends
continuously to neighborhoods of x and y). Second, for the upper-half plane with x, y €
R, we have the explicit formula

Hy(x,y) =y — x| 7> 2.2)

(we do not include a1 here). In addition, if U C §2 is a Dobrushin subdomain, then
we have

Hy(x,y) = Ho(x, y). (2.3)

When considering ratios of boundary Poisson kernels, we may drop the niceness assump-
tion.

Lemma 2.2. Let k € (0,4]. Let (£2;x,y) be a Dobrushin domain and U C §2 a
Dobrushin subdomain. Then, the SLE,. in U connecting x and y is absolutely continuous
with respect to the SLE, in §2 connecting x and y, with Radon—Nikodym derivative

dP(U; x, y) () = (H:z(x,y)
dP(£2; x, y) Hy(x,y)

Proof. See [LSWO03, Section 5] and [KL0O7, Proposition 3.1]. O

h
) Liycuy explen(82; 1, 2\U)).

2.3. Solutions to the second order PDE system (PDE). In this section, we present known
facts about the solution space of the system (PDE) (1.1) of second order partial differen-
tial equations. Particular examples of solutions are the multiple SLE partition functions,
and we give examples of known formulas for them. We also state a crucial result from
[FK15b] concerning the asymptotics of solutions. This result, Theorem 2.3, says that
solutions to (PDE) (1.1) and (COV) (1.2) having certain asymptotic properties must
vanish. We use this property in Sect. 4 to prove the uniqueness of the pure partition
functions. Finally, we discuss regularity of the solutions to the system (PDE) (1.1): in
Proposition 2.6, we prove that these PDEs are hypoelliptic, that is, all distributional
solutions for them are in fact smooth functions. This result was proved in [Dubl5a]
using the powerful theory of Hérmander [Hor67], which we also briefly recall. The
hypoellipticity of the PDEs in (1.1) was already pointed out earlier in the articles
[Kon03,FK04].

2.3.1. Examples of partition functions For k € (0, 8), the pure partition functions for
N = 1and N = 2 can be found by a calculation. The case N = 1 is almost trivial: then
we have, for x < y and == {{1,2}},,

20(@y) = Za(ey) = (y—o) "
When N = 2, the system (PDE) (1.1) with Mobius covariance (COV) (1.2) reduces
to an ordinary differential equation (ODE), since we can fix three out of the four degrees

of freedom. This ODE is a hypergeometric equation, whose solutions are well-known.
With boundary conditions (ASY) (1.3), we obtain for ——~~ = {{1,4},{2,3}} and

N NN = {{172},{3,4}} ,and for x; < xp < x3 < x4,
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F(z)
Z (@1, @0, 33, 01) = (24 — 21) (w3 — @2) TS/ F(1)
Z o (1, w2, 03, 24) = (w2 — 21) 2" (24 — x3)72h(1 — 2)2/”F(1 —z)

F(1)

where z is a cross-ratio and F is a hypergeometric function:

Zz(Xz—X1)(X4—X3)’ F() = o Fy <f1_f§>
(x4 — x2)(x3 — x1) k kK

Note that F is bounded on [0, 1] when « € (0, 8). For some parameter values, these
formulas are algebraic:

For k = 2, Z (@1, @2, 23, 24) = (x4 — x1) 2 (23 — 2) 22(2 — 2).
For k = 4, Z = (z1, 22,23, 24) = (x4 — xl)_l/Q(mg — xg)_1/2z1/2.
For k = 16/3, Z = (v1,%2,23,14)

= (x4 — x1)71/4(m3 — 1:2)71/423/8(1 + 1 - 2)71/2.

‘We note that when ¥ = 4, we have

Z = (w1, 22,03, 24)
Z 2o (w1, 2,23, 04) + Z 4~ (21,72, 23, 24)

= Z.

The right-hand side coincides with a connection probability of the level lines of the
GFF, see Lemma 5.2.

2.3.2. Crucial uniqueness result The following theorem is a deep result due to S. Flores
and P. Kleban. It is formulated as a lemma in the series [FK15a,FK15b,FK15¢,FK15d]
of articles, which concerns the dimension of the solution space of (PDE) (1.1) and
(COV) (1.2) under a condition (2.4) of power law growth given below. The proof of this
lemma constitutes the whole article [FK15b], relying on the theory of elliptic partial dif-
ferential equations, Green function techniques, and careful estimates on the asymptotics
of the solutions.

Uniqueness of solutions to hypoelliptic boundary value problems is not applicable in
our situation, because the solutions that we consider cannot be continuously extended
up to the boundary of Xoy.

Theorem 2.3 [FK15b, Lemma 1]. Let k € (0,8). Let F: Xpy — C be a function
satisfying properties (PDE) (1.1) and (COV) (1.2). Suppose furthermore that there exist
constants C > 0 and p > 0 such that forall N > 1 and (x1, ..., xan) € Xon, we have

|F(x1,...,xon8)] <C 1‘[ (xj — xp)Hii P,
1<i<j<2N
, (2.4)
p’ lf"x]_'xl|>1’

where [ =
wij(p) Cp il —xl < 1.
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If F also has the asymptotics property: for all j € {2,3,...,2N — 1} and § €
(xj—1, xj+2),

. F(xi,...,x2n)
lim T _n = O,
xjxjsi =€ (Xj1 — Xj)
(with the convention that xo = —o0 and xpn+1 = +00), then F = 0.

Motivated by Theorem 2.3, we define the following solution space of the system
(PDE) (1.1):

Sy = {F: X,y — C: F satisfies (PDE) (1.1), (COV) (1.2), and (2.4)}. (2.5)

We use this notation throughout. The bound (2.4) is easy to verify for the solutions
studied in the present article. Hence, Theorem 2.3 gives us the uniqueness of the pure
partition functions for Theorem 1.1.

Corollary 2.4. Let k € (0, 8). Let {Fy : @ € LP} be a collection of functions F, € Sy,
for a € LPy, satisfying (ASY) (1.3) with normalization Fy = 1. Then, the collection
{Fy: o € LP} is unique.

Proof. Let{F,: « € LP}and {Fy: a € LP} be two collections satisfying the properties
listed in the assertion. Then, for any « € LPy, the difference F,, — F,, has the asymptotics
property: forall j € {2,...,2N — 1} and & € (x;_1, xj12),

. (Fo — Fo)(x1, ..., x28)
lim —n =0,
X} Xjel—>E (xj41 — x;)

so Theorem 2.3 shows that F,, — Fa = 0. The asserted uniqueness follows. O

2.3.3. Hypoellipticity Following [Dubl5a, Lemma 5], we prove next that any distribu-
tional solution to the system (PDE) (1.1) is necessarily smooth. This holds by the fact
that any PDE of type (1.1) is hypoelliptic, for it satisfies the Hormander bracket con-
dition. For details concerning hypoelliptic PDEs, see, e.g., [Str08, Chapter 7], and for
general theory of distributions, e.g., [Rud91, Chapters 6-7], or [Hor90].

For an open set O C R" and F € {R, C}, we denote by C*°(O; F) the set of smooth
functions from O to IF. We also denote by C2°(O; F) the space of smooth compactly
supported functions from O to IF, and by (C2°)*(O; F) the space of distributions, that is,
the dual space of C2°(O; F) consisting of continuous linear functionals C2°(0; F) —
F. We recall that any locally integrable (e.g., continuous) function f on O defines a
distribution, also denoted by f € (CZ°)*(0; F), via the assignment

(f. ) = [Of(X)qﬁ(X)dx, (2.6)

for all test functions ¢ € C2°(O; F). Furthermore, with this identification, the space
C(0;F) > f of test functions is a dense subset in the space (C2°)*(0O; F) of distri-
butions (see, e.g., [Tao09, Lemma 1.13.5]). We also recall that any differential operator
D defines a linear operator on the space of distributions via its transpose (dual operator)
D*: for a distribution f € (C°)*(0; F), wehave D f € (C°)*(0; F) and

(Df, ¢) := /0 fx) (DD)Y*¢ (x)dx, (2.7)
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for all test functions ¢ € C2°(0; IF).

Let D be a linear partial differential operator with real analytic coefficients defined
on an open set U C R”". The operator D is said to be hypoelliptic on U if for every open
set O C U, the following holds: if F € (C°)*(0O; C) satisfies DF € C*°(0; C), then
we have F € C*(0; C).

Given a linear partial differential operator, how to prove that it is hypoelliptic? For
operators of certain form, L. Hormander proved in [Hor67] a powerful characterization
for hypoellipticity. Suppose U C R" is an open set, denote x = (x1, ..., x,) € R", and
consider smooth vector fields

n
Xj =Y ajp(®)d, forje{0,1,....m}, (2.8)
k=1

where aj; € C*°(U; R) are smooth real-valued coefficients. Hormander’s theorem gives
a characterization for hypoellipticity of partial differential operators of the form

m
D= Xj+Xo+b(x), (2.9)
j=1

where b € C*°(U;R). Denote by g the real Lie algebra generated by the vector
fields (2.8), and for x € U, let gy C TxR" be the subspace of the tangent space of
R" obtained by evaluating the elements of g at x. Hormander’s theorem can be phrased
as follows:

Theorem 2.5 [Hor67, Theorem 1.1]. Let U C R"™ be an open set and Xy, ..., X,
vector fields as in (2.8). If for all x € U, the rank of gx equals n, then the operator D
of the form (2.9) is hypoelliptic on U.

Consider now the partial differential operators appearing in (PDE) (1.1). They are
defined on the open set by = {(x1,...,x2n) € R2N . x; # xjforalli # j}. The
following result was proved in [Dub15a, Lemma 5] in a very general setup. For clarity,
we give the proof in our simple case.

Proposition 2.6. Each partial differential operator

D<f>=fa2+z< 2 g -2 >
21 i x]-—x,- (xj—xi)2

is hypoelliptic. In particular, any distributional solution F to DY F = 0 is smooth:

F e (C2)*(thy; ©) )

) = F € C®WUyy; C).

(DOF,¢) =0, forall ¢ € CX(thay: C) €T Ehw O
H —_ 2 . _ k4. _ 2h

PVOOf: ChOOSlng X() = Zj;él ma], Xl = \/;8,, and b(x) = Z]#l m, the

operator D) is of the form (2.9). Thus, by Theorem 2.5, we only need to check that at
any x = (x1,...,x2n) € Ly, the vector fields Xy and X and their commutators at
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x generate a vector space of dimension 2N. For this, without loss of generality, we let
i = 1, and consider the £-fold commutators

0 2N )
X([)] = Xo =;Xj _XIBj
e, 1 1 _ v 2
and  X; = E[al, Xy )= ;maj, for £ > 1.
Now, we can write (X(, ..., XgN 72 =243, ..., dan)', where A = (Aj) with
Aijj = (x; —x1)"' fori, j,e {1,...,2N — 1} is a Vandermonde type matrix, whose
determinant is non-zero. Thus, we have 0; = \/g X1 and we can solve for 93, ..., don

[0] X ([)21\/—2

in terms of X, ..., | This concludes the proof. 0O

Remark 2.7. The proof of Proposition 2.6 in fact shows that all partial differential oper-
ators of the form

2 ! i xj—x,- / (xj—xi)2

wherei € {1,...,2N}and A; € R, forall j € {1, ..., 2N}, are hypoelliptic.

2.3.4. Dual elements To finish this section, we consider certain linear functionals
Ly: Sy — C on the solution space Sy defined in (2.5). It was proved in the series
[FK15a,FK15b,FK15¢,FK15d] of articles that dimSy = Cp. The linear functionals
Ly were defined in [FK15a], where they were called “allowable sequences of limits”
(see also [KP16]). In fact, for each N, they form a dual basis for the multiple SLE
pure partition functions {Z,: « € LPy}—see Proposition 4.5. To define these linear
functionals, we consider a link pattern

o = {{al, bl}, ey {aN, bN}} (S LPN

with its link ordered as {ay, b1}, ..., {ay, by}, where we take by convention a; < bj,
forall j € {1,..., N}. We consider successive removals of links of the form {j, j + 1}
from «. Recall that the link pattern obtained from « by removing the link {j, j + 1} is
denoted by o/{j, j +1}, as illustrated in Fig. 2. Note that after the removal, the indices of
the remaining links have to be relabeled by 1, 2, ..., 2N — 2. The ordering of links in «
is said to be allowable if all links of @ can be removed in the order {ay, b1}, ..., {an, by}
in such a way that at each step, the link to be removed connects two consecutive indices,
as illustrated in Fig. 3 (see, e.g., [KP16, Section 3.5] for a more formal definition).

Suppose the ordering {ay, b1}, ..., {an, by} of the links of « is allowable. Fix points
& € (xaj._l, xb_l.+1) for all j € {1,..., N}, with the convention that x, = —oo and
XaN+1 = +o0o. It was proved in [FK15a, Lemma 10] that the following sequence of
limits exists and is finite for any solution F € Sy:
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(A N\~ —> (A A — (A \

12345678910 12345678 12345 6

1 2 1 2 3 4

Fig. 3. An allowable ordering of links in a link pattern « and the corresponding link removals

. : : 2h 2h
Ly(F) = lim oo im (py — Xap )T e (b — Xa) T F (X1, .., X2N).
Xan Xby €N Xay,Xb; &1

(2.10)

Furthermore, by [FK15a, Lemma 12], any other allowable ordering of the links of «
gives the same limit (2.10). Therefore, for each « € LPy with any choice of allowable
ordering of links, (2.10) defines a linear functional

Ly: Sy — C.

Finally, it was proved in [FK15c, Theorem 8] that, for any « € (0, 8), the collection
{Ly: o € LPy} is a basis for the dual space S;(, of the Cy-dimensional solution space
Sn.

« 0 »

2.4. Combinatorics and binary relation “ <— ”. In this section, we introduce combi-
natorial objects closely related to the link patterns o € LP, and present properties of
them which are needed to complete the proof of Theorem 1.5 in Sect. 6. Results of this
flavor appear in [KW11a,KW11b], and in [KKP17a] for the context of pure partition
functions. We follow the notations and conventions of the latter reference.

Dyck paths are walks on Zx>( with steps of length one, starting and ending at zero.
For N > 1, we denote the set of all Dyck paths of 2N steps by

DPy :={a: {0,1,...,2N} > Z=q :
a(0) =a(2N) =0, and |a(k) —a(k — 1)] =1, for allk}.

To each link pattern « € LPy, we associate a Dyck path, also denoted by o« € DPy, as
follows. We write o as an ordered collection

o = {{ai, b1}, ..., {an, bn}},

2.11
wherea; <ax <--- <ayanda; < bj, forall j € {1,...,N}. ( )
Then, we set «(0) = 0 and, for all k € {1, ...,2N}, we set
) = atk—1)+1, %fk:a, for some r, 2.12)
ak —1) — 1, if k = bg for some s.

Indeed, this defines a Dyck path « € DPy. Conversely, for any Dyck path
a:{0,1,...,2N} = Z>o,

we associate a link pattern « by associating to each up-step (i.e., step away from zero) an
index a,, forr = 1,2,..., N, and to each down-step (i.e., step towards zero) an index
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SNAN

Fig. 4. Illustration of the bijection LPy <> DPy, identifying link patterns and Dyck paths for ¢ =
{{1, 10}, {2, 5}, {3, 4}, {6, 7}, {8, 9}}. Both the link pattern (top) and the Dyck path (bottom) are denoted by o

AN A A (AN

123 45678 123456738

YAV VN

Fig. 5. These two link patterns are comparable in the partial order <, but incomparable in the binary

relation <2 the left link pattern is o = {{1, 4}, {2, 3}, {5, 6}, {7, 8}} and the right link pattern is § =
{{1,8},{2,7}, {3, 6}, {4, 5}}

t

bg,fors =1,2,..., N,and setting & := {{ay, b1}, ..., {an, bn}}. These two mappings
LPy — DPy and DPy — LPy define a bijection between the sets of link patterns and
Dyck paths, illustrated in Fig. 4. We thus identify the elements « of these two sets and
use the indistinguishable notation « € LPy and « € DPy for both.

These sets have a natural partial order < measuring how nested their elements are:
we define

a=p ifandonly if  «a(k) < B(k), forallk € {0,1,..., N}. (2.13)

For instance, the rainbow link pattern @ is maximally nested—it is the largest element
in this partial order. In fact, the partial order < is the transitive closure of a binary relation
which was introduced by R. Kenyon and D. Wilson in [KW11a,KW11b] and K. Shigechi

and P. Zinn-Justin in [SZ12]. We give a definition for this binary relation Y that we
have found the most suitable to the purposes of the present article. We refer to [KKP17a,
Section 2] for a detailed survey of this binary relation and many equivalent definitions

of it; see also Fig. 5 for an example. We define < as follows:

Definition 2.8 [KKP17a, Lemma 2.5]. Let « = {{a1, b1}, ..., {an,bn}} € LPy be

ordered asin (2.11).Let 8 € LPy. Then, o & B if and only if there exists a permutation
o € Gy such that

B = a1, boy}, ... {an, bo(n)}}-
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LR AR AR
SN SN

Fig. 6. Skew Young diagrams «/8. The smaller Dyck path « (resp. larger §) is red (resp. blue)

Fig. 7. Examples of Dyck tilings, that is, tilings of a skew Young diagrams «/8 by Dyck tiles

For each N > 1, the incidence matrix M of this relation on the set LPy <> DPy is the
Cy x Cy matrix M = (Mg, g) whose matrix elements are

0 1, ifa B,
Map =La = B) {0, otherwise.

