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ABSTRACT. In this paper, we show that as T — \/—1co, any zero of
the Lamé function converges to either co or a finite point p satisfying
Rep = % and 2P being an algebraic number. Our proof is based on
studying a special family of simply-periodic KdV potentials with period
1, i.e. algebro-geometric simply-periodic solutions of the KdV hierarchy.
We show that except the pole 0, all other poles of such KdV potential-
s locate on the line Rez = % We also compute explicitly the eigenvalue
set of the corresponding L2[0, 1] eigenvalue problem for such KdV poten-
tials, thus extends Takemura’s works [26, 27]. Our main idea is to apply
the classification result for simply-periodic KdV potentials by Gesztesy,
Unterkofler and Weikard [11] and the Darboux transformation.

1. INTRODUCTION

In this paper, we study two problems related to algebro-geometric solu-
tions of the KAV hierarchy. The first problem is about the asymptotics of
the classical Lamé equation

(L1) y'(z) = [+ Dp(zT) — Ely(z), (€N,

as T — ioo. Here T € iR~ and p(z;7) := p(z; A¢) is the Weierstrass -
function with respect to Ay = Z + Zt. We refer the reader to the classic
texts [15, 33] and recent works [3, 13, 20, 21] for more introduction of (1.1).

In the seminal paper [16], Ince proved that the Lamé potential q(z; ) =
0( +1)p(z;7) is a finite-gap potential. In the literature, a smooth periodic
function g(x), x € R, is called a finite-gap potential if the set 0;,(L) of L =
—d?/dx* + q(x) satisfies
(12) Uh(L) = [Eo, El] U [Ez, E3] J---u [EZg/ —|—oo)
with Eg < Ey < -+ - < Epq, where 0(L) is the spectrum of bounded bands,
that is,
(1.3) E € 0y(L) <= There is a solution of (L — E)f(x) =0

which is bounded on the whole real axis.

It is well-known that a finite-gap potential is an algebro-geometric solution

of the KdV hierarchy. A potential q(z) is called an algebro-geometric solution

of the KdV hierarchy or simply a KAV potential if there is a monic odd-order

differential operator P such that the commutator [P, —d?/dz? + q(z)] = 0;
1
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see Section 2 for a brief review. Under the condition that g(z) is smooth
periodic and real-valued on R, it is known (see e.g. [10]) that g(z) is a
finite-gap potential if and only if it is a KdV potential.

For the Lamé potential, it follows from [16] that there are

(14 Eo(t) < Ey(7) < -+ < Exy(7)

such that for g(x) = (L +1)p(x + %57), k € {2,3} where wp, = T,
w3 = 1+ 7, the corresponding op(L) is of the form (1.2) with ¢ = ¢. The
polynomial Q(E; 7) := H o (E — Ej ;(T)) is called the spectral polynomial of
the Lamé potential. Fix 0 § k < 2/. It is classical (cf. [33]) that there exists
aunique a = a(t) := {ay,--- ,ay} C E¢\ {0} such that a = —a mod A,
and the classical Hermite-Halphen ansatz

— ol 02— 4 7)
o(z; 1)t

Ya(z7)

is a solution of (1.1) with E = E(7). Here {(z; 7) and ¢(z; T) are the asso-
ciated Weierstrass functions of ©(z; 7) and E; = C/ A< is a flat torus. This
Ya(z; T) is known as the Lamé function in the literature.

In this paper, we study the asymptotics of the zeros of the Lamé function
as T — ico. Our first result is

Theorem 1.1. Fix 1 < k < { and consider the Lamé function y,(z;T) at E €
{Ek-1(7), Exx(7) } with its zero set

a=a(t)={a (1), -+ ,a,(1)} CE:\ {0}, Rea;€|0,1], V]
Then as T —+ ico, the followings hold.
(1) There are k zeros a;(T)’s converging to infinity;
(2) The other £ — k zeros a;(T)’s converge to £ — k distinct points p;’s which
satisfy that Re p; = 1 and e*™¥i is an algebraic number for any j.

Our basic idea of proving Theorem 1.1 comes from the well-known fact:

. 2 2

(0+1) lim p(z7) = £(0+1) (o - %) = go(2) + o,

where ¢) := —%2 ({+1)and qo(z) :=L({+1) === (snm)

tial. From here we will see in Section 6 that Eo;_1(T), Exx(T) — eo + k*>71% as

2

T — ico. Noting that go(3 +ix) = £({ + 1) (coshT)

that Im p;’s are the zeros of eigenfunctions of the negative spectrum of the
following Schrodinger equation

2
() = ()

[cosh(7tx

is also a KdV poten-

—1— we will see in Section 4

(1.5) —y"(x) -

It is known that the negative part of the spectrum is discrete and finite,
which consists of simple eigenvalues

(1.6) Aj=—(—jPn? 0<j<i-1.
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The classical proof of this statement is to transform (1.5) to the hypergeo-
metric equation; see e.g. [18, p.73-74]. In Section 4 of this paper, we will
give a new proof of (1.6) via the KdV theory, thus it also works for a large
family of simply-periodic KdV potentials of the form

(17) q(z) =g(8§+1)P(z) + m(m +1)P(z — 3)

+ Y mij(mj+1)(P(z—p;) + P(z+p))),
=1
with 0 < m,m; < g—1,

where we denote
(1.8) 75(2) = 712[sin(7tz)]_2

for convenience. In this paper, a simply-periodic KdV potential g(z) of the
form (1.7) is called strict if its associated spectral polynomial is of degree
2¢ + 1. We will briefly review this notion for all kinds of KdV potentials
in Section 2. By applying the classification result of simply-periodic KdV
potentials by Gesztesy, Unterkofler and Weikard [11], we will prove in Sec-
tion 3 that any simply-periodic KdV potential with its basic period 1 and
its spectral polynomial of degree 2¢ 4 1 is isospectral to a strict simply-
periodic KdV potential q(z) of the form (1.7).

Remark that for a strict KAV potential q(z) given by (1.7), it follows from
Theorem 3.2 below from [11] that there are 1 < n; < --- < ng satisfying
ged(ny, -+ - ,ng) = 1and

s +1)+m(m+1 r
j= j=

such that the spectral polynomial of 4(z) is given by

oq

(1.9) Qqa¢+1(E) = E] [(E — nirc?)%.

j=1
See Sections 3-4 for more details. Here we have the following characteri-
zation of the poles p;’s. For an algebraic number &, any other root of its
minimial polynomial f(x) € Qx| is called a conjugate of «.

Theorem 1.2. Let q(z) be a strict KAV potential given by (1.7) with its spectral
polynomial given by (1.9). Then we have

(1) forany 1 < j < r, e¥™Pi is an algebraic number. Moreover, any conjugate
of e¥™Pi belongs to {e*Pe|1 < k < r}.

(2) forany 1 < k < g, any root p of the Baker-Akhiezer function (P, z,zo)
of g(z) at P, = (n?n?,0) satisfies that e¥™P is an algebraic number.

The notion of the Baker-Akhiezer function in Theorem 1.2 will be re-
viewed in Section 2.
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Remark 1.3. For any KdV potential (z) of the form (1.7), we take any b € R
such that g(z) has no poles on R + ib and denote 4(x) = q(x + ib). Then
the spectrum ¢ (L) of bounded bands for L = —d?/dx? + §(x) satisfies

(1.10) (L) = [0, 4-00).

This easily follows from the two facts: (i) By applying the Darboux transfor-
mations via the Baker-Akhiezer functions to g(z) finitely many times, we
obtain the constant potential §(z) = 0; See [11] or Section 3 of this paper.
(i) The Hill’s discriminant A(E) (i.e. the trace of the monodromy matrix
of ¥"(z) = [q(z) — E]y(z) with respect to z — z + 1) is invariant under
the Darboux transformation via the Baker-Akhiezer function. In particular,
the Hill’s discriminant A(E) of g(z) is the same as the one of the constant
potential §(z) = 0, which implies (1.10) and

{E|A(E) = £2} = {7?*n? |n € Z>o}.

