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ABSTRACT. In this paper, we study the spectrum of the complex Hill
operator L = % +g(x;7) in L?(R, C) with the Darboux-Treibich-Verdier

potential
3

gxT) = = Y mlm + D (x +20 + §57),
k=0
where n; € Z>( with maxny > 1 and zg € C is chosen such that g(x; T)
has no singularities on R. For any fixed T € iR+, we give a necessary
and sufficient condition on (19, n1, 13, n3) to guarantee that the spectrum
o(L)is
0(L) = (=00, Egg] U [Egg1,Ezg 2] U---U[E, Eo], Ej€R,

and hence generalizes Ince’s remarkable result in 1940 for the Lamé po-
tential to the Darboux-Treibich-Verdier potential. We also determine the
number of (anti)periodic eigenvalues in each bounded interval (Ep; 1,
E, 1’72)/ which generalizes the recent result in [16] where the Lamé case
ny = ny, = nz = 0 was studied.

1. INTRODUCTION

Let 1 € H = {t|Im7 > 0} and E; := C/(Z + Z7) be a flat torus.
Recall that p(z) = p(z;T) is the Weierstrass elliptic function with basic
periods w; = 1 and wp = 7. Denote also wy = 0 and w3 = 1+ 7. In
this paper, we study the Darboux-Treibich-Verdier potential (DTV potential
for short) [10, 26, 27]:

3
(1.1) "(z7) ==Y m(ne+1)p (z+%957),
k=0

where n = (ng,ny,ny,n3) and ny € Zsg for all k with maxgn > 1. If
ny = ny = nz = 0, then g™ (z; 7) becomes the classical Lamé potential [18]

gn(z;7) = —n(n+1)p(z; 1), neNN.

The DTV potential g™(z; T) is famous as an algebro-geometric finite-gap
potential associated with the stationary KdV hierarchy. We refer the reader
to[4,5, 6, 14, 21, 22, 23, 24, 25, 26, 27] and references therein for historical
reviews and subsequent developments. In the literature, a potential 4(z) is

1
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called an algebro-geometric finite-gap potential if there is an odd-order differ-
ential operator

g\ 2+ 231 g\ 2817
(1.2) Pygi1 = (dz) + ]Z(:) bi(z) <dz>

such that [Pyg1,d*/dz* + q(z)] = 0, that is, g(z) is a solution of stationary
KdV hierarchy equations (cf. [11, 13]).

For the DTV potential g"(z; ), we let P, 1 be the unique operator of
the form (1.2) satisfying [Psg11,d%/dz* + q™(z;T)] = 0 such that its order
2g + 1is smallest. Then a celebrated theorem of Burchnall and Chaundy [3]
implies the existence of the so-called spectral polynomial Q" (E; T) of degree
2¢ +1in E associated to 4" (z; T) such that

(1.3) P2y = Q (& + 4" (z 1) ).

The number g, i.e. the arithmetic genus of the associate hyperelliptic curve
{(E,W)|W? = Q"(E;7)}, was computed in [14, 25]: Let mj be the re-
arrangement of n; such that my > my > my > ms, then

Mo if Y my is even and mg + m3 > mq + my;
(14) g-— W %mek%sevenandmg%—mg,<m1—|—m2;
i if Y my is odd and mgy > mq + my + m3;
w if Y my is odd and my < mq + my + ms.

Furthermore, it is known (cf. [14, 21, 25]) that the roots of Q"(-;7) = 0 are
distinct for generic T € H and

(1.5) Q"(E;t) e R[E] for T €iRsy.

The spectral polynomial plays an important role in the spectral theory of
the associated Hill operator. In this paper, we study the spectrum (L) of
the following Hill operator with potential q(x) = g™ (x + zo; 7)

d2

3
=Y me(me+1)p (x+2z0+%957), x€R
k=0

in L?(R,C), where zy € C is chosen such that g(x; T) has no singularities
on R. We will see from Lemma 3.1 that the spectrum ¢ (L) is independent
of the choice of zy. The spectral theory of the complex Hill operator has
attracted significant attention and has been studied widely in the literature;
seee.g. [1,2,13, 15, 16, 20] and references therein.

Suppose for some T € iR that all roots of the spectral polynomial
Q"(-; T) are real and distinct, denoted by Exy < Eze 1 < --- < E; < Ej,
then we proved in [8, Lemma 3.6] (we will recall it in Lemma 3.2) that the
spectrum (L) is

(17) O'(L) = (—OO, EZg] U [Ezgfl, E2g—2] U---u [El, Eo].
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This result was first discovered by Ince in the seminal work [17], where he
proved that (1.7) holds for the Lamé case L = £ _ n(n+1)p(x+ %5 71)

dx?
with k € {2,3}. His proof essentially relies on the fact that p(x + %¢; 1)
with k € {2,3} is real-valued and smooth on R, i.e. the operator is self-

adjoint and hence does not work for the general DTV case.

1.1. Real and distinct roots. In this paper, we study two problems related
to the spectrum ¢ (L) of the operator L in (1.6). The first one is whether the
spectrum o (L) for the DTV potential is of the form (1.7) or not, or equivalently,

(Q1): When T € iR, whether are all roots of the spectral polynomial Q™(-;T)
real and distinct?

