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Abstract

Let Eτ := C/(Z+Zτ) be a flat torus and G(z; τ) be the Green
function on Eτ . Consider the multiple Green function Gn on
(Eτ )n:

Gn(z1, · · · , zn; τ) :=
∑
i<j

G(zi − zj ; τ)− n
n∑
i=1

G(zi; τ).

We prove that for τ ∈ iR>0, i.e. Eτ is a rectangular torus, Gn has
exactly 2n + 1 critical points modulo the permutation group Sn
and all critical points are non-degenerate. More precisely, there
are exactly n (resp. n + 1) critical points a’s with the Hessian
satisfying (−1)n detD2Gn(a; τ) < 0 (resp. > 0). This confirms a
conjecture in [4]. Our proof is based on the connection between
Gn and the classical Lamé equation from [4, 19], and one key step
is to establish a precise formula of the Hessian of critical points of
Gn in terms of the monodromy data of the Lamé equation. As an
application, we show that the mean field equation

∆u+ eu = ρδ0 on Eτ

has exactly n solutions for 8πn − ρ > 0 small, and exactly n + 1
solutions for ρ− 8πn > 0 small.

1. Introduction

Let Eτ := C/Λτ be a flat torus in the plane, where Λτ = Zω1 + Zω2

with ω1 = 1, ω2 = τ and τ ∈ H = {τ | Im τ > 0}. Denote also
ω3 = 1 + τ . Let G(z) = G(z; τ) be the Green function on Eτ defined by

−∆G(z; τ) = δ0 −
1

|Eτ |
on Eτ ,

∫
Eτ

G(z; τ) = 0,

where δ0 is the Dirac measure at 0 and |Eτ | is the area of the torus Eτ .
It is an even function with the only singularity at 0. Let E×τ := Eτ \{0}
and consider the complete diagonal in (E×τ )n:

∆n := {(z1, · · ·, zn) ∈ (E×τ )n|zi = zj for some i 6= j}.
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Let z = (z1, · · ·, zn) ∈ (E×τ )n\∆n and define the multiple Green function
Gn(z) = Gn(z; τ) on (E×τ )n\∆n by

(1.1) Gn(z; τ) :=
∑
i<j

G(zi − zj ; τ)− n
n∑
i=1

G(zi; τ).

Our motivation of studying Gn comes from its connection (see [4,
19]) with the bubbling phenomena of semilinear elliptic PDEs with
exponential nonlinearities in two dimension. A typical example is the
curvature equation with parameter ρ > 0:

(1.2) ∆u+ eu = ρδ0 on Eτ .

In conformal geometry, a solution u leads to a metric ds2 = 1
2e
u(dx2 +

dy2) with constant Gaussian curvature +1 acquiring a conic singular-
ity at 0. It also appears in statistical physics as the equation for the
mean field limit of the Euler flow in Onsager’s vortex model (cf. [3]),
hence also called a mean field equation. In the physical model of su-
perconductivity, (1.2) is one of limiting equations of the well-known
Chern-Simons-Higgs equation

(1.3) ∆u+ 1
ε2
eu(1− eu) = 4π

∑
αjδpj on Eτ

as the coupling parameter ε→ 0. We refer to [2, 4, 7, 18, 21, 22] and
references therein for recent developments on this equation.

One important feature of (1.2) is the so-called bubbling phenomena.
Let uk be a sequence of solutions of (1.2) with ρ = ρk → 8πn, n ∈ N,
and maxEτ uk(z) → +∞ as k → +∞. We call p a blowup point of
{uk} if there is a sequence {xk}k such that xk → p and uk(xk) → +∞
as k → +∞. Then it was proved in [5] that uk always has exactly n
blowup points {a1, · · ·, an} in Eτ and ai 6= 0 for all i. The well-known
Pohozaev identity says that the positions of these blowup points could
be determined by equations

(1.4) n∇G(ai) =

n∑
j=1,6=i

∇G(ai − aj), 1 ≤ i ≤ n.

Clearly this system (1.4) gives the critical point equations of Gn, i.e.
the blowup point set {a1, · · ·, an} gives a critical point of Gn. As in [4],
a critical point a = {a1, · · ·, an} of Gn is called trivial if

{a1, · · ·, an} = {−a1, · · ·,−an} in Eτ .

Then [4, Theorem 0.7.5] shows that the blowup set {a1, · · ·, an} provides
a trivial critical point if and only if ρk 6= 8πn for large k. Moreover,

Theorem A. [4, 5] Let uk be a sequence of bubbling solutions of (1.2)
with ρ = ρk → 8πn, n ∈ N. If ρk 6= 8πn for large k, then the followings
hold:
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(1) The blowup set a = {a1, · · ·, an} gives a trivial critical point of
Gn.

(2) Let λk := maxEτ uk(z), then there is a constant D(a) = D(a; τ)
such that

(1.5) ρk − 8πn = (D(a) + o(1))e−λk .

There are similar bubbling phenomena for the Chern-Simons-Higgs
equation (1.3); see [21]. From (1.5), the geometric quantity D(a) plays
a fundamental role in controlling the sign of ρk − 8πn if we can prove
D(a) 6= 0. Thus it provides one of the key geometric messages for the
bubbling solutions. See Section 5 for the explicit expression of D(a).

In view of Theorem A, it is of fundamental importance to study
the critical points of Gn and the sign of D(a). Notice that Gn(z) is
invariant under the permutation group Sn. If a = (a1, · · ·, an) is a
critical point of Gn, then so does (aj1 , · · · , ajn), where (j1, · · · , jn) is any
permutation of (1, · · · , n). Of course, we consider these (aj1 , · · · , ajn)’s
to be the same critical point. Naturally we are concerned with the
following fundamental questions:

(a) How many critical points does Gn have?
(b) Is any critical point non-degenerate? Or equivalently, does the

Hessian detD2Gn(a) 6= 0 for any critical point a? Note that
D2Gn(a) is a 2n× 2n matrix of the second derivatives of Gn.

(c) Does D(a) 6= 0 for any trivial critical point a of Gn?

The case n = 1 (note G1 = −G) was first studied by Wang and the
second author [17]. Since G(z) is even and doubly periodic, it always
has three trivial critical points ωk

2 , k = 1, 2, 3, and nontrivial critical
points must appear in pairs if exist. It was proved in [17] that G(z; τ)
has at most one pair of nontrivial critical points (depending on τ).
Furthermore, if τ ∈ iR>0, then G(z; τ) has exactly three critical points
ωk
2 , k = 1, 2, 3, which are all non-degenerate, and D(ω3

2 ) < 0, D(ωk2 ) > 0
for k = 1, 2. Recently, a complete characterization of those τ ’s such that
G(z; τ) has a pair of nontrivial critical points has been given in [10, 20].

For general n ≥ 2, Gn was first studied by Chai, Wang and the
second author [4] from the viewpoint of algebraic geometry. Among
other things, they established the one-to-one correspondence between
trivial critical points of Gn and branch points of a hyperelliptic curve
Yn concerning the classical Lamé equation. See Section 2 for a brief
overview. Consequently, they proved that

Theorem B. [4]Gn(z; τ) has at most 2n+1 (resp. exactly 2n+1) trivial
critical points for any τ (resp. for almost all τ including τ ∈ iR>0).

The purpose of this paper is to settle the above questions (a)-(c) when
τ ∈ iR>0. Our main result is as follows.

Theorem 1.1. Let τ ∈ iR>0. The the followings hold.
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(a) Gn(z; τ) has exactly 2n+1 critical points a’s, which are all trivial
critical points and satisfy a = ā.

(b) The Hessian detD2Gn(a; τ) 6= 0 for any critical point a.
(c) D(a; τ) 6= 0 for any critical point a.

Here by writing a = {a1, · · · , an}, a = ā means

{a1, · · ·, an} = {ā1, · · ·, ān} in Eτ .

In fact, our proof also determines the exact number of critical points
satisfying D(a; τ) < 0. We would like to single out this statement:

Corollary 1.2. Let τ ∈ iR>0. Then there are exactly n (resp. n+1)
critical points a’s of Gn(z; τ) satisfying

D(a; τ) < 0 or equivalently (−1)n detD2Gn(a; τ) < 0

(resp. D(a; τ) > 0 or equivalently (−1)n detD2Gn(a; τ) > 0).