Remark 1.3 shows that the spectrum information obtained from the Hill’s
discriminant A(E) can not distinguish the potentials. In this paper, we s-
tudy another type of eigenvalue problem which was already studied by
Takemura [26, 27, 29]. Let q(z) be a strict KdV potential given by (1.7) such
that p; ¢ R for all j. We will see in Remark 4.3 that g(x) is real-valued for
x € [0,1]. Clearly g(x) has singularities at 0,1 (and 1 if m > 1) on [0, 1].
Consider the following eigenvalue problem which is of particular physical
interest:

(1.11) {‘(P"(x) +q(x)p(x) = Ap(x), x€[0,1],
o(x) € L2[0,1], ice. [} |g(x)[*dx < oo.

Here ”physical interest” means that the eigenfunction is contained in an
appropriate Hilbert space, which is often the L? space (cf. [27]). We will
see that ¢(x) € L?[0,1] is equivalent to ¢(0) = ¢(1) = 0 (and ¢(3) = 0 if
m > 1). Clearly this eigenvalue problem depends on the potential q(z).

Our second problem is to find all the eigenvalues A’s such that (1.11) has
a solution. The special case m; = 0 for all j, i.e.
(1.12) q(z) =g(g + 1)P(z) + m(m+1)P(z - 1),

=g(g+ 1) ?[sintz] 2+ m(m+ 1)w?[cos tz] 2, 0 < m < g,

was already considered by Takemura [26, 27, 29]. Like the case m = 0, this
q(z) is a limit of the following Treibich-Verdier potential [31] (which is well
known as new elliptic KdV potentials besides the Lamé potential)

(1.13) g(g+Dp(z 1) +m(m+1)p(z—3;7)
+lg(g+1) +m(m+1)]%.

The complete set of eigenvalues of (1.11) with g(z) being (1.12) are given by
(see e.g. [26, Section 5] for m > 1 and [29, Section 3] for m = 0)

(1.14) (X (g+1+k)?|ke€Zso} ifm=0,
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(1.15) {2 (g+m+242k)?% | ke Zso} ifm>1.

Since q(z) in (1.12) has only two singularities 0, 3 mod Z, the proof in
[26, 29] is to transform (1.11) to hypergeometric equations via gauge trans-
formations, but this method can not work for general g(z) given by (1.7).

In this paper, we develop a unified approach to solve the eigenvalue
problem (1.11) for a special family of KAV potentials given by (1.7) including
(1.12). Our third result of this paper is as follows, which generalizes (1.14)-
(1.15) to a large family of KdV potentials.

Theorem 1.4. Let g(z) be a strict simply-periodic KAV potential of the form (1.7)
with its spectral polynomial given by (1.9). Suppose that

(1.16) tp; € Rforall1 <j<rifr>1
Then the following hold.
(1) If m = 0, then the set

Qg ::{ nznZ}n € ]N\{nl,“':”g}}

gives all the eigenvalues of the eigenvalue problem (1.11). Furthermore,
the eigenfunction y(x) of the eigenvalue 7w°n? satisfies y(3) = 0 if and
only if n — g is even.

(2) If m > 1, then the eigenvalue set is given by

O ::{ ﬂz(g+m+2—2imj+2k)2‘k€Z>Or
j=1

.
k>Y mj— W} \{min?, - nzm}.
=1

Remark 1.5. Remark that g(z) given by (1.12) satisfies all assumptions of
Theorem 1.4. A more precise statement of Theorem 1.4 will be given in
Sections 4-5, where we will give infinitely many new examples of potentials
q(z) of the form (1.7) satisfying all assumptions of Theorem 1.4, and the
exact values of the corresponding n1, - - - , ng will also be given. We believe
that Theorem 1.4 should have important applications.

The rest of this paper is organized as follows. As we will see that the
notion of strict KAV potentials plays an essential role in our proof. Thus in
Section 2, we first review the KdV hierarchy in general setting and then in-
troduce the notion of strict KdV potentials. Some important properties for
strict KAV potentials are also collected. We also review the basic theory con-
cerning the Darboux transformation of the KdV potentials from [7, 9] for
later usage. In Section 3, we introduce Gesztesy, Unterkofler and Weikard'’s
classification result [11] for simply-periodic KdV potentials and apply it to
prove the existence of strict simply-periodic KdV potentials. Theorem 1.2
will be proved as a consequence. In Section 4, we show that the poles of
some special strict simply-periodic KdV potentials locate on Rez = 3. As
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applications, Theorem 1.4 will be proved in Section 5, and Theorem 1.1 will
be proved in Section 6.

2. PRELIMINARIES

2.1. The KdV hierarchy. In this section, we review basic facts on the sta-
tionary KdV hierarchy following [10, Chapter 1]. Assuming q(z) meromor-
phic in C, we define { f;(z) } senujoy recursively by

1) fo=1, fi==3D +afia+1dfi, (€N
Explicitly, one finds
fo=1, fi=3q+c,
fz = —%(q” — 3q2) + Cl%q “+cp, etc.
Here {c/}seny C C denote integration constants that naturally arise when
solving (2.1). Consider a second-order differential operator of Schrodinger-
type
d2
L=—"%5+4()
and a (2¢ + 1)-order differential operator

8
P2g+1 = Z <f]‘jz — ;fjl) L3, g e N U {0}
j=0
By the recursion (2.1), a direct computation leads to (], -] the commutator
symbol)
L, Pog1] = —2f¢11, g € NU{O}.

In particular, (L, Png) represents the celebrated Lax pair [19] of the Kd-
V hierarchy. Varying ¢ € IN U {0}, the stationary KdV hierarchy is then
defined in terms of the vanishing of the commutator of L and P»g 1 by

2.2) s-KdVg(q) = [L, Pygs1] = —2f;.1 =0, g€ NU{0}.

For example,
s-KdVy(q) = —¢' =0,
s-KdVi(q) = 1g® — 34 +c1(—¢) =0, etc,

represent the first few equations of the stationary KdV hierarchy. By defi-
nition, the set of solutions of (2.2), with g ranging in N U {0} and ¢, in C,
represents the class of algebro-geometric KAV solutions. As in [10, 11], it will
be convenient to abbreviate algebro-geometric stationary KdV solutions g
simply as KdV potentials. It was shown by Segal and Wilson [24, Theorem
6.10] that any KdV potential which is smooth in some real interval can be
extended to a meromorphic function on C.

The KdV potentials play an important role for the study of the KdV e-
quation itself and have been widely studied in the literature. We refer the
reader to Gesztesy and Holden’s text [10] for a complete introduction and
detailed references for this topic. There are three kinds of KdV potentials
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that have received great interest: rational, simply-periodic, and elliptic KAV
potentials; see e.g. [1,5, 6, 8,11, 12,17, 22, 24, 25, 26, 27, 30, 31, 32] and ref-
erences therein. Remark that in [8], Etingof and Rains also studied higher
order differential operators L, = 0™ + a3(z)0™ 2 + - - - + ay(z) with m > 3
which are algebraically integrable (i.e. there is a nonzero differential opera-
tor P of order relatively prime to L,, such that [L,,, P] = 0). Such kinds of
problems were first studied by Burchnall and Chaundy [2].