For the Lamé case, the answer for (Qq) is Yes as mentioned before. How-
ever, it is not necessarily true for all the DTV potentials; see e.g. [8, Remark
4.2] for a counterexample. Thus further assumptions on 7;’s are needed.
See [7, 14, 21] for some sufficient (but not necessary) conditions on #;’s.
Here we introduce two relations:

(1.8)

ng +n3 —ny —Hny
2 - 7
Recently, we obtained an almost complete answer to (Q;) in [8].

(1.9)

Theorem A. [8] All the roots of Q™ (-; T) are real and distinct for every T € iR~
if and only if n satisfies neither (1.8) nor (1.9).

To emphasize the importance of Theorem A, we mention one application
to the following mean field equation

3
(1.10) Au+e" =8m Z npdw,, on Eg,
2
k=0
where §« is the Dirac measure at %t. Theorem A is the crucial step to prove
2
the following non-existence result.

Theorem B. [8] Equation (1.10) has no even solutions for all T € iR~ if and
only if n satisfies neither (1.8) nor (1.9).

In this paper, we succeed to delete the condition “every” in Theorem A
via a new observation, and hence give the complete answer to (Q;). Our
first result is

Theorem 1.1. Let n = (ng, nq,np,n3), ny € Zx for all k with maxn, > 1
and T € iR~¢. Then the following hold.

(1) If n satisfies neither (1.8) nor (1.9), then all roots of Q™(+; T) are real and
distinct, and so the spectrum o (L) is of the form (1.7).
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(2) If n satisfies either (1.8) or (1.9), then Q™ (+;T) has at least two roots in
C\ R, and so the spectrum o(L) ¢ R is still symmetric with respect to
R but not of the form (1.7).

Comparing to Theorem A, the novelty of Theorem 1.1 is that we can
prove that when n satisfies either (1.8) or (1.9), once Q"(-; 7) has at least
two roots in C \ R for some T € iR-q, then this assertion holds for all
T € iR<p.

1.2. Location of (anti)periodic eigenvalues. The second problem is to s-
tudy (anti)periodic eigenvalues of L. Recall that E € C is called a periodic
(resp. antiperiodic) eigenvalue of L if Ly = Ey has a nonzero solution y
satisfying y(x + 1) = y(x) (resp. y(x +1) = —y(x)). It is well known (cf.
[13]) that the operator L in (1.6) has countably many periodic and antiperiod-
ic eigenvalues, which contain all roots of the spectral polynomial Q"(+; T)
as a proper subset. Denote

(1.11) 0,(L) := {E|E is a (anti)periodic eigenvalue of L, Q" (E; T) # 0}.

Clearly 0, (L) C o(L). Concerning the positions of those E € ¢,(L), Haese-
Hill et al. [16] proved that

Theorem C. [16] For the Lamé case n1 = ny = nz = 0 with T € iR+, there
holds

(112) UP(L) N (Ezjfl, Ezjfz) =@ V1 < ] <un, ie. UP(L) C (—OO, EZn).

Let A(E; T) be the Hill’s discriminant of the operator L in (1.6), then E is
a periodic (resp. antiperiodic) eigenvalue if and only if A(E; T) = 2 (resp.
A(E;T) = —2); see Section 2 for a brief overview of this entire function
A(E; 7). Theorem C indicates that for the Lamé case,

A(Epj—1; T)A(Egjp;T) = —4 V1< j<n.

This sign information is also important because it is invariant if we consider
the deformation of .
We want to generalize Theorem C to the DTV potentials. Assume that n
violates both (1.8) and (1.9), then Theorem 1.1 says that the spectrum (L)
is given by (1.7). Suppose ngp = max 1, > 1. Then it is easy to see that one
of the following hold
(a) either ng > n1 + ny + 1 with ng = 0 0or ng + n3 = n1 + ny;
(b) no+nzs =ny+np, —1;
(¢) no+n3=n1+ny+1withnz > 1.

Recalling (1.4), we obtain

o in Case (a);
(1.13) g=4np+ns+1 inCase (b);
no + ns in Case (c).
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Define a new integer

ng — n in Case (a);
ny+ns3+1 in Case (b);
ny+nz+1 in Case (c) with ny > no,
ny + ns in Case (c) with ny = ny.

(1.14) mi=

Clearly g > m. Then our next result shows that (1.12) does not necessarily
hold for all the DTV potentials.

Theorem 1.2. Let n satisfy neither (1.8) nor (1.9), and suppose ng = maxy ny >
1 with (g, m) given in (1.13)-(1.14) and T € iR~q. Then for the operator L in
(1.6), there holds

UP(L> N (EZj—leZj—Z) = Vi < ] <m,

0p(L) N (Egj—1, Ezj—2) = onepoint ¥Vm+1<j<g.
In particular, A(Ezp—1;T) = AM(Ezp; T) = - - = A(Epg; T) = (—1)"2.
Remark 1.3. The assumption ny = maxy 1y > 1, which is only used to sim-
plify the expressions of (g,m), is not essential for Theorem 1.2. Consider
the case n; = max; 1y > 1 for example. Since we will prove in Lemma 3.1

below that the spectrum o (L) is independent of the choice of zy, we can
replace zg with zg + %t in (1.6) and then the operator L becomes

5 dZ 3 o
I = W_,;nk(nk+l)p(x+20+%;T)' x € R,
where i = (fig, i1, i, fi3) := (n1,19,13,12). Then o(L) = (L), 0,(L) =

0p(L) and f satisfies all the assumptions of Theorem 1.2. Thus the conclu-
sion of Theorem 1.2 also holds for n; = max n; with the associated (g, m)
expressed by f instead.

