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The eigenvector empirical spectral distribution (VESD) is a useful
tool in studying the limiting behavior of eigenvalues and eigenvectors
of covariance matrices. In this paper, we study the convergence rate of
the VESD of sample covariance matrices to the deformed MarčenkoPastur (MP) distribution. Consider sample covariance matrices of the
form Σ1/2 XX ∗ Σ1/2 , where X = (xij ) is an M × N random matrix
whose entries are independent random variables with mean zero and
variance N −1 , and Σ is a deterministic positive-definite matrix. We
prove that the Kolmogorov distance between the expected VESD and
the deformed MP distribution is bounded
by N −1+ for any fixed
√
 > 0, provided that the entries N xij have uniformly bounded
6th moments and |N/M − 1| ≥ τ for some constant τ > 0. This
result improves the previous one obtained in [44], which gave the
convergence rate O(N −1/2 ) assuming i.i.d. X entries, bounded 10th
moment, Σ = I and M < N . Moreover, we also prove that under the
finite 8th moment assumption, the convergence rate of the VESD is
O(N −1/2+ ) almost surely for any fixed  > 0, which improves the
previous bound N −1/4+ in [44].

1. Introduction and main results. Sample covariance matrices are
fundamental objects in multivariate statistics. The population covariance
matrix of a centered random vector y ∈ RM is Σ = Eyy∗ . Given N independent P
samples (y1 , · · · , yN ) of y, then the sample covariance matrix
−1
∗
Q := N
i yi yi is the simplest estimator for Σ. In fact, if M is fixed,
then Q converges almost surely to Σ as N → ∞. However, in many modern
applications, the advance of technology has led to high dimensional data
where M is comparable to or even larger than N . In this setting, Σ cannot
be estimated through Q directly, but some properties of Σ can be inferred
from the eigenvalue and eigenvector statistics of Q. The large dimensional
covariance matrices have more and more applications in various fields, such
∗

Supported by NSF Career Grant DMS-1552192 and Sloan fellowship.
MSC 2010 subject classifications: Primary 15B52, 62E20; secondary 62H99
Keywords and phrases: Sample covariance matrix, Empirical spectral distribution,
Eigenvector empirical spectral distribution, Marčenko-Pastur distribution
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as statistics [13, 21, 22, 24], economics [33] and population genetics [34].
In this paper, we consider sample covariance matrices of the form Q1 :=
Σ1/2 XX ∗ Σ1/2 , where X = (xij ) is an M × N real or complex data matrix
whose entries are independent (but not necessarily identically distributed)
random variables satisfying
(1.1)

Exij = 0, E|xij |2 = N −1 , 1 ≤ i ≤ M, 1 ≤ j ≤ N,

and the population covariance matrix Σ := diag(σ1 , σ2 , . . . , σM ) is a deterministic positive-definite matrix. If the entries of X are complex, then we
assume in addition that
(1.2)

Ex2ij = 0, 1 ≤ i ≤ M, 1 ≤ j ≤ N.

Define the aspect ratio dN := N/M. In this paper, we are interested in the
high dimensional case with limN →∞ dN = d ∈ (0, ∞). We will also consider
the N × N matrix Q2 := X ∗ ΣX, which share the same nonzero eigenvalues
with Q1 .
A simple but important type of covariance matrix is the one with Σ = σ 2 I
(i.e. the null case). In applications of spectral analysis of large dimensional
random matrices, one important problem is the convergence rate of the em(M )
pirical spectral distributions (ESD). It is well-known that the ESD FXX ∗ of
XX ∗ converges weakly to the Marčenko-Pastur (MP) law FM P [31]. Moreover, one can use the Kolmogorov distance
(M )

(M )

kFXX ∗ − FM P k := sup |FXX ∗ (x) − FM P (x)|
x

to measure the convergence rate of the ESD. The convergence rate bound
for sample covariance matrices was first established in [2], and later improved in [19] to O(N −1/2 ) in probability under the finite 8th moment con(M )
dition. In [36], the authors proved an almost optimal bound that kFXX ∗ −
FM P k = O(N −1+ ) with high probability for any fixed  > 0 under the
sub-exponential decay assumption.
The research on the asymptotic properties of eigenvectors of large dimensional random matrices is generally harder and much less developed.
However, the eigenvectors play an important role in high dimensional statistics. In particular, the principal component analysis (PCA) is now favorably
recognized as a powerful technique for dimensionality reduction, and the
eigenvectors corresponding to the largest eigenvalues are the directions of
the principal components. The earlier work on the properties of eigenvectors
goes back to Anderson [1], where the author proved that the eigenvectors of
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the Wishart matrix are asymptotically normal and isotropic when M is fixed
and N → ∞. For the high dimensional case, Johnstone [23] proposed the
spiked model to test the existence of principal components. Then Paul [35]
studied the directions of eigenvectors corresponding to spiked eigenvalues.
In [30], Ma proposed an iterative thresholding approach to estimate sparse
principal subspaces in the setting of a high dimensional spiked covariance
model. Using a reduction scheme which reduces the sparse PCA problem to
a high-dimensional multivariate regression problem, [11] established the optimal rates of convergence for estimating the principal subspace for a large
class of spiked covariance matrices. One can see the references in [11, 30] for
more literatures on sparse PCA and spiked covariance matrices.
For the test of the existence of spiked eigenvalues, we first need to study
the properties of the eigenmatrices in the null case. If Σ = σ 2 I, then the
eigenmatrix is expected to be asymptotically Haar distributed (i.e. uniformly
distributed over the unitary group). However, formulating the terminology
“asymptotically Haar distributed” is far from trivial since the dimension
M is increasing. Following the approach in [38, 39, 3, 43, 44], we will use
the eigenvector empirical spectral distribution (VESD) to characterize the
asymptotical Haar property. Suppose
X p
(1.3)
Σ1/2 X =
λk ξk ζk∗
1≤k≤N ∧M

is a singular value decomposition of Σ1/2 X, where
λ1 ≥ λ2 ≥ . . . ≥ λN ∧M ≥ 0 = λN ∧M +1 = . . . = λN ∨M ,
N
{ξk }M
k=1 are the left-singular vectors, and {ζk }k=1 are the right-singular vectors. Then for deterministic unit vectors u ∈ CM and v ∈ CN , we define the
VESD of Q1,2 as
(M )

(1.4) FQ1 ,u (x) =

M
X

(N )

|hξk , ui|2 1{λk ≤x} , FQ2 ,v (x) =

k=1

N
X

|hζk , vi|2 1{λk ≤x} .

k=1

Now we apply the above formulations to the null case. Adopting the ideas
of [38, 39], we define the stochastic process as
r
XM,u (t) :=

bM tc

M X
|hξk , ui|2 − M −1 .
2
k=1

If the eigenmatrix of XX ∗ is Haar distributed, then the vector y := (hξk , ui)M
k=1
is uniformly distributed over the unit sphere, and XM,u (t) would converge
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to a Brownian bridge by Donsker’s theorem. Thus the convergence of XM,u
to a Brownian bridge characterizes the asymptotical Haar property of the
eigenmatrix. For convenience, we can consider the time transformation
r 

M
(M )
(M )
(M )
XM,u (FXX ∗ (x)) =
FXX ∗ ,u (x) − FXX ∗ (x) .
2
Thus the problem is reduced to the study of the difference between the VESD
(M )
and the ESD. It was already proved in [3, 8] that FXX ∗ ,u also converges
weakly to the MP law for any sequence of unit vectors u ∈ RM . On the other
hand, compared with ESD, much less has been known about the convergence
rate of the VESD. The best result so far was obtained in [44], where the
authors proved that if dN > 1 and the entries of X are i.i.d. centered random
(M )
variables, then kEFXX ∗ ,u −FM P k = O(N −1/2 ) under the finite 10th moment
(M )

assumption, and kFXX ∗ ,u − FM P k = O(N −1/4+ ) almost surely under the
finite 8th moment assumption. However, we find that both of these bounds
are far away from being optimal, and can be improved with a different
method. This is one purpose of this paper.
We will also extend the above formulation to include sample covariance
matrices with general population Σ. For a non-scalar Σ, the eigenmatrix of
Q1 is not asymptotically Haar distributed anymore. For its distribution, we
conjecture that the eigenvectors of Q1 are asymptotically independent, and
each ξk is asymptotically normal with covariance matrix given by some Dk .
In fact, our results in this paper suggest that Dk takes the form F1c (γk ) −
F1c (γk+1 ), where γk is defined in (1.14) to denote the classical location for
λk , and F1c is a matrix-valued function defined in (1.17) with the property
that hu, F1c ui is the asymptotic distribution of the VESD FQ1 ,u for any
u ∈ CM . Again, since the dimension M increases to ∞, the above property
is hard to formulate. One way is to consider the finite-dimensional restriction
in the following sense: if we fix an m ∈ N, then for any fixed unit vector
u ∈ CM and {i1 , · · · , im } ⊆ {1, · · · , N ∧ M }, we should have asymptotically
(1.5)

(hξi1 , ui, · · · , hξim , ui) ∼ Nm (0, hu, Di1 ui, . . . , hu, Dim ui) .