Next, we introduce a monic polynomial ®, = ®,, of degree ¢ with
respect to the spectral parameter E € C by

8
(2.3) Do (zE) = Pge(zE) = Y foeE', geNU{0}.
(=0

The recursive relation (2.1) and (2.2) together imply that ®, ¢ solves
(24) " —4(g—E)®' —24'® =0.
Consequently,

(2-5) Qq,2g+1(E) = %q)q,gq);/,g o %Cbélz,g - (5] o E)q)é,g

is a monic polynomial in E of degree 2¢ + 1 which is independent of z.
Since [L, Pyg11] = 0 implies Pzzgﬂgb = —Qy2¢+1(E)¢ for any Lp = E¢, we
conclude that

(2'6) Jrg(L/ ip2g+1) = _P22g+1 - Qq,2g+1(L) =0,

a celebrated theorem by Burchnall and Chaundy [2]. Equation (2.6) leads
naturally to the hyperelliptic curve Ky of (arithmetic) genus g:

2.7) Kg: Fg(E,C) =C*— Qqog+1(E) =0.

Remark 2.1. (1) As mentioned in [10, Remark 1.5], if g(z) satisfies one s-
tationary KdV equation s-KdVg(q) = 0 for some g, then it also satisfies
s-KdV,(q) = 0 for any p > g. In fact, (2.2) says that s-KdV,(q) = 0 is e-
quivalent to foy1 = dgy1 for some constant dg1 € C. By replacing f, 1 by
fe+1 —dg+1, we may assume f,1 = 0. Consequently, (2.1) and (2.2) yield
s-KdVgi1(q) = =2fg4, = 0.

(2) In this paper, we say q is a genus g KAV potential if g is the smallest
integer such that s-KdV,(q) = 0, i.e. s-KdV,_1(q) # 0 for any choices
of integration constants c’s. For a genus ¢ KdV potential 4(z), the corre-
sponding Q2.+ 1(E) is called its spectral polynomial.

Now we recall the notion of the Baker-Akhiezer function, the common
eigenfunction of L and Py;1. Let q(z) be a genus ¢ KdV potential and
K¢ given in (2.7) be its associate hyperelliptic curve. The one-point com-
pactification of K¢ by joining P, the point at infinity, is still denoted by
ICo. A general point P € K, \ Py will be denoted by P = (E,C), where
Fg(E,C) = C* — Qqoe+1(E) = 0. We also define the involution * on K¢ by

*: g = Ky, P=(EC)— P*=(E,—C), P, = Pw.
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Recalling ®,(z; E) in (2.3), we define the following fundamental meromor-

phic function ¢(P, z) by

iC(P) + 3P, (z E)
Dy (z;E) ’

28)  ¢(P,z) = P=(EC) €Ky zeC,

where C(P) denotes the meromorphic function on K, obtained upon slov-

ing C? = Qo,11(E) with P = (E,C). Then the stationary Baker-Akhiezer
function (P, z,z0) on Kq \ { P} is defined by

(29)  ¢(P,z,zp) :=exp (/Z (P, C)d@) , P=(EC) € Ko\ {Pw}, 2,20 €C,

0
where the integral path is chosen a smooth non-selfintersecting path from
z¢ to z which avoids singularities of ¢(P, z). It is known (cf. [9, Lemma 2.1])
that

2.10) 9"(P,2,20) = [q(z) — El(P,2,20),

e oz = L e —gla) - E-g(p,
(2.12) l/J(P,Z,ZO)l[J(P*,Z,ZO) = m,

213) W(p(P,,20), $(P*,z,20)) = quf“’;)

where ' = 4 and W(f,g) = f'g — fg' denotes the Wronskian of f, g. Re-
mark that different choices of zy give the same solution of the linear equa-
tion (2.10) up to multiplying a constant. The following well-known result
shows that the Baker-Akhiezer function (P, -, z9) is meromorphic in C.

Theorem 2.2. (cf. [24] or [32, Theorem 1]) Let q(z) be a KAV potential. Then
(1) Any pole zq of q(z) is a reqular singular point of

(2.14) y"(2) = [q(z) — Ely"(2).

The principal part of the Laurent expansion of q(z) near zq is given by

(kz (Sol))Z for some k € IN. In particular, the residue of q(z) at zo is 0.

(2) Forany E € C, all solutions of (2.14) are meromorphic in C.

Remark that in the case when the hyperelliptic curve associated with
q(z) is non-singular, Theorem 2.2 also follows from Its and Matveev [17].
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2.2. Strict KdV potentials. In this section, we introduce the notion of strict
KdV potentials and collect important properties from our another work [4]
joint with Kuo.

Let g(z) be a genus ¢ > 1 KdV potential with {p;}ic; # @ being the set
of poles of q(z). Since ¢(z) is meromorphic, any pole is isolated in {p;}ic;
and the index set I is countable. Fix any pole p; of q(z). By Theorem 2.2,
the Laurent expansion of q(z) at z = p; is written as

(2.15) Z z—p)) 72,
with
(2.16) bo =n;(n;+1) forsomen; € N, by =0.

Definition 2.3. We call that a genus ¢ > 1 KdV potential is a strict KAV potential
if the pole set {p;}ic; # @ and the corresponding I, := {j € I|n; = g} # .

The typical example of strict KAV potentials is the Lamé potential n(n +
1)p(z; A), n € IN, which is a genus n strict KAV potential. We can give the
following characterization of strict KdV potentials in [4].

Theorem 2.4. [4] Let q(z) be a genus ¢ > 1 strict KdV potential with I, defined
as above. By changing variable z — z + p; we can always assume 0 € {p;}ici,-
Then q(z) is even. More precisely, one of the following holds:

(1) {pitier, = {0} and q(z) — (gH) is an even function. Furthermore, the

leading term (Z(yi;; of q(z) at any pole p # 0 (if exists) satisfies n < g.

(2) thereis w € C\ {0} such that {p;}ic;, = Zw, and

9(z) — (g + 1) & [sin(nz/w)]

is an even and simply-periodic function with period w. Furthermore, the

leading term E ”+12 of q(z) at any pole p ¢ Zw (if exists) satisfies n < g.

(3) there are w1, wo satzsfymg Im(wz/w1) > Osuch that {p;}ici, = Zwi1 +
Zwy =: A\, and

3
q9(z) =g(g+ V)p(zA) + Y m(mp +1)p(z — %5 A)

N
+ L+ Dlp(E = pi ) +pla+ pj )]+ B
=

is even and elliptic with respect to A. Here E € C, w3 = wy + wy and
my € [0,g —1] forallk =1,2,3; N > 0and if N > 0, then 2p; ¢ A,
1 <nj<gforall jand p; # £p; mod A foranyi # j.
It is well-known that KdV potentials are not unique with respect to the
spectral polynomial. For example, 6p(z; A) and 2p(z; A) +2p(z — G5 A) +
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2p(z — %?; A) are both genus 2 KdV potentials and their spectral polynomi-
als are the same; see e.g. [28]. Remark that 6p(z; A) is a strict KAV potential
while the latter is not. Here we recall the uniqueness result of strict KdV
potentials (up to a translation) in a given isospectral set of KdV potentials
(i.e. a set consisting of those KAV potentials such that their associate spec-
tral polynomials are the same). This is another important property of strict
KdV potentials.

Theorem 2.5. [4] Let q1(z),q2(z) be both genus ¢ > 1 strict KdV potential-
s. If their corresponding spectral polynomials Qg 2¢+1(E) = Qy,2¢+1(E), then
q1(z) = g2(z + zo) for some zg € C.

We emphasize that the above results hold for all kinds of KdV potentials.
In [4] Theorems 2.4-2.5 are applied to classify genus 1 KdV potentials. Here
they will be applied to simply-periodic KdV potentials in Sections 3-5.

2.3. The Darboux transformation. In this section, we recall the important
property of the well-known Darboux transformation for the KdV hierarchy
from [7, 9].

Theorem 2.6. [7, 9] Suppose q(z) is a genus § KAV potential with the associate
spectral polynomial Qg 2¢41(E). Forany Py = (Eo,Co) € K¢ \ { P}, we let y(z)
be any solution of

(2.17) y'(z) = [9(2) — Eoly(2)

and define a new potential §(z) via the Darboux transformation
i(z) == q(z) — 2 (L@

(2.18) G(z) :==q(z) — 2 (y(z) ) .

