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The existence of the well-known Jacquet-Langlands correspondence was established by
Jacquet and Langlands via the trace formula method in 1970 [13]. An explicit construc-
tion of such a correspondence was obtained by Shimizu via theta series in 1972 [30]. In
this paper, we extend the automorphic descent method of Ginzburg-Rallis—Soudry [10]
to a new setting. As a consequence, we recover the classical Jacquet-Langlands corre-

spondence for PGL(2) via a new explicit construction.

1 Introduction

The classical Jacquet-Langlands correspondence between automorphic forms on GL(2)
and D*, with a quaternion division algebra D, is one of the first established instances of
Langlands functorial transfers. The existence of such a correspondence was established
by Jacquet and Langlands via the trace formula method in 1970 [13]. An explicit con-
struction of the Jacquet-Langlands correspondence was obtained by Shimizu via theta

series in 1972 [30]. Shimizu's construction was extended in the general framework of
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5456 D. Jiang et al.

theta correspondences for reductive dual pairs in the sense of Howe [12], and has been
important to many arithmetic applications, including the famous Waldspurger formula
for the central value of the standard L-function of GL(2) [33], and the work of Harris and
Kudla on Jacquet's conjecture for the central value of the triple product L-function [11],
for instance.

The automorphic descent method developed by Ginzburg et al. in [10] constructs
a map which is backward to the Langlands functorial transfer from quasi-split classical
groups to the general linear group. The starting point of their method is the symmetry of
the irreducible cuspidal automorphic representation on GL(n). However, their theory is
not able to cover the classical groups which are not quasi-split. In this paper, we extend
their method by considering more invariance properties of irreducible cuspidal auto-
morphic representations of GL(n), so that this extended descent is able to reach certain
classical groups which are not quasi-split. Owing to the nature of the newly introduced
invariance property and the new setting of the construction, we call the method intro-
duced below twisted automorphic descent.

Let 7 be an irreducible unitary cuspidal automorphic representation of GLy,(A),
where A is the ring of adeles of a number field F. Assume that the partial exterior square
L-function L5(s, 7, A%) has a simple pole at s = 1. It is well known now that 7 is the Lang-
lands functorial transfer from an irreducible generic cuspidal automorphic representa-
tion o of the F-split odd special orthogonal group Go(A) =S032,+1(A). The automorphic
descent method of Ginzburg et al. [10] and the irreducibility of the descent [19] show that
this g is unique and can be explicitly constructed by means of a certain Bessel-Fourier
coefficient of the residual representation of SO4,(A) with cuspidal datum (GLy,, 7).

The objective of this paper is to extend the descent method of [10] to construct
more general cuspidal representations and more general groups which are pure inner
forms of the F-split odd special orthogonal group Go(A). To this end, we take o to
be an irreducible cuspidal automorphic representation of an F-anisotropic SO} asso-
ciated with a non-square class § of F*, and assume that the central value L(%, T X 0)is
non-zero. The main idea is to make conditions such as L(%, 7 X 0) #0 into play in the
construction of more general cuspidal automorphic representations of classical groups
using the irreducible unitary cuspidal automorphic representation r of GL and the irre-
ducible cuspidal representation o of SO%. We refer the reader to [22] for a more general
framework of such constructions, which are technically much more involved than the
current case in this paper. Hence, we leave to [22] the detailed discussions for general
construction. We give below a more detailed description of the construction and the

main results of the paper.
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Jacquet-Langlands and Twisted Descent 5457
1.1 A residual representation of SOfm 42 (A)

Let V be a quadratic space of dimension 4n+ 2 defined over F with a non-degenerate

quadratic form (-, -). We assume that the Witt index of V is 2nwith a polar decomposition
Vv=vte eV,

where V' is a maximal isotropic subspace of V, and V; is an anisotropic subspace of
dimension 2. We may take the quadratic form on V; to be associated with Jy=(}9),

where —§ ¢ sz, and the quadratic form of V is taken to be associated with

Wan
Js )

W2n

where w; is the (r x r)-matrix with 1's on its anti-diagonal and zero elsewhere. Denote
by H? = SOfLthz the corresponding F-quasi-split special even orthogonal group. We fix a
maximal flag

F:0CcVWcVvfc--cV,=v"

in V*, and choose a basis {ei, ..., e} of V' over F such that Vﬁ =Spanf{e, ..., e}. We

alsolet {e_1, ..., e_a,} be a basis for V—, which is dual to {ey, ..., ez} in the sense that
(g, e_;)=6;jfor1<i, j<2n,

and let V;” =Spanfe_,, ..., e_¢}.
Let P be the parabolic subgroup fixing V*. Then P has a Levi decomposition
P = MU such that M~ GLy, x SO}, where SO is the F-quasi-split special orthogonal
group of (Vp, Js). Let t be an irreducible unitary cuspidal automorphic representation of
GL2y,(A), and o be an irreducible unitary (cuspidal) representation of SO‘;(A). Thent ® o
is an irreducible unitary cuspidal representation of M(A). For s € C and an automorphic
function
$roo € A(M(F)U (A)\H’ (8))

Q0 ’

following [26, Section II.1], one defines Asp.g, to be (As o mp)d.g,, Where Ag € XAP/IIJ ~C
(see [26, Section I.1] for the definition of Xj‘é5 and the map mp), and defines the corre-

sponding Eisenstein series by

E(hs.¢g)= Y.  Asbros (Vh).

y€P(F)\H’ (F)
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5458 D. Jiang et al.

which converges absolutely for Re(s) >0 and has meromorphic continuation to the
whole complex plane [26, Section IV]. We note here that under the normalization of
Shahidi, we can take A; = s& (see [28]), where « is the unique reduced root of the maximal
F-split torus of H® in U.

As in [18], define

B(s)=L(s+1,tx0) -L(2s+1,17,1%,

where the L-functions are defined through the Langlands—Shahidi method [29]. Then

define the normalized Eisenstein series

E* (h9 S, ¢T®O‘) :ﬁ (S) E (hv S, ¢I®o‘) )

which has the following properties.

Proposition 1.1 ([18, Proposition 4.1]). Let t and o be as above. Then the normalized

Eisenstein series E*(h, s, ¢.g,) has a simple pole at s= % if and only if L(s, 7, A?) has a

poleat s=1and L(3,7 x 0) #0. O

Let &, denote the automorphic representation of H?(A) generated by the
residues at s= % of E(h, s, ¢g.) for all ¢.g, € A(M(F)U(A)\H’(A)),g,. From now on, we
assume that L(s, 7, A%) has a pole at s=1 and L(%, 7 x 0) #0. In this case, T has trivial
central character [15]. By Proposition 1.1, the residual representation ., is non-zero.
By the L2-criterion in [26; 18, Theorem 6.1], the residual representation &£,g, is square-
integrable. Moreover, the residual representation &, g, is irreducible, following Theorem
A of Moeglin in [24], for instance. Note that the global Arthur parameter (see [2]) for &g,
is (r, 2) Hy, [18, Section 6].

1.2 Fourier coefficients attached to partition [(2¢ 4 1)147-2¢+1]

Following [16], one defines Fourier coefficients of automorphic forms of classical groups
attached to nilpotent orbits and hence to a partition. For H® =S0j,,,,, we consider here
the Fourier coefficients attached to the partition [(2¢ + 1)14% 241 of 4n+ 2 with 1 < £ <
2n, which is also known as Bessel-Fourier coefficients. More precisely, for 1 <¢ <2n,

consider the following partial flag

Fp:0cvVcvfc---cvf,
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Jacquet-Langlands and Twisted Descent 5459

which defines the standard parabolic subgroup P, of H?, with the Levi decomposition
P, = M, - N,. The Levi part M, ~ (GL;)¢ x SO(W,), with

wo=(V @ V)"

Following [35], the F-rational nilpotent orbits in the F-stable nilpotent orbits
in the Lie algebra of SO),,,, associated with the partition [(2¢ + 1)1*"~2"1] are param-
eterized by F-rational orbits in the F-anisotropic vectors in W, under the action of
GL,(F) x SO(W,). The action of GL;(F) x SO(W,;) on W, is induced naturally from the
adjoint action of M, on the unipotent radical N,.

Take an anisotropic vector wg € W, with (wg, wg) in a given square class of F*,

and define a homomorphism x; ,, : Ny — G, by

14

Xewo (W)=Y (u-ei, e 1)+ (u-wo, e_y).
i—2

Recall that here (-, -) denotes the quadratic form on V. Define also a character
I»[/Z,wo =yo Xe,w Ny (A) — Cc*,

where ¢ : F\A — C* is a fixed non-trivial additive character. Hence, the character ¥ ,,
is trivial on N,(F). Now the adjoint action of M, on N; induces an action of SO(W,) on the
set of all such characters ¥ ,,. The stabilizer Ly ,,, of x¢,., in SO(W,) equals SO(wy N W}).

