Sy,
§ k2
“

e ANNALES

DE

L INSTITUT FOURIER

Dihua JIANG & Baiying LIU

Arthur Parameters and Fourier coefficients for Automorphic Forms on
Symplectic Groups

Tome 66, n°2 (2016), p. 477-519.

<http://aif.cedram.org/item?id=AIF_2016__66_2_477_0>

© Association des Annales de I’institut Fourier, 2016,
Certains droits réservés.

Cet article est mis a disposition selon les termes de la licence
CREATIVE COMMONS ATTRIBUTION — PAS DE MODIFICATION 3.0 FRANCE.

http://creativecommons.org/licenses/by-nd/3.0/fr/

L’acces aux articles de la revue « Annales de I’institut Fourier »
(http://aif.cedram.org/), implique I’accord avec les conditions générales
d’utilisation (http://aif.cedram.org/legal /).

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://aif.cedram.org/item?id=AIF_2016__66_2_477_0
http://creativecommons.org/licenses/by-nd/3.0/fr/
http://aif.cedram.org/
http://aif.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Ann. Inst. Fourier, Grenoble
66, 2 (2016) 477-519

ARTHUR PARAMETERS AND FOURIER
COEFFICIENTS FOR AUTOMORPHIC FORMS ON
SYMPLECTIC GROUPS

by Dihua JIANG & Baiying LIU (*)

ABSTRACT. — We study the structures of Fourier coefficients of automorphic
forms on symplectic groups based on their local and global structures related to
Arthur parameters. This is a first step towards the general conjecture on the rela-
tion between the structure of Fourier coefficients and Arthur parameters for auto-
morphic forms occurring in the discrete spectrum, given by the first named author.

RESUME. — Nous étudions la structures des coefficients de Fourier des formes
automorphes sur des groupes symplectiques & partir de leurs structures locale et
globale liée aux parameétres d’Arthur. Ceci est la premiére étape pour prouver une
conjecture du premier auteur concernant le lien entre la structure des coefficients
de Fourier et les parameétres d’Arthur pour les formes automorphes dans le spectre
discret.

1. Introduction

In the classical theory of automorphic forms, Fourier coefficients encode
abundant arithmetic information of automorphic forms on one hand. On
the other hand, Fourier coefficients bridges the connection from harmonic
analysis to number theory via automorphic forms. In the modern theory
of automorphic forms, i.e. the theory of automorphic representations of
reductive algebraic groups defined over a number field F (or a global field),
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Fourier coefficients continue to play the indispensable role in the last half
century.

In the theory of automorphic forms on GL,,, the Whittaker-Fourier coef-
ficients played a fundamental role due to the fact that every cuspidal auto-
morphic representation of GL, (A), where A is the ring of adeles of F', has
a non-zero Whittaker-Fourier coefficient, a classical theorem of Piatetski-
Shapiro and Shalika ([27] and [28]). This result has been extended to the
discrete spectrum of GL,(A) in [15]. In general, due to the nature of the
discrete spectrum of square-integrable automorphic forms on reductive al-
gebraic groups G, one has to consider more general version of Fourier co-
efficients, i.e. Fourier coefficients of automorphic forms attached to unipo-
tent orbits on G. Such general Fourier coefficients of automorphic forms,
including Bessel-Fourier coefficients and Fourier-Jacobi coefficients have
been widely used in theory of automorphic L-functions via integral repre-
sentation method (see [9] and [18], for instance), in automorphic descent
method of Ginzburg, Rallis and Soudry to produce special cases of explicit
Langlands functorial transfers ([12]), and in the Gan-Gross-Prasad conjec-
ture on vanishing of the central value of certain automorphic L-functions
of symplectic type ([8] and [6]). More recent applications of such general
Fourier coefficients to explicit constructions of endoscopy transfers for clas-
sical groups can be found in [13] (and also in [7] for split classical groups).

We recall from [16] the definition of Fourier coefficients of automorphic
forms attached to unipotent orbits. Take G,, = Sp,,, to be the symplectic
group with a Borel subgroup B = TU, where the maximal torus T consists
of all diagonal matrices of form:

diag(tr, - s tn;ty - 170

and the unipotent radical of B consists of all upper unipotent matrices in
SPps,,- This choice fixes a root datum of Sp,,,.

Let F be the algebraic closure of the number field F. The set of all
unipotent adjoint orbits of G,,(F) is parameterized by the set of partitions
of 2n whose odd parts occur with even multiplicity (see [5], [25] and [29],
for instance). We may call them symplectic partitions of 2n. When we
consider G, over F', the symplectic partitions of 2n parameterize the F-
stable unipotent orbits of G,,(F').

As in [16, Section 2|, for each symplectic partition p of 2n, or equiva-
lently each F-stable unipotent orbit O, via the standard sly(F')-triple, one
may construct an F-unipotent subgroup Vp,2. In this case, the F-rational
unipotent orbits in the F-stable unipotent orbit O, are parameterized by

ANNALES DE L’INSTITUT FOURIER



ARTHUR PARAMETERS AND FOURIER COEFFICIENTS 479

a datum a (see [16, Section 2] for detail). This datum defines a character
Yp.a of V}, 2(A), which is trivial on Vj, o(F').

“For an arbitrary automorphic form ¢ on G, (A), the p,o-Fourier coefli-
cient of ¢ is defined by -

Yr.a = v ~1(v)dv.
(1) fro) = [ o(0g)y L (0)d

p,Q(F)\VgQ(A)

When an irreducible automorphic representation m of G, (A) is generated by
automorphic forms ¢, we say that 7 has a nonzero 1, ,-Fourier coefficient
or a nonzero Fourier coefficient attached to a (symﬁlectic) partition p if
there exists an automorphic form ¢ in the space of 7 with a nonzero v, 4-

Fourier coefficient ¢¥22(g), for some choice of a.

For any irreducible automorphic representation 7 of G,,(A), as in [13],
we define p™(7) (which corresponds to n™(7) in the notation of [13]) to
be the set of all symplectic partitions p which have the properties that
7 has a nonzero 1, ,-Fourier coefficient for some choice of @, and for any
p’ > p (with the natural ordering of partitions), 7 has no nonzero Fourier
coefficients attached to p'.

It is an interesting problem to determine the structure of the set p™(7)
for any given irreducible automorphic representation 7 of G,,(A). When =
occurs in the discrete spectrum of square integrable automorphic functions
on G,(A), the global Arthur parameter attached to 7 ([2]) is clearly a
fundamental invariant for w. We are going to recall a conjecture made
in [13] which relates the structure of the global Arthur parameter of 7 to
the structure of the set p™ (7). To do so, we briefly recall the endoscopic
classification of the discrete spectrum for G,,(A) from [2].

The set of global Arthur parameters for the discrete spectrum of G, =
Sp,,, is denoted, as in [2], by U5(Sps,,,), the elements of which are of the
form

(1.2) Y=y B BBy,

where 1); are pairwise different simple global Arthur parameters of orthog-
onal type and have the form v; = (7;,b;). Here 7; € Acusp(GLq,), (the
set of equivalence classes of irreducible cuspidal automorphic representa-
tions of GLg,(A)), 2n+1 = Y._, a;b; (since the dual group of Sp,, is
SO2,41(C)), and J; w? = 1 (the condition on the central characters of the
parameter 1), following [2, Section 1.4]. More precisely, for each 1 < i < r,
¥; = (71i,b;) satisfies the following conditions: if 7; is of symplectic type
(i.e., L(s,7i,A?) has a pole at s = 1), then b; is even; if 7; is of orthogonal
type (i.e., L(s,7;,Sym?) has a pole at s = 1), then b; is odd. Given a global
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Arthur parameter v as above, recall from [13] that p(¢) = [(b1)** - - - (b.)*"]
is the partition attached to (¢, GV(C)).

THEOREM 1.1 (Theorem 1.5.2, [2]). — For each global Arthur param-
eter 1 € Wy(Spy,) a global Arthur packet Il is defined. The discrete
spectrum of Sp,,,(A) has the following decomposition

L?lisc(sp27L(F)\Sp2n<A)) = @w€$2(sp2n) @”eﬁw(fdz) T,

where ﬁw(ew) denotes the subset of ﬁlp consisting of members which occur
in the discrete spectrum.

As in [13], one may call II,(e,) the automorphic L2-packet attached
to . For w € ﬁw(%), the structure of the global Arthur parameter ¢ de-
duces constraints on the structure of p™ (), which is given by the following
conjecture.

CONJECTURE 1.2 (Conjecture 4.2, [13]). — For any ¢ € Wy(Sp,,,), let
ﬁ¢ (ey) be the automorphic L*-packet attached to 1. Assume that p(v) is
the partition attached to (v, G¥(C)). Then the following hold.

(1) Any symplectic partition p of 2n, if p > ngv 4(p(1)), does not belong
to p™ () for any 7 € Iy (eyp).
(2) For am € ﬁ¢(€¢), any partition p € p™ () has the property that
P < 1gv (p(¥))-
(3) There exists at least one member w € I1(e,) having the property
that ngv,q(p(4)) € p™ (7).
Here ngv 4 denotes the Barbasch-Vogan duality map from the partitions for
the dual group GV (C) to the partitions for G.

We refer to [13, Section 4] for more discussion on this conjecture and
related topics. We note that the natural ordering of partitions is a partial
ordering, and Part (2) of Conjecture 1.2 is to rule out partitions which
are not related to the partition 7gv 4(p(1)). One may combine Parts (1)
and (2) of Conjecture 1.2 into one statement. However, due to the technical
reasons, it may be better to separate Part (1) from Part (2).

This paper is part of our on-going project to confirm Conjecture 1.2 and

is to prove
THEOREM 1.3. — Part (1) of Conjecture 1.2 holds for any 1 € W5(Sps,,).

The proof of Theorem 1.3 takes steps which combine local and global
arguments. Some discussions on Part (2) of Conjecture 1.2 will be given
in Section 6.3. We expect that the refinement of these arguments will be
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able to prove Part (2) of Conjecture 1.2 in general. This will be considered
in our forthcoming work. Of course, Part (3) of Conjecture 1.2 is global in
nature and will be considered by extending the arguments in [16].

In [21], based on the results in [17] on construction of residual repre-
sentations, the second named author confirmed Part (3) of Conjecture 1.2
for the following family of special non-generic global Arthur parameters for
SPamn: ¥ = (7,2m) B (1gr, (a), 1), where 7 is an irreducible cuspidal au-
tomorphic representation of GLg, (A), with the properties that L(s,T, A?)
has a simple pole at s = 1, and L(%,T) # 0. Note that by Theorem 1.3,
Proposition 6.4 and Remark 6.5, the first two parts of Conjecture 1.2 hold
for these global Arthur parameters. Therefore, Conjecture 1.2 is confirmed
for this family of global Arthur parameters. Of course, as discussed in [13,
Section 4], when the global Arthur parameter ¢ is generic, Conjecture 1.2
can be viewed as the global version of the Shahidi conjecture, which is
now a consequence of [2] and [12]. We refer to [14, Section 3] for detailed
discussion of this issue and related problems.

