SPECTRUM OF THE LAME OPERATOR AND APPLICATION, II:
WHEN AN ENDPOINT IS A CUSP
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ABSTRACT. This article is the second part of our study of the spectrum
0(Ly; T) of the Lamé operator

2

L, = % —n(n+1)p(x+2p;7) in L2(R,C),

where n € N, p(z;7) is the Weierstrass elliptic function with periods
1 and 7, and zp € C is chosen such that L, has no singularities on RR.
An endpoint of o(Ly;T) is called a cusp if it is an intersection point of
at least three semi-arcs of o(Ly; T). We obtain a necessary and sufficient
condition for the existence of cusps in terms of monodromy datas and
prove that o(L,; T) has at most one cusp for fixed T. We also consider
the case n = 2 and study the distribution of 7’s such that o(Ly; T) has
a cusp. For any 7 € T(2) and the fundamental domain y(Fy), where
Fy:= {t € H 0 < Ret < 1,]z— 1| > }} is the basic fundamental
domain of I'y(2), we prove that there are either 0 or 3 7’s in y(Fp) such
that o(Ly; T) has a cusp and also completely characterize those 7y’s.

To prove such results, we will give a complete description of the crit-
ical points of the classical modular forms e1(7), e2(7), e3(7), which is of
independent interest.

1. INTRODUCTION

This article is the second in a series, initiated in Part I [8], devoted to the
geometry of the spectrum o(L,) = 0(Ly,; T) of the Lamé operator

dZ

(1.1) L, := Froie
in L2(R,C), where n € IN and zo € C is chosen such that p(x + zp; T) has
no singularities on R. Here p(z) = p(z;T) is the Weierstrass p-function
with basic periods w; = 1 and wp, = T € H = {7|Im T > 0}. Denote also
w3 = 14 7. We take [1, 29] as our general reference on elliptic functions
and modular forms.

Since the Lamé potential n(n + 1) p(z; T) is a Picard potential in the sense
of Gesztesy and Weikard [17, 18] (i.e. all solutions of the Lamé equation

(12) v'(z) = [n(n + Dp(z7) + Ely(z), zeC

are meromorphic in C), the spectrum o(L,) does not depend on the choice

of zg and indeed we can even take zyp = 0 where the Lamé potential has

singularities on RR; see [8, 34]. In particular, the Hill’s discriminant A(E)
1

nn+1)p(x+z20;7), x€R
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(i.e. A(E) is the trace of the monodromy matrix of (1.2) with respect to
z — z + 1) is well-defined and is an entire function of E € C. The spectral
theory of the Schrédinger operator L = ;—; — q(x) with periodic, regular,
but complex-valued potentials g(x) has been studied widely in the litera-
ture; see e.g. [2, 3,17, 19, 20, 30] and references therein. In particular, it is

known [30] that the spectrum (L) satisfies
(1.3) o(L)=A"Y([-2,2]) ={EeC| —-2<A(E) <2}.

Furthermore, it was proved in [17] that o (L) consists of one semi-infinite

simple analytic arc tending to —oco + [ g(x)dx (here we assume that
p y & v 4

1 is a basic period of g(x)) and finitely many bounded analytic arcs, pro-
vided that g(x) is a Picard potential or equivalently an algebro-geometric
finite gap potential in the KdV theory. Indeed, since g(x) is an algebro-
geometric finite gap potential, there is a linear differential operator Pye 1 =
d?8+1 /dx28+1 4 ... with smallest odd order 2g + 1 such that [Pyg41,L] = 0.
A celebrated theorem of Burchnall and Chaundy [6] implies the existence
of the so-called spectral polynomial Q(E) of degree 2¢ + 1 in E associated to
g(x) such that
2
P22g+1 = Q(% —q(x)).

Then [17, Theorem 4.1] says that the finite endpoints of o(L) coincide with
those zeros of the spectral polynomial Q(E) with odd order, which implies
that the number of the spectral arcs is finite.

Remark 1.1. An endpoint Ey of a spectral arc of o(L) is a point where the
arc can not be analytically continued (cf. [17]). By (1.3) Ey is an endpoint if
and only if

d(Eo) := ordg, (A(-)* — 4)

is odd (which infers Q(Ey) = 0 with odd order; see [17, Theorem 4.1]), and
in this case there are d(Ej) arcs meeting at Ey, each of which can not be
analytically continued at Ey because adjacent arcs meet at Ey with an angle
2mt/d(Ep). If d(Eg) = 2k > 2 is even, then Ej is an inner point of k arcs
which are all analytic at Ey, so such Ey is not considered as an endpoint.

For the Lamé case (1.1), the associate spectral polynomial Q, (E; 7) is also
known as the Lamé polynomial with degree 21 + 1. For example (see e.g.
[26, 28, 35])

3

QuET) = [(E—e(T)),

k=1

(14 0 (E;t) = (E — 382(v)) TT(E + 3e¢ (7).

k=1
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\/—<\ E <

(a) (b)

(c)

FIGURE 1. The dark point in (a) is a cusp, while the dark
point in (b) is an intersection point but not a cusp.

Here ¢, = ¢r(7) := p(547) for k € {1,2,3}, and g is the well known
invariant of the elliptic curve E; := C/(Z + Z7):

=4[ T(p(z 1) — (1)) = 40(z:7)° — g2(T) p(z; T) — g3(T),

k=1

i.e. (ex(1),0)’s are the branch points of the elliptic curve. Thus, ¢(L;) has
only three finite endpoints ex(7), k = 1,2,3, and ¢(L,) has five finite end-
points +(3¢2(7))"/2 and —3e, (1), k = 1,2,3.

Definition 1.2. We call that a finite endpoint E of o(L,) is a cusp if E is an
intersection point of at least three semi-arcs.

For example, the dark point in (a) of Figure 1 is a cusp. While in (b),
although the dark point is an intersection point of different arcs, it is not a
cusp because it is not an endpoint.

Our first question is how to characterize a cusp for the Lamé operator?
As mentioned before, all solutions of (1.2) are meromorphic, so the mon-
odromy matrices S; of (1.2) with respect to z — z + wj, j = 1,2, satisfies
515, = 5551 and hence there are two cases: Case (i) S; and S; can be di-
agonized simultaneously, i.e. there is a fundamental system of solutions of
(1.2) such that in terms of these solutions,

672711‘5 0 le(ir 0
(1.5) 51 = ( 0 eZm’s) , S2= ( 0 eZm'r) ’

where (r,s) € C?\ 3Z2; Case (ii) there is a fundamental system of solutions
of (1.2) such that in terms of these solutions,

1 0 1 0
(1.6) S1=¢ (1 1>/ So=¢€ <C 1>,
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where ¢1,e, € {£1} and C € CU {oo}. Remark that if C = oo, then (1.6)
should be understood as

10 10
(1.7) Sl =& (0 1) , 52 = & <1 1> .
A well-known result about the spectral polynomial Q, (E; 7) is
(1.8) Case (ii) occurs if and only if Q,(E; T) = 0.

We will briefly review these facts in Section 2. Our first main result is

Theorem 1.3. Fix any T such that the multiplicity of any zero of Q,(E; T) is at
most 2, then the following hold.
(1) An endpoint E of o(Ly; T) is a cusp if and only if the corresponding mon-
odromy data C = co.
(2) o(Ly; T) has at most one cusp.

Remark 1.4. It is well known (cf. [35]) that except finitely many 7’s modulo
SL(2,Z), Qu(E; T) has distinct zeros. On the other hand, for n < 5 it can be
computed directly via the expression of Q, (E; T) (see [28, Table 3]) that the
multiplicity of any zero of Q,(E; T) is at most 2. [28, Proposition 3.2] said
that this assertion also holds for all n, but it seems that no proof was pro-
vided in [28]. By [28, Proposition 3.2], the assumption that the multiplicity
of any zero of Q, (E; T) is at most 2 holds automatically.

Remark 1.5. In Part I [8], we proved the existence of T = % + ib such that
0(Ly; 7) is of the form (c) in Figure 1, namely o(Ly; T) have exactly 2 in-
tersection points but no cusps. Therefore, unlike Theorem 1.3 we can not
expect that o(Ly; T) has at most one intersection point for all Tif n > 2.

Generally it is hard to find the explicit formula for C in terms of 7. Here
we give two examples. Recall the Weierstrass zeta function {(z) = {(z;7)
defined by {'(z) = —gp(z) and () are two quasi-periods of {(z; T) de-
fined by
19) (1) = 20(45T) = =+ weT) — {(zmT), k=12
Example 1.6. Let n = 1 and E = e (T), then

27
C=1————, k=1,2,3.
ex(t) +m(7)
Let n = 2 and recall (1.4). If E = —3ex(7), k = 1,2,3, then
27tiex(T)

(1.10) C=1-
B2 i (T)en(T) — ex(T)?

7

IfE = 4(3¢2)"/?, then
27ti
1 (7) £ (g2(7)/12)1V2

(1.11) C=1—

See e.g. [12] for the proof.
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It is interesting to note that the denominators of both (1.10) and (1.11) are
related to the derivatives of e;(7) and 71 (7):

(1.12) er(1) = £ [282(7) + 1 (7)e(t) — ex(1)?],

(1.13) 71(1) = 5= [m(7)* — 82(7)/12].

See e.g. [5] for (1.12)-(1.13). Remark that (1.13) is also one of the famous
Ramanujan’s formula for the Eisenstein series E» (7). Then Theorem 1.3 for
n = 2 immediately implies the following

Corollary 1.7. For any T € H, T can not be a common critical point of any two
of m(7), ex(1), k=1,2,3.

