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Abstract Let (X, 7'9X) be a compact orientable embeddable three dimensional
strongly pseudoconvex CR manifold and let P be the associated CR Paneitz operator.
In this paper, we show that (I) P is self-adjoint and P has L? closed range. Let N and IT
be the associated partial inverse and the orthogonal projection onto Ker P respectively,
then N and IT enjoy some regularity properties. (I) Let P and 7?0 be the space of L?
CR pluriharmonic functions and the space of real part of L? global CR functions
respectively. Let S be the associated Szegd projection and let 7, 7y be the orthogonal
projections onto P and P, respectively. Then, [T = S+ S+ Fo, 1 = S+ S + Fy,

=S+ S+ F>, where Fy, Fy, F> are smoothing operators on X. [n particular,
I1, 7 and 79 are Fourier integral operators with complex phases and P+ (] Ker P,
750L N 75, 753- () Ker P are all finite dimensional subspaces of C*°(X) (it is well-
known that 730 C P C Ker P). (IIT) Spec P is a discrete subset of R and for every
A € Spec P, A # 0, X is an eigenvalue of P and the associated eigenspace H; (P) is a
finite dimensional subspace of C*°(X).
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1 Introduction and statement of the main results

Let (X, T19X) be a compact orientable embeddable strongly pseudoconvex CR man-
ifold of dimension three. Let P be the associated Paneitz operator and let P be the
space of L? CR pluriharmonic functions. The operator P and the space P play impor-
tant roles in CR embedding problems and CR conformal geometry (see [2—4,9]). The
operator

P:DomP c L*(X) — L*(X)

is a real, symmetric, fourth order non-hypoelliptic partial differential operator and
P is an infinite dimensional subspace of L?(X). In CR embedding problems and
CR conformal geometry, it is crucial to be able to answer the following fundamental
analytic problems about P and P (see [2-4,9]):

(I) Is P self-adjoint? Does P has L? closed range? What is Spec P ?
(II) If we have Pu = f, where f is in some Sobolev space H*(X), s € Z, and
u L Ker P. Can we have u € H‘Y,(X), for some s’ € Z?

(III) The kernel of P studied first by Hirachi [9] contains CR pluriharmonic func-
tions(see also Lee [11]). The question asked by Hirachi is whether there is any-
thing else in the kernel? In [4], they asked further that is the kernel of P a direct
sum of a finite dimensional subspace with CR pluriharmonic functions?

(IV) Let IT be the orthogonal projection onto Ker P and let T be the orthogonal pro-
jection onto P. Let IT (x, y) and 7 (x, y) denote the distribution kernels of IT and
7 respectively. The P’ operator introduced in Case and Yang [2] plays a critical
role in CR conformal geometry. To understand the operator P’, it is crucial to be
able to know the exactly forms of I1(x, y) and 7 (x, y).

The purpose of this work is to answer the above questions. On the other hand, in
several complex variables, the study of the associated Szeg6 projection S and 7 are
classical subjects. The operator S is well-understood; S is a Fourier integral operator
with complex phase (see Boutet de Monvel-Sjostrand [1,10]). But for 7, there are
fewer results. In this paper, by using the Paneitz operator P, we could prove that t
is also a complex Fourier integral operator and T = § + S + Fy, Fj is a smoothing
operator. It is quite interesting to see if the result hold in dimension >5. We hope that
the Paneitz operator P will be interesting for complex analysts and will be useful in
several complex variables.

We now formulate the main results. We refer to Sect. 2 for some standard notations
and terminology used here.

Let (X, T"9X) be a compact orientable 3-dimensional strongly pseudoconvex CR
manifold, where 710X is a CR structure of X. We assume throughout that it is CR
embeddable in some CV, for some N € N. Fix a contact form 6 € C®(X, T*X)
compactable with the CR structure T19X. Then, (X, T!Ox, 0) is a 3-dimensional
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On CR Paneitz operators and CR pluriharmonic functions 905

pseudohermitian manifold. Let T € C*°(X, T X) be the real non-vanishing global
vector field given by

(d6, T Au)=0, VueT" 'xaT1%'X,
(0, T)=—1.

Let (- |-) be the Hermitian inner product on CT X given by

(Z11Z2) = ——(d6 , Z1 NZ2), Z1, Z € T'OX,

1
2i
7YX 1L 70X =710x, 71T %e1%X), (T|T)=1.

The Hermitian metric (- | - ) on CT X induces a Hermitian metric (- | -) on CT*X. Let
701X be the bundle of (0, 1) forms of X. Take 6 A d6 be the volume form on X, we
then get natural inner products on C*°(X) and Q¥!(X) := (X, T*%! X) induced
by 8 AdO and (- |-). We shall use (- | -) to denote these inner products and use ||-| to
denote the corresponding norms. Let L?*(X) and L%o, 1 (X) denote the completions of

C*®(X) and Q¥ (X) with respect to (- | -) respectively. Let
O := 0,05 : C¥(X) = C®(X)

be the Kohn Laplacian (see [10]), where 3, : C®°(X) — Q0!(X) is the tangential
Cauchy-Riemann operator and 9, : Q%!'(X) — C°(X) is the formal adjoint of
3, with respect to (-|-). That is, 0, f|g) = (f |§Zg), for every f € C*(X),
g € QU1 (X).

Let P be the set of all CR pluriharmonic functions on X. That is,

P={ucC®X,R); Vxg € X, thereisa f € C*(X)
with 3, f = 0 near xo and Re f = u near xo}. (1.1)

The Paneitz operator
P:C®(X) » C®(X)

can be characterized as follows (see section 4 in [2] and Lee [11]): P is a fourth order
partial differential operator, real, symmetric, P C Ker P and

Pf = Dbﬁhf +LioLyf+L3f, Vfe COO(X),
Li,L), L3 € C®¥(X, T"'x @ T X). (1.2)

We extend P to L? space by

P:DomP C L*(X) — L*(X),
Dom P = {u € L3(X): Pu e LZ(X)} . (1.3)
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906 C.-Y. Hsiao

LetP C L%(X) be the completion of P with respect to (- | -). Then,
P C KerP.
Put
Po = {Re f € C®°(X,R); f € C*°(X) is a global CR function on X}

apd letjso C L3(X) be the completion of Py with respect to (- | -). It is clearly that
Po € P C KerP. Let

T: L2(X) — 7S
70 L2(X) — Py, (1.4)

be the orthogonal projections.
We recall

Definition 1.1 Suppose Q is a closed densely defined self-adjoint operator
Q:Dom Q C H— Ran Q C H,

where H is a Hilbert space. Suppose that Q has closed range. By the partial inverse
of O, we mean the bounded operator M : H — Dom Q such that

OM+nm=1onH,
MQ + 7 =1 onDom Q,
where w : H — Ker Q is the orthogonal projection.