In order to prove Theorem 1.3, we first consider the unramified local
component 7, of an irreducible unitary automorphic representation m of
Sps,,(A) at one finite local place v of F. The structure of unramified uni-
tary dual of Sp,,, (F,) was determined by D. Barbasch in [3] and by G. Muic
and M. Tadic in [24] with different approaches. We recall from [24] the re-
sults on unramified unitary dual and determine, for any given global Arthur
parameter 1) € \Tlg(Spgn), the unramified components 7, of any 7 € ﬁw(%)
in terms of the classification data in [24]. The Fourier coefficients for = pro-
duce the corresponding twisted Jacquet modules for 7,. In Section 3, we
show in Lemmas 3.1 and 3.2 the vanishing of certain twisted Jacquet mod-
ules for the unramified unitary representations m,, which builds up first
local constraints for the vanishing of Fourier coefficients of 7. In Section 4,
based on the local results in Sections 2 and 3, we come back to the global
situation and prove vanishing of certain Fourier coefficients of . Here we
use global techniques developed through the work of [10], [12], and [16], in
particular, the results on Fourier coefficients associated to composites of
partitions. The main results in Section 4 are Theorems 4.4 and 4.5, which
establish the vanishing of Fourier coefficients of m whose unramified local
component m, is strongly negative. The general case is done in Section
5 (Theorems 5.1 and 5.4). In the last section (Section 6), we first prove
Propositions 6.1 and 6.3. They imply that for a given global Arthur pa-
rameter v, there are infinitely many unramified, finite local places v of F',
where the unramified local components 7; , have trivial central characters.

TOME 66 (2016), FASCICULE 2
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With such refined results on the central characters of 7; ,, we are able to
finish the proof of Theorem 1.3 in Section 6.2, by combining all the results
established in the previous sections.

2. Unramified Unitary Dual and Arthur Parameters

In this section, we recall the classification of the unramified unitary dual
of p-adic symplectic groups, which was obtained by Barbasch in [3] and by
Muic and Tadic in [24]. In terms of the structure of the unramified unitary
dual of p-adic Sps,,, we try to understand the structure of the unramified
local component 7, of an irreducible automorphic representation 7 = ®,m,
of Sp,,, (A) belonging to an automorphic L2-packet ﬁw (ey) for an arbitrary
global Arthur parameter i € {Ivlg(szn).

2.1. Unramified Unitary Dual of Symplectic Groups

The unramified unitary dual of split classical groups was classified by
Barbasch in [3] (both real and p-adic cases), and by Muic and Tadic in [24]
(p-adic case), using different methods. We follow the approach in [24] for
p-adic symplectic groups.

Let v be a finite local place of the given number field F'. The classification
in [24] starts from classifying two special families of irreducible unramified
representations of Sp,, (F,) that are called strongly negative and nega-
tive, respectively. We refer to [22] for definitions of strongly negative and
negative representations, respectively, and for more related discussion on
those two families of unramified representations. In the following, we recall
from [24] the classification of these two families in terms of Jordan blocks,
which also provide explicit construction of the two families of unramified
representations.

A pair (x,m), where x is an unramified unitary character of Ff and
m € Zso, is called a Jordan block. Define Jords, (n) to be the collection of
all sets Jord of the following form:

(21) {()\0, 27114’1), ey ()\07 2le+1), (1GL1,2m1+1), ceey (1GL1,2ml+1)}

where Ao is the unique non-trivial unramified unitary character of F)} of
order 2, given by the local Hilbert symbol (9, -) px, with § being a non-square
unit in Op,; k is even,

0<n <ng <--- < ng, 0<m <me <---<my;
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and
k l

S @i+ 1)+ (2m;+1)=2n+1.
i=1 j=1
It is easy to see that [ is automatically odd.
For each Jord € Jordg,(n), we can associate a representation o(Jord),
which is the unique irreducible unramified subquotient of the following
induced representation

np_1—Ng Nk—3"M"k—2

v 2 /\O(detnk71+nk+1) X v 2 /\O(detnk73+nk72+1)
ny—no
X XV 2 )\0(d€ﬁn1+n2+1)
(2'2) myp_q1—my mip_g3—mj_g9
xXv 2 1det7n171+ml+1 X v 2 detm,l73+n”72+l
mo—msg
X oo XU 2 detomy tmg 1 X 1sp2m1.

THEOREM 2.1 (Theorem 5-8, [24]). — Assume that n > 0. The map
Jord +— o(Jord) defines a one-to-one correspondence between the set
Jordgy (n) to the set of all irreducible strongly negative unramified rep-
resentations of Spy,, (F,).

Note that 1g),, is considered to be strongly negative. The inverse of the
map in Theorem 2.1 is denoted by o — Jord(o).

Irreducible negative unramified representations can be constructed from
irreducible strongly negative unramified representations of smaller rank
groups as follows.

THEOREM 2.2 (Thereom 5-10, [24]). — For any sequence of pairs
(x1,m1)s .-+, (xt,ne) with x; being unramified unitary characters of F
and n; € Zx1, for 1 < ¢ < t, and for a strongly negative representation
Osn Of Spo,,, (Fyy) with 22:1 n; +n’ = n, the unique irreducible unramified
subquotient of the following induced representation

(2.3) X1(detyn, ) X - X x¢(dety,) X osp

is negative and it is a subrepresentation.

Conversely, any irreducible negative unramified representation opeq of
Spe,(Fy) can be obtained from the above construction. The data
(x1,m1)s ..., (xt,n) and o4, are unique, up to permutations and taking
inverses of x;’s.

For any irreducible negative unramified representation o, with data in
Theorem 2.2, we define

Jord(omeg) = Jord(osn) U {(xi,mi), (g Hmi)|1 < i <t}

1
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By Corollary 3.8 of [23], any irreducible negative representation is unitary.
In particular, we have the following

COROLLARY 2.3. — Any irreducible negative unramified representation
of Sp,,, (Fy) is unitary.

To describe the general unramified unitary dual, we need to recall the
following definition.

DEFINITION 2.4 (Definition 5-13, [24]). — Let M"" (n) be the set of
pairs (e, oneq), Where e is a multiset of triples (x, m,«) with x being an
unramified unitary character of Fy, m € Zso and o € Ry, and opeq is
an irreducible negative unramified representation of Sp,,,..(F),), having the
property that 3 .. m-#e(x,m)+n" = n with e(x,m) = {a|(x,m, o) €
e}. Note that a € e(x,m) is counted with multiplicity.

Let M (n) be the subset of M"""(n) consisting of pairs (e, opeg),
which satisfy the following conditions:

(1) If x* # lgi,, then e(x,m) = e(x~',m), and 0 < o < %, for all
a € e(x,m).

(2) If x* = 1gL,, and m is even, then 0 < a < %, for all a € e(x, m).

(3) If x> = 1gr,, and m is odd, then 0 < a < 1, for all a € e(x,m).

Write elements in e(y, m) as follows:
1
O<ar s sasy<fis <A<

with k,l € Z>¢. They satisfy the following conditions:
(a) If (x,m) ¢ Jord(oneg), then k + 1 is even.
(b) Ik >2, apy # 1.
(C) Ifl > 2, then 51 < B < --- < f3;.
(d) a; +5;#1, forany 1 <i<k, 1<j<L
(e) If1 > 1, then #{i|l — B < a; < 3} is even.
(f) Ifl > 2, then #{i|1 — Bj41 < o; < B} is odd, for any 1 < j <1—1.

THEOREM 2.5 (Theorem 5-14, [24]). — The map

(e; Uneg) — X(x,m,a)eevaX(detm) Dol Oneg

defines a one-to-one correspondence between the set M™""" (n) and the set

of equivalence classes of all irreducible unramified unitary representations
of Spy,, (Fy)-

In Section 4, we will mainly consider the following two types of strongly
negative unramified unitary representations:

ANNALES DE L’INSTITUT FOURIER



ARTHUR PARAMETERS AND FOURIER COEFFICIENTS 485

Type I. — An irreducible strongly negative unramified unitary repre-
sentations of Sp,,, (F,) is called of Type I if it is of the following form:

mi—1-m mj_3-m;—2
v : 1detmz—1+ml+1 xv : detim;_g+m;_p+1
(2.4)
moy—mg
XXV 2 Ldetpyymgpr X 1Sp2m1~
Type II. — An irreducible strongly negative unramified unitary repre-

sentations of Sp,,, (Fy) is called of Type IT if it is of the following form:

np_1—nk Np_3—ng_o
(2 5) v 2 )‘O(detnkfﬂrmﬁrl) XV 2 )\O(detnk—3+nk—2+1)

: ni—no
X oo x v 2 Ag(dety, 4npt1) X 1gp, -

In Section 5, we will mainly consider the following two types of unramified
unitary representations:

Type III. — An irreducible unramified unitary representations of
Spa, (Fy) is called of Type IIT if it is of the following form:

(2.6) 0= X(x,m.a)eeV X(detm) X Tneg <+ (€, 0ney),

where 07,¢4 is the unique irreducible negative unramified subrepresentation
of the following induced representation

x1(dety,) X -+ X x¢(dety,) X osp,

with og, being the unique strongly negative unramified constituent of
the following induced representation corresponding to Jord(os,) of the

form (2.1):
”774[717’7711 7n17377nl72
v 2 1det7nl71+7nl+1 XV 2 1det7rzl73+m172+1
m2—m3
X oo XU 2 1detm2+m3+1 X 1SP2m1'
Type IV. — An irreducible unramified unitary representations of

Spa, (Fy) is called of Type IV if it is of the following form:

(2.7) T = X(y,m,a)ceV X(dety,) X Oneg <+ (€, 0neg),

where 0,¢4 is the unique irreducible negative unramified subrepresentation
of the following induced representation

x1(dety,) X -+ X x¢(dety,,) X osp,

TOME 66 (2016), FASCICULE 2
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with og, being the unique strongly negative unramified constituent of
the following induced representation corresponding to Jord(os,) of the
form (2.1):
ng_1-Nk Nk=3""k—2
v 2 )‘O(detnk,—1+nk+1) XV 2 )\O(detnk—3+nk—2+1)

ny—no
X oo x v 2 Ag(detp, 4npt1) X Isp, -

2.2. Arthur Parameters and Unramified Local Components

For a given global Arthur parameter ¢ € Wy(Sp,,), Iy (ey) is the corre-
sponding automorphic L?-packet. It is clear that the irreducible unramified
representations determined by the local Arthur parameter v, at almost all
unramified local places v of F' determine the unramified local components
of m for all members 7 € ﬁ¢ (ey). We fix one of the members, 7 € ﬁ¢(e,¢),
and are going to describe the unramified local component 7, where v is a
finite place of F' such that the local Arthur parameter

7/11; = 1/11,1; 531/12,1; B Ba'l/}r,v
is unramified, i.e. 7, for ¢ =1,2,--- ,r are all unramified.
Rewrite the global Arthur parameter ¢ as follows:

(2:8) = (B, (ri, 2b0)| BB}, (7, 26 + 1) B B0 (7, 265 + 1)),

where 7; € Acusp(GLag,) is of symplectic type for 1 < i@ < k, 7; €
Acusp(GLag;) and 75 € Acusp(GLaa,+1) are of orthogonal type for k + 1 <
j<k+landk+1+1<s<k+1+2+1 Let I = {1,2,...,k},
J=A{k+1,k+2,....k+l},and S={k+1+1,k+14+2,...,k+1+2t+1}.
Let Ji be the subset of J such that w,, , =1, and Jp = J\Ji, that is, for
J € J2, wr;, = Ao. Let S7 be the subset of S such that w, , = 1, and
Sy = S\Sy, that is, for s € Sz, wr,, = Ag. From the definition of Arthur
parameters, we can easily see that #{Jo} U #{S2} is even, which implies
that #{J2} U#{S1} is odd. The local unramified Arthur parameter ), has
the following structures:

e Fori eI,

1

i B iog—
: i,

. ya Poioay —B
Tijw = xq:ly Xq Xq:l v

where 0 < B; < %, for 1 < ¢ < a;, and Xé’s are unramified unitary
characters of F}.
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e For j e Jy,
7_]1) _ XqJ 11/ qX >< aj V*ﬁéxjyfl,
where 0 < 5] ,for 1 < ¢ <ay, and XJ s are unramified unitary
characters of F;
e For j € Js,
Tjv = >< qX X Ao X lar, X Zj_ll z/_ﬁéxj,—l7
where 0 < 53 < 5, for 1 < ¢ < aj, and XJ s are unramified unitary
characters of F:
e For s € 5y,

a —Bs.s,—1
TsvfxslquqX1GL1xS:1VBqu )

where 0 < 37 < 3, for 1 < ¢ < as, and x3’s are unramified unitary
characters of F{f
e For s € Sy,