Corollary 1.2 confirms [4, Conjecture 8.7.2], where the importance of
Corollary 1.2 was highlighted for potential applications in PDE prob-
lems such as (1.2) and (1.3). Here we give an example. A solution u(z)
is called even and symmetric if

u(z) = u(−z) = u(z̄), z = x+ iy ∈ C.
As applications of Theorem 1.1 and Corollary 1.2, we have the following
result concerning counting the number of solutions for (1.2).

Theorem 1.3 (=Theorem 5.2). Let n ∈ N and τ ∈ iR>0, i.e. Eτ is
a rectangular torus. Then there exists a small ε0 > 0 such that

(1) for ρ ∈ (8πn, 8πn + ε0), (1.2) has exactly n + 1 solutions, which
are all even and symmetric;

(2) for ρ = 8πn, (1.2) has no solutions;
(3) for ρ ∈ (8πn − ε0, 8πn), (1.2) has exactly n solutions, which are

all even and symmetric.

For n = 1, Theorem 1.3 is a special case of [20, Theorem 0.5] for
τ ∈ iR>0. For n ≥ 2, Theorem 1.3-(2) was proved by the authors [11],
while (1) & (3) are new. Theorem 1.3 partially confirms the following
conjecture.

Conjecture C. [11, Conjecture 1.1] Suppose τ ∈ iR>0 and n ∈ N.
Then (1.2) has exactly n solutions for ρ ∈ (8π(n− 1), 8πn).

Remark 1.4. Conjecture C for ρ = 8π(n− 1
2) was already proved by

Chai, Wang and the second author in [4, Corollary 0.4.2]. Their proof
is based on the relation between (1.2) and the Lamé equation

(1.6) y′′(z) = [η(η + 1)℘(z; τ) +B]y(z), η = ρ
8π .

Since η = n− 1
2 is a half integer for ρ = 8π(n− 1

2), the local exponent
difference 2η + 1 is an even integer, which infers the existence of a
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polynomial Pn(B; τ) of degree n in B such that solutions of (1.6) with
η = n − 1

2 have no logarithmic singularities if and only if Pn(B; τ) =
0. In [4, Corollary 0.4.2] they proved the one-to-one correspondence
between solutions of (1.2) with ρ = 8π(n − 1

2) and zeros of Pn(·; τ), so
the conclusion follows from the fact that Pn(·; τ) has exactly n different
roots for τ ∈ iR>0. Clearly this idea can not apply for ρ 6= 8π(n − 1

2)

due to the essential difference between η /∈ 1
2Z and η ∈ 1

2Z for the Lamé
equation (1.6).

Differently, our approach of this paper essentially relies on the bub-
bling phenomena for ρ → 8πn as stated in Theorem A and hence only
work for ρ close to 8πn. In view of Theorem 1.3 and [4, Corollary 0.4.2],
Conjecture C follows via the continuity method if one can prove that
any solution of (1.2) is non-degenerate for τ ∈ iR>0 and ρ /∈ 8πN, which
seems challenging and remains open.

Note that Theorem 1.1 deals with τ ∈ iR>0, and does not necessarily
hold for general τ ∈ H. In view of the theory for n = 1 in [17], we
propose the following conjecture for general τ ∈ H.

Conjecture 1.5. For each n ≥ 2, Gn(z; τ) has at most n pairs of
nontrivial critical points (depending on τ).

Our proof of the non-degeneracy of trivial critical points relies on its
connection with the classical Lamé equation. This was first discovered
in [4]. Let a = (a1, · · ·, an) be a trivial critical point of Gn, then we will
explain in Section 2 that the Hermite-Halphen ansatz

ya(z) := ez
∑n
i=1 ζ(ai)

∏n
i=1 σ(z − ai)
σ(z)n

, z ∈ C

satisfies the classical Lamé equation

(1.7) y′′(z) = [n(n+ 1)℘(z; τ) +B]y(z),

with B ∈ C given by

(1.8) B = Ba := (2n− 1)

n∑
i=1

℘(ai),

where ℘, ζ, σ are the Weierstrass functions that will be recalled in Sec-
tion 2. See e.g. [4, Theorem 6.2] for the proof. For later usage, we will
briefly review it in Section 2.

Since ya(z) and y−a(z) are linearly dependent, in Section 3 we will
choose another solution of the form ya(z)χ(z), where χ(z) has two quasi-
periods:

χ1 = χ(z + 1)− χ(z) and χ2 = χ(z + τ)− χ(z).

Define

(1.9) C := χ2

χ1
∈ C ∪ {∞}.
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Then the monodromy group of the Lamé equation (1.7) is generated by

(1.10) ε1

(
1 0
1 1

)
, ε2

(
1 0
C 1

)
with ε1, ε2 = ±1.

Remark that if C =∞, then (1.10) should be understood as

(1.11) ε1

(
1 0
0 1

)
, ε2

(
1 0
1 1

)
with ε1, ε2 = ±1.

See Section 3 for the proof. Therefore, C is referred as the monodromy
data of the Lamé equation (1.7) with B = Ba when a is a trivial critical
point.

On the other hand, it is known (cf. [4, 28]) that there is a polynomial
`n(B; τ) of degree 2n + 1 in B such that the Lamé equation (1.7) has
the monodromy group generated by (1.10) if and only if `n(B; τ) = 0.
This `n(B; τ) is called the Lamé polynomial in the literature. See also
Section 2 for a brief review.

Our third main result of this paper is the deep relation between the
Hessian detD2Gn(a; τ) at a trivial critical point a and the monodromy
data C of the corresponding Lamé equation (1.7) with B = Ba.

Theorem 1.6 (=Theorem 3.3). Let a = {a1, · · ·, an} be a trivial
critical point of Gn, and C be the monodromy data of the corresponding
Lamé equation (1.7) with B = Ba, i.e. C is given by (1.9). Then

(1.12) detD2Gn(a; τ) = (−1)nP1(a; τ)P2(a; τ) Im C,

where P2(a; τ) = |χ1|2 and P1(a; τ) ≥ 0. Moreover,

(1) P1(a; τ) = 0 if and only if Ba is a multiple zero of the Lamé
polynomial `n(B; τ).

(2) P2(a; τ) = 0 if and only if the monodromy data C = ∞. If this
happens, then detD2Gn(a; τ) = 0.

The formula (1.12) gives a geometric meaning of the monodromy
data. Theorem 1.6 is crucial in our proof of the non-degeneracy of
trivial critical points. After Theorem 1.6, the next step of proving the
non-degeneracy is to prove the following result, which is also interesting
from the viewpoint of the monodromy theory.

Theorem 1.7 (=Theorem 4.3). Let τ ∈ iR>0, B be any zero of the
Lamé polynomial `n(·; τ) and C be the monodromy data of the corre-
sponding Lamé equation (1.7). Then C ∈ iR \ {0}.

This paper is organized as follows. In Section 2, we briefly review the
connection between trivial critical points of Gn and the Lamé equation
from [4]. Theorem 1.6 will be proved in Section 3, where we will apply a
formula concerning detD2Gn(a; τ) from [19]. Theorems 1.1 and 1.7 will
be proved in Section 4, where we will apply a classical result from the
Floquet theory concerning the Lamé equation. In Section 5, we will give
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applications to the mean field equation (1.2) and prove Corollary 1.2 and
Theorem 1.3. Finally in Section 6, Theorem 1.7 will be extended to a
generalized Lamé equation with the Treibich-Verdier potential ([29]).

2. Trivial critical points and the Lamé equation

In this section, for the reader’s convenience and also for later usage,
we briefly review the connection between trivial critical points of Gn
and the classical Lamé equation from [4].

Let ℘(z) = ℘(z; τ) be the Weierstrass elliptic function with periods
Λτ , defined by

(2.1) ℘(z; τ) :=
1

z2
+

∑
ω∈Λτ\{0}

(
1

(z − ω)2
− 1

ω2

)
,

which satisfies the well-known cubic equation

(2.2) ℘′(z; τ)2 = 4℘(z; τ)3 − g2(τ)℘(z; τ)− g3(τ).

Let ζ(z) = ζ(z; τ) := −
∫ z
℘(ξ; τ)dξ be the Weierstrass zeta function

with two quasi-periods ηj = ηj(τ), j = 1, 2:

(2.3) ηj(τ) = 2ζ(
ωj
2 ; τ) = ζ(z + ωj ; τ)− ζ(z; τ), j = 1, 2,

and σ(z) = σ(z; τ) be the Weierstrass sigma function defined by σ(z) :=
exp

∫ z
ζ(ξ)dξ. Notice that ζ(z) is an odd meromorphic function with

simple poles at Λτ and σ(z) is an odd entire function with simple zeros
at Λτ .