Let IT be an automorphic representation of H°(A) (see [3, Section 4.6]), occurring
in the discrete spectrum. For fe Vi and he H%(A), we define the vy ,,-Fourier coeffi-
cients of f by

fre (b =J f@h) i, ) dv: (1.
(V]

here [N,;] denotes the quotient N,(F)\N,(A). This is one of the Fourier coefficients of f
associated with the partition [(2¢ + 1)1%"2¢F1]. It is clear that fY¢w (h) is left Ly, (F)-

invariant, with L ,,, = SO(wé N W;). Following [10, Section 3.1], we define the space

01y IT) =Ly (A) — Span { fYo|, | fe Vn},

which is a representation of L, ,,(A), with right translation action. The situation that is
the main concern of the paper is the case of the so-called first occurrence, as described in
Theorem 1.2. In such a situation, the function fV (h) will be cuspidal for all f € Vj;, in
particular, square-integrable. Hence, we may identify the space oy, , (IT) as a subspace

of the discrete spectrum of the space of square-integrable automorphic functions
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on Ly.,,(A), and Oy (IT) becomes an automorphic L;,,(A)-module in the sense of
[3, Section 4.6].
To make a precise choice of the anisotropic vector wy for the cases 1 </ < 2n,

we take

o
Wo = Yo = €2n — €-2n

2
for « € F*, and hence we have (wg, wo) = —«. For such an «, we consider the three-
dimensional quadratic form given by J;, = (1 s ), which can be split or non-split over

o
F, depending on the Hilbert symbol (§, ). For the cases ¢ =2n, we take any non-zero
wp € Vo. Hence, for 1 <¢ <2n and wo = y,, we have L;, = SOZ’,‘{LZZH, which is a special

odd orthogonal group defined by the form
W2n—¢—1

W2n—(—-1

We denote ¥, y, by V., and oy, , (IT) by oy, ,(IT).

1.3 The twisted automorphic descent

Now, we apply the vy ,,-Fourier coefficients to the residual representation &g, of
S05, .2(A) and investigate more carefully its properties depending on the integer ¢. One

of the main results in this paper is the following theorem.

Theorem 1.2. Assume that an irreducible unitary cuspidal automorphic representation
T of GLy,(A) has the property that L(s, r, A%) has a pole at s=1 and there exists an
irreducible unitary (cuspidal) representation o of SO‘%(A) such that L(%, T x ) #0. Then
the following hold.

(1) The representation oy, (E;go) Of SOYY 5, (A) is zero forall n< ¢ < 2n.

(2) For any square class « in F*, the representation oy, (:gs) Of SO‘;’,‘Z‘H(A) is
cuspidal automorphic.
(3) There exists a square class « in F* such that the representation oy, (E:¢s) of

s0%

2ne1(A) is non-zero, and in this case

Oy Ergo) =TI @M@ O D -+ -,
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Jacquet-Langlands and Twisted Descent 5461

where m; are irreducible cuspidal automorphic representations of SO%’,‘;’H(A),
which are nearly equivalent, but are not globally equivalent, that is, the
decomposition is multiplicity-free.

(4) When oy, (E:¢0) is non-zero, any direct summand x; of oy, (£:¢,) has a weak
Langlands functorial transfer to t in the sense that the Satake parameter of
the local unramified component 7, of t is the local functorial transfer of that
of the local unramified component 7, of = for almost all unramified local
places v of F.

(5) When oy, (£:90) is non-zero, every irreducible direct summand of oy, (€:g0)
has a non-zero Fourier coefficient attached to the partition [(2rn — 1)12].

(6) The residual representation &;g, has a non-zero Fourier coefficient attached
to the partition [(2n+ 1)(2n— 1)12]. O

For these square classes « in F* such that oy, (&:¢,) is non-zero, we call

oy, (E:00) the twisted automorphic descent of 7 to SO%® . (A). It is clear from the notation

2n+1
and more importantly the explicit construction that the twisted automorphic descent
oy,..(E:00) depends on the data (z; 6, o; «). The GL;(F) x SO(W;)(F)-orbits of anisotropic
vectors in W, labeled by the pair (8, «) determine more refined properties of the twisted
automorphic descent oy, ,(£:¢,), Which will be briefly discussed at the end of Section 3
in connection to Parts (5) and (6) of Theorem 1.2 and to the structure of the relevant
global Vogan packets. We refer to the reader [22] for more discussion on the general
framework of the twisted automorphic descent constructions for classical groups with
connections to explicit structures of global Arthur packets and global Vogan packets. In
order to show the potential of the theory of twisted automorphic descents, we provide
in Section 5 a complete description of the method and result for the case of n=1, which
recovers the classical Jacquet-Langlands correspondence. Hence, the twisted automor-
phic descent discussed in this paper provides a new method to establish the Jacquet-
Langlands correspondence for PGL(2).

Parts (1) and (2) of the theorem are usually called the tower property and cuspi-
dality. They will be proved in Section 2 after establishing the vanishing property of the
corresponding local Jacquet module at one unramified local place, following the idea
of [10]. In order to establish the first occurrence at ¢ = n, which is the first assertion in
Part (3) of the theorem, we have to understand the structure of the Fourier coefficients
of the residual representation &g, following the general framework of [16]. We first
prove that the residual representation .4, has a non-zero Fourier coefficient attached

to the partition [(2n)?1?] in Section 3 (Proposition 3.1), which is based on the cuspidal
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5462 D. Jiang et al.

support of &,g,. After that, we use the argument similar to that in [6, Section 5], but
with full details, to prove that there exists at least one square class « in F* such that
the twisted automorphic descent oy, (£:50) is non-zero (Proposition 3.3), which yields
the first assertion in Part (3) of the theorem. It is clear that the second assertion in Part
(3) of the theorem follows from Part (4) for the assertion of nearly equivalence, while
the multiplicity-free decomposition follows from the local uniqueness of Bessel mod-
els [1, 5, 20]. If we assume that the global Gan—Gross—Prasad conjecture holds for this
case, then we may deduce that oy, (£;¢s) is irreducible. We will not discuss this issue
in such generality in this paper, but we will discuss the case of n=1 in Section 5. Next,
we continue in Section 3 to obtain Part (5) of the theorem by showing that the irre-
ducible summands in the twisted automorphic descent oy, (£;:4,) have non-zero Fourier
coefficients attached to the partition [(2n — 1)12]. Note that if n= 1, this partition is triv-
ial, and the corresponding Fourier coefficient is the identity map. It is clear that if the
group sog"" is F-anisotropic, then its only nilpotent orbit is the trivial one, correspond-
ing to the trivial partition. However, if the group SO‘;’“ is F-split, because of Part (4), we
expect that the twisted automorphic descent has a non-zero Whittaker-Fourier coeffi-
cient. There will be a more detailed discussion for this case in Section 5. In Section 4, we
are going to prove that the Satake parameter of the unramified local component of any
of the direct summand =; of oy, (€:¢,) transfers canonically to the Satake parameter of
the unramified local component of 7, and hence the direct summands of oy, (&:¢,) are
nearly equivalent. This proves Parts (3) and (4) of the theorem. The last part (Part (6)
of the theorem) follows from Part (5) as a consequence of the Fourier coefficients asso-
ciated with a composite of two partitions as discussed in [9, 17], which will be briefly

discussed before the end of Section 3.

2 On Vanishing and Cuspidality

We are going to show that the v, ,,-Fourier coefficients of the residual representation
Eroo Of SOfLthz (A) vanishes for all n < ¢ < 2n. Following the tower property proved in [10],
the twisted automorphic descent oy, (€:50) is cuspidal, which might also vanish. Such
vanishing property of the family of the Fourier coefficients S;//g;“ should be determined
by the global Arthur parameter of the square-integrable residual representation &, g,
and the structure of its Fourier coefficients as conjectured in [16]. Through the local-
global relation, one may take the local approach to prove such vanishing property as
shown in [10]. However, a purely global argument should be interesting and expected [8].

We will come back to this issue in future.
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Jacquet-Langlands and Twisted Descent 5463

In the following, we follow [10] to take the local approach, which is a calcula-
tion of twisted Jacquet module at one unramified local place. This proves Part (1) of
Theorem 1.2. Following the argument of the tower property in [10], we deduce in the
second section the cuspidality of the twisted automorphic descent, which is Part (2) of

Theorem 1.2.

2.1 Calculation of certain Jacquet modules

Most of the results are deduced from the general results of [10, Chapter 5].
Let k be a non-Archimedean local field and V be a non-degenerate quadratic

space of dimension 4n+ 2 over k. We have a polar decomposition
v=Vte oV,

where V* is a maximal isotropic subspace of V and V; is anisotropic. There are two

cases to be considered

(1) dim ¥, =0, if SO(V) is split;
(2) dim Vp =2, if SO(V) is quasi-split.

We denote the Witt index of ¥V by m, which can equal to 2n+ 1 or 2n in case (1) or (2),
respectively.

Let H =SO(V) be the special orthogonal group on V over k. Fix a basis {ey, . . ., exp}
of V*, and if V5 #0, we take a basis {e(l), e(()z)} for V, such that (eél), e(()l)) =1 and
(e(()z), eéz)) =4 for some § € k*. Otherwise we fix a basis {ei, ..., ex1) for Vt. As in the
global case (Section 2.2), for 0 < ¢ < 2n, let P, be the parabolic subgroup of H preserving

the partial flag
Fo:0cVicvfc.--cy .

Then P, = M, - N, with M, ~ G}, x SO(W,), where W, is the same as in Section 1.2. For

a € k¥, we take an anisotropic vector wy € V as follows:

o .
Vo =€2n — —€_2n if £ < 2n,
wo = 2 (2.1)

wel’ orael? in V if £=2nand V #0.

Remark 2.1. By a change of basis if necessary, we see that each anisotropic vector in V

is of the form «we; + Be_; or ae(()j) (this occurs only if V4 # 0) for some «, 8 € k*. Then the

above choices of wy essentially represent any anisotropic vector in V. O
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5464 D. Jiang et al.

