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ABSTRACT. In literature, it is known that any solution of Painlevé VI
equation governs the isomonodromic deformation of a second order lin-
ear Fuchsian ODE on CP'. In this paper, we extend this isomonodromy
theory on CP' to the moduli space of elliptic curves by studying the
isomonodromic deformation of the generalized Lamé equation. Among
other things, we prove that the isomonodromic equation is a new Hamil-
tonian system, which is equivalent to the elliptic form of Painlevé VI
equation for generic parameters. For Painlevé VI equation with some
special parameters, the isomonodromy theory of the generalized Lamé
equation greatly simplifies the computation of the monodromy group in
CP'. This is one of the advantages of the elliptic form.

Résumé: Dans la littérature, il est connu que toute solution de I’équation
de Painlevé VI régit la déformation isomonodromique d’une EDO fuch-
sienne ordinare sur CP'. Dans cet article, nous étendons cette théorie
de isomonodromie sur CP' & P’espace des modules des courbes ellip-
tiques en étudiant la déformation isomonodromique de ’équation de
Lamé généralisée. Entre autres choses, nous prouvons que ’équation i-
somonodromique est un nouveau systeme hamiltonien, qui est équivalent
a la forme elliptique de I’équation de Painlevé VI pour des parametres
génériques. Pour I’équation de Painlevé VI avec certains parametres
spéciaux, la théorie de isomonodromie de I’équation de Lamé généralisée
simplifie grandement le calcul du groupe de monodromie dans CP*. Ceci
est un des avantages de la forme elliptique.

Mathematics Subject Classification 2010: 34Mb5, 34M56, 34M35

1. INTRODUCTION

The isomonodromic deformation plays an universal role to connect many
different research areas of mathematics and physics. Our purpose of this pa-
per is to develop an isomonodromy theory for the generalized Lamé equation
on the moduli space of elliptic curves.

1.1. Painlevé VI in elliptic form. Historically, the discovery of Painlevé
equations was originated from the research on complex ODEs from the mid-
dle of 19th century up to early 20th century, led by many famous mathe-
maticians including Painlevé and his school. The aim is to classify those
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nonlinear ODEs whose solutions have the so-called Painlevé property. We
refer the reader to [1, 5, 6, 9, 10, 11, 12, 13, 15, 17, 19, 20, 21, 22, 23, 25, 26]
and references therein for some historic account and the recent develop-
ments. Painlevé VI with four free parameters («, 3,7,d) can be written

as
U 0 S S S W (2 SRS S SRR N 2
a2 2\ X A—1 Xx—t/) \ dt t t—1 AN—t) dt
AA—=1)(A—1) t—1 t(t—1)
2 2+6 2]
2(t—1) (A—1) (A—1t)

(1.1) [oz + B% +
In the literature, it is well-known that Painlevé VI (1.1) is closely related
to the isomonodromic deformation of either a 2 x 2 linear ODE system of
first order (under the non-resonant condition, the isomonodromic equation
is known as the Schlesinger system; see [16]) or a second order Fuchsian
ODE (under the non-resonant condition, the isomonodromic equation is a
Hamiltonian system; see [7, 21]). This associated second order Fuchsian
ODE is defined on CP! and has five regular singular points 0, 1,¢, A(t) and
oo. Among them, A(t) (as a solution of Painlevé VI) is an apparent sin-
gularity (i.e., non-logarithmic). This isomonodromy theory on CP! was
first discovered by R. Fuchs [7], and later generalized to the n-dimensional
Garnier system by K. Okamoto [21]. We will briefly review this classical
isomonodromy theory in Section 4.

Throughout the paper, we use the notations wg = 0,w; = 1wy = T,
w3 =147, A; =Z+7Z, and E; = C/A; where 7 € H = {7|Im 7 > 0}
(the upper half plane). We also define E [2] = {%h =0,1,2, 3} to be the
set of 2-torsion points in the flat torus F,. From the Painlevé property of
(1.1), any solution A (¢) is a multi-valued meromorphic function in C\ {0, 1}.
To avoid the multi-valueness of A (), it is better to lift solutions of (1.1) to
its universal covering. It is known that the universal covering of C\ {0,1}
is H. Then ¢ and the solution A (¢) can be lifted to 7 and p () respectively
through the covering map by

try = B =) gy = 2@ —eln)

(1.2) ea(7) — e1(7) ea(7) — e1(7)

where @ (z|7) is the Weierstrass elliptic function defined by
1 1 1

o=+ ¥ | -],
Z oy L W)W

Wi

and e; = p ( 5 ]T), i =1,2,3. Then p (1) satisfies the following elliptic form

(1.3) d*p (1) :—123:@' ,( (T)Jrgh)
' dr? 472 pr P 2 ’
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where ¢’ (2|7) = Lo (z|7) and

1
(1.4) (o, a1, 9, 3) = (067—57% 3~ 5> :

This elliptic form was already known to Painlevé [24]. For a modern proof,
see [1, 20].

The advantage of (1.3) is that p(p(7)|7) is single-valued for 7 € H, al-
though p(7) has a branch point at those 79 such that p(ry) € E;[2] (see
e.g. (1.22) below). We take (ag, a1, a2, a3) = (%,é,%,%) for an example
to explain it. Painlevé VI with this special parameter has connections with
some geometric problems; see [4, 11]. In the seminal work [11], N. Hitchin
discovered that, for a pair of complex numbers (r, s) € C?\3Z?2, p(r) defined
by the following formula:

o (r+ st|7)
2(C(r+s7lr) —rm(r) — sma(7))’
is a solution to (1.3) with ay = £ for all k. Here ( (2|7) = — [* p(&|7)d€ is

8
the Weierstrass zeta function and has the quasi-periods

(1.6)  C(z+1fr) = C(z]7) + m(7) and ¢ (2 + 7|7) = ¢ (2[7) + nm2(T).

By (1.5), Hitchin could construct an Einstein metric with positive curvature
if r € R and s € iR, and an KEinstein metric with negative curvature if
r € iR and s € R. It follows from (1.5) that p (p(7)|7) is a single-valued
meromorphic function in H. However, each 79 with p(m) € E;,[2] is a branch
point of order 2 for p(7).

Motivated from Hitchin’s solutions, we would like to extend the beautiful
formula (1.5) to Painlevé VI with other parameters. But it is not a simple
matter because it invloves complicated derivatives with respect to the moduli
parameter 7. For example, for Hichin’s solutions, it seems not easy to derive
(1.3) with oy = % for all k directly from the formula (1.5). We want to
provide a systematical way to study this problem. To this goal, the first
step is to develop a theory in the moduli space of tori which is analogous to
the Fuchs-Okamoto theory on CP'. The purpose of this paper is to derive
the Hamiltonian system for the elliptic form (1.3) by developing such an
isomonodromy theory in the moduli space of tori. The key issue is what the
linear Fuchsian equation in tori is such that its isomonodromic deformation
is related to the elliptic form (1.3).

(1.5)  p(p(r)|r) =p(r+s7|7) +

1.2. Generalized Lamé equation. Motivated from our study of the sur-
prising connection of the mean field equation and the elliptic form (1.3) of
Painlevé VI in [4], our choice of the Fuchsian equation is the generalized
Lamé equation defined by (1.11) below. More precisely, let us consider the
following mean field equation
3
(1.7) Ay + e = 87(an(5w7k +4m (6p 4+ 0—p) in B,
=0
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where nj > —1, 6+, and dwx are the Dirac measure at £p and %* respec-
2

tively. By the Liouville theorem, any solution u to equation (1.7) could be
written into the following form:

HIFEP?

where f (z) is a meromorphic function in C. Conventionally f (z) is called a
developing map of u. We could see below that there associates a 2nd order
complex ODE reducing from the nonlinear PDE (1.7). Indeed, it follows
from (1.7) that outside E; [2] U {£p},

(Uzz - ;ﬁ)g = (uzi)z — UUzz = (—411€U>Z + ieuuz = 0.
So u,, — %ug is an elliptic function on the torus E, with singularties at
E. 2] U {%p}. Since the behavior of u is fixed by the RHS of (1.7), for
example, u(z) = 2log|z — p| + O(1) near p, we could compute explicitly the
dominate term of u,, — %uz near each singular point. Let us further assume
that u(z) is even, i.e., u(z) = u(—z). Then we have

(1.8) u(z) = log

(1.9) Uz — zu

:—Z[Zionk(nk+l)p(z+“¥v)+
+A((z+p)—((z—p)) + B

=-2I(2),

Spz+p) +p(z—p)

where A, B are two (unknown) complex numbers.
On the other hand, we could deduce from (1.8) that the Schwarzian de-
rivative {f;z} of f can be expressed by

. f// / 1 f// 2 1
From (1.10), we connect the developing maps of an even solution u to (1.7)
with the following generalized Lamé equation

(1.11) y"(2) = I(2)y(z) in E,,

where the potential I(z) is given by (1.9). In the classical literature, the 2nd
order ODE

(1.12) y'(2) = (n(n+ Dp(z) + B)y(z) in E;

is called the Lamé equation, and has been extensively studied since the
19th century, particularly for the case n € Z/2. See [3, 10, 25, 31] and the
references therein. In this paper, we will prove that (1.12) appears as a
limiting equation of (1.11) under some circumstances (see Theorem 1.5).
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From (1.8) and (1.10), any two developing maps f;, i = 1,2 of the same
solution u must satisfy

. N af1 (Z) + b
fa(z) = a- f1(2) = ch(s) +d
for some o = (CCL Z) € PSU(2). From here, we could define a projective

monodromy representation p : w1 (E;\(E; [2]U{£p}), q0) — PSU(2), where
qo & E-[2) U{xp} is a base point. Indeed, any developing map f might be
multi-valued. For any loop ¢ € m1(E-\(E; [2] U{£p}),qo), ' f denotes the
analytic continuation of f along ¢. Since ¢* f is also a developing map of the
same u, there exists p(¢) € PSU(2) such that £*f = p(¢) - f. Thus, the map
¢ — p(¢) defines a group homomorphism from 1 (E;\(E; [2] U{£p}), q) to
PSU(2). When ng, € NU{0} for all k, the developing map is a single-valued
meromorphic function defined in C, and {#p} would become apparent sin-
gularties. Thus, the projective monodromy representation would be reduced
to a homomorphism from 71 (E;, go) to PSU(2). This could greatly simplify
the computation of the monodromy group. The deep connection of the mean
field equation (1.7) and the elliptic form (1.3) has been discussed in detail
in [4]. This is our motivation to study the isomonodromic deformation of
the generalized Lamé equation (1.11) in this paper.