The Green function G on Eτ can be expressed in terms of elliptic
functions. In [17], Wang and the second author proved that

(2.4) −4π
∂G

∂z
(z; τ) = ζ(z)− rη1 − sη2 = ζ(z)− zη1 + 2πis,

where z = r+sτ with r, s ∈ R and the Legendre relation τη1−η2 = 2πi
is used. By (2.4), the critical point equations (1.4) can be translated
into the following equivalent system:

(2.5)

n∑
i=1

∇G(ai) = 0,

and

(2.6)
∑
j 6=i

(ζ(ai − aj) + ζ(aj)− ζ(ai)) = 0, ∀1 ≤ i ≤ n,

subject to the constraint a ∈ (E×τ )n\∆n, i.e.

(2.7) ai 6= 0, ai 6= aj in Eτ , ∀i 6= j.

See [4] for the proof. Remark that (2.6) is independent of any represen-
tative ãi ∈ ai + Λτ . We will use (2.6)-(2.7) to connect a critical point of
Gn with the classical Lamé equation.
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Recall the Lamé equation

(2.8) Ln,B : y′′(z) = [n(n+ 1)℘(z; τ) +B]y(z),

where n ∈ R≥−1/2 and B ∈ C are called index and accessory parameter
respectively. Generally, a solution y(z) is a multi-valued meromorphic
function on C with branch points at Λτ , since any lattice point is a
regular singular point with local exponents −n and n+1. In this paper,
we consider only n ∈ N. Then any solution is single-valued meromorphic
on C.

For a = (a1, · · ·, an), we consider the Hermite-Halphen ansatz (cf.
[4, 28]):

(2.9) ya(z) := ez
∑n
i=1 ζ(ai)

∏n
i=1 σ(z − ai)
σ(z)n

.

Theorem 2.1. (cf. [4, 28]) Suppose a = (a1, · · ·, an) ∈ (E×τ )n\∆n.
Then ya(z) is a solution of Ln,B for some B if and only if a satisfies
(2.6) and

(2.10) B = Ba := (2n− 1)

n∑
i=1

℘(ai).

Note that if a = (a1, · · ·, an) ∈ (E×τ )n\∆n satisfies (2.6), then so
does −a = (−a1, · · ·,−an) and then y−a(z) is also a solution of the
same Lamé equation because Ba = B−a. Clearly ya(z) and y−a(z) are
linearly independent if and only if {a1, · · ·, an} 6= {−a1, · · ·,−an} in Eτ .
Furthermore, this condition actually implies

(2.11) {a1, · · ·, an} ∩ {−a1, · · ·,−an} = ∅,

because ya(z) and y−a(z) can not have common zeros, otherwise the
Wronskian of (ya(z), y−a(z)) would be identical zero, which infers that
ya(z), y−a(z) are linearly dependent.

Definition 2.2. Suppose a = (a1, ···, an) ∈ (E×τ )n\∆n satisfies (2.6).
We say that a is a branch point if {a1, · · ·, an} = {−a1, · · ·,−an} in Eτ .

Let a satisfy (2.6)-(2.7) and be not a branch point. Since it was
proved in [4, Proposition 5.8.3] that (2.6) is equivalent to

n∑
i=1

℘′(ai)℘(ai)
l = 0, ∀ 0 ≤ l ≤ n− 2,

then

(2.12) ga(z) :=
n∑
i=1

℘′(ai)

℘(z)− ℘(ai)
=

C(a)∏n
i=1(℘(z)− ℘(ai))
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for a constant C(a) 6= 0. Equivalently,

(2.13) C(a) =

n∑
i=1

℘′(ai)
∏
j 6=i

(℘(z)− ℘(aj)).

There are various ways to represent C(a) by plugging different values
of z into (2.13). In particular, for z = ai we get

(2.14) C(a) = ℘′(ai)
∏
j 6=i

(℘(ai)− ℘(aj)) is independent of i.

Remark that if a is a branch point, then ga(z) ≡ 0 and so C(a) = 0.
Here we recall the following important theorem:

Theorem 2.3. [4] There is a so-called spectral polynomial `n(B) =
`n(B; τ) ∈ Q[g2(τ), g3(τ)][B] of degree 2n + 1 such that if a satisfies
(2.6)-(2.7), then C2 = `n(B), where C = C(a) and B = Ba are given
by (2.14) and (2.10) respectively.

This spectral polynomial `n(B) is called the Lamé polynomial in the
literature. Define Yn(τ) = Yn by the set of a = {a1, · · ·, an} satisfying
(2.6)-(2.7), i.e.
(2.15)

Yn :=

{
{a1, · · ·, an}

∣∣∣∣ ai 6= 0, ai 6= aj in Eτ for any i 6= j,∑n
j 6=i(ζ(ai − aj) + ζ(aj)− ζ(ai)) = 0, ∀i

}
.

Clearly −a := {−a1, · · ·,−an} ∈ Yn if a ∈ Yn, and a ∈ Yn is a branch
point of Yn if a = −a in Eτ . Then the map B : Yn → C defined by
(2.10) is a ramified covering of degree 2, and Theorem 2.3 implies

Yn(τ) ∼=
{

(B,C) | C2 = `n(B; τ)
}
.

See [4, Theorem 7.4] for the proof. Therefore, Yn is a hyperelliptic
curve, known as the Lamé curve.

On the other hand, since G(z) is even, (2.5) holds automatically for
any branch point a of Yn. Therefore, the above arguments yield

Theorem 2.4. [4]

(1) a is a trivial critical point of Gn if and only if a is a branch point
of Yn.

(2) Yn is singular at a branch point a if and only if Ba is a multiple
zero of `n(B).

(3) Given any a ∈ Yn, ya(z) and y−a(z) are linearly dependent if and
only if Ba is a zero of `n(B).

Remark 2.5. As suggested in Theorem 2.4-(3), the Wronskian

W (a) := y′a(z)y−a(z)− y′−a(z)ya(z)
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is a nonzero multiple of C(a). Indeed, (2.9) gives

ya(z)y−a(z) =

n∏
i=1

σ(z − ai)σ(z + ai)

σ(z)2

= (−1)n
n∏
i=1

σ(ai)
2 ·

n∏
i=1

(℘(z)− ℘(ai)),(2.16)

and

W (a)

ya(z)y−a(z)
=
y′a(z)

ya(z)
−
y′−a(z)

y−a(z)
=

n∑
i=1

(ζ(z − ai)− ζ(z + ai) + 2ζ(ai))

=

n∑
i=1

℘′(ai)

℘(z)− ℘(ai)
.

Then it follows from (2.12) and ai 6= 0 in Eτ for all i that

W (a) = (−1)n
n∏
i=1

σ(ai)
2 · C(a) with

n∏
i=1

σ(ai)
2 6= 0.

For later usage, we denote

Xn := {a = {a1, · · ·, an} ∈ Yn | a is not a branch point} .

3. The monodromy data C and the Hessian

The purpose of this section is to prove Theorem 1.6. First we in-
troduce the monodromy representation of the Lamé equation Ln,B.
Consider two linearly independent solutions y1(z), y2(z) and any loop
` ∈ π1(Eτ ). Let `∗yi(z) denote the analytic continuation of yi(z) along
`. Then there is a matrix ρ(`) ∈ SL(2,C) such that

`∗
(
y1(z)
y2(z)

)
= ρ(`)

(
y1(z)
y2(z)

)
,

where ρ(`) ∈ SL(2,C) follows from the fact that the Wronskian y′1(z)y2(z)−
y′2(z)y1(z) is a nonzero constant and so invariant under the analytic con-
tinuation of yi(z) along `. Hence the monodromy representation ρ is a
homomorphism from π1(Eτ ) to SL(2,C). Since π1(Eτ ) is abelian, so the
monodromy group is always abelian and hence reducible, which contains
two cases:

(a) Completely reducible (i.e. all the monodromy matrices have two
linearly independent common eigenfunctions): Let `1, `2 be two funda-
mental cycles in π1(Eτ ), then up to a common conjugation,

(3.1) ρ(`1) =

(
e−2πis 0

0 e2πis

)
, ρ(`2) =

(
e2πir 0

0 e−2πir

)
for some (r, s) ∈ C2\1

2Z
2. See e.g. [4].
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(b) Not completely reducible (i.e. the space of common eigenfunctions
is of dimension 1): Up to a common conjugation,

(3.2) ρ(`1) = ε1

(
1 0
1 1

)
, ρ(`2) = ε2

(
1 0
C 1

)
,

where ε1, ε2 ∈ {±1} and C ∈ C ∪ {∞}. Remark that if C = ∞, then
(3.2) should be understood as

(3.3) ρ(`1) = ε1

(
1 0
0 1

)
, ρ(`2) = ε2

(
1 0
1 1

)
.

