UNITARY MONODROMY IMPLIES THE SMOOTHNESS
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EQUATION, I
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ABSTRACT. In this paper, we study the Painlevé VI equation with pa-

rameter (%, %, é, %) We prove

(i) An explicit formula to count the number of poles of an algebraic
solution with the monodromy group Dy, where Dy is the dihedral group
of order 2N.

(ii) There are only four solutions without poles in C\ {0, 1}.

(iii) If the monodromy group of the associated linear ODE of a solu-
tion A (t) is unitary, then X (¢) has no poles in R\ {0, 1}.

1. INTRODUCTION

In literature, Painlevé VI equation with four free parameters («, 3,7, d)
(PVI(a, 8,7,0)) can be written as

2N S S SR S W (2N SRS S SRR B 2
a2 2\ A—1 Xx—t) \ dt t t—1 AN—t) dt
AA=1)(A—1) t t—1 tt—1)
(1.1) + 20— 1) a+/8ﬁ+7()\—1)2+5(/\—t)2'

There are two fundamental facts about PVI(a, 8,7,0) (1.1). The first
one is the Painlevé property which says that both the branch points and
essential singularities of any solution A (¢) of (1.1) are independent of any
particular solution and consist of 0,1, 00 only. Thus A(¢) is a multi-valued
meromorphic function in C\{0, 1}; naturally it can be lifted to the universal
covering H = {7 | Im7 > 0} of C\{0, 1} through the transformation:

= ST mal) e el

(1.2) ea(7T) — e1(7) ea(T) — e1(7)

where @(z|7) be the Weierstrass elliptic function with periods 1 and 7.
Throughout the paper, we use the notations wg = 0, w1 = 1, wy = T,
w3 = 1+7, e = ep(r) = p(5)7), k = 1,2,3 and A; = Z + Z7, where
7 € H. Define E; = C/A; to be a flat torus in the plane and E;[2] = {% |
0 <i <3} 4 A; to be the set consisting of the lattice points and 2-torsion
points in E.
1
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By the transformation (1.2), p(7) satisfies the following elliptic form of
PVI

(1.3) d2d7_2 = Zakp ( Wk‘T),

where ¢ (z|1) = dz p(z|T) and
(14) (040,041,042,043) = (Oé, _ﬁ”y’ % - 6) :

See [2, 17] for a proof. As a solution to (1.3), p(7) is considered as a contin-
uous function from H to C and holomorphic except p(7) € E-[2]. Although
p(7) has branches points at p(7) € E-[2] \ A, by the Painlevé property,
p(p(T)|T) is a single-valued meromorphic function in H and its poles are
exactly equal to those 7’s such that p(r) € A,.

Another important feature about (1.1) is that for any solution A (t), there
associates with a second order Fuchsian ODE defined on CP!, whose regular
singular points are exactly {0,1,¢,\(¢t),00} with A(¢) being an apparent
singularity (cf. [12]) such that the monodromy representation is invariant
under the deformation of ¢. By using the transformation (1.2), the associated
ODE could be transformed into a new ODE defined on E., a generalized
Lamé equation (GLE) which can be written as follows:

15) ') =[S0l Do (5 + %) + oz + )

+p(2 =) + Az +p) = (2 = p) + B]y(2),

where A, B are complex numbers and the parameters are related by

(1.6) ap =1 (ng+1)? for ke{0,1,2,3}.

n (1.5), ((2) = ((2|7) = — [* p(&|T)dE is the Weierstrass zeta function.
The function ((z) is an odd but not elliptic function. Indeed, {(z) satisfies
(1.7) C(z +wil) = C(2|7) +me(7), K =1,2,3,

where 7y, (7) are called the quasi-periods of ((z). The GLE (1.5) has regular
singularities at E-[2] U ({£p(7)} + A;). Similar to A(t), p(7) is always an
apparent singularity. The monodromy representation of (1.5) is invariant
under the deformation of 7 if and only if p(7) is a solution of (1.3). This
fact might be indirectly proved by the transformation (1.2). In [4], this fact
and the associated Hamiltonian system has been directly derived.

Naturally, this isomonodromic feature proposes the following question:
How the monodromy group of the associated linear ODE effects the solution
A(t) or p(1)?

For certain parameters aj, the monodromy representation of the GLE
(1.5) associated with p(7) is easier to compute than that of the associated
ODE with A(t). For example, if all n, are integers, then the monodromy rep-
resentation of (1.5) is reduced to a homomorphism from 71 (E;) to SL(2,C).
This fact immediately implies that the monodromy group is always abelian,
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a significant reduction. See [5]. Thus, there always exists a common eigen-
function to all the monodromy matrices of the GLE (1.5).

Definition 1.1. Let the parameter (o, 3,7,0) be given by (1.4) and (1.6)
with ng, € Z for oll k.