Then the followings hold.

(1) If y(z) is not a Baker-Akhiezer function of (2.17), then {(z) is a genus
g + 1 KdV potential with the associate spectral polynomial Qg2¢43(E) =
(E — E0)*Qqag+1(E).

(2) Ify(z) = ¥(Po, z,20) is the Baker-Akhiezer function and E is not a mul-
tiple zero of Qg2¢+1(E), then §(z) is a genus g KAV potential isospectral
to q(z).

(3) Ify(z) = ¢(Po, z,z0) is the Baker-Akhiezer function and Eg is a multiple
zero of Qqoq+1(E), then §(z) is a genus ¢ — 1 KdV potential with the
associate spectral polynomial Qg-1(E) = (E — Eg) " 2Qg¢+1(E).

The Darboux transformations have many applications; see e.g. [14] and
references therein. For example, they can be applied to study algebraical-
ly integrable differential operators. Such idea was originally introduced
by Burchnall and Chaundy [2] and later used in e.g. [23] and references
therein.

Now we study the relation between poles of §(z) and §(z) for later usage.
Let {p;i}icr be the set of poles of g(z) as in Section 2.2. By (2.15)-(2.16), we
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have that at z = p;

ni(ni + 1)
(z—pi)?

Proposition 2.7. Suppose q(z) is a KAV potential with the pole set {p;}ic; and
(2.19). For any Ey € C, we let y(z) be any solution of

y"(z) = [a(2) — Eoly(2)

with its zero set {P;}icy and §(z) be the new KAV potential defined by (2.18).
Then the pole set {p;}c; of §(z) is a subset of {p;}icr U {pi}icyr. More precisely,

(D) if p; = pi, € {pitiet "V {Pi}ier, then at p; = p;, we have

(2.19) q(z) = + O(1) for some n; € IN, Vi.

(ni, +1)(n;, +2)

(2.20) i(z) = o T 0(1);

() if p; = piy € {pitier \ {Pi}ier, then at p; = p;, we have
(2.21) §(z) = m +0(1);

() if pj = piy € {Pi}icr \{pi}ic1, then at p; = pj, we have
2.22) i(z) = (Z_Zp)z +0(1).

Proof. The first assertion is trivial. Note from (2.19) that the local exponent
of any solution y(z) at p; is either —n; or n; + 1.

() If p; = pi, € {pitier N {Pi}ier, then pj; is a zero of y(z) with multi-
plicity n;, + 1, i.e. y(z) = c(z — pji,)"0 ™ (1 + O(z — p;,)). Inserting this and
(2.19) into (2.18), we immediately obtain (2.20).

() If p; = pi, € {pi}tier \ {Pi}ier, then p;; is a pole of y(z) with order n;,,
ie y(z) = c(z —pi) "0 (14 O(z — pj,)). This implies (2.21).

() If p; = pi, € {Pitier \ {pi}ier, then g(z) is holomorphic at p;, and so
pi, is a simple zero of y(z). This implies (2.22). O

3. EXISTENCE OF STRICT SIMPLY-PERIODIC KDV POTENTIALS

In this section we will prove Theorem 1.2. Let w € C* = C\ {0}. A
meromorphic simply-periodic function g(z) with period w which is bound-
ed as | Im(z/w)| — oo has only finite many poles in the period strip

(3.1) Sw:={z€C|0<Re(z/w) < 1}.

As in [11], we call such functions bounded near the ends of the period strip S,,.
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From now on, we only consider simply-periodic KdV potentials bound-
ed near the ends of the period strip S,,, which is known to be of the form

M
(3.2) q(z) =Y _mj(mj+1)P(z—p;) + Eo, mj €N,
=1

N
=2 P(Z—pi) —|—EQ,
i=1
where p;, # p;, mod Zw forany 1 <j; < jp < M,

1 M
N := E Zmi(mi + 1),
i=1
and
P(z) = Z—i([sin(nz/w)]’z — 1) =1 +0(z% near0.
See e.g. [11, Theorem 2.5]. Remark that P(z) is the limit of the Weierstrass
p-function p(z; A) with respect to the lattice A := Zw + Zw, as T2 — ico.
This section is devoted to studying the existence and further properties
of strict simply-periodic KdV potentials. In particular, Theorem 1.2 will be
proved as a consequence. Clearly not every simply-periodic KdV potential
is necessarily strict. The first result of this section is

Theorem 3.1. Let q(z) be any genus g > 1 simply-periodic KAV potential,
bounded near the ends of the period strip S.,. Then there is a strict genus g
simply-periodic KAV potential §(z), bounded near the ends of the period strip
Sw, such that §(z) is isospectral to q(z), i.e. their associate spectral polynomi-

als Qq,2g+1(E) = Qq,2g+1(E)'

We will give two different proofs of Theorem 3.1. To this goal, we need to
apply the beautiful classification result of simply-periodic KdV potentials
by Gesztesy, Unterkofler and Weikard [11]. As in [11], we define the sets

Ng:i={(ny, -+ ,ng) e NS [my <my <--- <mg,ged(ny, -~ ,ng) =1}
and .

N:=J N,
g=1
Forn = (ny,--- ,ng) € N we denote the number of its components by
#(n) =g. Forn = (ny,--- ,ng) € Ngandv = (v, -+ ,vg) € C*$, we recall
the ¢ x ¢ matrix T(n, v, u) defined in [11] by
e k—1 ny _ (__ k
(3.3) T(n,o,u): <n, [oju (1) Dlgk,lgg

and the corresponding polynomial Ty (1, v, u) of degree N := Y n; in u
by

(3.4) w(nou) = (-1)
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Here | x| denotes the greatest integer n such that n < x, and
(ny, -+ ,ng) = H(nl — ng).
k<l
Then it was proved in [11, Lemma 3.10] that

(3.5) N(1,0, 1) Zrk
with
1 ((=1)%ny, -+, (—1)%n
r(v) = ) ( )19(71 ;)) g)vl vg,0<k<N
01=0,+ =0 s 118

o111+ +0gng=k

In particular, o(v) = 1 and ry(2) = (—1)8/2)v; - - - v,. The following in-
teresting result concerning the classification of simply-periodic KdV poten-
tials was proved in [11].

Theorem 3.2. [11, Theorem 3.14]
(1) The set
2712

(3.6) S= {q(z) =e¢y—2[In(ty(n,v,e7@ ))]"|eg € C,n € Ng,v e C*$, g € INO}

is precisely the set of simply-periodic KAV potentials of period w, bounded
near the ends of the period strips S,,.
(2) For any

(3.7) q(z) € S(g,n,e0) := {q(z) = ey — 2[In(tn(n,v,0 0 DIMERS C*g}

q(z) is of genus g and its spectral polynomial is

g
Quag+1(E) = (E—eo) [ J(E — €)?, where e; = eg + n? 2.
i=1
Namely, all potentials in S(g,n, ep) are isospectral.
(3) By rewriting q(z) in the form of (3.2):

2miz

q(z) =eo — 2[In(tn (v, 67 ))]"

M
(3.8) :Zm]'(T’Hj—i—l)P(Z— pj) + Ey, mj € N,
j=1
there hold
M ' mj(mj+1)
(3.9) w(nvu) =rv@) ][] (u — emipi/ “’)
i=1
and

1P

1 M
nj=N = E;m]'(m]‘-*—l).
]:
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Remark 3.3. Note that Ty (1, v, u) is also well-defined for ged(ny, - - -, ng) >
2. In Theorem 3.2, the condition ged(ny, - - -, ng) = 1is to guarantee that w
is the basic period of q(z). For n = (ny,--- ,ng) with1 <my <mnp < --- <
ngand d := ged(ny, -+ ,ng) > 2,

2riz 1"

q(2) = eo = 2[In(tn (1, 2 e7))]

is still a genus g simply-periodic KdV potential of period w, bounded near
the ends of the period strips S, but the basic period of g(z) is actually
w/d. Indeed, by defining n' := (nj,--- ,n’g) with n} = n;/d and N' :=
Y.n; = N/d, we have ged(n}, - - - ,ng,) = 1 and it follows from (3.5) that
(v u) = (1, o ut), so

2miz 1 2miz

q(z) = eo — 2[In(tn(n,v,e°« ))]" = eg — 2[In(Ty: (1, v, e9/))]".