(In fact, for a nice choice of Σ in the sense of Definition 1.2, hu, Dk ui is
typically of order N −1 .) We can also adopt the approach as above, that is
to investigate the stochastic process
r
(1.6)

Σ
XM,u
(t)

:=

bM tc

M X
|hξk , ui|2 − hu, Dk ui .
2
k=1

5
Σ (t) converges to the following process
If M < N , we conjecture that XM,u
for 0 ≤ t ≤ 1:
Z t
−1
Σ
hu, F1c ui ◦ F1c
dBt conditioning on BΣ (1) = 0,
B (t) :=
0

where Bt denotes the standard Brownian motion, F1c is the asymptotic ESD
−1
of Q1 defined in (1.11), and F1c
denotes the quantile function. As before, we
Σ (F (x)),
can study the above process through the time transformaton XM,u
Q1
where FQ1 is the ESD of Q1 . Due to the rigidity of eigenvalues in Theorem
2.7 of this paper, we have for all x,
r
2 Σ
X
(FQ1 (x)) = FQ1 ,u (x) − hu, F1c (x)ui + O(N −1+ )
M M,u
with very high proability for any fixed  > 0. Thus we need to study the
convergence rate of FQ1 ,u to hu, F1c ui, and this is our main goal. In fact,
we will prove that the convergence rate of EFQ1 ,u is O(N −1+ ) for any fixed
 > 0, which shows that the limiting process is centered, √
and the convergence
rate of FQ1 ,u is O(N −1/2+ ), which partially verify the M scaling.
We remark that great progress has been made in other directions of the
research on eigenvector statistics. For example, one can refer to [17, 8] for
the delocalization and isotropic delocalization of eigenvectors, [25, 41] for
the universality of eigenvectors, [10] for the local quantum unique ergodicity
of eigenvectors and [9] for the eigenvectors of principal components.
1.1. Main results. We consider the sample covariance matrices with a
general Σ, whose empirical spectral distribution is denoted by
π ≡ πM :=

(1.7)

M
1 X
δσi .
M
i=1

We assume that there exists a small constant τ > 0 such that
(1.8)

σ1 ≤ τ −1

and πM ([0, τ ]) ≤ 1 − τ for all M.

The first condition means that the operator norm of Σ is bounded, and the
second condition means that the spectrum of Σ cannot concentrate at zero.
If πM converges weakly to some distribution π̂ as M → ∞, then it was shown
in [31] that the ESD of Q2 converges in probability to some deterministic
distribution, which is often referred to as the deformed Marčenko-Pastur
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(N )

law. For any fixed N , we describe the deformed MP law F2c
Stieltjes transform
Z
(N )
dF2c (x)
(N )
m2c (z) :=
, z = E + iη ∈ C+ .
x−z
R

through its

(N )

We define m2c as the unique solution to the self-consistent equation
Z
1
t
−1
(1.9)
=
−z
+
d
π(dt),
N
(N )
(N )
m2c (z)
1 + m2c (z)t
(N )

(N )

subject to the conditions that Im m2c (z) ≥ 0 and Im zm2c (z) ≥ 0 for
z ∈ C+ . It is well known that the functional equation (1.9) has a unique
solution that is uniformly bounded on C+ under the assumption (1.8) [31].
(N )
Letting η & 0, we can recover the asymptotic eigenvalue density ρ2c (which
(N )
in turn gives F2c ) with the inverse formula
(1.10)

(N )

1
(N )
Im m2c (E + iη).
η&0 π

ρ2c (E) = lim

Since Q1 share the same nonzero eigenvalues with Q2 and has M − N more
(or N − M less) zero eigenvalues, we can obtain the asymptotic ESD for Q1 :
(1.11)

(M )

F1c

(N )

= dN F2c + (1 − dN )1[0,∞) .

In the rest of this paper, we will often omit the super-index N from our
notations. The properties of m2c and ρ2c have been studied extensively; see
e.g. [4, 5, 7, 20, 27, 37, 40]. The following Lemma 1.1 describes the basic
structure of ρ2c . For its proof, one can refer to [27, Appendix A].
Lemma 1.1 (Support of the deformed MP law).
disjoint union of connected components:
(1.12)

supp ρ2c ∩ (0, ∞) =

L
[

The density ρ2c is a

[a2k , a2k−1 ] ∩ (0, ∞),

k=1

R a2k−1
where L ∈ N depends only on πM . Moreover, N a2k
ρ2c (x)dx is an integer
for any k = 1, . . . , L, which give the classical number of eigenvalues in the
bulk component [a2k , a2k−1 ].
We shall call ak the edges of ρ2c . For any 1 ≤ k ≤ 2L, we define
X Z a2l−1
(1.13)
Nk :=
N
ρ2c (x)dx.
2l≤k

a2l
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Then we define the classical locations γj for the eigenvalues of Q2 through
j − 1/2
, 1 ≤ j ≤ K,
N
where we abbreviate K := M ∧ N . Note that (1.14) is well-defined since the
Nk ’s are integers. For convenience, we also denote γ0 := +∞ and γK+1 := 0.
To establish our main result, we need to make some extra assumptions
on Σ and πM , which takes the form of the following regularity conditions.
1 − F2c (γj ) =

(1.14)

Definition 1.2 (Regularity). (i) Fix a (small) constant τ > 0. We say
that the edge ak , k = 1, . . . , 2L, is τ -regular if
ak ≥ τ,

(1.15)

min |ak − al | ≥ τ,
l6=k

min |1 + m2c (ak )σi | ≥ τ,
i

where m2c (ak ) := m2c (ak + i0+ ).
(ii) We say that the bulk components [a2k , a2k−1 ] is regular if for any fixed
τ 0 > 0 there exists a constant c ≡ cτ 0 > 0 such that the density of ρ2c in
[a2k + τ 0 , a2k−1 − τ 0 ] is bounded from below by c.
Remark 1.3. The edge regularity conditions (i) has previously appeared
(in slightly different forms) in several works on sample covariance matrices
[6, 15, 20, 27, 28, 32]. The condition (1.15) ensures a regular square-root behavior of ρ2c near ak , and in particular rules out outliers. The bulk regularity
condition (ii) was introduced in [27], and it imposes a lower bound on the
density of eigenvalues away from the edges. These conditions are satisfied
by quite general classes of Σ; see e.g. [27, Examples 2.8 and 2.9].
For any u ∈ CM and z ∈ C+ , we define
(M )

m1c,u (z) := −hu, z −1 (1 + m2c (z)Σ)−1 ui.

(1.16)
(M )

Then m1c,u is the Stieltjes transform of a distribution, which we shall denote
(M )

by F1c,u . From (1.16), it is easy to see that there exists a matrix-valued
(M )

(M )

(M )

function F1c

depending on Σ such that F1c,u = hu, F1c ui, i.e., we have

(1.17)

(M )
m1c,u (z)

Z
=
R

(M )

dF1c,u (x)
x−z
(M )
F1c (x)

Z
= hu,
R

(M )

dF1c (x)
ui.
x−z

(Note that if Σ = σ 2 I, then
is a scalar matrix for each x.) It was
already proved in [27] that for any sequence of unit vectors u ∈ CM and
(M )
(N )
v ∈ CN , FQ1 ,u converges weakly to F1c,u and FQ2 ,v (x) converges weakly to
F2c . Now we are ready to state the main results on the convergence rates of
the VESD. We first give the main assumptions.
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Assumption 1.4. Fix a (small) constant τ > 0.
(i) τ ≤ dN ≤ τ −1 and |dN − 1| ≥ τ .
(ii) Σ = diag(σ1 , σ2 , . . . , σM ) is a deterministic positive-definite matrix.
We assume that (1.8) holds, all the edges of ρ2c are τ -regular, and all the
bulk components of ρ2c are regular in the sense of Definition 1.2.
(iii) X = (xij ) is an M × N real or complex matrix whose entries are
independent random variables that satisfy the following moment conditions:
there exist constants C0 , c0 > 0 such that for all 1 ≤ i ≤ M , 1 ≤ j ≤ N ,
(1.18)

|Exij | ≤ C0 N −2−c0 ,

(1.19)

E|xij |2 − N −1 ≤ C0 N −2−c0 ,
Ex2ij ≤ C0 N −2−c0 , if xij is complex,

(1.20)

E|xij |4 ≤ C0 N −2 .

(1.21)

Note that (1.18)-(1.20) are slightly more general than (1.1) and (1.2).
Our main result is stated as the following theorem.
Theorem 1.5. Suppose dN , X and Σ satisfy the Assumption 1.4. Suppose there exist constants C1 , φ > 0 such that
(1.22)

max

1≤i≤M,1≤j≤N

|xij | ≤ C1 N −φ .