(i) A solution X(t) of (1.1) or p(T) of the elliptic form (1.3) is called com-
pletely reducible if the monodromy representation of the associated GLE (1.5)
is completely reducible (i.e. all monodromy matrices can be diagonalized si-
multaneously); otherwise, A(t) or p(T) is called non-completely reducible.

(ii) A solution A(t) or p(T) is called an unitary solution if the monodromy
group of the associated GLE (1.5) is contained in the unitary group SU(2).

Obviously, any unitary solution is completely reducible. We remark that
an unitary solution is related to the existence of conformal metric with
constant curvature +1 (those metrics are with conic singularties in general).
See [9].

Now we come back to the problem we are concerned above. For PVI(%, %1,

%, %) (i.,e. ng = 01in (1.6), Yk = 0,1,2,3, the well-known case studied by
Hitchin [11]), among other things, we proved in [7] the following theorem:

Theorem A. ([7])

(i) PVI(%, %1, %, %) has exactly three solutions which are completely re-
ducible and satisfy \(t) & {0,1,t,00} for any t € C\{0,1}.

(ii) Any unitary solution \(t) ofPVI(%, %1, %, %) has no poles in R\{0, 1}.

By using the Okamoto transformation [18], it is well known that any
solution of PVI(«, 3,7, 0) with parameters given by (1.6) with ng € Z could
be obtained from solution A(t) of PVI(, =, 1, 2) (ie. ny = 0 for all k).
However, the Okamoto transformation is a rational map of A(¢) and A'(¢). So
obviously, the smoothness of solutions can not be preserved by the Okamoto
transformation. See [7] for discussions of this issue.

In this article, we extend Theorem A (ii) to the case (ng,ni,n2,n3) =
(1,0,0,0).

Theorem 1.2. Let A(t) be any unitary solution of PVI(%, %1, é, %) Then
A(t) has no poles in R\{0, 1}, namely A(t) is holomorphic in R\{0,1}.

As discussed above, Theorem 1.2 can not be obtained from Theorem A
by the Okamoto transformation. Our proof is based on the generalization
of the famous Hitchin theorem for PVI(%, %1, é, %) to PVI(%, %1, é, %)
Theorem B. ([5]) p(7) is a completely reducible solution to the elliptic form
of PVI(%, %1, %, %) if and only if there ezists a fized pair (r,s) € C2\%ZQ

such that
/ 2 9 B o/ (a
(18) o)) = pla) + 22 (@ Zrs + (120°(0) — 92) Zrs + 3p(0)/ ()

2(23, — 3p(a) Zrs — ¢/ () ’

where o = «(T) =1 + ST,

(1.9) Zrs = Zps(T) = C(r+ s7|7) —rm (1) — sn2(7),
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and ga = g2(T) is the coefficent of

(1.10) o' (2]7)? = 4p(2|7)° = g2(T)p(2|7) — g3(7).

The formula (1.8) was first obtained by Takemura [20] and also obtained
in [5] by a different argument. We will see that (1.8) plays a fundamental
role for studying the poles of A(t).

Remark 1.3. Let p(7) be the solution given by (1.8) and (1.5) be the asso-
ciated ODE with this solution. Then it is proved in [5] that there is a pair of
independent solution y;(z|T), i = 1,2, such that their analytic continuation
along path ¢; satisfy

N e27ris 0
€1 (y17y2) = (y17 y2) < 0 67271’1'5 ;

N 6—271'1'7' 0
EQ (y17y2) = (yh y2) < 0 627rir )

where (r, s) is the pair in (1.8) and £;,i = 1,2, are two fundamental cycles
on E; with the base point qo ¢ E-[2] U {£p(7)} + A;). In this paper,
the solution given by (1.8) is denoted by p,s(T) and the corresponding A(t)
through (1.2) by A s(t).

Obviously, Aps(t) (or pys(7)) is unitary if and only if (r,s) € R?\1Z2
Furthermore, A, 4(t) is an algebraic solution if and only if (r,s) is a N-
torsion point for some N € N>3, that is (r,s) € Qn where

) ev={(%%)
For Painlevé VI equation, all the algebraic solutions have been classified
through the Okamoto transformation. For example, the monodromy group
of the associated linear ODE of an algebraic solution of PVI(a, 3,7, d) with
parameters given by (1.4) and (1.6) with ny € Z is always a dihedral group
Dy of order 2N for some N € N>3. See [3, 8, 15, 16]. From the classification
of Theorem B, such a A(t) must be of the form A, 4(t) with (r,s) € Qn, N >
3. Note that the problem concerning the distribution of poles of Painlevé
VI solution has been addressed in [10].
Let ¢(IN) is the Euler function defined by

(1.12) O(N) = #{k € Z|ged(k,N) = 1,0 < k < N}.

In the following, we shall apply Theorem B to obtain the formula to count

the number of poles of algebraic solutions of PVI(%, %1, %, %)

ged(kr, ko, N) =1, 0 < ki, ks < N — 1} .

Theorem 1.4.