Similar to the global case (Section 2.2), one defines a character ¥, on N,(k) by
Y =Y o X¢.w,,» Where ¥ is a non-trivial additive character on k. Let L, ,,, = SO(W,; N w({)
be the stabilizer of x; ., in SO(W,).

For any smooth representation (17, Vy) of H(k), we define the (twisted)

Jacquet module

Jyouy (Vi) = Vir/Span {IT (W) § — Y., (WE |ue Ny (K), & € Vir},

which is an L, ,,-module. To simplify the notation, we will use x;, Lo and Jy, o if
wo = V. Note that with the notation of the previous section, for 0 < ¢ < 2n, the form of

the odd orthogonal group L, is

Wan—(-1
J= Js.a ;

W2n—¢—1
and hence we have the following cases:

(i) if J5, is non-split over k, then L,, is non-split, and Witt(k- y_, + V) =0;
(ii) otherwise, the group L, , is k-split. In this case, Witt(k- y_, + Vo) =1if 5 #0
(i.e. =8 ¢ k*%), and Witt(k - y_o + Vo) =0 if V5 =0.

Moreover, if £ = 2n, this will be a degenerate case, and Ly, ,, is a trivial group.

Forany 0 < j <2n, let Vf =Span{ey, ..., ej}, and let Q; be the standard parabolic
subgroup of H which preserves V]-+. The group Q; has a Levi decomposition Q; = D; - U;
with D~ GL;(k) x SO(W;). For 0 <t < j, let 7¥ be the tth Bernstein-Zelevinsky deriva-

tive of t along the subgroup

z;={<ls y) €GL; (k) | ze Zt(k)}
0 z

and corresponding to the character

I _
1ﬂé(( Y>>=w Hzat+ etz
0 =z

Then 7 is the representation of GLg(k) with s=j —t, acting on the Jacquet module

Jz;.4;(V;) via the embedding

d+— diag (d, I;) e GL; (k) .

Downl oaded from https://academ c.oup.confinrn/article-abstract/2016/18/5455/ 2452919
by National University of Singapore user
on 01 March 2018



Jacquet-Langlands and Twisted Descent 5465

For a € k*, we also consider the character v, , on Z; defined by

" I
Vi g ((05 y)) =y ! (Zl,z +--+zZ g+ CZYS,l) .
z

Denote the corresponding Jacquet module Jzé’wga(Vf) by 1.2, which is a representation
of the mirabolic subgroup Psl_1 of GLs(k). Since t()o =~ 1), for any a, a’ € k*, according
to [10, Lemma 5.2], we sometimes denote by 7(;) any of such representations () 4.

Let t and o be smooth representations of GL;(k) and SO(W;), respectively.

The Jacquet module Jw.a(Indgjr ® o) has been studied in [10]. We state it here for
completeness.

Proposition 2.2 ([10, Theorem 5.1]). Set |- |:=]|det(-)|. The following hold.

(1) Assume that0<¢ <mand 1< j<m; then

Jl/,m (Indg}_f [ 0’)

_ . Lo 1-t (t) t
= @ 1ndO,H| TV dy (o‘”b>

l+j—m<t<t, 0<t<j

. 1Lia e ¢ . .
1nda‘,]"ﬂ| Az @0 ifl<j,
0 otherwise;
. , n—(—j .~ (+j—2n . .
indbe| R I g g (oo ifo<2n—¢<j,
Q, Vi va
»
0

otherwise.
(2) Assume that 0 <¢ < and j=m; then
s Lo _¢ ¢ . Lo, 1-¢ ¢
Ty (Indgjr ® o) = mdai’,';.,e' T2t ® 0 @8, - ind 7| - | 2 10 Juy . <0’wb> .
(3) Assume that £ =m and wg € Vp; then
gy, (md® =d - J v
Viw, (1N, TR0 ) =e - Jy; ;|0 ),
here d;, = dim .
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Here, Q, =L, Nn;! Og"j)nt with w being the representative of Q;\H/Q, corresponding to

the pair (0, s) as in [10, Chapter 4], and with t=j — s,

€
I,
ng}j) = Nw'Quw, n= Tant2—2¢ , and e= <I t) .
t
6*

Also Q;;=Lyq Ny} Of_,’,”j) ns,c with t being the same as above, and

Ns,t = Vs y Vs = Iy,
€* 0 Ippy¢s

I, 0

Set wp =diag(In, ), In), where wp=(3 %) if m=2n, and w)=(y %) if m=2n+1.

Moreover, §, =0 unless Witt(k- y_, + Vo) =1, and in such cases, set v, € Vy such that
(von vO() =—«,

Ip -1

Vo

NIQQ| —
R

Ly o1

y =diag(Is_1, Vu, Is-1), and n,,; is of the same form as ns; where y; is replaced by y,.
Finally, Q,, =L¢o N n;ﬂ{tafgf’]?nymt, and y;, (or ¥, ) denotes the corresponding character
like v, , but on the groups of smaller rank. Note that “ind” denotes the compact induc-

tion, and “=" denotes isomorphism of representations, up to semi-simplification. O

Remark 2.3. Define

+
Vi s =Span; {ei<£+1)7 s ei(/z+s>} C W,.

When wo € W45 or H(k) is split, Q; is the maximal parabolic subgroup of L, ,, which
preserves the isotropic subspace w}V,’; N wy. Otherwise, it is a proper subgroup of the
parabolic subgroup. Moreover, Q;, is a subgroup of the maximal parabolic subgroup of

Ly, which preserves the isotropic subspace 7} V;; N y;. O

With the above preparation, we turn to the calculation of the twisted Jacquet

module for any unramified local component of the residual representation &g, .
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Let 7 be an irreducible unramified representation of GL,,(k) with central char-
acter w, = 1. Since 7 is generic and self-dual, we may write t as the full induced repre-

sentation from the Borel subgroup as follows:

-1 -1
T=H1 X s X Un X Hyy Xooee Xl

where u;'s are unramified characters on k*. Also, let o be an irreducible unramified
representation of SO(W,,). When H = SO(V) is k-split, the representation o is given by a
unramified character g of k*; and when H is k-quasisplit, SO(Ws,) is a compact torus,
and hence o is the trivial representation.

Let 7.4, be the unramified constituent of Indgmt .|det|? ® 0. In the following
proposition, we will consider the vanishing of J, (7.¢,) by explicitly calculating this

Jacquet module using Proposition 2.2.

Proposition 2.4. Let t be an irreducible unramified representation of GL,,(k) with cen-
tral character w, =1, and o an irreducible unramified representation of SO(W,,). The

following hold.
(i) Assume that J; is non-split over k.

(1) If wo =y, for « € kX such that J;, is split, then Jy, (7.g,) =0 for
{>n+1.
(2) If wg € W, then J¢,2n.w0 (Tr0s) =0.

(ii) Assume that J; splits over k. For any choice of aek*, Jy, (m:9,)=0
fore>n+1. O

Proof. We suppose first that H is non-split, that is, J; is non-split over k.
In this case, m,g, is the unramified constituent of the representation of H

induced from the character (here o = 1)
1 1 —1 1 -1 1
pil 12 @+ Q@punl - [2Qup [ 12Q---@puy [-12®1. (2.2)
Moreover, one can find a Weyl element of SO(V) which conjugates above character to
1 _1 1 _1
pal- 12 @uil- 72 @+ @ pnl - |2 @ pnl - 72 @ 1.

Then, on induction by stages, one sees that 7.y, is the unramified constituent of

Ind? ¢’ ® o, where
OZn

= Indg;f_fz(k)ul (deter,) ® - - ® n (detar,) -
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Then since the twisted Jacquet functor corresponding to the descent is exact, we get (i)
(1) by Proposition 2.2(2) if we take wo =y, as in (2.1) (here j =m =2n, and §, =1 by our
assumption on « € k*). Note that we have used the fact that 7/, =0.

If wp € Vp, then by the arguments above we see that we also need to consider the
Jacquet module J,,, (Indghr/ ® o). By Proposition 2.2(3), we have (see the notation in

Proposition 2.2)
J]hn.wo (Indgmr’ ® 0) =d, - Jwé,wo (Ga%") .

Note that d,/ is the dimension of the space of i/-Whittaker functionals on 7/, hence is
zero by the construction of 7’. Then the above Jacquet module is zero, and this finishes
part (i) of the proposition.

We turn to consider the case where H is split with Witt index 2n+ 1 over k. By
our assumption, 7,g, is the unramified constituent of a representation induced from the

character

1 1 _ 1 _ 1
pal 2@ @ pnl 2@ py' |12 ® - @yl 12 ® ko
If nis even, 7,5, is the unramified constituent of Indgmr’ ® o, where

= Indgsz"z(k)Ml (detGLz) R ® Un (detGL2) .

And if nis odd, 7, is the unramified constituent of Indgmr’ ® o® with wy=(9%). Thus,
applying Proposition 2.2(1) with i =2n+ 1 and j=2n, one sees that J,,, (7;¢,) =0 for
¢>n+ 1. Note that in this case we have that §, = 0 for any choice of @ € kK*. Note that we

also use the fact 7/

=0for¢{>nand ), =0for¢>n—1. |

For later use, we write out the Jacquet module Jy, , (;g,) for the above unrami-
fied t and o, in the case that £ =n and the form J;, is split. Note that the last condition
means that the quadratic form §;x? + §,y* + az* represents 0 over k.