Let u ≡ uM ∈ CM and v ≡ vN ∈ CN denote sequences of deterministic unit
vectors. Then for any fixed (small)  > 0 and (large) D > 0, we have
(1.23)

(M )

(M )

(N )

(N )

kEFQ1 ,u − F1c,u k + kEFQ2 ,v − F2c k ≤ N −1+

for sufficiently large N , and
(1.24)



(M )
(M )
(N )
(N )
P kFQ1 ,u − F1c,u k + kFQ2 ,v − F2c k ≥ N  N −2φ + N −1/2
≤ N −D .
As an immediate corollary of Theorem 1.5, we have the following result.
Corollary 1.6. Suppose dN and Σ satisfy the Assumption 1.4. Let
X = (xij ) be an M × N random matrix whose entries are independent and
satisfy (1.1) and (1.2). Suppose there exist constants a, A > 0 such that
√

(1.25)
lim sup sa max P | N xij | ≥ s ≤ A
s→∞

i,j

9

for all N . Let u ≡ uM ∈ CM and v ≡ vN ∈ CN denote sequences of
deterministic unit vectors. Then for any fixed  > 0, if a ≥ 6, we have
(1.26)

(M )

(M )

(N )

(N )

kEFQ1 ,u − F1c,u k + kEFQ2 ,v − F2c k ≤ N −1+

for sufficiently large N ; if a ≥ 8, we have




(M )
(M )
(N )
(N )
1/2−
(1.27) P lim sup N
kFQ1 ,u − F1c,u k + kFQ2 ,v − F2c k ≤ 1 = 1.
N →∞

Proof of Corollary 1.6. We use a standard cutoff argument. We
a fix
a > 4 and choose a constant φ > 0 small enough such that N 1/2−φ ≥
N 2+ω for some constant ω > 0. Then we introduce the following truncation
n
o
X̃ := 1Ω X, Ω := |xij | ≤ N −φ for all 1 ≤ i ≤ M, 1 ≤ j ≤ N .
By the tail condition (1.25), we have
P(X̃ 6= X) = O(N 2−a/2+aφ ).

(1.28)
Moreover, we have

(1.29)


n
o
M
N
−φ
P(X̃ 6= X i.o.) = lim P ∪∞
N =k ∪i=1 ∪j=1 |xij | ≥ N
k→∞
o
n

M
N
−φ
∪
∪
∪
|x
|
≥
N
= lim P ∪∞
t
t+1
ij
N
∈[2
,2
)
i=1 j=1
t=k
k→∞

≤ C lim

k→∞

∞
X

2t+1

2 

2t(1/2−φ)

−a

≤ C lim

t=k

k→∞

∞
X

2−ωt = 0,

t=k

i.e. X̃ = X almost surely as N → ∞. Here in the above derivation, we
regard M = N/dN as a function depending on N .
Using (1.25) and integration by parts, it is easy to verify that
E |xij | 1|xij |>N −φ = O(N −2−ω/2 ), E |xij |2 1|xij |>N −φ = O(N −2−ω/2 ),
which imply that
|Ex̃ij | = O(N −2−ω/2 ), E|x̃ij |2 = N −1 + O(N −2−ω/2 ),
and
Ex̃2ij = O(N −2−ω/2 ), if xij is complex.
Moreover, we trivially have
E|x̃ij |4 ≤ E|xij |4 = O(N −2 ).
Hence X̃ is a random matrix satisfying Assumption 1.4. Then using (1.23)
and (1.28) with a = 6 and φ = /6, we conclude (1.26); using (1.24) and
(1.29) with φ = (1 − )/4 and a = 8, we conclude (1.27).
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Remark 1.7. The estimates (1.26) and (1.27) improve the bounds obtained in [44], and relax the assumptions on moments and Σ as well. The
convergence rates in (1.26) and (1.27) are optimal up to an N  factor. In
fact, it was proved in [3] that for an analytic function f ,
√ Z
(1.30)
N f (x)d (FQ1 ,u (x) − F1c,u (x)) → N (0, σf,u ),
where N (0, σf,u ) denotes the Gaussian distribution with mean zero and
variance σf,u . This shows that the fluctuation of FQ1 ,u (x) is of order N −1/2
and suggests the bound in (1.27). Taking expectation of (1.30), one can see
that the order of |EFQ1 ,u (x) − F1c,u (x)| should be even smaller. Moreover,
the fluctuation of eigenvalues on the microscopic scale will lead to an error
of order at least N −1 by the universality of eigenvalues [6, 28, 36]. This
shows that the bound (1.26) should be close to being optimal. We check the
bounds (1.26) and (1.27) below with some numerical simulations; see Fig. 1.
Remark 1.8. In [44], the authors can only handle the M < N (i.e.
dN > 1) case for Q1 , while our proof works for both the dN > 1 and dN < 1
cases. However, in the case with dN → 1, we will encounter some difficulties
near the leftmost edge a2L , which converges to 0 as N → ∞ and violates
the regularity condition (1.15). Also the regularity assumption (1.15) has
ruled out the spiked models that have outliers. In future works, we will try
to relax this assumption.
1.2. Simulations. Now we present some numerical simulations to illustrate the convergence of the VESD to the deformed MP law. The simulations
are performed
under the following setting: M = 2N , i.e. dN = 0.5; the en√
tries N xij are drawn from a distribution ξ with mean zero, variance 1
and tail P(|ξ| ≥ s) ∼ s−6 for large s; the unit vector v is randomly chosen
for each N . In Fig. 1, we plot the Kolmogorov distances kFQ2 ,v − F2c k and
kEFQ2 ,v − F2c k for the following two choices of Σ: Σ = I with ESD π = δ1 ,
and
(1.31)

Σ = diag(1, · · · , 1, 4, · · · , 4),
| {z } | {z }
M/2

with ESD π = 0.5δ1 + 0.5δ4 .

M/2

(N )

For each N , we take an average over 10 repetitions to represent FQ2 ,v and
(N )

an average over 4N 2 repetitions to approximate EFQ2 ,v . Under each setting,
we choose an appropriate function f (x) to fit the simulation data. It is easy
to observe that the convergence rate of the VESD is bounded by O(N −1/2 ),
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Fig 1. The left figures of (a) and (b) plot kFQ2 ,v − F2c k as N increases from 50 to 2000,
(N )

(N )

and we choose f to fit the upper envelope of the data. The right figures plot kEFQ2 ,v −F2c k
as N increases from 50 to 800.

while the convergence rate of the expected VESD has order N −1 . This verifies the results in Corollary 1.6.
As discussed before, the convergence of FQ2 ,v to F2c for any sequence of
deterministic unit vectors v can be used to characterize the asymptotical
Haar property of the eigenmatrix of Q2 = X ∗ ΣX (which also implies the
asymptotical Haar property of the eigenmatrix of Q1 when Σ = σ 2 I). Thus
the bounds in Corollary 1.6 for the VESD of large sample covariance matrices
can assist us in better studying spiked covariance matrices as assumed in [11,
30] among many others. On the other hand, for a general Σ, the eigenmatrix
of Q1 is not asymptotically Haar distributed anymore and the VESD of Q1
depends on v. But (1.16) gives an explicit dependence of F1c on Σ that is
of interest to statistical applications. For instance, one can use the VESD to
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detect the variance structure of Σ. In Fig. 2, we plot FQ1 ,v for Σ in (1.31)
and different choices of v. One can observe a transition of FQ1 ,v when v
changes from the direction corresponding to the smaller eigenvalues of Σ to
the direction corresponding to the larger eigenvalues of Σ.
1
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Fig
p 2. The plots for FQ1 ,vi andpF1c,vi with N = 2000, Σ as in (1.31),√and v1 =
2/M (1, · · · , 1, 0, · · · , 0), v3 =
2/M (0, · · · , 0, 1, · · · , 1), v2 = (v1 + v3 )/ 2. All the
| {z }
| {z }
M/2

M/2

other settings are the same as the ones in Fig. 1.

The rest of this paper is organized as follows. We prove Theorem 1.5 in
Section 2 using Stieltjes transforms. In the proof, we mainly use Theorems
2.4-2.6, which give the desired anisotropic local laws for the resolvents of
Q1 and Q2 . Theorem 2.5 constitutes the main novelty of this paper, and its
proof will be given in Section 3. The proofs of Theorem 2.4 and Theorem
2.6 will be given in the supplementary material.
2. Proof of Theorem 1.5. For definiteness, we will focus on real sample covariance matrices during the proof. However, our proof also applies,
after minor changes, to the complex case if we include the extra assumption
(1.2) or (1.20).
2.1. Anisotropic local Marčenko-Pastur law. A basic tool for the proof
is the Stieltjes transform. For any z = E + iη ∈ C+ , we define the resolvents
(the Green functions) of Q1 and Q2 as
(2.1)

G1 (X, z) := (Q1 − z)−1 ,

G2 (X, z) := (Q2 − z)−1 .

Then the Stieltjes transforms of the ESD of Q1,2 are equal to
m1 (X, z) := M −1 Tr G1 (X, z), m2 (X, z) := N −1 Tr G2 (X, z),
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(N )

and the Stieltjes transforms of FQ1 ,u and FQ2 ,v are equal to hu, G1 (X, z)ui
and hv, G2 (X, z)vi, respectively. The main goal of this subsection is to establish the following asymptotic estimate for z ∈ C+ :
(2.2)

hu, G1 (X, z)ui ≈ m1c,u (z),

hv, G2 (X, z)vi ≈ m2c (z).