1.3. Isomonodromic deformation and Hamiltonian system. We are
now in a position to state our main results. Recall the generalized Lamé
equation (1.11):

v [ ok (D) p (2 4+ )+ 2 (p(z+p) +p(2—p))
1z v = | Zpap YOGS FiEty L

Equation (1.13) has no solutions with logarithmic singularity at = unless

ng € % + Z. Therefore, we need to assume the non-resonant condition:
ni ¢ 3 + Z for all k. Observe that the exponent difference of (1.13) at +p
is 2. Here the singular points +p are always assumed to be apparent (i.e.,
non-logarithmic). Under this assumption, the coefficients A and B together
satisfy (1.17) below. Our first main result is following.

Theorem 1.1. Let

1 1\? 1
(1.14) ak:2<nk+2> wz’thnk¢§+Z, k=0,1,2,3.

Then p (7) is a solution of the elliptic form (1.3) if and only if there exist
A (1) and B (1) such that the generalized Lamé equation (1.13) with apparent
singularities at £p (1) preserves the monodromy while T is deforming.

Our method to prove Theorem 1.1 consists of two steps: the first is to
derive the isomonodromic equation, a Hamiltonian system, in the moduli
space of tori for (1.13) under the non-resonant condition ny € 1 + Z. The



6 ZHIJIE CHEN, TING-JUNG KUO, AND CHANG-SHOU LIN*

second is to prove that this isomonodromic equation (the Hamiltonian sys-
tem) is equivalent to the elliptic form (1.3). To describe the isomonodromic
equation for (1.13), we let the Hamiltonian K (p, A, ) be defined by

(1.15) K (p,A,1)= ;(B + 2pn (1) A)

_ ( A% 4 (=C(2pl7) + 2pm (1)) A — 9 (2p|7) )
T 4r Zk Onk(nk—I-l)p(p—{—%h)
Consider the Hamiltonian system
(1.16)
W) - AT — (24 - <<2prf> +2om (1)
dA) _ _OK(pAm) _ i ( (20 (2pl7) +2m (1)) A 5@ ' (2pl7) )
" & =Yg mk (e + 1) ¢ (p+ % |7)

Then our first step leads to the following result:
Theorem 1.2 (=Theorem 2.3). Let ny & %4— Z, k = 0,1,2,3. Then

(p(7), A(T)) satisfies the Hamiltonian system (1.16) if and only if equation
(1.13) with (p(T), A(7), B(T)) preserves the monodromy, where

(1.17) B:AQ—C(Qp)A—prp annk—i—l ( 2).

And the second step is to prove

Theorem 1.3 (=Theorem 2.5). The elliptic form (1.3) is equivalent to the
Hamiltonian system (1.16), where ay, = % (nk + %)2, k=0,1,2,3.

Clearly Theorem 1.1 follows from Theorems 1.2 and 1.3 directly.

Remark 1.1. In [20], Manin rewrote the elliptic form (1.8) into an obvious
time-dependent Hamiltonian system:

dp(t) OH dq(r) _ _O0H

(1.18)

dr — 0q’ dr Cop’

where
H=H(r,p,q) = ——i——Zalp( %h’)

However, it is not clear whether the Hamzltoman system (1.18) governs
isomonodromic deformations of any Fuchsian equations in E, or not. Dif-
ferent from (1.18), our Hamiltonian system (1.16) governs isomonodromic
deformations of the generalized Lamé equation for generic parameters.

Both Theorems 1.2 and 1.3 are proved in Section 2. It seems that the gen-
eralized Lamé equation (1.13) looks simpler than the corresponding Fuchsian
ODE on CP!, and it is the same for the Hamiltonian system (1.16), com-
pared to the corresponding one on CP!. From the second equation of (1.16),
A (1) can be integrated so that we have the following theorem:
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Theorem 1.4. Suppose (p(7), A(T)) satisfies the Hamiltonian system (1.16).
Define

(1.19) F(r) = A(T) + %(C(ZP(T)\T) = 2¢(p(7)[7)).
Then

(EURN Y ~abi() EZio mi(mi + 1/ (p(7) + 417))

exp {5 |7 (2p(2p(7)|7) ~ plp(r)|7) dr'}

for some constant ¢ € C, where 0}(7) = dﬁl (zi7) |.=0 and Y1 (z;T) is the odd
theta function defined in (2.30). In partzcular for ni, = 0,Vk, we have

a2y Fo) =aimien{ L [ ol - o)
for some constant ¢ € C\ {0}.

Remark 1.2. Let n(7) be the Dedekind eta function: n(t) = g1 I,
q"), where ¢ = e*™™ for T € H. Then 0}(1) = 27n(7).

The elliptic form (1.3) and our results above could be applied to under-
stand the phenomena of collapsing two singular points 4p(7) to % in the
generalized Lamé equation (1.13). In general, when p(7) — %* as 7 — 7o,
the generalized Lamé equation might not be well-defined. However, when
p(7) is a solution of the elliptic form (1.3), by using the behavior of p(7)
near 7y, the following result shows that the generalized Lamé equation will
converge to the classical Lamé equation (1.12).

Observe that if p(7) is a solution of the elliptic form (1.3), then p(7) — %¢
is also a solution of (1.3) (maybe with different parameters). Therefore, we
only need to study the case p(7) — 0. More precisely, we have:

Theorem 1.5 (=Theorem 3.1). Suppose that ny & %+ Z, k=0,1,2,3,
and (1.17) holds. Let (p(T), A(T)) be a solution of the Hamiltonian system
(1.16) such that p(1o) = 0 for some 19 € H. Then

(1-

(1.22) p(1) = co(T — T())%(l + il(T —19) + O(T —19)?) as T — 9,

1 -
where 0(2) = :I:z'% and h € C is some constant. Moreover, the generalized
Lamé equation (1.18) as T — 19 converges to

3
(1.23) " = an (nj+1)p <z+ 5 ) +m(m+1)p(z) + Bo| y in Ex
=1

where

.no—i—%

) no+1 af co—zn0+
no—1 if 3 =—i

T 9
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By = 27mco <4mh m (7o ) Zn] nj + 1)e;j(mo).

Remark 1.3. (1) Equation (1.23) is an elliptic form of Heun equation,

and the potential of equation (1.23) as the Schrodinger operator is
also called the Treibich-Verdier potential, which has the finite gap
property when n; € NU {0} for all k. See [27, 30].

In Section 4, we will see that the generalized Lamé equation (1.13)
is an elliptic form of the Fuchsian equation (4.1) on CP!; see also
[28], where for the case ny € NU{0} for all k, Takemura obtained
the connection between the generalized Lamé equation (1.13) and
Painlevé VI equation by means of equation (4.1). Equation (4.1)
has five reqular singular points (see (4.2)) and can be seen as a
one-parameter deformation of Heun equation. Due to this reason,
equation (4.1) is also called Heunl equation in [18]. The collapse of
two singular points of Heunl equation was studied in [29], where
is fired (i.e. independent of \) during the collapsing process A —
one of {0,1,t,00} (see (4.2)-(4.6) for (t,\,p)). Here our study of
p(T) — F is different from those in [29] because we require that
(p(1), A(7)) always satisfies the Hamiltonian system (1.16) during
the collapsing process.

Theorem 1.5 will be proven in Section 3. In Section 4, we will give another
application of our isomonodromy theory (see Corollary 4.1). More precisely,
we will establish a one to one correspondence between the generalized Lamé
equation and the Fuchsian equation (4.1) on CP!. Furthermore, we will
prove that if one of them is monodromy preserving then so is the other
one. We remark that all the results above have important applications in
our coming paper [4]. For example, Theorem 1.5 can be used to study the
converge of even solutions of the mean field equation (1.7) as p (1) — 0 when

T — 70

We conclude this section by comparing our result Theorem 1.1 with the
paper [17] by Kawai. Define the Fuchsian equation in E, by

(1.24)

where

(1.25)

with

(1.26)

Y (2) =q(2)y (2),

L+Z {HC (z —ti|7) + (93—1)@(2—@]7’)}

vy [ oG (2 = bal) + 59z = talr)
a=0

ZHz‘—ZMa =0.

=0 a=0
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Here L, H;, t;, 0;, pia, by are complex parameters with tg = 0. The isomon-
odromic deformation of equation (1.24) was first treated by Okamoto [23]
without varying the underlying elliptic curves and then generalized by I-
wasaki [14] to the case of higher genus. Let R be the space of conjugacy
classes of the monodromy representation of m ((E-\S), q0), where S denotes
the set of singular points. Then it was known that R is a complex mani-
fold. It was proved by Iwasaki [14] that there exists a natural symplectic
structure €2 on the space R. In [17], Kawai considered the same Fuchsian
equation (1.24) but allowed the underlying elliptic curves to vary as well.
By using the pull-back principle to the symplectic 2-form €2, Kawai studied
isomonodromic deformations for equation (1.24) which are described as a
completely integrable Hamiltonian system: for 1 <1¢ < m,

OH; 0by  OH Opa " OH; Opia OH
1. = e _ o T
(1.27) Z Oue’ OT 8/¢Lo¢7 ot; pt Ob, Ot ob,’
where
1
H:% L+771 (Zbaﬂa th z)]

Now considering the simplest case m = 0 and by using (1.26) and ¢y = 0,
the potential ¢(z) takes the simple form (the subscript 0 is dropped for
simplicity)

(128) 4(2) = L+uC (elr) 4 (62— 1) o elr) ¢ (= — blr)+ 50 (= — Blr).

Consequently, the Hamiltonian system (1.27) is reduced to

D — S iop — ¢(bl7) + b,
(1.29)

@ = L [up(dlT) + pm — 262 — 1)/ (b]7)] -

Furthermore, the Hamiltonian system (1.29) is equivalent to

a (b 1 S0 (b w
dﬂ<§)—@ag%w@<z+g7)’

which implies that g satisfies the elliptic form (1.3) with (ag, a1, ae, a3) =

(g—;, %, %, %); see [17, Theorem 3|. It is clear that our potential I (z) is
different from (1.28) except for ny = 0,k =0,1,2,3 in I (2) and = £2 in
(1.28). Notice that the linear ODE (1.24) with (1.28) only has the apparent
singularity at b. Thus it seems that the monodromy representation for (1.24)
could not be reduced to m (E;) when 6 # +2. However, when n; € NU{0}
for all k, the monodromy representation for (1.13) could be simplified. We
remark it is an advantage when we study the elliptic form (1.3) with aj =
%(nk + %)2, kE = 0,1,2,3. From Kawai’s result in [17] and ours, it can
be seen that the elliptic form (1.3) governs isomonodromic deformations of
different linear ODEs (e.g. (1.24) with (1.28) and (1.13)). Therefore, it
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is important to choose a suitable linear ODE when generic parameters are
considered.