Proposition 2.5. Assume that t and o are unramified representations as above, and the
form J;, is split. Then the Jacquet module can be realized as follows:

dSO(Zn—H)

J‘ﬁn‘o{ (jTT@W) <In Bso2n+1)

“1 Q- Q Un.

Here, “m; < 72" denotes that 7; is a subquotient of 5. O

Proof. Suppose first that J; is non-split. We have that Witt(V) =2n, Witt(k- y_o +
VW) =1 (J, is split), and o =1. Conjugating by a Weyl element as in the proof of
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Proposition 2.4, one sees that 7,4, is the unramified constituent of Indgmzr/ ® o, where
GLan(k
T = IndPZLZZ( )[Ll (detGLz) R Q Un (detGLz) .

Now applying Proposition 2.2(2) for £ =n, j=2n=m, and using the fact that v'; =0,
we have
Tpne (Tego) < ind|det () | 77" @ Jyy (0F).

For the case that Jj splits, we note that m = Witt(V) =2n+ 1, and Witt(k- y_, +
Vo) = 0. Applying Proposition 2.2(1) for j =2n and £ = n, we see that

Jyn, (Trgo) < indg| det () 1M @ gy (o).

Note that |det(~)|1%"r’(n) :Ind§§; U1 ® - @ up, and the two Jacquet modules Jy, (o)
and Jy, (o) are just the restriction of 6 of SO} (k) to the trivial group. Therefore, the

result follows. [ |

2.2 Cuspidality of the twisted automorphic descent

Now we go back to the global case and show that the twisted automorphic descent
oy,.(Ergs) 1s cuspidal (but it may be zero). This result is a combination of the tower

property of descent [10, Chapter 5] and the local result of the previous subsection.

Proposition 2.6. For all ¢ > n, the ¥ ,-Fourier coefficients of the residual representa-
tion &g, are zero for all anisotropic vectors wg € W;. In particular, the twisted automor-

phic descent oy, , (£;50) is cuspidal. |

Proof. We will show this proposition using the vanishing properties of the correspond-
ing twisted Jacquet modules we have studied in the previous section. By Remark 2.1, we
see that up to conjugation, we only need to consider the v ,,-coefficients for wo =y,
(e € F*) or wg € V. Let v be a finite local place of the number field F at which all
data involved in the vy ,,-Fourier coefficients of &g, are unramified. The unrami-
fied local component at v of the residual representation &g, is denoted by 7, g,,. For
any integer ¢ > n, if &g, has non-zero vy ,,-Fourier coefficients, then the correspond-
ing local Jacquet module Jy,, (Z;,0,) is non-zero. But the latter is zero according to
Proposition 2.4.

Now, we use the tower property as in [10] to prove the cuspidality of the twisted
automorphic descent oy, (£:,) (here £ =n, and wo =y, by our choice). The idea is to

calculate all constant terms along the unipotent radical of maximal parabolic subgroups
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S,
of SO%,, -
book [10] did for the tower property.

We denote the Witt index of the space W, N y- by 4. For 1 < p <, let Q;, be

the standard maximal parabolic subgroup of L,,, which preserves the totally isotropic

Since the argument is inductive, we consider a more general situation as the

subspace Vgpz Span{ey1, ..., €+p} N yr. Denote by U, the unipotent radical of Qj,. For

the v, ,-Fourier coefficients fV:« for f € &,g,, we denote by

cp (fl) = J e (w du

U3 (F)\Uj(A)

its constant term along U;. By [10, Theorem 7.3], the constant term cp(f¥») is expressed

as a sum of integrals of fV»r« if we have
(o)™ =0; (O<i<p-1) (2.3)

Recall that U; is the unipotent subgroup of the parabolic subgroup Q; of H, which
preserves the isomorphic subspace Vj+ = Spanfey, ..., e;} (see Section 2.1).

We claim that the condition (2.3) holds. In fact, by the cuspidal support of the
Eisenstein series E(h, s, ¢.g,), Which produces the residual representation &, ., the con-
stant term EUi(h, s, ¢,) is always zero for any 1< j < p and 1 < p<n. This implies the
condition (2.3).

It follows that the constant term c,( f¥») is a sum of integrals of fV»r«, which
are always zero by the discussion at the beginning of this proof. Therefore, all the
constant terms c¢,(f¥") are zero, which implies that the twisted automorphic descent

0y, (Er20) 1s cuspidal. [ |

3 Certain Fourier Coefficients of the Residual Representation

We prove Parts (3), (5), and (6) of Theorem 1.2 in this section. Before that, we need to
establish certain properties of the Fourier coefficients of the residual representation
E:90- We are going to adapt the notation and the arguments used in [17] in the proofs
given in this section. In particular, [17, Lemma 2.5] (see also [10, Corollary 7.1]) is a
technical key, which will be used many times in the proofs.

In this section, we will let E; ; be the unipotent subgroup of SOj,,., consisting of
elements u with 1's on the diagonal, and for k# ¢, ux, =0 unless (k, £) = (i, j) or (k, £) =
(4n+3—j,4n+3 —i). For xe F, let E; j(x) be the element ue E; ; with y; j = x.
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3.1 Fourier coefficients associated with the partition [(2n)212]

We first show that the residual representation &;¢, has a non-zero Fourier coefficient
associated with the partition [(2n)212], based on the cuspidal support of &.g,, which

serves as a base for Parts (3), (5), and (6) of Theorem 1.2.

Proposition 3.1. The residual representation &,g, has a non-zero Fourier coefficient
attached to the partition [(2n)?12]. O

Proof. By [35, 1.6], there is only one F-rational nilpotent orbit in each F-stable nilpo-
tent orbit in the Lie algebra of SOin+2(F) attached to the partition [(2r)?1%]. Moreover, a
nilpotent element in the only F-rational nilpotent orbit can be chosen as follows.

Let Xjgn212) = Z;‘;ll Eiﬂ,i(%). Then Xjzn212) is a representative of the F-rational
orbit corresponding to the partition [(2n)212]. To define the Fourier coefficients attached
to the partition [(2n)?1?], we introduce a one-dimensional toric subgroup Hjznz2 as

follows: for t € F*,
Hyamerz) (8) :=diag ("1, 2773 ¢ 1, 1,827 278 L 1), (3.1)
It is easy to see that under the adjoint action,
Ad (Hianp1z (8) (Xi@nz) =t X(gnz VEEF™.

Let g be the Lie algebra of SO3,,,(F). Under the adjoint action of Han212), g has

the following direct sum decomposition into Hjn212-eigenspaces:
9=0-m® D9 209-1P9DI DD D Im, (3.2)

for some positive integer m, where g; :={X € g| Ad(Hj2n212)())(X) =tX}. Let Vien?121,j
(j=1,..., m) be the unipotent subgroup of SO, ,(F) with Lie algebra @2 ;01 Let Lian21y
be the algebraic subgroup of SO}, ,(F) with Lie algebra go. Then we define a character

of Vjzny212)2 as follows: for v € Vjap2122(A) and for a non-trivial character ¢ of F\A,

Yiann1z) (V) =9 (tr (Xj2n212 10g (v)))
=V (vi2+v23 4+ Van-1.2n) - (3.3)

For an arbitrary automorphic form ¢ on SO}, ,(A), the y2n212-Fourier coefficient

of ¢ is defined by
(p‘/’[(szlZ] (9) ;:J' ¢ (vg) 1//[;21n)212] (v) dv, (3.4)

[V[(Zn)ZIZ].Z]
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where, for a group G, we denote the quotient G(F)\G(A) simply by [G]. When an irre-
ducible automorphic representation 7 of SO}, 12(A) is generated by automorphic forms
¢, we say that 7 has a non-zero yz,2;2;-Fourier coefficient or a non-zero Fourier coeffi-
cient attached to [(2n)21?] if there exists an automorphic form ¢ in the space of = with a
non-zero Yznp212-Fourier coefficient @Vienniz(g).

Note that by [25, Section 1.7], Vjzn2121.1/ ker (Y2me121) is a Heisenberg group

Vian21212

V[(Zn)zlz],l/V[(Zn)zlz],Z (&) Z, with center

Z =Vignr1212/ kery, 00 (1/f[(2n)212]) :

And, one can see that (Ezni1.n+1En2nt2) ® (En2nt1Eani2.n+1) 18 @ complete polarization of

V[(2n)212],1/V[(2n)212],2-

Let Y = Eznt1.n+1En2nta.

To show that the residual representation &,¢, has a non-zero Fourier coefficient
attached to the partition [(2n)?1?], we need to show that there is a ¢ € £, g,, such that
¢Vien?121 is non-vanishing. By a similar argument as in [9, Lemma 1.1], ¢ is non-

vanishing if and only if the following integral is non-vanishing:

J ¢ (VY9) Viperz (V) dvdy. (3.5)
Mizn21212 Y1

First, one can see that the following quadruple satisfies all the conditions for [10,
Corollary 7.1] (which is still true for the case of SOj,,, ,(A)):

(T/[(zn)zlz],ZXEn.Zn+2’ W[(zn)zmv Eont1ni1, Em2n+1) . (3.6)

Applying [10, Corollary 7.1], the integral in (3.5) is non-vanishing if and only the follow-

ing integral is non-vanishing

J ¢ (VY9) V5212 ) dvdy, (3.7)
WViam21212 Y]
with V' = En2n1En2ni2.