This will be clear in Proposition 3.1, where we will explain how to
determine ε1, ε2 and the monodromy data C.

It is known (cf. [4]) that up to nonzero constants, the common eigen-
functions must be of the form y±a(z) for a unique pair ±a ∈ Yn, where
ya(z) is given in (2.9). Together with Theorem 2.4, we summarize the
following conclusions:

Case (a) occurs for Ln,B, i.e. monodromy is completely reducible

⇐⇒ `n(B; τ) 6= 0

⇐⇒ B = Ba for some a = {a1, · · · , an} ∈ Xn

⇐⇒ ya(z) and y−a(z) are linearly independent;

and

Case (b) occurs for Ln,B with monodromy data C

⇐⇒ `n(B; τ) = 0

⇐⇒ B = Ba for some branch point a = {a1, · · · , an} ∈ Yn \Xn

⇐⇒ ya(z) and y−a(z) are linearly dependent.

Now given a branch point a = {a1, · · · , an} ∈ Yn\Xn, a basic question
is how to determine the monodromy data C of the corresponding Lamé
equation (2.8) with B = Ba? This question is answered by the following
result, which will play a key role in proving Theorem 1.6. Define

Λ2 := {i | ai = ωk
2 in Eτ for some k ∈ {1, 2, 3}}

and for i /∈ Λ2, we define i∗ /∈ Λ2 to be the index so that ai∗ = −ai in
Eτ .

Proposition 3.1. Let a = {a1, · · · , an} ∈ Yn \Xn be a branch point.
Then the monodromy data C of the corresponding Lamé equation Ln,B
with B = Ba is given by

(3.4) C =
c0τ − η2

∑n
j=1 cj

c0 − η1
∑n

j=1 cj
,
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where c0, cj, 1 ≤ j ≤ n, are given by

(3.5) c0 = −
n∑
j=1

cj℘(aj),

(3.6) ci = 2℘′′(ai)
−1
∏
j 6=i

(℘(ai)− ℘(aj))
−1, if i ∈ Λ2,

(3.7) ci = ci∗ = ℘′(ai)
−2

∏
j 6=i, i∗

(℘(ai)− ℘(aj))
−1, if i 6∈ Λ2.

Proof. Recall (2.9) that

ya(z) = ez
∑n
i=1 ζ(ai)

∏n
i=1 σ(z − ai)
σ(z)n

.

Note that {a1, · · ·, an} = {−a1, · · ·,−an} in Eτ implies

n∑
j=1

aj = ωk
2 in Eτ for some k ∈ {0, 1, 2, 3},

where ω0 = 0. Applying the transformation law of σ(z):

σ(z + ωj) = −eηj(z+ωj/2)σ(z), j = 1, 2,

and the Legendre relation τη1 − η2 = 2πi, a direct computation shows

(3.8) ya(z + ωj) = εjya(z), j = 1, 2,

where

(ε1, ε2) =


(1, 1) if k = 0,
(1,−1) if k = 1,
(−1, 1) if k = 2,
(−1,−1) if k = 3.

Define

Pa(z) :=
1∏n

j=1(℘(z)− ℘(aj))
.

Since a ∈ Yn \Xn is a branch point, it was proved in [19, Lemma 3.2]
that the residue of Pa(z) at aj is zero for all j and then we may rewrite
Pa(z) as

Pa(z) =

n∑
j=1

cj℘(z − aj) + c0,

where c0, cj ’s are given by (3.5)-(3.7). Define

(3.9) χ(z) :=

∫ z

0
Pa(ξ)dξ = −

n∑
j=1

cj(ζ(z − aj) + ζ(aj)) + c0z.
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Then it follows from {a1, · · ·, an} = {−a1, · · ·,−an} in Eτ that χ(z) is
odd and has two quasi-periods χ1, χ2:

(3.10) χ1 = χ(z + 1)− χ(z) = c0 − η1

n∑
j=1

cj ,

(3.11) χ2 = χ(z + τ)− χ(z) = c0τ − η2

n∑
j=1

cj .

On the other hand, it follows from (2.16) and the linear dependence of
y±a(z) that Pa(z) = c(a)/ya(z)2 for some constant c(a) 6= 0. Then a
direct computation shows that

(3.12) y2(z) := ya(z)χ(z) = c(a)ya(z)

∫ z

0

1

ya(ξ)2
dξ.

is also a solution of the Lamé equation (2.8), which is linearly indepen-
dent with ya(z). Since Case (b) occurs, y2(z) can not be a common
eigenfunction. Then (3.8) and (3.10)-(3.11) infer that χ1, χ2 can not
vanish simultaneously. Define

(3.13) C :=
χ2

χ1
=
c0τ − η2

∑n
j=1 cj

c0 − η1
∑n

j=1 cj
.

We claim that this C is precisely the monodromy data. In fact, if χ1 = 0,
then χ2 6= 0, C =∞ and it follows from (3.8), (3.10)-(3.11) that

(3.14)

(
χ2ya(z + 1)
y2(z + 1)

)
= ε1

(
χ2ya(z)
y2(z)

)
,(

χ2ya(z + τ)
y2(z + τ)

)
= ε2

(
1 0
1 1

)(
χ2ya(z)
y2(z)

)
,

which is precisely (3.3). If χ1 6= 0, then C 6=∞ and (3.8), (3.10)-(3.11)
give

(3.15)

(
χ1ya(z + 1)
y2(z + 1)

)
= ε1

(
1 0
1 1

)(
χ1ya(z)
y2(z)

)
,

(3.16)

(
χ1ya(z + τ)
y2(z + τ)

)
= ε2

(
1 0
C 1

)(
χ1ya(z)
y2(z)

)
,

which is precisely (3.2). This completes the proof. q.e.d.

The following result, which is important for our future study, is in-
teresting from the viewpoint of the monodromy theory. It establishes
the 1-1 correspondence between the zeros of `n(B) and the monodromy
datas C’s.

Proposition 3.2. Let B1, B2 be two zeros of `n(B) such that B1 6=
B2, and Cj be the monodromy data of the corresponding Lamé equation
Ln,Bj . Then C1 6= C2.
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Proof. Suppose by contradiction that C1 = C2 = C. Without loss
of generality, we may assume C 6= ∞ (the case C = ∞ can be treated
similarly).

For the Lamé equation Ln,B1 , there exists a branch point a ∈ Yn \Xn

such that B1 = Ba. Applying the proof of Proposition 3.1, there exist
linearly independent solutions y1(z) = χ1ya(z) and y2(z) = ya(z)χ(z)
such that (

y1(z + 1)
y2(z + 1)

)
= ε1,1

(
1 0
1 1

)(
y1(z)
y2(z)

)
,(

y1(z + τ)
y2(z + τ)

)
= ε1,2

(
1 0
C 1

)(
y1(z)
y2(z)

)
with ε1,1, ε1,2 = ±1. Furthermore, since χ(z) is odd and 0 is a pole of
ya(z) with order n, and the local exponent of y2 at 0 is either −n or
n+ 1, we conclude that

0 is a pole of y1(z) with order n and is a zero of y2(z) with order n+ 1.

Similarly, for the Lamé equation Ln,B2 , there exist linearly indepen-
dent solutions ŷ1(z) and ŷ2(z) such that(

ŷ1(z + 1)
ŷ2(z + 1)

)
= ε2,1

(
1 0
1 1

)(
ŷ1(z)
ŷ2(z)

)
,

(
ŷ1(z + τ)
ŷ2(z + τ)

)
= ε2,2

(
1 0
C 1

)(
ŷ1(z)
ŷ2(z)

)
with ε2,1, ε2,2 = ±1, and

0 is a pole of ŷ1(z) with order n and is a zero of ŷ2(z) with order n+ 1.