— ag B s,—1
TS,U—Xq,11/ ><)\0>< SR 7 qxq ,

where 0 < 37 < 3, for 1 < ¢ < as, and xj’s are unramified unitary
characters of F;

We define
Jord; = {()\0, 2b] + 1),] € Jo; ()\0, 2bs + ].), ERS SQ;
(ler,,2bj +1),7 € Jos (Lgr,, 2bs + 1), s € Si}
Note that Jord; is a multi-set. Let Jords be set consists of different Jordan
blocks with odd multiplicities in Jord;. Then Jords has the form of (2.1),
and by Theorem 2.1, there is a corresponding irreducible strongly negative

unramified representation o,,.
Then we define the following Jordan blocks:

Jord; = {(sz,Zbi) (sz’_l 2b;),1€ 1,1 <¢q< ai,ﬂi =0},

Jordy, = {(x,2b; + 1), (71, 2b; + 1), € Ji,1 < g < a5, 8 = 0},
Jordy, = {(xJ,2b; +1), (X}, 2b; +1),j € Jo,1 < g < a; — 1,8 =0},
Jords, = {(xg, 2bs +1),(X;§v—1 2bs+1),s € 81,1 < g < as, B =0},
Jords, = {(xj,2bs +1),(X;’_1 2bs +1),s € S2,1 < q < as, B = 0}.

Finally, we define
Jords = (Jord;\Jords) U Jordy U Jordy, U Jordy, U Jords, U Jordsg, .

By Theorem 2.2, corresponding to data Jords and og,, there is an irre-
ducible negative unramified presentation ocg.

TOME 66 (2016), FASCICULE 2
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Let

er :{(X2a2b175}1)7l6171<q<a175;>0}7
es, ={(x),2b; +1,B),j € 1,1 < q < a;, ) >0},
es, = {(x},2b; +1,B)),j € J2,1 < q<a; — 1,8, > 0},
es, = {(xg:2bs +1,5;),8 € S1,1 < g <as, By >0},
es, = {(XZaQbs + 1763)75 €52,1<g< a'svﬁ(j > O}

Then we define

(2.9) e=erUey Uey, Ueg, Ueg,.

Since the unramified component m, is unitary, we must have that
(€,0neqg) € M™¥"(n), and m, is exactly the irreducible unramified unitary
representation o of Sp,, (F,) which corresponds to (e,opeq) as in Theo-
rem 2.5.

Remarks 2.6.

(1) If o is an irreducible unramified unitary representation of Sps,,(F))
corresponding to the pair (e,0y,e4) € M™ " (n), then the orbit O
corresponding to o in [3] is given by the following partition:

k l

[(H n) [T m(Ien+ ) [em + ).

(x,m,)€e i=1 i=1

(2) In Section 6.2, we will show that given an Arthur parameter v, there
are infinitely many finite local places v such that v, are unramified
and the central characters of 7;, are trivial. It follows that for any
T E ﬁw(ew), there is such a finite local place v, such that m, is an
irreducible unramified unitary representation of Type III as in 2.6.
This is a key step in the proof of Theorem 1.3.

For such 7, as in 2.6, the orbit O corresponding to o in [3] is given
by the following partition:

l

(TI=HC IT = Tem:+n)l,
j=1

(x,m,a)€e i=1

which actually turns out to be p(¢)). Then, we will show that 7 has
no non-zero Fourier coefficients attached to any symplectic partition p
which is bigger than the Barbasch-Vogan duality partition ngv 4(p(1)).
This proves Theorem 1.3.
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3. Vanishing of Certain Twisted Jacquet Modules

For an irreducible automorphic representation 7 of Sp,,, (A), we write 7 =
®,Ty, the restricted tensor product decomposition. The (global) Fourier
coefficients on 7 induce the corresponding (local) twisted Jacquet modules
of m, for each local place v of F. It is clear that if m, has no nonzero
such twisted Jacquet modules at one local place v, then 7 has no nonzero
corresponding (global) Fourier coefficients. We consider the local twisted
Jacquet modules at an unramified local place of 7, the structure of which
implies the vanishing property of the corresponding Fourier coefficients.

To simplify notation, we denote, in this section, by 7 for an irreducible
admissible representation of G, (F,), where v is a finite place of F.

Recall from [16] that given any symplectic partition p of 2n and a datum
a, there is a unipotent subgroup Vpg and a character wpa Given any
irreducible admisslbe representation 7 of G, (F), let Jy, , 4, ,(m) be the
twisted Jacquet module of 7 with respect to the unipotent subgroup V.2
and the character 1, 4.

In principle, we are mainly interested in irreducible unramified unitary
representations which are described in Section 2.1. However, in this section,
we consider the following more general induced representations of G, (F):

(3.1) = IndG (F ) o (P yHa(detym,) @ -+ @ pp(detm, ) ® 1g

mq?

where mg =n — Zle m; =2 0, Py, m, is a standard parabolic subgroup
of G,, with Levi subgroup isomorphic to GL,,, X --- GLy,, X G, and p;’s
are quasi-characters of F.

We prove the following vanishing properties of certain twisted Jacquet
modules of .

LeEMMA 3.1. — For 7 as in (3.1), the following statements hold.

(1) Jyo_ (m) = ‘]V[(gr)ﬂn—%],gﬂl’[@r)12n—2r]‘a(77) = 0, for any square class
a € FJ(FX)? and any r > k + 1.
(2) J¢(2,,,+1>2 (7T> = J‘/[(2r+1)21271,—47‘—2]ngw[(gr+1)212n—47“72] (7T) =0,
e for any r > k if mg = 0, or, if mg > 0 and m; = 1 for some
1 < ¢ < k, assuming that 2(2k + 1) < 2n;
e foranyr > k+1ifmg >0 and m; > 1 for any 1 <1 < k,
assuming that 2(2k + 3) < 2n

Proof. — The idea of the proof of Part (1) is similar to that of Key
Lemma 3.3 of [11].

By the adjoint relation between parabolic induction and the twisted
Jacquet module, we consider Py, .. m, \Gn/‘/v[(QY-)12n72r],27 the double coset
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decomposition of G,,. Using the generalized Bruhat decomposition, the
representatives of these double cosets can be chosen to be elements of
the following form: v = wuy,, with w € W(Pn,,. . m.)\W(G,), where
W(G,,) is the Weyl group of G,, and W(P,,,, . m,) is the Weyl group of
Pp,,....,m,, and with u,, being in the standard maximal unipotent subgroup
of Spy,, 2,40, which is embedded in G, as I,_1 X Spg, _g,4 in the Levi
subgroup GL,_1 X Spy,,_5, 5. We identify u, with its embedding image.

We show that there is no admissible double coset, i.e., for any representa-
tive v = wuy,, there exists v € V](g,)12n-2r] 2, such that Yyl € Py
but w[(gr)lzn,—zr]7a(v) # 1.

Let o; = e;—e441, fori =1,2,...,r—1, and o, = e,.+e, be some positive
roots. By definition, (2;)12n-2r], o is non-trivial on the corresponding one-
dimensional root subgroup X,, for ¢ = 1,2,...,r, but is trivial on the root
subgroup corresponding to any other positive root. Hence it is enough to
show that for any representative 7, there is at least one 1 < ¢ < r, such
that vXo, ()Y € Py -

Note that wi, Xa, (7)(Wuw) ™! = w(uwXe, ()u;HNw™t = wX,, (2)w™!
for any i # r —1. For i = r — 1, u = u;' X4, ()uw € Vj2r)120-2r] 2, and
wuu(wuy,) = wluguulw ! = wX,, (z)w™!. Therefore, it remains to
show that for any Weyl element w € W (P, ... .m,)\W(Gy), there is at
least one 1 < i < 7, such that wX,, (®)w™ € Py, my-

Let Ny, ,....m, be the unipotent radical of P, . m,, and le,“.7mk be
its opposite. Assume that there is an w € W(Pp,,...m,)\W(Gy), such
that for any 1 < i < r, wX,, (z)w™ € Ny m,. This will lead us to a
contradiction.

We separate the numbers {1,..., Zle m;} into the following chunks of
indices: I; = {Zf;ll m; + 1, Zf;ll m; + 2,.. .,Zgzl m;}, for 1 < j < k.

By assumption, wXq, (2)w™" € Ny, . m, for any 1 <4 < 7, where a; =

k?

e;—eip ifi=1,2,...,7r—1, and o, = e, +e,. There must exist a sequence
of numbers 1 < i1 <ig < -++ < ip_1 < i, < N, such that w(es) = —e;,, for
s=1,2,...,r.
We assume that ¢; € I;, for s = 1,2,...,7. We claim that j; < js <
- < jpr. Indeed, we have j; < jo < -+ < jp. If js = jsy1 for some
se€{1,2,...,r— 1}, then
UJonsw71 = WXes—es+1W71 = Xeis+1 —ei C Pml,...,mka

which is a contradiction. This justifies the claim. On the other hand, the
condition that j; < jo < --- < j, will lead to a contradiction, since we just
have k different chunks of indices, and r > k + 1.

This completes the proof of Part (1).
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Next, we prove Part (2). For the partition [(2r + 1)212"7%"=2] the cor-
responding one-dimensional toric subgroup H[(2,11)212n-4r-2) consists of
elements as follows

(3.2) diag(t3" 4372, 472 Loy a0, t2T 1272 10T,

Note that here actually t; = to = ¢, we just label them to distinguish their
positions.

Let w; be a Weyl element sending the one-dimensional toric subgroup
H|(2r+1)212n-4r—2] to the following one-dimensional toric subgroup

(33) {dlag(T, In—?r—l;t(l)atg§ln—2r—1aT*)}7

where T' = diag(t37, 137,272 ¢377%; ... 13,12). Then it is easy to see that
T 5112 (M) # 0 if and only if 7 has a non-zero twisted Jacquet module
with respect to U := w1V|(2;41)212n-1r-2) 2w1 and 1y, which is defined by

Yy (u) = 7721[(2T+1)212n74r72](wl_luwl).

Hence we have to show that Jy y, (7) = 0. Note that U is actually the
unipotent radical of the parabolic subgroup with Levi M isomorphic to
GLg X - -+ X GLg X Gy —g, (with r-copies of GLo).

As in the proof of Part (1), we consider the double coset decomposition
P,,....m,\Grn/U. By Bruhat decomposition, the representatives of these
double cosets can be chosen to be elements of the following form: v = wu,,,
with w € W(P,....m,)\W(Gy) and u,, in the standard maximal unipotent
subgroup of M. We will show that there is no admissible double coset, i.e.,
for any representative v = wu,,, there exists u € U, such that yuy~! €
Pons g bt s (u) # 1.