Let Q C X be an open set. For any continuous operator A : C3°(2) — Z'(R),
throughout this paper, we write A = 0 (on 2) if A is a smoothing operator on 2 (see
Sect. 2).

The main purpose of this work is to prove the following

Theorem 1.2 With the notations and assumptions above,
P:DomP C L*(X) — L*(X)

is self-adjoint and P has L? closed range. Let N : L>*(X) — Dom P be the partial
inverse and let T1 : L*(X) — Ker P be the orthogonal projection. Then,

I, 7,1 : H*(X) = H*(X) is continuous, Vs € 7,
N : H*(X) — H*"*(X) is continuous, Vs € Z, (1.5)

M=tonX, II=1onX (1.6)
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On CR Paneitz operators and CR pluriharmonic functions 907

and the kernel T1(x, y) € 2'(X x X) of T satisfies

o0 o0
(x, y) z/ e“p<x’y)ta(x,y,t)dt+/ e PN G (x, v, dt, (1.7)
0 0

where

e C¥(X xX), Impx,y) >0, digly=y =—0(x),
go(-xv )’) = _a(ya-x)s
ox,y) =0ifand only if x = y, (1.8)

(see Theorem 1.9 and Theorem 1.11 for more properties of the phase ¢), and

a(x,y.1) € SH(X x Xx]0, oo]),

o]

ax,y, 1)~ > aje, ' in S} o(X x Xx]0, 00l),
j=0
aj(x,y) e C¥(X xX), j=0,1,...,

1
aop(x, x) = Err—", Vx € X. (1.9)
(See Sect. 2 and Definition 2.1 for the precise meanings of the notation = and the

Hormander symbol spaces Scll (X x Xx]0, oo[) and Sll’O(X x X x]0, o).

Remark 1.3 With the notations and assumptions used in Theorem 1.2, it is easy to see
that IT is real, that is IT = IT.

Remark 1.4 With the notations and assumptions used in Theorem 1.2, let S
L*(X) — Ker 9, be the Szegd projection. That is, S is the orthogonal projection
onto Ker 3, = {u € L*(X); dpu = 0} with respect to (-] -). In view of the proof of
Theorem 1.2 (see Sect. 4), we see that [T = S + S on X.

We have the classical formulas

o ny mix="m1 itmeZ, m=>=0,
e thdtr = m
/0 (E:nl—)l)!ximil <logx +e— z;mfl %) , fmeZ, m<0.
(1.10)

Here x # 0, Re x > 0 and c is the Euler constant, i.e. ¢ = limy, 00 (37" % —logm).

Note that

00 0 00 0
/ P Zaj(x, ' 7idt = lim e (Cilpx.y)Fie) Zaj(x, ' dz.
0 = e—>0+ /o im0

(1.11)
We have the following corollary of Theorem 1.2
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908 C.-Y. Hsiao

Corollary 1.5 With the notations and assumptions used in Theorem 1.2, there exist
Fi,Gi, € C®(X x X) such that

M(x,y) = Fi(—ig(x, ) >+ Gy log(—ig(x, y))
+ F1(g(x, )2 + G log(i@(x, y)).

Moreover, we have

Fi = ao(x, y) + a1 (x, ) (—ig(x, ) + fi(x, y)(—ig(x, )2,
0 (-1 k+1

@, ) (i, M, (1.12)

G

0

where aj(x,y), j =0,1,.., areasin (1.9) and fi(x,y) € C(X x X).

Remark 1.6 It should be mentioned that Hirachi [8] derived the leading order asymp-
totics for the Szego kernel. The key feature of Hirachi’s work is the identification of
the coefficient for the logarithm term of the Szego kernel. From Hirachi’s result, we
can determine the logarithm terms in Corollary 1.5 and it is possible to to derive the
full asymptotics for IT(x, y) by Hirachi’s method.

Put
PLo= {u € L2(X): (| f)=0,Vf e 73}
P = [v € L2(X); (v]g) =0,Vg € 750] :

From (1.6) and some standard argument in functional analysis (see Sect. 4), we deduce

Corollary 1.7 With the notations and assumptions above, we have
P\ KerP C C®(X), Py (|KerP C C®(X), Py[)PcC®X)

and P+ (" Ker P, 758‘ () Ker P, 753‘ (P are all finite dimensional.
We have the orthogonal decompositions
Ker P = P+ &) (73J‘ mKerP) ,
Ker P = 750l &) (730L mKerP) ,
P =P (ﬁolﬂﬁ). (1.13)
From Corollary 1.7, we know that pL () Ker P, 730L () Ker P, 750l N P are all finite

dimensional subsets of C*°(X).
Since P is self-adjoint, Spec P C R. In Sect. 5, we establish spectral theory for P.

Theorem 1.8 With the notations and assumptions above, Spec P is a discrete subset
in R and for every A € Spec P, . # 0, A is an eigenvalue of P and the eigenspace
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On CR Paneitz operators and CR pluriharmonic functions 909

H; (P) := {u € Dom P; Pu = \u}

is a finite dimensional subspace of C*°(X).

1.1 The phase ¢

In this section, we collect some properties of the phase function ¢. We refer the reader
to [10] for the proofs.
The following result describes the phase function ¢ in local coordinates.