In order to state and prove Theorem 1.5 in Sect. 6, we have to invert the matrix M.
For this purpose, we need some more combinatorics, related to skew-Young diagrams
and their tilings. Let o < B. When the two Dyck paths o, 8 € DPy are drawn on the
same coordinate system, their difference forms a (rotated) skew Young diagram, denoted
by «/B, which can be thought of as a union of atomic squares—see Fig. 6. We denote
by |/ B| the number of atomic square tiles in the skew Young diagram o/ 8.

Consider then tilings of the skew Young diagram «/S. The atomic square tiles form
one possible tiling of «/ B, a rather trivial one. In this article, following the terminology
of [KW11a,KW11b,KKP17a], we consider tilings of ««/8 by Dyck tiles, called Dyck
tilings. A Dyck tile is a non-empty union of atomic squares, where the midpoints of the
squares form a shifted Dyck path, see Fig. 7. Note that also an atomic square is a Dyck
tile. A Dyck tiling T of a skew Young diagram «//f is a collection of non-overlapping
Dyck tiles whose union is | J 7' = «/B. Dyck tilings are also illustrated in Fig. 7.
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Fig. 8. Examples of Dyck tilings with their horizontal extents illustrated. The two on the second row are
cover-inclusive, but the three on the first row are not

The placement of a Dyck tile ¢ is given by the integer coordinates (x;, &) of the
bottom left position of ¢, that is, the midpoint of the bottom left atomic square of ¢. If
(x, hy) is the bottom right position of ¢, we call the closed interval [x;, x;] C R the
horizontal extent of t — see Fig. 8 for an illustration.

A Dyck tile #1 is said to cover a Dyck tile #, if | contains an atomic square which is an
upward vertical translation of some atomic square of #,. A Dyck tiling T of /8 is said
to be cover-inclusive if for any two distinct tiles of 7', either the horizontal extents are
disjoint, or the tile that covers the other has horizontal extent contained in the horizontal
extent of the other. See Figs. 7 and 8 for illustrations.

After these preparations, we are now ready to recall from [KW11b,KKP17a] the
following result, which enables us to write an explicit formula for the pure partition
functions for k = 4 in Theorem 1.5.

Proposition 2.9. The matrix M is invertible with inverse given by

(=DI/PHC(a/B), ifa < B,
0, otherwise,

—1
MO{,ﬂ =

where |a/B| is the number of atomic square tiles in the skew Young diagram o/ B, and
#C (a/ B) denotes the number of cover-inclusive Dyck tilings of a/ B, with the convention
that #C(a/a) = 1.

Proof. This follows immediately from [KKP17a, Theorem 2.9] with tile weight —1.
Originally, the proof appears in [KW11b, Theorems 1.5 and 1.6]. O

The entries M;}S are always integers, and the diagonal entries are all equal to one:

Mg ! = 1 for all a. Thus, the formula (1.9) in Theorem 1.5 is lower-triangular in the
partial order >. For instance, we have Zq Ny = Un N for the rainbow link pattern. In

Tables 1 and 2, we give examples of the matrix M and its inverse M.
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Table 1. The matrix elements of M (left) and M ™! (right) for N =2

LPy with N=2| /& oo LPy with N=2 | z=n oo
araay 1 0 aaay 1 0
A~ 1 1 alray -1 1

Table 2. The matrix elements of M (top) and M~ (bottom) for N =3

LPy with N =3 | /= Nalalval
AN 1 0 0 0 0
N 1 1 0 0 0
o=l 0 1 1 0 0
N ra 0 1 0 1 0
Falalrad 1 1 1 1 1

LPy with N =3 | /= DalVauvau
LN 1 0 0 0
Noawaal -1 0 0 0
= 1 -1 1 0 0
AN A 1 -1 0 1 0
o -2 1 -1 -1 1

To finish this preliminary section, we introduce notation for certain combinatorial
operations on Dyck paths and summarize results about them that are needed to complete
the proof of Theorem 1.5 in Sect. 6. In the bijection LPy <> DPy illustrated in Fig. 4, a
link between j and j + 1 in @ € LPy corresponds with an up-step followed by a down-
step in the Dyck path «, so {j, j + 1} € « is equivalent to j being a local maximum
of the Dyck path « € DPy. In this situation, we denote A/ € « and we say that « has
an up-wedge at j. Down-wedges V ; are defined analogously, and an unspecified local
extremum is called a wedge ¢ ;. Otherwise, we say that « has a slope at j, denoted by
xj € a. When o has a down-wedge, V; € «, we define the wedge-lifting operation
a = a f ¢;bylettinga 1 O; be the Dyck path obtained by converting the down-wedge
V; in « into an up-wedge A

We recall that, if a link pattern « € LPy has alink {j, j + 1} € «, then we denote by
a/{j, j+1} € LPy_1 the link pattern obtained from o by removing the link {j, j+1} and
relabeling the remaining indices by 1, 2, ..., 2N — 2 (see Fig. 2). In terms of the Dyck
path, this operation is called an up-wedge removal and denoted by o\ A/ € DPy_1. For
Dyck paths, we can define a completely analogous down-wedge removal & > o \ V.
Occasionally, itis not important to specify the type of wedge that is removed, so whenever
« has either type of local extremum at j (thatis, ¢; € «), we denote by o\ ¢; € DPy_;
the two steps shorter Dyck path obtained by removing the two steps around ¢;, see
Fig. 9.

Lemma 2.10. The following statements hold for Dyck paths o, B € DPy.

(a): Suppose N/ & a and V; € B. Then, we have a < B if and only if a < B 1 0.
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J
Fig. 9. The removal of a wedge from a Dyck path. The left figure is the Dyck path « € DPj and the right
figure the shorter Dyck patha \ O € DPy_j, with j =4and N =7

(b): Suppose N/ & a. Then the Dyck paths B € DPy such that B > « and Oj € B come
in pairs, one containing an up-wedge and the other a down-wedge at j:

{BeDPy: B >a}
={f:BxaVv;eBlU{rOj:B>=aVv;epBlU{B:B>a x;ecp}

(¢c): Suppose NI € B. Then, we have o <~ B if and only ifO; e o anda\(}, O B\AJ.
(d): Suppose N & a, V; € B, and o < B. Then we have M, /3 = ./\/la B1O;
Proof. Parts (a) and (b) were proved, e.g., in [KKP17a, Lemma 2.11] (see also the
remark below that lemma). Part (c) was proved, e.g., in [KKP17a, Lemma 2.12]. For
completeness, we give a short proof for Part (d). First, [KKP17a, Lemma 2.15] says that
if A/ €a,v; e f,anda < B, then we have #C(o/B) = #C(a/(,B 1O, )) On the other

hand, Proposmon 2.9 shows that M, 1 = (=DI*/Pl4C(a/B). The claim follows from
this and the observation that the number of Dyck tiles in a cover-inclusive Dyck tiling of

a/(B 1 ;) is one more than the number of Dyck tiles in a cover-inclusive Dyck tiling
of o/B, by [KKP17a, proof of Lemma 2.15]. 0O

3. Global Multiple SLEs

Throughout this section, we fix the value of x € (0, 4] and we let (£2; x1, ..., x2n) be
a polygon. For each link pattern « = {{ay, b1}, ..., {an, bn}} € LPy, we construct an
N-SLE, probability measure Qﬁ on the set X§(§2; x1, ..., xon) of pairwise disjoint,
continuous simple curves (11, ..., ny) in §2 such that, for each j € {1,..., N}, the
curve 7; connects xq; to xp; according to o (see Proposition 3.3).

In [KLO7] M. Kozdron and G. Lawler constructed such a probability measure in
the special case when the curves form the rainbow connectivity, illustrated in Fig. 10,
encoded in the link pattern My = {{1,2N},{2,2N — 1},...,{N, N + 1}} (see also
[Dub06, Section 3.4]). The generalization of this construction to the case of any possible
topological connectivity of the curves, encoded in a general link pattern o € LPy, was
stated in Lawler’s works [Law(09a,Law(09b], but without proof.

In the present article, we give a combinatorial construction, which appears to
agree with [Law(09a, Section 2.7]. In contrast to the previous works, we formu-
late the result focusing on the conceptual definition of the global multiple SLEs,
instead of just defining them as weighted SLEs. These N-SLE, measures have the

defining property that, for each j € {1,..., N}, the conditional law of n; given
{n,....nj-1,mj+1, ..., nn} is the SLE, connecting Xa; and Xp; in the component
.Q of the domain £2\{n,...,nj—1,nj+1,..., Ny} having Xa; and Xp; on its bound-

ary. In subsequent work [BPW 18], we prove that this property umquely determines the
global multiple SLE measures.
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T2 xs

m ZS x7

T ) X3 Ty Is Te T xTg Ts

Fig. 10. The rainbow link pattern with four links, denoted by @y,

3.1. Construction of global multiple SLEs. The general idea to construct global multiple
SLEs is that one defines the measure by its Radon—-Nikodym derivative with respect to
the product measure of independent chordal SLEs. This Radon—Nikodym derivative can
be written in terms of the Brownian loop measure. The same idea can also be used to
construct multiple SLEs in finitely connected domains, see [Law09a,Law09b,Law11].

Fix @ = {{a1, b1}, ..., {an.bn}} € LPy. To construct the global N-SLE, associ-
ated to «, we introduce a combinatorial expression of Brownian loop measures, denoted

by mg. For each configuration (n1,...,ny) € Xg(.Q;xl, ..., X2N), We note that
£2\{n1, ..., nn} has N + 1 connected components (c.c). The boundary of each c.c.
C contains some of the curves {71, ..., ny}. We denote by

BC):={je{l,...,N}:n; CoC}
the set of indices j specified by the curves n; C dC. If B(C) = {ji, ..., jp}, we define

m@C =Y wiminm)— Y (825 iy iy Mis)

i1.ireBC). i1,i2,i3eB(C),
FAS i1 #irF#iz#i
+o+ (=DPu(82; 77j1v~""7117)‘

For (n1,...,nn) € X§(82; x1, ..., x25), we define
Mo (2; M1, ... N) = > m(C). 3.1
c.c.Cof 2\{n1,....nn}
If « is the rainbow pattern M, then the quantity m, has a simple expression:

N—1
may (201, .o0N) = D (2507, nje),
j=1
for Ay = {{1,2N}, {2,2N = 1},..., {N, N + 1}}.

More generally, m, is given by an inclusion-exclusion procedure that depends on «. It
has the following cascade property, which will be crucial in the sequel.

Lemma 3.1. Let o € LPy and j € {1, ..., N}, and denote* & = a/faj,bj} € LPy_1.
Then we have

me($2; M1, ...,N) =mg (2501, ..., 0j—1, Njrls - IN) + (825 15, 2\82;),
2 We recall that the link pattern obtained from « by removing the link {a, b} is denoted by «/{a, b}, and,

importantly, after the removal, the indices of the remaining links relabeled by 1,2,...,2N — 2 (see also
Fig. 2).
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where f}j is the connected component of 2\{n1, ..., nj—1,0j+1,..., NN} having Xa;
and xp; on its boundary.

Proof. As illustrated in Fig. 11, the domain £2\{#n1, ..., ny} has N + 1 connected com-
ponents, two of which have the curve n; on their boundary. We denote them by C jL and

C JR . We split the summation in m, into two parts, depending on whether or not n; is a
part of the boundary of the c.c. C:

me($2;n1,...,MNn) = S1 + 52,

where  §; =m(CH+m(Cf) and S, = Z m(C).
C: j¢B(CC)

The quantity S is a sum of terms of the form w(82; n;,, ..., n;). We split the terms
in S = S§1,1 + 81,2 into two parts: Sy 7 is the sum of the terms in S} including n; and
81,2 is the sum of the terms in S; excluding n;. Now we have mqy(£2; 11, ..., nn8) =
S1,1 + 51)2 + S2.

On the other hand, by definition (3.1), the quantity m4 can be written in the form

mg($2; 01, ..., Nj—1, Nj+l, - IN) = S2 + 812+ 83,

where S3 contains the contribution of terms of type w($2;n;,,...,n;) for curves
Niys--.» M, such that iy, ..., ix € B($2;) and at least two of these curves belong to
different 3C]L and BC]R. For such curves, any Brownian loop intersecting all of them

must also intersect 1;. Thus, we have w(£2;n;, .Q\.Qj) = 81,1 — S3. The asserted
identity follows:
me(§2;n1, ..., MN) =811 — 3+ 83+ 812+ 5
= 10(2; 0, 2\2)) +mg (2501, oy N ey Wl - s TN
O

Next, we record a boundary perturbation property for the quantity m, also needed
later.

Lemma 3.2. Suppose K is a relatively compact subset of §2 such that 2\K is simply
connected, and assume that the distance between K and {n1, . .., nn} is strictly positive.
Then we have

my (82,11, ..., 10N)
(3.2)

-

N
= ma(2\K;m1, o) + ) n(2: K nj) — (25 K,
J=1 J

j)-
1

Proof. We prove the asserted identity by induction on N > 1. For N = 1, we have
(2m) =0 > 5© the claim is clear. Assume that (3.2) holds for all link patterns

m_~

in LPy_1, denote & = o/{x,,, xp,} € LPy_1, and let n; be the curve from x,, to

Xp, . Finally, let S}l be the connected component of £2\{n2, ..., nx} having the end-
points of 11 on its boundary (as in Fig. 11). Using Lemma 3.1 and the obvious fact that
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Fig. 11. Ilustration of notations used throughout. The red curve is n;. The domain $£2\{nj, ..., ny} has
N + 1 connected components. Two of them have 7; on their boundary, denoted by CIL and C f. The grey

domain is [}/ that is, the connected component of £2\{ny,...,nj—1,7j+1,--.,nn} having the endpoints
Xaj, Xp; € 3f2j of the curve 5 on its boundary. On the other hand, in Proposition 3.5 we denote by n = n;
and D,II‘ and D,’f the two connected components of £2\n on the left and right of the curve, respectively. The

sub-link patterns of « associated to these two components are denoted by ol and R, and illustrated in blue
and green in the figure

1($2; 1, 2\821) = w(2\K; 1, 2\21) + n($2; K, 1, £2\821), we can write mg in
the form
Mo (2501, N) = mg (25 M2, .., )+ 1(82; 71, 2\$21)
=mg($£2;m, ..., 0N)
+ 1 (2\K; 1, 2\21) + 1(2; K, 1, 2\21).

By the induction hypothesis, for & € LPy_1, we have

N N
mg($2;:m2, ... N) = mg(2\K:m2, ..., qN) + ZM(Q; K,nj) — n($2; K, U nj)-
j=2 j=2
Combining these two relations with Lemma 3.1, we obtain
N N
Mo (2:n1, ... 1n) = ma(\K:m.....on) + Y u(2: K.nj) — n(2: K. | nj)
j=2 j=2
+1(2; K, 1, 2\82)).
Note now that (2; K, 71, 2\821) = n($2: K. m, U;V:z nj), sO
N N N
w(2: K.\ Jny) = w2 Kono+p(2: K.\ ng) — (2 Konns | J nj)
j=1 j=2 j=2

nj) — w($2; K, mi, 2\821).

=

= n(2; K, m) +n(2; K,
2

~.
||
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Combining the above two equations, we get the asserted identity (3.2):

N N

Mo ($2; 01, ..., IN) =ma($2\K; 11, ...,nN)+ZM(!2; K, nj) —mn($2; K, U nj)
j=2 j=1

+u(82; K, n1). ]

Now, we are ready to construct the probability measure of Theorem 1.3.

Proposition 3.3. Let « € (0, 4] and let (£2; x1,...,xoN) be a polygon. For any o €
LPy, there exists a global N-SLE, associated to o.

Proof. Fora = {{a1, b1}, ..., {an, by}} € LPy, let P, denote the product measure

N
Py := Q) P(2: x4, ;)
j=1
of N independent chordal SLE, curves connecting the boundary points x,; and x5, for
j €{1,2,..., N} according to the connectivity «. Denote by [E, the expectation with

respect to Py. Define QQ, to be the measure which is absolutely continuous with respect
to P, with Radon—-Nikodym derivative

dQq
RIS ] = R Q; PRI
dP, (m nN) (82, 1M1 nN) (33)

=Ly nm=p v jk) explcma ($2; 11, ..., NN)).