2. PAINLEVE VI AND HAMILTONIAN SYSTEM ON THE MODULI SPACE

In this section, we want to develop an isomonodromy theory on the mod-
uli space of elliptic curves. For this purpose, there are two fundamental
issues needed to be discussed: (i) to derive the Hamiltonian system for the
isomonodromic deformation of the generalized Lamé equation (1.13) with
n; & %—l—Z, i =0,1,2,3; (ii) to prove the equivalence between the Hamilton-
ian system and the elliptic form (1.3). We remark that the (ii) part holds
true without any condition. Recall the generalized Lamé equation defined
by

(2.1) y'=1(z7)y,

where
Wy 3
) =Y mi(mi+ g (24 5 1) + (0 +pi) + 9 (== plr)

(2.2) +A(C(z+plr) = C(z —pl7)) + B,

and p(7) € E;[2]. By replacing n; by —n; — 1 if necessary, we always
assume n; > —% for all i. Remark that, since we assume n; ¢ % + 7Z, the
exponent difference of (2.1) at 5 is 2n; + 1 ¢ 2Z, implying that (2.1) has
no logarithmic singularity at % O < <3.

For equation (2.1), the necessary and sufficient condition for apparent
singularity at 4+p is given by

Lemma 2.1. +p are apparent smgulam'ties of (2.1) iff A and B satisfy
W
(23)  B=A? C(Qp)A—ng (2p) — an ni +1) (p+5’).

Proof. 1t suffices to prove this lemma for the point p. Let y;, i = 1,2, be
two linearly independent solutions to (2.1). Define f = z—; as a ratio of two

independent solutions and v = log f’. Then

(2.4) (fiz} =" — % (W) = —21(2).

It is obvious that (2.1) has no solutions with logarithmic singularity at p iff
f (2) has no logarithmic singularity at p. First we prove the necessary part.
Without loss of generality, we may assume f (z) is holomorphic at p. The
local expansion of f at p is:

f(z)=cotea(z—p)7+--

(2.5) v(z)zlogf'() log2co +log (z — p —l—Zd (z—p
Jj=1
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(2.6) =z_ +Y E(z—p

7>0
-1 ' 3 ,
V()= ———=+ > _ (G +1)én (z—p),
(Z _p) >0
where €; = (j + 1) d;41. Thus,
1 -1 ) - ;
(2.7) v — 3 (v')2 =+ Z (j+1)éj41 (2 —p)
(Z _p) §>0
- [z — t Ze] (z — } .
7>0

Recalling I(z) in (2.2), we compare both sides of (2.4). The (z — p)~? terms
match automatically. For the (z — p) ™' term, we get

(2.8) —éo = 2A.
For the (z — p)o, i.e. the constant term, we have
_ 2 1.
(2.9) €1 — 561 - 56%
3
=- 2Zm ni+1)p (p+ 5 ) — 50 (2p) — 24 (29) —2B.

Then (2.3) follows from (2.8) and (2.9) immediately.

For the sufficient part, if (2.3) holds, then € is given by (2.8). By any
choice of é; and comparing (2.4) and (2.7), é; is determined for all j > 2.
Then it follows from (2.5)-(2.6) that f (z) is holomorphic at p. Since its
Schwarzian derivative satisfies (2.4), f is a ratio of two linearly independent
solutions of (2.1). This implies that (2.1) has no solutions with logarithmic
singularity at p, namely p is an apparent singularity. O

2.1. Isomonodromic equation and Hamiltonian system. The 2nd or-
der generalized Lamé equation (2.1) can be written into a 1lst order linear
System

d
(2.10) %Y =Q (7)Y in E.,

where

(2.11) Qz7) = (I (S; 7) (1)> ‘

The isomonodromic deformation of the generalized Lamé equation (2.1) is
equivalent to the isomonodromic deformation of the linear system (2.10).
Let y1 (z;7) and 9 (2;7) be two linearly independent solutions of (2.1),

then Y (z;7) = (y,l (27) y? (2 T)> is a fundamental system of solutions
n(%7) v (z7)
0 (2.10). In general, Y (z;7) is multi-valued with respect to z and for each



12 ZHIJIE CHEN, TING-JUNG KUO, AND CHANG-SHOU LIN*

7 € H, Y (2;7) might have branch points at S = {:l:p, 2l k= 0,1,2,3}.
The fundamental solution Y (z;7) is called M-invariant (M stands for mon-
odromy) if there is some qo € E;\S and for any loop ¢ € w1 (E;\S, qo), there
exists p (¢) € SL(2,C) independent of T such that

CY (7)) =Y (7) p ()

holds for z near the base point go. Here ¢*Y (z;7) denotes the analytic
continuation of Y (z;7) along ¢. Let v € m1(E;\S,q), k =0,1,2,3,+, be
simple loops which encircle the singularties %¢, & = 0,1,2,3 and £p once
respectively, and ¢; € m1(E;\S,qo), j = 1,2, be two fundamental cycles of
E. such that its lifting in C is a straight line connecting go and gqo + w;.
We also require these lines do not pass any singularties. Of course, all the
pathes do not intersect with each other except at gqyg. We note that when 7
varies in a neighborhood of some 79, v, and ¢; can be choosen independent
of 7.

Clearly the monodromy group with respect to Y (z;7) is generated by
{pW;),p(v)| j=1,2and k=0,1,2,3,£}. Thus, Y (2;7) is M-invariant
if and only if the matrices p (¢;), p (y%) are independent of 7. Notice that
I (+;7) is an elliptic function, so we can also treat (2.10) as a equation defined
in C, i.e.,

d

(2.12) %Y =Q(z7)Y inC.

Furthermore, we can identify solutions of (2.10) and (2.12) in an obvious
way. For example, after analytic continuation, any solution Y (+;7) of (2.10)
can be extended to be a solution of (2.12) as a multi-valued matrix function
defined in C (still denote it by Y (:;7)). In the sequel, we always identify
solutions of (2.10) and (2.12). Then we have the following theorem:

Theorem 2.1. System (2.10) is monodromy preserving as T deforms if and
only if there exists a single-valued matriz function Q (z;7) defined in C x H
satisfying

(2.13) { Qz+1;7)=Q(z;7)

Qlz+77) =Q(z7) - Q(27),
such that the following Pfaffian system

(2.14) { %Y(z;r) —Q (7)Y (27)

m C x H
Oy (1) =Q(un)Y (7))

is completely integrable.

Remark 2.1. The classical isomonodromy theory in C (see e.g. [15, Propo-
sition 3.1.5]) says that system (2.12) is monodromy preserving if and only
if there exists a single-valued matrixz function Q (z;7) defined in C x H such
that (2.14) is completely integrable. Theorem 2.1 is the counterpart of this
classical theory in the torus E.. The property (2.13) comes from the pre-
serving of monodromy matrices p (¢;), j = 1,2 during the deformation (see
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from the proof of Theorem 2.1 below). Notice that p(¢;) can be considered
as connection matrices along the straight line £; connecting qo and qo + w;
for system (2.12).

Notice that system (2.14) is completely integrable if and only if

(215)  2Q(m) = o0 (57) +[0(57),Q (7], and
(2.16) d(Q(z;7)dr) = [Q(z;7)dr] AN [Q(2;7) dT],

where d denotes the exterior differentiation with respect to 7 in (2.16). See
Lemma 3.14 in [15] for the proof. Clearly (2.16) holds automatically since
there is only one deformation parameter. We need the following lemma to
prove Theorem 2.1.

Lemma 2.2. LetY (z;7) be an M -invariant fundamental solution of system
(2.10) and define a 2 x 2 matriz-valued function Q (z;7) in E; by

O
(2.17) Qz7) = oYY

Then Q (z;7) can be extended to be a globally defined matriz-valued function
in C x H by analytic continuation (still denote it by Q2 (z;7)). In particular,
(2.17) holds in C x H by considering Y (z;7) as a solution of system (2.12).

Proof. The proof is the same as that in the classical isomonodromy theory
in C. Indeed, since Y (z;7) is M-invariant, we have

* * 0 — 0 * *\—
(2~18) Vi $2 (297') =k (&_Y Y 1) = EWY VY !
B 0 1+ —1
=3 Yp(w) -plw) Y
0

_ 9 v1_0(.
_37'Y Y Q(z;7)

for k =0,1,2,3,+, namely Q (-;7) is invariant under the analytic continu-
ation along 7. Thus, (+;7) is single-valued in any fundamental domain
of E; for each 7. Then for each 7 € H, we could extend Q(z;7) to be a
globally defined matrix-valued function in C by analytic continuation. [J

From now on, we consider equation (2.10) defined in C, i.e., (2.12). The
analytic continuation along any curve in C always keep the relation (2.17)
between Y (z;7) and Q (z; 7).

Proof of Theorem 2.1. First we prove the necessary part. Let Y (z;7) be
an M-invariant fundamental solution of system (2.10) and define € (z;7) by
Y (z;7). By Lemma 2.2, Q (z;7) is a single-valued matrix function in C x H
and Y'(z;7) is a solution of (2.14), which implies (2.15). Hence the Pfaffian
system (2.14) is completely integrable.

It suffices to prove that Q(z; 7) satisfies (2.13). Note that Q(z; 7) is single-
valued in C x H. Therefore, to prove (2.13), we only need to prove its
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validity in a small neighborhood Uy, x V;; of some (qo, 79), where g is the
base point. By considering Y (z;7) as a solution of system (2.12), we see
from Remark 2.1 and Lemma 2.2 that, for (z,7) € Uy, x Vo,

(2.19) Y(z+w;7)=Y(z71)p ),

(2.20) O(7) = ¥ (57)- V(7)™

(221)  Q(twsm) = oY (e twin) Y ten)
T
Therefore, (2.19) and (2.21) give

Q(z+wi;T)
= iY( +wi;T) — =Y (2 + wi; )iw Y (24 wiT) !
~ldr 2T Wi T > i T ™ i T

- [jT Y (z7) p(€:)) — g (Y (27) p (€)) dwi] (Y (1) p(0)7

Since p (¢;) ,i = 1,2, are independent of 7, we have
Qz+1;7)= diY(z;T)-Y(z;Tr1 =Q(z;7),
T
and
Qz+77)= iY (z;7)- Y (z;7) ! = 2Y (z;7)- Y (z;1) 7!
z T7T - dT ) ) az ) )
=Q(%7) - Q(%7).