Theorem 1.9 With the assumptions and notations used in Theorem 1.2, for a given
point xo € X, let {Z1} be an orthonormal frame of T X in a neighbourhood of xo,
ie. EXO(Zl,fl) = 1. Take local coordinates x = (x1, X2, X3), Z = X1 + ix3, defined
on some neighbourhood of xo such that 6 (xg) = dx3, x(xo) = 0, and for some ¢ € C,

2= iz O o
= — —i7— —cx3— x|9),
Y5 T n T Mon

where % = %(Bim — i%). Set y = (y1,¥2,¥3), w = y1 + iyz. Then, for ¢ in

Theorem 1.2, we have

2

Img(x,y) = ¢ D |xj =,
i=1

2 >0, (1.14)

in some neighbourhood of (0, 0) and

o(x,y) = —x3+y3+ilz—wl?
+ (@ (Zw — zw) + c(—zx3 + wy3)
+e(=Zx3 + Wy3)) + (x3 — y3) f(x, ¥) + O((x, PP),  (1.15)

where f is smooth and satisfies £(0,0) =0, f(x,y) = f(y, x).

Definition 1.10 With the assumptions and notations used in Theorem 1.2, let
01(x, y), p2(x,y) € C®°(X x X). We assume that ¢1(x, y) and ¢o(x, y) satisfy
(1.8) and (1.14). We say that ¢ (x, y) and ¢, (x, y) are equivalent on X if for any
bi(x,y,1) € SL(X x Xx]0, oo[) we can find by (x, y, ) € SL(X x Xx]0, oo[) such
that

oo
/ PN (x,y, dt = 25 by (x, y, 1)dt on X
0

and vise versa.

We characterize the phase ¢
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910 C.-Y. Hsiao

Theorem 1.11 With the assumptions and notations used in Theorem 1.2, let
p1(x,y) € C®°(X x X). We assume that ¢1(x, y) satisfies (1.8) and (1.14). ¢1(x, y)
and ¢(x, y) are equivalent on X in the sense of Definition 1.10 if and only if there is
a function h € C°(X x X) such that ¢1(x, y) — h(x, y)o(x, y) vanishes to infinite
order at x =y, for every (x,x) € X x X.

2 Preliminaries

We shall use the following notations: R is the set of real numbers, R, :=
{xeR, x>0},N = {1,2,...}, No = NJ{0}. An element ¢ = (a1, a2, @3) of
Ng will be called a multiindex, the size of « is: |o| = a1 + ap + a3. Form € N, we

writt @ € {1,....,mP ifa; € {1,...,m}, j = 1,2,3. We write x¥ = x7'x5?xs,

x = (x1, %2, x3), 0% = O 0L 0%, Oy = 5, 09 = Sz

In this paper, we let T X and 7*X denote the tangent bundle of X and the cotangent
bundle of X respectively. The complexified tangent bundle of X and the complexified
cotangent bundle of X will be denoted by CT X and CT* X respectively. We write (-, - )
to denote the pointwise duality between 7 X and 7*X. We extend (-, - ) bilinearly to
CT X x CT*X. Let E be a C* vector bundle over X. The fiber of E at x € X will be
denoted by E,.LetY C X be an open set. From now on, the spaces of smooth sections
of E over Y and distribution sections of E over Y will be denoted by C*°(Y, E) and
92'(Y, E) respectively. Let & (Y, E) be the subspace of 2’ (Y, E) whose elements have
compact support in Y. Form € R, we let H" (Y, E) denote the Sobolev space of order
m of sections of E over Y. Put

H (Y, E) = {u e 2" (Y,E); pu e H"(Y,E), Yo € C(‘)’O(Y)},
Hlomp(Y, E) = Hyo (Y, E) N &'(Y, E).
Let @ C X be an open set. If A : C°(Q) — Z'(R) is continuous, we write
Ka(x,y) or A(x, y) to denote the distribution kernel of A. The following two state-
ments are equivalent

(a) A is continuous: &(2) — C*®(Q),
(b) K4 € C®(Q2 x Q).

If A satisfies (a) or (b), we say that A is smoothing. Let B : CS"(Q) — 9'(Q) be
a continuous operator. We write A = B (on Q) if A — B is a smoothing operator.
We say that A is properly supported if Supp K4 C Q2 x 2 is proper. That is, the two
projections: #y : (x,y) € Supp Ko — x € Q,1, : (x,y) € Supp K4 — y € Q are
proper (i.e. the inverse images of 7, and ¢, of all compact subsets of 2 are compact).
Let H(x,y) € 2'(2 x Q). We write H to denote the unique continuous operator
C(‘)’O(Q) — 9'(2) with distribution kernel H (x, y). In this work, we identify H with
H(x,y).
We recall Hormander symbol spaces

Definition 2.1 Let M C RY be an openset, 0 <p<1,0<8§<1,meR, Ny e
SZ”(S(M x RV1) is the space of alla € C°° (M x RV1) such that for all compact K € M
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On CR Paneitz operators and CR pluriharmonic functions 911

and all o € N(I)V, B e N(])Vl, there is a constant C > 0 such that

050 a(z )| = C(L+ 10" PP (x 0) € K x R
We say that SZf 5 is the space of symbols of order m type (p, §). Put

ST(M x RNy .= ﬂ SP (M x RM).

meR

Leta; € S:f,{s(M X RNI), Jj=0,1,2,...withm; — —o0, j — oo. Then there
existsa € S;ﬁ%(M x RN1) unique modulo §7%°(M x RN, such that a — ZI;;(I) aj €
S;fg(M x RV fork =0,1,2,....
If @ and a; have the properties above, we write a ~ > a; in S7'5(M x RN,
Let S (M x RN1) be the space of all symbols a(x, 6) € S}'o(M x RM) with

o0
a(x,0) ~ > am_j(x.0) in ST\ (M x R'),
j=0

with ax(x,0) € C®(M x RM) positively homogeneous of degree k in @, that is,
ar(x, M0) = Map(x,0), 2> 1,10] > 1.

By using partition of unity, we extend the definitions above to the cases when M is
a smooth paracompact manifold and when we replace M x RV by T*M.

Let Q2 C X be an open set. Let a(x, §) € S]i 1 (T*2). We can define
2°2

Alx,y) = / V) a(x, £)de

1
@2m)3
as an oscillatory integral and we can show that

A:CR () > C(Q)
is continuous and has unique continuous extension:
A:E(Q) — 2'(Q).