Define

Φ1(z) :=

(
y1(z) y2(z)
y′1(z) y′2(z)

)
, Φ2(z) :=

(
ŷ1(z) ŷ2(z)
ŷ′1(z) ŷ′2(z)

)
.

Then

Φj(z + 1) = εj,1Φj(z)

(
1 1
0 1

)
,

Φj(z + τ) = εj,2Φj(z)

(
1 C
0 1

)
.

Define

Φ(z) := Φ1(z) · Φ2(z)−1

=
1

W

(
y1ŷ
′
2 − y2ŷ

′
1 −y1ŷ2 + ŷ1y2

y′1ŷ
′
2 − y′2ŷ′1 −y′1ŷ2 + y′2ŷ1

)
=:

(
a11(z) a12(z)
a12(z) a22(z)

)
,
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where W := ŷ1ŷ
′
2 − ŷ2ŷ

′
1 is the Wronskian of (ŷ2(z), ŷ1(z)) which is a

non-zero constant. Then

(3.17) Φ(z + 1) = ε1,1ε2,1Φ(z), Φ(z + τ) = ε1,2ε2,2Φ(z).

Note that a12(z) = 1
W (−y1ŷ2 + ŷ1y2) has a zero at 0 and hence is

holomorphic in C. Since (3.17) implies that a12(z) is bounded in C, we
conclude from the Liouville theorem that a12(z) ≡ 0.

Clearly a11(z) = 1
W (y1ŷ

′
2− y2ŷ

′
1) is holomorphic at 0 and hence holo-

morphic in C. Applying (3.17) we conclude that a11(z) ≡ d1 is a con-
stant. Similarly, a22(z) ≡ d2 is also a constant. Therefore,(

y1(z) y2(z)
y′1(z) y′2(z)

)
=

(
d1 0

a12(z) d2

)(
ŷ1(z) ŷ2(z)
ŷ′1(z) ŷ′2(z)

)
,

where d1d2 6= 0. It follows that y1(z) = d1ŷ1(z), i.e. y1(z), ŷ1(z) solve
the same Lamé equation, which implies B1 = B2, a contradiction.

Therefore, C1 6= C2. q.e.d.

We conclude this section by proving Theorem 1.6, i.e. the following
theorem.

Theorem 3.3. Let a = {a1, · · ·, an} be a branch point of Yn(τ), c0,
cj’s be constants defined in (3.5)-(3.7), and C be the monodromy data
of the corresponding Lamé equation Ln,B with B = Ba, i.e. C is given
by (3.4). Then

(3.18) detD2Gn(a; τ) = (−1)nP1(a; τ)P2(a; τ) Im C,
where

P2(a; τ) := |χ1|2 =

∣∣∣∣c0 − η1

n∑
j=1

cj

∣∣∣∣2,
and P1(a; τ) ≥ 0. Moreover,

(1) P1(a; τ) = 0 precisely when the hyperelliptic curve Yn(τ) is sin-
gular at a. There are only finitely many such tori Eτ for each
n.

(2) P2(a; τ) = 0 if and only if the monodromy data C = ∞. If this
happens, then detD2Gn(a; τ) = 0.

Proof. Denote s =
∑n

j=1 cj . In [19, Theorems 3.4 and 4.1], Wang
and the second author proved that

(3.19) detD2Gn(a; τ) = (−1)nca(τ)D(a; τ),

with

(3.20) D(a; τ) = ec̃(a;τ) Im τ ·
(
|c0 − sη1|2 +

2π

Im τ
Re s̄(c0 − sη1)

)
,

where c̃(a; τ) ∈ R, i.e. ec̃(a;τ) > 0, and ca(τ) ≥ 0. Moreover, ca(τ) = 0
precisely when the hyperelliptic curve Yn(τ) is singular at this branch
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point a. There are only finitely many such tori Eτ for each fixed n. Re-
mark that this D(a; τ) is an important geometric quantity arising from
the bubbling phenomena of the mean field equation (1.2) as mentioned
in the introduction. We will briefly review it in Section 5.

On the other hand, Proposition 3.1 shows that

C =
χ2

χ1
=
c0τ − η2

∑n
j=1 cj

c0 − η1
∑n

j=1 cj
= τ +

2πi
c0
s − η1

,

where we used the Legendre relation τη1 − η2 = 2πi. It follows that

Im τ ·
(
|c0 − sη1|2 +

2π

Im τ
Re s̄(c0 − sη1)

)
=|c0 − sη1|2 Im

(
τ +

2πi
c0
s − η1

)
= |c0 − sη1|2 Im C.

Together with (3.19) and (3.20), we finally obtain

detD2Gn(a; τ) = (−1)nca(τ)ec̃(a;τ)|c0 − sη1|2 Im C.

Letting P1(a; τ) = ca(τ)ec̃(a;τ) and P2(a; τ) = |c0 − sη1|2 = |χ1|2, the
proof is complete. q.e.d.

The explicit expressions of detD2Gn(a; τ) at all trivial critical points
for n = 1, 2 were calculated in [17] and [19] respectively. We will recall
these formulas for n = 2 in the next section; see (4.7)-(4.8). Here we
compute a new example.

Example 3.4. Let a = (ω1
2 ,

ω2
2 ,

ω3
2 ). Since ∇G(ωk2 ) = 0, we see that

a is a trivial critical point of G3(z; τ). Note that detD2G3(a; τ) is the
determinant of a 6× 6 real matrix and is not easy to calculate directly.
Here we apply Theorem 3.3 to compute it. Conventionally, we denote
ek = ek(τ) := ℘(ωk2 ; τ). It is well known that

℘′(z)2 = 4
3∏

k=1

(℘(z)− ek) = 4℘(z)3 − g2℘(z)− g3,

and g3
2 − 27g2

3 = 16(e1 − e2)2(e1 − e3)2(e2 − e3)2 6= 0. Recalling c0, cj ’s
defined in (3.5)-(3.6), we have (write {i, j, k} = {1, 2, 3})

cj =
2

℘′′(
ωj
2 )(ej − ei)(ej − ek)

=
1

(ej − ei)2(ej − ek)2
,

and then straightforward computations give

3∑
j=1

cj =
24g2

g3
2 − 27g2

3

, c0 = −
3∑
j=1

ejcj =
36g3

g3
2 − 27g2

3

.
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Consequently,

χ1 = c0 − η1

n∑
j=1

cj =
−12(2η1g2 − 3g3)

g3
2 − 27g2

3

,

C =
χ2

χ1
= τ +

2πi
∑
ci

χ1
= τ − 4πig2

2η1g2 − 3g3
.

Applying Theorem 3.3, we finally obtain

detD2G3(a; τ) = −P (τ)|2η1g2 − 3g3|2 Im

(
τ − 4πig2

2η1g2 − 3g3

)
,

where P (τ) 6=∞ is given by

P (τ) :=
144P1(a; τ)

|g3
2 − 27g2

3|2
> 0 ∀τ ∈ H.

In fact, (2.10) gives Ba = 5
∑3

i=1 ei = 0, which is always a simple zero
of the Lamé polynomial `3(B; τ) (see [18, p.569]):

`3(B; τ) =
22

3454
B

3∏
i=1

(B2 − 6eiB + 15(3e2
i − g2)).

Thus Y3(τ) is always smooth at a, i.e. P1(a; τ) > 0 for all τ .

4. Non-degeneracy of trivial critical points

The purpose of this section is to prove Theorems 1.1 and 1.7. From
now on, we consider only τ ∈ iR>0. First we briefly recall the Floquet
theory about the Lamé equation restrict on z = x + τ

2 with x ∈ R (to
avoid the singularities of ℘(z) on R):

(4.1) y′′(x)− n(n+ 1)℘(x+ τ
2 ; τ)y(x) = By(x), x ∈ R.

See e.g. [12] for the Floquet theory for general Hill’s equation.
For any x0 ∈ R, we let c(B, x, x0) and s(B, x, x0) be the special

fundamental system of solutions of (4.1) satisfying the initial values

c(B, x0, x0) = s′(B, x0, x0) = 1, c′(B, x0, x0) = s(B, x0, x0) = 0.

Clearly(
c(B, x+ 1, x0)
s(B, x+ 1, x0)

)
=

(
c(B, x0 + 1, x0) c′(B, x0 + 1, x0)
s(B, x0 + 1, x0) s′(B, x0 + 1, x0)

)(
c(B, x, x0)
s(B, x, x0)

)
.