For the case n satisfying either (1.8) or (1.9), the spectrum (L) is not of
the form (1.7), but it is still very interesting to study the location of (an-
ti)periodic eigenvalues. We expect that the results should be much more
complicated than Theorem 1.2.

This paper is organized as follows. In Section 2, we briefly review the
spectral theory of Hill equation from [13] and apply it to the DTV poten-
tials. In Section 3, we develop further our ideas in [8] to prove Theorem 1.1,
where we prefer to provide all the necessary details to make the paper self-
contained. Theorem 1.2 will be proved in Section 4, where we will apply
some results from [25].

2. SPECTRAL THEORY [13]

In this section, we briefly review the spectral theory of Hill equation with
complex-valued potentials from [13] and apply it to the DTV potential; see
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Theorem 2.A, which will be used frequently in the proofs of Theorems 1.1-
1.2 in Sections 3-4.

Let q(x) is a complex-valued continuous nonconstant periodic function
of period () on R. Consider the following Hill equation

(2.1) y'(x) +q(x)y(x) = Ey(x), xR

This equation has received an enormous amount of consideration due to its
ubiquity in applications as well as its structural richness; see e.g. [13, 15]
and references therein for historical reviews.

Let y1(x) and y2(x) be any two linearly independent solutions of (2.1).
Then so do y1(x + Q) and y2(x + Q) and hence there is a monodromy ma-
trix M(E) € SL(2,C) such that

(W1(x+ Q) y2(x + Q) = (y1(x), y2(x)) M(E).
Define the Hill’s discriminant A(E) by
(2.2) A(E) :=trM(E),

which is clearly an invariant of (2.1), i.e. does not depend on the choice
of linearly independent solutions. This entire function A(E) encodes all

information of the spectrum (L) of the operator L = % +q(x); see e.g.
[15] and references therein. Indeed, we define

(2.3) S:=AY[-22))={E€C| -2<A(E) <2}

to be the conditional stability set of the operator L = ;—; + q(x). Then Rofe-
Beketov [20] proved that S coincides with the spectrum:

(2.4) o(L)=S={EeC| -2<A(E) <2}.

This important fact will play a key role in this paper.
Clearly E is a (anti)periodic eigenvalue if and only if A(E) = £2. Define

d(E) := ordg(A(-)? — 4).

Then it is well known (cf. [19, Section 2.3]) that d(E) equals to the algebraic
multiplicity of (anti)periodic eigenvalues. Let c(E, x,xo) and s(E, x, x9) be the
special fundamental system of solutions of (2.1) satisfying the initial values

c¢(E, x0,x0) = s'(E, x0,x0) = 1, ¢'(E, x0, x0) = s(E, x0,x0) = 0.
Then we have
A(E) = ¢(E, xo 4+ Q, x0) + 5" (E, xo + Q, x0).

Define

p(E, XO) = OI‘dES(', X0 + Q, XO),

pi(E) := min{p(E, xp) : xo0 € R}.
It is known that p(E, xo) is the algebraic multiplicity of a Dirichlet eigen-
value on the interval [xo, xo + )], and p;(E) denotes the immovable part of
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p(E, xo) (cf. [13]). It was proved in [13, Theorem 3.2] that d(E) — 2p;(E) > 0.
Define

(2.5) D(E) := gpi(0) H (1 _ E)Pi(/\)‘
A€C\ {0}

>

Now we consider the operator L in (1.6), i.e. g(x) = q(x;7) = ¢q"(x +
20; T) is the DTV potential, which is smooth on R with period ) = 1. Ap-
plying the general result [13, Theorem 4.1] to the DTV potential, we obtain

Theorem 2.A. [13, Theorem 4.1] For the DTV potential q(x) = g™ (x + zo; T),
the following hold.
(i) d(E) — 2pi(E) > 0 on a finite set {E;}1; for some m € N and d(E) —
2pi(E) = 0 elsewhere, and the associated spectral polynomial Q™ (E; T) satisfies
m 2 _
(2.6) Q"(E;T) = H(E _ E].)d(Ej)_zpi(Ej) — CM

1 D(EY?

Here D(E) is seen in (2.5) and C is some nonzero constant. In particular,2g+1 =
deg Q"(E;T) = Lj%4 (d(Ej) — 2pi(E))).

(ii) the spectrum o (L) = S consists of finitely many bounded simple analytic
arcs oy, 1 < k < g for some § < g and one semi-infinite simple analytic arc oo
which tends to —oo + (q), with (q) = fxOH g(x)dx, i.e.

X0
o(L) =8 =00 UU;_, 04
Furthermore, the finite end points of such arcs must be those E € {Ej};.":l with

d(E) = 2p;(E) + ordgQ™(+;T) odd, and there are exactly d(E)’s semi-arcs of
o (L) meeting at such E.