Definition 2.2 Let k € R. A pseudodifferential operator of order k type (%, %) isa
continuous linear map A : C§°(22) — Z'(£2) such that the distribution kernel of A is

Alx,y) = / ) g (x, £)de

)3

with a € SK | (T*Q). We call a(x, &) the symbol of A. We shall write LK | () to
22 21

denote the space of pseudodifferential operators of order & type ( %, %).
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912 C.-Y. Hsiao

We recall the following classical result of Calderon—Vaillancourt (see chapter X VIII
of Hormander [7]).

Proposition 2.3 If A € L% | (Q). Then,
22

A:HS. (Q) — HZKQ)

comp loc

is continuous, for all s € R. Moreover, if A is properly supported, then

A H(Q) — HZNQ)

loc

is continuous, for all s € R.

3 Microlocal analysis for [,

We will reduce the analysis of the Paneitz operator to the analy51s of Kohn Laplacian.
We extend 3, to L? space by 9 : Dom 3, C LZ(X) — L(o 1)(X) where Dom 3, :=

{u € L*(X); dpu € L(O (X)) Let
3, : Dom 3, C L 1)(X) > L*(X)

be the L? adjoint of 3. The Gaffney extension of Kohn Laplacian is given by

Oy = 9,05 : Dom [, € L*(X) — L*(X),
Dom [, : = {u € L*(X); u € Dom 0p, dpu € Dom 5;} . 3.1)

It is well-known that [J,, is a positive self-adjoint operator. Moreover, the characteristic
manifold of [Jj, is given by

T ={(x, & eT*X; £ = 16(x), » #0}. (3.2)

Since X is embeddable, [J;, has L? closed range. Let G : L*(X) — Dom J,, be
the partial inverse and let S : L>(X) — Ker [J, be the orthogonal projection (Szego
projection). Then,

0,G + S = I on L*(X),
GUp + S =1 on Dom . (3.3)

In [10], we proved that G € LTll (X),S e L 4 (X) and we got explicit formulas of

the kernels G (x, y) and S(x, y)

We introduce some notations. Let &2 C X be an open set with real local coordinates
x = (x1, x2, x3). Let f, g € C°(Q). We write f < g if for every compact set K C
there is a constant cx > 0 such that f < cxgand g < cgx f on K. We need
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Definition 3.1 a(z, x,n) € C® R, x T*Q) is quasi-homogeneous of degree j if
a(t,x,An) = AMa(it, x, n) forall A > 0.

We introduce some symbol classes

Definition 3.2 Let . > 0. We say that a(t, x, n) € §Z’(E+ x T*Q) ifa(t,x,n) €

C®([Ry xT*Q)andthereisaa(x, n) € S} (T*R) such that forallindices a, B € N,
v € Np, every compact set K € €2, there exists a constant ¢y g, > 0 independent of
t such that forall 1 € Ry,

07 020 @t . m) — e, )| = cupp eI+ DT ke Kl = 1

The following is well-known (see [10])

Theorem 3.3 With the assumptions and notations above, G € LTll (X), § €
22
L(i 1 (X), S(x,y) = fe"”("'y)’a(x,y, t)dt, where p(x,y) € C®(X x X) is as in
2°2
(1.8) and

a(x,y, 1) € SL(X x Xx]0, oo[),

o0

ax,y, 1)~ > aje, '/ in S} o(X x Xx]0, 00[),
j=0

aj(x,y) e C¥(X xX), j=0,1,...,

1
aop(x, x) = En_", Vx € X,

and on every open local coordinate patch Q2 C X with real local coordinates
x = (x1, x2, x3), we have

. d
G(x,y) = //0 S Waexm=(y.m) _ 4 (i%/(t’ x,na(t,x,n) + a—j(r, X, 17)) dtdn,

o o (3.4)
where a(t,x,n) € Sﬁ(R+ x T*Q), ¥(t,x,n) € S:L(R_,_ x T*Q) for some u > 0,

v (t, x,n) is quasi-homogeneous of degree 1, lﬂt/(t, x,n) = %(I, x,n), ¥, x,n)
= (x, n), Im ¥ > 0 with equality precisely on ({0} x T*Q\ 0) JR+ x %),

l/f(f»x, 7)) = ()C, 77) on Ev dx,n(l/f - (.X, 77)) =0on Ea

and

2
Im ¥ (&, x, ) = (Inl 11'?:7”) (dist ((x %) , z)) L t>0 g >1. (3.5)

(See Theorem 3.4 below for the meaning of the integral (3.4).)
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Proof We only sketch the proof. For all the details, we refer the reader to Part I in
[10]. We use the heat equation method. We work with some real local coordinates
x = (x1, x2, x3) defined on 2. We consider the problem

(0 + Op)u(t,x) =0 inRy x Q, (.6)
u(0, x) = v(x). ’
We look for an approximate solution of (3.6) of the form u (¢, x) = A(¢)v(x),
A@) = s [V a5 oy G.7)
(2m)3

where formally
o
a(t?xs n) ~ Zaj(t, X, 77),
j=0

with o (¢, x, n) quasi-homogeneous of degree —j.
The full symbol of [J, equals Z?:o pj(x,&), where p;(x, &) is positively homo-
geneous of order 2 — j in the sense that

pix, ) =2 pie, ), Inl =1, A > 1.

We apply 0, +L, formally inside the integral in (3.7) and then introduce the asymptotic
expansion of Op(we'¥). Set (9, + Db)(ae’w) ~ 0 and regroup the terms according to
the degree of quasi-homogeneity. The phase (¢, x, 1) should solve

[ W~ ipo(x, ) = OIm y V), YN >0, (38)
Vli=0 = {x, n),

where ¥, = (%, %, %). Note that po(x, &) is a polynomial with respect to &.

This equation can be solved with Im ¥ (¢, x, n) > 0 and the phase ¥ (¢, x, n) is quasi-
homogeneous of degree 1. Moreover,

W(f»x» 77) = (.X, 77) on 27 dx,n(w - ()C, 77)) = OOH Es

9 t || . n :
st (o 20) o () 3)) - s

Furthermore, there exists ¥ (0o, x,n) € C®(Q x R3) with a uniquely determin@d
Taylor expansion at each point of ¥ such that for every compact set K C Q x R3
there is a constant cx > 0 such that

2
Im (00, x, ) > ck |n| (dist ((x, %) , E)) , Inl > 1.
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If L € C(T*Q ~\.0), A > 0is positively homogeneous of degree 1 and |z < min 2,
Aj > 0, where &i}; are the non-vanishing eigenvalues of the fundamental matrix of
0Oy, then the solution (¢, x, ) of (3.8) can be chosen so that for every compact set
K C € x R? and all indices a, B, v, there is a constant ¢y, g 5,k such that

02989 (Y (t, x,m) — Y(00, x, )| < capyxe M onRy x K.