Define

∆(B) := c(B, x0 + 1, x0) + s′(B, x0 + 1, x0)

to be the trace of the above monodromy matrix and

d(B) := ordB(∆(·)2 − 4).
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Remark that ∆(B) is independent of the choice of x0 ∈ R, and d(E)
is known to coincide with the algebraic multiplicity of (anti)periodic
eigenvalues. Define

p(B, x0) := ordBs(·, x0 + 1, x0),

(4.2) pi(B) := min{p(B, x0) : x0 ∈ R}.
Then p(B, x0) and pi(B) are known as the algebraic multiplicity of a
Dirichlet eigenvalue and its immovable part respectively. See [12].

Notice that the Lamé potential q(x) := −n(n+ 1)℘(x+ τ
2 ; τ) is real-

valued for x ∈ R because of τ ∈ iR>0. Here we recall the following
well-known result for (4.1).

Theorem 4.1. [13, 15] Let τ ∈ iR>0. Then the followings hold.

(1) All zeros of the Lamé polynomial `n(B) are real and distinct, de-
noted by B2n < B2n−1 < · · · < B1 < B0.

(2) For each j ∈ [0, 2n], d(Bj) = 1 and pi(Bj) = 0.
(3) The Lamé potential q(x) = −n(n + 1)℘(x + τ

2 ; τ) is a finite-gap

potential, i.e. the spectrum of the associated operator L = d2

dx2
+

q(x) in L2(R) has a finite-gap spectrum of the type

σ(L) = (−∞, B2n] ∪ [B2n−1, B2n−2] ∪ · · · ∪ [B1, B0].

Now we turn back to the Lamé equation (2.8).

Lemma 4.2. Let τ ∈ iR>0, B be a zero of `n(B; τ) and C be the
monodromy data of the corresponding Lamé equation (2.8). Then C ∈
iR ∪ {∞}.

Proof. Since τ ∈ iR>0, it is easy to see that

(4.3) ℘(z) = ℘(z̄), ζ(z) = ζ(z̄).

In particular, η1 = 2ζ(1
2) ∈ R. Since B is a zero of `n(B; τ), Theorem

4.1-(1) says B ∈ R, and it follows from Section 2 that there exists a
branch point a = (a1, · · ·, an) of Yn such that

B = Ba = (2n− 1)
n∑
i=1

℘(ai).

Clearly ā := (ā1, · · · , ān) also satisfies (2.6) and {ā1, · · ·, ān} = {−ā1, · ·
·,−ān}, which implies that ā is also a branch point of Yn. Since

Bā = (2n− 1)

n∑
i=1

℘(āi) = Ba = B = B,

we conclude from the hyperelliptic geometry of Yn (i.e. the map B :
Yn → C defined by (2.10) is a ramified covering of degree 2) that ā = a,
i.e.

(4.4) {a1, · · ·, an} = {ā1, · · ·, ān} in Eτ .
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Given j ∈ [1, n], we denote j̄ to be the unique index such that aj̄ = āj
in Eτ . Then it follows from (4.3) and (3.6)-(3.7) that

c̄j = cj̄ , ∀j ∈ [1, n].

Therefore,
∑n

j=1 cj ∈ R and

χ1 = −
n∑
j=1

cj̄℘(aj̄)− η1

n∑
j=1

cj̄ = χ1,

i.e. χ1 ∈ R. Since η2 = τη1 − 2πi gives

χ2 = c0τ − η2

n∑
j=1

cj = τχ1 + 2πi

n∑
j=1

cj ,

we obtain χ2 ∈ iR. Therefore, C =χ2

χ1
∈ iR ∪ {∞}. q.e.d.

The following result is crucial for us to prove the non-degeneracy of
trivial critical points of Gn.

Theorem 4.3. Let τ ∈ iR>0, B be a zero of `n(B; τ) and C be
the monodromy data of the corresponding Lamé equation (2.8). Then
C /∈ {0,∞}, i.e. C ∈ iR \ {0}.

Proof. Since B is a zero of `n(B; τ), it follows from Section 2 that
there exists a branch point a = (a1, · · ·, an) of Yn such that B = Ba.

Step 1. We prove that C 6=∞.
Assume by contradiction that C =∞. Then the proof of Proposition

3.1 (especially (3.14)) shows that y1(z) := χ2ya(z), y2(z) are linearly
independent solutions of the Lamé equation (2.8) and

y1(z + 1) = ε1y1(z), y2(z + 1) = ε1y2(z), ε1 = ±1.

Consequently, ỹj(x) := yj(x + τ
2 ), j = 1, 2, are linearly independent

solutions of (4.1) and

ỹj(x+ 1) = ε1ỹj(x), ε1 = ±1, j = 1, 2.

This implies that all solutions of (4.1) are periodic if ε1 = 1 (resp.
antiperiodic if ε1 = −1) and so does s(B, x, x0) for any x0 ∈ R. In
particular, s(B, x0 + 1, x0) = 0 for all x0 ∈ R and so (4.2) gives pi(B) ≥
1. However, Theorem 4.1 (1)-(2) say that pi(B) = 0, a contradiction.
Therefore, C 6=∞.

Step 2. We prove that C 6= 0.
Assume by contradiction that C = 0. Recalling the modular property

of ℘(z; τ):

℘(z; −1
τ ) = τ2℘(τz; τ),

we immediately see that y(z) is a solution of the Lamé equation (2.8) if
and only if ỹ(z) := y(τz) is a solution of the Lamé equation

(4.5) ỹ′′(z) =
[
n(n+ 1)℘

(
z; −1

τ

)
+ τ2B

]
ỹ(z).
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Define ỹ1(z) := −χ1ya(τz) and ỹ2(z) := y2(τz). Since the proof of
Proposition 3.1 shows that χ1ya(z), y2(z) are linearly independent solu-
tions of (2.8) and satisfy (3.15)-(3.16) with C = 0, we see that ỹ1(z), ỹ2(z)
are linearly independent solutions of (4.5) and satisfy(

ỹ1(z + 1)
ỹ2(z + 1)

)
= ε2

(
1 0
0 1

)(
ỹ1(z)
ỹ2(z)

)
,(

ỹ1(z + −1
τ )

ỹ2(z + −1
τ )

)
= ε1

(
1 0
1 1

)(
ỹ1(z)
ỹ2(z)

)
.

Together with (3.3), we conclude that the monodromy data of (4.5),
denoted by C(−1

τ ), is ∞. However, since −1
τ ∈ iR>0, we can apply

Step 1 to (4.5) (i.e. replacing τ by −1
τ ) and obtain C(−1

τ ) 6= ∞, a
contradiction. This proves C 6= 0. Finally, together with Lemma 4.2,
we have C ∈ iR \ {0}. q.e.d.

We are in the position to prove Theorem 1.1.

Proof of Theorem 1.1. Let τ ∈ iR>0.
Step 1. We prove that Gn has no nontrivial critical points.
This assertion follows directly from the following two statements:
(i) Gn(z; τ) has nontrivial critical points if and only if the mean field

equation

(4.6) ∆u+ eu = 8πnδ0 on Eτ

has solutions. This statement holds for any τ ∈ H and was proved by
Chai, Wang and the second author [4].

(ii) If τ ∈ iR>0, i.e. Eτ is a rectangular torus, then (4.6) has no
solutions. This statement was proved by Wang and the second author
[17] for n = 1 and by the authors [11] for all n ∈ N via a different idea.

Together with Theorem B in Section 1, we conclude that Gn(z; τ) has
exactly 2n + 1 critical points which are all trivial. Since the assertion
a = ā has been proved in (4.4), we obtain the assertion (a).

Step 2. We show that detD2Gn(a; τ) 6= 0 for each trivial critical
point a.

Recall Theorem 3.3 that

detD2Gn(a; τ) = (−1)nP1(a; τ)P2(a; τ) Im C.

Note from Theorem 2.4-(2) and Theorem 4.1-(1) that P1(a; τ) > 0, and
Theorem 4.3 implies P2(a; τ) Im C 6= 0. Therefore, detD2Gn(a; τ) 6= 0,
i.e. any trivial critical point is non-degenerate. This proves (b).