In view of theorem 1.3, we naturally consider the problem of determin-
ing the distribution of those 7’s such that ¢ (L, ) has a cusp, which has been
studied for the case n = 1in[2, 10, 20, 33]. In this article, we give a complete
answer for the case n = 2. For this case, it follows from Theorem 1.3 and
(1.10)-(1.13) that the distribution of those 7’s such that (L,) has a cusp is e-
quivalent to the distribution of critical points of the classical (quasi)-modular
forms #71(7) and ex(7), k = 1,2, 3. These special functions can be expressed
explicitly by theta functions (see e.g. [25, Section 9]), and it is well-known
that e, (7) is a modular form of weight 2 with respect to I'(2) while #;(7)
is not a modular form but only a quasi-modular form on SL(2,Z). The
distribution of critical points of (quasi)-modular forms is also an interest-
ing problem from the viewpoint of number theory; see e.g. [4, 23, 31] and
references therein. In particular, it was proved in [31] that for each modu-
lar form f(7) for a subgroup of SL(2,2Z), its derivative f'(7) has infinitely
many inequivalent zeros and all, but a finite number, are simple.

To study the zeros of ¢;(7) and 7} (), we consider the congruence sub-
group I'p(2) of SL(2 Z) defined by

2):={(28) €SL(2,Z)|c =0 mod2},

with the ”basic” fundamental domain’

(1.14) Fp:={treH|0< Ret<1land|z—1|>1},
and forany y = (%) € I'y(2)/{£L} (i.e. consider -y and —v to be the same),

Y(R) = {'y T:= ’gis) TE FO} = (—v)(K)
is another fundamental domain of Ty(2). Note that
(1.15) H= | 7).
7€T0(2)/{+hL}
Moreover, y(Fy) = Fy + m for some m € Z if and only if ¢ = 0.

10f course, the standard definition of Fy should be Fy = {treH|0< Ret<1land|z—
31> 33\ {7|Ret > },|z— }| = }}. But it is more convenient for us to use the definition
(1.14) in this article.
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Note that for any
(1.16) E(1) € {+(382(1))"2, —3e1(1), —3ex(1), —3e3(1)},

E'(7) and 7 (T) are not modular forms but only quasi-modular forms. There-
fore, the following result is quite unexpected.

Theorem 1.8. Let F = «(Fy) be any fundamental domain of T'(2) with v =
(°%) € To(2)/{*L}, and E(t) be one of the 5 points in (1.16). Then there is at
most one Ty € F such that E(1) is a cusp of 0(Ly; 7). Moreover, the following
hold.

(1) One of +(392(10))? is a cusp for some 19 € F if and only if ¢ # 0.
(2) —3e1(w0) is a cusp for some Ty € F if and only if ¢ # 0 and =2 €
(—00,0) U (1, +00).
(3) —3ex(10) is a cusp for some 1y € F if and only if ¢ # 0 and
either b € 27, ’Td <lorbe?2Z+1, ’7‘1 > 0.
(4) —3e3(10) is a cusp for some 1y € F if and only if ¢ # 0 and
eitherb €2Z +1, =2 <lorbe2Z, =4 > 0.

(5) Ifc =0 (e F=F+muwithm € Z), 0(Ly; T) has no cusps for all
TeF.
(6) If c # 0, there are exactly 3 T's in F such that o(Ly; T) has a cusp.

Corollary 1.9. (1) There exists by > 0 such that 1:(% + ib) is strictly in-
creasing for 0 < b < by and is strictly decreasing for b > by.
(2) ex(t) has no critical points on the line Re T = 3. In particular, ey (3 + ib)
is strictly increasing in b.

Note that the distribution of critical points of 71 (7) was studied in [11],
which implies Theorem 1.8-(1) and Corollary 1.9-(1) as a consequence. The-
orem 1.8 (2)-(4) gives the distribution of critical points of e;(7), k = 1,2,3;
see Theorems 4.1-4.3 for more precise statements. The modular form e; (% +

ib) is real-valued for b > 0, and its ¢ = €*™* = —e~ 2™ expansion is given
by (see (3.6))
272 -
e1(3 +ib) = T 16n E(—l)kake_znbk, where a; > 0,

3 k=1

so Corollary 1.9-(2) is not obvious although it is elementary. We believe
it is known in the literature but we could not find any reference related
to it until [25] where Corollary 1.9-(2) was proved via the theta functions.
Here we will give a new proof of Corollary 1.9-(2) without using the theta
functions.

Remark 1.10. This paper mainly deals with the n = 2 Lamé potential. When
n > 3, the roots of the Lamé spectral polynomial (i.e. the endpoints of the
spectral arcs), as well as the corresponding monodromy data C’s, could
become much more complicated algebraic functions of #;(7) and e, (T)’s,
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which seem too difficult to study so far. So we think that new approaches
are needed to deal with general n > 3 cases.

We believe that Theorems 1.3 and 1.8 will play important roles while
deforming 7. For example, it is well known [22] that for T € iR~ C F,

(1.17) 0(Ly; T) = (—00,—(3¢2)?] LU [—3e1, —3e3] Ll [—3ez, (382)?].

On the other hand, we proved in Part I [8] that for T = % +ib € Fy with
b > ?

(1.18) 0(La; T) = (00, —3e1] U [—(382)"?, (32)*] U o,

where 0, denotes a simple arc symmetric with respect to R with endpoints
—3ep and —3e3 and

»NR = 0N (—(3¢2)2 (3¢2)1/2) = one intersection point;

namely the picture of o(Ly; T) is of the form (b) in Figure 1. Now consider
any continuous loop

1:[0,1] = Fy with I(0) € iRsg, I(1) =} +ib, b> .

Then (1.17)-(1.18) imply that during the deformation of ¢ (Ly; T) with T a-
long the loop 1[0, 1], there is ty € (0, 1) such that different arcs of o'(Ly; I(t))
have no intersections for ¢ € [0, ty), but at least two different arcs of o(Ly;
I(tp)) have intersection points, which can not be cusps by Theorem 1.8-(5).
Therefore, we immediately obtain

Corollary 1.11. Under the above notations, we let Eg be any intersection point of
two different arcs of o(Ly; 1(to)). Then Eg is an inner point of both arcs.

In other words, during the deformation of o(Ly; T) with T € Fy varying, the
intersection of different arcs can only appear “tangentially” (see (d) of Figure 1),
i.e. the intersection can not appear from their endpoints.

On the other hand, during the deformation process, the set of 7’s with
real monodromy data C is also an important geometric object.

Theorem 1.12. The following hold.
(1) Forany C € (—00,0) U (1, +00), there is a unique T in Fy, denoted it by
71 (C), such that Equation (1.10) with k = 1 holds.
(2) Forany C € (—o0,0) U (0,1), there is a unique T in Fy, denoted it by
T2 (C), such that Equation (1.10) with k = 2 holds.
(3) Forany C € (0,1) U (1,400), there is a unique T in Fy, denoted it by
13(C), such that Equation (1.10) with k = 3 holds.

Theorem 1.12, which plays a crucial role in the proof of Theorem 1.8,
defines 6 curves:

C1— :={n(C)|C € (—0,0)}, C1+:={r(C)|Ce (1,+x)},
CZI, = {Tz(C)‘C € (—O0,0)}, C2,+ = {Tz(C)|C € (0,])},
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C3/, = {T3(C)‘C € (O,l)}, C3,+ = {T3(C)|C S (1, —|—oo)},

which will be proved to be smooth curves in Section 5. We will prove in
Section 4 that up to Mobius transformations of I'g(2) action, the critical
points of ex(T) locate densely on these curves. Furthermore, the numerical
simulation for these curves will be shown in Figure 2 of Section 5.

In addition to these 6 curves, Equation (1.11) also defines 3 smooth curves
for C € (—o0,0) U (0,1) U (1, +00), which has been proved in [11]. These
9 smooth curves are also related to the degeneracy curve of the multiple
Green function Gy (z1, z2; T) defined by

(119) Gz(Zl,Zz; T) = G(Zl — Z7, T) — 2G(Z1,‘T> — 2G(22,'T),

where 0 # z1 # zp # 0, and G(z; T) is the Green function of the flat torus
E-. See Section 5 for a precise statement.

Since the Lamé potential is doubly periodic, we can also consider its
spectrum along the w, = 7 direction. Denote the Hill’s discriminant and
the spectrum by A;(E; T) and

0i(Ly;7) :={E€ C| =2 < Aj(E;T) <2}

respectively along the w; direction (i.e. A;(E;T) is the trace of the mon-
odromy matrix with respect to z — z + wj), j = 1, 2. Clearly the aforemen-
tioned o (Ly; T) = 01 (Ly; T). Recalling (1.5)-(1.8), we have

A1(E;T) =2cos2ms, Ap(E;T) = 2cos2rr,
and the monodromy of the Lamé equation (1.2) is unitary (i.e. the mon-
odromy is conjugate to a subgroup of SU(2)) if and only if (r,s) € R?\ 3Z2,
or equivalent to

E € 0q(Ly; T) Noa(Ly; T) \ {E|Qn(E; T) = 0}.

See e.g. [7]. Recently Eremenko [15] proved that oq(L,;T) No2(Ly;T) \
{E|Qu(E;T) = 0} is a finite set. In general, the geometry of ¢y (L,; T) and
0»(Ly; T) might be quite different, which makes the set 01 (Ly,; T) N 02(Ly; T)
very difficult to study. In some situation, it might be more convenient for us
to replace 02 (Ly; T) with the spectrum along another direction. For example
for Re T = 1, it is simpler to consider the spectrum along 2w, — wy = 27 — 1
direction:

A3(E;T) :=2cos2m(2r +s), o3(Ly;7) :={E € C| —2 < A3(E;T) <2},
which clearly satisfies
01(Ly; T) N oa(Ly; T) = 01(Ly; T) No3(Ly; T).

In Part I [8] we used this idea to prove the existence of b > 0 such that for
T= %+ib,thesetforn =2

0'1(L2,‘ T) N 0’3(L2,‘T> \ {E‘Qz(E, T) = 0}
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contains at least two points E, E with E # E, and consequently, the curva-
ture (or the mean field) equation

Au-+e" =16m6 on Er, T=73+ib

has two even but not-axisymmetric solutions. In general, this class of even
but not-axisymmetric solutions is difficult to obtain (see e.g. [16]), and Part
I [8] gives the first result on this aspect.