We obtain the transport equations

T(t,x,n, 9, 0)a = O(Imy|V), VN,
T(t,x,m, 0, 0)a; +1;, x,na0,...,aj—1) = O(|Im 1//|N), VN, jeN.
3.9
It was proved in [10] that (3.9) can be solved. Moreover, there exist positively
homogeneous functions of degree — j

@j(00,x,m) € CX(T*Q), j=0,1,2,...,

such that (¢, x, ) converges exponentially fast to o (o0, x, 1), t — o0, for all
Jj € Np. Set

1

Y= Gy

oo P
/ / ! W Em=m) (iw;(r, X melt, x,n) + a—fa, X, n)) didn
0

and

1
- @n)?

)

/ei(w(oo,x,n)f(y,n))a(oo’ . n)dn,

where ¥/ (f, x, 1) := % (t, x, n). We can show that Gisa pseudodifferential operator

of order —1 type (%, %), Sisa pseudodifferential operator of order O type (%, %)
satisfying

S+0,G=1, 0,5=0.

Moreover, from global theory of complex Fourier integral operators, we can show
that § = [ PN q(x, y, tdt. Furthermore, by using some standard argument in
functional analysis, we can show that G = G, § = S.

Until further notice, we work in an open local coordinate patch 2 C X with real
local coordinates x = (x1, x2, x3). The following is well-known (see Chapter 5 in [ 10])

Theorem 3.4 With the notations and assumptions used in Theorem 3.3, let x €
Ccy (R3) be equal to 1 near the origin. Put
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o .
Ge(x,y) :// VX m=(y.n)
0

. da
—t (Hﬂ{(t, xomalt,xm + (1 x, 77)) x (en)dtdn,

where Y (t, x,n), a(t,x,n) are as in (3.4). Foru € CSO(Q), we can show that

Gu := 11%/G£(x, Nu(y)dy € CP ()
£—>
and
G: CP(Q) — C™(Q),
u— lin})/Gg(x,y)u(y)dy
£—

is continuous.
Moreover, G € LTII (2) with symbol
22

0o P
/ W Exm=om) _y (n/f;(z, x, mal(t, x, 1) + a—?(t, X, n)) di € 5, (T*Q).
0 2:2

We need the following (see Lemma 5.13 in [10] for a proof)

Lemma 3.5 With the notations and assumptions used in Theorem 3.3, for every com-
pact set K C Q and all o € N(?’), B € Ng, there exists a constant ¢y g x > 0 such
that

R GRS A (R R))

lee] =81 ||+l
< capr(+ ) T el Im v m (g 4y e x )t

(3.10)

where x € K, t € Ry, |n| = 1 and u > 0 is a constant independent of a, B and K.

In this work, we need

1
Theorem 3.6 Let L € C®(X, T'OX & T%'X). Then, Lo G € L, % (X).

s

[N]
[N]

Proof We work on an open local coordinate patch 2 C X with real local coordi-
nates x = (x1, x2, x3). Let [(x, n) € C*(T*Q) be the symbol of L. Then, I(x, A1)
= M(x, n), A > 0. It is well-known (see Chapter 5 in [10]) that

(LG)(x,y) = / Y Mg (x, m)d,
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where

a(,n) = ao(x, m +ei(x, 1) € 8) | (T*R),

ap(x,n) = / e W XM= m) (1) (e, (2, x, M)W, (2, x, a(t, x, n)dt,

ai(x,n) € S7L(T*Q).
2°2

Here a(t,x,n) € §0 (R+ x T*Q), u > 0. We only need to prove that op(x, n) €
Sl 1(T*Q) Fix o, B € N3 From (3.10), (3.5) and notice that I (x, ¥ (t,x, 1)) =0

at 2 we can check that

o2 0f ao ., )|
< D / ’a;g"a;f/ (ei(llf(t,x,n)—(xm))”/,t/(t’ X ,,))’
o' [+le” |=lel. | B"[+] 8" =181
x [og” of" (10x ko 3 m)ace, %, n))\dt

I
< Co,p /(1 + |,7| e 2Im v e
lo/|+le”|= \ocl |B'1+18" =181

. 0 max{0,1—|B" |}
x (14 [ph'=1#"] (dist ((x m) , 2)) dt

< Cup /(l | J\rntlﬁll (dist ((x‘—:]’l)g))z

o/ | +-|e |=lex], Iﬂ/|+\ﬁ”| 1Bl

, 7 max{0,1—|8"|}
xe (1 4 gy 1#'] (diSt ((x ﬂ) ’ E)) o eI
1

where ¢ > 0, u > 0, Cy g > 0 and 50[,,3 > ( are constants.
When |8”| = 0, we have

/ o I e (it (o))

xe (1 4 |n|)1"ﬂﬂI (diSt ((x |l|) ’ E)) «
n

_1
_(1 + gD~ 18| p— 3110l g4
«/—

= |’|*|ﬁ’| 1 T
561/ (1 +1Inl) — (14 g1 = atrlnl gy
0 NG
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+'c’z/oo (1 1 Lt e g
1 Jt

L+[n]

iy 1= |/3|
<&+ ) B 3.12)

where [n| > 1,¢] > 0,¢, > 0 and ¢3 > 0 are constants.
When |B”| = 1, we have

;|ﬂ’| c,+,w(dlst ((x . 2))

xe ML )= lan

) Jo' |- #'| o
fc/(1+|n|) T (1 + [ 1B el gy

" ﬂ
<&+ )18 L1

lo’|=[#7]=[6"]
<o+t ? , (3.13)

where |n| > 1, ¢; > 0, ¢, > 0 are constants.
_1
From (3.11), (3.12) and (3.13), we conclude that ag(x,n) € S, % (T*Q). The
2°2

theorem follows.