This proves (2.13).

Conversely, suppose there exists a single-valued matrix function 2 (z; 1)
in C x H satisfying (2.13) such that (2.14) is completely integrable. Let
Y (z;7) be a solution of the Pfaffian system (2.14). Then (2.19)-(2.21) hold
and Y (z;7) satisfies system (2.10) in E;. Hence

QY(z—l—w,;;T)*iY(z—i—wi;T)—ﬁY(z—i—wi;T)i

or Cdr 0z drwi’
which implies
(2.22) 2Y(,'<7+1'T) = i(Y (z;7) p(41))
or ' dr ’
= Dy m) p ) +Y (57) p ()
T T

= QY () () +Y (57) L p(8)
and
0
(2.23) EY (z47;7)

d

= Ly (@) o () ~ o (¥ (z7) p(82)
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= TV (1) () Y (57) o p(la) — Y (57) - p ()

or 0z
= 10(57) ~ QTN (57)p(0) Y (57) o (£2).
On the other hand, by (2.19) and (2.21), we also have
(2.24) DV (hwsm) = Qe twsm)Y (57)p(6).
Then by (2.22), (2.23), (2.24) and (2.13), we have
Y (57) g () = Y (57) e (£2) = 0.

Also, by the same argument as (2.18), we could prove

d
Y (z;7) e (vk) =0,k=0,1,2,3,+.
T
Because of det Y # 0, we conclude that

d d

—p ;) = — =0.

Thus, Y is an M-invariant solution of (2.10). That is, system (2.10) is
monodromy preserving. This completes the proof. O

Q1 Q2
Qo1 Qoo
by a straightforward computation, the integrability condition (2.15) is e-
quivalent to

Write Q (z;7) = < ) Since @ (z;7) has the special form (2.11),

(2.25) AT, — 2T + 2%] —0 inCxH,

where we denote ' = % to be the partial derivative with respect to the
variable z. This computation is the same as the case in C (see e.g. [15,
Proposition 3.5.1]), so we omit the details. Then we have the following fun-
damental theorem for isomonodromic deformations of (2.10) in the moduli
space of elliptic curves:

Theorem 2.2. System (2.10) is monodromy preserving as T deforms if and
only if there exists a single-valued solution Q9 (z;7) to (2.25) satisfying

(2.26) Q2 (2 + 17) = Q2 (27),
Qo (z4+7;7) =Qua(2;7) — L.

Proof. By Theorem 2.1, it suffices to prove the sufficient part. Suppose there
exists a single-valued solution Q19 (2;7) to (2.25) satisfying (2.26). Then we

define Q (z;7) = (gn 312) by setting
21 {22

1
(2.27) M (z7) = —59/12 (z;7),
Qo1 (z;7) = (5:7) + Q2 (z57) I (257),
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Qo2 (2;7) = Vg (257) + Q1 (257) .

By (2.25), it is easy to see that  (z;7) satisfies the integrability condition
(2.15) (see e.g. [15, Proposition 3.5.1]), namely (2.14) is completely inte-
grable. Finally, (2.13) follows from (2.26). This completes the proof. O

The first main result of this section is as follows:

Theorem 2.3. Let n; & %+ Z, k = 0,1,2,3 and p(7) is an apparent
singular point of the generalized Lamé equation (2.1) with (2.2). Then (2.1)
with (p, A) = (p(7),A(7)) is an isomonodromic deformation with respect to
T if and only if (p (1), A (7)) satisfies the Hamiltonian system:
dp(r) _ 0K (p,Ar) dA(r) _ OK(p, A7)

dr 0A ’ dr dp ’

(2.28)

where

=i A%+ (=C(2pIT) + 2pm (7)) A= 39 (2pI7)
) Kpan=p (LGN L )

47
To prove Theorem 2.3, we need the following formulae for theta functions
and functions in Weierstrass elliptic function theory.

Lemma 2.3. The following formulae hold:

(i)
5o G17) = - [0 (a1r) = €2 a1r) + 201 (€ alr) = 1) = 00
(ii)
Dy L [ o (217) + 2(C (2lr) — 21 (7)) o (2l7) ]
or A | +2mC (z|T) — %292 (7) ’
(iii)
0 =i [ 20— am () ¢ ()
o7 G0 = 4 [ +4(p (217) = m) 9 (217) — 25 (7) } ’
(iv)
0 =i [ 6l ) ¢ (2l)
o7 G =7 [ F(C(2lr) — 2m (7)) (122 (217) — g2 (7)) ] ’
v d : 1
e (1) = ﬁ [%f — 592 (T)} ,
v d 3i
Elnﬂll (1) = ﬁm,
where

g2 (1) = —4(e1 (7) e2 (7) +e1 (1) e3(7) + €2 (1) €3 (7)),
0 (7) = 501 (57 ooy - Tno elr) 2 € (2I7),
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o0

(230) Al (z; 7') = 4 Z (_1)ne(n+%)27ri7'e(2n+1)7riz'

n=—oo

Those formulae in Lemma 2.3 are known in the literature; see e.g. [2] and
references therein for the proofs.

To give a motivation for our proof of Theorem 2.3, we first consider the
simplest case ny, = 0,Vk: Let a1 = r + s7 where (r,s) € C2\34Z? is a fixed
pair and +p (1), A (1), B (7) be defined by

(231) ¢l (1) +p(r) +C (o (1) = p() = 2 (i () + smp(7) = O,
(232 A= [0+ m) +Cp—a) — ()],

(2.33) B=A?—((2p)A— Z@@p) :

respectively. In [4] we could prove that under (2.31)-(2.33), the two functions

(z:7) = i@ +c@—p) 7 (ZF a)
[0(2+p)o(z—p)

are two linearly independent solutions to the generalized Lamé equation
(2.1) with np, =0, £ =0,1,2,3, ie.,

Y+aq

S

(2.34) y":[3<p<z+p>+p<z—p>>+A<c<z+p>—<<z—p>>+B]y.

4
Observe that (2.34) has singularties only at £p. Thus, the monodromy
representation of (2.34) is a group homomorphism p : 71 (E-\ {£p},q) —
SL(2,C). Then we could also compute the monodromy group of (2.34) with
respect to (Ya, (2;7),y—a, (z;7))" as following [4]:

(2.35) p(v+) (yg’f’;(é;))) = <_ol _O1> <y3flil(i;;TT))> ’
(2.36) p(l1) (j_“;fé%) = <e_?)m e‘;’)f“) (yyj;l(é;?)) ’

Yay (257) ) <62m" 0 ) (yal (z;7) )
237 »€ 1 = —2mir .
(2.87) o) (y_m (27) 0 e? Y—ar (%7)
By (2.33) and Lemma 2.1, +p (7) are apparent singularities. Since the pair
(r,s) is fixed, we see from (2.35)-(2.37) that the generalized Lamé equation

Yar (57) Yo (Z;T)> is an

2.34) is monodromy preserving. Thus Y =
(2:34) Y preserving () e
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M-invariant fundamental solution for the system (2.10). Then by Theorem
2.1, the single-valued matrix Q (z;7) could be defined by

0
Q(z7) =5V y!
o) e}
— 1 (%,—yal %,-ya1> <y,—71 _ya1>
detY mygl Ey'_al “Ya,y Yaq

9 K} 0 1 Yo 9 )
_ Yay Ey*m —Y-ay 37:1/(11 o or n Y-a1 _ Br In f (Z, 7‘)
o / 0 Ya; ~— O )
Yaq y—al —Y-—ay y{ll 52 In y7:1 9z In f (27 T)

which gives us

Q2

where f = ;’L is given by
T
f(z;7) = e2Clatpca—p) 2 (z—a1)
’ o(z+a)
Using (2.31) and Legendre relation 71, — e = 27i, we have
238 2i7) = 622a1n1—47riszg (Z - al) )
(239) (57) e

In order to compute 12, we compute % In f (z;7) and % In f (z;7), respec-
tively. By Lemma 2.3 and (2.38), we have

(2.39) 9 In f(z;7)

or
=2zsm1 + 2za1% —(((z—a1|r) + (2 +ailr))s
f;lna(z —aq|T) — %lna(qual]T)
== [C(z+a) = ¢z —a) - 2ma + dis]
< [Cz—a) + ¢ (x4 ) =2z + = [ (2 = 1) = p (= + )],
and
(2.40) (;92 Inf(z;7) =2a1m —4mis+((z —a1) = ( (2 4+ a1).

Thus from (2.39), (2.40) and (2.31), we have

1

Dz (z7) = = [0 (2 — a1) + ¢ (2 + ar) — 2z
K p(z—a1) —p(z+a)
4 2a1m —4Amis+((z —a1) — (2 4+ a1)
(2.41) =— ﬁ[( (z—a1)+C(z+ar) —2zm]
i pz—a1)—p(z+a1)

Tt @m-ptC(z—a)—Czta)
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From (2.41), we see that +ay are not poles of Q15 (z; 7). In fact, £p are the
only simple poles and 0 is a zero of Q12 (z; 7). Furthermore, we have

—1
(2.42) Zlifispglg (Z7 7‘) = E

By (2.41), it is easy to see that
(2.43) Mg (—2;7) = — Q2 (23 7).
By (2.42), (2.43) and (2.26), Q12 (z;7) has a simpler expression as follows:

2 (5:7) = == (C (= = ) + C (= +p) — 22m1).

For the general case, we do not have the explicit expression of the two
linearly independent solutions. But the discussion above motivates us to
find the explicit form of Q9. For example, we might ask whether there
exists {219 satisfying the property (2.43) or not. Thus, we need to study it
via a different way. More precisely, we prove the following theorem:

Theorem 2.4. Under the assumption of Theorem 2.3, suppose the gener-
alized Lamé equation (2.1) with (p, A) = (p(7),A (7)) is an isomonodromic
deformation with respect to . Then there exists an M -invariant fundamen-
tal solution Y (z;7) of system (2.10) such that Q2 (z;7) is of the form:

7

(2.44) Q2 (2;7) = i (C(z=p(1) +C(z+p(1)) —22m),

where Q19 (z;7) is the (1,2) component of Q2 (z; T) which is defined by Y (z; ).