Note from Theorem 2.4 that m; < g for all j in (3.8). Recall that q(z) is
strict if m; = g for some j. Now we can give the first proof of Theorem 3.1.

The first proof of Theorem 3.1. Let v* = (—1,---,—1),ie. v; = —1 for all
1 <j < g. We will prove that this v* gives rise to a strict KdV potential in
S(g,n,e) forany g > 1,n € Nyande € C.

Step 1. We claim that for any ¢ > 1 and any n = (ny,--- ,ng) with
1§n1<n2<---<ng,

(3.10) u = 1isaroot of Tn(n, v*, u) with multiplicity @.
We prove this claim by induction on g. The case g = 1 is trivial since
w(n,ov*u) =1—u".

Suppose that (3.10) holds for ¢ = k — 1 for some k > 2. We want to prove it
forg=kandanyn = (ny,--- ,n) with1 <my <np < --- < n.

Letn; = (ny, -+ ,n_1,n41,--- ,ng) and Ny = N —nj = Z;-‘Zl nj — n for
any 1 <! < k. Then #(n;) = k — 1 and so our assumption implies

-1)
(u—1) e ™, (ny, 0" ,u), Vi,

i.e.
(k=1)k

(u—1) >

det(T(n;,v*,u)), Vi
Case 1. k is odd. Then the k-th row of the matrix T(n, v*, u) is
(n’lc’l(l —u"), .- ,n',i’l(l —u'")).

Consequently, computing det(T(n, v*, u)) by expanding along the k-th row
leads to

(=111 — u™) det(T (ny, 0%, u))

=

det(T(n,v*,u)) = :

Il
—
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and so
k—1)k

(3.11) (u— 1)( 2 H‘ det(T(n,v*, u)).
Lett > Dk ) + 1 be the largest integer such that

(u—1)" ‘ det(T(n,v*,u)), ie. (u—1) ‘TN(Q,Q*, u).

2miz. "

Since Theorem 3.2 and Remark 3.3 yield that q(z) := —2[In(tn(n, 0", e« ))]
is a genus k KdV potential, we see from (3.8)-(3.9) that t = w

integer 1 <m < kandsot = (kH) . This proves (3.10) for ¢ = k.
Case 2. k is even. Then the (k 1)-th row of the matrix T(n, v*,u) is

(2 —u™), - (1 —u™))
and the k-th row is
(T ), ().

for some

Note that
(u—l)‘ (né"l(l—i—u”l) + 2o xnf (1 - u”l)) , VI

To compute det(T(n,v*,u)), we add =4 multiplying the (k — 1)-th row to
the k-th row first, and then expand along the new k-th row, which again
implies (3.11). The rest argument is the same as Case 1. This proves (3.10).
Step 2. We prove the existence of strict KAV potentials.
Let g(z) be any genus g > 1 simply-periodic KdV potential, bounded n-
ear the ends of the period strip S,,. Then Theorem 3.2 implies the existence
of n € Ngand ey € C such that g(z) € S(g,n,¢0). Let

3(2) = eo — 2[In(Tn (1, 2", ¢ 5°))]".

Then §(z) is also a genus g simply-periodic KdV potential, bounded near
the ends of the period strip S, and is isospectral to g(z). Furthermore,
(3.10) and (3.8)-(3.9) imply that

M/
312)  q(z) =g(g +1)P(2) + ) mi(mi + 1)P(z - pi) + Eo,

i=1
where p; ¢ Zw and m; < g for all i if M’ > 1. Thus §(z) is a strict genus
¢ KdV potential. Theorems 2.4 and 2.5 indicate that this §(z) is even and
actually unique in S(g,1,e0) up to a translation. Furthermore, Theorem
2.4 implies m; < g for all i if M’ > 1, because if m; = g for some i, then
Theorem 2.4-(2) shows that the basic period of §(z) is w/k for some k > 2,
a contradiction to that the basic period of §(z) is w. In conclusion,

(3.13) §(z) =¢(g+1)P(z) + m(m+1)P(z — F)

+ Zr;mf(mj +1)(P(z = pj) + P(z+p;)) + Eo,
p
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where 0 <m < ¢g—1landifr > 1,thenl <m; < ¢—1,p; # 0,%,j:p]-/
mod Zw for any j # j'. The proof is complete. O
Remark 3.4. Clearly tn(n,v*,u) € Q[u], i.e. any root of tn(n,v*,u) is
an algebraic number. Therefore, in contrast to generic KdV potentials in
S(g 1, ep), the location of any pole p; for the strict KdV potential §(z) in
(8.13) can not be arbitrary; it turns out that 2P/ @ is an algebraic number
and any conjugate of e2™7i/%“ belongs to {e*?™P/“|1 < k < r}. We will
prove that for a special class of n’s, all poles p;’s of §(z) locate on the line
Rez = %; see Theorem 4.2.

Remark 3.5. Fixany ¢ > 1and letn, := (1,2,---,g). Then ty(n,,v*,u) isa

gl
(g+1)

polynomial of degree 47~ in u and so the first proof of Theorem 3.1 gives

N (ng, v, u) = (1—u)8&+/2)

i.e.

7TIZ

eo — 2[In(tn (1, 0", e"w N =g(g+ 1)2—2[sin(7rz/w)]’2 + e
=88 +1)P(2) +g(g + )55 +eo.
This is the well-known genus ¢ simply-periodic KdV potential as a limit of
the Lamé potential ¢(g+1)p(z; A) +g(g+1) 3”—:2 +eowith A = Zw + Zw,
and 2 — \/—1co. Together with Theorem 3.2, the spectral polynomial is
g

Qag+1(E) = (E—eo) [J(E —e0 — 2 25)2

i=1
This formula was proved via different ideas in the literature; see e.g. [26,
Proposition 4.1].

Consider another typical genus g simply-periodic KdV potential

B14)  qou(z) i=g(g+1) % [sin Z] 2
+m(m+1) S sin(FEE)] 2 e, 1<m < g.
Like the case m = 0, g4,m(z) is a limit of the Treibich-Verdier potential [31]
(3.15) 8+ Dp(zA) +m(m+1)p(z - 5;A)
+[g(g+1) + m(m +1)] 5 + eo.

See e.g. [26, 27], where Takemura also computed the spectral polynomial
of 4¢m(z) as a limit of the corresponding one of (3.15); see [26, Proposition
4.1]. Here we can give a different approach to compute it. By Theorem 3.2,
it is suffices to determine what the n of (3.14) is. Define n, ,, € Ng by

(3.16) Hg 1= (,2,---,g—m,g—m+2,g—m+4,--- ,g—m—|—2m).

Clearly #(n,,,) = g and the sum of all elements of 1, ,, is £ (g; Uy m("éﬂ).
Recall §(g,n,¢ep) and 7n5(1, v, u) in Theorem 3.2.
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Proposition 3.6. Let gqu(z) and ng,, be given by (3.14) and (3.16). Then
Ggm(z) € S(g Mg, €0), i.e. the spectral polynomial of qg,m(z) is

g—m

Qpyunags () =(E —eo) [T(E e °5)?
j=1
TTE—e0— (g —m+2j)* %)
j=1
In particular,
(3.17) TN(ﬂg,m/Q*, T/l) = (1 — u)g(g+1)/2<1 + u)m(m+1)/2_

To give the second proof of Theorem 3.1 and a new proof of Proposition
3.6, we need to use the Darboux transformation recalled in Section 2.