(i) If N is odd, then there is only one algebraic solution whose mon-
odromy group' is the diheral group Dy. This algebraic solution is

" this paper, for convenience, when we say the monodromy group of an algebraic
solution, we always mean the one of the associated linear ODE, but not the one of this
algebraic solution as a multi-valued function.
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has exactly

O340

many poles in C\{0,1}.
(ii) If N is even, there are exactly three algebraic solutions and each of

them has
1 (an-o(3)

many poles in C\{0,1}.

Remark 1.5. For any solution \(t), there might be two different branches to
have poles at the same tg. In this case, we count the number of poles at to by
2. It is our conjecture that different branches should not have common poles.
See the discussion before the proof of Theorem 1.4 in §3. This conjecture
was proved for PVI(%, =L, £, 2) in [7].

Finally, we extend Theorem A (i) to PVI(%, %1, %, %)

Theorem 1.6. Among all the completely reducible solutions A, s(t) to PVI(%,
=5, 2), there are exactly four solutions which have no poles in C\{0,1}.
They are A1 o(t), A1 o(t), A1 1(t) and A, 1(%).

3 1 11 4

The paper is organized as follows: In §2, we introduce Zﬁ?s) (1) which is
the denominator of (1.8) and study its zeros. By connecting the zeros of

Zﬁ?s) (1) with the poles of A, 4(t) (see Theorem 2.1), we prove Theorem 1.2
in §2. Next, we will count the number of the poles of an algebraic solution
and the explicit formulae are obtained in §3. Finally, by applying Theorem
1.4, we prove Theorem 1.6 in §4.

2. POLES OF SOLUTIONS AND ZEROS OF PREMODULAR FORMS

In this section, we are going to prove Theorem 1.2. Define ng) (1) to be
the denominator of (1.8), i.e.

2.1)  ZE(7) = Zns(1)? = 3p(r + 7|7) Zys (1) — ¢/ (r + s7|7).

To study the poles of A, 4(t), it is important to study the zeros of Z7(,,25) (1)
for (r,s) € R?\3Z2. It was proved in [7] that

(2.2) Zy (1) = 2 o(1) <= (r,s) = £ (v, ') ,mod Z?,

which implies that

(2.3) Zﬁ?s) (1) = :I:ZT,(,QL/ (1) <= (r,s) = £ (r',s") mod 72
From (2.2)-(2.3) and (1.8), we proved in [5] that (the = part is not trivial)
(2.4) o(prs(T)|7) = p(pr o (T)|7) <= (r,8) = £ (r’, s’) mod Z2.

In particular, we have

(2.5) Ars(t) = A\ g (t) == (1, 8') = £(r, s) mod Z°.
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By (2.3)-(2.5), it is suitable to restrict (r,s) on the set [0,1] x [0, 3]\3Z>.
Define the four open rectangles as follows:

A0 Z:{(T,S)|0<7’,S<%, T+S>%}a

Al::{(r,s)|%<r<l,O<5<%,7’+S>1},
Ng:={(r,s)|3<r<1,0<s<g, r+s<l1},
Ag:={(r,s)|r>0,s>0, r+s<i}

Clearly [0,1] x [0, 3] = Uj_,Ag. Remark that
Z82(7) = 0 for (r,5) € {(0,3),(3,0), (3, %)} + 2%

Zﬁ?s)(T) = oo for (r,s) € Z°.

[\

Define
(2.6) F()::{TEH’OSRGTSL’T—%‘Z%}_

It is known (cf. [7]) that Fj is a fundamental domain for Iy (2) := {y =

(aij) € SL(2,Z)| a2 = 0mod2}. The following theorem gives us informa-
(2)

tion about the zeros of Z;¢(7) and plays an important role to study the
poles of A\, 4(t).

Theorem C. ([6]) Let (r,s) € [0,1] x [0,2]\3Z2. Then Z,g?s)(T) =0 has a
solution T in Fy if and only if (r,s) € N ULAUA3.  Furthermore, for any
(r,s) € A1 U A9 U Ag, the solution T € Fy is ungiue and satisfies T € Fy.
In particular, ZT(?S) (1) #0 for any T € OFy and (r,s) € R*\1Z2.

We will use Theorem C to prove Theorem 1.2. Our proof is based on
the following result to connect the poles of a solution A, ¢(¢) with zeros of

73 (7).

Theorem 2.1. Fiz any (r,s) € C*\3Z* and 19 € H. Then p,s(10) = 0 in
E;,, or equivalently to = t(19) € {0,1,00} is a pole of A\ s(t), if and only if
either v + st9 € Ay, or r+ s19 & A, and Z,(«?s) (10) = 0.

To prove Theorem 2.1, we have to prove that in the formula (1.8), the
numerator and denominator can not vanish simultaneously.

Lemma 2.2. Fiz any (r,s) € C2\3Z? and 7 € H. Under the above nota-
tions, if Zﬁ?s)(T) =0, then
3¢/ (a)Z7 s + (120° () — g2) Zrs + 3p(a)g' (@) # 0.