We remark that Theorem 2.4 is a result locally in 7. In the following, we
always assume that 1} is a small neighborhood of 7y such that p (1) ¢ E; [2]
and A (7), B(7) are finite for 7 € Vj. First, we study the singularities of
Qo (z;7):

Lemma 2.4. Under the assumption and notations of Theorem 2.3, suppose
Y (z;7) is an M-invariant fundamental solution of (2.10) with (p,A) =
(p(1),A(7)) and Q(z;7) is defined by Y (z;7). Then
(i) Q2 (-;7) is meromorphic in C and holomorphic for all z & {+p(7), %,
i=0,1,2,3} + A
(i) If there exist i € {0,1,2,3} and (by,by) € Z? such that o4+
bot is a pole of Qo (+;7) with order m;, then m; = 2n;, and any
point in - + Ar is also a pole of Qua (-;7) with the same order m;.
Consequently, if Q12 (-;7) has a pole at %5 + A, then n; € N.
(iii) Q2 (;7) has poles at {£p} + A, of order at most one.

Proof. (i) Since equation (2.25) has singularities only at {£p(7),%,i =
0,1,2,3}+Ar7, Q12 (+; 7) is holomorphic for all z ¢ {£p(7), 5,7 =0,1,2,3} +

A-. On the other hand, if zo € {£p(7),%,i = 0,1,2,3} +A; is a singularity
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of Q12 (+;7), then by using (2.17) and the local behavior of Y (-;7) at zg, it
is easy to prove

M2 (z;7) = (Zi(;)))m(l + higher order term) near z
for some ¢(7) # 0 and m € C. Since Q2 (+;7) is single-valued, we conclude
that m € N, namely zp must be a pole of Q2 (-;7). This proves (i).

The proof of (ii) and (iii) are similar, so we only prove (ii) for i = 0.
Without loss of generality, we may assume b; = bs = 0. Suppose 0 is a
pole of Qy3 (z;7) with order mg € N. By (2.26), it is obvious that for any
(b1,b) € Z2, by + ba7 is also a pole with the same order mg. Suppose

o
_ & 1
(2.45) Qo (z;7) =270 ( E ckzk> = 2700 +0 <2m0_1> near 0,
k=0

where ¢y # 0. Then we have

Co 1
(247) U (z57) = —mo (mo+1) (mg +2) s +0 (s
. 12 Z,T — m() mO mO Zm0+3 Zm0+2 5
and

1
I(z;T):no(no—l—l);

3
Wy 3
| (i + 1o (5) +500) +24C () + B| +0(2)
1
(2.48) =ng (no + 1) a2t D(r)+ 0 (),
where D (7) is a constant depending on 7. Thus
ar) — — 1 or . ._
(2.49) I'(z;7) = —2ng (np + 1) po +0(1), 7 (z;7)=0(1)

Substituting (2.45)-(2.49) into (2.25), we easily obtain
mo (m(] + 1) (mo + 2) co = 4ng (no -+ 1) (mo + 1) Co-

Since ng > —%, we have mg = 2ng € N. Together with the assumption that
ny & % + Z, we have ng € N. This completes the proof. O

For the isomonodromic deformation of the 2nd order Fuchsian equation
(4.1) on CP!, if the non-resonant condition n; & % + Z holds, then 45 is
independent of the choice of M-invariant fundamental solutions. See [15].
However, the same conclusion is not true in our study of equations defined in
tori; see Remark 2.2 below. The following lemma is to classify the structure
of solutions of (2.25).

Lemma 2.5. Under the assumption and notations of Lemma 2.4. Then



HAMILTONIAN SYSTEM FOR THE ELLIPTIC FORM OF PAINLEVE VI 21

Q) If Y (z;7) is another M-invariant fundamental solution of (2.10),
then Q9 (2;7) — Q12 (2;7) is an elliptic function with periods 1 and
T, and satisfies the following second symmetric product equation of
(2.1):
(2.50) O — 419 —2I'® = 0.

(ii) Let ®(2;7) be an elliptic solution of (2.50). For any c € C, define
ng (Z; 7') by

Q1 (z;7) = Q2 (2;7) + P (2;7) .

Then there exists an M -invariant fundamental solution Y (z~;7') of
system (2.10) such that iz (2;7) is the (1,2) component of Q2 (z;7)
which is defined by Y (z; 7).

Proof. (i) This follows directly from that Q5 (z;7) and Q49 (2;7) are both
single-valued and satisfy (2.25) and (2.26).

(i) Tt is trivial to see that €15 (2;7) satisfies (2.25) and (2.26). Moreover,
since both ® (z;7) and Q5 (z;7) are single-valued, Q5 (z;7) is single-valued.
By Theorem 2.2, there exists an M-invariant fundamental solution Y (z;7)
of system (2.10) such that Q (z;7) is defined by Y (z;7). O

Lemma 2.6. Under the assumption and notations of Lemma 2.4. Then
there exists an M -invariant fundamental solution Y (z;7) such that

ng (Z; T) = —912 (—Z; 7') .

Proof. Recall that Y (z;7) = <y} (z7) y? % T)> is an M-invariant funda-
v (57) gy (27)

mental solution of (2.10) in a neighborhood Uy, of go. Then for z € Uy, a

neighborhood of —gqp, we define

¥ (2:7) = ( vi(=57)  y2(=27) > ‘

v (=27) —yp(=27)
It is easy to see that Y (z;7) is a fundamental solution to (2.10) in —Uy,-
Define 2 (z;7) by Y (2;7), then we have
~ ~ 0 0
det ¥ (z7) - Qua (27) =y1 (=27) 510 (=27) =12 (=27) 5oy (=27),
and since detY (z;7) = —det Y (—z;7), we obtain
(2.51) 912 (Z;T) = —912 (—Z;T)

for z € —Uy,. Since €2 is globally defined and single-valued, by analytic
continuation, (2.51) holds true globally. Thus, Qi is globally defined and
single-valued. Moreover, Q15 (2;7) satisfies (2.25) and (2.26) which implies
that Y (z;7) is M-invariant. This completes the proof. ]
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Proof of Theorem 2.4. Since the generalized Lamé equation (2.1) with (2.2)
is monodromy preserving as 7 deforms, by Theoyem 2.2 and Lemma 2.4,

there exists a single-valued meromorphic function 49 (z; 7) satisfying (2.25)
and (2.26). Define Q45 (z;7) by

1r1aA R
(2.52) Qo (z;7) = 5 Qo (z;7) — Qa2 (—2z57) | .

To prove Theorem 2.4, we divide it into three steps:
Step 1. We prove that there exists an M-invariant fundamental solution
Y (z;7) of system (2.10) such that

(2.53) Q(z7) = 867Y (z7) Y ' (z7)

and Q2 (z;7) is the (1,2) component of Q (z; 7).
Let

O(z;7) = —% [ng (z;7) + 01 (—z;7)] .

By Lemmas 2.6 and 2.5, ® is an elliptic solution of equation (2.50) and
Q1o (2;7) = Qua (2:7) 4+ ®(2; 7).

By Lemma 2.5 (ii), there exists an M-invariant fundamental solution Y (z; 7)
of system (2.10) such that (2.53) holds.

Step 2. We prove that Q2 (2;7) is an odd meromorphic function and
only has poles at {£p} + A; of order at most one. Furthermore, Q5 (2;7)
is an even elliptic function.

Clearly (2.52) and Lemma 2.4 imply that Q12 (z; 7) is an odd meromorphic
function. Now we claim that:

(2.54) Q42 (z;7) only has poles at {£p} + A, of order at most one.

By Lemma 2.4 (i), Q12 (2; 7) is holomorphic for all z € {£p, 5,1 = 0,1,2,3}+
A If Q19 (2;7) has a pole at 5 + A+, then the order of the pole is 2n; € 2N
by Lemma 2.4 (ii), which yields a contradiction to the fact that Q19 (z;7) is
odd and satisfies (2.26).

Step 3. We prove that Q12 (z;7) is of the form (2.44):

Qua (257) = 5= (€2 = p) + ¢ (2 4+p) = 22m0)..

By Step 2 and (2.54), we know that ), (z;7) must be of the following
form

2(z7)=-C(p(z+p)+p(z—p)+D
for some constants C', D € C. Thus by integration, we get
Qo (27) =C([C(z+p)+C(z—p)) + Dz + E
for some E € C. Since Q12 (z;7) is odd, we have E = 0. Furthermore,
Q2 (24 1;7) = Q2 (257) +2Cm + D,

and
Qo (z+7;7) = Qa2 (z;7) +2Cn2 + DT
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By (2.13), we have
2Cn +D =0, 2Cns + D7 = —1.

By Legendre relation 711 — 1y = 27, we have
—1 1
C=-— and D=—
ar M o 1
which implies (2.44). This completes the proof. O

Corollary 2.1. Under the assumption and notations of Lemma 2.4 and
assume n; ¢ Z for some i € {0,1,2,3}. Then Q2 (2;7) is unique, i.e.,
Q2 (z;7) is independent of the choice of M -invariant solution Y (z;7) of
system (2.10).

Proof. For any M-invariant solution Y (z;7) of system (2.10), by Theo-
rem 2.2, there exists a single-valued function 15 (z; 7) satisfying (2.25) and
(2.13). Let

D (z;7) = Qo (2;7) + Qo (—2;7) .
If ®(z;7) # 0, then ® (z;7) is an even elliptic solution of (2.50). Without
loss of generality, we may consider the case ny € Z. Then 2n, € Z since
ny ¢ % + Z. Since the local exponents of (2.50) at % are —2n1,1,2n1 + 2

and @ (z;7) is elliptic, the local exponent of ® (z;7) at z = %! must be

2
1, ie., % is a simple zero. But again by ® (z;7) is even elliptic, we have
P’ (%;T) = 0, which leads to a contradiction. Thus, ® (z;7) = 0, i.e.,
Q2 (z;7) is odd. Then by Theorem 2.4, Q12 (z;7) is of the form (2.44). O
Remark 2.2. When n; € Z for all i = 0,1,2,3, Q2 (2;7) might not be
unique. For example, when n; =0 for all i =0,1,2,3, we define
®(2;7) = ¢ (2 +pl7) = C(z — plT) — C(2p|T) — 24,

then ® (z;7) is an even elliptic solution of (2.50). So for any c € C,

Qua (257) = 1 (C (2= p) +C (2 +) = 2em) + @ (=:7)

satisfies (2.25) and (2.26). By Lemma 2.5, there exists an M-invariant
solution Y (z;7) such that Q (z;7) is defined by Y (2;7).