By taking the imaginary part, it is easy to see that a control of the Stieltjes
transforms hu, G1 (X, z)ui and hv, G2 (X, z)vi yields a control of the VESD
on the scale of order Im z around E. An anisotropic local law is an estimate
of the form (2.2) for all Im z  N −1 . Such local law was first established in
[26, 8, 27] for sample covariance matrices and generalized Wigner matrices,
assuming that the matrix entries have arbitrarily high moments. In Section 2.2, we will finish the proof of Theorem 1.5 with the (almost) optimal
anisotropic local laws for G1 and G2 .
Our anisotropic local law can be stated in a simple and unified fashion
using the following (N + M ) × (N + M ) self-adjoint matrix H:


0
Σ1/2 X
.
(2.3)
H :=
(Σ1/2 X)∗
0
We define the resolvent of H as

−1
−IM ×M
Σ1/2 X
(2.4)
G(X, z) :=
,
(Σ1/2 X)∗ −zIN ×N

z ∈ C+ .

Using Schur complement formula, it is easy to check that
(2.5)
 


zG1
(Σ1/2 X)G2
zG1
G1 (Σ1/2 X)
=
G=
.
(Σ1/2 X)∗ G1
G2
G2 (Σ1/2 X)∗
G2
Thus a control of G yields directly a control of the resolvents G1 and G2 . For
simplicity of notations, we define the index sets
I1 := {1, ..., M }, I2 := {M + 1, ..., M + N }, I := I1 ∪ I2 .
We shall consistently use the latin letters i, j ∈ I1 , greek letters µ, ν ∈ I2 ,
and a, b ∈ I. Then we label the indices of X according to
X = (Xiµ : i ∈ I1 , µ ∈ I2 ).
We will use the following notion of stochastic domination, which was first
introduced in [16] and subsequently used in many works on random matrix
theory, such as [8, 9, 27]. It simplifies the presentation of the results and
their proofs by systematizing statements of the form “ξ is bounded with
high probability by ζ up to a small power of N ”.
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Definition 2.1 (Stochastic domination). (i) Let




(N )
(N )
(N )
(N )
ξ = ξ (u) : N ∈ N, u ∈ U
, ζ = ζ (u) : N ∈ N, u ∈ U
be two families of nonnegative random variables, where U (N ) is a possibly
N -dependent parameter set. We say ξ is stochastically dominated by ζ,
uniformly in u, if for any (small)  > 0 and (large) D > 0,
h
i
sup P ξ (N ) (u) > N  ζ (N ) (u) ≤ N −D
u∈U (N )

for large enough N ≥ N0 (, D).
(ii) If ξ is stochastically dominated by ζ, uniformly in u, we use the
notation ξ ≺ ζ. Moreover, if for some complex family ξ we have |ξ| ≺ ζ, we
also write ξ ≺ ζ or ξ = O≺ (ζ).
(iii) We say that an event Ξ holds with high probability if for any constant
D > 0, P(Ξ) ≥ 1 − N −D for large enough N .
The following lemma collects basic properties of stochastic domination,
which will be used tacitly throughout the proof .
Lemma 2.2 (Lemma 3.2 in [8]). Let ξ and ζ be families of nonnegative
random variables.
(i) Suppose that ξ(u, v) ≺ ζ(u, v)
u ∈ U and v ∈ V . If
Puniformly in P
C
|V | ≤ N for some constant C, then v∈V ξ(u, v) ≺ v∈V ζ(u, v) uniformly
in u.
(ii) If ξ1 (u) ≺ ζ1 (u) and ξ2 (u) ≺ ζ2 (u) uniformly in u ∈ U , then ξ1 (u)ξ2 (u) ≺
ζ1 (u)ζ2 (u) uniformly in u ∈ U .
(iii) Suppose that Ψ(u) ≥ N −C is deterministic and ξ(u) satisfies Eξ(u)2 ≤
N C for all u. Then if ξ(u) ≺ Ψ(u) uniformly in u, we have Eξ(u) ≺ Ψ(u)
uniformly in u.
Definition 2.3 (Bounded support condition). We say a random matrix
X satisfies the bounded support condition with q, if
(2.6)

max

i∈I1 ,µ∈I2

|Xiµ | ≺ q.

Here q ≡ q(N ) is a deterministic parameter and usually satisfies N −1/2 ≤
q ≤ N −φ for some (small) constant φ > 0. Whenever (2.6) holds, we say
that X has support q. Moreover, if the entries of X satisfy (1.22), then X
trivially satisfies the bounded support condition with q = N −φ .
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Throughout the rest of this paper, we will consistently use the notation
E +iη for the spectral parameter z. In the following proof, we always assume
that z lies in the spectral domain
(2.7)

D(ω, N ) := {z ∈ C+ : ω ≤ E ≤ 2γ1 , N −1+ω ≤ η ≤ ω −1 },

for some small constant ω > 0, unless otherwise indicated. Recall the condition (1.15), we can take ω to be sufficiently small such that ω ≤ γK /2.
Define the distance to the spectral edges as κ := min1≤k≤2L |E − ak |. Then
we have the following estimates for m2c :
( √
η/ κ + η, if E ∈
/ supp ρ2c
(2.8)
|m2c (z)| ∼ 1, Im m2c (z) ∼ √
,
κ + η,
if E ∈ supp ρ2c
(2.9)

max |(1 + m2c (z)σi )−1 | = O(1).
i∈I1

for z ∈ D. The reader can refer to [27, Appendix A] for the proof.
We define the deterministic limit


−(1 + m2c (z)Σ)−1
0
(2.10)
Π(z) :=
,
0
m2c (z)IN ×N
and the control parameter
s
(2.11)

Ψ(z) :=

Im m2c (z)
1
+
.
Nη
Nη

Note that by (2.8) and (2.9), we always have
(2.12)

kΠk = O(1),

Ψ & N −1/2 ,

Ψ2 . (N η)−1 ,

for z ∈ D. Now we are ready to state the local laws for the resolvent G(X, z).
Theorem 2.4 (Local MP law). Suppose dN , X and Σ satisfy the Assumption 1.4. Suppose X is real and satisfies the bounded support condition
(2.6) with q ≤ N −φ for some constant φ > 0. Then the following estimates
hold for z ∈ D:
(1) the averaged local law:
(2.13)

|m2 (X, z) − m2c (z)| + M −1

X
i∈I1

σi (Gii − Πii ) ≺ (N η)−1 ;
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(2) the anisotropic local law: for deterministic unit vectors u, v ∈ CI ,
(2.14)

|hu, G(X, z)vi − hu, Π(z)vi| ≺ q + Ψ(z);

(3) for deterministic unit vectors u, v ∈ CI1 or u, v ∈ CI2 ,
(2.15)

|hu, G(X, z)vi − hu, Π(z)vi| ≺ q 2 + (N η)−1/2 .

All of the above estimates are uniform in the spectral parameter z and the
deterministic vectors u, v.
The proof for Theorem 2.5 will be given in the supplementary material.
Here we make some brief comments on it.
If we assume (1.1) (instead of (1.18) and (1.19)) and q = N −1/2 , then
(2.13) and (2.14) have been proved in [27]. If we have (1.1) and q ≤ N −φ ,
then it was proved in Lemma 3.11 and Theorem 3.14 of [14] that the averaged
local law (2.13) and the entrywise local law
(2.16)

max |Gab (X, z) − Πab (z)| ≺ q + Ψ(z)

a,b∈I

hold uniformly in z ∈ D. With (2.16) and the moment assumption (1.21),
one can repeat the arguments in [8, Section 5] or [42, Section 5] to get
the anisotropic local law (2.14). The main novelty of this theorem is the
bound (2.15). In the proof, we will first establish the following version of the
entrywise local law for the upper left and lower right blocks of G(X, z):
(2.17)

max max |Gab (X, z) − Πab (z)| ≺ q 2 + (N η)−1/2 ,

r=1,2 a,b∈Ir

which can be proved with the help of (2.16). Then using (2.17) and (1.21), we
will extend the arguments in [8, Section 5] to conclude the anisotropic local
law (2.15). Finally, if the variance assumption in (1.1) is relaxed to the one
in (1.19), we can repeat the previous arguments to get the desired estimates
(2.13)-(2.15). In fact, it is easy to check that the O(N −2−c0 ) term leads to a
negligible error at each step, and the whole proof remains unchanged. The
relaxation of the mean zero assumption in (1.1) to the assumption (1.18)
can be handled with the centralization Lemma 3.4.
After taking expectation, we have the following crucial improvement from
(2.15) to (2.18), which is the main reason why we can improve the bound
in [44] to the almost optimal one in (1.23). In fact, the leading order terms
of (hu, G1 ui − m1c,u ) and (hv, G2 vi − m2c ) vanish after taking expectation,
and hence leads to a bound that is one order smaller than the one in (2.15).
The proof of Theorem 2.5 will be given in Sections 3, which constitutes the
main novelty of this paper.
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Theorem 2.5.
have
(2.18)

Suppose the assumptions in Theorem 2.4 hold. Then we

|Ehu, G(X, z)vi − hu, Π(z)vi| ≺ q 4 + (N η)−1

uniformly in z ∈ D and the deterministic unit vectors u, v ∈ CI1 or u, v ∈
CI2 .
If q = N −1/4 , then (2.15) and (2.18) already give that
|hu, G1 ui − m1c,u | + |hv, G2 vi − m2c | ≺ (N η)−1/2 ,
|Ehu, G1 ui − m1c,u | + |Ehv, G2 vi − m2c | ≺ (N η)−1 ,
which are sufficient to conclude Theorem 1.5. However, we observe that
the second bound on the expected VESD is still valid under a much weaker
support assumption. More specifically, we have the following theorem, whose
proof will be given in the supplementary material. The main strategy is a
resolvent comparison method that was developed in [29].
Theorem 2.6.
have
(2.19)

Suppose the assumptions in Theorem 2.4 hold. Then we
|Ehu, G(X, z)vi − hu, Π(z)vi| ≺ (N η)−1 ,

uniformly in z ∈ D and the deterministic unit vectors u, v ∈ CI1 or u, v ∈
CI2 .
As a corollary of (2.13), we have the following rigidity result for the extreme eigenvalues λ1 and λK . The reader can refer to [27, Theorem 3.12] for
the proof. Recall the notations in (1.13) and (1.14).
Theorem 2.7 (Rigidity of eigenvalues). Suppose Theorem 2.4 and the
regularity condition (1.15) hold. Then for γj ∈ [a2k , a2k−1 ], we have
(2.20)

|λj − γj | ≺ [(N2k + 1 − j) ∧ (j + 1 − N2k−1 )]−1/3 N −2/3 .