3. PROOF OF THEOREM 1.1

The purpose of this section is to prove Theorem 1.1. First we briefly ex-
plain why the spectrum (L) does not depend on the choice of zy. Consider
the generalized Lamé equation (GLE)

3
(3.1) y'(z) = | Y m(m+1)p (z+%;7) +E|y(z), zeC.
k=0

It is known (cf. [14, 21]) that the monodromy representation of GLE (3.1)
is a group homomorphism p(-;E) : m(Er) — SL(2,C) and so abelian.
Let {; € m1(E¢), j = 1,2, be the two fundamental cycles z — z + w; and
let p(¢;; E) denote the monodromy matrix of GLE (3.1) with respect to any
linearly independent solutions (y1,2), i.e.

(11(z+ wj), y2(z + wj)) = (y1(2), y2(2))p (¢ E),  j=1,2.
Define
(3.2) S":={EeC|-2<trp(fy;E) <2}.
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Clearly tr p(¢1; E) and so S™ are independent of the choice of (y1, ).

Lemma 3.1. The spectrum o (L) of the operator L in (1.6) satisfies c(L) = S®,
i.e. o(L) is independent of the choice of z.

Proof. Clearly if (y1(z),y2(z)) is a pair of linearly independent solutions of
GLE (3.1), then (wi(x), w2(x)) := (y1(x + 20),y2(x +20)) withx € Risa
pair of linearly independent solutions of Lw = Ew. Thus, p(¢y;E) is also
the monodromy matrix M(E) (defined in Section 2) of Lw = Ew, which
gives A(E) = trp(¢1; E) and so we obtain the desired identity (L) = S™
by using (2.4) and (3.2). 0

Lemma 3.2. [8, Lemma 3.6] Let T € iR~ and suppose Q™ (E; T) has 2g + 1
real distinct zeros, denoted by Exg < Ezq 1 < --- < E1 < Eo. Then the spectrum
o (L) of the operator L in (1.6) satisfies

(3.3) 0(L) = 8™ = (—o00, Exg] U [Eag—1, Eag—2] U+ - U [Ey, Eg].

Proof. We sketch the proof here for later usage. Though the DTV potential
q(z; 7) is real-valued for z € R, it has poles at Z and 3 + Z. Instead,
q(x; T) = g™ (x + zo; T) is smooth on R with period Q) = 1 but not necessarily
real-valued. Thus the classic theory can not be applicable to this g(x; ) to
obtain (3.3) either.

Under our assumptions, by (2.6) in Theorem 2.A-(i) we have

(34)  d(Ej) := ordg,(A(-)*> —4) = 1+2p;(E;) is odd for all j € [0,2g].

On the other hand, Theorem 2.A-(ii) says that: The spectrum ¢ (L) consists
of finitely many bounded spectral arcs o3, 1 < k < ¢ for some § < g and
one semi-infinite arc o, which tends to —oo + (g), i.e.

o(L) =0 U Ulecrk.

Furthermore, the set of the finite end points of such arcs is precisely {E j}]z-i 0

because of (3.4), and there are exactly d(E;) semi-arcs of o (L) meeting at
each E;. Together these with the following three facts:

(a) We proved in [8, Lemma 3.5] that S™ is symmetric with respect to
the real line R if T € iR+, so does ¢(L) = S™ by Lemma 3.1;

(b) A classical result (see e.g. [15, Theorem 2.2]) says that C \ ¢(L) is

path-connected;

(c) Our assumption gives E; € R and Eyy < Eze 1 < -+ < E1 < Ep;
we easily conclude that (i) ¢(L) C R, (ii) d(E;) = 1 for all j and so (3.3)
holds. Indeed, since (c) says that all finite end points of spectral arcs are
on R, the assertion (i) ¢(L) C R follows immediately from (a)-(b). Conse-
quently, there are at most two semi-arcs of o(L) meeting at each E;. This,
together with (3.4), yields the assertion (ii) d(Ej) = 1 for all j, namely there
is exactly one semi-arc of ¢(L) ending at E;, which finally implies (3.3). [
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Lemma 3.3. [8, Lemma 3.7] If

2g
Q(HO/nlrnZ/nS)(E; T) e H(E — E](T)),
=0
Then
28
(3.5) Q(n01n2/n11n3) (E; _Tl) = H(E — TZE]'(T))«
j=0

The following result, which is our new observation comparing to [8], is
quite surprising to us. It plays a crucial role in proving Theorem 1.1.

Proposition 3.4. Let T € iR~ and suppose all zeros of Q™ (E; T) are real, denoted
by Eyg < Exg 1 < -+ < Eq < Eo. Then all the zeros are distinct, i.e. E; # E]-for

i #J.

Proof. In the following proof, we write S = S"(7) to emphasize its de-
pendence on 7. Note that

28
Qummm)(E; ) = [(E-E;), E€R
j=0

Then by the same proof as Lemma 3.2, we have
(3.6) Slrommma) (1) = g(L) = 00 U Uleak CR,

where § < g, 0w is the only semi-infinite arc which tends to —co, and the
set of the finite end points of such arcs is precisely those {E; }o<j<2¢ with

d(E;) = ordEjQ(”O'”l'”z'”3)(-;T) + 2p;i(E;) being odd.
Since there are d(E;) semi-arcs of & (nomm2.5) (1) meeting at Ej, it follows
from (3.6) that d(E;) < 2, i.e. p;(Ej;) = 0 and
ordg, Qrommm) (1) = d(E;) <2 forall j.
Furthermore,
3.7) ordg, QUMM ) (1 T) =2

<= Ejis an interior point of § (nommams) (1),
and so
(38)  aStmmmm)(r) — {—co} U{E;|ordg, QoM™ ™) (;7) = 1}.
On the other hand, Lemma 3.3 and 7 € iR~ give
28

QU (E; 2 = [[(E - P°E(x)
j=0
with
T2E0 < T2E1 <. < TzEzg,1 < T2E2g.
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Therefore, the same argument as above shows that

(3.9) ordEjQ(”O'”l'”z'”3)(-;T) = ordeEjQ(”O'”z'”l'”?’)(-; *71) =2

<= T°E; is an interior point of S (romzmms)(Z1) C R,

and so
(310) Sl (L) = {—co} U{°E; | ordg, QU ™") (- T) = 1}.