First, we prove that the total mass |Qq| = Eq[Ry (£2; 01, - .., nn)] of Qg is positive
and finite. Positivity is clear from the definition (3.3). We prove the finiteness by induction
on N > 1, using the cascade property of Lemma 3.1. The initial case N = 1 is obvious:

R~ = 1. Let N > 2 and assume that |Qg| is finite for all @ € LPy_;. Using
Lemma 3.1, we write the Radon—Nikodym derivative (3.3) in the form

Ry (82511, ..., 0N)

A (3.4)
=Rs(82; M1, ..., Mj—1,Mj+1s -, IN) X ]l{,,jc_(}j} exp(ci(82; nj, £2\82)),
forafixed j € {1,..., N}, where & = «/{a;, b;}. Thus, we have

]Ea[Ra(Q»nlv,nN)]
= Eo[Eo [Ra (201, conn) 01510 st - N ]

Hg (Xa;, Xb;) "
]E&[R&(Q;m,.--,nj—l,ﬁjn,---,mv) —t } [by Lemma 2.2]
Hg (Xa;, Xp;)

<E4[Ra(2:m1,..mjm1,mjsts - )] [by (2.3)]
1. [by ind. hypothesis]

IA

Noting that the Radon—Nikodym derivative (3.3) also depends on the fixed boundary
points x1, ..., xan, we now define the function f, of 2N variables x1, ..., x5 € 052
by

Ja (825 x1, ..., xon) = Eo[Ra (2; 1, ..., nN) ] = |Qal. (3.5)



Global and Local Multiple SLEs 495

Note that f, is conformally invariant. From the above analysis, we see that it is also
bounded:

0<fu<1 (3.6)

Second, we show that, for each j € {1,..., N}, under the probability measure
(@fl ‘= Qq/|Qq], the conditional law of n; given {n,...,nj—1,nj+1,...,nn} is the
SLE, connecting x,; and xp; in the domain 2 j- By the cascade property (3.4), given
{n1,....mj—1,Mj+1, ..., nn}, the conditional law of n; is the same as P(£2; xa/.,xh_/.)
weighted by ]l{n 9 exp(cu(82;nj, Q\Qj)). Now, by Lemma 2.2, this is the same as

7 J

the law of the SLE, in £2 j connecting x,; and x;; . This completes the proof. O

3.2. Properties of global multiple SLEs. Next, we prove useful properties of global
multiple SLEs: first, we establish a boundary perturbation property, and then a cascade
property describing the marginal law of one curve in a global multiple SLE.

To begin, we set By := 1 and Zj := 1, and define, for all integers N > 1 and link
patterns o € LPy, the bound function B, and the pure partition function Z, as

) ) ~1
By: Xon — Roo, Bo(xi,...,xon) = l_[ [xp — Xl

{a,b}ea
Zy: Xon — Reg, Zo(xt, ..., xan) i= fo(H; X1, o0 x0n)Ba (1, - o xon) 2,
(3.7
where f, = |Qy]| is the function defined in (3.5).

If the points x1, ..., xon of the polygon (£2; x1, ..., xon) lie on sufficiently regular
boundary segments (e.g., C1*€ forsome e > 0), wecall (£2; x1, ..., xon) anice polygon.
For a nice polygon (£2; x1, ..., xon5), we define

Ba(2;x1,...,xon) =[] He(a x)'?,
{a.b}ea (3.8)

Zy(2:x1, .. xan) = fu (25 x1, ., xan) B (25 x1, ..., xan) .

This definition agrees with (1.5), by the conformal covariance property of the boundary
Poisson kernel Hy; and the conformal invariance property of f,. We also note that the
bounds (3.6) show that

Zy(2;x1, ..., xaN) < Bu($2; x1, ..., xan) (3.9)

3.2.1. Boundary perturbation property Multiple SLEs have a boundary perturba-
tion property analogous to Lemma 2.2. To state it, we use the specific notation
(@ﬁ (£2; x1, ..., xan) for the global N-SLE, probability measure associated to the link
pattern « = {{ay, b1}, ..., {an, by}} € LPy in the polygon (£2; x1, ..., x2n).

Proposition 3.4. Let k € (0,4]. Let (£2; x1, ..., xan) be a polygon and U C §2 a sub-
polygon. Then, the probability measure @fl(U 3 X1, ..., X2N) is absolutely continuous
with respect to th (£2; x1, ..., xan), with Radon—Nikodym derivative
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dQ¥(U; x1, ..., x2n)
dQ# (25 x1, ..., x2n)

M1, ....mN)

N
ZO[(Q;XI""vsz) (
= X Ly cuv iy exp c,u(.Q;.Q\U, n-) .
Zo(Us x1, ..., X2N) by cU¥ ]L;Jl !
Moreover, if k < 8/3 and (§2; x1, ..., xaN) Is a nice polygon, then we have
Zo(82;5x1, ..., x28) = Zq(Us x1, ..., X2N). (3.10)

Proof. From the formula (3.3) and Lemma 3.2, we see that

Liycu v j3dQu($2; x1, ..., X2N)
= Lpy;cuv jyLymnm=0v jzk) X explcma (82501, ..., nn))dPy

= Tycuv i nm=pv jzk) X explema(Us 01, ..., 1N))
N N

X exp (— cu<~‘2; 2\U, U m)) l—[ exp (ciu(82; 2\U, 1)) dP(82; xa;, xp,).-
j=1 j=1

By Lemma 2.2, we have

Ly cu v j3dQqu (825 X1, .., x2N)
N
= Lin;nm=0v j#k) X explcmo(U;ni, ..., NN)) X exp <— cu(Q; 2\U, U 77j>>

j=1

N

Hy(xq,, xp;)
1—[ AU Xajs Xb;) dP(U;Xaj,xbj)
j=1 H.Q(xa,,xb )

N N h
— exp (— en(2: 2\0. n,»)) I1 <M> dQu(Us x1, ..., x2n).
j=1

j=1 H_Q(-xaj,.xbj)

Combining this with the definition (3.8), we obtain the asserted Radon—Nikodym deriva-
tive. The monotonicity property (3.10) follows from the fact that when x < 8/3, we
have ¢ < 0 and thus,

Zy(U; x1, ..., x2N)
Zd(‘Q;xl""vsz).

1>P[n; CU forall j] >
This concludes the proof. 0O

3.2.2. Marginal law Next we prove a cascade property for the measure Q. Given any
link {a, b} € «, let n be the curve connecting x, and x; in the global N-SLE, with
law Qz, as in Theorem 1.3. Assume that a < b for notational simplicity. Then, the link
{a, b} divides the link pattern « into two sub-link patterns, connecting respectively the
points {a + 1,...,b — 1} and {b + 1,...,a — 1}. After relabeling of the indices, we
denote these two link patterns by a® and a’. Also, the domain £2\7 has two connected
components, which we denote by D,? and D,f . The notations are illustrated in Fig. 11.
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Proposition 3.5. The marginal law of n under (@ﬁ is absolutely continuous with respect to
the law P(§2; x4, xp) of the SLE, connecting x, and xp,, with Radon—Nikodym derivative

Hg (xq, xp)"
Za(g;xlv ...,sz)

L.
X Zy1 (Dys Xpa1s Xp+2, - - -, Xa—1)
Z x(DX;
X Q(R( n»xa+17xa+2s--~7xb—l)~

Proof. Note that the points Xp4i,...,Xx,—1 (r€Sp. Xg+1,...,Xp—1) lie along the
boundary of D,’; (resp. D,f) in counterclockwise order. Denote by (11, ...,nn) €

XG(£2; x1, ..., x2n) the global N-SLE,. with law Qﬁ. Amongst the curves other than
n, we denote by n{“, R nlL the ones contained in D,I;‘ and by nfe, R nf the ones
contained in D,f (sol+r=N—-1).

First, we prove by induction on N > 1 that

me($2; 01, ..., N)

= mgr(Dy3nf oo nf) +mar (D0t 0+ Y p@sn). G
n'#n

Equation (3.11) trivially holds for N = 1, since 79 =0 =m~.. . By symmetry, we may

assume that {a, b} # {2N — 1,2N} € a N oL, Then, we let n = nlL C D,I{ be the
curve connecting xoy_1 and xpy, denote & = «/{2N — 1, 2N}, and define &% and &
similarly as above—so o’ = &L U{{2N —1,2N}} and @® = aR. Applying Lemma 3.1
and the induction hypothesis, we get
mq($2; 11, ..., MN)
= mg(2;m, ..., ) + (25, 2\821)

= mgr(DYing,....n0) +mee(DS . )
+ Y w20+ (825 M, 2\820).
n'#n.m

Combining this with the decomposition

(821, 2\821) = p(DL:n1, DEN2)) + (2 1., ),

we obtain

=mg (DL, ...nf) +u(DEn, DEN2) +mur (DR nf o nf)

+ w20, n)
n'#n
=mr (DLt ..onf) +mar(DXnf, oS+ 7w ),

n'#n

by Lemma 3.1. This completes the proof of the identity (3.11).
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Next, we prove the proposition. From (3.3), we see that

dQqy = Ly n=p v i#k) explcma (825 11, ..., ON)) l_[ dP(£2; x¢, xq)
{c,d}ea

= Ny nmp=0 v ik) X €Xp (CmaL (Dé‘; r]lL, e nlL)>

< [Texplen@inn [ dP(2; xe, xa) xdP(82; x4, x5)  [by (3.11)]

n'#n {c,d}ea,
{c.d}#{a,b}

= Npynm=0 v izk)y X dP(82; x4, xp) [by Lemma 2.2]

<HD§(XC,X¢1)

h
X exp (CmaL(D#; nk, ..., 771L)) X 1_[ ) dIF)(D,l;; Xe, Xd)

H
(e.d)eal 2 (x¢, Xa)
Hpr (e, xa) \"
X exp (cmak (D,f; nfe, e nf)) X 1_[ (m dIP’(D,f; Xe, Xq)-
{c.d}eak e d

By definitions (3.5), (3.7), and (3.8), this implies that the law of 1 under (@fl = Qu/fo s
absolutely continuous with respect to P(£2; x,, xp), and the Radon—Nikodym derivative
has the asserted form. 0O

Corollary 3.6. Let « € LPy and j € {1,...,2N — 1} such that {j, j + 1} € «, and
denote by & = a/{j, j +1} € LPy_1. Let n); be the curve connecting x j and x j. in the
global N-SLE, with law Qﬁ. Denote by D; the connected component of 2\n; having

X1, .. s Xj—1,Xj42, ..., XoN on its boundary. Then, the marginal law of n; under Qz is
absolutely continuous with respect to the law P(2; x;, x j41) of the SLE, connecting x
and x j41, with Radon—Nikodym derivative

Ho(xj, xj)"
Zo(82;x1, ..., X2N)

XZ&(Dj;xla-"7~xj71?'xj+27"‘?x2N)‘

4. Pure Partition Functions for Multiple SLEs

In this section, we prove Theorem 1.1, which says that the pure partition functions of
multiple SLEs are smooth, positive, and (essentially) unique. Corollary 1.2 in Sect. 4.2
relates them to certain extremal multiple SLE measures, thus verifying a conjecture from
[BBKO05,KP16]. In Sect. 4.2, we also complete the proof of Theorem 1.3, by proving in
Lemma 4.8 that the local and global SLE, associated to « agree.

4.1. Pure partition functions: Proof of Theorem 1.1. We prove Theorem 1.1 by a suc-
cession of lemmas establishing the asserted properties of the pure partition functions
Zy defined in (3.7). From the Brownian loop measure construction, it is difficult to
show directly that the partition function Z, is a solution to the system (PDE) (1.1),
because it is not clear why Z,, should be twice continuously differentiable. To this end,
we use the hypoellipticity of the PDEs (1.1) from Proposition 2.6. With hypoellipticity,
it suffices to prove that Z, is a distributional solution to (PDE) (1.1), which we estab-
lish in Lemma 4.4 by constructing a martingale from the conditional expectation of the
Radon—Nikodym derivative (3.3).
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Lemma 4.1. The function Z, defined in (3.7) satisfies the bound (1.4).
Proof. This follows from (3.9), which in turn follows from (3.6). O

Lemma 4.2. The function Zy defined in (3.7) satisfies the Mobius covariance (COV)
(1.2).

Proof. The function f, (H; x1, ..., xox) is Mobius invariant by (3.3). Combining with
the conformal covariance (2.1) of the boundary Poisson kernel, we see that Z,, satisfies
the Mobius covariance (COV) (1.2). O

Lemma 4.3. The function Z defined in (3.7) satisfies the following asymptotics: for all
a € LPy and forall j € {1,...,2N —1}andx) < --- <xj_1 <& <Xxjpp < -+ <
Xon, we have

i Zo(X1, ..., X2N)
_ o Jmm (7. . _ T\-2h
Xj,x]'+1—>§, (xj+1 _x])
Tisx; fori), j+1 @1
_ 10 flj,j+1} ¢ a,
Z&(xl’"~7xj717xj+2"'°7x2N)1 if{j’j+1}€a’

where & = o/{j, j + 1}. In particular, Z, satisfies (ASY) (1.3).

Proof. The case {j,j + 1} ¢ « follows immediately from the bound (3.9) with
Lemma A.1 in Appendix A. To prove the case {j, j + 1} € «, we assume without
loss of generality that j = 1 and {1, 2} € «. Let 7 be the SLE, in H connecting x; and

%2, let D be the unbounded connected component of H\ 7, and denote by g the conformal
map from D onto H normalized at co. Then we have

Za(ily'-'5x~2N)

G o E [Z&(D; X3,..., fz;v)] [by Corollary 3.6]

2N
—E []‘[ §E 24 @), g(izzv))] . by (15)]
i=3

Now, as X1, X — & and X; — x; fori # 1,2, we have g — idy almost surely.
Moreover, by the bound (3.9) and the monotonicity property (A.1) from Appendix A,
we have

Z4(D; %3, ..., Fan) < By(D; %3, ..., 5an) " < By (F3, ..., %an) .

Thus, by the bounded convergence theorem, as X1, X, — &, and X; — x; fori # 1,2,
we have

- - 2N

Zy(X1, ..., XoN) e . -

— = =E Hg/(Xi)hZ&(g(n), s 8(aN)) | = Z4(x3, ... x2n),
(%2 —x1) 3

which proves (4.1). The asymptotics property (ASY) (1.3) is then immediate. O

Lemma 4.4. The function Z, defined in (3.7) is smooth and it satisfies the system
(PDE) (1.1) of 2N partial differential equations of second order.
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Proof. We prove that Z, satisfies the partial differential equation of (1.1) fori = I;
the others follow by symmetry. Denote the pair of i = 1 in « by b, and denote & =
a/{1, b}. Let n be the curve connecting x; and x;, and .Ql the connected component
of H\{n2, ..., nn} that has x; and x; on its boundary. Then, given {1, ..., ny}, the
conditional law of 1 is that of the chordal SLE, in [}1 from x; to xp.

Recall from (3.7) that the function Z,, is defined in terms of the expectation of R,. We
calculate the conditional expectation E [ R, (H; 11, ..., nx) | 7110, t]] for small ¢ > 0,
and construct a martingale involving the function Z, . Diffusion theory then provides us
with the desired partial differential equation (1.1) in distributional sense, and we may
conclude by hypoellipticity (Proposition 2.6).