Here we can generalize Theorem 1.3 to 0;(Ly; T), j = 2,3.

Theorem 1.13. Let j € {2,3} and fix any T such that the multiplicity of any zero
of Qu(E; T) is at most 2. Then 0j(Ly; T) has at most one cusp. Furthermore,

(1) An endpoint E of 02(Ly; T) is a cusp if and only if the monodromy data

C=0;
(2) An endpomt E of 03(Ly; T) is a cusp if and only if the monodromy data
c=1

Theorems 1.8 and 1.13 imply that both 01(Ly; 7) and 02(Ly; T) has no
cusps for T € Fy, while 03(Ly; T) has a cusp for some 7 € F.

The rest of this article is organized as follows. In Section 2, we discuss
the relation between the monodromy data C and the cusp, and prove The-
orems 1.3 and 1.13. In Section 3, we give the precise definition of the curves
Ck +s via a parametrization and prove Theorem 1.12. In Section 4, we ap-
ply Theorem 1.12 to give the complete distribution of the critical points of
ex(7)’s (see Theorems 4.1-4.3), which will imply Theorem 1.8 and Corollary
1.9-(2) as consequences. In Section 5, we establish the relation between the
six curves and the multiple Green function G, and prove the smoothness
of the curves Cy . ’s.

2. THE MONODROMY DATA AND THE CUSP

This section is devoted to the proof of Theorems 1.3 and 1.13. First we
explain how to determine the monodromy data C for the Lamé equation

(2.1) y'(z) = [n(n+1)p(z;1) + Ely(z), ze€C.

It is well known (see e.g. [7, 35]) that for any E € C, there is a unique pair
+a=+{a, -+ ,a,} C E¢\ {0} such that the Hermite-Halphen ansatz

_ ern sl oz F @)
o(z)"

Y+a(z)

solve (2.1) with E = (2n — 1) Y1, p(a;). Here 0'(z) := exp [*{(€)d¢ is the
Weierstrass sigma function.
When Q,(E;T) # 0, ya(z) and y_,(z) are linearly independent, and the
monodromy matrices with respect to (y,(z),y—a(2z)) are give by (1.5).
When Q,(E;7) =0, ya(z) = (—1)"y_a(2) satlsﬁes

1"
(2.2) Va(z+wi) = erya(z), & ==+1, k=1,2,
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i.e. y,(z) % is even elliptic, and there is an odd meromorphic function x(z)
such that x'(z) = y.(z) 2 and x(z) is quasi-periodic, i.e.
Xei=x(z+we) —x(z), k=12,

are two constants which can not vanish simultaneously. Then a direct com-
putation shows that

23) y2(2) := Ya(2)x(2)
is also a solution of the Lamé equation (2.1), which is linearly independent
with y,(z) and satisfies

(24) y2(z + wi) = ex(y2(2) + xxva(z)), k=1,2.
Define
(2.5) C:=2€CU{co}.

We claim that this C is precisely the monodromy data. In fact, if x; = 0, then
x2 # 0, C = oo and it follows from (2.2)-(2.4) that

o (o)) =e (),

Xoya(z+w2)\ _ (1 0Y (xoya(2)
Y2 (z + wy) 2\1 1 ya(z) )’
which is precisely (1.7). If x; # 0, then C # oo and (2.2)-(2.3) give

@.7) <X;f€§i+w?; )> =8 G (1)> <X;ggz(jz)>
2.8) <X;f€§i+wff )> =& <é (1)> (Xif?z()z )>'

which is precisely (1.6). The above arguments (2.2)-(2.8) can be found in
[13], where we also proved the following interesting result.

Proposition 2.1. [13, Proposition 3.2] Let E;, E; be two zeros of Qn(E; T) such
that Ey # Ep, and C; be the monodromy data of the corresponding Lamé equation
(21) with E = E] Tl’lE?’l Cl 7& CQ.

Now we are in the position to prove Theorems 1.3 and 1.13.

Proof of Theorem 1.3 and 1.13. Fix any T such that the multiplicity of any ze-
ro of Q,(E;T) is at most 2. Denote @y := w1 = 1, @ := wy = T and
@3 := 27 — 1 in this proof. Recall Section 1 that i (L,; T) denotes the spec-
trum of the Lamé operator along the @y direction and

(2.9) 0x(Lyi;T) ={E€C| =2 < A(E;T) <2}, k=1,23
where

(2.10) Ay (E; T) is the trace of the monodromy matrix of
the Lamé equation (2.1) with respect to z — z + @y.
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As introduced in Section 1, it was proved in [17, Theorem 4.1] that Ey is a
finite endpoint of oy (L,; T) if and only if Ej be a zero of the spectral polyno-
mial (or the Lamé polynomial) Q, (E; T) with odd order. Let Ej be any finite
endpoint of 0y (Ly; T), then our assumption implies ordg,Q,(;T) = 1. By
(2.2) and (2.4) we have Ay (Ep; T) = £2. Define

dk(EQ) = OI‘dEO(Ak(-,' T)2 — 4)
as in [17], where it was proved that
dr(Eo) = ordg,Qu(-;T) + 2pk(Eo) = 1+ 2pi(Eo).

Here py(Ey) € Z>( denotes the immovable part of Ey as a Dirichlet eigen-
value along z — z + @y and can be characterized by that py(Eg) > 1 if
and only if all solutions of the Lamé equation (2.1) are (anti)periodic with
respect to z — z + @y, i.e.

(2.11) pk(Eo) > 1 < the monodromy matrix of (2.1)
with respect to z — z + @y is £1p;

see [17, Proposition 3.1]. Indeed, if Ey is an immovable Dirichlet eigenval-
ue (i.e. px(Eg) > 1), then [17, Proposition 3.1-(i)] says that all solutions of
the Lamé equation (2.1) are (anti)periodic with respect to z — z + @,. Con-
versely, if all solutions are (anti)periodic with respect to z — z + @y, then so
does the special solution s(Ey, z, zo) (resp. ¢(Eo, z, zo)) satisfying the Dirich-
let condition s(Ey, zo,z0) = 0 and s’(Eo, zo,2z0) = 1 (resp. the Neumann
condition ¢(Ey, zo,z0) = 1 and ¢’(Eo, zo0,20) = 0). This implies s(Eo, zo +
@k, z0) = 0and ¢’ (Eg, zo + @k, z0) = 0, so Ey is also both a Dirichlet and a
Neumann eigenvalue with respect to the interval [zo, zg + @]. Then it fol-
lows from [17, Proposition 3.1-(ii)] that Ej is an immovable Dirichlet eigen-
value (i.e. px(Eop) > 1). This proves (2.11).
By (2.2) and (2.4) we have

Ya(z +@x) = exya(z), y2(z+@i) = ex(y2(z) + xiva(z)), k=1,2,
Ya(z + @3) = e165Ya(2),

y2(z +@3) = e163(y2(2) + (2x2 — x1)ya(2)),
so the monodromy matrix of (2.1) with respect to z — z 4 @y is £ if and
only if xyy = 0 (ie. C = o) fork =1, xp = 0(.e. C = 0) fork = 2;
2x2 — x1 = 0 (i.e. C = 1/2) for k = 3. In conclusion,

pl(E0)21<:>C:OO, pz(Eo)21<:>C:0,

pg(Eo) >leC=1/2
On the other hand, it is easy to see from (2.9) and Ay (Ep; T) = £2 that there
are exactly dy(Ep)’s semi-arcs of 0y (Ly; T) meeting at Eg. So Ey is a cusp of
0k(Ly; 7) if and only if dy(Ep) > 3, if and only if px(Ep) > 1, if and only if
C=ocofork=1,C=0fork=2and C =1/2fork = 3.
Finally, Proposition 2.1 says that for any fixed 7, among the monodromy
datas C’s corresponding to the finite endpoints Ej’s of 0% (Ly; T), there is at
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most one C being oo for k = 1 (resp. being 0 for k = 2 and being 1/2 for
k = 3), which yields that 0y (L,; T) has at most one cusp.
The proof is complete. O

3. PARAMETRIZATION OF THE CURVES

The purpose of this section is to give the precise definition and parametriza-
tion of the curves C; _ and C; +, k = 1,2,3, and prove Theorem 1.12.
Given C € R, we define the holomorphic functions fi ¢(7) on H by

(B fic(r) = 3e(T)(Con(t) = 12(7)) + (257 = 3e(1)?)(C — 7).

By the Legendre relation t77; — 17 = 27ti we see that (1.10) is equivalent to

frc(t) = 0. Recall the fundamental domain Fy of I'g(2):
F={teH|0<Ret <1, |[T—3%|>1}

Clearly Fy = Fy U {0,1} and so Fy = Fy N H. Denote Fy = F, \ 0F; to be the
set of interior points of Fy. The main results of this section are as follows,
which imply Theorem 1.12.
Theorem 3.1. Let k = 1.
(1) (=Theorem 1.12~(1)) For C € (—00,0) U (1, +00), f1,c(T) has a unique
zero 7 (C) in Fy. Furthermore, 7, (C) € Fy and is simple.
(2) For C € [0,1], f1,c(t) has no zeros in F.
Theorem 3.2. Let k = 2.
(1) (=Theorem 1.12-(2)) For C € (—00,0) U (0,1), fo,c(T) has a unique zero
7,(C) in Fy. Furthermore, 72(C) € Fy and is simple.
(2) For C € {0} U[1,400), foc(T) has no zeros in K.
Theorem 3.3. Let k = 3.
(1) (=Theorem 1.12-(3)) For C € (0,1) U (1,+00), f3c(T) has a unique zero
13(C) in Fy. Furthermore, 73(C) € Ey and is simple.
(2) For C € (—00,0) U {1}, fa,c(T) has no zeros in F.