Define for now that a; = wi(e; — e;41) for 1 < i < 2r. We show
that for any representative v, there is at least one 1 < ¢ < 2r such that
PYXOM, (LB)’)/71 € Pm1,~»-~,mk'

Note that for any u, € M and any 1 < i < 2r, u = u, ' X,, (v)u, € U
since M normalizes U. Then wu,u(wu,) ™t = wX,, (r)w™!. Hence we just
have to show that for an w € W(Pml,m,mk)\W(Gn), there is at least one
1 <4 < 2r, such that wX,, (z)w™! € Py, m,. As in Part (1), we prove
this by contradiction, assumlng that there is an w € W (P, ,...m, ) \W(Gn),
such that for any 1 <i < 2r, wX,, (z)w™! € thm,mk

If mg =0, we Separate the numbers {1,...,n, -n+1,. —1} into
the following 2k chunks of indices: I; = {El Lm; + 1 El L mi +

Zj ymi}, if 1 <j<kjand [; = {— Z% j+1mi,fzi2ilj+1 1+1,

.,—Z?kljml 1}, 1fk:+1 <j < 2k.

TOME 66 (2016), FASCICULE 2



492 Dihua JIANG & Baiying LIU

If my > 0, we separate the numbers {1,...,n, -n+1,. —1} into
the following 2k + 1 chunks of indices: I; = {ZJ Tmi+1 Zj Lmi + 2,

S ma), i1 <G < ks

k k k
I :{Zmi—l—l,Zmi+2,...,n,—n,—n+1,...,—Zmi—1};
i=1 i=1 i1

and Ly = {= 20 oy, =2 0 1, = T my — 1, if
k+1<j<2k

By assumption, wX,, (z)w™ € Ny, m, for any 1 < i < 2r, where
a; = wi(e; —e;11) with ¢ = 1,2,...,2r. There must exist a sequence of
numbers {iq,42,..., 9,41} with i, € I;, and j; < jo < --- < jar41, such
that w(wi(es)) = fizyo_, for s =1,2,...,2r + 1, where f; := e, if t > 0,
and f; := —e_y, if t < 0. Using similar augments as in the proof of Part (1),
we have that j; < jo < -+ < jort1-

Assuming that 2(2k + 1) < 2n. If mg = 0 and r > k, then the condition
that j; < ja < -+ < jor41 will lead to a contradiction, since we just have
2k different chunks of indices. If mg > 0 and m; = 1 for some 1 < i < k,
and r > k + 1, then the condition that j; < jo < -+ < jo,41 will also lead
to a contradiction, since we just have 2k + 1 different chunks of indices.
If mg > 0 and m; = 1 for some 1 < ¢ < k, and r = k, then js = s,
that is i € Iy, 1 < s < 2k + 1. This easily implies that #(Is) > 2 for
any 1 < s < 2k + 1, that is, mg > 2 for any 1 < s < 2k + 1. This is a
contradiction since m; = 1 for some 1 <7 < k.

Assuming that 2(2k + 3) < 2n. Ilf mg > 0 and m; > 1 for any 1 < i < k,
and r > k + 1, then the condition that j; < jo < - < ja,r41 will also lead
to a contradiction, since we just have 2k + 1 different chunks of indices.

This completes the proof of Part (2) and hence the proof the lemma. O

Lemma 3.1 is also true for the double cover of Sp,, (Fy), with exactly
the same proof. We state the result as follows with proof omitted.
Let

(34) 7= Ind%p%(F”) Pt (det, ) @ - @ p(detyn, ) @ 1
gy, (P

SPamq (Fu)’
where mg =n — Zf 1mi 20, ]Sm1 my (F) is the pre—image of the para-
bolic Py,,....m, (Fy) in San( ), ii's are quasi-characters of F;', and puy, is
defined as in (6.1) of [12].

LEMMA 3.2. — For 7 as in (3.4), the followings hold.

(1) Jyo_ (7):= JV(QT)I%_QT])271[,[(2”12"_2”‘0 (7) = 0, for any square class
a€ Fj/(F{f) and any r > k + 1.
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(2) J¢(2T+1>2 (%) = J‘/'[(2T+1)21277,—47‘—2],27/1/j[(27‘+1)212’n.—47‘—2] (%) =0,
e for any r > k if mg = 0, or, if mg > 0 and m; = 1 for some
1 < < k, assuming that 2(2k + 1) < 2n;
e foranyr > k+ 1 if mg > 0 and m; > 1 for any 1 < ¢ < k,
assuming that 2(2k + 3) < 2n.

Remark 3.3. — When o = 1 and mg = 0, Part (1) of Lemmas 3.1
and 3.2 have already been proved in Theorem 6.3 of [12].

4. Vanishing of Certain Fourier Coeflicients: Strongly
Negative Case

In this and next sections, we characterize the vanishing property of
Fourier coefficients for certain irreducible automorphic representations T,
based on the information of 7,, where v is any finite place of F' such that
T, 1s unramified.

First, we recall some definitions and results from [5]. A symplectic par-
tition is called special if it has an even number of even parts between any
two consecutive odd ones and an even number of even parts greater than
the largest odd part. By Theorem 2.1 of [10] and Corollary 4.2 of [16], for
an irreducible automorphic representation m of Sp,,, (A), p™(7) consists of
special symplectic partitions of 2n.

Given a partition p of 2n, which is not necessarily symplectic, the unique
largest symplectic partition which is smaller than p is called the G-collapse
of p, and is denoted by Pq (note that G = Sp). In general, P, may not
be special. Given a symplectic partition p of 2n, which is not necessarily
special, the smallest special symplectic partition which is greater than p is
called the G-expansion of p, and is denoted by BG.

Theorem 6.3.8 of [5] gives a recipe for passing from a partition p to
its G-collapse. Explicitly, given a partition p of 2n, then is automatically
has an even number of odd parts, but each odd part may not have an even
multiplicity, that is, p may not be symplectic. Assume that its odd parts are
p1 = -+ = por, with multiplicities. Enumerate the indices ¢ with pa; 1 > po;
as i; < --+ < ig. Then, the G-collapse of p can be obtained by replacing
each pair of parts (p2i;—1,p2i;) by (p2i;—1 — 1,p2i, + 1), respectively, for
1 < j < t, and leaving the other parts alone. For example, for the partition
p= [534232213], then its odd parts are 5 >5>5>3>3>1>1 > 1,
and 5 > 3, 3 > 1 are two pairs in the series of its odd parts which are not
equal. Then, p , = [52442312], which is exactly obtained by replacing the

pair (5,3) by (4,4), (3,1) by (2,2), and leaving the other parts alone.
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Theorem 6.3.9 of [5] gives a recipe for passing from a symplectic par-
tition p to its G-expansion. Explicitly, given a symplectic partition p of
2n, then by definition, each of its odd parts occurs with even multiplicity.
Assume that p = [pip2---pr], with p1 = p2 > --- > p, > 0. Enumerate
the indices i such that po; = po;11 is odd and po;_1 # po; as i3 < -+ < iy.
Then the G-expansion of p can be obtained by replacing each pair of parts
(P2i;,P2i;+1) By (D2i;+1,P2i,—1), respectively, and leaving the other parts
alone. For example, for the symplectic partition p = [65243%212], which is
not special, we have p; # py = ps = 5, and p7 # ps = pg = 1. Then
BG = [62423222], which is exactly obtained by replacing the pair (5,5) by
(6,4), (1,1) by (2,0), and leaving the other parts alone.

Following from the definition of Fourier coefficients attached to compos-
ite partitions for the global case in Section 1 of [10], and also the def-
inition of Fourier-Jacobi module F.J in Section 3.8 of [12], we can sim-
ilarly define the Fourier-Jacobi modules with respect to the composite
partitions like [(2n;)12772"1] o [(2ng) 127~ 271 =22], Explicitly, given an ir-
reducible admissible representation 7 of G,(F,), we say that 7 has a
nonzero Fourier-Jacobi module with respect to the composite partition
[(2n1)12772m1] o [(2ng)127~2m1—2n2] if the following is nonzero: first tak-

ing the Fourier-Jacobi module F Jd)gl—l(ﬂ-) which is a representation of

Grn—n,(F,), denoted by «’, followed by taking twisted Jacquet module
wa; (7'), with a, B € F* /(F¥)2.
The following proposition generalizes Theorem 6.3 of [12].

ng—1

PROPOSITION 4.1. — The following hold.

(1) Let x;, 1 <4 < r, be characters of F, and a € F,f. Then

Flyp (IndiP v (dety,) @ - @ ™ x(detyn, )

(4.1)

o~ Indspzn—%
Ppy—1,..., mp—1

fyp—av® X1 (dety, —1) @ - @ v xg(detm, —1).

(2) Let x;, 1 <4 < r, be characters of F, and a,b € F;*. Then

SPan
FJy, (Indp

LS e

(4.2) oy Ppa v X (det, ) © - - @ v X (detin, )

SPo, ok
gIndP 2n—2k

my—1,...,mp—1

X%V%Xl (detp,—1) ® -+ @ v** xp(detm,—1),

where xu is a quadratic character of F,, defined by the Hilbert
symbol: x» (z) = (£, 2).
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Proof. — The proof is the same as Theorem 6.3 of [12]. The key cal-
culation is reduced to that in Proposition 6.6 of [12]. Explicitly, by [19,
page 17],

Voo Yy-b = Vg Yp-aXp = Xb-
O

The following proposition can be easily read out from the Theorem 6.1,
Proposition 6.7 and Theorem 6.3 of [12].

PROPOSITION 4.2. — Let x;, 1 < i < r, be characters of )}, and a € F}.
Then

k Z/alxl(detml) Q- @U* Xk(detmk) ® ]‘szm)

.....

SPan_ak
(43)  =Indp’r 2 fp=av™ X1 (detim, —1) @ -+ - @ v X (detyn, —1)

,,,,, my—1
® (Isp,,, ®wy-a),
where the term v®ix;(det,,, 1) will be omitted if m; =1, for 1 <1i < k.

Before we state the main result of this section, we need to recall the
following definition.

DEFINITION 4.3. — Given any patition ¢ = [q1q2 - - gr] for 502,,41(C)
with ¢ > qo > -+ > q, > 0, whose even parts occurring with even
multiplicity. Let ¢~ = [q1q2---q¢r—1(¢r — 1)]. Then the Barbasch-Vogan

duality Nso,, ., (C),sp,, (C); following [4, Definition Al] and [1, Section 3.5],
is defined by

Ns020,4+1(C),sps,, (C) (g) = ((Q_)sz,n)t’
where (¢7)sp,, is the Sp,,-collapse of q~.

In this section, we prove the following theorem.

THEOREM 4.4. — Let w be an irreducible unitary automorphic repre-
sentation of Sp,,, (A), having, at one unramified local place v, a strongly
negative unramified component oy, which is of Type I as in 2.4. Then,
for any symplectic partition p of 2n with

l

P> Tsoznss(©),5m,, ) ([ [ (2 + 1)),
=1

7w has no non-vanishing Fourier coefficients attached to p, in particular,

p&pm(m).
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Proof. — By Definition 4.3,
1 l

Msoan 1 ()05, © ([ [ (2ms + D)) = ([ T2 + 1))sp(2ma)]".
i=1 i=2
We prove by induction on [. When [ = 1, it is easy to see that oy, , is
the trivial representation, which implies that for any symplectic partition

P > Msozn1(€©),ops,, (@) ([(2m1 + D)]) = [(2ma)]" = [17™],

and a datum g, the twisted Jacquet module Jy, , 4, , (0sn,v) vanishes iden-
tically. Therefore, 7 has no non-vanishing Fourier coefficients attached to
such p. We assume that the theorem is true for any I’ < [.