Define U (z;7) by
0
U(z;7) = Q) (:7) =4I (2;7) Qg (257) — 2I' (257) Qo (23 7) + 251 (%),
T

where Q15 (z;7) is given in Theorem 2.4 (2.44), i.e.,
i
iz (7) = == (C (= = ) +C (= + ) — 2em)
In order to prove Theorem 2.3, we need the following local expansions for
M2 (2;7) and I (2;7) at p and =¢, k = 0,1,2,3, respectively.

Lemma 2.7. Q5 (2;7) and I (z;7) have local expansions at p and %, k =
0,1,2,3 as follows:
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(i) Near p, let u= z —p. Then we have

oy (T (C(2p) = 2pm) — (0 (2p) + 2m) u
(255) 912(2,7)—47T<_%p (2p)up_7]()n1+p/;p( )) 3:{10('&4))’

and
(2.56) I(z7)= ZU*Z — Aut + A% + Hy (1) u+ Ho (1) u® + O (v?)

where

3
@57)  Hi(n) =Y w0 (p+ ) + 26/ () — Ap (2p).
k=0

and

% [an ny + 1) ( —) + Zp’@p) 43092 — Ag (QP)]

(ii) Near %, k€ {0,1,2,3}, let up, = z — <. Then we have

(2.58) Qo (2:7) = [ g ) H g_ ) ~wnm) ]

%+ p)+m) ug+ O (up)
and
(2.59) I(z;7)=ng (nk + 1) u >+ Ap (1) + O (uz) )
where
3 Wk + wj 3 /wp
— A J = Zr
(2.60) Ak(T)—;ng(nle)@( )+ 50 (%)
J
W W
+A@ (<5 +p) <5 -p) + B
Proof. Recall the following expansions:
1 92 ud—
2.61 S
(261) ) =2 — 2= B4 0 (7).
i 92,2, 93
(2.62) o)==+ 50U T+ 5gU Y+ 0 (u9).

The proof follows from a dlrect computation by using (2.61) and (2.62). O
By using Lemma 2.7, we have

Lemma 2.8. U (:;7) is an even elliptic function and has poles only at £p
of order at most 3. More precisely, U (z;7) is expressed as follows:

(2.63) Ul(z7) =L(1) (¢ (2 —p) — ¢/ (= +p) + ¢ (2p))
+ M (1) (p (2 —p) + 9 (2 +p) — p(2p))
+ N (1) (C(z2—p) —C(z+p)+¢(2p) +C (1),
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where the coefficients L (1), M (1), N (1) and C (1) are given by

@68 L) =5 (35 + 104 -3(C(20) ~ 2om)]).
(2.65) M (7 ):—2A§f+i[ 447 +2A(C(2p) — 2pm)],
o ,dA i [ 4A(p (2p)+n1)—3@’ (2p)
o) N =g | R e |
(2.67) C (1) 4ACCZTA —2H, (r )Zf
+Z’[ —44% (p (2p) + 2m) + 3A¢/ (2p) ]
drr | +2H: (1) (C(2p) — 2pm)

Here Hy (1) is given in (2.57).
Proof. Since I (-;7) is elliptic, we have I (z;7) = I (2 + 7;7). Thus

O i N_7 R .
(2.68) 51(2’,7’)—[ (z+7',7')+87_[(z+7',7')
:I/(Z;T)—F%I(Z—FT;T).

By using (2.68) and the translation property (2.26) of 12 (z;7), we have
U(Ez4wym)=U(z71), k=1,2,
that is, U (-;7) is elliptic. Moreover, since I (-;7) is even, we have
0

(2.69) 8—7[(2;7') = 887_[(—2;7').

By using (2.69) and Q2 (-;7) is odd, we see that U (-;7) is even.

Next we claim that:

(2.70) U (+;7) is holomorphic at 2k , k=0,1,2,3.

Since the proof is similar, we only give the proof for k = 2. In this case, by
(2.58) and (2.59) in Lemma 2.7, near § we have

(2.71) Qo2 (z57) = 4% 27 +2(p (5 +p) +m)uz+ O (ug)] ,
and
(2.72) I(z;7)=n2(na+1)uy 2+ Ag (1) + 0O (u%) ,

Then near 3, we have

(273) Wy (z57) = 1= [2(p (5 +2) +m) +0 ()],

(2.74) I'(z;7) = —2n9 (na + 1) u;g + O (u2),
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and
0 5 0
(2.75) EI (z;7) =ng(na+1)uy” + a—AQ (1) + O (u2) .
By (2.71)-(2.75) and Q12 (2;7) is holomorphic at ¢, k =0, 1,2, 3, we have
(2.76) U (z;71)
0
27) — AL (2;7) Qo (257) — 21" (257) Q12 (257) + 26—1 (z;7)
T
;7)) —4 o (na + D)uy? + As (1) + O (u3)]

()G ot
x (4;) [2mi+2 (o (5 +p) ) wn+ 0 ()|

ng (ng + 1) uy® + %Ag (1)+ 0O (u%)} .

From (2.76), it is easy to see that the coefficients of uy >, uy?, uy ' are all
vanishing which implies that U (z;7) is holomorphic at 3.
Now we prove U (z;7) can be written as (2.63). To compute the coeffi-

cients L (1), M (1), N (1) and C (1), we only need to compute near p. By
(2.55) and (2.56), near p, we have

oy T = (p(2p) +2m) — ¢ (2p)u
(2.77) 12 (27) = . ( _% (%+ (2}?))“ —|—O(u3 >7
(279) (zm) = (<60t = (2 407 n) + O w),
(2.79) I'(z;7) = f%u_?’ + Au? + Hy (1) + 2Ha (1) u+ O (u?) |
0 ., 3dp _ dp _ dA _
(2.80) EI(Z,T) =37t 3 _AdT 2 g !
< 2 11,7 )Zp>+0( ).

By (2.55), (2.56) and (2.77)-(2.80), near p, after computations we have
(2.81) U(z;7)

— (352 + - 04 -3¢ 20) ~ 2pm)] ) ™

< QAZf + L [ 4A% +2A(¢(2p) — 2p771)]> w2
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dA i [ 4A(p (2p)+n1)—3@’(2p) 1
(2 | SR e e )
4A4A _op, (1) %2

i [ —4A% (p (2p) + 2m) + 3A¢' (2p) } + 0 (u).
A7 | +2H: (1) (€ (2p) — 2pm)

Obviously, (2.81) implies that U (z;7) has pole at p with order at most 3.
Since U (z;7) is an even elliptic function, U (z;7) also has pole at —p with
order at most 3. From here and (2.70), we conclude that U (z;7) has poles
only at +p with order at most 3. Moreover, from (2.81), it is easy to see that
the coefficients L (1), M (1), N (1) and C (1) are given by (2.64)-(2.67). O

+

Proof of Theorem 2.3. By Theorem 2.2 and Lemma 2.8, the generalized
Lamé equation (2.1) with (p, A) = (p(7), A (7)) is monodromy preserving
as 7 deforms if and only if

Ul(z7) =0,
if and only if
(2.82) L(r)=M(1)=N(r)=C(1)=0.

By (2.64)-(2.67), a straightforward computation shows that (2.82) is equiv-
alent to that (p, A) = (p(7), A (7)) satisfies the Hamiltonian system (2.28)
(see (2.83) below). O

2.2. Hamiltonian system and Painlevé VI. Next, we will study the
Hamiltonian structure for the elliptic form (1.3) with «; defined by (1.14).
Our second main theorem is the following:

Theorem 2.5. The elliptic form (1.3) with ag = 5 (nk + f) k=0,1,2,3
is equivalent to the Hamiltonian system defined by (2 28) and (2.29).

Proof. Suppose (p (1), A (7)) satisfies the Hamiltonian system (2.28), i.e
(2.83)
G = ST = A=) 2 (1)
dAlr) _ _OK(pAT) _ i ( (20 (2p|7) +2m (7)) A — 56/ (2p]7) >
a o ~ e onk(nk+ )@(P+w’“17)

Then we compute the second derivative &

p(7) as follows:
( )

2 T T
esy DD D i B D )
v2m () B o d”;ﬂ .

By Lemma 2.3, we have

)

(285~ (2plr) = ;[ ¢ (2pl7) +2(C (2p|T)—2pm(T))@(2p\T)]

+2m¢ (2p|7) — ipga (1)
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(2.86) 2p (1) dn:iT(T) = %p (1) [277% - %92 (7)] :

Substituting (2.83), (2.85) and (2.86) into (2.84), we have

2 T _ 3 w
dpir) _ —1 @’(MTH%ZW (g, +1) ' (p+2k|7>>

dr? 2 prd
11 , k 1o /
(2.87) = a2 gZ@ (p-i-?T)—i—Ean(nk—kl)p <p+7|r)
k=0 k=0
3 2
-1 1 1 , k
- w2;2<nk+2> p<p+ 2 T)’

implying that p (7) is a solution of the elliptic form (1.3) with ay, = 5 (ny, + %)2,
k=0,1,2,3.

Conversely, suppose p (7) is a solution of the elliptic form (1.3) with oy =
% (nk + %)2, k =0,1,2,3. We define A (7) by the first equation of (2.83),
ie.,

dp(t) 1

(2.5%) () = 2020 4 L (¢ aplr) — 20m ().
Then
A o2 2( o arin) 27+ ¢ oalr))
- (n @ B 4+ pin Y

and by using (2 83), (2.85) and (2 86), we have

G = 2ol < m ) A= 5o @)

dt 2
> w
= g (g 1) ¢ (p+ ;h)] :
k=0
Thus, (p(7),A(7)) is a solution to the Hamiltonian system (2.83). O

Moreover, from (2.83), we could obtain the integral formula for A (7) in
Theorem 1.4.