Remark 3.4. By Theorems 3.1-3.3 and the implicit function theorem, we see
that (—c0,0) U (1,400) 5 C +— 71(C) is a smooth function and so do for
T(C), k = 2, 3. Define six curves via the parametrization in terms of C:

C1— :={n(C)|C € (=,0)}, C14:={n(C)[C e (1,+0)},
CzI, = {TZ(C)‘C € (—00,0)}, CZ,+ = {Tz(C)|C S (0,])},
Cs— :={1(C)|Ce(0,1)}, C3+ :={1(C)|C € (1,+0)}.

We will prove in Sections 4-5 that these are precisely the smooth curves
related to the critical points of ex(7)’s.

To prove Theorems 3.1-3.3, first we need to recall the modular property.
Givenany (Y) € SL(2,Z), it is well known that

(3.2) (2t = (et 4 d)*ga2(7),
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z .at+b\ _ 2 .
(3.3) ® (m/m) = (ct+d)" p(z 1),

( (i) = (cr+d)i(=z0),

i.e. g2(7) is a modular form of weight 4 with respect to SL(2, Z). From here
and (1.9) we can obtain

(e <a b> <712(T)>

3.4 cTh = (ct+d .

G4 (mzzi% D e a) n@

Thus each 7;(7) is not a modular forms, but (71(7),72(7)) is what is now
called a "vector-valued modular form”. Again by (3.3), we can easily derive

(ct +d)?e1(7), if c even and d odd
e1(ZHh) = ¢ (et +d)%e(7), if c odd and d even
(ct +d)%es3(t), if c odd and d odd,
(ct +d)?e1(7), ifaevenand bodd
e2( ) = ¢ (et +d)%e (), ifaoddand beven
(ct +d)%es3(t), if aodd and b odd,

(ct+d)%e1(7), ifa+cevenand b+ d odd
(3.5) %(?iiﬁ) =< (et +d)?%ex(7), ifa+coddand b +deven
(ct +d)%es3(t), ifa+coddand b+ d odd.
In particular, each e;(7) is a modular form of weight 2 on I'(2). In the rest

of this article, we will freely use the formulas (3.2)-(3.5). Denote g := T,
We recall the following g-expansions for later usage:

2 )
(3~6) e1 (T> = 2% + 167‘[2 E aqu, where a; = Z d,
k=1 d|k,d is odd
7-[2 00 i
(3.7) er(T) = -3~ 8n2];akq2,
4 e k, k
®3) eo(®) = =~ Y (-1 au,

2 =)
(3.9) m(t) = % — 872 Y o1(k)q", whereoq(k) = Y_ 4,
k=1 1<d|k

(3.10) (1) = %7.[4 + 3207t Z (73(k)qk, where 03(k) = Z 4.
k=1 1<d|k

See e.g. [32, p.70] for (3.6)-(3.9) and [24, p.44] for (3.10).
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Lemma 3.5. For any k € {1,2,3} and C € R\{0,1}, fxc(t) # 0 for T €
JdFy N H.

Proof. Fix k € {1,2,3} and C € R\{0,1}. Suppose frc(7) = 0 for some
T € 0F) N H. Clearly (3.1) and the Legendre relation t#; — # = 27ti imply

27Tie
3.11 C=71———.
(3.11) ’ e + 2 —e?

Case 1. T € iR-y.

Then it is known that 71, g2,ex € R, which can be seen from the g-
expansions. So (3.11) gives C € iR U {0}, a contradiction with C € R\ {0}.

Case2. |7 — 3| = 1.

Then T/ = = € iR.o. Define C' := - € R\ {0}. By applying
() = (1-1)%8(7),
(3.12) n2(t) = (1= 1)n2(7), (') = (1= 1) (m (1) = 12(7)),

er(t) = (1-7)%s(7), ea(7) = (1—1)%e(7),

(3.13) e3(7) = (1= 1)%e(7),
a straightforward computation leads to
1—1)3 1—1)3
fio(t) = (1 —C) fa,c(T), foo(T) = (1 —C> fa,c(T),
(1-1)°

fro(t) = T-c f,e(7)-
Then we obtain a contradiction as Case 1.
Case 3. T € 1 +iR-g.
Then 7/ = 7 —1 € iR+. Define C' := C —1 € R\ {0}. By using
$2(7) = g2(7), m(t) = m(7), 12(7') = n2(7) — M (7),
e1(t) = e1(1), e2(7) = e3(7), e3(7) = e2(7),
we easily obtain
fre(T) = fic(t), foc(T) = f3c(7), f3,0(7) = fac(T)

Again we obtain a contradiction as Case 1. O

To continue our proof, we need to introduce a pre-modular form Zr(,zs) (1)
from [14, 26]. For any (r,s) € R? \ Z2, we define

Zs(T) :=0(r+st;1t) —ry1(7) — sn2(71)
(3.14) =C(r+st;7) — (r+st)m(t) + 27is,

(3.15) ZS,ZS)(T) = Z,5(1)° = 3p(r +s7,7)Z, 5 (1) — @' (r + 57, 7).
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Here we use 171 — 12 = 2mi in (3.14). Since {(z; T) has simple poles at
the lattice A; := Z + Z7, we have Z,5(7), p, ¢’ = o0 and so Z;g) (T) is not

well-defined provided (r,s) € Z2. If (r,s) € 1Z?\Z?, where
172 :={(%,3)|mnez},

then (1.9) and the oddness of {(z; T) imply Z,s(7) = 0 and so ZE,ZS) (t) =0,
where ¢/ (%t) = 0 is used. Thus, we only consider (r,s) € R?\1Z2. Then
both Z, () and Zﬁ,zs) (7) are holomorphic in H, and it is easy to see that the
following properties hold:

0) 2, (1) = + Zparnas(1) and Z2) (1) = +2\2), . (7) forany (m,n) €
z-.
(i) Zyg (') = (cT +d)Zys(7) and Z7, (') = (et +d)*Z}7 (1) for any
v = (2) € SL(2,Z), where T/ = y-T := “ and (s,7) =
(s,7) -y~ L.
Remark that Z,s(7) was first introduced by Hecke [21], who already
proved the first identity of property (ii). In particular, when (7,s) € Qn

for some N € IN>3, where
@16  Qvi={ (% %)]gcdli e, N) =1, 0 < ki ko < N -1},

and v € T(N) := {y € SL(2,Z)|y = bmod N}, then (¥,s') = (r,s) mod
Z? and so

Zys () = (cr+ D) Zos(1), 27 (4528) = (v +aP2 (v),

namely Z, ;(7) and Zr(lzs) (7) are modular forms of weight 1 and 3, respectively,

with respect to T'(N). Due to this reason, Z, s(7) and Zr(,‘z) (7) are called pre-
modular forms in [26].

To study zeros of Zr(lzs) (1), we can restrict T in the fundamental domain
Fy of To(2) by property (ii), and only need to consider (r,s) € [0,1] x

[0, 3]\4Z2 by property (i). Define four open triangles:

No:={(rs)|0<rs<i r+s>1}
(3.17) Api={(rs)|3<r<1,0<s<i r+s>1},
' Np:={(rs)|3<r<1,0<s<g r+s<1}
Az:={(r,s)|r>0,5>0,r+s <1}

Clearly [0,1] x [0, 3] = U}_,Ar. We proved the following result in [11].
Theorem A. [11] Let (r,s) € [0,1] x [0, 3]\22Z2. Then 7% () has a zero T in F
if and only if (r,s) € A\ U DAy U As. Furthermore, for any (r,s) € AU Ay U
N3, the zero T € Fy is unique, simple and satisfies T € F.

We will see that Theorem A plays a key role in our proof of Theorems
3.1-3.3. First we need to establish the precise relation between ZSIZS) (1) and
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frc(T). This is the key point of our whole idea. Fix any C € R, and for

s € (0, m) we define
Fics(T) := —slz(;)cS,s(T)'
Facs(t) = .22, (1)
Fyeu(t) i= izfﬁcﬁés(r).

Lemma 3.6. Let k € {1,2,3}. Thenass — 0, Fcs(T) converges to fic(T)
uniformly in any compact subset of Fy = Fy N H.

Proof. Denote u = s(t — C) for convenience. Then u — 0 as s — 0. Let
T € Kwhere K is any compact subset of Fy. Thens = O(|u|) and |u| = O(s).

First we consider the case k = 1. Recall 1 (1) = 2(3; 7). Then it follows
from the Taylor expansions that

1 "(5;T
L +um) = dm— e — 0 o(up),

~ O\ [N~

11
*,T
(G +ut)=e+ p(ﬁ“z +0(ul®),

o (§+u7) = o (1t +O((uP),
hold uniformly for T € K as s — 0. From here and (3.14), we see that
Z%—CS,S(T) = —(e1 4+ n1)u 4 27is + O(|u)?) = O(|ul),
and so (note " (3;T) = 63 — 1¢))
Z?CS,S(T) = Z%—CS,S(T):S —3p (3 +uT) Z%—CS,S(T) —¢ (3+uwT)
(3.18) = 3eyu — 67tiers + (g2 — 3ed)u + O(|ul?)
uniformly for T € Kas s — 0. Consequently, we derive from u = s(7 — C)

and 7o = Ty — 27i that

—1_p
Fes(t) = —20 ()

=3e1(Cry — 12) + (% = 36})(C— 1) + O(5*) = fr,c(7)

uniformly for T € Kas s — 0. Therefore, the case k = 1 is proved.
The case k = 2,3 can be proved in a similar way; we just need to show