2.2. Convergence rate of the VESD. In this subsection, we finish the
proof of Theorem 1.5 using Theorems 2.4-2.7. The following arguments have
been used previously to control the Kolmogorov distance between the ESD
of a random matrix and the limiting law. For example, the reader can refer
to [18, Lemma 6.1] and [36, Lemma 8.1]. By the remark below (2.7), we can
choose the constant ω > 0 such that γK /2 > ω. Also for simplicity, we will
only prove the bounds for kEFQ2 ,v − F2c k and kFQ2 ,v − F2c k. The bounds
for kEFQ1 ,u − F1c,u k and kFQ1 ,u − F1c,u k can be proved in the same way.
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Proof of (1.23). The key inputs are the bounds (2.19) and (2.20). Suppose hv, G2 (X, z)vi is the Stieltjes transform of ρ̂v . Then we define
Z
Z
(2.21)
n̂v (E) := 1[0,E] (x)ρ̂v dx, nc (E) := 1[0,E] (x)ρ2c dx,
and ρv := Eρ̂v , nv := En̂v . Hence we would like to bound
kEFQ2 ,v − F2c k = sup |nv (E) − nc (E)| .
E

For simplicity, we denote ∆ρ := ρv − ρ2c and its Stieltjes transform by
∆m(z) := Ehv, G2 (X, z)vi − m2c (z).
Let χ(y) be a smooth cutoff function with support in [−1, 1], with χ(y) = 1
for |y| ≤ 1/2 and with bounded derivatives. Fix η0 = N −1+ω and 3γK /4 ≤
E1 < E2 ≤ 3γ1 /2. Let f ≡ fE1 ,E2 ,η0 be a smooth function supported in
[E1 −η0 , E2 +η0 ] such that f (x) = 1 if x ∈ [E1 +η0 , E2 −η0 ], and |f 0 | ≤ Cη0−1 ,
|f 00 | ≤ Cη0−2 if |x − Ei | ≤ η0 . Using the Helffer-Sjöstrand calculus (see e.g.
[12]), we have
Z
1
iyf 00 (x)χ(y) + i(f (x) + iyf 0 (x))χ0 (y)
dxdy.
f (E) =
2π R2
E − x − iy
Then we obtain that
Z
f (E)∆ρ(E)dE
Z

(2.22)
≤C
|f (x)| + |y||f 0 (x)| |χ0 (y)||∆m(x + iy)|dxdy
R2

(2.23)

+C

X Z
i

(2.24)

+C

|y|≤η0

X Z
i

|y|≥η0

Z

yf 00 (x)χ(y)Im ∆m(x + iy)dxdy

|x−Ei |≤η0

Z

yf 00 (x)χ(y)Im ∆m(x + iy)dxdy .

|x−Ei |≤η0

By (2.19) with η = η0 , we have
(2.25)

η0 Im Ehv, G2 (X, E + iη0 )vi ≺ N −1+ω .

Since ηIm Ehv, G2 (X, E + iη)vi and ηIm m2c (E + iη) are increasing with η,
we obtain that
(2.26)

η |Im ∆m(E + iη)| ≺ N −1+ω

for all 0 ≤ η ≤ η0 .
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Moreover, since G(X, z)∗ = G(X, z̄), the estimates (2.19) and (2.26) also
hold for z ∈ C− .
Now we bound the terms (2.22), (2.23) and (2.24). Using (2.19) and that
the support of χ0 is in 1 ≥ |y| ≥ 1/2, the term (2.22) can be bounded by
Z

(2.27)
|f (x)| + |y||f 0 (x)| |χ0 (y)||∆m(x + iy)|dxdy ≺ N −1 .
R2

Using |f 00 | ≤ Cη0−2 and (2.26), we can bound the terms in (2.23) by
Z

Z

yf 00 (x)χ(y)Im ∆m(x + iy)dxdy ≺ N −1+ω .

(2.28)
|y|≤η0

|x−Ei |≤η0

Finally, we integrate the term (2.24) by parts first in x, and then in y (and
use the Cauchy-Riemann equation ∂Im(∆m)/∂x = −∂Re(∆m)/∂y) to get
that
Z
Z
yf 00 (x)χ(y)Im ∆m(x + iy)dxdy
|x−Ei |≤η0

y≥η0

Z

Z

yf 0 (x)χ(y)

=
y≥η0

|x−Ei |≤η0

Z
(2.29)

∂Re ∆m(x + iy)
dxdy
∂y

η0 χ(η0 )f 0 (x)Re ∆m(x + iη0 )dx

=−
|x−Ei |≤η0

Z

Z


yχ0 (y) + χ(y) f 0 (x)Re ∆m(x + iy)dxdy.

−

(2.30)

y≥η0

|x−Ei |≤η0

We bound the term in (2.29) by O≺ (N −1 ) using (2.19) and |f 0 | ≤ Cη0−1 .
The first term in (2.30) can be estimated by O≺ (N −1 ) as in (2.27). For the
second term in (2.30), we again use (2.19) and |f 0 | ≤ Cη0−1 to get that
Z

Z

0

Z

1

χ(y)f (x)Re ∆m(x + iy)dxdy ≺
y≥η0

|x−Ei |≤η0

η0

1
dy ≺ N −1 .
Ny

Combining the above estimates, we obtain that
Z
Z
yf 00 (x)χ(y)Im ∆m(x + iy)dxdy ≺ N −1 .
y≥η0

|x−Ei |≤η0

Obviously, the same estimate also holds for the y ≤ −η0 part. Together with
(2.27) and (2.28), we conclude that
Z
(2.31)
f (E)∆ρ(E)dE ≺ N −1+ω .
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For any interval I := [E − η0 , E + η0 ] with E ∈ [γK /2, 2γ1 ], we have
X
|hζk , vi|2
n̂v (E + η0 ) − n̂v (E − η0 ) =
λk ∈(E−η0 ,E+η0 ]

(2.32)
≤ 2η0

N
X
k=1

|hζk , vi|2 η0
= 2η0 Im hv, G2 (X, E + iη0 )vi,
(λk − E)2 + η02

where we used the spectral decomposition
G2 (X, E + iη) =

N
X
k=1

ζk ζk∗
,
λk − E − iη

which follows from (1.3). Then by (2.25) and Lemma 2.2, we get that
(2.33)

nv (E + η0 ) − nv (E − η0 ) ≺ N −1+ω .

On the other hand, since ρ2c is bounded, we trivially have
(2.34)

nc (E + η0 ) − nc (E − η0 ) ≤ Cη0 = CN −1+ω .

Now we set E2 = 3γ1 /2. With (2.31), (2.33) and (2.34), we get that for
any E ∈ [3γK /4, E2 ],
(2.35)

|(nv (E2 ) − nv (E)) − (nc (E2 ) − nc (E))| ≺ N −1+ω .

Note that by (2.20), the eigenvalues of Q2 are inside {0} ∪ [3γK /4, E2 ] with
high probability. Hence we have that with high probability,
(2.36)

n̂v (E2 ) = nc (E2 ) = 1, n̂v (3γK /4) = n̂v (0).

Together with (2.35), we get that
(2.37)

sup |nv (E) − nc (E)| ≺ N −1+ω .
E≥0

This concludes (1.23) since ω can be arbitrarily small.
Proof of (1.24). The proof for (1.24) is similar except that we shall use
the estimate (2.15) instead of (2.19). By (2.15), we have for any v ∈ CI2 ,
(2.38)

|hv, G2 (X, z)vi − m2c (z)| ≺ N −2φ + (N η)−1/2

uniformly in z ∈ D. Then we would like to bound (recall (2.21))
(M )

kFQ2 ,v − F2c k = sup |n̂v (E) − nc (E)| ,
E
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where n̂v is defined in (2.21). We denote
∆ρ̂ := ρ̂v − ρ1c , ∆m̂ := hv, G2 (X, z)vi − m2c (z).
Then for fE1 ,E2 ,η0 defined above, we can repeat the Helffer-Sjöstrand argument with the estimate (2.38) to get that
Z
(2.39)
fE1 ,E2 ,η0 (E)∆ρ̂(E)dE ≺ N −2φ + N −1/2 ,
sup
E1 ,E2

which, together with (2.32) and (2.36), implies that
sup |n̂v (E) − nc (E)| ≺ N −2φ + N −1/2 .
E≥0

This concludes (1.24) by the Definition 2.1.
3. Proof of Theorem 2.5.
3.1. Resolvent estimates. In this subsection, we collect some useful identities from linear algebra and some simple resolvent estimates. For simplicity,
we denote Y := Σ1/2 X.
Definition 3.1 (Minors). For T ⊆ I, we define the minor H (T) :=
(Hab : a, b ∈ I \ T) obtained by removing all rows and columns of H indexed
by a, b ∈ T. Note that we keep the names of indices when defining H (T) , i.e.
(H (T) )ab = 1{a,b∈T}
/ Hab . Correspondingly, we define the Green function
(T)

G(T) := (H (T) )−1 =

(T)

zG1
G1 Y (T)
(T)
(T)
(Y (T) )∗ G1
G2

!