For ¢t > 0, we denote K, := 1[0, t], and H; := H\K;, and 11 := (n1(s),s > 1).
Using the observation that the Brownian loop measure can be decomposed as

W(H; 7y, H\21) = w(Hys iy, H\S21) + o (H; K, H\2)), (4.2)

combined with Lemmas 3.1 and 3.2, we write the quantity m, defined in (3.1) in the
following form:

mg (M n1, 12, ..., nN)

= mg(H; n2, . .., nw) + u(H; 01, H\$2:) [by Lemma 3.1]
N N
=mg(Hiimp. ....nw) + »_ u(H: Ky.nj) — w(H: K, () n;)  [by Lemma 3.2]
Jj=2 j=2
+ ((Hy; i1, H\$21) + p(H; K, H\S2)). [by (4.2)]

Note that u(H; K, U;\]:z n;) = u(; K, H\Ql), so the last terms of the last two lines
cancel. Combining the first terms of these two lines with the help of Lemma 3.1, we
obtain

N
ma (H; 1, m2, -, n) = ma(Hys ity 2, ) + ) w(H; K,y j).
j=2

Using this, we write the Radon—-Nikodym derivative (3.3) in the form

RO[(H’ 7717 nZ’ M) 77N)
N
= Liyyom=nv jk) expleme (Hys i, 2, -, nn)) x [ | explen(H; Kr, nj)
j=2
= RO{(HIv ﬁlv ’72, ceey 7]N)

N
< [ [ Lin;cr expep(H: K. nj)  [by 3.3)]
j=2

= Ro(Hi;m1,m2, ..., 0N)

" dP(Hy; xc, xa)

H 9
x H ( A xd)) . [by Lemma 2.2]
{C d}EC{ HH(-x6‘7 -xd) d]P)(H, Xe, -xd)

{c.d}#{1,b)
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This implies that, given K; = 1[0, t], the conditional expectation of Ry is

Eol[Ro (M 01,12, ..., nn) | K¢l

H - h
Ea[Ra(Ht;ﬁlv N2, ..., MN)] X l_[ <M)

(c.d)ea Hy(x, xq)
{c,d}#{1,b}
h
Hy (x¢, x
= fOl(Hl;nl(t)’xzv"'sx2N)X 1_[ <M) .
(c.d)ea Hy (xc, xq)
{c,d}#{1,b}

Let g; be the Loewner map normalized at oo associated to 71, and W; its driving process.
By the conformal invariance of f,, using (3.7) and the formula Hy(x, y) = (y — x)2
for the Poisson kernel in H, we have

fOl(Hl‘; ni (t)7x2, e ,sz)
= fOt(Hv le gl(x2)9 ey gl(-sz))

= () =W [] (&) = gGa)™ x Zu(Wi, gi(x2). ... g (xan)).
{c,d}ea,
{c.d}#{1,b}

On the other hand, by (2.1), we have
[T HuGeoxd"= T[] & e @xe) —gxa) "
{c,d}ea, {c,d}eq,
{c,d}#{1,b} {c,d}#{1,b}
Combining the above observations, we get
BolRo(F 1 m2s - onn) [ K = [ (va = x0)™ x My,
{c,d}ea
where
M= [ e x Za(Wi, gi(x2). ... g Craw)) x (g4(xp) — W),
i#lb
Thus, M, is a martingale for n;. Now, we write M; = F(X;), where
Fe.y)= [] I % Zalxr.x2.. .. xan) x (xp — x)
Jj#Lb
is a continuous function of (x,y) := (x1,...,X2N,Y2,...,Y2n) € Xon X R2N-1
(independent of y), and X; = (W;, g;(x2), ..., g (x2n), g/ (x2), ..., g/ (x2n)) is an Itd

process, whose infinitesimal generator, when acting on twice continuously differentiable
functions, can be written as the differential operator

K K—6 N 2 2y;
A=—0+ a + ( 3 — L ) (4.3)
21 X1 — Xp ; Xj — X1 J (xj—x1)2 i

— see, e.g., [RY99, Chapter VII] for background on diffusions.



502 E. Peltola, H. Wu

We next consider the generator A in the distributional sense. Let (P;);~o be the
transition semigroup of (X;);~o. By definition, A is a linear operator on the space
Co = Co(Xan % (1/2,3/2)*N=1; C) of continuous functions that vanish at inﬁnity3.
The domain of A in Cy consists of those functions f for which the limit

1 .
Af = lim (P —id) f (4.4)

exists in Cp. When restricted to twice continuously differentiable functions in Cp, A
equals the differential operator (4.3). More generally, we will argue that A can be defined
as A :=limp o %(Pt — id) in the distributional sense, and this extended definition of A
agrees with (4.3) acting on distributions via (2.7).

For each ¢ > 0, the operator P; is bounded (a contraction), so the image P; f of any
f € Cy is locally integrable. Therefore, P, f defines a distribution P; f € (C°)* =
(C)*(Xan x (1/2, 3/2)?N=1. C) via (2.6). More generally, because P; is a con-
tinuous operator (with respect to the sup norm), and the space C2° = C°(Xoy x
(1/2,3/2)>N=1; C) of test functions is dense in (C>°)* [Tao09, Lemma 1.13.5], the
operator P; defines, for any distribution f € (C2°)*, a distribution P, f € (C2°)* via

(P f,¥) = lim P fu(x,y) X ¥(x, y)dxdy,
100 J 3y x(1/2,3/2)2N 1

for any test function v € CZ2°, where f, € C2° is a sequence converging to f in
(C2°)*. In conclusion, the transition semigroup of (X;);~0 gives rise to a linear operator
P (C°)* — (C0)*.

Now, we define A on (CZ°)* via its values on the dense subspace C2° C (C2°)*.
In this subspace, A is already defined by (4.4), and in general, for any f € (C2°)*, we
define Af € (C2°)* via

1
(Af, ¥) = lim (P f — f)x,y) x ¥(x, y)dxdy, 4.5)
INO J oy x(1/2,3/2)2N-1 1

if the limit exists for all test functions ¥ € C2°. Note thatif f € C2°, then %(P, =5
converges to Af locally uniformly, so the definition (4.5) indeed coincides with (4.4),
and hence with (4.3), forall f € C2°.In conclusion, the definition (4.5)of A: (C°)* —

(C2°)* is an extension of the definition (4.4) of A from Cj to the space of distributions.
In particular, we have

1
(Af,¥) = lim —(Prf = Nx, y) x ¢¥(x, y)dxdy [by (4.5)]
INO Jxyy x(1/2,3/2)2N-1 T
= / [, y) x (A"Y)(x, y)dxdy, [by (4.3)]
2oy x(1/2,3/2)2N-1

where A* is the transpose (dual operator) of (4.3):
2N

K k—06 2 2y;
A= =97 — a1 — 9 + L
e 2(_ sy

3 We remark that the space Cop = Co(Xon x (1/2, 3/2)2N*1; C) is the Banach completion of the test
functionspace C° = C° (X x(1/2,3/ 2)2N=1. C) of smooth compactly supported functions, with respect
to the sup norm.



Global and Local Multiple SLEs 503

Now, since F(X;) is a martingale, we have E[F (X;)] = F(Xy), i.e.
(P,F —F)(x,1) =0, forallr > Oand x € X)y.
Therefore, the continuous function
fey) = F, 1) = Zg (o, 22,0 xan) X (xp — )™,

independent of y, defines a distribution f € (C2°)* such that (Af, ) = O for all test
functions ¢ € C2°.

Recall that our goal is to show that Z, is a distributional solution to the hypoelliptic
PDE (1.1) for i = 1, that is, for all test functions ¢ € C°(Xay; C), we have

(DD Z,, ¢) := Z4(x) x (DD)*¢(x)dx =0, (4.6)
Xon
where
2 2h
A N A AR
K 2 2h
(DWy* = Za7 — < 3 + )
21 ; xj—x1 0 (xj—x)?

are respectively the partial differential operator in (1.1) for i = 1, and its transpose. A
calculation shows that the two differential operators A and D" are related via

AT vt <=2 xp@) = J] o x (5 —x)* x DV (x),
J#Lb Jj#Lb
for any test function ¢ € C°(X,y; C). Therefore, for any y € R2V-1 we have
(P Z,. ¢)
= h 2h\ 4% —h _2h
= | Zarx (T o x o —en™)a=( T o7" x o —x7)px)dx

Xan j#1b J#Lb

L F(x,y) x (A*¢)(x, y)dx, 4.7)
2N

where we defined qS(x, y) = (]_[j#l,b y;h X (xp — xl)_2h>¢(x). Now, recalling that
(Af, ¥) =0for f(x,y) := F(x, 1), and choosing

Y(x,y) = ¢, 1) = (xp —x1) P p(x) € CZ,

we finally obtain
0= (Af,¥)

= / F(x,1) x (A*$)(x, 1)dxdy
xzj\,><(l/2,3/2)21\’*l

=/ dy/ F(x,1) x (A*})(x, 1)dx
(1/2,3/2)2V-1 Xon
2/ F(x,1) x (A*})(x, 1)dx

XoN

= (D z,,¢). [by (4.7) with y = 1]
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Because the test function ¢ € C2°(X,y; C) can be chosen arbitrarily, this implies our
goal (4.6), i.e., that D(I)Za = 0 in the distributional sense. Since Z, is a distributional
solution to the hypoelliptic partial differential equation (1.1) for i = 1, Proposition 2.6
now implies that Z, is in fact a smooth solution. O

We are now ready to conclude:

Theorem 1.1. Let k € (0, 4]. There exists a unique collection {Z,: a € LP} of smooth
functions Zy: Xoy — R, for a € LPy, satisfying the normalization Zy = 1, the power
law growth bound given in (2.4) in Sect. 2, and properties (PDE) (1.1), (COV) (1.2),
and (ASY) (1.3). These functions have the following further properties:

1. For all @« € LPy, we have the stronger power law bound

0<Zy(xr.....xan) = ] 1o —xal ™ (1.4)

{a,b}ea
2. For each N > 0, the functions {Z,: a € LPy} are linearly independent.

Proof. The functions {Z,: o € LP} defined in (3.7) satisfy all of the asserted defining
properties: the stronger bound (1.4), partial differential equations (PDE) (1.1), covari-
ance (COV) (1.2), and asymptotics (ASY) (1.3) respectively follow from Lemmas 4.1,
4.4, 4.2, and 4.3. Uniqueness then follows from Corollary 2.4. Finally, the linear inde-
pendence is the content of the next Proposition 4.5. O

Proposition 4.5. Let {L,: a € LP} be the collection of linear functionals defined
in (2.10) and let {Zy: o € LP} be the collection of functions defined in (3.7). Then,
we have Z, € Sy and

1, if B =q,
ca(zﬂ)zaa,ﬂz{oy Ziﬁ o (45)

for all o, B € LPp. In particular, the set {Z4: o € LPy} is linearly independent
and it thus forms a basis for the Cy-dimensional solution space Sy with dual basis
{Ly: o € LPy}.

Proof. By the above proof, we have Z, € Sy. Property (4.8) follows from the asymp-
totics properties (ASY) (1.3) of the functions Z, from Lemma 4.3, and the last assertion
follows immediately from this. O

In [KP16, Theorem 4.1], K. Kytold and E. Peltola constructed candidates for the
pure partition functions Z, with x € (0, 8)\Q using Coulomb gas techniques and a
hidden quantum group symmetry on the solution space of (PDE) (1.1) and (COV) (1.2),
inspired by conformal field theory. S. Flores and P. Kleban proved independently and
simultaneously in [FK15a,FK15b,FK15¢,FK15d] the existence of such functions for
k € (0, 8), and argued that they can be found by inverting a certain system of linear
equations. However, the functions constructed in these works were not shown to be
positive. As a by-product of Theorem 1.1, we establish positivity for these functions
when « € (0, 4), thus identifying them with our functions of Theorem 1.1.
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4.2. Global multiple SLEs are local multiple SLEs. In this section, we show that the
global SLE, probability measures Qz constructed in Sect. 3.1 agree with another natural
definition of multiple SLEs—the local N-SLE,. The latter measures are defined in terms
of their Loewner chain description, which allows one to treat the random curves as
growth processes. We first recall the definition of a local multiple SLE,. from [Dub07]
and [KP16, Appendix A].

Let (£2; x1, ..., xon) be a polygon. The localization neighborhoods Uy, ..., Uan
are assumed to be closed subsets of £2 such that £2\U; are simply connected and Uu;n
Ur = W for j # k. A local N-SLE, in 2, started from (xy, ..., x25) and locahzed
in (Uy, ..., Usp), is a probability measure on 2N-tuples of orlented unparameterized
curves (y1, ..., y2n). For convenience, we choose a parameterization of the curves by
t € [0, 1], so that for each j, the curve Vi [0, 1] — Uj starts at y;(0) = x; and ends at
yj(1) € 9(§£2\U;). The local N-SLE, is an indexed collectlon of probability measures

on (Y1, ..., Y2n):

P— (P(Q)ﬂ ,,,,, X2N)>
1., Uzn) 2;x1,...,0283U1,..., Uy

This collection is required to satisfy conformal invariance (CI), domain Markov property
(DMP), and absolute continuity of marginals with respect to the chordal SLE, (MARG):

(CD If (y1, ..., y2N) ~ PEgI A Uzilz)N) and ¢: 2 — @(£2) is a conformal map, then

~ p@E2)0(x1),....0(x2n))
(@(yl), cees (p(VZN)) P(W(Ul) """" o(UaN)) .

(DMP) Let t; be stopping times for y;, for j € {I,..., N}. Given initial seg-
ments (y1[0, 711, ..., y2n[0, Tan]), the conditional law of the remaining parts

(82;%1,....%2n)

(@1,....025) .
£\ Ui v;l0, T;] containing all tips X; = y;(z;) on its boundary, and U; =
U;n Q.

(MARG) There exist smooth functions F;: Xoy — R, for j € {1, ..., 2N}, such that
for the domain £2 = H, boundary points x| < --- < x5, and their localiza-
tion neighborhoods Uy, . .., Uay, the marginal law of y; under PEH;IIX] U;;;V )
is the Loewner evolution driven by W; which solves

Wil 115 -+ > V2N lopy.17) is P , Where Q2 is the component of

dW; = ViedB + Fy (VL VT W v Y an W =,
2dt

dvi= ——  Vi=yx, fori#j. 4.9)
f View, 0 i #J

Remark 4.6. 1t follows from the definition that the local N-SLE, is consistent under
restriction to smaller localization neighborhoods, see [KP16, Proposition A.2].

J. Dubédat proved in [Dub07] that the local N-SLE, processes are classified by
partition functions Z as described in the next proposition. The convex structure of the

set of the local N-SLE, was further studied in [KP16, Appendix A].

Proposition 4.7. Let k > 0.
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1. Suppose Pisalocal N-SLE,. Then, there exists afunction Z: Xon — R satisfying
(PDE) (1.1) and (COV) (1.2), such that for all j € {1, ...,2N}, the drift functions
in (MARG) take the form F; = kd;log Z. Such a function Z is determined up to a
multiplicative constant.

2. Suppose Z: Xon — R. satisfies (PDE) (1.1) and (COV) (1.2). Then, the random
collection of curves obtained by the Loewner chain in (MARG) with F; = kd; log Z,

forall j € {1,...,2N}, is alocal N-SLE,. Two functions Z and Z give rise to the
same local N-SLE, if and only if Z = const. x Z.

Proof. This follows from results in [Dub07,Gra07,Kyt07] and [KP16, Theorem A.4].
O

For each (normalized) partition function Z: Xy — R.g, that is, a solution to
(PDE) (1.1) and (COV) (1.2), we call the collection P of probability measures for
which we have in (MARG) F; = «d;log Z,forall j € {1,...,2N}, the local N-SLE,
with partition function Z. Next, we prove that our construction of the global N-SLE,
measures in Sect. 3 is consistent with this local definition.

Lemma 4.8. Let k € (0,4]. Any global N-SLE, satisfying (MARG) is a local N-
SLE, when it is restricted to any localization neighborhoods. For any « € LPy, the
restriction of the global N-SLE, probability measure Qﬁ associated to o (constructed
in Proposition 3.3) to any localization neighborhoods coincides with the local N-SLE,
with partition function Z, given by (3.7).

Proof. Fix 2 = H, boundary points x; < --- < x2p, localization neighborhoods
(Ui, ..., Uzpn), and a link pattern o« € LPy. Suppose that (1, ..., ny) is a global N-
SLE, associated to . Given any link {a, b} € «, let n be the curve connecting x, to xp,
and denote by 7 the time-reversal of 1. Let t be the first time when 7 exits U,, and define
¥, to be the curve (n(t) : 0 <t < t). Let T be the first time when 7 exits Uj, and define
v to be the curve (77(¢) : 0 <t < 7). By conformal invariance of the SLE,, the law of
the collection (yy, ..., yan) satisfies (CI). It also satisfies (DMP), thanks to the domain
Markov property and reversibility of the SLE, . Therefore, any global N-SLE, satisfying
(MARG) is a local N-SLE, when restricted to any localization neighborhoods.

Suppose then that (11, ..., nn) ~ Qﬁ(H; X1, ..., x2n) and define (yy, ..., yan)
as above. We only need to check the property (MARG). Without loss of generality,
we prove it for y;. From the proof of Lemma 4.4, we see that the marginal law of y;
under Qfl is absolutely continuous with respect to the SLE, in H from x| to oo, and the
Radon-Nikodym derivative is given by the local martingale

2N

[Taiep® x Za(Wi, g (x2), ..., g xaw)).
j=2

This implies that the curve y; has the same driving function as in (MARG) for j = 1,
with drift function F; = «0; log Z,. Because, by Lemma 4.4, Z, is smooth, Fj is
smooth. This completes the proof. O

We finish this section with the proofs of Theorem 1.3 and Corollary 1.2.

Theorem 1.3. Let k € (0, 4]. Let ($2; x1, ..., x2n) be a polygon. For any o € LPy;,
there exists a global N-SLE, associated to o. As a probability measure on the initial
segments of the curves, this global N-SLE, coincides with the local N-SLE, with
partition function Zy. It has the following further properties:
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1. IfU C $2 is a sub-polygon, then the global N-SLE, in U is absolutely continu-
ous with respect to the one in §2, with explicit Radon—Nikodym derivative given in
Proposition 3.4.