Let W= Vign122Y’, in which the elements have the following form:

z q@ q@\ (I, 0 O
w=|0 L qg||pm L 0]eS0},,. (3.8)
0 0 z* D2 pT IZn
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where ze€ Z,,, the standard maximal unipotent subgroup of GLj,; q; € Matynxo, with
q1(i, j)=0, for n+1<i<2n and 1<j<2; g €Matyyon with g»(i, j)=0, for i>j;
D1 € Maty,on, with pi(i, j)=0 for 1<i<2 and 1 <j<n+1; p € Matoy. 2, (With certain
additional property we do not specify here), with p,(i, j) =0, for i > j; all entries
marked with a * are determined by the other entries and symmetry. Let Yy (w):=
Yian2121(v), for w=vye W, where v € Vjgp2122 and ye Y. For we W of form in (3.8),
Yww) =¥ (2 Ziivn).

The idea of proving the non-vanishing property of the integral in (3.7) is to
express the Fourier coefficient in (3.7) in terms of the coefficient in (3.20) (which is
non-vanishing) and the coefficients in Lemma 3.2 (which are identically zero) using
exchange of unipotent subgroups and Fourier expansion. More explicitly, we use the
lower triangular part of elements w in (3.8) to fill the zeros in the upper triangular
part. We proceed one row/column at a time, from top to bottom in the upper tri-
angular part, and from left to right in the lower triangular part. For the first n—1
rows, the number of zeros in the upper triangular part is exactly equal to the num-
ber of non-zero entries in the corresponding column in the lower triangular part. These
rows will be treated via exchange of unipotent subgroups, using [10, Corollary 7.1].
For the i=n,...,2n— 1 rows, the number of zeros in the ith row in the upper trian-
gular part exceeds the number of non-zero entries in the corresponding column in the
lower triangular part by one. For the nth row, we first add the constant integral over
the one-dimensional subgroup E; 3,2, then do exchange of unipotent subgroups. For
the rowi=n+1,...,2n— 1, we treat each row/column by a two-step process, that is,
before exchanging unipotent subgroups for each row/column, one needs to take Fourier
expansion along a one-dimensional subgroup E; 4n+2-i, producing Fourier coefficients in
Lemma 3.2.

To continue, we define a sequence of unipotent subgroups as
follows.

For 1<i<n—1, 1<j<i, let X\ =EFEisnsij and Yi=Eoysii jip1. For n<i<
2n—2,1<j<2n—-i-1,let X} = Ej4nt2-i—; and YJ‘ = Esnt2—i—ji+1. Forn+1<i<2n-1,
let X; = Eion11Eioni2 and Y; = Ezny1iv1 Eony2,i11-

Let W be the subgroup of W with elements of the form as in (3.8), but with
the p; and p, parts zero. Let {3, = Ywly. For any subgroup of W containing W, we
automatically extend ; trivially to this subgroup and still denote the character
by V.

Next, we apply [10, Corollary 7.1] (exchanging unipotent subgroups) to a

sequence of quadruples. For i going from 1 to n—1, the following sequence of
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quadruples satisfies all the conditions for [10, Corollary 7.1]:

;
Wil_[Yli, Vi, X0, V],
=2

1
XW ] v X0 %3 |

j=3
(3.9)

k_l . i . . .

[1xw [] v va X% |

j=1 j=k+1

)

i—1
[1xW, v X5, ¥ ]

e e VI

Jj=1
where
i-1 s 2n—1 2n—t—1 n k
w=[[Txw [] » [] v [] [
s=1 j=1 t=n+1 j=1 k=i+1 j=1

Applying [10, Corollary 7.1] repeatedly to the above sequence of quadruples, one obtains
that the integral in (3.7) is non-vanishing if and only if the following integral is non-
vanishing:

J 9 (wg) ¥y, (w)dw, (3.10)
4] i

i

where

i s n—1 2n—t—1

w=T]]]xsw Y,

N

vl [1vs (3.11)

s=1 j=1 t=n+1 j=1 k=i+1 j=1

and vy, is extended from v trivially.
To show that the integral over W, , in (3.10) is non-vanishing, it suffices to show

that the following integral is non-vanishing:

J J ¢ (wng) ¥, (w) dwdn, (3.12)
[En3n+2] [Wr’L—I] n-1
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since it factors though the integral over W’_l in (3.10). One can see that the following

sequence of quadruples satisfies all the conditions for [10, Corollary 7.11:

n—1
Ep3ngo Wnl_[ Y v, XU Y|
j=2
n-1
X Enan2Wh [ | Y7 ¥y X3. 73 | .
j=3
(3.13)
k—1
HX En,3n+2Wn 1_[ Yn st Y ’
j=1 Jj=k+1
n—2
1—[ X?Em3n+2 Wna wW, n_la Yn s
j=1
where
n-1 t 2n—1 n—k—
w.=[][]x;w H H
t=1 j=1 k=n j=1

Applying [10, Corollary 7.1] repeatedly to the above sequence of quadruples, the integral

in (3.12) is non-vanishing if and only if the following integral is non-vanishing:

J~ ¢ (wg) ¥y, (w)dw (3.14)
where
_ n—1 n-1 t 2n—1 2n—k—1
Wy=Enan2 [ [ XTT]][X5W [] % ]_[ Y%, (3.15)
Jj=1 t=1 j=1 k=n+1

and Yy, is extended from yy; trivially.

For i going from n+ 1 to 2n— 1, define

2n—s—1 2n—1 2n—k—1
1_[ 1_[ Jl_[Ez4n+3 zl_[HXtW 1_[ Yi l—[ 1 %3 (3.16)
s=n+1l t=1 j=1 k=i+1
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and vy, is extended from v trivially. We claim that the following integral is non-
vanishing:

J e (wg) vy, (w)dw, (3.17)
[ i—1

i-1

if and only if the following integral is non-vanishing:

JW ¢ (wg) Yrg, (w) dw, (3.18)

Indeed, first, we take the Fourier expansion of the integral in (3.17) along
E; 4ni2-i- Under the action of GL;, we get two kinds of Fourier coefficients correspond-
ing to the two orbits of the dual of [E; 45,12 ;]: the trivial one and the non-trivial one. By
Lemma 3.2, which will be stated and proved right after the proof of the theorem, all the
Fourier coefficients corresponding to the non-trivial orbit are identically zero. There-
fore, only the Fourier coefficient attached to the trivial orbit survives. When i =2n—1,
the Fourier coefficient attached to the trivial orbit is exactly the integral in (3.18), that
is, the claim is proved. When n+ 1 <i <2n— 2, one can see that the following sequence

of quadruples satisfies all the conditions for [10, Corollary 7.1]:

2n—i—1
Eianpa-i WY [] Yiyy. XY |,
j=2

2n—i—1

i 71 i i i
X Eian2-i W% [ Yy X5 Y|,
Jj=3

)

k—1 2n—i—1

i 2 i i i
[[XiEiane-iW% [] Vv X% |
Jj=1 j=k+1

2n—i—2

i 2 i i
[] XiEianio iWi¥e ¥ Xb i 1. Vi iy | -
Jj=1

2n—i—1
[] XiEianio-iWi vy Xi. ¥ | |
j=1

<
'
<
<
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where
2n—s—1 i—1 2n—1 2n—k—1
=TT 5 T T ma T [T 5 11 7
s=n+1 t=1 j=1 k=i+1

Applying [10, Corollary 7.1] repeatedly to the above sequence of quadruples, we deduce
that the Fourier coefficient attached to the trivial orbit above is non-vanishing if and
only if the integral in (3.18) is non-vanishing. This proves the claim.

It is easy to see that elements of W}, , have the following form:

zZ q1 Q
w=|0 I qi‘ s (3.19)
0O 0 =z

where ze€ Z,y,, the standard maximal unipotent subgroup of GL;, q; € Matyy.o, with
q1(2n, j)=0, for 1 < j <2; g, € Matyny2n, With certain symmetry property we do not spec-
ify here; all entries marked with a * are determined by the other entries and symmetry.
For w € Wj,_, of form in (3.19), Vi, (W)= v ).

Now, we need to take the Fourier expansion of the integral over W, , in (3.18)

along

Esnont1E2n2n42,

which can be identified with a certain quadratic extension E of F, and a torus which can
be identified with F* x (E*)! acting on it. Here, (E*)! C E* is the kernel of the norm map
to F*. This Fourier expansion gives us two kinds of Fourier coefficients corresponding
to the two orbits of characters: the trivial one and the non-trivial one, and the Fourier
coefficients corresponding to the non-trivial orbit are generic Fourier coefficients. Since
&:00 18 not generic, only the Fourier coefficient corresponding to the trivial orbit sur-

vives. Therefore, the integral over W}, , in (3.18) becomes

J J ¢ (wxg) ¥y, (w) dwdx
[E2n2ni1 Eanani2l Wy, ] 2n-1

=J ¢ (ng) Yy, () dn, (3.20)
NZn

where N,, is the unipotent radical of the parabolic subgroup with Levi isomorphic to
GLI" x SO3, and Yy, () =¥ (X7 ' niis1).