By assumption, oy, is the unique strongly negative unramified con-
stituent of the following induced representation

mp_q—my myp_g—mj_go

pi=v" 7 ldetm, ,4m1 XV z Ldetm, 4 im,_yi1

(4.4)

X oo XV 2 1detm2+m3+1 X 1Sp2m1'
And
Jord(asn,v) = {(1GL172m1 + 1)a (1GL1a2m2 + 1)7 sy (1GL1 y2my + 1)};

with 2m1 +1 <2mo +1 < --- < 2my; + 1. Since [ is odd, write [ = 2s + 1.
By Proposition 4.2,

P1L = FJw;fl(P)

mos —Mmasy] 1 Mos_2—Mog_1 1
= _ 2 Pl
(45) Hy—2V detmgg+maosi1 XV detmy,_ptmas_y
mo—mg
e 2 ~
X oo XV Ldetyy 1y X (1sp2m1 ® Wy-1).

Note that mos+mogi1+1 > mos_o+mos_1+1> -+ >mo+mz+1> 3.
By Lemma 3.1, Jyo (p) = 0 for any 7 > s + 1 and any o € F*/(F*)?;
and J¢(27.+1)2 (p) =0 for any r > s if my; = 0, and for any r > s + 1 if
my > 0. From Theorem 6.3 of [12], we can see that Jyo (p) = 0 if and
only if F.Jya (p) = 0. Therefore, [(25)1?"~?%] is the maximal partition of
the type [(2r)12"~27] with respect to which p can have a nonzero Fourier-
Jacobi module, in this single step.

By [19, Example 5.4, page 52|, the unique unramified component of p;
in (4.5) is the same as the unique unramified component of the following
induced representation:

, mas—masi1 mgs_g—mas_1
= _ Pl p)
P1 = By 1detm25+m25+1 xv 1detm2572+m2571

(4.6)

mo—msg —mq
X oo XV~ 2 ><1/21detm1>41~

detimgt+mg Spo .
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By Part (2) of Proposition 4.1,

R /
P2 = Fst—l(pl)
m2s —M2s541 M2s—2—"M2s5—1

(47) =V 2 ldetM2s+m2s+1—1 xv detymy, ptmoy_j—1

mg—mg —mq

X e XV 2 1detm2+m3—1 XV 2 1detm1_1 X ]‘SP07

whose irreducible unramified constituent is the same as that of the following
induced representation:

’ Mm2s —M2s41 M2s—2-"M2s—1
= 2 X -3
p2 v detm25+m25+171 14 dEtm23,2+m2571—1

mo—m3

X oo XU 2 1det,,,b2+,,n3,1 X 1SP2m172'

Note that mas+masy1 > Mas_o+mas_1 > -+ > mg+mg > 2. Similarly
as above, by Lemma 3.2, Jyo (p7) = 0 for any r > s+ 2 and any a €
F*/(F*)?; and Jpgriny2(P1) = 0 for any r > s if my = 1, and for any
r > s+ 1 if m; > 1. Therefore, [(2s + 2)12"72572572] is also the maximal
partition of the type [(2r)12"725727] with respect to which p} can have
a nonzero Fourier-Jacobi module, in this single step. We need to do this
routine checking about the “maximality” using Lemma 3.1 or Lemma 3.2,
every time we apply Proposition 4.1 or Proposition 4.2. We will omit this
part in the following steps.

It is easy to see that we can repeat the above 2-step-procedure m; — 1
more times, then we get the following induced representation:

mos—masy1
= 3
P2my = Hyp—1V 1det7n.25+7n25+1727n1+1

mos_2—Mas_1
(49) XV : detmy,_otmo,_1—2m+1

mog—ms3

X e XU 2 ><I].Sp0.

detimg+mg—2mq+1

Then, we continue with pa,,,. By Part (1) of Proposition 4.1,

p2my+1 = FJy1_ (pam,)
Mg —Mg41
= Hyp—1V 2 1d9t7n25+7n25+1727n1
(4.10) Mmog_2 M35 _1
2

xv detrmy,_gtmoy_1—2m;

mg—mg

... 2 ~
X X v detomy g —am; X 1sp0'
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By Part (2) of Proposition 4.1,

pamyt2 7= FJy -1 (p2my+1)

m2s " M2s41

= 2
411 =V 1detm2s+m25+1*27n1*1
( . ) M2s—2"M2s—1
xXv detmy, otmoy_q—2mq—1
mo—msg
S 2
X XV 1det7n2+7n3727n171 X 1Sp0'

It is easy to see that we can repeat the 2-step-procedure ms — m; more
times, then we get the following induced representation

mos—masy1
= P)
P2mo+2 =V 1detm25+m25+171727n2
Mmos_2—Mas_1
(4.12) X UV Pl 1
detmy,_otmo,_1—1-2my

m2—m3

X XV ety X LSpy)

whose unramified component is the same as that of the following induced
representation

’ M2s —M2s41

= )
p =V 1det7u25+7n25+17172771.2

Mm2s—2"M2s—1

(4.13) X U 2 ]-dct

mas_2tmas_1—1-2m2

my—mg

e 2
x X v detymy+mg—1-2my 7 18P2w1372m,272'

By Theorem 2.1, p’ has a unique strongly negative unramified constituent

! and

US7L’

Jord(a%,, ,) = {(laL,,2ms — 2my — 1), (1ar,, 2my — 2my — 1),
EERE) (IGL172m2$+1 — 2mg — 1)}7

with 2s — 1 Jordan blocks.

Note that in general, the unique unramified component of pg;, 1 < i <
ms, may not be strongly negative.

By induction assumption, for any irreducible unitary automorphic repre-
sentation 7’ of Sp,,, (A) which has the unique strongly negative unramified
constituent of ¢, , as a local component, and for any symplectic partition

P of 2m with

2s+1

p>[(J] @mi —2ma — 1))sp(2ms — 2my — 2)],
=4

7’ has no non-vanishing Fourier coefficients attached to p.
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From the above discussion, we have the following composite partition

[(28)12n—2s] o [(28 + 2>12n—2(2s+1)] o-...
o [(28)12n—2m1(25+1)+25+2] ° [(28 + 2)12n—2m1(25+1)]

(414) ° [(28)12n72m1(2s+1)725] 0.0 [(28)12n7(2m2+2)2572m1]
2s+1
o[( ][] (2mi — 2ma — 1))sp(2ms — 2my — 2)],
i=4

which may provide non-vanishing Fourier coefficients for 7, where there are
total my copies of the pair (2s,2s + 2) in the first two rows, and there are
2mg + 2 — 2my copies of (2s) in the third row.

By Proposition 3.2 of [16], the composite partition in (4.14) provides non-
vanishing Fourier coefficients for 7 if and only if the following composite
partition provides non-vanishing Fourier coefficients for

[(28 + 1)212n72(25+1)] 0.--0 [(25 4 1)212n72m1(25+1)]
o [(25)12n72m1(25+1)*25] 0.0 [(25)12n7(2m2+2)2872m1]

(4.15) 2ol

o[(J] (2mi — 2ma — 1))sp(2ms — 2my — 2)]".
i=4
By the recipe in Theorem 6.3.8 of [5] (see the beginning of the current
section), it is easy to see that
2s5+1
[(T] @mi — 2ma — 1)) 5,(2ms — 2ma — 2))'
i=4
= [(2m23+1 — 2m2 — 2)(2m2§ — 2m2) cee (2m5 — 2m2 — 2)
. (2m4 — 2m2)(2m3 — 2m2 — 2)]t
(4.16) — 12Maen1—2ma—2 | {2ma.—2my | | 2m5—2ma—2 | |2msi—2m
4 12m3—2m2—2

— [(25 _ 1)27}’13—27}12—2(28 _ 2)2m4+2—2m3(28 _ 3)2m5—2m4—2 .

(2)2m23+272m2371 12m25+172m2572].

Therefore, by [16, Lemma 3.1] or [10, Lemma 2.6], and [16, Proposition 3.3],
if the composite partition in (4.15) provides non-vanishing Fourier coeffi-
cients for m, then so is the following partition

(4.17)
2s+1

[(25 + 1)2m (28)272 272 (T (2my — 2ma — 1)) (2mg — 2ms — 2))'].
i=4
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Given a symplectic partition p = [p7'p5® - - pir] of 2n, that is, e; = 1 if
pi is even, e; = 2 if p; is odd. Assume that p is bigger than the partition
in (4.17). Write the symplectic partition in (4.17) as ¢ = [¢7'¢5”> -~ - ¢;'].
Assume that 1 < g < r is the unique index such that p; = ¢; for 1 < i < ig,
and p;, > ¢i,. If 40 = 1, then by Lemma 3.1, p in (4.4) has no nonzero
twisted Jacquet module attached to the partition [p§!127~P1¢1]. Therefore,
7 has no nonzero Fourier coefficients attached to the partition [p{* 12n—Pre1].
By Lemma 3.1 of [16] or Lemma 2.6 of [10], and Proposition 3.3 of [16], w
has no nonzero Fourier coefficients attached to the partition p.

Next, we may assume that i9 > 1. For p; = ¢ = 2s, which means
that m; = 0, then we take the Fourier-Jacobi module F'.J,1 ~as in (4.5)
for p in (4.4). If p1 = ¢1 = 2s + 1, which implies that m; > 0, then by
Proposition 3.2 of [16], to consider the Fourier coeflicients attached to the
partition [(2s + 1)212"=2(2s+1)] it suffices to consider the composite parti-
tion [(25)12"72%] o [(2s + 2)127~2(2s+1)]. Take the Fourier-Jacobi modules
FJy1 and FJ-1 consequently as in (4.5) and (4.7) for p in (4.4). Af-
ter repeating the above procedure for p; = ¢;, 2 < 7 < ip, we come to a
similar situation as in the case of igp = 1. Using a similar argument as in
the case of i9p = 1, applying first Lemma 3.1 if having taken even times of
Fourier-Jacobi modules or Lemma 3.2 otherwise, then Lemma 3.1 of [16]
or Lemma 2.6 of [10], and Proposition 3.3 of [16] we can conclude that 7
also has no nonzero Fourier coefficients attached to the partition p.

Hence, for any symplectic partition p which is bigger than the partition
in (4.17), m has no nonzero Fourier coefficients attached to the partition p.
Therefore, it remains to show that the partition in (4.17) is exactly equal
60 Moo 1 (€)0p5, (@ (([Tim (25 + D))).

By a similar calculation as in (4.16), [(Hl

i—o(2m; + 1)) sp(2m1)]" equals

[(28 4 1)2m1 (28)2m2+2—2m1 (28 _ 1)2m3—2m2—2(28 _ 2)2m4+2—2m3

(28 _ 3)2m5—2nL4—2 . (2>27n25+2—2m2571 12m23+1—2m25—2].

Therefore, the partition

2s+1
[(25 + 12 (25)2m2 7272 (] (2ma — 2ma — 1)) sp(2ms — 2my — 2))']
=4

is equal to

l l
[([T2mi + 1))sp2m0))" = neosn 1 ©),5p0, @ (L[ (23 + 1))

=2 i=1
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Hence, for any symplectic partition p of 2n with

l

P> Tsoznss(©),5p,, ) ([ [ (2 + 1)),
i=1
7 has no non-vanishing Fourier coefficients attached to p, in particular,
p & p™ (7). This completes the proof of the theorem. a

Applying Theorem 4.4, we can easily obtain the following analogue result.

THEOREM 4.5. — Let w be an irreducible unitary automorphic repre-
sentation of Sp,,, (A), having, at one unramified local place v, a strongly
negative unramified component oy, , which is of Type II as in 2.5. Then,
for any symplectic partition p of 2n with

k

P> Tsoznsa(©),5p,, ) ([ [ (206 + D(D)),
=1

7w has no non-vanishing Fourier coefficients attached to p, in particular,

p¢p"(m).