2. The marginal law of one curve under this global N-SLE, is absolutely continuous
with respect to the chordal SLE,, with explicit Radon—Nikodym derivative given in
Proposition 3.5.

Proof. A global N-SLE, was constructed in Proposition 3.3. The two properties were
proved respectively in Propositions 3.4 and 3.5. That the local and global SLE, agree
follows from Lemma 4.8. O

Corollary 1.2 describes the convex structure of the local multiple SLE probability
measures. If Z1 and 2, are two partition functions, i.e., positive solutions to (PDE) (1.1)
and (COV) (1.2), set Z = Z; + Z; and denote by P, Py, P, the local multiple SLEs
associated to Z, Z1, 2, respectively. Then, the probability measure P can be written as
the following convex combination; see [KP16, Theorem A.4(c)]:

(82:x1,....x20)
I:)(Ul ..... Uan)
Z1(825 X1, s XON) o (@2ixparay) | 220825 X0, XON) (@i xaw)
= PO, * Z(82;x1, ..., X2N) P, o)

Z(.Q;xl,...,XQN)

Corollary 4.9. Let « € (0,4]. For any a € LPy, there exists a local N-SLE, with
partition function Z,. Forany N > 1, the convex hull of the local N-SLE,. corresponding
to {Zy: a € LPy} has dimension Cy — 1. The Cy local N-SLE, probability measures
with pure partition functions Z, are the extremal points of this convex set.

Proof. This is a consequence of Theorem 1.1 and Proposition 4.7. O

4.3. Loewner chains associated to pure partition functions. In this section, we show
that the Loewner chain associated to Z, is almost surely generated by a continuous
curve up to and including the continuation threshold. This is a consequence of the strong
bound (1.4) in Theorem 1.1.

Proposition 4.10. Let k € (0,4] and o € LPy. Assume that {a, b} € «. Let W, be the
solution to the following SDEs:

AW, = kdB, + k8, log Z, (V,l, Vel W, vert V,2N> dt, Wo = xa,

dv/ 2di V. fori + (4.10)
= — =Xx;, Jori a. .
t th —w, 0 t

Then, the Loewner chain driven by W; is well-defined up to the swallowing time T
of xp. Moreover, it is almost surely generated by a continuous curve up to and including
Ty. This curve has the same law as the one connecting x, and xp, in the global multiple
SLE, associated to « in the polygon (H; x1, ..., xon).

Proof. Without loss of generality, we assume that a = 1. Consider the Loewner chain K,
driven by W;. Let y be the chordal SLE, in H from x; to x;. Foreachi € {2,...,2N},
let T; be the swallowing time of the point x; and define T to be the minimum of all 7;
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fori # 1. It is clear that the Loewner chain is well-defined up to 7. For t < T, the law
of K; is that of the curve y [0, t] weighted by the martingale

M= [ e x Zu(Wi, gi(x2). ... geraw)) x (g1 (xp) — W),
i#l,b

It follows from the bound (1.4) that M; is in fact a bounded martingale: forany t < T,
we have

Mo [T e < J] (@a) = g™ [by (1.4)]
i#l,b {c,d}ea,
{c,d}#{1,b}

_ g)g xa) \" o
- {1,,_}[ ((gt(xd)—gt(xc»?) : {1:}[ e

{c.d}#{1.b} {e.d}#{1.b}

Now, y is a continuous curve up to and including the swallowing time of x;, and
almost surely, it does not hit any other point in R. Combining this with the fact that
(M;,t < T)isbounded, the same property is also true for the Loewner chain (K;, t < T),
and we have T = Tj. This shows that the Loewner chain driven by W; is almost surely
generated by a continuous curve up to and including 7.

Finally, let  be the curve connecting x| and x;, in the global multiple SLE, associated
to «. From the proof of Lemma 4.8, we know that the Loewner chain K; has the same
law as 7n[0, 7] for any t < Tj. Since both K and 7 are continuous curves up to and
including the swallowing time of x, this implies that (K, t < Tj) has the same law as
n. This completes the proof. O

4.4. Symmetric partition functions. In this section, we collect some results concerning
the symmetric partition functions

zWN .= Z Z,, (4.11)

D(ELPN

where {Z,: o € LP} is the collection of functions of Theorem 1.1. In the range « €
(0, 4], the functions Z V) have explicit formulas for k = 2, 3, and 4, given respectively
in Lemmas 4.13, 4.14 and 4.15.

Lemma 4.11. The collection {Z™): N > 0} of functions ZWN %2, — Reg satisfies
ZWN) e Sy and Z2© = 1, and the asymptotics property

. ZWN(Fy, ..., %an) _
_ lim —— o = ZW V@, x o xaa,  xan), (412)
Xj,Xj1—E, (Xj+1 —Xj)
Xi—>x; fori#j, j+1
forall j € {1,....,2N —1}andx1 < --- < xj1 <& < Xj32 < --- < xon. In
particular, we have
. ZM(xy, ..., xon) _
lim =zW 1)(x1,...,xj_l,xj+2,...,x2N). 4.13)

xjxp—E (e —x;) 720
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Proof. The normalization Z(® = 1 s clear, and we have Z(") e Sy by Proposition 4.5.
The asymptotics (4.12) and (4.13) follow from the asymptotics of the pure partition
functions Z, from Lemma 4.3. O

Corollary 4.12. Let {F™N): N > 0} be a collection of functions F'N) € Sy satisfying
the asymptotics property (4.13) with the normalization F©) = 1. Then we have F'N) =
ZWN) forall N > 0.

Proof. Afterreplacing (ASY) (1.3) by (4.13), the proof of Corollary 2.4 applies verbatim
to show that the collection {F"): N > 0} is unique. Lemma 4.11 then shows that we
have FM = ZM forall N > 0. O

Next we give algebraic formulas for the symmetric partition functions for k = 2,3
and 4. To state them for k = 2, 3, we use the following notation. Let [Ty be the set

of all partitions w = {{ai, b1}, ..., {an,bn}} of {1,...,2N} into N disjoint two-
element subsets {a;, b;j} C {l,...,2N}, with the convention that a; < b;, for all
jef{l,...,N},and a; < ay < --- < ay. Denote by sgn(z) the sign of the partition

@ defined as the sign of the product [(a — ¢)(a — d) (b — ¢) (b — d) over pairs of distinct
elements {a, b}, {c,d} € @.

Lemma 4.13. Let « = 2. Forall N > 1, we have

N
1
ZIE]]\EII)QW(M’ Lo XON) = E sgn(w) det | ——— . (4.14)
(xp; —%4)7 ]
welly J ! i,j=1
. (N)
In particular, Z; gpyw (X1, ..., x25) > 0.

Proof. Consider the function Z;{gléw =) - sgn(w) det ((xb ;= xai)_Q) on the right-
hand side. By [KKP17a, Lemmas 4.4 and 4.5] and linearity, this function satisfies
(PDE) (1.1) and (COV) (1.2) with k = 2. It also clearly satisfies the bound (2.4).
Also, if N = 0, then we have ZNSJE)RW = 1. Thus, by Corollary 4.12, it suffices to show
that Z (ERW also satisfies the asymptotics property (4.13) with ¥ = 2. To prove this, fix
jef{l,...,2N — 1} and § € (x;_1, xj32). The limit in (4.13) with ¥ = 2 reads

lim (.X'j+] )C]) ERW(xl""’x2N)
XjoXjr1—>§
_ li 2 d ! "
= lim (xjr1 —xj) Z sgn(w) det Y
XjXj+1—>§ welly (X — Xay) 1,k=1
= lim (xj41 —xj)2 Z sgn(w) Z sgn(U)H
x/7x1+1—>s ZUGHN UGGN (ka xaa(k))

(4.15)

= lim S(xj+1_xj)2 Z sgn(o) Z sgn(w)l_[

. . 2 b
Xj,Xjel—> . welly ()Cbk xao‘(l\))
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where Gy denotes the group of permutations of {1, ..., N}. To evaluate this limit, for
any pair of indices k,l € {1,2, ..., N}, with k # [, we define the bijection

@ik {melly: j=brand j+1 =g inw}
— {melly: j=aqand j+1 = by in w},

pLi@) = @\ b U+ 1 G+ D) UL+ 1 G G+ D,

where j’ and (j + 1)’ denote the pairs of j and j + 1 in @, respectively. Note that
sgn (e (@)) = —sgn(@).

Consider a term in (4.15) with fixed 0 € Gpy. Only terms where in @ =
{{a1, b1}, ..., {an, bn}} we have for some k € {1,2,..., N} either j = aq) and
j+1=bg,or j=biand j+1 = asy), can have a non-zero limit. With the bijections
®o (k),k>» we may cancel all terms for which o (k) # k. Thus, we are left with the terms
for which {j, j + 1} = {ak, b} € @ and o (k) = k, which allows us to reduce the sums

over o € Gy and o = {{a1, b1},...,{ay,bn}} € [Ty into sums over T € Sy_;
and @ = {{c1,d1},...,{cn—1,dn—1}} € IIy_1, to obtain the asserted asymptotics
property (4.13) with x = 2:
. (N
lim (x4 — xj)zzﬁgl){w(m, ..., X2N)
Xj,xjr1—>E
1
= Z sgn(w) Z sgn(t) hm (xj+1 —)cj)2 l_[ ﬁ
w: {j,j+l}ew 1eGN_1 AL 1<k<N, Kb T Xara
br#j+1
= Z sgn(@) Z sgn(t) H = )2
welly_| TeSN_| d Cr(k)
1 N—1
= sgn (o) det <—>
ére%;v | (o = %) /1=y
N—1
= ZIEER\x)(xl»~--,Xj—1,xj+2, .o X2N).

This concludes the proof. 0O

Lemma 4.14. Let « = 3. For all N > 1, we have

" 1 \2N
Ziging(X15 -, X2N) =Pf( )
i,j=1

x]' — X;
| (4.16)
= Z sgn(w) H .
welly {abjew "0 TN
In particular, ZM (x1, ..., x2n) > 0.

Ising

Proof. 1t was proved in [KP16, Proposition 4.6] that the function on the right-hand side,

Z0 =3, sgn(w)( I x,,+x> satisfies (PDE) (1.1) and (COV) (1.2) with x = 3,

and that it also has the asymptotics property (4.13) with k = 3. Moreover, this function
obviously satisfies the bound (2.4), and if N = 0, then we have Zl(s(ﬁlg = 1. The claim
then follows from Corollary 4.12. O
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Lemma 4.15. Let «k = 4. Forall N > 1, we have
1—k
Zghon, o =[] a—x0iY (4.17)
1<k<I<2N

Proof. 1t was proved in [KP16, Proposition 4.8] that the function on the right-hand side,
zg;g; = [T — x0)2 V' satisfies (PDE) (1.1) and (COV) (1.2) with « = 4,
and that it also has the asymptotics property (4.13) with x = 4. Moreover, this function
obviously satisfies the bound (2.4), and if N = 0, then we have Z~((}013F = 1. The claim
then follows from Corollary 4.12. O

5. Gaussian Free Field

This section is devoted to the study of the level lines of the Gaussian free field (GFF)
with alternating boundary data, generalizing the Dobrushin boundary data —A, +A ontwo
complementary boundary segments to —A, +A, ..., —A, +A on 2N boundary segments.
Much of these level lines is already known: a level line starting from a boundary point
is an SLE4(p) process, and the level lines can be coupled with the GFF in such a way
that they are almost surely determined by the field [Dub09,SS13,MS16].

We are interested in the probabilities that the level lines form a particular connectivity
pattern, encoded in € LPy. The main result of this section, Theorem 1.4, states that this
probability is given by the pure partition functions Z,, for multiple SLE, withx = 4. We
prove Theorem 1.4 in Sect. 5.4. In Sect. 6, we find explicit formulas for these connection
probabilities, see (1.9) in Theorem 1.5.

5.1. Level lines of GFF. In this section, we introduce the Gaussian free field and its
level lines and summarize some of their useful properties. We refer to the literature
[She07,SS13,MS16, WW17] for details.

To begin, we discuss SLEs with multiple force points (different from multiple
SLEs)—the SLE, (p) processes. They are variants of the SLE, where one keeps track
of additional points on the boundary. Let XL =t < ... <y < 0) and XR =
0 < y"F <<y Fyand ph = (oM, pE) and pR = (1R, ),
where p"¢ € R, forq € {L, R} andi € N. An SLE, (,o ,OR) process with force points

(X ,_R) is the Loewner evolution driven by W; that solves the following system of
integrated SDEs:

Wz—«/_Bt+Z/ ’Lds Z/ ’Rds

, . t2d
Vi = yia ,—s, forq € {L, R}andi € N,
! 0o Vi _w,

(5.1)

s

where B, is the one-dimensional Brownian motion. Note that the process V,"? is the

evolution of the point y**, and we may write g (y) for V,". We define the continuation
threshold of the SLE, (p*; p*) to be the infimum of the time 7 for which

either Z pi’L < -2, or Z pi’R < -2.
i:vit=w, i viR=w,
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By [MS16], the SLE, (p%; p®) process is well-defined up to the continuation thresh-
old, and it is almost surely generated by a continuous curve up to and including the
continuation threshold.

Let D C C be a non-empty simply connected domain. For two functions
f,g € L*(D), we denote by (f, g) their inner product in L>(D), that is, (f, g) :=
fD f(z)g(z)dzz, where d?z is the Lebesgue area measure. We denote by H(D) the
space of real-valued smooth functions which are compactly supported in D. This space
has a Dirichlet inner product defined by

1
(f, 8)v = o / V() Vg(z)d’z.
7T JD

We denote by H (D) the Hilbert space completion of H (D) with respect to the Dirichlet
inner product.

The zero-boundary GFF on D is a random sum of the form I” = Z?il ¢ fj» where
¢j are i.i.d. standard normal random variables and (f;) ;>0 an orthonormal basis for
H (D). This sum almost surely diverges within H (D); however, it does converge almost
surely in the space of distributions—that is, as n — oo, the limit of Z’}: 1¢i(fir®)
exists almost surely for all g € Hg(D) and we may define (I, g) := Z;’il ¢i(fi ).
The limiting value as a function of g is almost surely a continuous functional on H (D).
In general, for any harmonic function Iy on D, we define the GFF with boundary data
Ipby I' .= I" + Iy where I is the zero-boundary GFF on D.

We next introduce the level lines of the GFF and list some of their properties proved
in [SS13,MS16,WW17]. Let K = (K;,t > 0) be an SLE4(,0L; ,oR) process with force

points (XL; XR)’ with W, V4 solving the SDE system (5.1). Let (g;,¢ > 0) be the

corresponding family of conformal maps and set f; := g, — W;. Let FIO be the harmonic
function on H with boundary data

—A(1+ Zgjzo p.i»L)’ ifx e (fz(yf:”*L), fz(yj’L)),
w1+ o8, ifx e (F7F), fi/HR)Y),

where A = /2 and p*L = pOk =0, yOL =o0_, y*L = —00, yoR = 0,,
and y"*!'R = 0o by convention. Define I (z) := I'’(f:(z)). By [Dub09,SS13,MS16],
there exists a coupling (I', K) where I' = I+ Iy, with I the zero-boundary GFF on
H, such that the following is true. Lett be any K -stopping time before the continuation
threshold. Then, the conditional law of I” restricted to H\ K, given K is the same as
the law of I'; + I o f;. Furthermore, in this coupling, the process K is almost surely
determined by I". We refer to the SLE4(p’; p*) in this coupling as the level line of the
field I'. In particular, if the boundary value of I" is —A on R_ and A on R, then the
level line of I” starting from 0 has the law of the chordal SLE4 from O to co. In this case,
we say that the field has Dobrushin boundary data. In general, for u € R, the level line
of I with height u is the level line of & — u.

Let I" be the GFF on H with piecewise constant boundary data and let 1 be the level
line of I" starting from 0. For 0 < x < y, assume that the boundary value of I is a
constant ¢ on (x, y). Consider the intersection of 1 with the interval [x, y]. The following
facts were proved in [WW 17, Section 2.5]. First, if |c| > A, then n N (x, y) = ¥ almost
surely; second, if ¢ > A, then 1 can never hit the point x; third, if ¢ < —A, then 5 can
never hit the point y, but it may hit the point x, and when it hits x, it meets its continuation
threshold and cannot continue. In this case, we say that n terminates at x.
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n 72

Zy To xs Xy

Fig. 12. Two level lines of the GFF. The figure in the left panel corresponds to Case {{1, 4}, {2, 3}}. The
figure in the right panel corresponds to Case {{1, 2}, {3, 4}}. The conditional law of 1 given 7 is the chordal
SLE4 and the conditional law of 1, given 17 is the chordal SLE4

5.2. Pair of level lines. Fix four points x; < x» < x3 < x4 on the real line and let I” be
the GFF on H with the following boundary data (see also Fig. 12):

—Aon(—oo,x1), +Aon(xy,x2), —Aon(xz,x3),

+ A on (x3,x4), —Aon (x4, 00).
Let 11 (resp. n2) be the level line of I' starting from x; (resp x3). The two curves 1 and
1> cannot hit each other, and there are two cases for the possible endpoints of 11 and 712,

illustrated in Fig. 12: Case Lo , where 1| terminates at x4 and 7, terminates at x,;
and Case “——-  where 1, terminates at x» and 7, terminates at x4. Both cases have
a positive chance. As a warm-up, we calculate the probabilities for these two cases in
Lemma 5.2. Note that, given 1y, the curve 7 is the level line of the GFF on H\ 7 with
Dobrushin boundary data. Therefore, in either case, the conditional law of 7, given 1 is
the chordal SLE4 and, similarly, the conditional law of 1 given 7, is the chordal SLE4.