Proof. In the following, we denote Z, 4(7) simply by Z. First we recall the
well-known result

(2.7) g5 — 2793 = 16(e1 — e2)*(ea — €3)*(e3 — €1)* # 0.
Assume by contradiction that

(2.8) Z3)(1) =2 - 3p(a)Z — ¢/(a) =0
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and

(2.9) 3¢/ () Z° + (120°(0) — g2) Z + 3p(a)g/ (@) = 0.
First we claim:

(2.10) Z(1) # 0 and ¢'(a) # 0.

If Z(7) =0, then (2.8) gives ©'(a) = 0, namely

(2.11) a=r+ste€ E; 2]\ A; and Z(7) = 0.

So we may assume 7 + s = %k + m + n7 for some (m,n) € Z? and k €
{1,2,3}. Consequently,

Wk

(r=m)+ (s =m)7 = 2 —0,
(r=m)m + (s = m)m = 5 =0,
1 T
which implies (r,s) € 172 because the non-degeneracy of ( ),
plies (7,5) € 3 generacy o () ()

a contradiction. Similarly, if ¢'(a) = 0, then 12p*(a) — g2 = 29" (a) # 0
and so (2.9) gives Z(7) = 0, again a contradiction. This proves the claim.

Now we do the Euclidean algorithm for (2.8) and (2.9). Multiplying (2.9)
by Z, (2.8) by 3¢/(a) and adding them together, we obtain

(2.12) (120%(a) — g2) Z* + 12p(a) ¢/ () Z + 3¢/ (@)* = 0.
By (2.12), (2.9) and (1.10), we can eliminate Z2 term and obtain
(2.13) [12g20()? + 36g30(a) + 93] Z = =3¢ (@) [2920(cx) + 3g3] -

Consequently, multiplying (2.9) by (12g2p(a)? + 36g3p0(a) + g2)? and using
(2.13) lead to (write x = p(«) for convenience)

(2.14)  9(42® — gox — g3)(2927 + 3g3)” + 2(12922® + 36937 + g3)°
— (1227 — g2)(2g2 + 3g3) (12g22% + 36932 + g3) = 0.
A straightforward calculation shows that (2.14) is exactly
0 =3(g5 — 2793)(42° — g2 — g3) = 3¢/ () (g3 — 27¢3),
which contradicts to (2.7) and (2.10). O

Corollary 2.3. For any (r,s) € C2\3Z?, any zero of ZT(?S) (1) is simple.

Proof. The Painlevé property implies that o(p;.s(7)|7) is meromorphic in H.
Therefore, this assertion follows from Lemma 2.2 and the fact that any pole
of any solution of PVI(%, %1, %, %) must be simple (see e.g. [12, Proposition
1.4.1]). O

Now we could prove Theorem 2.1 by Theorem B.
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Proof of Theorem 2.1. By the expression (1.8) of p(pys(7)|T), we see that
prs(70) = 0 in B, implies either r + s7p € A, or Zﬁ? (10) = 0.

So it suffices to prove the other direction. If r + sy € A,,, without loss
of generality we may assume «a(19) = r + s7p = 0. By letting a = a(7) —
a(tg) =0 as 7 — 79, we have

1 —2

(215) p(a) = ? + O(O[Q)’ p/(a) = ? + O<a)7

1 2 3
(2.16) s = o (1 - coa —c10” + O(a?)),
where
(2.17) co = rni(10) + sma(m0) = —2mis # 0
and

r

c1 = 1 (70) + 112 (70)-
Here r = —s7p and the Legendre relation 71 (7) — n2(7) = 2mi are used in
(2.17). Then we deduce from (2.1) and (2.15)-(2.17) that

) 3¢5 3

(2.18) Zy (1) = o (cg — 6cocr) + O(a),

3¢/ (@) Z7 s + (120%() — g2) Zrs + 3p(a)g ()
6c3  12cocq

8 az TOLT,
and so (1.8) gives
(2.19) o(prs(r)|7) = —30%) +0(1) = 00 as 7 7,

which implies p, ¢(79) = 0 in E;;, namely ¢y is a pole of A, s(t) whenever
r+4 510 € Ay

If a(rg) = r+ s & A, and Zﬁ?(m) = 0, then it follows from (1.8) and
Lemma 2.2 that p(p, s(70)|70) = 0. O

We need another lemma for the proof of Theorem 1.2.

Lemma 2.4. Let 7 € H, 7 = v -7 and (s,7") = (s,7) -y~ L for some
v € SL(2,Z). Then Zr(?s) (1) = 0 if and only if Z7(,,2)s,(7") = 0. In particular,
Z,(,,QS) (1) #0 for any (r,s) € R\L1Z? and 7 € SL(2,Z) - iR*.