2
Zés)/%is(r) = chl%_s(r)?’ —3p (3 —uT) Zego(T) = o (3 —uT)

(3.19) = —Beyiu + 67Tiers — (g2 — 3e3)u + O(|ul?),

:Zl"rCS,%—S(T)S —3p (HTT - T) Z%-&-Cs,%—s(l—) - KJ/ (HTT - T)
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= — Be31u + 67tiess — (3g2 — 3e3)u + O(|u).
The details are omitted here. The proof is complete. U
Lemma 3.7. Let s > 0. Then as s — 0, any zero 7(s) € {t € H|Ret €
[—1,1]} of Z(;_)CS,S(T) (resp. Z(Ci),%_s(r), Zéz-i)-Cs,%—s(T))’ if exist, is uniformly
bounded.
Proof. Suppose by contradiction that up to a subsequence, Z éz_) Cos (T) (resp.
Z(CZS?%_S(T), Z;)FCS,%—s(T)) has a zero 7(s) € {t € H|Ret € [—1,1]} such

that T(s) — ccass — 0. Write T = 7(s) = a(s) +ib(s), then a(s) € [-1,1]
and b(s) — +o0. Denote g = ™™ as before. We recall the g-expansions (cf.
[24, p.46] for p and [10, (5.3)] for Z,5): for |q| < |e?™Z| < |q]7?,

plzzt) 1 g2z (e2inz 2ntinz
(3.20) SRS S Z ng™" +en T —2),
472 12 <1 eZmz ==
p’(Z,' T) B 2 7rie2miz Arietniz
—4772 - (1 _ 62711'2)2 (1 _ 62711'2)3
+ 271 Z 2 n2 nm Zm'nz _e—ZninZ),
m=1n=
' 1 +62niz
Zs(T) =27is — mm
27Tz A1 —27Tiz 4n
eMg e q
(321) - 27-[1 2 < 627'[12 - 1— ezniqu’l> ’

where z = r + 57 in (3.21).
First we consider Zgz)css(r). Letz =  —Cs+st = 5 +s(a(s) —C+
2= 7
ib(s)) and denote x = ¢*™%. Clearly |x| = e=2™!(*) € (0,1) and

—27(1—s)b(s)

xlgl=e —0, x»1 as s — 0.
Ix"q

Case 1-1. Up to a subsequence |x~'g| = o(s|1 — x|?) = o(s).
Then applying the g-expansions (3.20)-(3.21) leads to

plzt) 1 x

i 1 Ao Tl

o (z;T)  2mix 4rtix®

—4m12  (1—x)2 + (1 —x)3 +ols),

1+
Z%—Cs,s( )——7'[11 —|—2ms—|—o( )
Inserting these into (3.15), a stralghtforward computation gives
0=27_ (t(s)) = —47’is + o(s),
5—Cs,s
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which is a contradiction.
Case 1-2. Up to a subsequence |x~1g| > ds for some constant d > 0.
Then b(s) < In! for s > 0 small, which implies u := s(t — C) — 0 and

s=o(lu]), u*=o(s).
Recall (3.6), (3.9) and (3.10). Since b(s) — +oo implies that

&2(1) = 37 +0(lgl), (1) = 37+ O(lg)

2
er(1) = 372 +O(lq])
are uniformly bounded, so (3.18) still holds, namely
0=2_ (z(s))

1-Css
2 7
= —6mies + (3er + 192 — 3et)u + O(|uf?).
Since
3er + 382 — 3¢t = O(lq]) = O (It — C|7?),

we finally obtain

0 = —6miers + (3e1y1 + 2g2 — 3e})u + O(|ul?)
= —471is +o(s),

which is a contradiction. Therefore, the case Z 52) e S(T) is proved.
2 7

(2)

Next we consider 77,
Cs,5—s

(7). The following argument is slightly differ-

ent from above. ‘
Letz = 2+ Cs—st = Cs+ (3 —s)(a(s) +ib(s)) and denote x = 2=,
Clearly

21(3-5)0(5) 5 0 as 5 — 0.

x| < Jal = e
Case 2-1. Up to a subsequence |x| = o(s). Then |x~1g| = o(s).
Applying the g-expansions (3.20)-(3.21) leads to
e ,
p(z7) = —7 +ols), p(zT)=00)

d+x ) .
chl%fs(r) = —mi— +27i(% —s) + o(s) = —2mis + o(s).

Consequently, a straightforward computation gives
0=2%, (t(s)) = —27is + o(s),

which is a contradiction.
Case 2-2. Up to a subsequence |x| > ds for some constant d > 0.
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Then b(s) < Inl fors > 0small, u := s(t—C) — 0,5 = o(|u|) and

u? = o(s). Since b(s) — +oo implies that ¢»(7), 71(7) and

1
er(t) = —5”2 +0(|q|"?)
are uniformly bounded, so (3.19) still holds, namely
0=22, (t(s))

T s, l-s
= 67tiers — (1o — 3earpy — 3e3)u + O([ul?).
Since
382 —3ear — 3¢5 = O(lg'/?) = O (It~ C|?),
we finally obtain

0 = 67tiers — (22 — 3eapy — 3e3)u + O(|ul?)

= —2m%is +o(s),
which is a contradiction. Therefore, the case Zézs)1 S(’L’) is proved.
72
Finally, the third case Zg Csl _ (1) can be proved by the same way as
Z(CZS) 1 (7), so we omit the details. The proof is complete. O

Now we consider fic(7) first. Recall A defined in (3.17). For C €
(—00,0) U (1,00), it follows from s € (0, m) that (3 — Cs,s) € AU
A3, so Theorem A implies that Z @) c-(T) has a unique zero 7(s) € F. By

2 7
the definition of Fy, we easily see that
-1 7(s)
T(s)"1—1(s)
Lemma 3.8. Let C € (—00,0) U (1,00). Then as s — 0, the unique zero t(s) €
Fyof Z (;_) Cos (T) can not converge to any of {0,1, co}.

€ {t € H|Ret € [-1,1]}.

Proof. Lemma 3.7 shows that 7(s) /4 oo. To prove 7(s) # 0, we use the

aforementioned modular property (ii) of Zr(lzs) (7):

Z2,(7) = (ct+dPZ3 (1),
whenever
/ at + b rooIN d _b a b
U= T and (s',7") = (s,7) <—c . ), <c d) € SL(2,2).

We also use property (i):
(3.22) 72 es(1) = £28) (1), ¥m,n € Z.
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Letting (25) = (9 7!), we obtain

10
(3.23) z2,(3) =722 (v).
Assume C € (—o0,0). By defining
C:= %1, §:= —Cs,

we have s € (0 for s small and (note (3.22))

1
’ 4(1+IC|)2)

|
L

2 2 — 2 — 2
P2 (0 =20 () =28 () =28,

).
Therefore, Zé%)l (T )has zero sl € {t € H|Ret € [-1,1]}, and then

Lemma 3.7 implies -5 7L> oo, ie. T(s) # 0ass — 0. The case C € (1, 00)

can be proved 51m11arly This proves t(s) /4 0ass — 0.
To prove 7(s) /1, welet (25) = (1 {) and obtain

(3.24) 72 (=) = (1—1)°2% ().
Let C € (—c0,0). By defining

~ C S o —
C:= 1—¢ 5= (1-C)s,

we have s € (0 for s small and (note (3.22))

1
’4(1+|C|)2)

2
(1- T)Széz_)csls(nf) = Zg )Cs 1+(1—C)s(ﬁ)

)

A (1
T l4Cs i-(1-C)s 1
Again Lemma 3.7 implies ) 74> oo, i.e. T(s) / 1ass — 0. The case
C € (1, 40) can be proved s1m11ar1y This proves 7(s) #~ lass — 0. O

Now we are in a position to prove Theorems 3.1-3.3 for C € R\{0,1}.
Proof of Theorem 3.1 for C € R\{0,1}. Recall s € (0, m)
sider C € (—o0,0) U (1,00). Then, as pointed out before, Zg

2

First we con-

cos(T) hasa
unique zero T(s) € Fy. By Lemma 3.8, up to a subsequence we have
(3.25) 7(C) := lin% T(s) € HNH =FK,.

s—

Recalling
1

Fics(T) = TZ(%ZECS,S(T),
we have F; c5(7(s)) = 0. Then Lemma 3.6 implies f1c(t1(C)) = 0, ie.
fi,c(7) has a zero 7 (C) € Fy. Applying Lemma 3.5, we have 7;(C) € F.
Suppose f1 () has another zero T # 7;(C) in Ey. Since Fy ¢ s(7) and f; ¢(7)
are all holomorphic functions, it follows from Lemma 3.6 and Rouché’s
theorem that F; ¢ s(7) has a zero 7(s) satisfying T(s) — 7 as s — 0, namely
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z? s s (T) has two different zeros in Fy for s > 0 small, a contradiction with
27 ”

Theorem A. Thus 71(C) is the unique zero of f1 ¢(7) in Fy. Since Theorem A
says that 7(s) is a simple zero of F; ¢ (), the same argument also implies
that 77 (C) is simple. Besides, This also indicates that (3.25) actually holds
for any s — 0 (i.e. not only for a subsequence).

Now we consider C € (0,1). Suppose that f; ¢(7) has a zero in Ey. Then

the same argument implies that Z i) css(T) has a zero in Ey for s > 0 small.
2 7

However, since (% — Cs,s) € Ay, we obtain a contradiction with Theorem
A. Thus f1 (1) has no zeros in F for C € (0,1).

The remaining case C € {0,1} will be postponed in Section 4. The proof
is complete. t

Proof of Theorems 3.2 and 3.3 for C € R\{0,1}. Instead of applying the same

idea as Theorem 3.1, we give a different proof. Let T/ = A and C' = ﬁ,

then it easy to prove that o

(326) T €F <= tcFRandC € R\{0,1} < C € R\{0,1}.

Since ¢2(7) = (1 —1)*¢2(7),

(3.27) n2(t) = 1 =1)m(7), m(T') = 1 =1)(n (1) = 12(7)),
er(T) = (1= 71)% (1), e3(T) = (1 —1)%e(7),

el(t) = (1—1)%e3(1),

we easily derive from the definition (3.1) of fj ¢ that

(3.28) foo(t) = (11__Tc)sf1,C(T)r

(3.29) fao(T') = (11__Tc)3f2,c(T)/
3

(3.30) heo(t) = (11 _2 f3,c(7)-

Applying (3.30) and Theorem 3.1 for f; () with C" € R\{0,1}, we im-
mediately obtain: For C € (0,1) U (1, +c0), f3c(7) has a unique zero in F,
which is simple; we denote this unique zero by 13(C), then 13(C) € Fy and

(3.31) T <1ic) - 1_i3(c)'

For C € (—0,0), f3c(7) has no zeros in Fy. This proves Theorem 3.3 for
C € R\{0,1}.