Finally, recall Theorem 3.3 that

detD2Gn(a; τ) = (−1)nca(τ)D(a; τ),

where ca(τ) = e−c̃(a;τ)P1(a; τ) > 0. Thus D(a; τ) 6= 0, i.e. (c) holds.
The proof is complete. q.e.d.
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We take the special case n = 2 as an example. It is known [19] thatG2

has only five trivial critical points {(q±,−q±)|℘(q±; τ) = ±
√
g2(τ)/12}

and {(1
2ωi,

1
2ωj) | i 6= j}, and the Hessian is given by

(4.7) detD2G2(q±,−q±; τ) =
3|g2(τ)|
4π4 Im τ

|℘(q±; τ) + η1(τ)|2 Imφ±(τ),

(4.8)

detD2G2(1
2ωi,

1
2ωj ; τ) =

4|Gk(τ)|2

(2π)4 Im τ
Imφk(τ), {i, j, k} = {1, 2, 3},

where ek(τ) := ℘(ωk2 ; τ) and

(4.9) φ±(τ) := τ − 2πi

η1(τ)±
√
g2(τ)/12

,

(4.10) Gk(τ) := 1
2g2(τ) + 3η1(τ)ek(τ)− 3ek(τ)2.

(4.11) φk(τ) := τ − 6πiek(τ)
g2(τ)

2 + 3η1(τ)ek(τ)− 3ek(τ)2
.

We conclude this section by determining the sign of the Hessian.

Theorem 4.4. Let τ = ib with b > 0. Then

detD2G2(q+,−q+; τ) > 0, detD2G2(q−,−q−; τ) > 0,

detD2G2(1
2ωi,

1
2ωj ; τ)

{
> 0 if {i, j} = {1, 2},
< 0 if {i, j} = {1, 3} or {2, 3}.

Proof. Applying Theorem 1.1 to the special case n = 2, we have

detD2G2(z1, z2; ib) 6= 0, ∀b > 0,

for any (z1, z2) ∈ {(1
2ωi,

1
2ωj)|i 6= j}∪{(q±,−q±)}. Together with (4.7)-

(4.8), we obtain

|℘(q±; ib) + η1(ib)| > 0, |Gk(ib)| > 0,

and

(4.12) Imφ±(ib) 6= 0, Imφk(ib) 6= 0, ∀b > 0, k = 1, 2, 3.

Therefore, to prove this theorem, it suffices for us to prove that

(4.13) Imφ+(ib) > 0, Imφ−(ib) > 0,

(4.14) Imφ1(ib) < 0, Imφ2(ib) < 0, Imφ3(ib) > 0,

hold for some b > 0 and hence for all b > 0.
Since η1(ib), ek(ib) ∈ R and g2(ib) > 0, (4.9) and (4.11) give

Imφ±(ib) = b− 2π

η1(ib)±
√
g2(ib)/12

,
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Imφk(ib) = b− 2πek(ib)

ek(ib)η1(ib) + g2(ib)
6 − ek(ib)2

.

Denote q = e2πiτ = e−2πb. Recall the well known q-expansions

(4.15) η1(τ) =
π2

3
− 8π2

∞∑
k=1

σ1(k)qk, where σ1(k) =
∑

1≤d|k

d,

g2(τ) =
4

3
π4 + 320π4

∞∑
k=1

σ3(k)qk, where σ3(k) =
∑

1≤d|k

d3.(4.16)

(4.17) e1(τ) =
2π2

3
+ 16π2

∞∑
k=1

akq
k, ak =

∑
d|k,d is odd

d,

(4.18) ej(τ) = −π
2

3
− 8π2

∞∑
k=1

(−1)jkakq
k
2 , j = 2, 3.

See e.g. [10, (6.17)] for (4.15), [16, p.44] for (4.16) and [23, p.70] for
(4.17)-(4.18). Applying these q-expansions, direct computations show
that (4.13)-(4.14) hold for b sufficiently large and hence for all b. q.e.d.

5. Applications to the mean field equation

In this section, we give some applications of Theorem 1.1 to the mean
field equation

(5.1) ∆u+ eu = ρδ0 on Eτ

and prove Corollary 1.2 and Theorem 1.3.
Recalling the Green function G on Eτ , we denote G(z, w) := G(z−w).

Define the regular part G̃(z, w) of G(z, w) by

G̃(z, w) := G(z, w) +
1

2π
log |z − w|.

Given a := {a1, · · ·, an} being a trivial critical point of Gn, we set

fai(z) =8π
(
G̃(z, ai)− G̃(ai, ai) +

∑
j 6=i

(G(z, aj)−G(ai, aj))

− n(G(z)−G(ai))
)
,

µi = exp

(
8π(G̃(ai, ai) +

∑
j 6=i

G(ai, aj)− nG(ai))

)
,

and define a quantity D(a) = D(a; τ) by

(5.2) D(a; τ) := lim
r→0

n∑
i=1

µi

(∫
Ωi\Br(ai)

efai (z) − 1

|z − ai|4
−
∫
R2\Ωi

1

|z − ai|4

)
,
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where Ωi is any open neighborhood of ai in Eτ such that Ωi ∩ Ωj = ∅
for i 6= j, and

⋃n
i=1 Ω̄i = Eτ . The limit exists since fai(z) = O(|z−ai|3)

plus a quadratic harmonic function for all i. See [21] for a proof. This
D(a) arises in the bubbling phenomena of (5.1) as shown in Theroem
A.

From (1.5), the quantity D(a) controls the sign of ρk − 8πn and so
provides one of the key geometric messages for the bubbling solutions.
On the other hand, the Hessian detD2Gn(a) can be used to determine
the local maximum points of uk near ai, 1 ≤ i ≤ n, and to provide
other useful geometric information for the bubbling solutions (cf. [5]).
There are many potential applications of these two quantities. For ex-
ample, detD2Gn(a) and D(a) together imply the existence and local
uniqueness of bubbling solutions, as described in the following striking
theorems.

Theorem 5.A. [6, 8] Suppose a = {a1, · · ·, an} is a trivial critical point
such that both D(a) and detD2Gn(a) do not vanish. Then there exists
ε0 > 0 such that for any 0 < ε < ε0, equation (5.1) with ρ = 8πn + ε
(resp. ρ = 8πn − ε) possesses a solution uε(z) if D(a) > 0 (resp.
D(a) < 0). Moreover, uε(z) blows up exactly at {a1, · · ·, an} as ε→ 0.

Remark 5.1. In [6] the non-degenerate conditions D(a) 6= 0 and
detD2Gn(a) 6= 0 in Theorem 5.A were replaced by some other non-
degenerate conditions. Nevertheless the similar process as there still
works for D(a) 6= 0 and detD2Gn(a) 6= 0 (see e.g. the remark in
[8, Section 4] concerning with the degree counting formula). Indeed,
for the Chern-Simons-Higgs equation (1.3), the same non-degenerate
conditions D(a) < 0 and detD2Gn(a) 6= 0 were used to construct such
kind of bubbling solutions in [21].

Theorem 5.B. [1] Suppose the hypothesis of Theorem 5.A holds, and
uk(z), ũk(z) are two sequences of solutions of equation (5.1) with the
same parameter ρk → 8πn and ρk 6= 8πn for large k, which blow up at
the same points {a1, · · ·, an}. Then uk(z) = ũk(z) for large k.

The above results highlight the importance of determining whether
D(a) and detD2Gn(a) are nonzero or not. Theorem 1.1 proves

detD2Gn(a) = (−1)nca(τ)D(a) 6= 0

with ca(τ) > 0 for any trivial critical point a if τ ∈ iR>0.
Let τ ∈ iR>0. Then the hypothesis of Theorem 5.A holds automati-

cally and so the assertions of Theorems 5.A and 5.B follow. Define

m :=#{trivial critical point a |D(a) > 0}(5.3)

=#{trivial critical point a | (−1)n detD2Gn(a) > 0}.
Then Theorem 1.1 implies

(5.4) 2n+ 1−m = #{trivial critical point a |D(a) < 0}.
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It is known [20] that m = 2 for n = 1, and Theorem 4.4 proves m = 3
for n = 2. The following result shows m = n+1 for all n ∈ N and hence
proves Corollary 1.2, which confirms [4, Conjecture 8.7.2].

Theorem 5.2. Let n ∈ N and τ ∈ iR>0, i.e. Eτ is a rectangular
torus. Then there exists a small ε0 > 0 such that

(1) for ρ ∈ (8πn, 8πn + ε0), (5.1) has exactly n + 1 solutions, which
are all even and symmetric;

(2) for ρ = 8πn, (5.1) has no solutions;
(3) for ρ ∈ (8πn − ε0, 8πn), (5.1) has exactly n solutions, which are

all even and symmetric.