Remark 5.1. The following trivial fact will be important later: For x; < x2 < x3 < x4,
we have

0 < (x4 — x1)(x3 — x2) <1
T (g —x2)(3 —x1) T

Lemma 5.2. Ser —~~ = {{1,4},{2,3}} and ~ ~ = {{1,2},{3,4}}. Let

P (resp. Lo ) be the probability for Case ,~ (resp. Case “———-
), as in Fig. 12. Then we have
P = (x4 — x3) (w2 — 21)

(x4 — x2) (w3 — 1)

Proof. We know that n := n; is an SLE4(—2, +2, —2) process with force points
(x2, x3, x4). If T is the continuation threshold of 1, then Case <~ corresponds
to {n(T) = x4} and Case > to {n(T) = xp}. Let (W;,0 <t < T) be the Loewner
driving function of 1 and (g;, 0 < ¢t < T) the corresponding conformal maps. Define,
fort < T,

 (8r(xa) — Wi)(g:(x3) — & (x2))
t = .
(81 (x4) — 8¢ (x2)) (81 (x3) — Wi)
Using It6’s formula, one can check that M; is a local martingale, and it is bounded by

Remark 5.1: we have 0 < M; < 1,fort < T. Moreover, by Lemma B.2 of Appendix B,
we have almost surely, as r — T,

M; — 1, whenn(t) > x» and M, — 0, whenn(t) - x4.
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Therefore, the optional stopping theorem implies that
Po o =Pn(T) =22) = E[Mr] = Mo = (x4 — 21) (23 — 22)

(x4 — z2) (23 —21)

The formula for the probability p then follows by a direct calculation. O

5.3. Connection probabilities for level lines. Fix N > 2 and x1 < --- < xpn.Let I" be
the GFF on H with alternating boundary data:

Aon (x2j-1,x2j), for j € {1,..., N},
and —Aon (x2;,x2j4+1), for j €{0,1,..., N},

with the convention that xp = —o0 and xon4+1 = 00. For j € {1, ..., N}, let n; be the
level line of I" starting from x; 1. The possible terminal points of #; are the x,,’s with
an even index n. The level lines 71, ..., ny do not hit each other, so their endpoints
form a (planar) link pattern .4 € LPy. In Lemma 5.5, for each « € LPy, we derive the
connection probability P, := P[A = «]. To this end, we use the next lemmas, which
relate martingales for level lines with solutions of the system (PDE) (1.1) with x = 4.

Lemma 5.3. Let n = 1y be the level line of I' starting from x1, let W, be its driving
function, and (g;,t > 0) the corresponding family of conformal maps. Denote X j| =
& (x;) — Wy and Xji := g(xj) — g(x;), fori, j € (2,...,2N}. For any subset S C
{1,...,2N} containing 1, define

M= ] x07,
1<i<j<2N
0. Fiies. s
where 8, ) =10 ., TIES orh g |
(D)"Y ifieSand j € S,ori € Sand j € S.

Then, Mt(s) is a local martingale.

We remark that the local martingale M ) in Lemma 5.3 is in fact the Radon—Nikodym
derivative between the law of 7 (i.e., the level line of the GFF with alternating boundary
data), and the law of a level line of the GFF with a different boundary data — see the
discussion in Sect. 6.4.

Proof. The level line n is an SLE4(—2,+2,...,—2) process with force points
(x2, ..., x2n5). We recall from (5.1) that its driving function satisfies the SDE
2N ppdt
dw, =2dB, + Yy ——— h ;= 2(—1)*! 5.2
g : Z,o@)—wt where  p; = 2(—1) (5.2)

and g; is the Loewner map. We rewrite Mt(s) as follows:

M = ]_[Xf I1 X'S(”), where 8; = 8(1, j).
2<i<j<2N
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By Itd’s formula, we have

am® A s /2dr 8G, j) (2dr  2dr
(), s (2 )
M, o X \Xj r<icren Xii \Xj Xi
+228j(5j2—1)dt+ 5 45:8;dr
j=2 X1 2<i<j<2N Xj1Xin
2N 2 2N 2N
_ Y Ty y
j=2 j j=21i=2 IXII
_28(i, j) +48;5; 2N 25.dB
) 2o, J) T R0i0) dr = 3 25
— X1 X1 , X1
2<i<j<2N J j=2 J

For any S containing 1, the coefficient of the term dt/X?1 for j € {2,...,2N}is
257 +8jpj =0,
and the coefficient of the term df /(X j1 X;1), for i, j € {2,...,2N}, withi < j,is
8jpi +8ip; — 283, j)+46;5; = 0.
Therefore, MZ(S) is a local martingale. 0O
Lemma 5.4. Let n = n be the level line of I' starting from x1, let (W, t > 0) be its

driving function, and (g;,t > 0) the corresponding family of conformal maps. For a
smooth functionU : Xon — R, the ratio

UW;, 81(x2), ..., 8&(xan))
Zg;]):(Wt, gi1(x2), ..., 8 (x2n))

M U) =

is a local martingale if and only if U satisfies (PDE) (1.1) withi = 1 and k = 4.

Proof. Recall the SDE (5.2) for W;. Lemma 4.15 gives an explicit formula for the

function Z := ZGFI); Using this, one verifies that Z satisfies the following differential
equation: for x = (x1, ..., x2n) € Xon,

(431 + Z

=T

)Z(x) =0. (5.3)

Furthermore, Z satisfies (PDE) (1.1) withi = 1 and x = 4:

N0y, 1
DD Z(x)=0, wh DU =257 + I ) 5.4
(x) where i ]2; Y —x 20 —x) (5.4)
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We denote Y := (W;, g;(x2),...,g(x2n)), and X1 = g(x;) — W;, and X;; =
&r(x;) —g(x;), fori, j € {2,...,2N}. By It0’s formula, any (regular enough) function
F(xy, ..., xon) satisfies

N 2y pidy
F(Y) =23 F(Y)dB, + (28] L) F¥
dF(Y) =201 F(Y)d ’*(3“;()(,1 Xﬂ)) (¥)d

2N
1 i0
=20 F(Y)dB, + (D(l) + Z (—2 _ %) >F(Y) dr.
j=2 2Xj1 Jjl

Combining with (5.3) and (5.4), we see that

dM, @) _ duUY) dZ(Y) a <312(Y)>2dt 4 (alua/)) <8IZ(Y)> i
MU Uy) Z@Y) Z(Y) UY) Z(Y)

_ (231M(Y) B 2312(1/)) B4 DDOUY)

~\ uw) Z(Y) U

This implies that M, () is a local martingale if and only if DD/ = 0. O

Now, we give the formula for the connection probabilities for the level lines of the
GFF. To emphasize the main idea, we postpone a technical detail, Proposition B.1, to
Appendix B.

Lemma 5.5. We have, for all « € LPy,

Z, ey
P, = (;)(xl 2n) >0, where Zéﬁl): = Z Zas (5.5)
Zepr(X1, ..., X2N) a€clPy

and {Zy: o € LP} is the collection of functions of Theorem 1.1 with k = 4.

Proof. By Theorem 1.1, we have Z, > 0 for all « € LPy, so for all (x1,...,x2n) €
Xy, we have
Z R
0< (;‘/)(xl v (5.6)
Zre(X1s -1, X2N)

We prove the assertion by induction on N > 0. The initial case N = 0 is a tautology:

Zpg=1= ZéOgF.Let then N > 1 and assume that formula (5.5) holds forall& € LPy_;.
Let ¢ € LPy. Without loss of generality, we may assume that {1, 2} € «. Let  be the
level line of the GFF [I" starting from x1, let 7" be its continuation threshold, (W;, t > 0)
its driving function, and (g;, ¢ > 0) the corresponding family of conformal maps. Then

by Lemma 5.4,

Zo(Wr, g1(x2), ..., g(x2n))

MT(Z(X) = (N)
ZGFF(Wts g(x2), ..., gx2n))

is a local martingale for r < T'.
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Ast — T, we know that n(t) — xp, for some n € {1, ..., N}. First, we consider
the case when n(t) — x2. On the event {n(T) = x3},ast — T, we have by Lemma 4.3
almost surely

(g(x2) — W2 Zy (Wi, gi(x2), ... g1 (x2n))
(81(x2) = W2 20D (W, 61(x2), ..., & (xan))
Z5(87(x3), ..., gT(x2N))

71 9
zW VD (er(x), ..., gr(xan))

M (Zy) =

where & = /{1, 2}. Next, on the event {n(T) = x,}, we have almost surely

i Za(Wl’gl(xz)v’~'1gl(x2N)) =O
=T Z80 (W, g2, .., g(x2n))

by the bound (3.9) and Proposition B.1. In summary, we have almost surely

Z5(g7(x3), ..., g7 (x2N))
Zéijl\;F_l)(gT(x3)» - 8r(x2N)

Mr(Zo) = lim Mi(Ze) = Lin(r)=so)

On the other hand, by (5.6), M, (Z,) is bounded, so the optional stopping theorem gives

Zy
(N)
GFF

Mo(Zy) = E[M7(Za)].

Combining this with the induction hypothesis Py = Z4/ Zgl\;]; 1), we obtain

Zy
207 = E [L{y(1)=x2) Pa (g7 (x3). ..., g7 (x2n))] - (5.7

Finally, consider the level lines (51, ..., ny) of the GFF I", where, for each j, n;
is the level line starting from x;;_1. Given n := 51, on the event {n(T) = x;}, the
conditional law of (12, ..., ny) is that of the level lines of the GFF [ with alternating
boundary data, where I is T restricted to the unbounded component of H\ 7. Thus, we
have

Py = E[L(y7)=x) P (87(x3), ..., g7 (x2n))] - (5.8)

Combining (5.7) and (5.8), we obtain P, = Z, /Zgl\;%, which is what we sought to
prove. 0O

5.4. Marginal probabilities and Proof of Theorem 1.4. Next we calculate the probability
for one level line of the GFF to terminate at a given point. Again, we postpone a technical
result to Appendix B.

Proposition 5.6. Fora, b € {1, ...,2N} such that a is odd and b is even, the probability

P@D) that the level line of the GFF starting from x4 terminates at xp, is given by
Xj— Xg (=D

POP (xy, ... xan) = l_[ == .

1<j=2N,
j#a.b

Xj — Xb
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Before proving the proposition, we observe that a special case follows by easy mar-
tingale arguments.

Lemma 5.7. The conclusion in Proposition 5.6 holds for b = a + 1.

Proof. To simplify notation, we assume a = 1; the other cases are similar. The level
line n := n started from x; is an SLE4(—2, +2, ..., —2) process with force points
(x2,...,x2n). Let T be the continuation threshold of n. Define, fort < T,

2N (_1)/'
N — W,
M =] (—g’q’) d ) .
j=3

&r(x;) — g1 (x2)

By Lemma 5.3 with § = {1, 2}, M; is a local martingale. Remark 5.1 gives, for all
je€{3,...,2N}, that

( & (xjr1) — W, ) <gt(xj) - g;(m)) <1
g (xjs1) — & (x2) g(x) =W, )= 7
so M, is bounded: we have 0 < M; < 1 fort < T. Finally, as t — T, we have almost
surely M; — 1 when n(¢t) — x2, and Lemma B.3 of Appendix B shows that M; — 0

when n(t) — xp, forn € {2, ..., N}. Therefore, the optional stopping theorem implies
P12 = P(T) = xp] = E[M7] = M, as desired. O

To prove the general case in Proposition 5.6, we use the following lemma.

Lemma 5.8. Forany N > 2anda,b € {1, ..., 2N} with odd a and even b, the function
(a,b) .
Fyoe Xony — C,

(=1

b Xi — X,
FSP o) = 2000 o [T [ (59)
Xi—Xxp
I<j<2n, 7
Jj#a,b

belongs to the solution space Sy defined in (2.5).

Proof. The function F (@, clearly satisfies the bound (2.4). Also, because ZGFF satis-
fies (COV) (1.2) and the product ]_[ ‘X’ —ta |( D’ is conformally invariant, F 1(\, also

Xj—Xp
satisfies (COV) (1.2). It remains to show (PDE) (1.1). Without loss of generality, we
may assume a = 1. Combining Lemmas 5.3 and 5.4 (with § = {1, b}), we see that

F]E}’b) satisfes (PDE) (1.1) as well. Thus, we indeed have F,(\,l’h) eSy. O

Proof (Proof of Proposition 5.6). On the one hand, because the function F ]E,a'b) defined
in (5.9) belongs to the space Sy by Lemma 5.8, Proposition 4.5 allows us to write it in
the form

F;,a’b) = Z CaZy, where ¢y :La(F;,a’b)).

aelPy

On the other hand, by the identity (1.7) in Theorem 1.4, we have

- Y ae y Z

a€lPy: {a,b}ea a€lPy: {a,b}e GFF
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Thus, it suffices to show that
Lo(F"Py = 1{{a, b} € a}. (5.10)

Without loss of generality, we assume that a = 1. We prove (5.10) by induction on
N > 1. Itis clear for N = 1. Assume then that N > 2 and Lg(F\; ")) = 1{{1,b} € f)
forall B € LPy_jand b € {2,4,...,2N — 2}. Let « € LPy and choose i such that

{i,i + 1} € a. We consider two cases.

—i,i+1 ¢ {1, b}: By the property (4.13) of the function Zgpr, we have, for any
g € (-xifl’ xi+2)’

p 1/2 (1,b)
i+l — X I, X2N
Iim (x x)/FN (x XoN)
XisXit1—>
. -1/
. 1/2 2(N) xj— x|
= lim (i1 — x) 22500, - xan) 1_[ R—
Xi Xit1—>& 1<j<2N, x] Xb
J#LD
R —1)/
(N—1) xj—xp|(
= Zarr  (X1s oy Xim1, Xit2, -+, X2N) l_[ ‘—
. Xj—Xp
1<j<2N, 7/
j#Lbii+1
(1,")
= Fy2 (X1, oo X1, Xig2, .05 X2N),

where ¥’ = bifi > band b’ = b —2ifi < b. Thus, choosing an allowable ordering
for the links in « in such a way that {a;, b1} = {i, i + 1}, the induction hypothesis
shows that

Lo(Fy) = Lagiisn (FY) = 1L D'} € a/li,i +1}} = 1{{1, b} € a).

— i e{l,b}ori+1 e {1, b}: Then we necessarily have {1, b} ¢ . By symmetry, it
suffices to treat the case i = 1. Then we have, for any £ € (x1, x3),

. 1/2 - (1,b
lim (xz—xl)/FIE, )(xl,...,sz)
xX1,x0—>&
. _1)./' _
. 1/2 ~(N xj —xp | X2 — X1
= lim (xz—xl)/Z(GF]):(x],...,sz) l_[ S— X
x1,x2—>§& 1<j<2N, Xj — Xp X2 — Xp
Jj#1,2,b
= 0.

This proves (5.10) and finishes the proof of the lemma. O
Collecting the results from this section and Sect. 5.3, we now prove Theorem 1.4.