Let q(z) be a genus g simply-periodic KdV potential, bounded near the
ends of the period strip S,,. Then it follows from (3.2) that there is ¢y € C
such that

(3.18) 4(z) = eg+ O(e M@ as S, 3z — oo,

1% (2)| e ZIME] 50 as S, 3z — oo, Yk > 1.
Consequently, we see from the definition (2.3) of ®,(z; E) that ®,(z; E) is
also simply-periodic with period w, bounded near the ends of the period
strip S, and

8
(3.19) lim @g(zE) =ES+diES '+ +dg = [(E—e),

Sy3z—0 i1

or more precisely,
g

(3200  Pg(zE) —[J(E—e) =0(e 2@y - 0as Sy 5z — 0.
i=1

These, together with (2.5), easily imply
8

(321) Qqag1(E) = (E—eo) [ J(E—e)*.

i=1
Remark that Theorem 3.2 shows that e; # ¢; for any i # j.

Lemma 3.7. Fixany E € C. Let y(z) be a solution of
(3.22) y'(z) = [9(z) — Ely(z), P=(EQC),

such that y(z + w) = cy(z) for some ¢ € C. Then the new KAV potential §(z)
given by the Darboux transformation

1(2) = q(2) -2 (42

is also a simply-periodic KAV potential, bounded near the ends of the period strip
Sw, ie §(z) € S, where S is given in Theorem 3.2.
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Proof. Clearly y(z + w) = cy(z) implies that §(z) is simply-periodic with
period w. Note that the fundamental system of solutions of
y"(z) = (eo — E)y(2)
is
(3.23) ele0=E)'%z o—(0E)*z jf o0 E £0; 1,zifeg— E = 0.
By (3.18), the leading term of y(z) as S,y 3 z — oo is a multiple of some

function in (3.23). From here, it is easy to see that y/'(z) /y(z) is bounded as
Sw 2z — oo and so does (y'(z) /y(z))’ by using

(58) = 58+ (48) = —E+ (43) -

This proves that §(z) is bounded as S, 2 z — o0, i.e. §(z) € S. O

Now consider the Baker-Akhiezer function ¢(P, z, zo) of g(z), which is a
solution of (3.22) by (2.10). Since

' iC(P) + 3@, (z E
Y'(P,z,2p) _ p(P,z) = (P) + 3P5(z; E)
Y(P,z,z0) ®o(zE)
is simply-periodic with period w, we see hat

Y(P,z+ w,z9) = cyp(P,z,z9) forsomec € C.

Therefore, Lemma 3.7 shows that the new KdV potential

620 g =) -2 (L)) ) -29'p,2)

is also a simply-periodic KdV potential, bounded near the ends of the pe-
riod strip S, i.e. §(z) € S. Remark that for E € {¢;}}_;, we have C(P)? =
Qy2¢+1(E) = 0and so (P, z,z0) = P(P*,z,2p). Then (2.12) and (3.19) yield

Dy (z;E)

50 — o0,
By (20 E) as S, Dz — ©

(3.25) Y(P,z,20) =

Our second proof of Theorem 3.1 relies on the following observation.

Lemma 3.8. Let q(z) be a genus § > 2 simply-periodic KAV potential, bounded
near the ends of the period strip S, with its spectral polynomial Q41 (E) given
by (3.21). If q(z) is strict, then forany 1 <k < g,

N W' (P,z,20)\ , B
(3:26)  4(z) :==q(z) -2 (E”(P/Z/ZO)> =q(z) —2¢'(P,z), P = (&,0)
is a strict genus g — 1 simply-periodic KAV potential, bounded near the ends of the
period strip S, with its spectral polynomial

Qi 1(E) = (E—eo) T (E—e))2

=1,k
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Proof. Since e is a double root of Q;2¢11(E), by Theorem 2.6 and Lemma
3.7, we obtain all the desired assertions except that §(z) is strict. Since g(z)
is strict, there is a pole p of g(z) such that

4(z) = w +0(1) atp.

Consequently, Proposition 2.7 implies that p is also a pole of §(z) and either

~ +1 +2
(3.27) G(z) = W +0O(1) atp
(if p is zero of (P, z, z9) with multiplicity ¢ + 1) or
. -1
(3.28) G(z) = ((“’;_p))‘g +0(1) atp

(if p is a pole of (P, z, z9) with order g). Since §(z) is of genus ¢ — 1, (3.27)
is impossible by Theorem 2.4. So (3.28) holds, which just says that §(z) is a
strict genus ¢ — 1 KdV potential. g

Now we can prove Theorem 1.2.

Proof of Theorem 1.2. Let q(z) be a strict genus ¢ KdV potential given by
(1.7). The assertion (1) follows from Remark 3.4. For the assertion (2),
we note from Proposition 2.7 that any zero of the Baker-Akhiezer function
Y(Py, z,20) is a pole of the new potential §(z) defined in (3.26). Since Lem-
ma 3.8 shows that §(z) = (¢ —1)gP(z) + - - - is a strict genus g — 1 KdV
potential, the assertion (2) follows from the assertion (1). |

We conclude this section by giving the second proof of Theorem 3.1 and
our new proof of Proposition 3.6.

The second proof of Theorem 3.1. Let q(z) be any genus g > 1 simply-periodic
KdV potential, bounded near the ends of the period strip S,,. Then Theo-
rem 3.2 implies the existence of n = (nq,ny, - - - ,ng) € Ng and ¢y € C such
that q(z) € S(g, 1, €p), i.e. the spectral polynomial is

8

Qy24+1(E) = (E — eo) H(E —¢;)?, where ¢; = e + an—i
1=

Recall 1 < ny < --- < ng and ged(ny,---,ng) = 1. So £ := ng > g.
Consider
(3.29) qo(z) =L (L + 1)§[sin(nz/w)]’2 +ep

=0(0+1)P(z) + e+ L(L+1) 5.
It is known (see e.g. Remark 3.5) that qo(z) is a strict genus ¢ simply-
periodic KdV potential with its spectral polynomial

4

Qqo2e+1(E) = (E—eo) [ J(E —e0 — ]'2%2)2-
=1
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Clearly {ny,--- ,ng} C {1,---,£}. If g = ¢, then we are done since qo(z)
is isospectral to q(z). So we consider the case ¢ < ¢ and denote

{1/ ,E}\{i’ll,-” /ng} = {”g—i-lr"' ,7’13}-

Then
J4

2
Qqo2e+1(E) = Qgag+1(E) x [ (E—eo—nj %)%

h=g+1

Applying Lemma 3.8 to go(z) at P = (ep + né +1§' 0), we obtain that

91(2) := qo(z) —2¢'(P,2)

is a strict genus ¢ — 1 simply-periodic KdV potential, bounded near the
ends of the period strip S, with its spectral polynomial

¢
Qua-1(E)=(E—e) ] (E—eo— ]'2%)2.
J=L#ng
Again we can apply Lemma 3.8 to g1(z) to eliminating the term j = ng,,
(i.e. (E—ep— n§+25—§)2) from Qg, »/—1(E). In conclusion, we can apply this
process ¢ — g times, by eliminating the terms j = Ngi1," -+, Mg one by one
from Qg 2¢41(E), to obtain a strict genus g simply-periodic KdV potential
4 (z), which is bounded near the ends of the period strip S,, and isospectral
to q(z). This completes the proof. O

Proof of Proposition 3.6. Fix any £ > 3. We will prove by induction that for
any k € IN satisfying 1 <k < ¢/2,

(3.30) Qo—kx(z) € S(C—k,ny_yx e0)-

Clearly g¢m(z) € S(8,11g,,€0) follows from (3.30) by letting £ = g +m and
k =m.
Note from (3.16) that

B31)  mpgp= (1,2, =2k 0—2k+2,0—2k+4,-- L—2,0).