Proof. — By assumption, o, , is the unique strongly negative unrami-
fied constituent of the following induced representation

nk—1""k nk—3 " Mk—2

pr=v" 2 Xo(detn,_,4n+1) X7 2 Ao(detn, siny_pt1)

(4.18)

ni—ng

X XV 2 )\O(detnl+n2+1) X 1Sp0'

And
JOI‘d(O’STL’v) = {()\0, 2n1 + 1), ()\0, 2n9 + 1), R (/\07 2n + 1), (lGL17 1)}7

with 2n1 +1 < 2ns 4+ 1< -+ < 2ni + 1 and k being even.
It is easy to see that p can be written as Agp’, where:

"k—1""k Nk—3""k—2
pi=v- 2 1detnk—1+"k+1 X v 2 1get

(4 19) ng_gtng_z+1

ni—n

v2
X XVT 7 Ldety,, ynyin X Lspy-

By Theorem 2.1, p’ also has a unique strongly negative unramified com-
ponent ¢’ with

sn,v
Jord(al, ) = {(1,2n1 +1),(1,2n2 + 1),...,(1,2n; + 1), (1ar,, 1) }.
Applying the argument in the proof of Theorem 4.4 to p’, we can easily
see that for any symplectic partition p of 2n with

k
P > Tsoa 1 (©).5m, @ ([ [ 20 + D)D),

=1
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7 has no non-vanishing Fourier coefficients attached to p, in particular,
p ¢ p™(m). This proves the theorem. O

Remark 4.6. — If an irreducible unitary automorphic representation
7 of Sp,,(A) has as a unramified local component a strongly negative
unramified component oy, that is neither of Type I nor Type II, that is,
two characters Ao and 1gr, are mixed, then the above computation will
get more complicated. We omit the detail here.

5. Vanishing of Certain Fourier Coefficients: General Case

In this section, we continue to characterize the vanishing property of
Fourier coefficients for certain irreducible automorphic representations,
based on local unramified information. We prove the following theorem,
which is a generalization of Theorem 4.4.

THEOREM 5.1. — Let 7 be an irreducible unitary automorphic represen-
tation of Sp,,, (A) which has, at one unramified local place v an unramified
component o, of Type III as in 2.6. Then the following hold.

(1) For any symplectic partition p of 2n with

t l

p>p = IIeHC TI  m*([@mi+1)sp@m)])sp,

J=1 (x;m,a)€e =2

7w has no non-vanishing Fourier coefficients attached to p, in partic-

ular, p ¢ p™(m).
(2) The partition p, has the property that

l

p, = 77502n+1((C),5P27,,(C)([(H ) I m)(JeEm: +n))).

(xma)ee  i=1

Proof of Part (1). — We prove by induction on n. When n = 1, then
k = 0, and either m; = 0 or my; = 1. If m; = 0, then by Part (1) of
Proposition 4.1, p, = [1?]" = [2]. If mg = 1, then p, = [2]" = [1?]. Therefore,
Part (1) is true for n = 1. We assume that the result is true for any n’ < n.
Since [ is odd, we assume that [ = 2s + 1. By the assumption of the
theorem, o, is the unique unramified constituent of the following induced
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representation:

P = X(x,m,a)ce UQX(detm) X X;:lXj(detnj)

m2s —M2s+41 M2s—2—"M2s5—1

xv 2 1detﬂlzs+wms+1+1 xv 1detm2572+m2571+1

mog—ms3

X XV 2 ldetyy smgia X 1Sp2m1'

We assume that
AT TT 2 = [Ca)Ce) -+ 20)

where 2¢1 > 2q2 > -+ 2 2q,. If r < 2m9 + 2, then we let ¢.11 =
- @amy+2 = 0. By Proposition 4.2,

pr = FJy (p)

q1+s—1
— « t
= M1 X(x,m,a)ce UV X(detm_l) X szlxj(detnj_l)
mas —mas i1 m2s 2 M2s 1
g ? detmy+mosiy g 1detm2s—2+mzs—1

ma—m3

X oo XU 2 1detm2+m3 X (1SP2m1 ®w¢71)a

where we make a convention that a term v®x(det,—1) will be omitted from
the induced representation if b — 1 < 0. From now on, we will follow this
convention.

Similarly as in the proof of Theorem 4.4, by Lemma 3.2, Jy=  (p) =0,
for any 7 > q; + s+ 1 and any a € F*/(F*)?, and Jpgr1y2(p) = 0, for
any r > q1 + s if m; = 0, or, if m; > 0 and some m or n; is 1; for any
r 2 q+s+1if my; > 0 and all m, n;’s are bigger than 1. Note that all m, n;’s
are bigger than 1 if and only if 2¢; = 2¢g2. Therefore, Jw<2r+1)2 (p) =0, for
any 7 = q1 + s if my = 0, or, if 2q1 > 2¢2 + 2; for any 7 > q1 + s + 1 if
mq > 0 and 2¢; = 2¢o.

Therefore, [(2q1 + 25)127~241725] is the maximal partition of the type
[(2r)12"~27] with respect to which p can have a nonzero Fourier-Jacobi
module, in this single step. We need to do this routine by checking about
the “maximality” using Lemma 3.1 or Lemma 3.2, every time we apply
Proposition 4.1 or Proposition 4.2. We will omit this part in the follow-
ing steps.
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By [19], the unique unramified component of p; is the same as the unique
unramified component of the following induced representation:

pL = g X (x,m,a)ce VX (detp—1) X X§:1Xj(detnj—1)

mas—masq1 mos_p—Mas_1
xv 2 1detm25+m25+1 xv 2 1detm2572+m2571
mo—msg —m3
X"'nyldetm2+m3 XVTldetml Nlé‘l’jo.

By Part (2) of Proposition 4.2,

P2 = Fqu (p1)

q2+s

= X(mayee VX (detm o) X x5 x;(dety,, o)

m2s " ™M2s+41 m2s—2"M2s—1
2 2
XV det'm23+7n23+171 xXv 1detm2572+7n257171
mo—mg —mq
.. 2 2
X XV Ldetyyymy 1 XV Ldet,,, 1 ¥ Lgp,-

It is easy to see that we can repeat the above 2-step-procedure m; — 1 more
times, then we get the following induced representation:

P2m, = FJ, (p,2m1—1)

= X(x;m,a)€e UQX(detm—2m1) X X;:lXj(detnj—le)

mog—mog i1
X v 2 1
detmygtmostq —2my+1
mas_2—mas_1
xXv detmg, otmog_q—2mq+1
mog—mg

X XV 2 1detm2+m3727n1+1 A 1Sp0'

Then, we continue with pa,,,. By Part (1) of Proposition 4.1,

P2mqi+1 = Fle (Ple)

a2mq+1+s—1

= -1 X (x,mia)ce VX (debm—2m, —1) X X1 X (detn; —2m, 1)

mas—Mast1
xv z 1dCtmzs+7n25+1—2m1
mas_2—Mmas_1
v detmy,_ptmag_1—2m
mg—mg

X 1z

X X VT2 Ldetny 4 mg —2m, Spy”
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By Part (2) of Proposition 4.1,
pP2mi+2 = FJ - (P2mi+1)

a2mq42+s—1

= X (x,m,a)ee VX (detm—2m, —2) X X;’:lXj (dety; —2m,—2)

Mos —M2s41
2
xv 1dCtmr25+mr25+1—2ml—1
Mas—2—"M2s1

xv 1detm25_2+7n25_1—2771171

mo—ms3

X e XV X 1sp, -

2
]‘detm2+m3—2m1—1

It is easy to see that after repeating the above 2-step-procedure msy —
m1 + 1 more times, we get the following induced representation:

pama+2 = FJ - (P2ms+1)

92mq42+s—1

= X(x,m,a)ce vaX(detm72m272) X X;‘:1Xj(detnjf2m272)

mas—Mmasy1
xv : 1detm25+m25+1*27"2*1
mos_2—-M2s—1
xv detimy,_otmo,_q—2my—1
mo—msg

X e XV 2 X 1sp,

detimy+mg—2mo—1

whose unramified component is the same as that of the following induced
representation

P = X (ma)ee VOX(detin—am, —2) X X[_1X;(detn, —2m,—2)

mas—masq1
xv 1detm2s+m2s+1*2m2*1
Mm2s—2"M2s—1

XV 2 1det

Mmog_gtmog_1—2mg—1

my—m

X e X UV 2

5

1detm4+m57172m2 A 1Sp2m3—2m2—2 :

By Theorem 2.5, p’ has a unique unitary unramified representation ¢’ which
corresponds to the following set of data:

{(x,m —2m2 — 2,a) : (x,m,a) € e}
U{(xj,nj —2ma—2): 1< j <t}
U {(lgL,,2ms — 2ms — 1), (1gL,, 2m4 — 2mg — 1),
ooy (Lgr,, 2masyr — 2mg — 1)},

where terms (x,m — 2mg — 2, @) or (x;,n; — 2ma — 2) will be omitted if
m—2mo —2<0orn; —2me —2<0.

Note that in general, it is not easy to figure out the exact corresponding
data for the unique unramified component of pg;, 1 < i < mo.
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By induction assumption, for any irreducible unitary automorphic repre-
sentation 7’ of Sp,,, (A) which has the unique strongly negative unramified
constituent of o, as a local component, and for any symplectic partition p
of 2m with

p> ([Ly —2mo =290 T (m—2ma—2?)

(x,m,a)ce

l
(] J@2mi — 2ma — 1)) 5p(2ms — 2ma — 2)]")sp,
i=4

7’ has no non-vanishing Fourier coefficients attached to p.
From the above discussion, we have the following composite partition

[(2611 + 25)12n—2q1—25] o [(2q2 + 925+ 2)12n—2i=1 2(171—2(254-1)] o..
o [(2q2m,—1 + 25)1%723:1171 2qi72m1(25+1)+2s+2]
2m
o [(2q2m1 + 25+ 2)12n_2i:11 2q¢—2m1(2s+1)]
( 12n_zf2111+1 qu—2m1(2s+1)—23] P
(

o [ 2q2m1+1 + 25)

(5.1) o [(2g2my+2 + 28)1271_2?;)11%1 20~ (2ma2)2s—2ma )

o (([T(ny —2ma=2*)( [ (m—2ms—2)%
Jj=1 (x,m,a)€e

l

([ J@mi — 2ma — 1)) sp(2ms — 2ma — 2)]")sp,
=4

which may provide non-vanishing Fourier coefficients for .
For the partition

t l

py=(InHC TT  m)IT@mi+1)sp2ma)])sp,

7j=1 (x,m,a)€e =2
since 2m; +1 <2mg +1 < --- < 2mag41 + 1,

l

(H(Qmi +1))sp
= [(2m23+1)(2m28 + 2) cee (2m5)(2m4 + 2)(2m3)(2m2 + 2)]
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Therefore

j=1 (x,m,x)€Ee =2
t
=] II =1
j=1 (x,m,a)€e

+ [(2mast1)(2mas + 2) - - - (2ms)(2my + 2)(2m3)(2ma + 2)(2my)]".
By calculating the transpose and the addition, we obtain
P, = [(201)(2a2) - -~ (2q,)] + [127241] 4 [12m2 2]
et [12m5} T [12m4+2} T [12m3] T [12m2+2][12m1]
=201 +25+1) - (2¢2m, +25+1)
“(2¢2m,+1 +28) - (2q2m, 42 + 25)(p,)],

where

Py = [(202m;+3) (202m, 44) - -~ (2q,)] 4 [12M2e1 72m27 2] [12mae =22
+ . _|_ [12m572m272] + [12’!714727712} + [12771372711272]

.::N M:l“

=[(JJy —2me =2 I] (m—2m2—2)%)

J (x,m,a)€e

(1l @mi — 2ma — 1))sp(2ms — 2ms — 2)]".