Proof. Consider the pair (z,7) € CxH and z = r + s7. For any 7 =

(CCL Z) € SL(2,Z), conventionally v can act on C x H by

z z ar +b

cv-—i—d’fy.T):(CT—i-d’cv'—i-d)'

v(z,7) = (
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Then

(2.20) CTj_ e ZT—:_S; =7+ 57, where 7' =~ -7, (s,7") = (s,7) -y L.
Using

(2.21) o (r' + 87| 7) = (et +d)* o (r + s7|7),

we proved in [7] that

(2.22) Zw o (T') = (e1 + d) Z, 5(T).

Together with (2.21), (2.22) and the fact that go(7) is a modular form of
weight 4, we easily derive from (2.1) that

(2.23) Z3,(r") = (er + d)*Z2) (7)
and
(2.24) © (o (F)|7") = (7 + d)%0 (prs(7)|7) -

In particular, Zr(?s) (1) = 0 if and only if ZT(,%) (t') = 0.

Now fix any (r,s) € R*\1Z?. Suppose Zﬁ?(m) = 0 for some 79 €
SL(2,Z) - iR, then 79 = 7 - 7 for some 7 € iR' and v € SL(2,Z). Let
(s',r") = (s,7) - v. Then we have (r',s') € R*\1Z? and (c7 + d)BZS’)S,(T) =
Zr(?s) (10) = 0. But by Theorem C, Zﬁ,z),(v') # 0, a contradiction. O

S

Proof of Theorem 1.2. Let \(t) be an unitary solution of PVI(%, %1, %, %),
i.e. A(t) = Aps(t) for some (r, s) € R?\1Z?. Suppose t; € R\{0,1} is a pole
of A(t). Recall t(7) in (1.2). A result in the theory of the modular form
says that ¢t (iR") = (0,1), t (S -iR") = (1,4+00) and ¢ (U - iRT) = (—00,0)
where S = ((1] D and U = <; (1]> See e.g. [1, 13]. Thus there exists
0 € SL(2,Z)-iR* such that to = ¢(70) and p, s(70) = 0 in E;,. By Theorem

2.1and r+s19 &€ Ay, ZT(?S) (10) = 0, which yields a contradiction with Lemma
2.4. Therefore, A(t) has no poles in R\{0, 1}. O

3. POLES OF ALGEBRAIC SOLUTIONS

In this section, we want to find the number of poles of algebraic solutions.
For PVI(%, %1, %, %), it is well known that a solution is algebraic if and only
if its monodromy group is finite, and the monodromy group of an algebraic
solution is always the dihedral group Dy of order 2N for some N € N>3. In
this case, by Theorem B, any branch of this solution must be one of A, s(%)
where (r,s) € Qu, the set of N-torsion points. For the classification and
related subjects of algebraic solutions of Painlevé VI equation, we refer to
[3, 8, 15, 16] and references therein.

To count the number of poles, we have to know how many branches
of an algebraic solution might have. A branch of a solution A (¢) might
be considered a single-valued meromorphic function (still denoted by A(t))
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restricted on the simply connected domain C\(—o0, 1] or equivalently, the
single-valued meromorphic function p(p(7)|7) restricted on a fundamental
domain of I'(2) (because t(7) is invariant under the action of I'(2)). Thus,
two solutions A, 5(t) and A\ ¢ (t), t € C\(—00, 1], belong to the same solution
if A\ o(t) is the analytic continuation of A, s(t) along a closed path cross the
axis (—oo, 1]. We note that for any algebraic solution, A, s(t) has no poles on
R\{0,1} by Theorem 1.2. Hence whether a branch is considered as defined
on C\{0,1} or C\(—o0, 1] does not affect our calculation below.

Remark 3.1. We recall T'(N) is the N-principal congruence subgroup of
SL(2,Z), defined by

['(N):={y € SL(2,Z)|y = [mod N}.

It is known that ey, (1), k = 1,2, 3, are modular form of weight 2 with respect
to I'(2). We refer to [13] for the basic theory of modular form.

Proposition 3.2. A, (t) and A\ ¢ (t) belong to the same solution of PVI(3,

=5, 2) if and only if (s,r) = £(s',r) - v mod Z? by some v € T(2).

Using (1.8), (2.24), and (2.3)-(2.5), the proof of Proposition 3.2 is the
same as [7, Proposition 4.4], where PVI($, 2, £, 2) is studied. The same
result also holds for Picard solutions. See [16, Theorem 1]. So we omit the
details here.

Lemma 3.3. (i) For any N-torsion points (r,s), A s(t) belongs to one of
the three solutions Ay 1 (t), A1 o(t) and A1 1 (t).
N N> N’N
(ii) If N is odd, then all the three in (i) belong to the same solution; and
if N is even, then all the three in (i) represent 3 different solutions.

(iii)

1 Ao, 1 ()
(B Agad-H=1-A (O, Ay <t> St 1)

’N

Proof. We divide the proof into three steps.