Let U be the unipotent radical of the parabolic subgroup P = MU with Levi
M =GLg, x SO}. Write Np,=UN,, with Nj,=MN Ny, Then the integral in (3.20)
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becomes
J oY (ng) yy' () dn, (3.21)
N 2n

2n

where ¢V is the constant term of ¢ along U, and VU, = ¥,,| vy, - By a similar calculation
as in [18], one can see that ¢V A(U(A)M(F)\Soimz(A))|,|—%T®(,- Since t is generic, it fol-
lows that the integral in (3.21) is non-vanishing. Therefore, the integral in (3.5), hence
the Fourier coefficient attached to [(21)21?] in (3.4) is non-vanishing.

This completes the proof of the proposition. |

Now, we prove the lemma used in the above proof.

Lemma 3.2. For any ¢ € &,g,, the following integral is identically zero:
J J ¢ (wxg) w; (w) ¥~ (ax) dwdx, (3.22)
[Eis1ani1-:] JIW] i

where n<i<2n-—2,ac F*, I/I~/,/l is as in (3.15) with i = n there, and T/I~/{ is as in (3.16) for
n+1<i<2n-—2. O

Proof. We continue to use notation introduced in Proposition 3.1. First note that ele-

ments in W/ have the following form:

Z q Q L, O 0
w=|0 L q¢||pm L 0 ]SO0, (3.23)
0 0 z2)\p pi I

where ze€ Zy,, the standard maximal unipotent subgroup of GL., g1 € Matyy.2, with
qi(k, j)=0,fori+1<k<2nand 1< j<2; g € Matoyxon, With go(k, j)=0,fori+1<k<
2nand 1<j<2n—i—1; p) € Maty,on, with pi(k, j)=0 for 1 <k<2 and 1 <j<i+1;
D2 € Matyyyon, with po(k, j) =0,for2n—i <k<2norl < j<i+ 1; all entries marked with
a x are determined by the other entries and symmetry. For w € I/I~/i/ of form in (3.23),
Vi () =¥ (T2 Zii0).

In the rest of this proof, we set T/I~/i(1) = T/I~/lf, and denote by ﬂ/l.(z) the subgroup of

Wi(l) consisting of the elements of the following form:

iy 0 0 0 O
0 z 0 0 O
o 0L, 0o o0,
0 00 z 0
0 0 0 0 Iy
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where z€ Z,,_;_1, the standard maximal unipotent subgroup of GLj,_;_;. Write
2 A1) 2 /2) 13A3)
W = WP w,

where W ) is a subgroup of W( consisting of elements with W( -part being trivial. Let
Yo = Yol pe and Yo = Yyo e . Then the integral in (3.22) can be written as

-1 -1 -1
J[W(z)] J[EL+1 ] J[Wi“)] @ (WiXw29) WWiw (w2) ¥~ (ax) wm-,;s) (wy) dw; dx dw,. (3.24)

Therefore, to show that the integral in (3.22) is identically zero, it is suffices to show that

the following integral is identically zero
J J ¢ (wxg) ¥ ! (ax) %}m (w) dw dx. (3.25)
[Eis1ane1—i] JIW] i

To continue, we define a sequence of unipotent subgroups as follows. For 1 < j <

. y 1 . 1
2n—i-2,let Xl-+ =Ei{14n+1-i—jand YH = Esny1-i—ji+1- Let Xi1 = Ejq ont1 Eit1,2n42 and
Yii1 = Eoni1iv2Eoni2i2. Write W = Wl(4) ]—[2”_‘ z Y”lYiH, where W* is a subgroup of

W(S) consisting of elements with ]_[2” i-2 Yl+

Yi11-part being trivial. Let e = Y0 | 5o.
Then, one can see that the following sequence of quadruples satisfies the conditions
in [10, Corollary 7.11:
2n—i—2
-4 . . )
Ei+1,4n+1—iVVi( Y l_[ YJL-H,WWw),XllH,YlLH ,
j=2
2n—i—2
. 4 . ‘ .
X§+1Ei+1,4n+17iWi< Vi 1_[ Y}+15 Y@ XEH, YZHI ,
j=3

R

j=1 Jj=k+1

2n—i—3

i+1 7 7(4) i+1 i+1
[ X" Eivrano-iW Y Y. X501 0. %0 o |
Jj=1
2n—i—2

i+1 5 (4)

X; Ei+1,4n+17iVVi< s Y Xiv1, ¥

Jj=1

k—1 2n—i—2
HX YErrann i W Y l_[ Yl s XL R
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After applying [10, Corollary 7.1] to the above sequence of quadruples, one can see that
the integral in (3.25) is identically zero if and only if the following integral is identi-

cally zero:

J n J e (wxg) YT (@) Y () dw dx. (3.26)
1302 X5 By ania-ad SO W

Finally, the integral in (3.26) contains an inner integral which is exactly a Fourier coef-
ficient attached to the partition [(2i 4+ 3)14*%~1]. Since n<i < 2n— 2, by Proposition 2.6,
any Fourier coefficient attached to the partition [(2i 4+ 3)1%"%~!] will be identically zero.
Therefore, the integral in (3.26) is identically zero, and hence the integral in (3.22) is

identically zero. This completes the proof of the lemma. |

3.2 Parts (3), (5), and (6) of Theorem 1.2

We are ready to prove Parts (3), (5), and (6) of Theorem 1.2 based on the preparation in

Section 3.1.

Proposition 3.3 (Part (3) of Theorem 1.2). The residual representation &g, has a non-

zero Fourier coefficient attached to the partition [(2n+ 1)12%!], O

Proof. We prove this theorem by contradiction. Assume that the residual representa-
tion &,¢, has no non-zero Fourier coefficients attached to the partition [(2n+ 1)12""!]. In
the following, we will continue to use the notation introduced in Proposition 3.1.

In Proposition 3.1, we have proved that the integral in (3.5) is non-vanishing. We

name this integral as follows:

r@:=| 0 VY9 Vi ey ) dvdy.  gESO%, (A). ¢ € Ens. (3.27)
Wian212)2Y]
Let
0 0 I,
w=|l0o 1 ol. (3.28)
IL,, 0 O

Then it is easy to see that f(g) = f(wg).
Applying the equality in [10, Lemma 7.1] to the quadruple in (3.6), one can

see that

f(9) = J ¢ (Vyxg) w[?zln)zm (v)dvdydx. (3.29)

Eoni1ni1(A) J'[V[(zmzlzu V']
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Applying the equality in [10, Lemma 7.1] repeatedly to the sequence of quadru-

ples in (3.9) for i going from 1 to n— 1, we obtain that

f(g)=J

J ¢ (WXg) M,} (w) dw dx. (3.30)
H;l;ll Hj‘:l Y;E2n+1,n+l(A) [Wy/l,l] n-1

Next, take the Fourier expansion of f along Ej,3ni2. Under the action of GL,,
we get two kinds of Fourier coefficients corresponding to the two orbits of the dual of
[Ensnt2]: the trivial one and the non-trivial one. Since we have assumed that &g, has
no non-zero Fourier coefficients attached to the partition [(2n+ 1)12*"!], by a similar
argument to that in the proof of Lemma 3.2, all the Fourier coefficients corresponding to

the non-trivial orbit are identically zero. Hence, we obtain that

f(g)=J

J J ¢ (wxyg) Ipva,l (w) dw dxdy. (3.31)
[T521 [T5m1 Y5 Ezn1nen () JEngnial JIW,_ ) nl

Then, applying the equality in [10, Lemma 7.1] repeatedly to the sequence of quadruples

in (3.13), one can see that

f(g)=J

J~ go(wxg)wva} (w) dw dx. (3.32)
158 YPIT) [Tt V3 Bt i (A) J V7] n

Carrying out the steps from (3.17) to (3.21), applying the equality in [10, Lemma
7.1] instead of [10, Corollary 7.1], we obtain that

f(g)=J

J " (nxg) ¥y, () dndx, (3.33)
[T % T3 ¥ Ty Ty Y Eznra e (A) JING,) "

where N,

o U, 1//1\’,; are defined to that in the proof of Proposition 3.1, ¢? is the constant

term of ¢ along U. Note that in (3.33), H?Z;}rl Y, ]_[?flsfl v: Z;} ]_[’;:1 szE2n+1,n+l is equal
to Vian212,2Y N U™, where U~ is the unipotent radical of the parabolic subgroup opposite

to P = MU. By a similar calculation to that in [18], we deduce that

¢V € A(U (A) M (F)\SO,5 (A))

_1 .
-7 2t®0

tl,, O 0
Forte A%, let D®)=| 0 I, 0 . Then it is easy to see that wD()w ™! =
0 0 tilIzn

D(t™!), where o is the Weyl element defined in (3.28). Consider f(D(t)g). Note that f(g)
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has the form in (3.33). Conjugating D(¢) to the left, by changing of variables on

2n—1 2n—s—1 n-1 k

l_[ Y, 1_[ Y;l_[HngEZn-&-l,rH—l (A),

s=n+1 j=1 k=1¢=1

we get a factor |t|1§2”2+1. Since ¢? € A(U(A)M(F)\SOZMZ(A))"‘,%@U, we have

oV (D (tynxg) =8p (D (1))7 |D (t)| "¢V (nxg) = [t/3% ¢V (nxg) .

Note that P = MU is the parabolic subgroup with Levi M = GLy, x SO. Therefore, one
can get f(D(t)g) = |t|a f(g). On the other hand,

fFD®g=Ff@D®g =f(D({t")og)=It"sf(@g)=It"fQ.