=4

By the recipe for symplectic collapse (see Theorem 6.3.8 of [5], also the
beginning of Section 4)
p, = (py)sp = [2q1 + 25+ 1) -~ (2q2m, + 25 + 1)
(2¢2m,+1 +28) - (2q2m,42 + 28)(py)]sp
=[(2q1 +2s+ 1) (2q2m, +2s+1)
: (2Q27n1+1 + 23) T (2(]2m2+2 + 23))Sp (Bg)sp]
=[((2q1 +2s+ 1) (2q2m, + 25+ 1))sp
(2q2m 41 + 28) -+ (2q2my 42 + 28)(Py)sp)-
Now, let us come back to the composition partition in (5.1). By

Lemma 3.1 of [16] or Lemma 2.6 of [10], if the composite partition in (5.1)
provides non-vanishing Fourier coefficients for 7, then so is the following
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composite partition

2
[(2q1 + 25)127720725) o [(2g5 + 25 + 2)127 2o 2062254 D1
2mq —1

o [(2¢2m 1+25)12n—zi=1 2q,1—2m1(25+1)+25+2]
-

2m
o [(2(]2m1 + 2s + 2)12”'721':11 2qi72m1(25+1)]

(5.3) ° [(2q2m,+1 + 25) -+ (2q2my 42 + 25)
([T —2me =2 I (m—2ms —2)%)
j=1 (x,m,a)€e
l

([ T@mi = 2ms — 1)), (2m3 — 2ms — 2))")sp],
=4

which can be expressed as the following partition
2
[(2q1 + 25)1277201725] 6 [(2gy + 25 + 2)12" " 2oims 207225+
o [(2¢2m, -1 + 25)12”_23:1171 QQi_2m1(25+1)+28+2]

(5.4)
2mq
0 [(2qu1 + 2s + 2)12n_2i=1 2qi_2m1(25+1)]

o [(2612m1+1 + 28) e (2q2m2+2 + 28)(?3)813)}'

Comparing the partitions in (5.2) and (5.3), and applying Lemma 3.1 and
Proposition 3.3 of [16] repeatedly, we want to show that if the following
composite partition

2
[(2q1 + 28)1271,—2q1—23] o [(2(]2 + 925 + 2)12n—zi:1 2qi—2(2$+1)] o

o [(2q2m, -1 + 25)127172?:11_1 2qi72m1(28+1)+28+2]

o [(2qam, + 25 + 2)127 2 20i=2m (2s+1))

provides non-vanishing Fourier coefficients for 7, then so is the partition
[(2q1 + 25+ 1) (2qom, + 25 + 1)12n—zf:'11 qu—2m1(25+1)]sp.

We consider each pair (2¢2;—1 + 28,2¢2; + 2s + 2), for 1 < i < my.
When 2¢9;—1 = 2¢9;, by Proposition 3.2 of [16], the composite partition
[(2g2; + 25)124:72020725] o [(2qg; + 25 + 2)12di~2a2:=2(25+1)] provides non-
vanishing Fourier coefficients for an irreducible automorphic representation
7; of Spygy, (A), where 2d; = 2n — 23;2 2¢; — (20 — 2)(2s + 1), if and only
if the partition [(2¢o; + 25 + 1)212¢i=2(262i+25+1)] provides non-vanishing
Fourier coefficients for 7;. When 2¢9;_1 > 2¢2; + 2, by Lemma 3.1 of [16], if

[(2(]21;1 + 28)12di—2q2¢71—23] o [(2q2¢ + 25 + 2)12di_q2i71_q2i_2(23+1)]
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provides non-vanishing Fourier coefficients for 7;, then so is
[(2q2i—1 + 28)(2q2; + 25 + 2)174 i1 —@i2@s 4],

By the recipe for symplectic collapse (see Theorem 6.3.8 of [5], also the
beginning of Section 4), after considering all the pairs (2g2;—1 + 25, 2¢2; +
25 +2), 1 <i < myq, replacing [(2¢g;_1 + 25)124i722i-1725] o [(2g9; + 25 +
2)12dz‘*q2i—1*q2i*2(25+1)} by [(2g2; + 25 + 1)212di72(2q21‘+2s+1)] if 2goi_1 =
2q2i, by [(2q2i—1-+25)(2g2i+25+2) 124 ~02i-1 =02 =224 D] §f 29,1 > 200,42,
and applying Lemma 3.1 and Proposition 3.3 of [16] repeatedly, we will get
a partition which is exactly

2m
[(2q1 + 25 +1) - (22, + 25 + 1)177 2l 20=2ma et

providing non-vanishing Fourier coefficients for 7. Therefore, from the par-
tition in (5.3), we get exactly the partition p,-

Using a similar argument as in the proof of Theorem 4.4, we can con-
clude that for any symplectic partition p > P, T has no nonzero Fourier
coefficients attached to the partition p, in particular, p ¢ p" (7). a

Proof of Part (2). — By Definition 4.3,

t l

Nsonss(©owan © [(JI 2 T m*)(JJ@ms + 1))

(5.5) jjl (x;m,a)€e i=1
= AT TT mA AL+ 0 )s)"
J=1 (x;m,a)€e i=1

On the other hand, from the proof of Theorem 6.3.11 of [5], it is easy to
see that
!

(JI=hC IT  mTe@m:+1)spm)])se

(56) j=1 (X,m;a)Ee =2 l
=((IT=HC T m(J@m: +1)sp(2ma)]P)".
j=1 (x,m,a)€e 1=2

Comparing the right hand sides of (5.5) and (5.6), we only need to show
that
!

([(an)( IT = Iemn -+ s,

(5.7) o femese l
=1JI»>¢ TT m>([J@m:+1)sp(2ma)>.
Jj=1 (x,m,a)€e i=2
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Let J ={1,2,...,t}. We rewrite the partition

l

[(H n)C IT m*( Jem +1)]

Jj=1 (x,m,a)€e i=1
as follows:

l

(IT»H¢ IT  mHqJemi+0 (I 250 T[T =),

Jj€Jo (x,m,a)€eq i=1 JE€J: (x,m,)€e;

such that n;,m > 2m;+1, for j € Jo, (x,m, @) € eg; and 2m;_1 < nj,m <
2m; + 1, for j € J;, (x, m,a) € e;, where we let mg = —1; and f; > 1 odd,
for 1 <i<l.

As in the proof of Part (1), we still let I = 2s + 1. Since 2m; + 1 <
2mo + 1 < -+ < 2mageq1 + 1, by the recipe for symplectic collapse (see
Theorem 6.3.8 of [5], also the beginning of Section 4),

l

(H(2mz +1))sp

=2
= [(2m23+1)(2m25 —+ 2) s (2m5)(2m4 + 2)(2m3)(2m2 —+ 2)]

l

(AT T miITem + Dspemf

j=1 (x,m,a)€e 1=2

=I(JI»HC II »
j€Jo (x;m,a)Eeq

(58 - ([[(@maer + Do Cma)( [T o [ m?
=1 JEJ2i41 (x,m,a)€ea;t1
C@mai +2)@ma + D ([ o [ m)
JEJ2i (x,m,a)€ea;
-(2m1+1)f171(2m1)(H n?)( H m2)}SP.
jEJ; (x,m,a)€e;
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It is easy to see that during the operations of []~, Sp-collapse and Sp-
expansion, the part of [([ ;e s, 7) (I (y.m.a)ce, )] Will not change. There-
fore, we only need to show that

2s+1

(IT @mi+ " ([I 2 IT  m*0 )so

i=1 jE€J; (x,m,a)€e;

S

= [(JI(@maipr + D @ma ) [T 2C ] ™)

(59) iy jEJaiq1 (x,m,a)Eeait1
- (2ma; + 2)(2ma; + 1)1 H n?)( H m?)))

Jj€J2i (x,m,a)€Eea;

C@mi+ DI Em) ([T 0 T w0

JjEJ; (x,m,a)€e;
For 1 <4 < 2s+ 1, write the partition
[2m; + D (] v TT  m)]
JEJ; (x,m,a)€e;
i 29i,r; .
as [(2m; + l)fl'p?ﬁ”’l pzil ), with 2m; +1 > 2my; = pi1 > o+ > Dy,
We need to consider two cases: Case (1), p1r, = 2q1,, + 1, 0odd; and

Case (2), p1,r, = 2¢q1,5,, €ven.
For Case (1).

2s+1

(T emi+0 (I 2D T ™) s
i=1 jeJ; (x,m,a)€e;
(5.10) 2+ | |
— [[] @mi + 1) ip25 - pleem
=2

2 291, — _
S(2my + D py T (20 + 1P T (200, )]s

For 2 < i < 2s + 1, assume that all the odd parts in {p;1,...,pir} are
{(2¢i1+1),...,(2qi 4, +1)}, with 2¢; 1+1 > - -+ > 2¢; ¢, +1. And assume that
all the odd parts in {p11,...,p1,r—1} are {(2¢q11+1),...,(2¢q1¢, +1)}, with
210 +1>--->2q1 4, +1. For 1 <i<2s+1,and 1 < j <1, we assume
that the exponent of 2¢; ; + 1 is h; ;. Then by the recipe in Theorem 6.3.8
of [5] (see the beginning of Section 4), to get the Sp-collapse in the right
hand side of (5.10), we just have to do the following:

e for 0 < i < s, replace (2ma;y1 + 1)/2+1(2my; + 1)%2 by (2maiq +
1)f2'i+1_1(2m2i+1)(2m2i + 2)(2m2i + 1)f2i_17 and for 1 < J < t2i+1,
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replace (2q2i11,; + 1)"2+13 by

(2q2i+1,5 +2))(2q2i 41,5 + 1)"2072(2g9,41 5);
e replace (2m; + 1)/t by (2my + 1)171(2m,), and replace (2q1.,, +
1)291’T171 by (2(11,7“1 + 2)(2(11,7“1 + 1)291’71 -2,
On the other hand, by the recipe in Theorem 6.3.9 of [5] (see the beginning

of Section 4), to get the Sp-expansion in the right hand side of (5.9), we
just have to do the following:

o for 0 <i<s, 1< j <toqr, replace (22415 + 1)hzi+1i by
(2¢2i41.5 + 2))(2q2i41,5 + 1) (2g2i41 5);
e replace (2¢1,, + 1)29071 by (2q1,0, + 2)(2q1,0, + 1)%907172(2¢1 1, ).

Therefore, we have proved the equality in (5.9) for Case (1).
For Case (2).

2s+1
(T emi+D" (T2 T ™)) )so
i=1 Jje€J; (x,m,a)€e;
(5.11) 2541 ,
=[] @mi+ 1)fpi5e - P
=2

C(2my + DI (200,4,) 2 T 240, — D]spe
As in Case (1), for 2 < ¢ < 2s + 1, assume that all the odd parts in
{pix,--spir }p are {2¢;i1 +1),...,(2¢q;, + 1)}, with 2¢;1 +1 > -+ >
2¢it;, + 1. And assume that all the odd parts in {p11,...,p1,—-1} are
{@Cq11+1),...,2¢1, +1)}, with 211 +1> - >2¢14, +1. For 1 <i <
25+ 1, and 1 < j < t;, we assume that the exponent of 2¢; ; + 1 is h; ;.
Then by the recipe in Theorem 6.3.8 of [5] (see the beginning of Section
4), to get the Sp-collapse in the right hand side of (5.11), we just have to
do the following:
e for 0 < i < s, replace (2ma; 1 + 1)/241(2mg; + 1)%2 by (2maiq +
1) 24171 (2mig 1) (2ma; + 2)(2ma; + 1)7271 and for 1 < j < tgiq1,
replace (2q2i11,; + 1)"2+13 by

(2q2i+1,5 + 2)) (2q2i41,5 + 1) 2(2q2i41,5);

e replace (2my +1)71 by (2my +1)7171(2m4), and replace (2¢;,, — 1)
by (2q1,r,)-
On the other hand, by the recipe in Theorem 6.3.9 of [5] (also see the
beginning of Section 4), to get the Sp-expansion in the right hand side
of (5.9), we just have to do the following:
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e for0<i<s,and 1 <5< toit1, replace (2Q2i+1,j 4 1)h2i+1,j by
(2a2i41,5 + 2)) (242015 + 1)1 72 (2q20415).
Therefore, we also have proved the equality in (5.9) for Case (2). Hence,

we have proved that

t l

Dy = Nsosnya (@ ope, © ([([T 2D TT w2 + 1)),

=1 (xmajee =1

<.