In particular,
ﬂf—l,] — (1,2, Tt ,E - Z,E).

Recalling the genus ¢ potential go(z) defined in (3.29), we apply the same
argument as the second proof of Theorem 3.1: We apply Lemma 3.8 to ob-
tain that

71(z) :=qo(z) — 2 <m> , where P = (e + (¢ — 1)22—2,0)

(3.32) =l — 1)£ [sin Z2]2 42 Z [sin( ))]_2 + ep,
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is a strict genus ¢ — 1 simply-periodic KdV potential, bounded near the
ends of the period strip S, with its spectral polynomial

4
Qpa-1(E) = (E—e) [] (E—e—75)%
j=1,£0-1
Here the second equality of (3.32) follows from Lemma 3.8 and (3.2), and
{ Pj}§=1 are the zero set of (P, z,zo) satisfying p; # 0 for all j. Remark
that (3.18) and (3.21) imply that the constant term e is preserved in (3.32).
Clearly q1(z) € S(¢ —1,1y_414,€0), so Theorem 3.2 implies

(—1)¢ L (=1
j=1,70-1

ie. t = 1. Since Theorem 2.4 says that q;(z) is even, we conclude that
= %,ie q1(z) = qr-11(2). Thisproves(330)fork:1.
Suppose (3.30) holds for some 1 < k < 5 — 1. We want to prove

(3.33) Gr—k-1k+1(2) € S(E—k=1,1p k1111, €0)-
By our assumption, for the genus ¢/ — k KdV potential
(3.34) Qo—ii(z) =(— k) (€ — k+1) %5 [sin 2] 72

(k4 1) Rlsin("GE)] 7 +eo,
its spectral polynomial is

=2k

B 2
Qgoir20—2k+1(E) =(E —eo) 1_{ (E— g — 2222
]:

(E—ep — (£ — 2k +2)25)2.

.:1»

j=1
Again we apply Lemma 3.8 to q/_x x(z) and obtain that

(3.35) grt1(z)
o ¥ (P,z,20)\’ B 52
=qo_xx(z) —2 <1[J(P,Z,Zo>) where P = (eg+ (¢ —2k—1) ?,0)
=(0 —k—=1)(¢ = k) Z[sin %] 2
t

+I~<(l~<—|—1)”—2[sm( (27%))]’2—1—22”—2[5111( (Z;pj))]fz—f—eo,
=1

with
(3.36) pi {04} +Zw VI<j<t,



22 ZHIJIE CHEN AND CHANG-SHOU LIN

is a strict genus ¢ — k — 1 simply-periodic KdV potential, bounded near the
ends of the period strip S, with its spectral polynomial

Qb][,klk,2é72k+1(E)
(E—eo— (£ —2k—1)25;)2

Quuii20—2%-1(E) =

{—2k—2 )
=(E—e) [] (E—eo—j%)?
j=1
k-+1 )
JTE —e0— (£ =2k —242))* %)%
j=1

From here and (3.31) that
Moppr = (L2 £ =2k —2,0 =2k, £ —2,0),
we have qi;1(z) € S({ —k —1,1,__1x41,€0), so Theorem 3.2 implies
- {—2k—2 k+1

(kDR L M L V4 Y (0= 2k — 24 2))
=1 =1

(—k=1)(¢{—k k+1) (k+2
—( 2)( )+(+)2( )|

On the other hand, we see from Proposition 2.7 that k € {k — 1,k + 1}. If
k =k —1, thent = 2k + 1 and Proposition 2.7 shows that p; # p; for any
i # j. However, Theorem 2.4 says that g;1(z) is even, i.e.

{le e rp2k+1} = {—le o ;_P2k+1} mod Zw,

which contradicts with (3.36). Therefore, we have k=k+1,ie. t=0and
SO Gk+1(2) = qr—k—1k+1(z). This proves (3.33).

In conclusion, we have proved by induction that (3.30) holds for all 1 <
k < £/2. Therefore, qg,m(z) € S(g, 1y, €0). In particular, the first proof of
Theorem 3.1 implies

2miz

qgm(z) = €0 — 2[In(T (g, ", < ))]",

and hence (3.17) follows from (3.9). This completes the proof. 0

4. SPECTRUM OF STRICT SIMPLY-PERIODIC KDV POTENTIALS ALONG
Rez =a

In this section, we always consider the normalized case w = 1 and prove
Theorem 4.2, which plays a crucial role in our proof of Theorem 1.1.
Recall the potential go(z) defined by (3.29) with ey = 0:

(4.1) go(z) = L(£ + 1) *[sin(71z)] 2 = £(£ +1)P(2),
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where P(z) is defined in (1.8). Comparing to P(z), the advantage of P(z)
is that limyy, ;o P(z) = 0. The spectral polynomial of go(z) is

¢
Qqoe+1(E H — jAr?

Lemma 4.1. Fix any 1 < k § ¢ and consider the Baker-Akhiezer function
W(Py,z,20) of qo(z) at P := (k?>m72,0). Then (P, z,zo) has exactly £ — k zeros
pi, -, Po—k in St

Proof. Fix 1 < k < { and consider

¢/(Pk/Z;ZO))/
4.2 z)i=qo(z) =2 | L2,
( ) qk( ) q0< ) <ll)(Pk,Z,Zo)

which is a strict genus ¢ — 1 simply-periodic KdV potential, bounded near
the ends of the period strip

S1={z€C|0<Rez<1},

with its spectral polynomial

¢
4.3) Qp2t—1(E)=E [] (E— ;%)

j=1#k

As in the proof of Theorem 3.6, we have
~ t ~
(4.4) qe(z) = (L= 1)EP(z) +2) Pz —p)),
j=1

and p; € &1\ {0} is a zero of the Baker-Akhiezer function ¢(P, z,zo) by
the definition (4.2) of gx(z). Since any zero of (P, z, z9) is simple, we have
Pi?épj/ Vi#£j, ift>0.

To determine t, we denote n, = (1,--- ,k—1,k+1,---,¢). Then Theorem
3.2 and (4.3) imply gx(z) € S(¢{ — 1, nk,O) and so

¢ 1 ¢
=) j- )
]zl;ék

Indeed, since gx(z) is strict, it follows from the first proof of Theorem 3.1
that

={—k

gr(z) = —2[In(Tn, (11, 0%, €2™)]"”, where Ny = W;l) -k
which leads to
(=1t (—k .
™, (1, 0% u) = ry (0" ) (u—1) 2 H(u — ezmpf).
j=1

In conclusion, (P, z, z9) has exactly ¢ — k zeros py,- - -, pe—k in Sy. Il
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The following result determines the location of these zeros, which indi-
cates that all zeros of the polynomial 7y, (113, v*, ) except 1 are simple and
negative. This result plays a crucial role in our proof of Theorem 1.1.

Theorem 4.2. Under the above notations, all the zeros p1, - - -, py—x of the Baker—
Akhiezer function (P, z,zo) lie on the line Rez = % In particular, by renaming
p1, -, Pe—k if necessary, the following holds.