Hence, |t|s f(g) = |t|1g1 f(g). Since t € A*, we get f(g) =0, which is a contradiction.
Therefore, the residual representation £,g, has a non-zero Fourier coefficient

attached to the partition [(2n+ 1)12*"!]. This completes the proof of the proposition. W

We remark that the above fleshes out a sketch given in [6, Section 5], with full

details for each step and precise references as needed.

Proposition 3.4 (Part (5) of Theorem 1.2). Every irreducible component of the twisted
automorphic descent oy, ,(€:9,) has a non-zero Fourier coefficient attached to the parti-
tion [(2n— 1)12]. O

Proof. Recall that oy, (€:¢s) is the completion space spanned by the cuspidal automor-

phic functions produced by the twisted descent, by Part (2) of Theorem 1.2. This twisted

§,a

descent oy, (E:g.) pProjects onto the decomposition of the cuspidal spectrum of SOy, ;.

Let # be any irreducible constituent in this decomposition. Consider the following

integral:
(@, EVmey = J @r (h) EVne (h) dh, (3.34)

8,
[SOZn+1]

which is non-zero for some data ¢, €7, &£ € £,4,, since 7 is an irreducible component
of Oy (Erg0)-
Assume that &€ = ResSZ%E(~, S, ¢rg0); then from (3.34) we know that the following

integral is also non-zero for some choice of data:

<¢H,E(-,s,¢r®a>*”w>=J .. 9x (W E(hs ¢g,)" dh. (3.35)

[SO%p1]
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Then, by the unfolding in [21, Proposition 3.7] (take j=2n, { =nand 8 = j — ¢ = nthere),
the non-vanishing of the integral in (3.35) implies the non-vanishing of ¢, Y1« for some
o’ € F*. Therefore, # has a non-vanishing Fourier coefficient attached to the partition

[(2n— 1)12]. This completes the proof of the proposition. |

Finally, Propositions 3.3 and 3.4 imply that the residual representation .4, has
a non-zero Fourier coefficient attached to the partition [(2n+ 1)(2n— 1)12] by a similar
argument as in the proofs of [9, Lemma 2.6; 17, Lemma 3.1 and Proposition 3.3]. This
proves Part (6) of Theorem 1.2. The analogues for orthogonal groups of [17, Lemma 3.1
and Proposition 3.3] will be discussed in [23].

It is natural to ask about the relation of Part (6) of Theorem 1.2 with Conjec-
ture 4.2 in [16]. More precisely, one may note that, for suitable pairs (e, §), the group
SO‘;’,‘;] is split, and one may then ask for which such pairs the twisted automorphic
descent oy, (£:¢,) has no generic irreducible summands. As we remarked in the Intro-
duction, this is one of the technical key points to connect the construction of twisted
automorphic descents to the structure of more general global packets. In Section 5,
we will provide the complete theory for the case of n=1, which recovers the Jacquet-

Langlands correspondence for PGLs,.

4 Relations with the Langlands Functorial Transfers

We first give a proof for Part (4) of Theorem 1.2 and then discuss the relation between the
construction of the twisted automorphic descent given in this paper and the automor-
phic descent given by Ginzburg et al. in [10], which is the relation with the corresponding

Langlands functorial transfer.

4.1 Part (4) of Theorem 1.2

Assume that the twisted automorphic descent oy, (£:¢,) is non-zero. By Part (2) of

Theorem 1.2, oy, (£:40) is cuspidal on S0%%  (A). We write

2n+1
O (5'1,'@0) = @,

where 7; are irreducible cuspidal automorphic representations of SO‘;’,‘;‘+1 (A). We have to
show that

(1) the irreducible summands are nearly equivalent; that is, their local compo-

nents at almost all unramified local places are equivalent; and
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S,

onp1 t0 GLg, takes m; to the

(2) the weak Langlands functorial transfer from SO

given 7.

It is clear that (2) implies (1). As discussed in [5], when « varies in the square classes
of F*, the family SO}, | are pure inner F-rational forms of each other, and hence they
share the Langlands dual group, which is Sp,,(C). The Langlands functorial transfer
considered here is the one determined by the natural embedding of Sp,,,(C) into GL2,(C).

Let m be one of the irreducible summands in the decomposition of oy, (E:g0)-
Write r = ®,7,. Take v to be a finite local place of F where n,, 7, 0,, and the other rele-
vant data in the construction of the descent are unramified. Hence, 7, is an irreducible
unramified representation of the F,-split SOy,,1(F,), occurring as the unramified con-
stituent in the Jacquet module Jj,,, (Indg';:((;f; Ty det(~)|§ ® 0,) by the local-global relation
of the construction of the descent.

On the other hand, since t, is unramified, generic, and self-dual, it follows that

1, is the fully induced representation

-1 -1
O R T T O

where p;s are unramified characters. Also, o, is an unramified character o on F* or a
trivial representation on SO‘Z (F,), depending on whether J; is split or not. Now using
Proposition 2.5, we obtain that the Satake parameter of x, is transferred to the Satake

parameter of t,. This completes the proof of Part (4) of Theorem 1.2.

4.2 On functorial relations

When an irreducible unitary cuspidal representation t of GL;,(A) has the property
that the exterior square L-function L(s, , A?) has a pole at s=1, the automorphic
descent of Ginzburg et al. in [10] constructs an irreducible generic cuspidal automor-
phic representation my of F-split SOz,41(A). The irreducibility of their descent was
proved in [19].

On the other hand, when 7 has the additional property that the central value
L(%, 7 ® o) is non-zero, the theory of the twisted automorphic descents produces addi-
tional irreducible cuspidal automorphic representations 7 of the split form of SOzp1:.
These representations arise at values of « where SO*® happens to be split, and are nearly
equivalent to 7g by Part (4) of Theorem 1.2. Also, they belong to the same global L-packet
with the global Arthur parameter (7, 1) [2].

Moreover, for the «'s, which make SO‘;’,‘;rl non-split over F, the twisted

automorphic descents oy, (&g,) produce irreducible cuspidal automorphic
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S,
2n+1

are expected to be in the same global Vogan packet as my. By a careful investigation

representations 7 of SO (A), which are still nearly equivalent to w7y, and hence
one ought to be able to verify the expectation regarding global Vogan packets, and we
refer to the reader [22] for more detailed discussion on the general theory related to this

issue. A complete story is discussed in Section 5 for the special case of n=1.

5 Explicit Theory of Twisted Automorphic Descents for the Case of n=1

In this section, we will give an explicit description on the twisted automorphic descent
oy,.(Ere0) In the case n=1, which recovers the global Jacquet-Langlands correspon-
dence between GL, and its inner forms.

In this case, we have that H® =S0} and we take £ = 1. The quadratic subspace
W;, as defined in Section 1.2, has a basis {e,, eél), e(()z), e_»}. Recall that P, = M; N; is the
standard parabolic subgroup with the Levi M; = GL; x SO(W;), and

1 x —1q(x X
Ni={m X = I x |xe W ¢,
1

where q(-,-) is the quadratic form of Wj. Since the Witt index of W; is greater than
zero, SO(W;) acts transitively on the set of vectors of the same length. Thus, for every
anisotropic vector wo in W;, we may choose y, =e, — e, as a standard anisotropic

vector for some o € F*. Then we focus on the character v, of Nj(F)\N;(A) and the

X
S,a’

stabilizer L, , =SO(Js54). If Js, is non-split, then L, , is isomorphic to PD; ,, where Ds
is the quaternion algebra (%). Note that D;, is uniquely determined by the coset of «
in F*/Nm(F (+/=8)%).

Recall that o is a character of SO5(A) and 7 is an irreducible unitary cuspidal
automorphic representation of GLy(A). By Proposition 1.1, the residual representation
.50 is non-zero if and only if L(s, 7, A%) has a pole at s =1 and L(%, T X 0) # 0. Note that
L(s, 7, A%) has a pole at s=1 if and only if 7 has a trivial central character. Throughout
this section, we assume that t has a trivial central character and hence t can be regarded
as a representation of PGL,(A).

Let 7 be an irreducible cuspidal automorphic representation of L, ,(A) and ¢ be

an automorphic form in 7. Define the global zeta integral by

Z (5. oo 9. Y1a) = J o () V' (.5, brgo) dh, 5.1)

(L]
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where EV1«(.) is the vy ,-Fourier coefficient of the Eisenstein series E(h, s, ¢.g,) defined
in (1.1). This global zeta integral is a special case of those considered in [7] and [21].

We recall some notation in [21] before evaluating this global zeta integral. Let ¢
be the minimal representative in the Weyl group of SO} corresponding to the open cell
in P,\SO}/Py, that is,

0 00
0
1 0 s
€= € SOg;
0 -1
0
00 10

then the complement of Nf = N; N e ™! Pye in N is

Nf = {nl ((X’ yazv 0)) | (X’ Y’Z’ O)G VVI}

Define
7 (s.9%) = | As (enh) ¥k (n) dn,
NY(A)\N; (A)
with
o
¢ZV (h) ZJ D00 (ul,2 (x) h) Yl (—X) dx.
[y 2] 2
o1
where Ny ;= { ug 2(x) = b . Since the adjoint action of € on the subgroup SO}
1 —x

1
of the Levi subgroup of P, is the inverse on SO), we obtain that

T (s.¢00) x)y=0"" ) T (s.0) (),

where x € SO} is embedded into SO} via the Levi subgroup.
Following the unfolding of the global zeta integral for the general case consid-

ered in [7] and [21], we obtain

Z (5. roo 9. V1) :J 7 (5. 8Y) (eh) Pys () () dh, (5.2

SO3(A)\SO%*(A)

which has an eulerian product decomposition, where

Po-1 (9) (h) Z=J

¢ (xh) o~ ! (x) dx.
[S03]
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We denote by JL the Jacquet-Langlands correspondence [13] between the set
Acusp(L1,¢) and the set Agysp(PGL2), where Agysp(L1,0) is the set of irreducible automor-
phic representations of L;,(A) of infinite dimension and Acysp(PGLy) is the set of irre-
ducible cuspidal automorphic representations of PGL,(A). Referring to Theorem 2 [33],

the period integral P,-:(¢) is non-zero on x if and only if
1
L (5, JL (7) x 0'_1> #0 and Homggs 5, (74, 0y) # 0 for all v.