Now we prove by induction that for any 1 < k < 2g, Ex_1 # E.

Suppose Ey = E1, then (3.7) says that Ey ¢ 9S("01/2/13) (1), namely there
are £ > Eg and ¢ > 0 such that [Eg — ¢, E] c Stommm) () with E €
aSmommma) (7). Then (3.8) implies E € {E; 128 2o, a contradiction with E>
Ey = max; E;. This proves Eg # Ej.

Assume by induction that forany 1 <i < k, where1 < k <2¢g—1, we
have E; 1 # E;, i.e.

Ex < Ep_1 <--- < E; <Ep.

We need to prove E; > Ej;. Suppose by contradiction that E; = E;;.

Case 1. kis even. .
Then it follows from {E;|j <k —1} C 9§ (nom,m2m3) (7) and (3.6) that

[Ex—_1, Ex_2] U - - - U [E1, Eg] € Stommzms) ()
and
E < Ex_q1, VE € Stommms) () \ [Ex_q, Ex_p] U - - U [Eq, Eq).
So Ex = Exy1, (3.6) and (3.7) imply that there are E; < E; < E;_jand ¢ > 0
such that [E; — ¢, E;] ¢ Stomm, ”3)( ) with Ex € 9S§mommm) (1), Again it

follows from (3.8) that E; € {E; }

Thus Case 1 is impossible.

Case 2. kis odd.

Then it follows from {—oco} U {T2E;[j < k—1} C 85(”0'”2'”1'”3)(_71) and
Slmomamns) (1) R that

(—OO, TZE()] U [T2E1, TZEZ] - U [TzEkfz, TZEkfl] C 5‘("0’”2’”1’”3)(%1)
and
E > T2E;_1, VE € Stmomemms) (Z1)\ (oo, T2Eg| U - - - U [T2Ey_p, T2Ex_1)-
So Ex = Ej;q and (3.9) imply that there are Ex < Ey < Ek 1and e > 0
such that [T2E, T2E; + €] C Smonzm, ”3)( 1) with T2E; € 98 (o2, ”3)( 1).

But then (3.10) implies E; € {E]-} 2o @ contradiction with E < E; < E;_.

Thus Case 2 is impossible.
This proves Ex > E;y1. By induction we obtain E; # E; fori # j. The
proof is complete. O

i—or @ contradiction with Ex < E; < Ex_;.

Now we can give the proof of Theorem 1.1.
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Proof of Theorem 1.1. Let T € iR~. If n satisfies neither (1.8) nor (1.9), then
Theorem A says that all the roots of Q"(E; T) are real and distinct, and so
the spectrum o (L) is given by (1.7).

Now suppose n satisfies either (1.8) or (1.9). Recall (1.5) that for T €
iR~o, Q"(E; T) € RIE], so all its complex roots appear in pairs in C \ R, i.e.
if E € C \ Ris a root, so does its conjugate E. Define

I':= {7 € iR : Q"(-;7) has at least two roots in C \ R}.

Then Theorem A and Proposition 3.4 imply that I' # @. Clearly I’ is open
in iR~¢. Furthermore, if 7,, € T such that 7, - 7 € iRso\['as m — oo,
then the roots of Q"(+; 7) are all real and Q"(-; T) must have a multiple
root (i.e. the limit of the complex roots Ey, E;y of Q"(+;Ty) is a multiple
root of Q™(+;T)), a contradiction with Proposition 3.4. This proves that T’
is also closed in iR+ and so I' = iR-g. This also implies that for any
T € iR>o, 0(L) ¢ R because the zero set of Q"(-;T) is a proper subset of
o(L). Recalling the fact (a) recalled in the proof of Lemma 3.2, (L) is still
symmetric with respect to IR. This completes the proof. O

4. LOCATION OF (ANTI)PERIODIC EIGENVALUES

This section is devoted to the proof of Theorem 1.2. For this purpose, we
need to consider the trigonometric limit T — ico. It is well known that

2 2 2 2
p(Z; T) - (sir’lﬂﬂfz)2 o %’ gJ(Z + %;T) - (cogﬂz)2 o %’
plz+951) » &, k=23
uniformly on compact sets of C \ 3Z as T — ico. Define

@) g3 (=) = —no(no + 1) iz — m(m +1) e + CF

sin 71z)?2 (cos 71z)?2
where

71'2 3
(4.2) C% == Z ny(ng + 1)

3 k=0

Then the above argument shows that
q"(z;T) = q7(z) as T — ico.
Fix any zp € C \ R. Then for T € iR~ with Im T > |29, both
(1) == q"(x +z0;7) and gr(x) :=q7(x+ z0)

are smooth on R with period (2 = 1. Recalling Section 2, we denote the
Hill’s discriminants of

(4.3) Ly(x) = y"(x) +q(x; T)y(x) = Ey(x)

and

(44) y"(x) +qr(x)y(x) = Ey(x)
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by A(E; T) and Ar(E) respectively. Now we apply the following key fac-
t about Ar(E): Since ¢%(z) can be generated from C} by finite times of
Darboux transformations (see [12, Remark 2.7]), it is known (see e.g. [9,
Remark 1.3]) that Ar(E) coincides with the Hill’s discriminant of y”(x) +
CRy(x) = Ey(x) with respect to the period 1, i.e.