Proof of Theorem 1.4. Let us consider F (1) = A+ 3 (¢ (2p) —2¢ (p)) and
compute dTF( 7). By (2.83) and Lemma 2.3, we have

d

—F

dr (7)
dA 1d

=2 T3 (€ (2p) —2¢ (p))
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:ﬁ <2(@(2p)+m(7))f1—p 2p) — an g, +1) o' (p(7) + ;))

oD o) L+ 5 (e - 22 W)

dr or or
. o
== (20(20) — o () +m) F (1) = = > i (g + 1) /(o) + ),
k=0
Thus,
(289)  F(7)
— exp {2; / (20 (2p(F)|7) — o (P()]7) + m (7)) d%} I,

where

J(r) = /T ~i (Zi:o ni(nk + 1) (p(7) + %]%)) e

exp{

3 J7 @p@p(r)Ir) = plp()|) +m (7)) dr |

for some constant ¢; € C. By Lemma 2.3, we have

(2.90) ;i:r m(7)d? = In (7).
Then (1.20) follows from (2.89) and (2.90). O

3. COLLAPSE OF TWO SINGULAR POINTS

In this section, we study the phenomena of collapsing two singular points
+p(7) to 0 in the generalized Lamé equation (1.13) when p(7) is a solution
of the elliptic form (1.3). As an application of Theorems 2.3 and 2.5, it turns
out that the classical Lamé equation

(3.1) y'(2) = (n(n+ Vp(2) + B)y(z) in E;

appears as a limiting equation if ny = 0 for £ = 1,2,3 (see Theorem 3.1
below). First we recall the following classical result.

Theorem A.[15, Proposition 1.4.1] Assume 04 = ng —1—% % 0. Then for any

to € CP'\{0,1, 00}, there exist two 1-parameter families of solutions \(t) of
Painlevé VI (1.1) such that

(3.2) A(t) = t_ﬁ - +h+O(t —ty) as t — t,
where h € C can be taken arbitrary and
(3.3) B = B(61,to) € {11,

Furthermore, these two 1-parameter families of solutions give all solutions
of Painlevé VI (1.1) which has a pole at tg.
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In this paper, we always identify the solutions p(7) and —p(7) of the
elliptic form (1.3). As a consequence of Theorem A and the transformation
(1.2), we have the following result.

Lemma 3.1. Assume ng + % % 0. Then for any 19 € H, by the transfor-
mation (1.2) solutions A(t) in Theorem A give two 1-parameter families of
solutions p(T) of the elliptic form (1.3) such that

(3.4) p(1) = co(T — 7'0)%(1 + (T —70) + O(T — 70)%) as T — 70,
where h € C can be taken arbitrary,

-n0+% . — _to(tofl)
(3.5) c% = 7 Zf 5 04 ,

-nO"!‘l . - to(tofl)
_ZTQ Zf B =0

and ty = t(19). Furthermore, these two 1-parameter families of solutions
give all solutions p(T) of the elliptic form (1.3) such that p(m9) = 0.

Proof. 1t suffices to prove (3.5), which follows readily from

to(to— 1)

(3.6) t/(To) = — (62<T0) — 61(7’0)) .

Remark that ¢y ¢ {0,1}, so (3.6) implies t(79) # 0.

The formula (3.6) is known in the literature. Here we give a proof for the
reader’s convenience. Recalling theta functions ¥9(7),93(7) and ¥4(7), it is
well-known that (cf. see [2] for a reference)

(3.7) e3(1) — e2(1) = mV2(7), e1(7) — es(r) = w2u(7)",

e1(7) — ex(7) = 793(7)",

9 n9a(r) = — [3mu(r) — 72(20a(r)* + 0a(r)Y)]

dr 127
d i 2 4 4
%ln I3(7) = Tor [3771(7) + 72 (92(7)" — V4(7) )] .
Therefore, t = 97 /93 and then
/ d d . 4
(3.8) t'(r) =4t —Indy — —Inds | = —int - V5
dr dr
9301 tt—1)
=i = (e2 —e1).
This completes the proof. ([l

Theorem 3.1. Assume that n, € Z + %, k € {0,1,2,3}, and (2.3) hold.
Let (p(7), A(7)) be a solution of the Hamiltonian system (4.9) such that
p(10) = 0 for some 19 € H. Then

(3.9) p(1) =co(T —10)2(1 + B(T —19) + O(T — 7'0)2) as T — 7o,

=
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for some h € C and the generalized Lamé equation (1.13) converges to
(3.10) 4 Zn] (n; +1) p ( >+m(m+1)p(z)+Bo y in En,

where co is seen in (3.5),

1
no+1 if = i—n0+2 e, 3= —ton(t(:f),
(3.11) m= no+31 olto1)
no—1 if ¢ =—i" —2 e, = Onol ,
(3.12) By = 2mick <4mh 1 (70) ) Zn] (n; + 1)ej(mo).

Proof. Clearly (3.9) follows from Lemma 3.1, by which we have (write p =

p(7))
11 L2 o 4
(1—m0)2=—p(1—5hp"+0(p") ) as 7 = 70.
co )
Consequently,

(1) = geo(r — 10) 31+ 3h(r — 70) + O((7 — 0)")]

2
) 45 9 4
= o [1+Cghp +O(p )} as T — 7.

This, together with the first equation of the Hamiltonian system (1.16)-
(1.15), gives

(313)  A(r) = 5 [4mip/(7) + C(2p(r) — 2p(r)mi (7)]
.
— ”;CO [1 - j%inﬂ - O(pﬂ - 41p —m(ro)p + O(p”)

:E+ep+0(p3) as T — 7o,
p

where e = 4mih — 1 (79) and

o 1 —ng— 3 if &= imota
(314) C:ﬂ"LCO—FZ: 34. .noj—l,
no+3 if §=—i—2=.
Clearly c satisfies
A
_____ 1) =
T no(no + 1)

Consequently, we have

B(r) =A4> C(20) A~ S (2p) - Zn] ny+ 1o (p+ )
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- (; +ep+ O(p3)>2 -~ (;p + O(pS)) (; +ep+ 0(p3)>

3 4 no(n ’
(s + 2)(2 0+1)) —an (nj + 1) e;j(10) + O(p?)
=1
3

e— an (n; + 1) e;(10) + O(p*) = By + O(p?)
j=1

_40—1
2

as p = p(1) — 0 since 7 — 79, where By is given by (3.12). Furthermore,
(3.13) implies

A(C(z +p) = ¢(z = p)) = A(=2pp(2) + O(p%)) = —2cp(2)

uniformly for z bounded away from the lattice points. Therefore, the po-
tential of the generalized Lamé equation (1.13) converges to

3

j 3

S g (g + 1) (=44 + [no<no+1>+2 —2¢| p(2) + By
j=1

uniformly for z bounded away from the lattice points as 7 — 7p. Using

(3.14) we easily obtain (3.10)-(3.11). O

4. CORRESPONDENCE BETWEEN GENERALIZED LAME EQUATION AND
FUCHSIAN EQUATION

In this section, we want to establish a one to one correspondence be-
tween the generalized Lamé equation (1.13) and a type of Fuchsian equa-
tions on CP!. After the correspondence, naturally we ask the question: Is
the isomonodromic deformation for the generalized Lamé equation in E. e-
quivalent to the isomonodromic deformation for the corresponding Fuchsian
equation on CP'? Notice that we establish the correspondence by using

the transformation x = % (see (4.12) below) which is a double cover
from E, onto CP!. Hence, it is clear that the isomonodromic deformation
for the Fuchsian equation could imply the the isomonodromic deformation
for the generalized Lamé equation. However, the converse assertion is not
casy at all, because the lifting of a closed loop in CP! via z = % is not
necessarily a closed loop in E,. As an application of Theorems 2.3 and 2.5,
we could give a positive answer.

First we review the Fuchs-Okamoto theory. Consider a second order Fuch-

sian equation defined on CP' as follows:

(4.1) y" +p1(x)y +p2(x)y =0,

which has five regular singular points at {¢,0, 1,00, A} and p; (z) = pj(z;t,
A, 1), j = 1,2, are rational functions in x such that the Riemann scheme of
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(4.1) is

t 0 1 00 A
(4.2) 0 0 O & 0 ,
0; 0 01 a+0, 2

where & is determined by the Fuchsian relation, that is,
G=—3 040+ 01 +0,—1).

Throughout this section we always assume that

(4.3) A€ {0,1,t} and X is an apparent singular point.

Since one exponent at any one of 0,1, A\,¢ is 0 (see (4.2)), p2(x) has only
simple poles at 0,1, A,t. The residue of p; (x) at * = X is —1 because
another exponent at x = A is 2. Define 4 and K as follows:

(4.4) p= Respy(z), K = —Res py(z).
By (4.2)-(4.4), we have
1-6, 1-46 1-0 1

(45) pl(x)::v—t—’_ xo—'_z:—ll_x—)\’

R tt-DK AA—1)p
(4.6) p2 () r(x—-1) z(x-1)(zr—t) z(x-1)(x-N)
where
(4.7) /%:éz(o?+900):i{(90+01+0t—1)2—0§0}.

By the condition (4.3), i.e., A is apparent, K can be expressed explicitly by

AA=1D) A=) 2 +ia(N—1)
(4.8) K()\,u,t):m B { f)f((axt:i))(;(;i)seg@—t) }u

For all details about (4.5)-(4.8), we refer the reader to [15].

Now let t be the deformation parameter, and assume that (4.1) with
(A(t),p(t)) preserves the monodromy representation. In [7, 21], it was
discovered that under the non-resonant condition, (A (t),u (t)) must satisfy
the following Hamiltonian system:

dr(t) OK dp(t 0K

(4.9) 7():7, du(t) 0K
dt o dt O\

Indeed, the following theorem was proved in [7, 21].

Theorem B.[7, 21] Suppose that 6;,00,61,00c ¢ Z (i.e. the non-resonant
condition) and X is an apparent singular point. Then the second order ODE
(4.1) preserves the monodromy as t deforms if and only if (A(t),u(t))
satisfies the Hamiltonian system (4.9).
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It is well-known in the literature that a solution of Painlevé VI (1.1)
can be obtained from the Hamiltonian system (4.9) with the Hamiltonian
K (A, p,t) defined in (4.8). Let (A (t), 1 (¢)) be a solution to the Hamiltonian
system (4.9). Then A (¢) satisfies the Painlevé VI (1.1) with parameters

(410) (auﬁary’ 5) = (%egou _%9(2]7 %0%, % (1 - 9t2)) :

Conversely, if A (¢) is a solution to Painlevé VI (1.1), then we define p (¢)
by the first equation of (4.9), where (6, 61, 0,0~ ) and & are given by (4.10)
and (4.7), respectively. Consequently, (A(t),u(t)) is a solution to (4.9).
The above facts can be proved directly. For details, we refer the reader to
[8, 15]. Together with this fact and Theorem B, we have

Theorem C. Assume the same hypotheses of Theorem B. Then the second
order ODE (4.1) preserves the monodromy as t deforms if and only if \(t)
satisfies Painlevé VI (1.1) with parameters (4.10).