Step 1. Fix an N-torsion point (r,s) = (%, %) with 0 < k1, ks < N —1
and ged(ki, k2, N) = 1. We show that A, 4(t) belong to the same solution as
one of {)‘o%(t% )‘%,0@)7 /\%%(t)} By Proposition 3.2, it suffices to prove
that for some (1, s") € {(0, %), (%,0)7 (%, %)}’
(3.2) (s,7) = (s',7") - v modZ? by some v € T'(2).
Denote L = ged(ky, k2) and k;j = m;L. Then we have ged(L, N) = 1 and
ged(my,mg) = 1.

Case 1. both m; and ms9 are odd.

Then there exist l1,lo € Z such that lymq + lame = 1. Letting

B I —ly .
(3.3) v = <m2 Tl my l2) e I'(2) if I3 odd,
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(3.4) vy = <m2 ;L h mll_ 12> € I'(2) if Iy even,
—l1 2
we have
_ ng L’I’)’Ll _ L L
(35) (S,T’) - ( N ) N ) — <N7 N> Y1-

If L is odd and N is odd, since ged(L,2(L — N)) = 1, there exists dy,dy € Z
such that d1 L + 2d2(L — N) = 1. Let

L L-N
(36) Y2 = <—2d2 dl ) S F(Q)a
then (£, %) € (% ) 72 + Z*. Together with (3.5), we see that (3.2) holds
/

by letting (/,s") = ) and v = Y271 If L is even and N is odd, since

s
ged(2L,L — N) =1, here exist dy,dy € Z such that 2d,L + dy(L — N) = 1.
Let

(3.7) Y2 = (% Lfﬁ,) e (2),

then (£,%) € (0,%) - 72 + Z2, which implies that (3.2) holds by letting
= (+.0) and v = v9y;. If L is odd and N is even, then similarly as
(x-0) Y = Y2y : y
)

, there exists
a b
= (5 0)ere

such that a +c=L and b+d =L — N. Clearly (£, %) € (%, %) - 72 + Z?
and so (3.2) holds by letting (17, s") = (% N) and v = y971.

Case 2. mj is even and msy is odd.

Similarly as (3.6) there exists

v = (m2 m1> e T(2).

* *

Then

(3.8) (s.7) = (TZ@“) - (ﬁo) .

If L is odd and N is even, there exists

n=(2 ) ere.

*

Then (£,0) € (%,0) - 72 + Z%, which implies that (3.2) holds by letting
(r',s") = (0,+) and v = yov1. If L is even and N is odd, similarly as (3.7)

there exists
* k
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Then (£,0) € (0,%) - 72 + Z2, which implies that (3.2) holds by letting
(r',s') = (%,0) and v = y271. If L is odd and N is odd, then similarly as

(3.3)-(3.4) there exists
a b
= (5 4)ere

such that a + ¢ =L and b+d = N. Then (%,0) € (%, &) - 72 + Z? and so
(3.2) holds by letting (/,s") = (N, %) and v = Yo71.

Case 3. my is even and mq is odd.

The proof is similar to Case 2, so we omit the details. This completes the
proof of Step 1.

Step 2. Suppose N = 2m+1is odd. By choosing v = — < 9 1

I'(2), we have
1 1 1
— = =, — 72
(N,O> vy <N’N> mod

1 0
om 1), we see that

11\ . /(. 1 )

Thus when N is odd, all three in (i) belong to the same solution.

4 1 2
m+ m>6

Similarly, by choosing ¥ = (

Now suppose N = 2m is even. For any v = <Z Z) € I'(2), c is even and
d is odd. We see that (O, %) v = ( 5= 2m) Since d is odd, ;é 0 mod Z

which implies (O, %) - ( ]{,,0) mod Z? for any v € T'(2). Slmllarly, any
two of {(0, %), (%.,0), (%, %)} can not be connected by I'(2) and mod Z>.
Thus when N is even, all the three in (i) represent 3 different solutions.

Step 3. We prove (3.1).

0 1
see from (2.20) and (2.24) that

0 (p2 1) =0 (poy ()I7).
This, together with e1(7') = e1(7), ea(7') = e3(7), e3(7’) = e2(7) and (1.2),
implies t(7') = 1/t(7) and

Letvz <1 _1> andT’:'y-T:T—l. Since (%,%):(l 0)'7_1’“’6

Co(ry @) —am A

: 2 (t(7))
(3.9) )\%v%(t(#)) - 63]\67') —ei(1) B Il\f](T) )

This proves the second formula in (3.1). Similarly, by letting v = (0 _1),
it is easy to prove the first formula in (3.1). O
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Define
(3.10) = ] 22«
(r,s)EQnN

y (2.23), Mn(7) is a modular form with respect to SL(2,Z) of weight
3|Qn|, where |Qn| = #Qn-

To obtain the number of zeros of My (7), we recall the classical formula
for counting zeros of modular forms. See [19] for the proof.