Theorem 1.4. Consider multiple level lines of the GFF on H with the alternating bound-
ary data (1.6). For any a € LPy, the probability P, := P[A = «] is strictly positive.
Conditioned on the event {A = a}, the collection (01, ..., ny) € XgH; x1, ..., x2n)
is the global N-SLE4 associated to a constructed in Theorem 1.3. The connection prob-
abilities are explicitly given by, for all o € LPy,

Zy(X1, ..., X2N)

o

— N) . _
= S, . where  Ziph = Y Za, (1.7)
GFEWX 15 -+, X2N aclPy
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and Zy are the functions of Theorem 1.1 with k = 4. Finally, fora,b € {1,...,2N},
where a is odd and b is even, the probability that the level line of the GFF starting from
X4 terminates at xp, is given by

Xj — Xq |1/
PPy o =[] ‘f— . (1.8)
. Xj = Xp
1<j=2N,
Jj#a.b
Proof. By Lemma 5.5, the connection probabilities Py, := P[A = «] are given
by (1.7) and they are strictly positive. On the event {4 = «}, we have (1, ...,7ny) €
X(‘;‘ (H; x1, ..., x2n5), whose law is a global N-SLE4 associated to «: for each j €
{1,..., N}, the conditional law of n; given {n1,...,nj—1, nj+1, ..., ny} is that of the

level line of the GFF on £2 ; with Dobrushin boundary data, which is that of the chordal
SLE4. By the uniqueness of the global N-SLE4 [BPW18, Theorem 1.2], this global N-
SLEy is the global N-SLE4 constructed in Theorem 1.3. Finally, Proposition 5.6 proves
(1.8). O

6. Pure Partition Functions for Multiple SLE4

In the previous section, we solved the connection probabilities for the level lines of
the GFF in terms of the multiple SLE4 pure partition functions. On the other hand, we
constructed the multiple SLE, pure partition functions for all ¥k € (0, 4] in Sect. 3,
see (3.7). The purpose of this section is to give another, algebraic formula for them in
the case of x = 4 (Theorem 1.5, also stated below). This kind of algebraic formulas
for connection probabilities were first derived by R. Kenyon and D. Wilson [KW11a,
KW11b] in the context of crossing probabilities in discrete models (in a general setup,
which includes the loop-erased random walk, x = 2; and the double-dimer model,
k = 4). In [KKP17a], A. Karrila, K. Kytold, and E. Peltola also studied the scaling
limits of connection probabilities of loop-erased random walks and identified them with
the multiple SLE, pure partition functions.

The main virtue of the formula (1.9) in Theorem 1.5 is that for each « € LPy, it
expresses the pure partition function Z,, as a finite sum of well-behaved functions g, for
B € LPy, with explicit integer coefficients that enumerate certain combinatorial objects
only depending on « and B (given in Proposition 2.9). Such combinatorial enumerations
have been studied, e.g., in [KW11a,KW11b,KKP17a] and they have many desirable
properties which can be used in analyzing the pure partition functions. As an example of
this, we verify in Sect. 6.1 that the decay of the rainbow connection probability agrees
with the boundary arm exponents (or (half-)watermelon exponents) appearing in the
physics literature.

The auxiliary functions U, implicitly appear in the conformal field theory literature
as “conformal blocks” [BPZ84a,FFK89,DFMS97,Rib14,FP18+] 4. In particular, such
functions for irrational « are discussed in [KKP17b], where properties of them, such as

4 The PDE system (1.1) is related to certain quantities being martingales for SLE4 type curves (see
Lemma 5.4). These partial differential equations arise in conformal field theory as well, from degenerate
representations of the Virasoro algebra, see, e.g., [DFMS97,Rib14]. The connection of the SLE, with confor-
mal field theory (CFT) is now well-known [BB03,FW03,BB04,Fri04, FK04,BBK05,Kyt07]: martingales for
SLEj curves correspond with correlations in a CFT of central charge ¢ = (3« — 8)(6 — «x)/2«. In that sense,
it is natural that the conformal block functions satisfy (PDE) (1.1)—they are (chiral) correlation functions of
a CFT with central charge ¢ = 1. Also the asymptotics property (ASY) (1.3) for Z, can be related to fusion
in CFT [Car89,BBK05,Dub15b,KP16].
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asymptotics analogous to our findings in Lemma 6.6 for x = 4, are explained in terms
of conformal field theory. In Sect. 6.4, we give a relation between the conformal blocks
with k = 4 and level lines of the GFF.

For each link pattern « € LPy, we define the conformal block function
Uy Xon — R

as follows. We write « as an ordered collection (2.11). Then, we set ¥ (i, i) := 0 and

1 ..
. L9,G,
U (X1, ... x2N) 1= | | (xj — x;) 200D,
I<i<j<2N

. +1, ifi, je€l{ai,a, ..., an}, ori, j € {b1, b2, ..., DN},
where ¥4, j) = I_l otherwise

6.1)

When o = NNy = {{1,2},{3,4},...,{2N — 1,2N}} is the completely unnested
link pattern, the formula (6.1) equals that of the symmetric partition function from
Lemma 4.15, so Unn,, = Zggl); Also, it follows from Proposition 2.9 that when o =
My = {{1,2N},{2,2N — 1},...,{N — 1, N}} is the rainbow link pattern, then we
have Up, = Zq, . In general, the conformal block functions Uy and the pure partition
functions Z,, for « € LPy, form two linearly independent sets that are related by
a non-trivial change of basis. Theorem 1.5 expresses this change of basis in terms of
matrix elements denoted by M;}} For illustration, we list some examples of the explicit
formulas for Z, from Theorem 1.5:

N = 1: This case is trivial, Zo(z1,@2) = (w2 — ml)_l/Q =Ur (v1,22).

N = 2: There are two link patterns, and denoting x;; := x; — x;, we have (see also
Table 1 in Sect. 2.4)

1/2
T43T21 )

Z (71,32, 73, 74) = U (21,22, 78,24) = | ————
T41T31T42L32

Zoo(z1,m2,23,24) = U~ (21,22, 23,24) — U = (21,22, 23,24)
. ( T41232 ) 1z
T\ Z31721T43T42 ‘
Note that these formulas are consistent with Lemma 5.2.
N = 3: There are five link patterns, and we have (see also Table 2 in Sect. 2.4)

Z =U ,

Z =U - U, =

Z u R + U, ==

Z =U - Uu + U, =

Z =U s - U + U - 2U =

We give now the statement and an outline of the proof for Theorem 1.5:
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Theorem 1.5. Let k = 4. Then, the functions {Zy: « € LP} of Theorem 1.1 can be
written as

Zo(xt,ooxan) = Y My Up(xr, .o, xaw), (1.9)
ﬂELPN

where Ug are explicit functions defined in (6.1) and the coefficients M;% € Z are given
in Proposition 2.9.

Remark 6.1. A direct consequence of Theorems 1.1 and 1.5 is that the right-hand side
of (1.9) satisfies the power law bound (1.4) with « = 4. This is far from clear from the
right-hand side of (1.9) itself.

The proof of Theorem 1.5 uses two inputs. First, we verify that the right-hand side
of the asserted formula (1.9) satisfies all of the properties of the pure partition functions
Zy with k = 4: the normalization Zy = 1, bound (2.4), system (PDE) (1.1), covariance
(COV) (1.2), and asymptotics (ASY) (1.3). Second, with these properties verified, we
invoke the uniqueness Corollary 2.4 to conclude that the right-hand side of (1.9) must
be equal to Z,. We give the complete proof in the end of Sect. 6.3.

We point out that it is not difficult to check the properties (PDE) (1.1) and
(COV) (1.2)—this is a direct calculation. The main step of the proof is establishing the
asymptotics (ASY) (1.3), which we perform by combinatorial calculations in Sect. 6.3,
using notations and results from Sect. 2.4. However, before finishing the proof of The-
orem 1.5, we discuss an application to (half-)watermelon exponents.

6.1. Decay properties of pure partition functions with k = 4. Consider the rainbow
link pattern M, (see Fig. 10). We prove now that, when its first N variables (or both the
first N and the last N variables) tend together, the decay of the pure partition function
Znm,, agrees with the predictions from the physics literature for certain surface critical
exponents [Car84,DS87,Nie87, Wer04, Wul8], known as boundary arm exponents (or
(half-)watermelon exponents).

Proposition 6.2. The rainbow pure partition function has the following decay as its N
first variables tend together:

Zo, (6,26, ..., Ne, 1,2, N) R0 eNOV=DA,
The symmetric partition function Zgpg has the decay
—N/4 . .

-0 |e€ if N is even

zM) €,2¢,...,Ne,1,2,....N 2 ’ ’

G ) e~ (N=D/4 i N is odd.
Proof. Theorem 1.5 and Proposition 2.9 show that Z5 = Un, . Now, it is clear from
the definition (6.1) of U, as a product that the decay from the ﬁrst N variables x; = je,

for j € {1,..., N}, is €”, where the power can be read off from (6.1): p = NU\; D

J+1) = YE=D Similarly, by the formula (4.17) of Lemma 4.15, the decay of the
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symmetric partition function Zggr is also of type €”". To find out the power, we collect
the exponents from the differences of the variables x; = jein(4.17),forj € {1, ..., N}

r_ Z (—1)* = 11\721
" 2k1

1<k<I<N
This proves the asserted decay. O

N—k

(=D™
1

1 —N/4, if N is even,

—(N —1)/4, if N is odd.

m=

We see from Theorem 1.5 and Proposition 6.2 that for the level lines of the GFF, the
connection probability associated to the rainbow link pattern (given in Theorem 1.4) has
the decay

ZmN(e,Ze,...,Ne,1,2,...,N) €0 .

~ eaN

m s
BT ZM) e 26, Ne.1,2,....N)

N2/4, if N is even,

where o} = 5 R
(N<—1)/4, if N is odd.

The exponent o}, agrees with the SLE4 boundary arm exponents derived in [Wul8,
Proposition 3.1].

Corollary 6.3. The rainbow pure partition function has the following decay as both its
N first variables and its N last variables tend together:

Z@N(G,Ze,...,N6,1+6,1+26,...,1+N6) 20 eNIN=D/2,

The symmetric partition function Zggr has the decay

—N/2 . .

(N) e—0 |e€ , if N is even,
Zorr(€,2€6,...,Ne,1+€,1+2¢,...,1+Ne) ~ ~N-D2 if N is odd.

Proof. Because the two sets {€,2¢,..., Ne}and {1 +¢€,1 +2¢,...,1+ Ne} of vari-

ables tend to 0 and 1, respectively, we only have to add up the power-law decay of
Proposition 6.2 for both. 0O

6.2. First properties of conformal blocks. Now we verify properties (PDE) (1.1) and
(COV) (1.2) with k = 4 for Uy.

Lemma 6.4. The functions Uy : Xony — R.q defined in (6.1) satisfy (PDE) (1.1) with

Kk =4.
Proof. For notational simplicity, we write x;; = x; —xj and x = (x1, ..., Xx25) € Xon.
We need to show that for fixedi € {1, ...,2N}, we have

32Uy (x) 2 Jla(x) 1
2_1 R U — = 0. 2
U () +Z# (x,-l- o 23) 7" ©2
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The terms with derivatives are

O Us(x) 1 a (i, J)Va iy k) Oa (i, j)
2 2 2 -2

uct(x) N 2 ki XijXik i xi2j
i Y 2O s L Zﬁ oleb)
—. Xji Uy (x) Xji
J# J# k#j

Using this, the left-hand side of the PDE (6.2) becomes

Vo (i, )Va(i, k) Vo (i, j) l‘/‘a( k) 1
‘Z# Yot Z PR 222. (6.3)

x
Joki j# i 2 k) Jj#

The last term of (6.3) is canceled by the case k = j in the first term, and the second
term of (6.3) is canceled by the case k = i in the third term. We are left with

Z— 5 (ﬂa(j,k) ~ ﬁaa,jwa(i,k)) 64)

X 2x;
o Xji jarry Jjk ik

For a pair (j, k) such that j # i and k # i, j, combining the terms where j and k are
interchanged, we get a term of the form

(ﬁa(j, k) N ﬂa(j,k)> N Vo (i, j)Va(i, k) _ Vo (Jj, k) N Vo (i, J)Va (i, k)

XjiXjk Xki Xkj X jiXki XjiXik XjiXpi

Vo (j, k) — 0a (i, j)Va (i, k)
XjiXik ’

It remains to notice that the numbers ¥, defined in (6.1) satisfy the identity 9, (j, k) —
By (i, j)Va(i, k) = 0 forall i, j, and k. This proves (6.2) and finishes the proof. O

Lemma 6.5. The functions Uy : Xon — Rwq defined in (6.1) satisfy (COV) (1.2) with
Kk =4.

Proof. For any conformal map ¢: H — H, we have the identity £ M =

Vo' @/ (w) for all z,w € H, see e.g. [KP16, Lemma 4.7]. Using thls 1dent1ty,
we calculate

3000 ))
Ua(p(x1), - - 9(x2N)) l_[ (w(xj)—w(xi)>2

Uy (X1, ..., x2N) Xj— X
j

1<i<j<2N

= [1 @epean)

1<i<j<2N
For each j € {l1,...,2N}, the factor (p '(x;) comes with the total power i(N (- +
(N — 1(+1)) = 4, which equals —h = (k — 6)/2« with k = 4. Thus, U, satisfy

(COV) (1.2)withk =4. O
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6.3. Asymptotics of conformal blocks and Proof of Theorem 1.5. To finish the proof of
Theorem 1.5, we need to calculate the asymptotics of the conformal block functions
U, . This proof is combinatorial, relying on results from [KW11a,KW11b,KKP17a] dis-
cussed in Sect. 2.4. Recall that we identify link patterns @ € LPy with the corresponding
Dyck paths (2.12).

Lemma 6.6. The collection {Uy : o« € DP} of functions defined in (6.1) satisfy the asymp-
totics property

U ( ) 0, ifXj €,
alX1, ..., X2N . i
h T oin = YU 1 X X, xan)s A €,
xjxj—>E (Xj41 — X)) :
Z/{a\vj(xla~--,xj—l,xj+2,-~-,x2N), l.fvjeaa
(6.5)

forany j € {l,...,2N — 1} and & € (xj_1, xj42).

Proof. Fix j € {1,...,2N — 1}. If x; € «a, then either both j and j + 1 are a-type
indices with labels a,, ag, or both are b-type indices with labels b,, bs. In either case,
we have ¥y (j, j + 1) = 1, so the limit in (6.5) is zero. Assume then that AN oea (resp.
V; € a). In this case, we have j = by and j + 1 = a, (resp. j = a, and j + 1 = b;) for
somer,s € {1,..., N}, s09y(j, j +1) = —1. By definition (6.1), we have

1
Up(xr, o) = [ o —x)27®D
I1<k<I<2N
-1/2 L 9a K,
=@ —x) 7 T u—x2?®D
k<l,
k1%, j+1
1 . 1 .
19 (1,1 19l
x [T =) 270D () — i) 27D
k<j
1 . 1 .
% 1—[ (x; — Xj+1)719a(k’j+l)(xl _ Xj)fﬁ"‘(k’j).
I>j+1

The first factor cancels with the normalization factor (x;41 — x;)!/2 in the limit (6.5).
The second product is independent of x, x ;11 and tends to

o j g ey i—1s g ey
Ugp pi (X1 Xj—1,Xj42 X2N)

in the limit (6.5) (resp. to Uq\v;). Finally, the products in the last line tend to one
in the limit (6.5), because we have ¥y (k, j + 1) = —904(k, j), for all k < j, and
Oy (j+1,1) = —=094(j, 1), foralll > j + 1. This proves the lemma. 0O

Lemma 6.7. The functions defined by the right-hand side of (1.9) satisfy (ASY) (1.3)
with k = 4.

Proof. Denote the functions in question by

Zo(xr,.xon) 1= ) M UR(x, . xan). (6.6)

Bra
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Fix j € {1,...,2N — 1}. For the asymptotics property (ASY) (1.3), we have two cases
to consider: either {j, j + 1} € @ or {j, j + 1} ¢ «. As explained in Sect. 2.4, these can
be equivalently written in terms of the Dyck path @ € DPy as A/ € « and A/ ¢ a. The
asserted property (ASY) (1.3) with k = 4 can thus be written in the following form: for
alla € LPy,and forall j € {1,...,2N — 1} and & € (x;_1, xj42), we have

. Zy(x1,....xan) _ |0, if AV ¢ a,
xjxjn—E (Xjp1 —xj)712 Zpni (X1 X1, X2, o, Xon), AT € an
6.7)

We prove the property (6.7) for Z, separately in the two cases A/ € a and A/ ¢ a.
Assume first that N/ ¢ o. We split the right-hand side of (6.6) into three sums:

Z,;a = Z M;}B Ug + Z Mozlg Ug + Z ./\/lozlg Ug.

Bra: VieB B>a: N eB Bra: x;ep

Using Lemma 2.10(b), we combine the first and second sums to one sum over 8 such
that v; € B, by replacing § in the second sum by 8 1 ¢ ;. Furthermore, Lemma 2.10(d)

shows that the coefficients in these two sums are related by M;}S = _M;i‘iT o
) s J
Therefore, we obtain

Zo= Y ML (uﬁ—uﬁTo_i)+ S ML u.