Ar(E) =2cos/C® —E,

Consequently,

(4.5) AN (£2) = {C} — *r%|j € Zso}-
Lemma 4.1. Under the above notations, we have

4.6 lim A(E;t) = Ar(E) =2 Cr —E.
(4.6) lim A(E;7) = Ar(E) = 2cos /C}

Proof. Let c+(x; E) and s¢(x; E) (resp. cr(x; E) and st(x; E)) be the special
fundamental system of solutions of (4.3) (resp. (4.4)) satisfying the initial
values
c(0;E)=5"(0;E) =1, ¢'(0;E) = s(0;E) =0,
then we have
A(E;7) = cz(LE) +sL(LE), Ar(E)=cr(L;E)+s7(1;E).

Together with g(x; T) — gr(x) uniformly on compact set of R as T — ioo,
we obtain (4.6). Il

Now as in Theorem 1.2, we assume 1y = max; 1y > ni. It is well known
that g%(z) in (4.1) is also a solution of the stationary KdV hierarchy with its
spectral polynomial Q% (E) given by

no—nq
QHE) =(E—C}) J] (E—C}+j2n?)?
j=1
10
(4.7) - I] (E=Ch+ (2 —no+mn)*m?)?,
j=no—ni+1

. no
where we use notation Hj:n
3.6]. Here we have

o_ma1 ¥ = 1ifn1 = 0. See e.g. [9, Proposition

Lemma 4.2. Suppose the genus g in (1.4) satisfies g = ny, i.e. deg Q"(E;T) =
deg Q% (E) = 2no + 1. Then

48) lim Q"(E;7) = QH(E).

Proof. In [21, 25] Takemura already developed an algorithm of comput-
ing lim;_,jee Q"(E; T) by decomposing Q"(E;7) = IT{_, P*(E;T), where
P (E; 7) is either 1 or the characteristic polynomial of some matrix for each
k; see particularly [25, Appendix B]. In particular, Takemura’s result im-
plies that lim._,;, Q™(E; T) exists and can be computed explicitly for any
given n. Thus (4.8) can be proved by applying Takemura’s algorithm.
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Here we note that (4.8) can be also proved via the theory of the station-
ary KdV hierarchy. Since 4"(z;T) — 4%}(z) as solutions of the stationary
KdV hierarchy, and under our assumption their genus is the same, namely
deg Q"(E; 7) = deg Q}(E), then the theory of the stationary KdV hierarchy
(cf. [11]) also implies (4.8) provided lim; ;o Q"(E; T) exists. We sketch the
proof here for the reader’s convenience.

First we review the basic setting on the stationary KdV hierarchy fol-
lowing [11, Chapter 1]. Given a meromorphic function g(z), we define

{fe(9)} renuioy recursively by
(4.9) fo=1, fi==3f2 vafl \+Ldfi1, LeN.
Explicitly, one finds
fo=1 fi=3q+c,
fo=-1q"-3¢) +caig+c, et

Here {c/}/eny C C denote integration constants that naturally arise when
solving (4.9). Subsequently, is will be convenient also to introduce the cor-
responding homogeneous coefficients f, denoted by the vanishing of the
integration constants ¢y for all k:

f\():f():]" ff:f@‘ckzo,kzl,---,f’ EGN

Hence,
Z A
(4.10) fo = Z co—rfr, LE€NU {0}, where ¢y =1,
k=0
and

A

fo=1, fi=30 fa=—5(a"-3¢),

f3= 3@ —10q9" — 59 +104°), etc.
It is known (cf. [11, Theorem D.1]) that fg also satisfies (4.9) and
(411) fe@) €Qla.q.q",-- q*7Y], LeN.

Now consider a second-order differential operator of Schrodinger-type
L= % +q(z) and a 2g + 1-order differential operator

8

d .
(4.12) P2g+1 = Z <f]dZ — ;_f]/) L377, ge NU {0}
=0

By the recursion (4.9), a direct computation leads to (], -] the commutator
symbol)

L, Pogi1] = —2f¢11, g € NU{O}.
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In particular, (L, Pg11) represents the celebrated Lax pair of the KdV hier-
archy. Varying ¢ € IN U {0}, the stationary KdV hierarchy is then defined
in terms of the vanishing of the commutator of L and P,g 1 by
s—KdVg(q) = [L, P2g+1] = —2f§+1 =0, ge N U {0}
Now for the DTV potential 4" (z; T), there are integration constants {c? (1) };_,

such that the corresponding Py 1 (T) = Pygy1 given in (4.10)-(4.12) satisfies

[ + 0" (z:7), Py o (T)] = 0.