This finishes the proof of Part (2), and completes the proof of the theorem.
O

The proof of Theorem 5.1 easily implies the following corollary.

COROLLARY 5.2. — Let w be an irreducible unitary automorphic repre-
sentation of Spy,, (A) which has an unramified component o of Type III as
in 2.6. Then, for any symplectic partition p of 2n which is bigger than the
partition p in Theorem 5.1 under the lexicographical ordering, m has no
non-vanishing Fourier coefficients attached to p, in particular, p ¢ p™ (7).

Remark 5.3. — Theorems 4.4, 4.5 and 5.4 also have similar corollaries,
if we replace the dominance ordering of partitions by the lexicographical
ordering.

Applying Theorem 5.1, we have the following analogue result, which is
a generalization of Theorem 4.5.

THEOREM 5.4. — Let 7w be an irreducible unitary automorphic represen-
tation of Sp,,, (A) which has, at one unramified local place v an unramified
component o, of Type IV as in 2.7. Then the following hold.

(1) For any symplectic partition p of 2n with

k

p>p = ([(H n)C T m) T+ D)sel)sps

(x:m,a)€e i=1

7 has no non-vanishing Fourier coefficients attached to p, in partic-

ular, p ¢ p™ (7).
(2) The partition p | has the property that

P, = nsaznﬂ(cxsp%(Q([(H ) I mAH e+ ).

j=1 (x;m,a)€e =1
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Proof. — By assumption, ¢, corresponds to the following set of data:

{(;m, ) : (x,m,a) € e} U{(x,ni):1<i<t}
@] {()\0,277,1 + ].)7 ey ()\0,2TL1€ + ].), (]-GL17 1)}

Rewrite o, as A\go,,, then it is easy to see that o7 is an irreducible unramified
unitary representation corresponds to the following set of data:

{Qox,m, ) : (x,m, ) € e} U{(Aox,mi) : 1 <i <t}
U {(IGL172n1 + 1)5 cey (IGL172nk + 1)’ (IGLN 1)}
Applying a similar argument in the proof of Theorem 5.1 to o, we can see

that for any symplectic partition p of 2n with

t k

p>p =TI TI  m*) (I T@ni+1))sp))sps

=l (xmaee  i=l

7 has no non-vanishing Fourier coefficients attached to p, in particular,

p & p"(r), and

t k
= 030 41(C),505, (C) H C II =>JIeEn+0)).
j=1 (x,m,a)ce i=1
This completes the proof of the theorem. O

6. Proofs of the main results

In this section, we first establish in Section 6.1 a refined structure about
the irreducible unramified representation corresponding to the unramified
local Arthur parameter v, for infinitely many local places where v, are
unramified. This result is crucial in the proof of the main result of the
paper (Theorem 1.3) given in Section 6.2. In Section 6.3, we prove a result
which is in fact related to Part (2) of Conjecture 1.2.

6.1. On square classes

PROPOSITION 6.1. — For any finitely many non-square elements «; ¢
F*/(F*)2,1 < i < t, there are infinitely many finite places v such that
a; € (FF)?, forany 1 <i < t.
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Proof. — First, it is easy to find a sufficiently large set of finitely many
places S which contains all the archimedean places, and s := #(S) > t,
such that «;’s are all non-square S-units. Let

us={zxe€F :|z|,=1,Yv ¢S}

be the set of S-units. Then, by the Dirichlet Unit Theorem (page 105
of [20]), ug is a direct product of the roots of unity Up of F' with a free
abelian group of rank s — 1. Since —1 € Ur, Ur/(Ur)? = Z/27Z. Therefore,
ug/u% = (Z/27)°, which can be viewed as an s-dimensional vector space
over Z/27Z.

Assume that {e1,...,¢;} is a maximal multiplicatively independent sub-
set of {a1,...,a:}. Extend {e1,...,¢,} to a set of generators of ug/u¥:
{€1,...,€s}. Note that ¢ < ¢t < s, and any product of distinct €;’s is also
not a square. Let K = F(\/€1,...,,/€,_1). Then it is clear that € is not a
square in K. By the Global Square Theorem (Theorem 65:15 of [26]) which
is a special case of the result on page 194 of [20], there are infinitely many
places w € S of K, such that e, ¢ (K)?. These places induce infinitely
many places which are not in S.

For any w € S, such that w|v and v ¢ S, then €5 ¢ (K)?, which implies
that e, ¢ (F¥)2. For any 1 < i < s — 1, since ¢; € (K?)?, ese; ¢ (K)?,
and hence ege; ¢ (F¥)2. For any 1 < i < s — 1, since both €, and eze; are
non-square units in O,, it is easy to see that they are in the same square
class, which implies that ¢; € F2. Therefore, there are infinitely many finite
places v which are not in S, such that ¢; € F2, for any 1 < i < s— 1. Since
a;’s are generated by {e1,..., €}, they are all squares in F,, for these v.

This completes the proof of the proposition. O

Remark 6.2. — Applying Dirichlet’s theorem on primes in arithmetic
progressions, the law of quadratic reciprocity, and the Chinese remain-
der theorem, it is easy to see that for any M > 0, there are infinitely
many primes p such that the numbers 1,2,..., M are all residues modulo
p. Proposition 6.1 generalizes this result to arbitrary number fields.

The following proposition gives more structure on the global non-square
classes occurring in any global Arthur parameter, which is of interest for
future applications.

PROPOSITION 6.3. — Given any ¢ = Hl_,(7;,b;) € \I'Q(szn). Assume
that {7;,,..., 7, } is a multi-set of all the 7’s with non-trivial central char-
acters, and wr, - = Xa,,, where a;; € F*/(F*)2. Let S be any set of finitely
many places which contains all the archimedean places, s := #(S), such
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that oy, ’s are in ug-the set of all S-units. Also assume that {ei,..., €5} is
any set of generators of ug/u%, and o, = €, -+ - €5"7 6%, where v;; = 0 or

1, § € ug. Then 23:1 vy ; must be even, for any 1 <1< s.

Proof. — Assume on the contrary that there is an 1 < [ < s, such that
23:1 vy,; is odd. By a similar argument as in the proof of Proposition 6.1,
there are infinitely many places v which are not in S, such that ¢ ¢ F2,
e, € F2, for any 1 < k # | < s. Then, it is easy to see that []/_, wfz_’ L FL
for these v, as central characters of GLa,+1(F),), applying the multiplica—
tivity of local Hilbert symbol. Therefore, [];_, wfj # 1, as central charac-
ters of GLap41(A), which contradicts the definition of Arthur parameters.
Therefore, 25:1 v;,; must be even, for any 1 <1 < s. O

6.2. The completion of the proof of Theorem 1.3

Given any ¢ = B’_, (7;,b;) € W5(Spy,). Assume that {r,,... \Ti ) is a
multi-set of all the 7’s with non-trivial central characters. Since all Ti;’s are
self-dual, the central characters W, ’s are all quadratic characters, which
are parametrized by global non-square elements. Assume that Wri, = Xau, s
where a;, € F*/(F *)2, and Xov, is the quadratic character given by the
global Hilbert symbol (-, a;;). Note that {a;,,..., a4, } is a multi-set.

By Proposition 6.1, there are infinitely many finite places v, such that
a;;’s are all squares in F), that is, an,v7s are all trivial. Therefore, for
the given 1), there are infinitely many finite places v such that all 7;,’s
have trivial central characters. From the discussion in Section 2.2, for any
mE ﬁ,/, (ey), there is a finite local place v with such a property that m, is
an irreducible unramified unitary representation of Type III as in 2.6.

Indeed, the difference between irreducible unramified unitary representa-
tions of Type III as in 2.6 and general irreducible unramified unitary rep-
resentations is the strongly negative part og,. In general, via classification,
Osn involves two kinds of Jordan blocks (1gr,,2m; + 1) and (Ao, 2n; + 1).
For a general irreducible unramified unitary representation, in order to be
of Type III, o, should only involve Jordan blocks (1gr,,2m; + 1). From
the discussion in Section 2.2, for a finite place v such that all m; ,’s have
trivial central characters, all Jordan blocks involved in 7, either have even
multiplicities which will not occur in the strongly negative part, or are only
(1gL,,2m; + 1)’s with odd multiplicities which will occur in the strongly
negative part, hence m, is of Type III.
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By Theorem 5.1, for any symplectic partition p of 2n with p > ngv q(p(¢)),
7 has no non-vanishing Fourier coefficients attached to p, in particular,
p ¢ p™(m). This completes the proof of Theorem 1.3.

6.3. About Part (2) of Conjecture 1.2

Part (2) of Conjecture 1.2 can be rephrased as follows: given any ¢ €
\TIQ(San) and any 7 € ﬁw(ew), for any symplectic partition p which is not
related to 7gv 4(p(t)) under the usual ordering of partitions, that is, the
dominance ordering, m has no non-vanishing Fourier coefficients attached
to p, in particular, p & p™ ().

Assume that p is a symplectic partition which is not related to ngv 4(p(1))
under the dominance ordering. If we consider the lexicographical ordering

of partitions, which is a total ordering, then in general there are two cases:

(2-1) p is bigger than ngv 4(p(¢)) under the lexicographical ordering;

(2-2) p is smaller than ngv 4(p(¢)) under the lexicographical ordering.

Replacing Theorem 5.1 by Corollary 5.2 in the proof of Theorem 1.3, we
can easily get the following result towards confirming Part (2) of Conjec-
ture 1.2.

PROPOSITION 6.4. — Given any ¢ € Wy(Spy,) and any m € ﬁw(%)'
Assume that p is a symplectic partition which is not related to ngv 4(p(1))
under the dominance ordering. If p is bigger than ngv 4(p(¢)) under the
lexicographical ordering, then m has no non-vanishing Fourier coefficients
attached to p, in particular, p ¢ p™(m).

Remark 6.5. — For certain global Arthur parameters of symplectic
groups, if p is a symplectic partition which is not related to ngv 4(p(¢)) un-
der the dominance ordering, then p is automatically bigger than ngv 4(p(¢))
under the lexicographical ordering. For example, the global Arthur param-
eters for Spy,,,, considered in [21]: ¢ = (7,2m) B (1, (a), 1), where 7 is
an irreducible cuspidal automorphic representation of GLa,(A), with the
properties that L(s,7,A?) has a simple pole at s = 1, and L(%,T) # 0.
By definition, p(¢) = [(2m)?"1]. By Definition 4.3, ngv 4(p(¢))) = [(2n)*™].
Then it is easy to see that if a symplectic partition p is not related to
[(2n)?™] under the dominance ordering, then it is automatically bigger
than [(2n)?™] under the lexicographical ordering.
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