Theorem D. Let f(7) be a nonzero modular form with respect to SL(2,Z)
of weight k. Then

(3.11) S )+ weeld) + gl + 5l) =
e\ {i,p}

L
12’

where p = e™/3, vr(f) denotes the zero order of f at T and the summation
over T is performed modulo SL(2,7) equivalence.

To prove Theorem 1.4, by Theorem D we have to calculate the asymptotics

of Zﬁ? (1) as Im 7 — 400. Now we consider the fundamental domain F' of
SL(2,Z) defined by

Fi={reH|0<Rer <1, ‘7’|21,‘T—1‘>1}U{p=€m/3}.

Denote g = e*™7. We recall the g-expansions of p(z|7) (cf. [14, p.46] and
[7, (5.3)]): for |q| < |e*™| < |q|71,

p(zh—) _ 1 27”2 27r 7271"
(312) —4Ar2 ﬁ + 627mz Z Z nq " "= 2)’

m=1n=1
1+62mz
Zns( )— 2mis — m

0 2miz o n —2miz . n
. e q € q
(313) o 27”“2::1 (1 _ eZm’zqn o 1— eQm'zqn> ’
where z = r+s7 in (3.13). By using (3.12) and (3.13), we could compute the

asymptotics of Zr(?s) (1) as Im 7 — 400. The calculation is straightforward
and was done in [6]. So we skip the calculation and state the final result in
the following lemma.

Lemma 3.4. [6] Let r € R and s € [0,1) and 0 < Rer < 1. Then as
Im7 — 400,

(@) lim  Z3(r)£0if s € (0, HU(3.1),

Im7—4o00
(3.14) (i) 22 () = —4873 sin(277)q + O(¢?) if s = 0,
(iii) Z2 (1) = —12a3sin(27r)gY2 + O(q) if s =1/2.
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Let ¢(N) be the Euler function defined in (1.12) if NV is an integer, and
be zero if N is not an integer. Now by applying Theorem D to My(7), we
have the following theorem.

Theorem 3.5. For N > 3, the total number P(N) of zeros (counting mul-
tiplicity) of Mn(7) in the fundamental domain F of SL(2,7Z) is given by

15 pon =121 o s (V)]

Proof. First, it is easy to see that @ € Z~q for any N > 3 because

21
-3 T ("),

p|N, p prime

Since i € JFy, by Theorem C we see that Zﬁ?s) (i) # 0 for any (r, s) € R?\3Z2.
Thus

By [6, Theorem 4.2] where Zﬁ?s) (p) # 0 for any (r,s) € RQ\%Z2 is proved,
we have

(3.17) vp(Mn (1)) = 0.
Then we deduce from (3.16), (3.17) and (3.11) that

(3.18) P(N)= Y w(My(r) = |%jV| — Voo (Mn(7)) .
TeH\{i,p}

From Lemma 3.4, we see that

(3.19) Voo (MN (7)) = #{1 < k1 < N|ged (N, k1) =1}

Pk < N ged (N/2.0) = 1)
o +o(3).

Here ¢ (§) = 0 whenever N is odd. Combining (3.18) and (3.19), we have

pv) =1 [¢<N>+¢>(Z2V>]

where the summation over 7 is performed modulo SL(2,Z) equivalence.
This completes the proof. ([l

For N = 3,4, it is easy to see P(IN) = 0.

Corollary 3.6. For N = 3,4 and (r,s) € Qn, Zr(?s) (1) # 0 for any T € H.
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Now, we are going to prove Theorem 1.4. Before the proof, we have

following three discussions:
(i) It is well-known (cf. [1]) that I'(2) is a normal subgroup of SL(2,Z)

and SL(2,7)/T(2) = {1, S, ST, S2T, TS~", STS~'} where § — ((1) i) and

1
(3.20) F,=FUSFUSTFUS?TFUTS 'FUSTS™'F.

By a straightforward computation, we have

Fo={reH|0<Ret <2, ‘T—%|Z%, }T—%‘ >%}
Note that for any 7 € F, t(7) € R\ {0,1} if and only if 7 € iRT U{r €
Hl|r — 4| = 3} U{r € H|Rer = 1}. More precisely, ¢ (iRT) = (0,1),
t({r €H|lr — | =3}) = (—00,0) and ¢ (1 +iRT) = (1,+00). See [1, 13].
Hence the image of F\({R* U{r € H||7 — 3| = 3}) is C\(—o0, 1]. By (3.20)
and My(7) # 0 at 7 € {7, p}, we have

#{r € | Mn(T) =0} =6P(N),
where the RHS is counted by multiplicity.
(ii) If (r,s) € Qn, then Qn > (17,5") = (1 —7,1—5) mod Z? and Zﬁ?v)s,(T)

=— 7@ (7). Hence if Z,g,zs) (10) = 0 then Zﬁ,z)s,(m) = 0. In other words, the
order of each zero of My(7) is even. Remark that A\, s(t) = A o (t) by (2.5).