On the other hand, it is known ([11, Appendix D]) that each integration con-
stant ¢} (T) € Q[Eo(T),- -, E2¢(T)], where Eo(T),- - - , Ez¢(T) denote all the
roots of the spectral polynomial Q™(E; T). Since lim;_,;, Q"(E; T) exists,
we see that ¢} (7) converges. From here, 4"(z; 7) — g%(z) and (4.10)-(4.12),
we conclude that

n : n d 28+1
Py q = Tlglflo P2g+1(T) = (E)

is a well-defined differential operator of order 2¢ +1 = 21y + 1 and

2
[z +47(2), Py a] = 0.

Then, as recalled in (1.3), we obtain the following relations
2
Py 1(1)? = Q" (4 + " (z:1);7),

2
(Py1)? = Qi +47(2)),
and so (4.8) holds. O

Remark 4.3. Given n = (ng, ny,np, n3) with ny € Z>p and np = maxn; > 1,
we assume that ) n; is odd and define i = (o, I3, I, I3) by

Ip = (ng+n1+n2+n3+l)/2

11 :max{l~1,—l~1—l}, 71 = (no+n1—n2—n3—1)/2

lzzmax{fz,—TZ—l}, iz = (7’10—1’11—|—TZ2—7’13—1)/2

I3 = max{f;;, —l~3 — 1}, i3 = (1’10 —Nn]— Ny +n3z— 1)/2.
Then it was proved by Takemura [25, Section 4] that y"(z) = [—q™(z; T) +
Ely(z) and v (z) = [—q™(z; T) + E]y(z) are isomonodromic (i.e. their mon-
odromy representations are the same) for any (E, ), which immediate-
ly implies Q"(E;t) = Q"(E;t). Here together with Lemma 3.1, we see
that the spectrum ¢ (L) of L = % + g™(x + zo; T) is the same as (L) of
L= % + g™ (x + zo; 7).
Remark 4.4. From the physical motivation, Takemura [22] studied the holo-
morphic dependence of certain L?-integrable eigenvalues on p = ¢’ as



DARBOUX-TREIBICH-VERDIER POTENTIAL AND SPECTRUM 15

power series of p as T — ico; see [22] precise statements. In this pa-
per, though we do not need to use the holomorphic dependence of (an-
ti)periodic eigenvalues on p = ™7, but some idea of [22] was developed
further in [25] and plays an important role in our proof of Lemma 4.2 and
so in Theorem 1.2.

Now we are in the position to prove Theorem 1.2.

Proof of Theorem 1.2. Let n satisfy neither (1.8) nor (1.9), and ny = max ny >
1, namely one of Cases (a)-(c) holds. Since T = ib with b > 0, it follows from
Theorem A and (2.4) that

28

Q"(E;T) =[I(E - Ej(7))

j=0
with Eze(T) < -+ < Eo(7), and the spectrum ¢(L;) := (L) of Ly := L =
% +q(x; 7) is given by
o(L;)={E€C| —2<A(E;t) <2}
(413) = (=00, Exg(1)] U [Eag-1(T), Ezg—2(T)] U - - - U[E1(T), Eo(T)].

Since E is a (anti)periodic eigenvalue of L(7) if and only if A(E;T) = £2,
S0

(4.14) AEi(T);T) = +2, V),

0p(Le) = {E € C|A(E;T) = £2} \ {Ej(7),j € [0,2g]}.
Recalling that A(E; T) is holomorphic in E, so for any 1 < j < g, if
E € (Ezj—1(7), E2j—2(7)) is a local minimum point (resp. a local maximum
point) of A(+; T) on (Ezj—1(T), E2j—2(T)), then
(4.15) A(E;t) = -2 (resp. A(E;7)=2).
Indeed, if £ is a local minimum point of A(; T) on (Epj_1(7), Ezj—»(7)) and
A(E; ) € (—2,2), then LA(E; T) = 0 and so it follows from

416)  AE;1)—AE1)=a(E—Ef+o((E-E)), a #0, k>2

and 0(L;) = {E € C| —2 < A(E; 1) < 2} that there are 2k > 4 semi-arcs
of o(L;) meeting at E, a contradiction with (4.13).

Step 1. We consider Case (a).

Then it follows from (1.13)-(1.14) that g = ng and m = ng — n;. Therefore,
Lemma 4.2 applies and we conclude from (4.7)-(4.8) that

(4.17) lim Eq(t) = C%,
T—r100
lim Epj_1(1) = lim Ey(t) =C}—j*n%, 1<j<m,
T—>100 T—100

4.18)  lim Epj_1(7) = lim Ey(t) =C}— (2j —m)*n?, m<j<g.

T—ico T—ico
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Case 1. 1 < j < m. Note that if m = 0, then this case does not happen.
So we assume m > 1.
Since

(4.19) [Ezj-1(7), Eaja(T)] = [C} = /7%, C} — (j — 1)*7"]
as T — ico, we conclude from (4.6) and (4.14) that
A(Eyj_1(1);7) = (-1)2, A(Eyja(1);7) = (-1)7'2,

hold for all T € iR+ via the continuity of A(E, T) with respect to (E, T).