Applying (3.29) and Theorem 3.3 for f3 () with C' € R\{0,1}, we im-
mediately obtain: For C € (—o0,0) U (0,1), fo,c(7) has a unique zero in F,
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which is simple; we denote this unique zero by 1, (C), then 1,(C) € Fy and

(3.32) i <1ic) - 1—iz(C)'

For C € (1,+), foc(7) has no zeros in Fy. This proves Theorem 3.2 for
C € R\{0,1}.
Remark that (3.28) implies

1 1
(3.33) Tz(l_c>:1_T1<C).

Again, the remaining case C € {0, 1} will be postponed in Section 4. O

As in Theorems 3.1-3.3, we always denote by 7;(C) the unique zero of
frc(T) in Fy. Remark 3.4 implies that 7(C) is a smooth function of C €
(£00,0) U (1,+00) if k = 1,C € (—00,0) U (0,1) if k = 2and C € (0,1) U
(1,4o0) if k = 3. We conclude this section by studying the asymptotic
behavior of 7;(C).

Lemma 3.9. Let k € {1,2,3} and write 1,(C) = ax(C) + ibx(C) with ax(C),
be(C) € R. Then

1/4 if C = —oo,
(3.34) b1(C) — +oo, a1(C) — { 374 HC > oo
(3.35) by(C) — 400, ay(C)11/2 if C — —oo,
(3.36) b3(C) — +00, a3(C) | 1/2 if C — +oo.
Consequently, for all k € {1,2,3}, there hold 1;,(C) — o0 as C — oo and
(3.37) %(C) > 0asC — 0, ©(C) = 1asC — 1.

Proof. The proofs of (3.34)-(3.36) are similar, so we only give the proof of
(3.35). Define meromorphic functions on Fy:

27tiex(T)
3.38 =T .
(3.38) P(T) =71 . @ gy

Write T = a + bi and g = ¢?™7 as before. Recalling the g-expansions (3.6)-
(3.10) that

1
ex(7) = —37° = 872(g? +q +497) + O(lqP),

1
m(t) = 37 =87 (q +34%) + O(lgP),

4
$2(7) = g?r‘* +3207*(q + 94°) + O(|q/?),
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we easily obtain
i1 11

_1 1
¢2(T)=T—ECI 2—§+O(]q|2)
_  sinma . ( cosma , 11 1
=a-—5 ¢ +z<b 1o ¢ 67‘C> O(lq]2).

Therefore, when C — —oo, it is easy to prove the existence of % (C) =
i»(C) + iby(C) € Fy such that C = ¢»(%(C)) and

by(C) — 400, @(C) 1 1/2 if C — —oo.
Since C = ¢»(%(C)) implies f,c(%2(C)) = 0 and 12(C) is the unique zero
of f, ¢ in Fy, we conclude 72(C) = % (C). This proves (3.35).

Clearly (3.34)-(3.36) imply 74(C) — o0 as C — oo for all k. Consequently,
(3.37) follows directly from (3.31)-(3.33): (3.33) gives 72(C) — 0as C — 0
and then (3.32) implies 13(C) — 1as C — 1; (3.32) gives 13(C) — 0 as
C — 0 and then (3.31) implies 73 (C) — 1as C — 1; (3.31) gives 7 (C) — 0
as C — 0 and then (3.33) implies (C) — 1as C — 1.

The proof is complete. U

4. CRITICAL POINTS OF ¢, (T)’S

This section is devoted to the complete distribution of critical points of
ex(t) for k € {1,2,3}. Our main results of this section are as follows, and
Theorem 1.8, Corollary 1.9-(2) will be direct consequences.

Theorem 4.1 (Critical points of e;(7)). Recall Theorem 3.1 that 7y (C) is the
unique zero of f1c(t) in Fy for C € (—c0,0) U (1,400). Then
(1) Forany m € Z, there holds e (T) # 0 in Fy + m. Consequently, e} () #
0 whenever Im T > %
(2) Given v = (°5) € To(2)/{£L} with c # 0and =2 € (0,1). Then
ei(t) # 0 in the fundamental domain v(Fy) of To(2). In particular,
¢} (t) # 0 along the line {T € H|Ret = 1}.
(3) Given v = (%) € To(2)/{£hL} withc # 0and =% € (—c0,0) U
(1,400). Then w is the unique zero of ¢} (t) in y(Fy). In par-

T (—d/c)+d
ticular,
(4.1) ©, = w (ZZ) eTy(2)/{xL} withc #0
. 1= cn(%d) +d and %d € (—00,0) U (1, +0)

gives all the zeros of e} (T) in H.

Theorem 4.2 (Critical points of e»(7)). Recall Theorems 3.2-3.3 that T(C) (re-
sp. 13(C)) is the unique zero of f,c(T) (resp. fac(t))in Fy for C € (—o0,0) U
(0,1) (resp. C € (0,1) U (1, +00)). Then
(1) Forany m € Z, there holds e (T) # 0 in Fy + m. Consequently, e (T) #
0 whenever Im T > %
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(2) Lety = (%) € To(2)/{£L} with ¢ # 0 such that
either b € 27, —>10rb€22+1 =4 <.

Then €,(t) # 0 in the fundamental domain 'y(FO) of To(2).
(3) Giveny = (°4) € To(2)/{£L} withc #0. Ifb € 2Z and £ < 1,
then “2=VE s the unique zero of ey (t) in y(Fo); If b € 2Z +1

cp(—d/c)+d
and =% > 0, then % is the unique zero of e5(t) in y(Fy). In
particular,
an(Z2) +b | (78) € To(2)/{£D} withc #0,
42)  @y={ el f e
() +d €2Zand * <1
L amE) +b | (2]) € To(2)/{£R} withc #0,
ct3(=4) +d be2Z+1land 4 >0

gives all the zeros of e} (T) in H.

Theorem 4.3 (Critical points of e3(7)).
(1) For any m € Z, there holds e}(7) # 0 in Fy + m. Consequently, e5(T) #
0 whenever Im T > 1.
(2) Lety = (%) € To(2)/{£L} with ¢ # 0 such that

eitherb €2Z +1, =2 >1orb €27, =2 < 0.

Then e5(t) # 0 in the fundamental domain 'y(FO) of To(2).
(3) Given v = (%) € To(2)/{£L} withc # 0. Ifb € 2Z+1 and

=4 <1, then % is the unique zero of e5(t) in y(Fy); If b € 2Z

and =1 > 0, then % is the unique zero of e4(7) in y(Fy). In
particular,

aty () +b | (25) € To(2)/{£hL} withc # 0,
be2Z+land £ < 1

aty () +b | (28) €To(2)/{£h} withc #0,
b € 2Z and _Td >0

gives all the zeros of e4(T) in H.
Remark 4.4. Given v; = (Zj Z; ) € To(2)/{xhL} with ¢; # 0 such that
71 75 :|:’)/2, we have 71 (150) N ’)’2(1%0) =0 (note that 71 (81—"0) N 72(81-"0) 75

@ may happen), i.e. the critical points of e;(7) in 1(Fy) and 2(Fy) are
different. Therefore, the map from

{(2}) € To(2)/{£DL}|e # 0, -2 € (—00,0) U (1, +00)}
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to @, is one-to-one. Analogous results hold for ®, k = 2,3. The above
theorems completely determine all the critical points of the classical mod-
ular forms ex(7)’s. To the best of our knowledge, such results have not
appeared in the extensive literature and are new. We believe that these fun-
damental results will have important applications. Here we apply them to
prove Theorem 1.8.

Proof of Theorem 1.8. (1). By (1.11), (1.13) and Theorem 1.3, we see that one
of +(3¢2)'/? is a cusp of o(Ly;T) if and only if the corresponding mon-
odromy data C = oo, if and only if 11 (7) = 0. Since we proved in [11] that
#1(7) has no critical points in F = (F) if ¢ = 0, and has a unique critical
point in F if ¢ # 0, we obtain Theorem 1.8-(1).

(2)-(4). Similarly it follows from (1.10), (1.12) and Theorem 1.3 that —3ey
is a cusp of o(Ly; 7) if and only if ¢,(7) = 0. Consequently, Theorem 1.8
(2)-(4) follow from Theorems 4.1-4.3.

(5)-(6). Since for any v € I'o(2), each of {51(7),e1(7),e2(7),e3(7)} has
at most one critical point in F = (F), it follows that for each E(7) €
{+(3¢2)"/?, —3¢1, —3es, —3e3}, there is at most one Ty € F such that E(1p)
is a cusp of 0(Ly; 19). Moreover, if ¢ = 0, none of {#1(7),e1(7),e2(7),e3(7)}
has critical points in F = (Fy), so Theorem 1.8-(5) follows from (1)-(4).
If ¢ # 0, it is easy to see that exactly 3 of {#1(7),e1(7),e2(7),e3(7)} have
critical points simultaneously in this F = (F)), so there are exactly 3 7’s in
F such that o(Lp; T) has a cusp.

The proof is complete. O

New proof of Corollary 1.9-(2). For T = % +ib with b > 0, Theorem 4.1-(2)
shows ¢} () # 0. By (3.6)-(3.8) we have

e1(1) €R, ex(t) =e3(T) € R.

From here and ¢; + ¢, + e3 = 0, we also obtain ¢, (1) # 0 for k = 2,3.
Finally, it is easy to see from (3.6) that e; (3 + ib) is strictly increasing for
large b and hence for all b > 0. O

To prove Theorems 4.1-4.3, we need the following simple observation.
Lemma 4.5. Let T = ib with b > 0. Then
Lo (1) <0, %ex(1) >0, Les(t) <O.