Note that the dimension of the Hom space is at most one. In addition, by the theorem of
Tunnell-Saito in [27, 32], an equivalent statement (see [34, Section V]) for the local period

condition is that
1
SO‘;’“ is ramified at a place v of F if and only if ¢ (E JL (), X oljl, sz) gy (—1)=-1,

where ng is a quadratic character of F*\A* associated with the quadratic extension
E := F(y/=9) via the class field theory. Note that SO}* = PD}, is ramified at a local place
v, meaning that SO‘;‘" is not split at v. Therefore, for a pure tensor product vector ¢ = ®,¢,
inr=Q,m,

Por (@) () =Co [ [ £ (s () 91) , (5.3)

where £, is a non-zero element in Homgps 5, (77w, 00), and Cq is 1 if L(%, JL(T) x 071 #0
and it is zero otherwise.
Let S be a finite set of places containing all archimedean places, such that all

data are unramified over places outside S. Then,

c LS(s+ 3,7 x1)
OLS(S+1,rXJ)LS(25+ 1,r,/\2)

Z (S, ¢T®¢77 (' 1//1,01) = l_[ ZU (37 ¢v7 fﬂu, 1//1,01) 3 (54)

veS

where the local zeta integrals at the ramified local places are given by

2, (S, o pos V1.0) = J 70 (5. 8%) () £, (o () @) d.

Ni(F,)

The first main result in the case n=1 of the general theory of twisted automorphic
descents (as displayed in the previous sections and also in [22]) can be formulated

as follows.

Theorem 5.1. With notation as above, assume that t is of trivial central character.
Given § and o, if the residual representation &,g, is not identically zero, then the

following hold.
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(1) The set of @ € F* such that the v, ,-Fourier coefficient 5;%;; is not identically
zero is a single coset «g - Nm(E ™).

(2) The twisted automorphic descent oy, ,(£:g0) is irreducible and has the prop-
erty that

JL (0y,, (Erge)) ET.

(3) The norm class «g is determined by the property that D;,, is ramified at a

place v of F if and only if e(3, 7, X 0y, Y)nEs(—1) = —1. O

Proof. By the definition of the v, ,-Fourier coefficients and Proposition 2.5 and 2.6, the
Y1 o-Fourier coefficient ng;(ab)(h) on Ly ,(A) is in L2 (L14(F)\L14(A)). Applying the

cusp

spectral decomposition on L2 (L1 «(F)\L; 4(A)), we have

cusp

Ege @)=Y Y (EE5 @), n)en (5.5)

7€ Acusp (L1.o) P EB(T)

where (-, -) is the inner product in Lgusp(LLa(F)\Ll.a(A)) and B(w) is an orthonormal
basis of the space .

Let us compute the spectral coefficient (5;@; (#), ). It is clear that the integra-
tion domain N; (F)\N; (A) is compact and ¢, is rapidly decreasing, so, we can switch the

order of taking the residue and taking the integration, and obtain

Res, 2 (5 Geon. B V1) =Resioy | ¥ (e 5) 00 G () dh
L1

= LL ]Ef@?'; (@) (h) @ (h) dh

— (EI5 (@), 0n)-

It follows that the Fourier coefficient 5;”5;; (¢) is not identically zero if and only if the
residue ResSZ%Z(s, -) is not zero for some choice of 7 and some choice of ¢, € 7.

By Part (3) of Theorem 1.2, Ress:%Z(s, -) is zero unless taking m such that
JL(w)=1. Let us consider 7 with JL(x) = . Recall that the infinite eulerian products
for L5(s,t x o) and L5(s, 7, A?) converge absolutely for Re(s) > 1 following by Jacquet
and Shalika in [14, 15], and then are non-vanishing at Re(s) > 1. Since Z(s,-) has at
most a simple pole at s=3 and LS(s+ 3,7 x 1) has a pole at s=1, by Equation 5.4,
Zy(S, $z,00,, Pv, ¥1,o) for s € Sis holomorphic at s = % If Homggs 5, (770, o, 1) #0, then there
exists a choice of data ¢,,g,, and ¢, such that the local zeta integral Z(s,) is not zero

at Re(s) = % The argument is similar to the one in [31, Sections 6 and 7]. We omit the
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details here. Also a more general situation of the same nature has been discussed in [22,
Appendix Al

Hence, according to Equation (5.4), Res,_1 Z(s, -) is non-zero if and only if

—1
—2

(i) LS(s+ 3,7 x1)hasapoleats=1%;
(ii) L(3,JL(m) x 0)#0;
(iii) Ly, is ramified at v if and only if &(, JL(7), x 0y, ¥)nE.(—1) = —1.

By the equality of L-functions:
LS(s,m x 1) =L5(s, JL () x 1),

it is clear that LS(s + % JL(7) x ) has a pole at s=% if and only if JL(x)=1. Hence
Condition (i) holds if and only if JL(w) = 7.

Further, by Proposition 1.1, &g, #0 implies L(%, 7 x 0)#0. Hence when
JL(w) =1, Condition (ii) holds if &£,g, #0. Finally, the twisted automorphic descent
0y,.(Ere0) is zero unless the group L, is determined by Condition (iii). In such a case,
by the uniqueness of the local Bessel model, if oy, , (£;5+) is non-zero, there is a unique
cuspidal automorphic representation n such that ResSZ%Z(s, -) is non-zero and then
oy, . (&rgo) is irreducible. By Proposition 3.3, the twisted automorphic descent oy, , (€:g0)
is non-zero for some «. On the other hand, if ¢y are congruent to ¢« modulo Nm(E*),
then L, ,, is isomorphic to L, and oy, (£:¢s) is also an automorphic representation
of L, 4,(A), which satisfies Conditions (i)-(iii). Thus the twisted descent Y (Erg0) 1S
non-zero. Therefore, there is a unique oo modulo Nm(E*) such that oy, (£:¢,) is not

identically zero and JL(oy, ,(£:00)) = 7 by the spectral decomposition (5.5). u

Remark 5.2. It is clear from the above theorem that the projective quaternion group
SO%’“ is unique modulo Nm(E*). However, the F-rational orbits of the characters v ,

with the stabilizer PDy, are in one-to-one correspondence with the square classes
Nm (E*) /F*2. U

The following theorem asserts that by choosing suitable § and o involved in the
construction of the twisted automorphic descents, we are able to obtain all infinite-
dimensional cuspidal automorphic representations of PD*(A), which is the second main
result for this special case. We refer to the reader [22] for a treatment of the general

situation.

Theorem 5.3. Let D be a quaternion algebra containing a quadratic extension F(y/—§) of

F. For any given infinite-dimensional irreducible cuspidal automorphic representation
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7 of PD*(A), there exists a character o of SO‘;(A) such that the residual representa-
tion &7 ge is Non-zero and an element o € F* such that Ds , =D and oy, , (Ejnmes) = 7.
Moreover, any such o satisfies the period condition that P, () # 0 or equivalently the

L-function condition and the local period condition that

1
L <E’ JL () x a) #0 and Homgg g, (10, 0,')#0 forallv. (5.6)
O

Proof. Consider SO5(A) as a subgroup of PD*(A). Since SO5(F)\SO5(A) is compact and
the space m is an L?-space, the restriction of 7 onto the subgroup SO (F)\SO5(A) is
semi-simple and non-zero. By the spectral decomposition, we can choose a charac-
ter o of SO3(A) such that P, (7) #0. By [33], it is equivalent that L(},7 x o) #0 and
Homgg; 5, (7, o, 1) #0 for all places v.

Since L(3,JL(7) x 0) =L(3, 7 x 0) #0 and JL(r) is of trivial central character,
the residual representation £j17)g. is not identically zero. By Theorem 5.1, there exists
a unique SO3* such that JL(oy, , (Esrnes)) = JL(T).

It is enough to show that SO%‘“ is isomorphic to PD*. By the proof of Theorem 5.1,
Ps(0y,, (Esnmes)) # 0. Referring to Condition (iii) in the proof of Theorem 5.1, both SO%’“
and PD* are ramified at v if and only if e(%, JL(7)y X 0y, Yu)nE»(—1)=—1. Then SO‘;"" ~
PD* and oy, , (Einimzs) =T [ |

Remark 5.4. By the uniqueness of this model, the restriction of 7 onto SO‘;(F)\SO‘;(A)
is multiplicity-free. Since n is of infinite dimension and o is of dimension 1, by the
spectral decomposition as in the proof of Theorem 5.3, there are infinitely many choices

of o satisfying (5.6). O
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