(T)

=

(T)

zG1
Y (T) G2
(T)
(T)
G2 (Y (T) )∗
G2

and the partial traces
(T)

m1

:=

1 X (T)
1
1 X (T)
1
(T)
(T)
(T)
Tr G1 =
Gii , m2 := Tr G2 =
Gµµ ,
M
Mz
N
N
i∈I1

µ∈I2

(T)

where we adopt the convention that Gab = 0 if a ∈ T or b ∈ T. For
simplicity, we will abbreviate ({a}) ≡ (a) and ({a, b}) ≡ (ab).
Lemma 3.2 (Resolvent identities).
(3.1)

(i) For i ∈ I1 and µ ∈ I2 , we have





1
1
= −1 − Y G(i) Y ∗ ,
= −z − Y ∗ G(µ) Y
.
Gii
Gµµ
µµ
ii

!
,
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(ii) For i 6= j ∈ I1 and µ 6= ν ∈ I2 , we have


(i)
(3.2)
Gij = Gii Gjj Y G(ij) Y ∗ ,
ij



∗ (µν)
Gµν = Gµµ G(µ)
Y
G
Y
νν

(3.3)

µν

.

(iii) For a ∈ I and b, c ∈ I \ {a},
(3.4)

(a)

Gbc = Gbc +

Gba Gac
1
1
Gba Gab
,
.
= (a) −
(a)
Gaa
Gbb
Gbb
Gbb Gbb Gaa

(iv) All of the above identities hold for G(T) instead of G for T ⊂ I.
Proof. These identities can be proved using Schur complement formula.
The reader can refer to e.g. [8, Lemmas 3.6 and 3.8] or [27, Lemma 4.4].
Lemma 3.3. Suppose Φ̃(z) is a deterministic function on D satisfying
N −1/2 ≤ Φ̃(z) ≤ N −c for some constant c > 0. Suppose |Gab (z) − Πab (z)| ≺
Φ̃(z) uniformly in a, b ∈ I and z ∈ D. Then for any T ⊆ I with |T| = O(1),
we have
(T)

max Gab (z) − Gab (z) ≺ Φ̃2 (z),

(3.5)

a,b∈I\T

uniformly in z ∈ D.
Proof. The bound (3.5) can be proved by repeatedly applying the first
resolvent expansion in (3.4) with respect to the indices in T and using the
entrywise local law.
For X satisfying the assumptions in Theorem 2.4, we write X = X1 + B,
where X1 := X − EX is a real random matrix satisfying (1.19), (1.21) and
(3.6)

E(X1 )iµ = 0,

i ∈ I1 , µ ∈ I2 ,

and B := EX is a deterministic matrix such that
(3.7)

max |Biµ | ≤ C0 N −2−c0 .
i,µ

The next lemma shows that G(X, z) is very close to G(X1 , z) in the sense of
anisotropic local law. Its proof will be given in the supplementary material.
Lemma 3.4.
(3.8)

If (2.14) holds for G(X1 , z), then we have
|hu, G(X, z)vi − hu, G(X1 , z)vi| ≺ (N η)−1

uniformly in z ∈ D and deterministic unit vectors u, v ∈ CI .
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3.2. Sketch of the proof for Theorem 2.5. In this subsection, we start
proving our main resolvent estimate (2.18). For simplicity, we denote Φ :=
q 2 + (N η)−1/2 . By Lemma 3.4, we can assume that the entries of X are
centered without loss of generality. We will only prove (2.18) for u, v ∈ CI2 ,
while the proof in the case of u, v ∈ CI1 is exactly the same. Also by
polarization, it suffices to prove the following estimate
(3.9)

|Ehv, G2 (X, z)vi − m2c (z)| ≺ q 4 + (N η)−1 , v ∈ CI2 .

In fact, we can obtain the more general bound (2.18) by applying (3.9) to
the vectors u + v and u + iv, respectively. Note that (2.15) gives the a priori
bound
X
v̄µ vν E (G2 )µν − m2c ≺ Φ.
µ,ν

We will show that after taking expectation, the leading order term in (G2 )µν −
m2c δµν vanishes and leads to the better estimate (3.9). We deal with the diagonal and off-diagonal parts separately:
X
X
|vµ |2 [E(G2 )µµ − m2c ] ,
v̄µ vν E (G2 )µν .
µ

µ6=ν

For any T ⊆ I, we define the Z variables
1 X
(Tµ)
(3.10) Zµ(T) := (1 − Eµ )(G(T) )−1
σi Gii − (Y ∗ G(Tµ) Y )µµ , µ ∈
/ T,
µµ =
N
i∈I1

where Eµ [·] := E[·|H (µ) ], i.e. it is the partial expectation in the randomness
of the µ-th row and column of H, and we used (3.1) in the second step.
(∅)
If T = ∅, we shall abbreviate Zi ≡ Zi . Note that by (2.17), (3.5) (with
Φ̃ = q + Ψ by (2.14)), and Lemma 2.2, we have
i
h
−1
(3.11)
Zµ(T) := (1 − Eµ ) (G(T) )−1
µµ − m2c ≺ Φ,
for any T ⊆ I with |T| = O(1). Then using (3.1) we get that
EGµµ − m2c = E

1

− m2c
P
(µ)
i σi (Gii − Πii ) + Zµ



1
2
2
= −m2c EZµ + O≺ Φ +
= O≺ Φ2 ,
Nη
−z −

N −1

P

i σi Πii

−

N −1

where in the second step we used (2.13), (3.5), (3.11), and
X
(3.12)
− z − N −1
σi Πii = m−1
2c ,
i
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which follows from (2.10) and (1.9). So we can bound the diagonal part by
(3.13)

X

|vµ |2 [E(G2 )µµ − m2c (z)] =

µ

X

|vµ |2 [EGµµ − m2c (z)] ≺ q 4 +

µ

1
.
Nη

For the off-diagonal part, we claim that for µ 6= ν ∈ I2 ,
E (G2 )µν ≺ N −1 Φ2 .

(3.14)

Then using (3.14) and kvk1 ≤
X
µ6=ν

v̄µ vν E (G2 )µν

√

N , we obtain that


1
2 −1 2
4
.
≺ kvk1 N Φ ≤ C q +
Nη

This concludes (3.9) together with (3.13).
To prove (3.14), we extend the arguments in [8, Section 5] and [42, Section
5]. We illustrate the basic idea with some simplified calculations. Using the
resolvent identities (3.3) and (3.4), we get


∗ (µν)
EGµν = EGµµ G(µ)
Y
G
Y
νν
µν


Gµν Gνµ (µ)  ∗ (µν) 
(µ)
∗ (µν)
(3.15)
= EG(ν)
G
Y
G
Y
+
E
Gνν Y G
Y
.
µµ νν
Gνν
µν
µν
We now focus on the first term. Applying (3.1) gives that



Y ∗ G(µν) Y µν
(µ)
∗ (µν)


EG(ν)
Y
= E
µµ Gνν Y G
µν
−z − (Y ∗ G(µν) Y )µµ −z − (XG(µν) X ∗ )νν

Y ∗ G(µν) Y µν
.