Now we claim that for any T € iR,
(4.20) UP(LT) M (Ez]',l(T), Ezjfz(T)) = @,
namely

A((Ezj-1(1), Ezj2(7)); T) = (=2,2).
Without loss of generality, we may assume that j is odd (the case that j

is even can be proved in the same way). First we show that (4.20) holds for
b = Im 7 large. If not, there exists 1 = ib; with by — +o0 such that

0p(Lz,) N (Ezj1(Tk), Ezj—2(Tk)) # .

This together with (4.15) imply the existence of E; x, Exx € 0p(Ly,) satisfy-

lng
Eyi—1(t) < Eqx < Epi < Egjo(Tk),

A(Eyj1(%); o) = A Eojs ) = =2,
A(Ezj—2(); ™) = A(Epps o) = 2.
By (4.5), (4.6) and (4.19), we obtain
(4.21) CR — (j —1)27% = lim Ey4 < lim By = C} — 2717,
k—o0 k—o0

clearly a contradiction.
Therefore, (4.20) holds for b large. Define

b := inf{by > 0] (4.20) holds for all b > by}

and suppose b > 0. Then (4.20) holds for all b > b. If (4.20) holds for b = b,
then the definition of b implies the existence of by 1 b such that (4.20) does
not holds for 7, = iby, so the same argument as (4.21) shows Eyj_»(ib) <
E»;_1(ib), a contradiction. Hence (4.20) does not hold for T = ib. Again this
implies the existence of Ej, E satisfying

Ezj_l(f') <Ei<E< Ezj_2<f>,
A(Epj1(7);T) = AMEx T) = =2 < A(Ey;T) = 2.
Then for T = ib withb —b > 0 sufficiently small, A(-;T) has a local max-
imum point E; € (Eyj_1(7), E2). However, (4.15) implies E; € 0p(Lc) N
(Ezj—1(7), E2j—2(7)), a contradiction with the definition of b.
Therefore, b = 0 and so (4.20) holds for all T € iIR~.
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Case2.m+1 <j < g. Since
[E2j-1(T), Ezj—2(T)] —
[C} — (2j — m)*r®, C} — (2f — 2 — m)*7’]
as T — ico, we conclude from (4.6) and (4.14) that
A(Ezj-1(1);T) = A(Ezj2(T);7) = (=1)"2
hold for all T € iR~g. Then by (4.15), there is a smallest
E(t) € 0p(Le) N (Egj-1(T), E2j—2(7))
satisfying A(E(t); T) = (—1)""12. From here and (4.5)-(4.6), we obtain
lim E(t) = C} — (2j — 1 — m)*m*.
T—ico

Then the same argument as Case 1 shows that
0p(Le) N (Ezj1(7), E(T))
0p(Le) N (E(1), Eaj2(T))

=Q,
= Q.

In conclusion,

0p(Lt) N (Ezj-1(T), E2j—2(7)) = {E(7)}.
This completes the proof for Case (a).
Step 2. We consider Case (b): ng + n3 = ny +ny — 1.
Then (1.13)-(1.14) says g = no+nz3+1 > npand m = np +n3z +1, so
Lemma 4.2 does not apply. However, by Remark 4.3 we have Q"(E; 1) =
QY(E;t), where it = (lo,I1,15,15) with

lo=mo+m+n+n3+1)/2=np+n3+1=g,
h=0h=(ng+n —ny—ny—1)/2=ng—ny,
h=Dh=(ng—n+n—nz—1)/2=mny—ny,
I3 = —73—1: —1—(no—n1—n2+n3—1)/2=0.
Clearly (1.4) says that deg Q™(E;7) = 2¢+1 = 2l + 1 = deg Q*(E) and
m = Iy — 11, so Lemma 4.2 implies
(4.22) lim Q"(E;7) = lim Q™(E;7) = Q%(E),
T—>100 T—100

namely (4.17)-(4.18) with C% replaced by C hold. Then the same proof as
Step 1 yields the desired assertions.

Here we emphasize that Q% (E) # Q%(E) and lim;_,ec Q™(E; T) # Q%(E)
because their degrees are not the same.

Step 3. We consider Case (c): ng + nz = ny +nz +1and nz > 1.

Then (1.13)-(1.14) says § = ng + nz > np and

ny+nz+1 ifng > ny,
m =
Ny + 13 if ng = no,



18 ZHIJIE CHEN, ERJUAN FU, AND CHANG-SHOU LIN

so Lemma 4.2 does not apply. Again by Remark 4.3 we have Q"(E; 1) =
QY(E; 1), where it = (lo,I1,15,13) with

lo=mo+mnm +n+n3+1)/2=ny+n3=g,
Lh=Mmy+m—np—n3—1)/2=mny—ny—1,

ng—np —1 ifn0>n2,

ie. i =max{h,-1-h}= {0 if ngp = np

Ih=my—m+ny—n3—1)/2=mny—mn3 —1,

ng—n,—1 ifng > ny,

ie. 12 = max{l~2,—1 — 72} = {0 T
0 — 1,

and
l3=l~3= (7/10—1’11—1’12—{—1’[3—])/2:0.
Again (1.4) says that deg Q™(E;7) = 2¢+1 = 2+ 1 = deg Q*(E) and
m = ly — l;, so Lemma 4.2 implies (4.22) and hence (4.17)-(4.18) with C¢}
replaced by C% hold. The rest proof is the same as Step 1.
The proof is complete. [l
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