4 Microlocal Hodge decomposition theorems for P and the proof of Theorem 1.2

By using Theorems 3.3 and 3.6, we will establish microlocal Hodge decomposition
theorems for P in this section. Let G € LT]I (X),S € LY | (X) be as in Theorem 3.3.
22 22

From (1.2) and (3.3), we have

PGG = (0,0, + Lo Ly + L3)GG
=0,(I —S)G+ Lo L:GG + L3GG
=1—-S—0,SG+L;oL,GG+ L3GG
=1—8—80,G+S0,G—0,SG+LioLroGG + L3GG
=1—-S—SUI—-8) +[S,0p]G+L10L,GG+ L3GG
=1—S—8S+S8S+[S,0,]G + Lj o LGG + L3GG. 4.1

We need

Lemma 4.1 We have

[S,0,1G + L1 0 LoGG + L3GG
cHY(X) — HH%(X) is continuous, for every s € 7. 4.2)
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_ 1
Proof From Theorem 3.6, we see that L1 o LG € L? | (X). Thus,

2

[~}

Li0L,GG + LiGG : H'(X) — H**3(X) is continuous, Vs € Z. (4.3)

wn
.
=
(@}
(¢}
ol
Gl
Il
Gl
Ol

» = 0, we have
[S, Op1 =[S, O — Dyl 4.4)

Since the principal symbol of [, is real, U — O, is a first order partial differential
operator. From this observation and note that S € LY | (X), it is not difficult to see
22

that [S, 0, — O] € L7, (X). From this and (4.4), we conclude that

D= B9 —

)

[S]

[S,0,1G : H*(X) — H”%(X) is continuous, Vs € Z. 4.5)

From (4.5) and (4.3), (4.2) follows.
We also need
Lemma 4.2 We have SS =0on X, SS =0on X.

Proof We first notice that S o S is smoothing away x = y. We have
SoS(x,y) = / e IO wotiew. gy . o)a(w, v, 1)dodvy (w)dt
o>0,t>0
= / ! TP WISt g (x w, st)a(w, y, 1)dsdvy (w)dt,
5§>0,t>0
(4.6)

where dvy = 6 A d6 is the volume form. Take x € C°(R, [0, 1]) with x =1 on
[-3. 3] x =00n]— oo, —11UJ[L, co[. From (4.6), we have

SoS(x,y) =1+ 11,

2
. _ X —Ww
I, = / el ewistew.y) x—wi” fa(x, w, st)a(w, y, t)dsdvy (w)dt,
s>0,1>0 &

2
IIg=/ pitawsowo (o (=l
s>0,1>0 €

X ta(x,w, st)a(w, y, t)dsdvy (w)dt, “4.7)

where ¢ > 0 is a small constant. Since ¢(x, w) = 0 if and only if x = w, we can
integrate by parts with respect to s and conclude that /7, is smoothing. Since S o §
is smoothing away x = y, we may assume that |x — y| < &. Since d, (—@(x, w)s +
o(w, ) |x=y=w = —wo(x)(s + 1) # 0, if & > 0 is small, we can integrate by parts
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with respect to w and conclude that /; is smoothing. We get Eo S = 0on X. Similarly,
we can repeat the procedure above and conclude that S o S = 0 on X. The lemma
follows.

Put
Ro=SS+I[S,0,1G+ Lo LGG + L3GG. (4.8)

From Lemmas 4.1 and 4.2, we see that
Ro : H (X) — H*T2(X) is continuous, Vs € Z. (4.9)

We can prove

Theorem 4.3 With the assumptions and notations above, for every m € Ny, there are
continuous operators

Ry, Ap 2 C(X) — 2'(X)
such that

PA, +S+S =1+ Ry,
Ap : H (X)) — HY2(X) is continuous, Vs € Z,
Ry : HY(X) — H”mTH(X) is continuous, Vs € 7. (4.10)

Proof From (4.8) and (4.1), we have
PGG+S+S=1+Ry. 4.11)
Since (S + E)P =0, from (4.11), we have
(S+85*=S+S+(S+SRo. (4.12)
From Lemma 4.2, we have
(S+5)2=52+S5+55+5 =5+5. (4.13)
From (4.12) and (4.13), we conclude that
(S+SRy=0 onX. (4.14)
Fix m € Ny. From (4.11), we have
PGG (1—Ro+R§+~~+(—Ro)’") +(S+5) (I—Ro+R3+~-+(—Ro)’”)

= (I +Ro) (1= Ro+ R} + -+ (=R)") =1 + Ro(—Ro)". (4.15)
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From (4.14), we have
(S+79) (1 —Ro+RE 4+ (—Ro)m) — S+5—F, Fissmoothing. (4.16)

Put A, = GG(I — Ry+ R} + -+ (—Ro)™), Ry = Ro(—Ro)™ + F. From (4.15),
(4.16) and (4.9), we obtain

PA,+S+S=1+R,,
Ap : HS(X) > H*T?(X) is continuous, Vs € Z,
Ry, : H (X)) — HHMTH(X) is continuous, Vs € Z.

The theorem follows.

Lemmad.4 Let u € DomP. Then, u = u® + (S + Su, for some ud e
H?(X) ( Dom P.

Proof Fix m > 3, m € N. Let A, R, be as in (4.10) and let A}, and R, be the
adjoints of A,, and R, with respect to (- | -) respectively. Then,

AP+ S+S=1+R\. (4.17)

Let u € Dom P. Then, Pu =v € LZ(X). From (4.17), it is easy to see that
u=A%v—Riu+(S+ Su.
Since A} v — Riu € H?(X) and (S + S)u € Ker P C Dom P, the lemma follows.
Lemma 4.5 Let u € Dom P. Then,
((S+ S)u|Pg) =0, Vg € DomP.

Proof Letu,g € DomP. Takeuj, g; € C*¥(X), j=1,2,...,u; > ue L%(X) as
j—>ocand g; — g € L?*(X) as j — oo. Then, (S+§)uj — (S + S)u in L*(X)

as j — ooand Pg; — Pgin H~*(X) as j — oo. Thus,

((S+ Su|Pg) = lim ((S+ S)u;|Pg) = lim lim ((S+ S)u; |Pgr). (4.18)
j—o00 j—00k—00

For any j, k, ((S + E)uj |Pgr) = (P(S + E)uj | gx) = 0. From this observation and
(4.18), the lemma follows.