Proof. Recall the g-expansions (3.6)-(3.8) of ex(7)’s. Let T = ib, ie. q =
e~2_ Since a;’s are positive, clearly

(4.4) Lei(t) = =32 Y karg" <0,
k=1
(4.5) oy (1) =87 Y karg? > 0.
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Since e3(T) = —e1(7) — e2(T), we have

f563(1) = —fpea () — fper ().
For b > 1, it follows from (4.4)-(4.5) and g = 2" that

%ez(r) > —Ze”blfbel(r)

and so
Les(T) < —(1— 4e’"b)%e2(r) <0 forb>1.
On the other hand,
e3(—1/7) = t?e3(7).
This gives e3(i) = 0, so e3(7) < 0 for T = ib with b > 1. Furthermore,
letting T = ib with b € (0,1) leads to e3(ib) = —b2e3(ib~1), so

s (ib) = b~ [zbe3(ib—1) + (d,,eg) (ib~ )} <0 for be (0,1).
This completes the proof. O
Recalling (1.12), we define holomorphic functions

(4.6) Gi(T) := 382(7) + 3171(T)er () — 3ex(1)* = —3rmie; (7).
Then we only need to study zeros of Gi(T).

Lemma 4.6. Fork € {1,2,3} and any m € Z, G¢(7) # 0 for T € Fy + m.
Proof. Fix k € {1,2,3}. First we claim that

4.7) Gr(t) #0 for T € 9Fh N H.

For T € iR+, G¢(7) # 0 follows from Lemma 4.5. By 171 (7 + 1) = #1(7),
@(t+1) = g2(1), e1(t+1) = e1(1), e2(t+1) = e3(r) and e3(t + 1) =
e2(T), we obtain
48)  Gi(t+1) =Gi(1), Go(T+1) = G3(1), Ga(T+1) = Ga(7).
Thus G (1) # 0 for T € iR~ + 1.

If [T — %| = %, then 7" = == € iR.¢. By using (3.12)-(3.13), we see from
(3.1) with C = 1 that

fi () = =3ex(¥) (1 (7)) + (7)) - < ) = Be (7)) (1+ )

—(1—-1)3Gs(7) if k=

=< —(1-1)%Gy(7) if k=

—(1—=71)3Gy(7) if k=

Since Lemma 3.5 shows fx _1(7’) # 0 for all k, we obtain G(7) # 0. This
proves (4.7).

Suppose by contradiction that Gy(7) has a zero 1 in . Recalling ¢ (7)
in (3.38), it follows that ¢ (T) is meromorphic at 1y with 1 being a pole and
so maps a small neighborhood U C F; of Ty onto a neighborhood V' of .
Take C > 1large enough such that C € V. Then there exists % (C) € U such
that C = ¢4 (7%(C)), which is equivalent to fyc(%(C)) = 0. If k = 2, we
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already obtain a contradiction with Theorem 3.2. If k € {1,3}, by Theorems
3.1, 3.3 and Lemma 3.9, we immediately obtain % (C) = 7(C) — oo as
C — 400, which contradicts with % (C) € U.

Therefore, we have proved Gx(t) # 0 for T € Fy. Together with (4.8),
we conclude that for any m € Z, Gi(t) # 0 for T € Fy + m. The proof is
complete. O

Proof of Theorem 4.1. The assertion (1) is just Lemma 4.6.
Given vy = (25) € To(2)/{xhL} withc # 0. Write T/ = -7 = %t}
with T € . Sincec € 2Z and d € 2Z + 1, we have

4.9) e1(t') = (ct +d)%e1 (7).
This, together with

m(t') = (et +d)(cna(t) +dm (7)), g2(7) = (cT+d) (),
and (3.1), leads to

Gi(T) = clet+d)* [3er (7) (41 + 112) + (842 — 363 (4 + 1)

= —c(cT+ d)3f1,;d(r).

Clearly =2 € Q\Z.
(2). If =2 € (0,1), then Theorem 3.1 shows that f1 —4(7) has no zeros in

c
Fy. Thus, G; has no zeros in 7y (Fy). In particular, letting v = (% j) implies

that Gq has no zeros in
Wh)={reH|[t-3 <} [t-}> L 1t-31> 1),

so Gi has no zeros along the line {T € H|Re = 1}. This proves (2).
3). If =4 € (—00,0) U (1, +00), then Theorem 3.1 shows that 7;(=4) is
the unique zero of f _4 (7) in Fy. Consequently,
7 c
—d
at(=£)+b

e v(F
crl(%d)—kd (o)

vor(2) =
is the unique zero of G; in y(F). Together with (1.15), we conclude that the
set @; defined in (4.1) gives all the zeros of G; and so €. This proves (3).
The proof is complete. O

Proof of Theorem 4.2. The proof is similar to that of Theorem 4.1. Again (1)
is just Lemma 4.6. Given v = (75) € Iy(2)/{+L} with ¢ # 0. Note
a,d €2Z +1. Writet' = y-1 = gig with T € Fj as before. The different
thing from (4.9) is that

e (7)) = (cT +d)%ey(7) if b €27,
2507 (et +d)2es(1) if b e 2Z+1,
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and so
—C(CT —+ d)3f2 _d (T) if be ZZ,
A ara
GZ(T ) - —C(CT _|_ d)3f3 ;d(T) lf b € 2Z+1
7

(2). If b € 2Z and =2 > 1, then Theorem 3.2 shows that f. _4(7) has no
2,—*=

C
zeros in Fy. Thus, G; has no zeros in y(F). If b € 2Z 4+ 1 and %d < 0, then
Theorem 3.3 shows that f3 —d (1) has no zeros in Fy. Thus, G, has no zeros
7 c

in y(Fp). This proves (2).
(B3). If b € 2Z and %d < 1, since %‘i # 0, Theorem 3.2 shows that Tz(%d)

is the unique zero of f _4 (7) in Fy. Consequently,
7 c

—d

B at(=%)+b

v-n(E) = —5—

CTz(?) +d

is the unique zero of G, in y(Fy). If b € 2Z + 1 and _7’1 > 0, since _Td # 1,

Theorem 3.3 shows that Tg(_Td) is the unique zero of f3 _4(7) in Fy, which
7 c

implies that
—d
B at3(=%) +b
v - T3(?d) — +
cr3(=F) +d
is the unique zero of G, in y(F). In particular, the set ©®, defined in (4.2)
gives all the zeros of G, and so 5. This proves (3). U

Proof of Theorem 4.3. The proof is similar to that of Theorem 4.2; we omit
the details here. 0

Conversely, we can finish the proof of Theorems 3.1-3.3 by considering
the remaining case C € {0,1}.

Completion of the proof of Theorems 3.1-3.3. Fix k € {1,2,3}. First we consid-
erC=0,1.e.

fiol(1) = ~Ber(D)a(1) — (257 — 3er(0)?).
Suppose fo(t) = 0 for some T € Fy. Then v/ := ==L € F. By m1(1') =
T12(7), 82(7') = T%82(7) and
e () = T2e2(1), ea(T)) = T2e3(1), e3(T) = T2e1(7),

we obtain

T) if j =2,

i.e. Gj(1') = 0 for some j, a contradiction with Lemma 4.6.
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Now we consider C = 1, i.e.
fia (7) = 3e(T) (11 () = m2(7)) + (252 = Ber(1)2) (1 — 7).
Suppose fi1(T) = 0 for some T € Fy. Then 7’ := 1= € F. By
m(t) = (1—1)(n(r) — (7)), gz(T’) = (1-1)%(1),
er(t) = (1= 1)%es(1), ea(7') = (1 -1)ei(7),
e3(T) = (1 —1)% (1),

{ (1 — T)?’fg,O(T) if ] = 1,

we obtain
Gi(t) = (1=1)fio(r) if j=2,
(1=7)fan(7) if j=3,
i.e. Gj(1') = 0 for some j, again a contradiction with Lemma 4.6.
This proves fi c(T) # 0in Fy provided C € {0,1}. O

By Theorems 4.1-4.3, we can transform every critical point of e () vi-
a the Mobius transformation of I'g(2) action to locate it in Fy. Denote the
collection of such corresponding points in Fy by Ci, which consists of count-
ably many points. Recalling the six curves Cx _,Cy 1, k = 1,2,3, defined in
Remark 3.4, we can describe the geometry of C as follows.

Theorem 4.7. The six curves Cy _,Cy 4, k = 1,2,3, are all smooth curves and
(4.10) C1 C Clri‘ U CL_ = a N Ky,

Cx CCrpy UCy_UC34UCs_ = ?kﬂ F, k=2,3.

In other words, all critical points of e1(T) (resp. ex(7T), e3(T)) can be mapped via
the Mdbius transformations of To(2) to locate densely on the union of 2 (resp. 4)
smooth curves.

Proof. Recalling the definition of Cy, it follows from (4.1), (4.2) and (4.3) that

B _ ab) eTo(2)/{£hL}, c#0
Ci= {Tl(fd) a(mf)_cd 60(—00,0) Uz(l,—|—oo)

} CCp UGy,

—a) (°8) eTo(2)/{£L}, ¢ #£0,
be2Zand -2 <1

) (e8) €To(2)/{£DL}, c #0,

U{T3(C b€22+1and%d>0 }Ck23Ck/+UCkr,
[ ay| (2h) €To(2)/{£R}, ¢ #0,
CB_{TZ(C) bEZZ+1and’Td<l
ab
U{Tg,(cd) (cd) €r0(2>/{i12}/ C#O }C U Ck+UCk_

be2Zand =2 >0 25
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It remains to prove the denseness: C;  UC;,— C C; and

U Cr+ UCk— C ?k/ k=23
k=2,3
Since Remark 3.4 says that 7;(C) is continuous as a function of C, it suffices
to prove that each of

Qo:={=|dez ce2z\{0}, (c,d) =1},

Qp = {*Td [(8) € To(2)/{*L} withc #0,b € 2Z+1}
and
Q2:= {4 |(1}) € To(2)/{# b} withc #0,b € 2Z |

is dense in R. The assertion Qp = R is trivial because Q C Qp. So we
only need to prove Q1 = Qz = Q. Clearly Q;, Q> C Q. Conversely, take
any ™ € Qo. Thenn € 2Z\ {0}, m is odd and (m,n) = 1. So there exists
a,b € Z such that am 4 bn = 1, which gives

(” b>€F0(2) and (‘1_" b+m>er0(2).