= E −1
(3.16)
m2c + µ m−1
2c + ν
where we have
(3.17)
1 X
1 X
(µν)
µ :=
σi Πii − (Y ∗ G(µν) Y )µµ =
σi (Πii − Gii ) + Zµ(ν) ≺ Φ
N
N
i∈I1

i∈I1

by (3.12), (2.13), (3.5) (with Φ̃ = q + Ψ) and (3.11). We now expand the
fractions in (3.16) in order to take the expectation. Note that the G(µν)
entries are independent of the X entries in the µ, ν-th rows and columns.
Thus to attain a nonzero expectation, each X entry must appear at least
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twice in the expression. Due to this reason, the leading and next-to-leading
order terms in the expansion vanish. The “real” leading order term is


= m42c E(Y ∗ G(µν) Y )µµ (Y ∗ G(µν) Y )νν (Y ∗ G(µν) Y )µν
Em42c µ ν Y ∗ G(µν) Y
µν

= m42c

X Ci,j

= m42c

X Ci,j

µ,ν

(3.18)

i6=j

N3
N3

(µν)

EGii

(µν)

(µν)

Gjj Gij
(µν)

Πii Πjj EGij

+ O≺ (N −1 Φ2 ),

where the constants Ci,j depend on σi , σj and the 3rd moments of Xiµ and
(µν)
Xjµ (recall (1.21)). Here in the last step, we used |Gii − Πii | ≺ Φ (by
(2.15) and (3.5)) and |Πii | = O(1) (by (2.9)), and bounded the i = j terms
(µν)
by O≺ (N −2 ) = O≺ (N −1 Φ2 ). Now applying (3.2) to Gij , we get that


(µν)
(µν) (iµν)
EGij = EGii Gjj
Y G(ijµν) Y ∗
ij


(3.19)
(ijµν) ∗
+ O≺ (Φ2 ) = O≺ (Φ2 ),
= Πii Πjj E Y G
Y
ij

(µν)

where in the second step we used |Gii


Y G(ijµν) Y ∗



(µν)

ij

= Gij



(iµν)

− Πii | + |Gjj
(µν)

Gii


(iµν) −1

Gjj

− Πjj | ≺ Φ and
≺ Φ,

which follow easily from (2.15) and (3.5), and in the last step the leading
order term vanishes since the two X entries are independent for i 6= j. Then
with (3.19), the terms in (3.18) can be bounded by O≺ (N −1 Φ2 ).
In general, after the expansion of the two fractions in (3.16), we get a
summation of terms of the form
n
∗ (µν)
Am,n := Em
Y )µν , µ 6= ν,
µ ν (Y G

up to some deterministic coefficients of order O(1). Since |µ,ν | ≺ Φ . N −ω/2
for z ∈ D (we can take ω small enough such that N −ω/2 ≥ q 2 ), we only need
to include the terms with m + n ≤ 2 + 2/ω and the tail terms will be smaller
than N −1 Φ2 . Note that in Am,n , the X∗µ entries, X∗ν entries and G(µν)
entries are mutually independent. Moreover, both the number of X∗µ entries
and the number of X∗ν entries are odd. Thus to attain a nonzero expectation,
n1
we must pair the X entries such that there are products of the forms Xiµ
n2
and Xjν for some n1 , n2 ≥ 3. As a result, we lose (n1 − 2)/2 + (n2 − 2)/2 ≥ 1
free indices, and this contributes an N −1 factor. On the other hand, for the
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product of G entries, we have the following three cases: (1) if there are at
least 2 off-diagonal G entries, then we bound them with O≺ (Φ2 ); (2) if there
is only 1 off-diagonal G entry, then we can use the trick in (3.18) and the
bound (3.19); (3) if there is no off-diagonal G entry, then we lose one more
free index and get an extra N −1 factor. This leads to the estimate (3.14) for
the term in (3.16).
For the second term in (3.15), we again use Lemma 3.2 to expand the
Gµν , Gνµ and G−1
νν entries. Our goal is to expand all the G entries into
polynomials of the random variables
(3.20)

Sαβ := (Y ∗ G(µν) Y )αβ , α, β ∈ {µ, ν},

so that the X entries and G(µν) entries are independent in the resulting
expression. In particular, the maximally expanded terms (see (3.21)) can be
expanded into Sαβ variables directly through (3.1) and (3.3). However, nonmaximally expanded terms are also created along the expansions in (3.3)
and (3.4). Then we need to further expand these newly appeared terms. In
general, this process will not terminate. However, we will show in Lemma 3.8
that after sufficiently many expansions, the resulting expression either has
enough off-diagonal terms, or is maximally expanded. In the former case, it
suffices to bound each off-diagonal term by O≺ (Φ). In the latter case, the
expression will only consist of Sαβ variables. Following the argument in the
previous paragraph, the expectation over the X entries produces an N −1
factor, while the expectation over the G entries produces a Φ2 factor.
In the next two subsections, we give a rigorous proof based on the above
arguments.
3.3. Resolvent expansion. To perform the resolvent expansion in a systematic way, we introduce the following notions of string and string operator.
Definition 3.5 (Strings). Let A be the alphabet containing all symbols
that will appear during the expansion:
n
o

(ν)
(µ)
(ν) −1
(µ) −1
A = Gαβ , G−1
.
αα , Sαβ with α, β ∈ {µ, ν} ∪ Gµµ , Gνν , (Gµµ ) , (Gνν )
We define a string s to be a concatenation of the symbols from A, and we
use JsK to denote the random variable represented by s. We denote an empty
string by ∅ with value J∅K = 0.
Remark 3.6. It is important to distinguish a string s from its value
(µ)
JsK. For example, “Gµν ” and “Gµµ Gνν Sµν ” are different strings, but they
represent the same random variable by (3.3).
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We shall call the following symbols the maximally expanded symbols:
(3.21)
n
o
(µ)
(ν) −1
(µ) −1
Amax = Gµν , Gνµ , G(ν)
,
G
,
(G
)
,
(G
)
,
S
,
S
,
S
,
S
µµ
νν
µν
νµ .
µµ
νν
µµ
νν
A string s is said to be maximally expanded if all of its symbols are in
Amax . We shall call Gµν , Gνµ , Sµν , Sνµ the off-diagonal symbols and all the
other symbols diagonal. By (2.17) and (3.5), we have Jao K ≺ Φ if ao is offdiagonal (we have Sµν ≺ Φ using (3.3)) and Jad K ≺ 1 if ad is diagonal. We
use Fn-max (s) and Foff (s) to denote the number of non-maximally expanded
symbols and the number of off-diagonal symbols, respectively, in s.
Definition 3.7 (String operators).

Let α 6= β ∈ {µ, ν}.

(i) We define an operator τ0 acting on a string s in the following sense.
(β)
Find the first Gαα or G−1
αα in s. If Gαα is found, replace it with Gαα ; if
(β) −1
G−1
αα is found, replace it with (Gαα ) ; if neither is found, set τ0 (s) = s
and we say that τ0 is trivial for s.
(ii) We define an operator τ1 acting on a string s in the following sense.
Gαβ Gβα
Find the first Gαα or G−1
αα in s. If Gαα is found, replace it with
Gββ ;
if G−1
αα is found, replace it with −

Gαβ Gβα
(β)

Gαα Gαα Gββ

; if neither is found, set

τ1 (s) = ∅ and we say that τ1 is null for s.
(iii) Define an operator ρ acting on a string s in the following sense. Replace
(α)
each Gαβ in s with Gαα Gββ Sαβ .
By Lemma 3.2, it is clear that for any string s,
(3.22)

Jτ0 (s)K + Jτ1 (s)K = JsK, Jρ(s)K = JsK.

Moreover, a string s is trivial under τ0 and null under τ1 if and only if s
is maximally expanded. Given a string s, we abbreviate s0 := τ0 (s) and
s1 := ρ(τ1 (s)). For any sequence w = a1 a2 . . . am with ai ∈ {0, 1}, we denote
sw := ρam τam . . . ρa2 τa2 ρa1 τa1 (s),

where ρ0 := 1.

Then by (3.22) we have
(3.23)

X

Jsw K = JsK,

|w|=m

where the summation is over all binary sequences w with length |w| = m.
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(µ)

Lemma 3.8. Consider the string s = “Gµµ Gνν Sµν ”. Let w be any binary
sequence with |w| = 4l0 and such that sw 6= ∅. Then either Foff (sw ) ≥ 2l0
or sw is maximally expanded.
Proof. It suffices to show that any nonempty string sw with Foff (sw ) <
2l0 is maximally expanded.
By Definition 3.7, a nontrivial τ0 reduces the number of non-maximally
expanded symbols by 1, and keeps the number of off-diagonal symbols
the same; a ρτ1 increases the number of non-maximally expanded symbols
by 2 or 3, and increases the number of off-diagonal symbols by 2. Hence
Foff (sw ) < 2l0 implies that there are at most (l0 − 1) 1’s in w. Those ρτ1
operators increase Fn-max at most by 3(l0 − 1) in total. On the other hand,
there are at least 3l0 0’s in w, which is sufficient to eliminate all the nonmaximally expanded symbols, whose number is at most 3(l0 −1)+1 = 3l0 −2
in total (note that Fn-max (s) = 1 for the initial string).
Now we choose l0 = 1 + 1/ω. Then using Φ = O(N −ω/2 ), we have
X
Jsw K · 1(Foff (sw ) ≥ 2l0 ) ≺ 24l0 Φ2l0 ≺ N −1 Φ2 .
|w|=4l0

By Lemma 3.8, we see that to prove (3.14), it suffices to show that
|EJsw K| ≺ N −1 Φ2

(3.24)

for any maximally expanded string sw with |w| = 4l0 .
Note that the maximally expanded string sw thus obtained consists only
of the symbols
(β) −1
G(β)
αα , (Gαα ) , Sαβ ,

with α 6= β ∈ {µ, ν}.

(β)

By (3.1), we can replace (Gαα )−1 with
−1
(G(β)
= −z − Sαα .
αα )

(3.25)
Note that |Sαα − N −1
G(β)
αα =
(3.26)

m−1
2c

= m2c

P

+

i σi Πii |

(N −1

2l0
X
k=0

1
P

(β)

≺ Φ by (3.17). Then we can expand Gαα as

i σi Πii

− Sαα )
!k

mk2c

Sαα − N

−1

X
i

σi Πii

+ O≺ (N −1 Φ2 ).
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We apply the expansions (3.25) and (3.26) to the G symbols in sw , disregard
the sufficiently small tails, and denote the resulting polynomial (in terms of
the symbols Sαβ ) by Pw . Then Pw can be written as a finite sum of maximally
expanded strings (or monomials) consisting of the Sαβ symbols. Moreover,
the number of such monomials depends only on l0 . Hence we only need to
prove that for any such monomial Mw ,
|EJMw K| ≺ N −1 Φ2 .