Now, we can prove
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Theorem 4.6 The operator P : Dom P C L2(X) —> L*(X) is self-adjoint.

Proof Letu, v € Dom P. From Lemma 4.4, we have

u=u’+ (S+§)u, u® € HZ(X) ﬂDom P,
v=2"+ (S + S)v, W0 e H2(X) ﬂDomP.

From Lemma 4.5, we see that
(u|Pv) = @ |PV%), (Pulv)= Pu’|"). (4.19)

Letgj, fj € C®(X),j=1,2,....,8) > u’ € H*(X)as j —> ccand f; — * €
H2(X) as j — oo. We have

(g IPf) = (g; —u’ IPf)+ @’ |Pf))
= (gj —u’|Pf)) + @’ |P) + @O |P(f; — 7). (4.20)

Now,
(gj —u0|Pfj)‘ < Co ng - M0H2 1P£il_,
< ng —uOH2 15, >0 asj—>o0 (420

and

W1 = o)| = ca o], Jeesy =]

< C; HuOH2 Hf,- . v0H2 S0 asj— oo, (422)

2

where Cp > 0,C; > 0, C > 0, C3 > 0 are constants and ||-||, denotes the standard
Sobolev norm of order s on X. From (4.20), (4.21) and (4.22), we obtain

@’ P) = Jlim (g5 [Pf)- (4.23)

For each j, it is clearly that (g; |Pf;) = (Pg;| f;). We can repeat the procedure
above and conclude that

lim (Pg; | ;) = (Pu|v").
From this observation, (4.23) and (4.19), we conclude that

(Pu|v) = (u|Pv), Yu,v e DomP. (4.24)
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Let P* : Dom P* € L?(X) — L%(X) be the Hilbert space adjoint of P. From (4.24),
we deduce that Dom P C Dom P* and Pu = P*u, Vu € Dom P*.
Let v € Dom P*. By definition, there is a f € L2(X ) such that

(v|Pg) = (f|g), Yg € DomP.

Since C*°(X) C Dom P, Pv = f in the sense of distribution. Since f € L2(X),
v € Dom P and Pv = P*v = f. The theorem follows.

We should noticed that Chiu [5] gave a detailed proof (and different proof) of
Theorem 4.6.

Theorem 4.7 The operator P : Dom P C L*(X) — L?(X) has closed range.

Proof Fix m € Ny, let A,,, R, be as in (4.10) and let A, and R}, be the adjoints of
Ay, and R, with respect to (- | -) respectively. Then,

AP+ S+S=1+R:. (4.25)
Now, we claim that there is a constant C > 0 such that

IPul| > C |lull, Yu € DomP ﬂ(Ker P)t. (4.26)

If the claim is not true, then we can find u; € Dom P ((Ker P)* with ||u;|| = 1,
j=1,2,..., such that

1
||Puj||§;||uj . =12, (4.27)

From (4.25), we have
uj=ALPu; +(S+Suj — Ryuj, j=12.... (4.28)
Since u; € (Ker P)*, j =1,2,...,and P(S + §) = 0, we have
(S+Su; =0, j=12,.... (4.29)
From (4.28) and (4.29), we get
uj=ApPuj— Ryuj, j=12,.... (4.30)
From (4.30) and Rellich’s theorem, we can find subsequence {u j ?‘;1, l<ji<p<
..o Uj, —> uin L2(X). From (4.27), we see that Pu = 0. Hence, u € Ker P. Since

u; € (Ker P)L, Jj=1,2,..., we get a contradiction. The claim (4.26) follows. From
(4.26), the theorem follows.
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In view of Theorems 4.6 and 4.7, we know that P is self-adjoint and P has closed
range. Let N : L?(X) — Dom P be the partial inverse and let IT : L%*(X) - KerP

be the orthogonal projection. We can prove

Theorem 4.8 With the notations and assumptions above, we have

IT: H*(X) — H*(X) is continuous, Vs € 7Z,
N : H(X) — H'"*(X) is continuous, Vs € Z,
M=S+S.

Proof Fix m € Ny. Let A,,, R;;, be as in Theorem 4.3. Then,
PA,+S+S=1+R,.

Thus, B B B
[I+TIR, =TI(PA,, + S+ S =TI(S+S) =S+ S.

From (4.10) and (4.32), we have

M- (S+38): H™"T (X) — L2(X) is continuous.
By taking adjoint in (4.33), we get

MI—(S+9): LZ(X) — H%(X) is continuous.

From (4.33) and (4.34), we have

-2 mil mel .
(M—(S+$)":H 7 (X)— H 2 (X) is continuous.

Now,

(M= (S+39)’ =T =TS +3) = (S+ T+ (S + 5)>

=—(S+8—-S+S)+S+S+S5+5S
=TI —(S+S) (here we used Lemma 4.2).

From (4.35) and (4.36), we conclude that
— m+1 m+1 . .
M—-(S+S8):H 2 (X)— H 2 (X)is continuous.

Since m is arbitrary, we get

M=S+3S.

Now, _
NPA, +S+8)=NU+ Rp).
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Note that NP = I — I, NIT = 0. From this observation, we have
NPA, +S+S)=(U-1DA, + NF, (4.39)
where F' = 0 [here we used (4.37)]. From (4.39) and (4.38), we have
N —-A,=-NIA,+NF — NRy. (4.40)
From (4.37) and (4.40), we have

N — Af = —A%Tl + F*N — RN

—A; 1+ F*(—IIA,, + NF — NR,, + Ay)
—RX(~=TA, +NF — NRy, + Ap)

m+1 m—73

: H'(X) - H*'?(X) is continuous, ¥ —
4.41)

where A}, F*, R* are adjoints of A,,, F, R, respectively. Note that
A¥  H*(X) — H*2(X) is continuous, Vs € Z.

From this observation, (4.41) and note that m is arbitrary, we conclude that
N : H(X) — H*T2(X) is continuous, Vs € Z.

The theorem follows.
Let 7 and 79 be as in (1.4). Now, we can prove
Theorem 4.9 We have t =1 on X, 19 = I1 on X.