—n m —n m

Therefore, ! € Q; and % € Q». In conclusion, Qp = Q1 = Q.
Finally, the smoothness of the six curves will be proved in Section 5. The
proof is complete. O

We conclude this section by studying basic properties of these curves.

Theorem 4.8.
(i) For each k € {1,2,3}, the function C — 7,(C) is one-to-one, where
C € (-0,00U(l,4) ifk =1, C € (—00,0)U(0,1) if k = 2,
C € (0,1) U (1,400) if k = 3. Equivalently, neither Cy _ nor Cy ;. has
self-intersection, and Cy _ has no intersection with Cy ...
(ii) BCZHF = 863/, = {0,1} and
9C1,— = {0, 1 +ico}, 9Ci 4 = {1,3 +ico},
9Cy,— = {0,% +ic0}, 9Cs4 = {1, +ico}.

(iii) The curve Cy,— is symmetric with Cy 4 with respect to the line Re T = %;
Co,— is symmetric with C3  with respect to the line ReT = %; Co 4 is
symmetric with Cs,_ with respect to the line Re T = 1

(iv) The curve Cy— (resp. Cy,+) has no intersection with the line Re T = 3.
(v) The union Cp,— U Cy (resp. Cs.+ U Cs,_) has no intersection with {T =
T4+ib|b>/3/2}.

Proof. (i) Recall the holomorphic functions ¢y (7) defined on F in (3.38) (note
from Lemma 4.6 that the denominator of ¢y (7) does not vanish on Fy). Since
frc((C)) = 01is equivalent to C = ¢ (7(C)), letting k = 1 we see that
T 1 (—00,0) U (1, +00) — C1,— UCy 4 is bijective. That is, each of C; —, C; +
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has no self-intersection, and C; — has no intersection with C; . The other
two cases k € {2,3} are similar.
(ii) This assertion is just Lemma 3.9.

(iii) By the g-expansions (3.6)-(3.10), we have e1(1 — T) = e1(7), e2(1 —

T) = e3(1), e3(1 = 7) = ea(7), (1 = 7) = m(7), (1 = 1) = m(7) -
72(7) and ¢2(1 — T) = g2(7). Since C € R\{0,1}, we easily see from the
expression (3.1) of fi c(7) that

fir-c(1—=7) = —fic(7),
fo1-c(1=7) = —f3c(7), fs1-c(1=7) = —fo,c(7).

Therefore, it follows from Theorems 3.1-3.3 that
(411) T1(1 — C) =1- Tl(C),

Tz(l—C) :1—T3(C), T3(1—C) :1—T2(C).
This proves (iii).

(iv) Suppose Re7i(C) = 3
fi,c(ti(C)) = 0 gives C = ¢1(m

C= Tl(C) —

or some C € (—o0,0) U (1,400). Then

f
(€)1

Zmel(rl( ) .
e1(11(C))m (1 (C)) + 28D ¢, (7(C))2

Since Re 71 (C) = § imply ¢(1(C)), el(Tl(C)), (1 (C)) € R, we obtain
C = Ret(C) = 3, a contradiction. This proves the assertion (iv).

(v) Assume by contradiction that C, — U C, 4 contains a point % + iby with
bo > v/3/2. Then § + iby = 72(C) for some C € (—o0,0) U (0,1). Again we
have
27‘Ci€2 262(T2(C))

1
Q(TZ(C)) +ibg + &(22(C))

4.12 C=nC)-———F——
(412) 2(C) eyyH—%—ez 2

where we use (1.12) to obtain the second equality.
On the other hand, for T = % + ib, it follows from e; = e3 ¢ R and e +
er +e3 = 0thate, = —%el + iImep. Furthermore, (3.7) implies Im ez(% +
ib) < 0 for b large and so for all b > 0. These, together with (1.12), easily
imply
Reey(T) = ’1(171+61)I :-A>O,
Imej(7)

and so
2e5(T)  2AIme —|— 16161,17

eh(t) A2+ e1 5
Inserting this into (4.12) leads to

Im

2AIme, + 1e1elb .
bo + 2 (1 +iby) =0,
¢ A2 4 g2, (2 +ibo)
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which is equivalent to

ere )
(4.13) A Imer|(m1 +e1 — bo 1) 4 1ef, + ;bl’b =0 at T =% +ib.
0
Note from Corollary 1.9-(2) that ¢; b( +ib) > 0 for all b. Since by > 73,

we have e1 (3 +iby) > e1(4 + i3) = 0 and it was proved in [25, Lemma 6.1]
that 1 (3 + ibo) + e1(3 + ibg) — zb—g > 0. Therefore, every term in the LHS of
(4.13) is positive, clearly a contradiction. This proves (v).

The proof is complete. O

Theorem 4.8 (ii) and (v) indicates that the curve Cy; (resp. C3—) must
intersect with {t = 1 +ib|b € (0,v/3/2)}. As suggested by Figure 2
below, we suspect that Cy 4 (resp. C3,—) has a unique intersection point with
thelineRet = 2, and the curve C, — (resp. C3 1) has no intersection with the
line Re T = 1. These problems seem challenging because of e;(3 +ib) ¢ R
for k € {2,3} and remain open.

5. GEOMETRIC INTERPRETATION AND SMOOTHNESS

In this final section, we give the geometric meaning of the six curves
from the multiple Green function Gy(z1,22; 7). Let G(z) = G(z;T) be the
Green function on the torus E; = C/(Z + Z7):

1
~AG(z7) = by — 57 on Er, /E G(z; 1) =0,

where Jj is the Dirac measure at 0 and |E¢| is the area of the torus E.. See
[25] for a detailed study of G(z; 7). Define the multiple Green function G,

by

(5.1) Go(z1,22;T) := G(z1 — 22, T) — 2G(z1; T) — 2G(22; T),

where 0 # z1 # zp # 0. A critical point (a1, a,) of G, satisfies
2VG(ay;t) = VG(ag —ap; 1), 2VG(ag; 1) = VG(ay — ay; 7).

Clearly if (aq,a2) is a critical point then so does (a3,41), and we consider
such two critical points to be the same one. A critical point (a3, a3) is called a
trivial critical point if

{ay,a,} = {—a1,—ap} in E;.

It is known [27] that G; has only five tr1v1a1 critical points {(3w;, 3w;)i,j €

{1,2,3},i # j} and {(qi,—qi)]p (q+;7) = £1/82(71)/12}. Geometrically,
we want to determine those 7’s such that one of tr1v1a1 critical points is
degenerate (i.e. the Hessian of G, at this critical point vanishes), because
bifurcation phenomena should happen and so non-trivial critical points of
G, should appear near such 7’s. Define the degeneracy curves of G, in Fy

related to (%wi, %wj):

(5.2) Ci,j = {T € P()’ det chz(%wi, %w]-; T) = 0} .



SPECTRUM OF THE LAME OPERATOR, 1I 33

It was calculated in [27, Example 4.2] that the Hessian at (1w;, %wj) is given
by
4[Gi(7)[? >
: 2Gy (3w, twj;T) = ={1,2
(5 3) det D GZ(zwl/ zw]/ T) (27_[)4 ImTIm(Pk(T)’ {l,],k} { ’ ’3}
(seealso[9, (1.7)-(1.8)] for exactly these expressions), where ¢y (7) and G (1)
are functions defined in (3.38) and (4.6), respectively.

Theorem 5.1 (Geometric meaning of the six curves). For the six curves Cy +'s
related to critical points of ex(T)’s and the degeneracy curves C; ;'s related to critical
points of Gy, there holds C;; = Cy,_ U Cy ;. for {i,j, k} = {1,2,3}. In particular,
(3wi, 3wj) is a non-degenerate critical point of Gy(+;T) for T = 5 + ib with

b>+/3/2.

Proof of Theorem 5.1 and the smoothness of curves. Lemma 4.6 shows Gi(T) #
0 for all T € Fy, then it follows from (5.2)-(5.3) that

(54) Cij = {7 € Fo|Im¢y(7) = 0}
= {7 € F|¢(7t) = C for some C € R}
= {7 € F|fxc(t) = 0 for some C € R}

{r(C)|C € (—00,0) U (1,+00)} if k=1
= {n(C)|C € (—o0,0)U(0,1)} if k=2
{B(C)|C € (0,1)U(1,+00)} if k=3

= G- UCx+,
where we have used Theorems 3.1-3.3. Together with Theorem 4.8, we see
that (3w, %a)j) is a non-degenerate critical point of G(;7) for T = § +ib
with b > +/3/2. This proves Theorem 5.1.
Finally, the smoothness of these curves was proved in [9, Theorem 1.3].
In fact, writing T = a + bi with a,b € R, then
0Im gbk o dIm (Pk
da ob
Since [9, Theorem 3.1] proves

P (t) #0 VteR, k=1,23,

we easily see from Theorem 4.8-(i) and Cy - UCy . = {1 € Fy|Im ¢y (1) =0}
that the six curves Cy _, Cx +, k = 1,2, 3, are all smooth curves in F. O

Im qb,'c, = Re (p,'(

The numerical simulation for the degeneracy curves of G, and hence the
six smooth curves is shown in Figure 2, which is copied from C. L. Wang.
The other three curves C, Cy, C— appearing in Figure 2 are those degenera-
cy curves of G; at the other two trivial critical points { (7+, —9+)|p(q+;T) =
+./92(7)/12}. We proved in [11, Theorem 5.1] that under the Mobius
transformations of I'g(2) action, all critical points of the weight 2 Eisenstein
series Ep(T) are mapped to locate densely on these three curves. Clearly
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FIGURE 2. The 9 smooth curves in F.

Theorem 5.1 and [11, Theorem 5.1] together prove rigorously why Figure
2 contains exactly nine smooth curves. We will study the critical points of
the weight 4 and 6 Eisenstein series in a future work.
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