Proof of Theorem 5.2 and Corollary 1.2. The assertion (2) is just the
statement (ii) recalled in the proof of Theorem 1.1. This implies that
if uρ is a solution of (5.1) for ρ close to 8πn, then uρ must blow up
as ρ → 8πn and so the assertions of Theorem A follow. From here,
(5.3)-(5.4) and Theorems 5.A-5.B, we easily conclude that there exists
a small ε0 > 0 such that

(i) for ρ ∈ (8πn, 8πn + ε0), (5.1) has exactly m solutions, which are
all even and symmetric;

(ii) for ρ ∈ (8πn − ε0, 8πn), (5.1) has exactly 2n + 1 − m solutions,
which are all even and symmetric.

Remark that since τ ∈ iR>0, the even and symmetry of these solutions
follow from Theorem 5.B by applying two facts: (1) if u(z) is a solution
of (5.1), then so do u(−z) and u(z̄); (2) any trivial critical point a of
Gn satisfies a = −a = ā.

Therefore, it suffices to prove m = n + 1. It was proved in [7] that
for ρ ∈ (8π(l− 1), 8πl), l ∈ N, the topological Leray-Schauder degree dρ
for (5.1) is well-defined and dρ = l. Since each solution constructed in
Theorem 5.A is non-degenerate and hence contributes degree 1 or −1
(see [6]), we obtain

m ≥ n+ 1 and 2n+ 1−m ≥ n,
which immediately implies m = n + 1. This proves Theorem 5.2 and
Corollary 1.2. q.e.d.

6. Reducible monodromy of generalized Lamé equation

In this final section, we would like to mention that Theorem 4.3 can
be extended to the following generalized Lamé equation (GLE)

(6.1) y′′(z) =

[ 3∑
k=0

nk(nk + 1)℘
(
z + ωk

2 ; τ
)

+B

]
y(z) =: I(z)y(z),

where nk ∈ Z≥0 for all k and maxk nk ≥ 1. Clearly GLE (6.1) is just
the Lamé equation (1.7) if n1 = n2 = n3 = 0. GLE (6.1) is the elliptic
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form of Heun’s equation and the potential

(6.2) −
3∑

k=0

nk(nk + 1)℘
(
z + ωk

2 ; τ
)

is the so-called Treibich-Verdier potential ([29]), which is famous as
an algebro-geometric finite-gap potential associated with the stationary
KdV hierarchy. We refer the readers to [14, 24, 25, 26, 27, 29] and
references therein for historical reviews and subsequent developments.
Our motivation of studying GLE (6.1) comes from its deep connection
(cf. [11]) with the following mean field equation with four singular
sources

(6.3) ∆u+ eu = 8π
3∑

k=0

nkδωk
2

on Eτ .

Like the Lamé equation, all solutions of GLE (6.1) are meromor-
phic in C and the monodromy representation is a homomorphism from
π1(Eτ ) to SL(2,C). Since π1(Eτ ) is abelian, so the monodromy group is
always abelian and hence reducible, which contains the same two cases
(a) and (b) as in Section 3. Again like the Lamé case, a so-called spec-

tral polynomial Q(n0,n1,n2,n3)(B; τ) is associated for the Treibich-Verdier
potential (6.2) such that Case (b) occurs for GLE (6.1) if and only if

Q(n0,n1,n2,n3)(B; τ) = 0. See e.g. [9, 14, 24].

Lemma 6.1. Let τ ∈ iR>0, B be a zero of Q(n0,n1,n2,n3)(B; τ) and C
be the monodromy data of the corresponding GLE (6.1) given in (3.2).
Then C ∈ iR ∪ {∞} provided B ∈ R.

Proof. This lemma is a generalization of Lemma 4.2 to GLE (6.1).
Here we give a different proof comparing to that of Lemma 4.2.

Recalling I(z) in (6.1), we let

I0(z) :=

3∑
k=0

nk(nk + 1)℘
(
z + ωk

2 ; τ
)

+ B̄.

Since τ ∈ iR>0, it follows from (4.3) that I0(z) = I(z̄). Thus, if y(z) is

a solution of GLE (6.1), then ỹ(z) := y(z̄) is a solution of GLE y′′ =
I0(z)y(z). Recalling our assumption, there exist linearly independent
solutions y1(z) and y2(z) of GLE (6.1) such that(

y1(z + 1)
y2(z + 1)

)
= ε1

(
1 0
1 1

)(
y1(z)
y2(z)

)
,

(
y1(z + τ)
y2(z + τ)

)
= ε2

(
1 0
C 1

)(
y1(z)
y2(z)

)
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with ε1, ε2 = ±1. Define ỹj(z) := yj(z̄), j = 1, 2. Then(
ỹ1(z + 1)
ỹ2(z + 1)

)
= ε1

(
1 0
1 1

)(
ỹ1(z)
ỹ2(z)

)
,(

ỹ1(z + τ)
ỹ2(z + τ)

)
= ε2

(
1 0
−C 1

)(
ỹ1(z)
ỹ2(z)

)
.

Therefore, the monodromy representation of GLE y′′ = I0(z)y(z) is
of the type (3.2) with the same (ε1, ε2) as that of GLE (6.1) and the
monodromy data being −C.

Now if B ∈ R, then I0(z) = I(z), i.e. GLE y′′ = I0(z)y(z) coincides
with GLE (6.1). This implies −C = C and hence C ∈ iR ∪ {∞}. q.e.d.

The following result generalizes Theorem 4.3 to GLE (6.1), and we
believe that it will also have potential applications to the mean field
equation (6.3) and the related multiple Green function. One key step
is to establish the relation between the monodromy data of GLE (6.1)
and the Hessian of the related multiple Green function at trivial critical
points. For this purpose, first we need to generalize the results of [19]
to (6.3), which is not trivial at all. We will turn back to this project in
future.

Theorem 6.2. Let τ ∈ iR>0, B be a zero of Q(n0,n1,n2,n3)(B; τ) and
C be the monodromy data of the corresponding GLE (6.1) given in (3.2).
Then C ∈ iR \ {0} provided that (n0, n1, n2, n3) satisfies neither

(6.4)
n1 + n2 − n0 − n3

2
≥ 1, n1 ≥ 1, n2 ≥ 1

nor

(6.5)
n1 + n2 − n0 − n3

2
≤ −1, n0 ≥ 1, n3 ≥ 1.

Proof. Let τ ∈ iR>0 and (n0, n1, n2, n3) satisfy neither (6.4) nor
(6.5). Then we proved in [11, Theorem 1.7] that all the zeros of

Q(n0,n1,n2,n3)(·; τ) are real and distinct, denoted by B2g < B2g−1 < · · · <
B1 < B0, where 2g + 1 := degB Q

(n0,n1,n2,n3)(B; τ).
Now we consider GLE (6.1) restricted on z = x+ τ

4 with x ∈ R:

(6.6) y′′(x)−
[ 3∑
k=0

nk(nk + 1)℘
(
x+ τ

4 + ωk
2 ; τ

) ]
y(x) = By(x), x ∈ R.

Clearly the potential q0(x) := −
∑3

k=0 nk(nk + 1)℘
(
x+ τ

4 + ωk
2 ; τ

)
is

continuous on R. As in the beginning of Section 4, we define c(B, x, x0),
s(B, x, x0), ∆(B), d(B), p(B, x0) and pi(B) for (6.6). Although its
potential q0(x) is not real-valued on R, we proved in [11, Lemma 3.6]
that the same conclusions as Theorem 4.1 hold for (6.6):

(1) For each j ∈ [0, 2g], d(Bj) = 1 and pi(Bj) = 0.
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(2) The potential q0(x) is a finite-gap potential, i.e. the spectrum of

the associated operator L0 = d2

dx2
+ q0(x) in L2(R) has a finite-gap

spectrum of the type

σ(L0) = (−∞, B2g] ∪ [B2g−1, B2g−2] ∪ · · · ∪ [B1, B0].

Now let B be a zero of Q(n0,n1,n2,n3)(B; τ) and C be the monodromy
data of the corresponding GLE (6.1) given in (3.2). Thanks to the above
assertion (1), we can apply the same proof as Theorem 4.3 to obtain
C /∈ {0,∞}. Together with Lemma 6.1, we conclude C ∈ iR \ {0}. q.e.d.
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