Now let us consider the following generalized Lamé equation in E;:

p_ [ Eionini+ e (z+ %) +3(p(+p) +9(z-p)
= | ey P v

and suppose that p is an apparent singularity of (4.11). Then we shall prove
that the generalized Lamé equation (4.11) is 1-1 correspondence to the 2nd
order Fuchsian equation (4.1) with A\ being an apparent singularity. To
describe the 1-1 correspondence between (4.1) and (4.11), we set

p(2) — e

(4.12) x:ﬂandp(x):élx(x—l)(x—t).

Then we have the following theorem:

Theorem 4.1. Given a generalized Lamé equation (4.11) defined in E-.

Suppose p & E;[2] is an apparent singularity of (4.11). Then by using
r = %, there is a corresponding 2nd order Fuchsian equation (4.1)

satisfying (4.2) and (4.3) whose coefficients p1 (x) and pa () are expressed
by (4.5)-(4.8), where

(4.13) peza y_eb-a
. 62_617 €2 — €1 ’
_ 1 1 1 1
- 2 99 99 9)
(4.14) (6o, 01,0¢,0) (m +35,n2+35,n3+35,n0+ 2)
1
(4.15) d=—§(1+no+n1+n2+n3),

_23-1 21 2m -1 3p°(N) | A¢'(p)
(4.16) H—4()\_t)+4()\_1)+ A\ jL8JJ(>\)+b2F’()\)7
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2’/12723 — N9 — N3 2711713 — Ny —mns 2n3 —1

(4.17) K=—

1t-1) " 1N
3MA=D) _ 3p(p)tes | Ap'(p)
1 2 (A1) 2 ez—eyg (A—t)(e2—e1)?
S — ng(no+1)es ni(ni+1)es na(na+1)e;
4t (t — 1) +2 6(2*3:1) - 622761 + 62751
n3(ns es
- €ex2—e1 + e2—eq Ap (p) + ex—eql

Conversely, given a 2nd order Fuchsian equation (4.1) satisfying (4.2) and
(4.3), there is a corresponding generalized Lamé equation (4.11) defined in
E; where T,4+p,n; are defined by (4.13)-(4.14), the constant A is defined by
solving (4.16), and the constant B is defined by (2.3). In particular, p is an
apparent singularity of (4.11).

Remark 4.1. For the second part of Theorem 4.1, the condition X ¢ {0, 1,t}
is equivalent to p & E;[2], which implies o' (p) # 0. Thus, A is well-defined
via (4.16). The proof of Theorem 4.1 will be given after Corollary 4.1.

Let p : mi(E\ (Br [2]U {2p}) ,60) = SL(2,C), f: m1(CPM {0, 1,1, 00},
Xo) = GL(2,C) where \g = x(qo), be the monodromy representations of
the generalized Lamé equation (4.11) and the corresponding Fuchsian equa-
tion (4.1) respectively. Let Y (2) = (y1(2),92(2)) be a fixed fundamental
solution of (4.11). We denote N/ and M to be the monodromy group-
s of (4.11) and (4.1) with respect to Y (z) and Y (z) respectively. Here
Y () = (1 (z), 92 (x)) with g; (x) defined by

y; (2) = ¥(x)g; (x)

s (x— N 2o T (- 1) T (w—t) 5 (z), =12

and z = % is a fundamental solution of equation (4.1); see the proof of

Theorem 4.1 below. Let v; € 71 (E;\ (E- [2] U {£p}),qo) be a loop which

encircles the singularity %' once. Then z (v1) € m (CP'\ {0,1,¢,00}, o).

Since z = @ is a double cover, the loop z (1) encircles the singularity
2—€1

0 twice. Thus, z(71) = B2 for some B € m (CP'\{0,1,¢,00}, ). Let
p(y1) = Ny and p(8) = My. Then

(4.18) Y (2) N =21 () = (8)" (v(@)V (@)
= C (%) ¥ (2)Y (2) Mg
=Y (2) C (%) Mg
for some constant C (,82) € C which comes from the analytic continuation

of ¢(z) along 4. From (4.18), we see that Ny = C (5%) M§. By the same
argument, we know that any element N € N could be written as

(4.19) N = CM M,
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for some M; € M, i = 1,2 and some constant C € C coming from the
gauge transformation ¢(z). In general, N is not a subgroup of M be-
cause of ¥(z). By (4.19), the isomonodromic deformation of (4.1) implies
the isomonodromic deformation of (4.11). However, it is not clear to see
whether the converse assertion is true or not from (4.19). Here we can give
a confirmative answer. In fact, by (1.14), (1.4) and (4.10), we have (4.14)
holds. Since n; ¢ & + Z for i € {0,1,2,3}, we have g, 01,0, 00 ¢ Z, i.c.,
non-resonant. Then as a consequence of Theorems 4.1, 1.1 and C, we have

Corollary 4.1. Suppose n; & % + Z fori = 0,1,2,3. If the generalized
Lamé equation (4.11) in E; preverses the monodromy, then so does the
corresponding Fuchsian equation (4.1) on CP', and vice versa.

Proof of Theorem 4.1. Let us first consider the generalized Lamé equation
(4.11). By applying

x:@(z)_e{ ; A:@(p)—el7

es — €1 ey —e1’ ey — €1

€3 — €1

and the addition formula
o (2)° + ¢ (p)°
2(p(2) — p(p)?

the equation (4.11) becomes the following second order Fuchsian equation
defined on CP*:

(4.20) p(z+p) +pz—p) =

—2p(2) —2p(p),

(1.21) ')+ 35 ) - 2y =

where p(x) is defined in (4.12), b = e — e; and

no(n0+1)(x+%)+w(%721’+4%>+%

na(na+1 x e n3z(ng+1 x e
qla) = | +mlgh) (2 —gp g 2 ) g meligtl) (e, 90 4 22 )

5 (B 20— 2o (p) + ) + A () - 7Ry

Since p is an apparent singularity of (4.11), equation (4.21) has no logarith-
mic solutions at A. The Riemann scheme of (4.21) is as follows

0 1 t 00 A

_n1 _nm2 _m3 _mng _1

(4.22) 5 5 2 2 T3
ni1+1 no+1 n3+1 no+1 3

2 2 2 2 2

Now consider a gauge transformation y () = (z — )\)_% 2 (x—1)" 7
)~ ¢ (z). Then the Riemann scheme for § () is

0 1 t 00 A
(4.23) 0 0 0 & 0|,
nm+3 na+3 nz+s a+ng+i 2
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where d= —3% (14 no 4+ n1 + na + ng). Moreover, § (z) satisfies the second
order Fuchsian equation
(4.24) 9" (x) + b1 (z,8) § () + P2 (2, 1) § (x) = 0,
where
1 1 1
(4.25) p1(z,t) = 2 :Em Qx _7112 Qx _ntg 7 1 3
and
(426)  pa(wt)=— >
4(x—N)
2n1n2 — N1 —nNy 2n2n3 — N9 — N3 2n1n3 —ni1 —ns
4o (x — 1) 4(x—1)(x—1t) dx (x —t)
2711—1 2712—1 2n3—1

wa—N d@-D@-N _ d@-tH@-N
no(no+1) (x4 ) —ni (ng + 1) (z + %21)

I I e %) o) Gar D =%)
- — )+ +e
bl |+ (B - 20 - 2ot

+4 (3¢ () - 25) + 2

Since p ¢ E; [2] and equation (4.21) has no logarithmic solutions at A, it
follows that A & {0, 1,¢,00} and A is an apparent singularity of (4.24). Thus,
P2 (z,t) can be written into the form of (4.6) with

1

(4.27) I%Z—Z(ng—nl—ng—ng)(l—i-no-f—nl—l-ng—i-ng),
(4.28) p= Res ps (a,1)
2ng—1  2ng—1 2n1—1 3p'(\) AP (p)

TI0—0 T A0-D T T TRy T epy

K = —Res s (v,1) = K,
r=

where

~ 2712713 — N9 — N3 2711713 — N1 —ns3 2’/L3 —1

4.29 K=- - —
( ) ’ 4(t—1) 4t 4(t—N)

3AA=1) 3 p(p)tes + Ap'(p)

1 2 ()\(—t)+1) 2 b ( +1)(>\7t)b2 et
- no(no es ni(ny eo na(ne2 el
The-n |t ot T

_2713(”2-1-1)63 + %Ap (p) + %
Since A is an apparent singularity, we conclude from (4.8) that
AA=D A=t 2 +c(\—1t)
A=) A=)+ 0N (N 1)
+O0:—1H)A(A-1)

1

(4.30) K= e
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Conversely, for a given second order Fuchsian equation (4.1) satisfying
(4.2) and (4.3), we know that pi(z), p2(x) and K are given by (4.5)-(4.8),
where

(4.31) R=0a(0+0x).
Define +p, n; (1 =0,1,2,3), A, and B by
(4.32) A= e
€y — €1
(4.33) (00, 61,0¢,000) = n+1n —i—ln —i—ln —l—1
. 0,Y1,Vt,Vo0) — 1 92’ 2 9’ 3 9’ 0 2/

_2m3—1 2 -1 2m—1 3PN Ap'(p)
(4.34) “*4()\—15)—’_4()\—1)—’_ 4\ +8p()\)+b213()\)7

and
3 .
(4.35) B=A2—<(2p)A—Z@(2P> IS
1=0

Since A ¢ {0,1,t,00}, p & E;[2]. Thus ¢’ (p) # 0 and A is well-defined
by (4.34). In order to obtain the corresponding generalized Lamé equation
(4.11), it suffices to prove that p; (z,t) and py (z,t) can be expressed in the
form of (4.25) and (4.26). By (4.5) and (4.33), it is easy to see that p; (x,t)
is of the form (4.25). By (4.29) and (4.30), we see that K can be written
into (4.29), so p2 (z,t) can also be expressed in the form of (4.26). Finally,
the assertion that p is an apparent singularity follows from the assumption
that A is an apparent singularity of (4.1) (or follows from (4.35) and Lemma
2.1). This completes the proof. O
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