(3.27)

Let Nµ (Nν ) be the number of times that µ (ν) appears as a lower index
of the S symbols in Mw . We have Nµ = Nν = 3 for the initial string
(µ)
s = “Gµµ Gνν Sµν ”. From Definition 3.7, it is easy to see that the operators
τ0 , τ1 and ρ do not change the parity of Nµ and Nν . The expansions (3.25)
and (3.26) also do not change the parity of Nµ and Nν . This leads to the
following key observation:
(3.28)

both Nµ and Nν are odd in Mw .

3.4. A graphical proof. In this subsection, we finish the proof of (3.27).
Suppose Mw = C(z)(Sµµ )m1 (Sνν )m2 (Sµν )m3 (Sνµ )m4 , where C(z) denotes a
deterministic function of order 1 for all z ∈ D. Then we write
JMw K ∼
(3.29)

X

m1
Y

(µν)

Xi(1) µ G (1)
a

i∗ ,j∗ ∈I1 a=1
m3
Y
(∗)

(∗)

ia ja

(µν)

Xi(3) µ G (3)
c

c=1

(1) Xj (1) µ

ic

(3)
jc

m2
Y

a

b=1

Xj (3) ν

m4
Y

c

d=1

(µν)

Xi(2) ν G (2)
b

(2)

ib jb

(µν)

Xi(4) ν G (4)
d

(4)

id jd

Xj (2) ν
b

Xj (4) µ .
d

To avoid heavy expressions, we introduce the following graphical notations.
We use a connected graph (V, E) to represent the string Mw , where the
vertex set V consists of the indices in (3.29) and the edge set E consists of
the X and G variables. The indices µ, ν are represented by the black vertices
in the graph, while the i, j indices are represented by the white vertices. The
X edges are represented by the zig-zag lines and the G edges are represented
by the straight lines. One can refer to Fig. 3 for an example of such a graph.
We organize the summation in (3.29) in the following way. We first partition the white vertices into blocks by requiring that any pair of white vertices
take the same value if they are in the same block, and take different values
otherwise. Then we take the summation over the white blocks which take
values in I2 . Finally, we sum over all possible partitions. Note that the number of different partitions depends only on the total number of S variables
in Mw , which in turn depends only on l0 .
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µ

G

ν

X

Fig 3. The graph representing Sµµ (Sµν )3 (Sνν )2 .

Fix a partition Γ of the white vertices. We denote its blocks by b1 , ..., bk ,
where k gives the number of distinct blocks in Γ. We denote by nµl (nνl ) the
number of white vertices in bl that are connected to the vertex µ (ν). Let
G(Γ) be the product of all the G edges in the graph. Then we have
JMw K ∼

(3.30)

∗
X X

G(Γ)

Γ b1 ,...,bk

k
Y
µ
ν
(Xbl µ )nl (Xbl ν )nl ,
l=1

P
where ∗ denotes the summation subject to the condition that b1 , ..., bk all
take distinct values. Note that k, bl , nµl and nνl all depend on Γ, and we have
omitted the Γ dependence for simplicity of notations.
From (3.29), it is easy to observe that the X edges are independent of
G(Γ). Thus taking expectation of (3.30) gives that
|EJMw K| ≤C
(3.31)

≤C

∗
X X

|EG(Γ)|

Γ b1 ,...,bk

X

∗
X

k
Y

µ

ν

|E(Xbl µ )nl ||E(Xbl ν )nl |

l=1

|EG(Γ)|

Γ b1 ,...,bk

k
Y

µ

ν

E|Xbl µ |nl E|Xbl ν |nl 1(nµl 6= 1, nνl 6= 1).

l=1

Note that we must have nµl + nνl ≥ 2 for 1 ≤ l ≤ k, because we only consider
P
nonempty blocks. On the other hand, if all nµl are even, then Nµ = kl=1 nµl
must be even, which contradicts (3.28). Hence we can find some 1 ≤ l1 ≤ k
such that nµl1 is odd and nµl1 ≥ 3. Similarly, we can also find some 1 ≤ l2 ≤ k
such that nνl2 is odd and nνl2 ≥ 3. We abbreviate n̂µl := nµl ∧3 and n̂νl := nνl ∧3.
From the above discussions, we see that
(3.32)

k
k
 1 X
1X µ
3 3
n̂l + n̂νl ≥
(n̂µl + n̂νl ) + + ≥ (k − 2) + 3 = k + 1.
2
2
2 2
l=1

l6=l1 ,l2
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Now using the moment assumption (1.21), we can bound (3.31) by
(3.33)

|EJMw K| ≤ C

∗
X X

|EG(Γ)|N −

µ
ν
l=1 (n̂l +n̂l )/2

Pk

.

Γ b1 ,...,bk

Next we deal with |EG(Γ)|. We consider the following 3 cases separately:
(1) there are at least 2 off-diagonal G-edges in G(Γ);
(2) there is only 1 off-diagonal G-edge in G(Γ);
(3) there is no off-diagonal G-edge in G(Γ).
In case (1), we trivially have |EG(Γ)| ≺ Φ2 . In case (2), we use the same
(µν)
trick as in (3.18). Let the off-diagonal G-edge be Gij . For each diagonal
(µν)

Gkk , we replace it with
(µν)

(Gkk − Πkk ) + Πkk = Πkk + O≺ (Φ).
Plugging these expansions into EG(Γ), we obtain that
(µν)

|EG(Γ)| ≺ Φ2 + EGij

≺ Φ2 ,

where we used (3.19) in the second step.
Finally, in case (3), we have |EG(Γ)| ≺ 1. Moreover, nµl + nνl is even for
any 1 ≤ l ≤ k. Take 1 ≤ l1 , l2 ≤ k such that nµl1 , nνl2 are odd and nµl1 , nνl2 ≥ 3.
If l1 6= l2 , then we must have n̂µl1 + n̂νl1 ≥ 4, n̂µl2 + n̂νl2 ≥ 4, and hence
k
k
 1 X
1X µ
n̂l + n̂νl ≥
(n̂µl + n̂νl ) + 4 ≥ k + 2.
2
2
l=1

l6=l1 ,l2

Otherwise, if l1 = l2 , then
k

k

l=1

l6=l1

 1X µ
1X µ
n̂l + n̂νl ≥
(n̂l + n̂νl ) + 3 ≥ k + 2.
2
2
Now applying the above estimates and (3.32) to (3.33), we obtain that
Pk
Pk
X
X
µ
µ
ν
ν
|EJMw K| ≺
Φ2 N k− l=1 (n̂l +n̂l )/2 +
N k− l=1 (n̂l +n̂l )/2
Γ in Case (1), (2)

≤ C(N

−1

2

Φ +N

Γ in Case (3)

−2

) ≤ CN

−1

2

Φ .

This concludes the proof of (3.27), and hence finishes the proof of (3.14).
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[18] L. Erdős, H.-T. Yau, and J. Yin. Universality for generalized Wigner matrices with
Bernoulli distribution. J. of Combinatorics, 2(1):15–81, 2011.
[19] F. Götze and A. Tikhomirov. Rate of convergence in probability to the MarchenkoPastur law. Bernoulli, 10(3):503–548, 2004.

33
[20] W. Hachem, A. Hardy, and J. Najim. Large complex correlated Wishart matrices:
Fluctuations and asymptotic independence at the edges. Ann. Probab., 44(3):2264–
2348, 2016.
[21] I. M. Johnstone. High dimensional statistical inference and random matrices.
arXiv:0611589.
[22] I. M. Johnstone. On the distribution of the largest eigenvalue in principal components
analysis. Ann. Statist., 29:295–327, 2001.
[23] I. M. Johnstone. On the distribution of the largest eigenvalue in principal components
analysis. Ann. Statist., 29(2):295–327, 2001.
[24] I. M. Johnstone. Multivariate analysis and Jacobi ensembles: Largest eigenvalue,
Tracy-Widom limits and rates of convergence. Ann. Statist., 36(6):2638–2716, 2008.
[25] A. Knowles and J. Yin. Eigenvector distribution of Wigner matrices. Probability
Theory and Related Fields, 155(3):543–582, 2013.
[26] A. Knowles and J. Yin. The isotropic semicircle law and deformation of Wigner
matrices. Communications on Pure and Applied Mathematics, 66(11):1663–1749,
2013.
[27] A. Knowles and J. Yin. Anisotropic local laws for random matrices. Probability
Theory and Related Fields, pages 1–96, 2016.
[28] J. O. Lee and K. Schnelli. Tracy-Widom distribution for the largest eigenvalue of real
sample covariance matrices with general population. Ann. Appl. Probab., 26(6):3786–
3839, 2016.
[29] J. O. Lee and J. Yin. A necessary and sufficient condition for edge universality of
Wigner matrices. Duke Math. J., 163:117–173, 2014.
[30] Z. Ma. Sparse principal component analysis and iterative thresholding. Ann. Statist.,
41(2):772–801, 2013.
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