T = <O _01> So a fundamental domain F» of I'(2) can be obtained by F":

(iii) By Corollary 2.3, Z,(i)(T) has only simple zeros. For two N-torsion
points (r,s) # £ (r', s") mod Z2, Z,%) (1) and Z;,%)S,(T) might simultaneously
vanish at the same 79 € Fy. But because (2.5) gives A 5(t) # Ay s (1), either
they belongs to two different algebraic solutions (this might happen if N is
even) or they are two different branches of the same algebraic solution A(t)
(this must happen if N is odd). In the later case, we count the number of

poles of A(t) at to = t(7p) as 2 (as multiplicity).

Proof of Theorem 1.4. If N is odd, then for all (r,s) € Qn, Ars(t) belong
to the same one algebraic solution A(¢). By (i), (ii) and the simple zero
property (iii), we obtain

1
the total number of poles of A(t) = 6P(N) x 5= 3P(N).

If N is even, then we have three different solutions, namely A 1 ,o(t)’
)\07% (1), /\% 1 (t). By (3.1), each of them have the same number of branches

and the same number of poles. Let A(¢) be any one of them. Then by (i),
(ii) and (iii), we have

the total number of poles of A(t) = 6P(N) x
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This completes the proof. ([

4. THE PROOF OF THEOREM 1.6

In this section, we want to prove Theorem 1.6, namely the following result.

Theorem 4.1. Among all such solutions A s(t) of PVI(%, %1, é, %), where

(r,s) € CA\1Z?, there are exactly four solutions which have no poles in
C\{0,1}. They are precisely AO,%(t), )\Oé(t), )\%70(t) and )\i%(t).

First we consider the case (r,s) & R2. Since (r,s) € C2\R?, there are
infinitely many 79 € H such that r 4+ s79 € A;,. The following result is a
direct consequence of Theorem 2.1.

Lemma 4.2. Let (r,s) € C2\R%. Then \.5(t) has infinitely many poles.

Proof of Theorem 4.1. Let (r,s) € (CQ\%ZQ. By Theorem 2.1 and Corollary
3.6, Ars(t) has no poles in C\ {0, 1} for (r,s) € Q3UQ4. Therefore, we only
need to prove that A, s(¢) has poles in C\ {0,1} whenever (r,s) & Q3 U Qu.
By Lemma 4.2 and (2.5), we only need to consider (r,s) € [0,1] x [0, 3]\3Z>.
Then by Theorem 1.4, we see that P(N) > 0 except N = 3,4. Together
with Theorem C, it is enough for us to consider

(r,s) € Ao U Uizoaﬁk\(@2.

For (r,s) € U%ZOE?Ak\QQ, we have {r, s,r+s}NQ # (). Takingy = <3 €

2
4 3
I'(2) and letting (s',7") = (s,r) -y = (4r + 3s,3r + 2s), we deduce from
(r,s) & Q? that (1, s') & U3_,0A,+Z>. Then by replacing (', s’) by some
element in +(r/,s') + Z?, we may assume (r',s') € US_,A;. By means of
Proposition 3.2, A, 4(t) and A,v «(t) belong to the same solution. Therefore,
we conclude that to prove Theorem 4.1, we only need to prove that A, s(t)
has poles in C\{0, 1} provided that

(4.1) (r,s) € Do\Q* = {(r,8) |0 <1 s< i r+s>3iN0Q%
Fix any (r,s) € Ao\Q?. The same argument as (3.9) gives

(42) _— (1) _ Anal®),

t t

Notice that if r + 2s # 1, then (r + s,s) € A1 U Ay. Applying Proposition
3.5, it follows that A1 (t) has poles in C\{0, 1} and so does A, s(%).

So it suffices to consider » = 1 — 2s, which implies s € (%, %)\Q If
s€(3,2), then (', ¢') = (2 — 4s,5) € Ay U Ay, which implies that A o (t)
has poles in C\{0, 1}. Since

(s/,7' 1) = (5,7 — 25) = (s,7) (é _12> ,

by applying Proposition 3.2 and (2.5), we see that A, s (¢) belong to the same
solution with A,s o(t) and so has poles in C\{0, 1}.
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So we may assume r = 1 —2s and s € (2, 3)\Q. Then there exists m € N
such that either

(4.3) 2mr < s < (2m+ )r,

or

(4.4) (2m —1)r < s < 2mr.

Let v = v € I'(2) and (s',7") = (s,7) v = (s — 2mr,7). If (4.3)

—2m 1
holds, then (1, s") = (r,s — 2mr) € Ag. If (4.4) holds, then (1 — 7/, —5') =
(1—=7,2mr —s) € Ag. In both cases, by means of Proposition 3.5 and (2.5),
we see that A\ ¢(t) has poles in C\{0,1}. Since Proposition 3.2 says that
Ars(t) and A ¢ (t) belong to the same solution, we conclude that A, 4(t) has
poles in C\{0,1}. The proof is complete. O
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