Proof Since P C Ker P, we have 1t = 7. From this observation and (4.31), we get

(S+ 8t —17=Fr, (4.42)

where F' is a smoothing operator. It is clearly that (S +85Tt =1(5+59) =S +S. From

this observation and (4.42), we get S+ S —t = Frand hence S + S — 7 = tF*,
where F* is the adjoint of F. Thus,

S+S—0)(S+S—1)=Fr’F*=0. (4.43)

Now,

S+S—1)7 = +9>- S+t —1(S+95) +7°
=S+S5SS+SS5+S—-S—-S—-S—-S8S+71
=1— (5S4 S) (here we used Lemma 4.2). (4.44)

From (4.44), (4.43) and (4.31), we get T = I1.

@ Springer



926 C.-Y. Hsiao

Similarly, we can repeat the procedure above and conclude that tp = II. The
theorem follows.

From Theorems 4.6, 4.7, 4.8, 4.9 and 3.3, we get Theorem 1.2.

Corollary 4.10 We have
P\ KerP C C¥(X), Py (|KerP c C®(X), Py ()P cC®X)

and P+ () Ker P, 755' () Ker P, 738‘ N P are all finite dimensional.

Proof If Pt () Ker P is infinite dimensional, then we can find
fi e PH(\KerP, j=12..,

suchthat (fj | fi) =6k, j.k=1,2,...,whered; =1if j =k,8;, =0if j # k.
Since fj e KerP,j =1,2,..., f; =1I1f;, j = 1,2, .... From Theorem 4.9, we have

where F is a smoothing operator. Since f; € 75L,j =12,..,tf;=0,j=1,2,....
From this observation and (4.45), we get

fi=Ffj, j=123,.... (4.46)

From (4.46) and Rellich’s theorem, we can find subsequence { f;}7°,,1 < j1 < jo <

<, fj, —~ fin LZ(X).Since (filfo) =8k, j,k=1,2,..., wegetacontradiction.
Thus, pL (N Ker P is finite dimensional. Let { f, f, ..., f4} be an orthonormal frame
of Pt N KerP, d < oco. As (4.46), we have fi=Ffj,j=12...,d Thus,
fi € C®(X), j=1,2,...,d, and hence P+ " Ker P C C®(X).

We can repeat the procedure above and conclude that 730l KerP C C®(X),
P NP c C¥(X), Py M Ker P, Py () P are all finite dimensional.

5 Spectral theory for P
In this section, we will prove Theorem 1.8. For any A > 0, put
M = E(=2, AD,

where E denotes the spectral measure for P (see section 2 in Davies [6], for the precise
meaning of spectral measure). We need
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Theorem 5.1 Fix A > 0. We have PI1|_; 3 = 0 on X.

Proof Asbefore, let N be the partial inverse of P and let IT be the orthogonal projection
onto Ker P. We have
NP+ =1. (.1

From (5.1), we have
NP?TI[_; 7 = PII_;.00. (5.2)

From (1.5), (5.2) and notice that
P2I1[_; ;1 : L*(X) — L*(X) is continuous,
we conclude that
PI[_;;) : L*(X) — H?(X) is continuous. (5.3)
Similarly, we can repeat the procedure above and deduce that
PZH[,ML] : LZ(X) — HZ(X) is continuous. 5.4)
From (5.4), (5.2) and (1.5), we get
PIT—y 2 : LZ(X) — H4(X) is continuous.
Continuing in this way, we conclude that
Pl L?*(X) — H™(X) is continuous,Ym € Ny. (5.5)

Note that PH[_)L,)‘] = H[_)L’)L]P = (PH[_)L’A])*, where (PH[_)L’)\])* is the adjoint of
PIT[—, »). By taking adjoint in (5.5), we get

My P =PH_yx: H"(X) — LZ(X) is continuous, Vm € Ny.
Hence,
(PTT{_s.37)% = P?M[_s.5 : H™(X) — H™(X) is continuous, Vm € Ny.  (5.6)

From (5.6), (5.2) and (1.5), the theorem follows.
We need
Theorem 5.2 For any ). > 0, I1[—; 5 = [Ton X.
Proof From (5.1) and Theorem 5.1, we get
MIT[_ 5 = IT[—3 5 on X. (5.7

On the other hand, it is clearly that TTITj_ ) = I1. From this observation and (5.7),
the theorem follows.

Now, we can prove
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Theorem 5.3 Spec P is a discrete subset in R and for every A € Spec P, . # 0, X is
an eigenvalue of P and the eigenspace

H; (P) := {u € Dom P; Pu = \u}

is a finite dimensional subspace of C*(X).
Proof Since P has L? closed range, there is a 4 > 0 such that Spec P C]

— 00, =l Ulw, ool. Fix A > p. Put T_; _ ey = E(=A, —ulUIw, AD).
Note that

MU = M= — Mg gy
From this observation and Theorem 5.2, we see that

M-~ Ui = 0- (5-8)
We claim that Spec P ({[—X, —u] U[i, A1} is discrete. If not, we can find f; €

Rang E([_)"r _M] U[Mv)‘-])’ .] = 1’2’ s with (f] | fk) = Sj,ka .]9k = 192’
Note that

Ji=Mo U fi- 7=12....

From this observation, (5.8) and Rellich’s theorem, we can find subsequence { fis };’il,

I<jp<jp<...fj— fian(X).Since(fj [ fi) =08k, j.k=1,2,..., we get
a contradiction. Thus, Spec P {[—A, -l U, A]} is discrete. Hence Spec P is a
discrete subset in R.

Letr € Spec P, r # 0. Since Spec P is discrete, P — r has L? closed range. If P — r
is injective, then Range (P — r) = L?(X) and

P -1 LA(X) - LA(X)
is continuous. We get a contradiction. Hence r is an eigenvalue of Spec P. Put
H,(P) :={u € Dom P; Pu = ru}.

We can repeat the procedure above and conclude that dim H,(P) < oo. Take 0 <
o < Ag so that r € {[—Xo, —o] U0, Ao]}. From Theorem 5.2, we see that

T30, ~ 01 Ulo. 201 = 0-

Since

Hy (P) = {3, —pug) Utno. 201 /3 S € Hr (P},

H,(P) C C*°(X). The theorem follows.
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