Bra: Vv;ep Bra: x;jep

Now, it follows from Lemma 6.6 that the last sum vanishes in the limit (6.7), and that the
functions Ug and Z/Iﬁmj have the same limit, so they cancel. In conclusion, the limit (6.7)

of Z, is zero when A/ ¢ .
Assume then that A/ € «. By Proposition 2.9, the system (6.6) with « € DPy is
invertible, and

Up(xi.....xon) = Y Mpo Za(xi,... . x2y), forany p € DPy,  (6.8)
aeDPy

where Mg, = 1{B Y a). We already know by the first part of the proof that the

limit (6.7) of Z, is zero when AJ ¢ «. Therefore, taking the the limit (6.7) of the
right-hand side of (6.8) gives

S L) fim e BN le’/vz)

«eDPy XXt =€ (Xjp1 — Xj)

= Y 1L a) lim "‘(xl—le]}’; forany § € DPy. (6.9)
v xjxjsi—E (Xjy1 — Xj)

We want to calculate the limit in (6.9) for any fixed @ € DPy such that A€ a.
By Lemma 2.10(c), we have 8 Y wifand onlyif §; € Band B\Q; L a\A/. Now,
choose B € DPy such that A/ € B, and denote B = B\A’. Then, by Lemma 2.10(c),
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we have 1{8 <L o} = IL{;§ &} and we can re-index the sum in (6.9) by & = a\A/,
to obtain

. Zo(x1, ...,
> o1fLd)  lim ”‘(xl—le’/vz) (6.10)
4eDPy_; xm = (el = X))

On the other hand, with A/ € B, Lemma 6.6 gives the limit (6.7) of the left-hand side
of (6.8):

Up(xy, ..., x2N)

m = Uﬁ(xl» ey X1 X2y e s X2N)

- Z B L&) Za(x1, ..o, X1, Xj42s -, x2n),  (6.11)

aeDPy_

where in the last equality we used (6.8) for ,3 = ﬁ\Aj. Combining (6.10) and (6.11),
we arrive with

Y. My, lim

R XjXjs1— X —x;:)
O{EDPN,] Jorj+ g ( ]+1 ])

= Z Mﬁy& Z5(X1, oo X1, X a2y oo, X2N), for any B € DPy_1,
&EDPN_I

Z~a(xl, ""-XZN)
172

6.12)

where M, = 1{8 <L @} and @ € LPy is determined by & = o\ A/. Recalling that by
Proposition 2.9, the system (6.12) is invertible, we can solve for the asserted limit (6.7).
This concludes the proof. O

Proof (Proof of Theorem 1.5). We first note that the functions defined by the right-hand
side of (1.9) satisfy the normalization Zj = 1 and the bound (2.4) — the latter follows
immediately from the definition (6.1) of U, since the coefficients M;}f} do not depend
on the variables xp, ..., xo5. Lemmas 6.4 and 6.5 show that the functions U/, satisfy
the properties (PDE) (1.1) and (COV) (1.2) with x = 4, whence the right-hand side
of (1.9) also satisfies these properties by linearity. Furthermore, Lemma 6.7 shows that
these functions also enjoy the asymptotics property (ASY) (1.3) of the pure partition
functions Z, with k = 4. Thus, the uniqueness Corollary 2.4 shows that the right-hand
side of (1.9) must be equal to Z,. O

6.4. GFF interpretation. In this final section, we give an interpretation for the functions
Uy appearing in Theorem 1.5 as partition functions associated to a particular boundary
data of the GFF.

For ¢ € LPy, recall that we also denote by ¢ € DPy the corresponding Dyck
path (2.12). Let I',, be the GFF on H with the following boundary data:

AQa(k) — 1), ifx € (x, xke1),  forallk € {0,1,...,2N}. (6.13)

Note that by this definition, the boundary value of I, is always —X on (—oo0, x1) U
(x2n, 00), and +A on (xq, x2) U (xan—1, X2n). Define

Hok) = Aotk — 1) +ak) — 1), forallk € {1,2,...,2N}. (6.14)
Then we always have Hy (1) = Hy(2N) = 0.
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Proposition 6.8. Let « € LPy. Let Iy be the GFF on H with boundary data given
by (6.13). For all {a, b} € «a, let n, (resp. np) be the level line of Iy, (resp. —Iy) with
height Hy (a) (resp. —Hy (b)) Then, the collection (n1, ..., nan) is alocal N-SLE4 with
partition function Uy,.

Proof. The collection (11, ..., nan) clearly satisfies the conformal invariance (CI) and
the domain Markov property (DMP) from the definition of local multiple SLEs in
Sect. 4.2. Thus, we only need to check the marginal law property (MARG) for each
curve. We do this for n,. On the one hand, as 5, is the level line of I, with height
‘Hy (a), its marginal law is an SLE4(p) with force points {xi, ..., xan}\{xs}, where
each x,; (resp. xp;) is a force point with weight +2 (resp. —2). Therefore the driving
functlon W; of n, satrsﬁes the SDEs

pidt +2,  ifiefar,....ay)\al.
aw, = 2dB, + Y L& h _
t t ;W,—V’ where p; {_2’ i£ieibr.. .. by
; 2dr
V) =y fori#a 6.15
TVi—w, 7 (6.15)

where V,i are the time evolutions of the force points x;, for i # a. On the other
hand, (6.15) coincides with the SDE system (4.9) of (MARG) with F; = 29, logl,,
since by definition (6.1) of U4, we have

204 (i, a) pi
40 loglhy = 02 N A

This completes the proof. O

Let @ = NNy, be the completely unnested link pattern. Then, I'7n,, is the GFF on

H with alternating boundary data, Hnn N (k) =0, for all k, and Unn N = Zgg This is
the situation discussed in Sect. 5.3. By Theorem 1.4, all connectivities 8 € LPy for the
level lines of I'nn, havea positive chance.

However, for a general link pattern o« € LPy\{NN}, the boundary data for I,
is more complicated, and its level lines cannot necessarily form all of the different
connectivities: only level lines of I}, and level lines of —I, with respective heights
‘H and —H of the same magnitude can connect with each other. For example, when
o = My, then I, is the GFF with the following boundary data:

A2 —1), ifx € (xj,xjy1), forall je{0,1,..., N},
AMAN —1-2j), ifx € (xj,xjy1), forallje{N+1,N+2,...,2N},

and the heights of the level lines are Hp, (k) = 2A(k — 1), for k € {1,..., N} and
Ha, (k) = 212N — k), fork € {N +1,...,2N}. In this case, we have UDN = Za,»

and for j € {1,..., N}, the curve n; merges with 241 almost surely, that is, the
level lines necessarily form the rainbow connectivity M, . The marginal law of »; is the
SLE4(+2,...,+2, =2, ..., —2) in H from x| to xoy with force points (x2, ..., xony—1),

where x; (resp. x7) is a force point with weight +2 for k < N (resp. with weight —2 for
[>N+1).
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Remark 6.9. For each link pattern « € LPy, we associate a balanced subset S(«) C
{1, ..., 2N} (thatis, a subset containing equally many even and odd indices) as follows.
Write o = {{ay, b1}, ..., {an, by}} as an ordered collection as in (2.11). Define

S(a) :={a, : ref{l,...,N}anda, is odd }
U{bs : s e{l,..., N}and by is even}.

Let I" be the GFF on H with alternating boundary data. Then the probability that the
level lines of I" connect the points with indices in S(«) among themselves and the points

with indices in the complement {1, 2, ..., 2N}\S(«) among themselves equals
Uy (x1, ..., X2N)
Z8(xr, . xaw)

This fact was proved in [KW11a] for interfaces in the double-dimer model. The corre-
sponding claim for the level lines of the GFF can be proved similarly.

A Properties of Bound Functions

We first recall the definition of the bound functions: we set By := 1 and, forall « € LPy

and for all nice polygons (£2; x1, ..., xoy), we define
Ba(2;x1, ..., xon) =[] He(ra, xp)'"?
{a,b}ea

We also note that, by the monotonicity property (2.3) of the boundary Poisson kernel,
for any sub-polygon (U; x1, ..., xan) we have the inequality

Bo(U; x1,...,x08) < By (82; x1,...,%2N). (A.1)

Then we collect some useful properties of the functions B, with 2 = H:

By: Xay — Ra, Bo(xi,.oxan) = [ lxp—xal™". (A2)
{a,b}ea

Lemma A.1. The function By, satisfies the following asymptotics: with& = a/{j, j+1},
we have

lim Ba(fl,-..,sz): 0, flj,j+1} ¢a,

Xj. 51 —E, (X1 —ij)_l Ba(X1s e os Xjo1:Xj42, -5 Xan), if{j, j+1} €,
Xi—>xj fori#j,j+1

foralla € LPy, and forall j € {1,...,2N —1}andx) < - - <Xxj_1 <§ <Xji2 <

- < X2N-

Proof. This follows immediately from the definition (A.2). O
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Then we define, for all N > 1, the functions

BN Xy — Reo, BM(xy, ..., xon) = 1_[ (x1 — XV (A3)
1<k<I<2N

We note the connection with the symmetric partition function Zgpp for k = 4 defined
in Lemma 4.15:

BM(xy, ..., xon) = Z((;]Q:(xl, xR
Also, for a nice polygon (§2; x1, ..., xan), we define
2N

BN (@25 x1, ., xan) = [ 1o/l x BN (p(x1), ..., o)),

i=1

where ¢ : £2 — H is any conformal map such that ¢(x1) < --- < @(x2n).

Lemma A.2. Foralln € {1,..., N} and § < xou41 < -+ < Xan, we have
BM (%, ..., %)

lim AR = BN (xgu41, .. ., x2N).

Ty Xon—E, B (%, ..., %) (2041 2N)

Xi—>x;j for2n<i<2N

Proof. This follows immediately from the definition (A.3). O

B Technical Lemmas

In this appendix, we prove useful results of technical nature. The main result is the next
proposition, which we prove in the end of the appendix.

Proposition B.1. Letro € LPy and suppose that {1, 2} € a. Fixanindexn € {2,..., N}
and real points x| < --- < xon. Suppose n is a continuous simple curve in H starting
from x1 and terminating at xy,, at time T, which hits R only at {x1, xo,}. Let (W;,0 <t <
T) be its Loewner driving function and (g:,0 <t < T) the corresponding conformal
maps. Then we have

Bo (Wi, g1(x2), ..., 8 (x2n5))
1m =
1T BN (Wy, g1(x2), ..., &(xan))

For the proof, we need a few lemmas.

(B.1)

Lemma B.2. Let x| < x2 < x3 < x4. Suppose n is a continuous simple curve in
H starting from x| and terminating at x4 at time T, which hits R only at {x1, x4}. Let
(W, 0 <t < T) beits Loewner driving function and (g;, 0 < t < T) the corresponding
conformal maps. Define, fort < T,

— (81 (x4) — Wi)(gr(x3) — &:(x2))
. (8r(x4) — g1 (x2))(gr(x3) — Wt).

Then we have 0 < A; < 1, forallt < T,and Ay — Oast — T.

A
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Proof. Thebound0 < A; < 1 follows from Remark 5.1 and the fact that W; < g;(x2) <
gr(x3) < g¢(xa). It remains to check the limit of A; as t+ — T. To simplify notations,
we denote g;(x2) — W; by X»; and g;(x3) — g;(x2) by X32, and g(x4) — g (x3) by X43.
Then we have
X+ Xn+Xo)Xn | X3/Xo+ X3/ Xas + X3,/ (X21X43)
T X3+ Xa) X+ Xa) 1+ Xan/ Xo1 + Xao/ Xaz + X2 /(X1 Xa3)

To show that A, — 0 ast — T, it suffices to show that
X3/X21 — 0 and  X3p/X43 — 0. (B.2)

For z € C, denote by P* the law of Brownian motion in C started from z. Let 7 be the
first time when B exits H\#n[O0, 7]. Then by [Law05, Remark 3.50], we have

Xs3 = lim yPY[B; € (x3,x4)], X3 = lim yPY[B; € (x2, x3)],
y—>00 y—>00
and X»; is the same limit of the probability that B; belongs the union of the right side

of n[0, ] and (x1, x2). Property (B.2) follows from this. O

Lemma B.3. Fix an indexn € {2,3, ..., N} and real points x1 < --- < x2,. Suppose
n is a continuous simple curve in H starting from x| and terminating at x, at time T,
which hits R only at {x1, x2,,}. Let (W;,0 <t < T) be its Loewner driving function and
(g1, 0 <t <T) the corresponding conformal maps. Then we have

2n (=1)/
) — W
li < 8r(xj) t ) —0.
f—>Tj:3 8r(xj) — g1 (x2)

Proof. Forallodd j € {3,5,...,2n — 3}, Remark 5.1 shows that

< (gt(xj) - gt(XZ))(gt(xjH) - Wy <1
- (gt(xj) - Wt)(gt(xj+1) —gr(x2)) —

Combining this with Lemma B.2, we see that, when t — T, we have

0

5 L
0<T] (M)( Y @) - s W)
N =3 8r(xj) — gr(x2) T (gr(xan—1) — Wi)(gr(x2n) — &1 (x2)) .
This proves the lemma. O
Next, forany o« € LPy and n € {1, ..., N}, we define the function
By(x1, ..., x2n)
FP(x1, ..., xon) == — (B.3)

Lemma B4. Let « € LPy and suppose that {1,2} € a. Then foralln € {1, ..., N},
with @ = a/{1, 2}, we have

2n

-1/
Xj — x| 1
Fogn)(x]ax27x37"‘7x2N)=1_[(]—) XF&(n )('x3?~x47-"?~x2N)‘
=3 Xj— X2
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Proof. This follows immediately from the definition (B.3) of F(,g"). O
Lemma B.5. Foranya € LPy, n € {1,..., N}, and &€ < xop41 < -+ < X2N, We have

lim sup FDE")(EL Lo XoN) < oo. (B.4)
Xlyees Xon—E&,
Xi—>xi for2n<i<2N

Proof. We prove the claim by induction on N > 1. Itis clear for N = 1, as F@(O) =1.
Assume then that

. )~ -
lim sup Fé)(xl,...,x2N72)<oo
X1y X2g—Y,
Xj—x; for 20<i<2N -2

holds for all B € LPy_1, £ € {I,...,N — 1}, and y < x2¢41 < --- < XaN—2-
Letw € LPy,n € {1,..., N}, and § < xo441 < --- < Xx2n. Choose j such that
{j, j + 1} € «. We consider three cases.

— j+ 1 < 2n: In this case, by Lemma B.4, we have

FM (%1, ..., %)
~ » el
Xi —Xj (=1 (n—1) ~ ~ ~ ~
= l_[ m Fa/{j’j_'_l}(X],...,Xjf],x]‘+2,...,x2[v).
1<i<2n, -
iZjj+]

Using Remark 5.1, we see that if j is odd, then we have

X —X; |(=DiHH Xom—1 — Xi+1)(Xom — X;

1—[ ‘~l Nj _ 1—[ (~2m 1 ~]+1)~( 2m~ j) <1,
|<i<on, i T Xjel l<mn, (X2m—1 — Xj)(X2m — Xj+1)
i#j,j+1 m#(j+1)/2

and if j is even, then we have
1—[ ii - ij (_I)H—j“
1<i<on, 0T Xt
i#)j+
(X1 — Xj)(X2n — Xj41) l—[ (Xom — Xj1) (Xome1 — Xj) {
(1 = Xj)(Gon = X1 2 2 o = X)) (Fomet — Xje1)
m#j/2
Thus, we have
(n) % = z =
Fg[ (-xl"‘ XZN)<F/{11+1 (xlr"'sxjfl’-x]+21""sz)v
so by the induction hypothesis, Fé”) remains finite in the limit (B.4).
— j > 2n: In this case, we have
~ ~ ~ 1 ~ ~ ~
FM(F, .. Fon) = Fjel — %)) F /{j e X1 X2, - XN,

which by the induction hypothesis remains finite in the limit (B.4).
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— j = 2n: In this case, we have
B — % 22— 5\
FG, ..., fn) = (—3" 2’11) < [1 (—%"‘ _ )

X2n+1 — X2n il Xon — Xi

x F-D (3 Ty, ki o)
a/{j,j+1} Ioeees Xj—1 X425 ooy A2N).

By Remark 5.1, we have
2n—2

. (D) 1o . . .
1—[ <x2n—1 —xi>( D ri—[ (X210 — X2m—1)(¥20—1 — X2m)

i \ X — X (Xon—1 — Xom—1) (K2 — Xom)

m=1

By the induction hypothesis, the limit (B.4) of F, 0&7{_]1]) 1) is finite, so we see that Fogn)

also remains finite in the limit (B.4) (in fact, the limit of FOS") is zero in this case).

This completes the proof. O

Proof (Proof of Proposition B.1). Write B,/BY) = (B(”)/B(N))(BQ/B(”)). Then,
Lemma A.2 shows that in the limit (B.1), we have BN)/B™ — BWN=7 - (. Thus,
it suffices to show that F\"” = B,/B™ — 0 in this limit. Indeed, combining Lemmas
B.3-B.5, we see that in the limit + — T, we have

Bot(Wls gt(-x2)v e gZ(XZN))

B (W, 8r(x2), ..., & (x2n))

= F(Wi, g(x2), ..., g (x2n))
2n

N—w Y
= H(%) X FOE D(gi(x3), ..., gixan)) —> 0,
j=3 NI

where & = /{1, 2}. This concludes the proof. O
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