(1) If t = £ — k is even, then

(—

-~

(4.5) gk(2) = ((=1)IP(2) +2) (P(z—p;) + Pz +p))),

>y

Il
—_

j
where p; = I+ilm p; with Im p; # 0 for all j.
(2) Ift =4 —kis odd, then

{=k=1
2

4.6) qi(z) = (L —1)P(z) +2P(z— 1) +2 Y (P(z—p;) + P(z+p))),
j=1

where p; = 1+ilm pj with Im p; # 0 for all j.
Proof. Letz = 3 +ix with x € R. Then
((L+1)m?
[cosh(7tx)]?
Consider the spectrum of the following Schrodinger equation

2
@7) /) = e () = M),

go(} +ix) = £(£ + 1) [sin(rr(} + ix))] 2 =

Clearly the positive part of the spectrum is continuous because the poten-
tial converges to 0 as x — oo; while we will prove in Proposition 4.4 that
the negative part of the spectrum is discrete and finite, which consists of
simple eigenvalues

(4.8) Aj=—(—jPr?, 0<j<l-—1.
Recalling that
Y"(Prj,z,20) = [q0(2) = (€ = )PP ]Y(Pr_j 2, 20), VO<j<{l-—1,
we define
ni(x) :==(P_j, 3 +ix,z0), x€R, VO<j<l—1.

then we have: (1) 77;(x) has at most j zeros on R because (P,_;,z,zo) has
exactly j zeros in Sy; (2) limye 77j(x) = 0 by (3.25); (3) #;(x) solves (4.7)
with A = A; = —(¢ — j)>m%. In particular, (2)-(3) imply that 7;(x) is pre-
cisely the eigenfunction of (4.7) with respect to the simple eigenvalue A;.
Since A\pg < A1 < -+ < Ay_q, it is standard to conclude from (1) and the
Sturm comparison principle that #;(x) has precisely j zeros on R for any
0 <j<{-—1,ie. all the zeros py,- -, p; of the Baker-Akhiezer function



SIMPLY-PERIODIC KDV POTENTIALS 25

$(Py—j,z,20) lie on the line Rez = % The proof is complete by noting from
Theorem 2.4 that g, (z) is even since it is strict. O

Now we want to prove (4.8) for general strict simply-periodic KdV po-
tentials. Givenany ¢ > 2and n = (ny,-- - ,ng) € Ny, we consider

9(z) = Ggu(z) := ~2[In(Ty (1, 0", e¥™))]".

It follows from the first proof of Theorem 3.1 that g(z) is a strict genus g
simply-periodic KdV potential with basic period w = 1, and has the fol-
lowing form

(4.9) Ggn(2) =g(g +1)P(2) +m(m +1)P(z — 3)
(o + 1) (Pl ) + Pl 1),

with i

*10)  N= ,inj - gle+?) Zm(m - +]§ mj(m; +1),

where0 <m < g-—1landifr > 1, wehavel <m; <g¢g—1,p; # 0,%,j:p]-/
mod Z for any j # j'. Here we used (3.18) to see that there is no constant
term in (4.9). Besides, the spectral polynomial is

(4.11) Quen2¢+1(E) = EH —nim)

Remark 4.3. Since

(0% u) =(1— )" (14 u)™

oy 1
s0 eT2MPi = ¢*27Pj are also roots of Ty (1, v* u) with multiplicity M

That is if p; # +p; mod Z, then there is k # j such that p; = +p; mod Z.
From here and (4.9) we conclude that g4, (z) = q¢,,(Z) and so

den(z) € RUoo forz=xeR.

Proposition 4.4. Under the above notations, we fix any a € R such that q4,(z)
has no poles on the line a 4 iR. Then the negative part of the spectrum of the
following Schrodinger equation

(4.12) —y"(x) = ggnla+ix)y(x) = Ay(x),
is discrete and finite, which consists of simple eigenvalues

)\j = —ng,_]-nz, 0<j<g—-1
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Proof. Step 1. Suppose A < 0 belongs to the negative part of the spectrum
of (4.12) with the corresponding eigenfunction ¢(x) € L®(R,C) (Indeed
@(x) € L2(R,C); see Step 2). Then there is a solution y(z) of

(4.13) y'(z) = [qgn(z) + My(z), z€C
such that ¢(x) = y(a +ix). We claim A = —n?n* forsome 1 < j < g.

Suppose by contradiction that A # —njznz forany 1 < j < g, ie.
Qgen2g+1(—A) # 0. Denote P = (—A,C). Then the Baker-Akhiezer func-
tions Y (P, z,zp) and P(P*, z,zp) of (4.13) are linearly independent, so
(4.14)  y(z) = a1(P,z,20) + c2p(P*,z,29) for some (c1,¢2) # (0,0).
Without loss of generality, we may assume c¢; # 0.

Since g(z) is even, so does @, ¢(z). It follows that
(4.15) Y(P*,z,20) = (P, —z,20) up toamultiplying constant.
Since limpy, ;00 4(z) = 0, as in Lemma 3.7 we see that the leading term of
(P, z,29) as Imz — oo is a multiple of one of ¢!V =% and ¢~V~%, By
A < 0, (4.15) and the linear independence of ¢ (P, z,zg) and ¢(P*, z, zp), it
is easy to see that

lim ¢(P,z,z0) = lm ¢(P* zz0) = A,

Imz—+oco Imz——c0
lim ¢(P,z,z0) = lm ¢(P*, zz2)) =B,
Imz——o0 Imz—+o0
with {A, B} = {0, 00}. Without loss of generality we may assume A = co
and B = 0. Then (4.14) with ¢; # 0 implies that ¢(x) = y(a +ix) — oo as

x — 00, a contradiction with ¢(x) € L*(R,C). This proves A = —71]2.712
forsomel <j<g.

2.2 ; - _

Step 2. Suppose A = —n;7” for some 1 < j < g. Letting p(x) =

Y(P,a +ix,zp) with P = (—n]2.7t2, 0), we easily conclude from (3.20), (3.21)
and (3.25) that lim,_, @(x) = 0 and indeed ¢(x) € L®(R,C) N L*(R,C).

This shows that A = —n]2. 7% belongs to the negative part of the spectrum of

(4.12). This completes the proof. O

5. SPECTRUM OF STRICT SIMPLY-PERIODIC KDV POTENTIALS ALONG [O, 1]

In this section, we study the eigenvalue problem for the potentials (4.5)-
(4.6) in Theorem 4.2 and prove Theorem 1.4. Consider the eigenvalue prob-
lem

5.1) {—qo”(x) +q(x)p(x) = Ap(x), x€[01],
o(x) € L2[0,1], ice. [} |g(x)[*dx < oo.

where g(x + 1) = g(x) and A is the eigenvalue. As mentioned in Section 1,
when g(z) is given by (3.14) with w = 1:

(5.2) q(z) = g(g+1)P(z) + m(m +1)P(z — 3, 0<m<yg,
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the set
{m?(g+1+k)?|k€Zso} ifm=0,

{2 (g +m+242k)? |k € Zso} ifm>1,

gives all the eigenvalues of (5.1), but the proof can not work for the poten-
tials (4.5)-(4.6) in Theorem 4.2.

In this paper, we develop a unified approach to solve the eigenvalue
problem (5.1) for a family of potentials including (5.2) and (4.5)-(4.6). Under
the above notations, we define

(5.3) E:={qgn(2)lg >2,n € Ng,p; € Rforalljin (4.9) if r > 1}.

That is for any g, (z) € E, gg.(x) has at most singularities 0,1, 3 on [0, 1].
Clearly this is equivalent to that except +1, any other zero u; = e*2™"i of
TN (1, 0", u) satisfies [u;| # 1.

Remark 5.1. Clearly the potentials given in (5.2) and (4.5)-(4.6) belong to &,
s0 & # @. Givensmall g > 2and n = (ny,--- ,ng) € N, since all zeros
of ™n(n,v*, u) can be computed (via mathematica for instance), it is easy to
check whether g, (z) € E or not. Here is a new example. We let ¢ = 3 and
n=(1,4,5),1i.e. N = 10. Then a direct computation leads to

Tio(n, 0%, u) = (1 —u)®(1 + %u + 6u? + %u?’ + ut)
= (1—u)®(u — uo) (u — ) (u — o) (1 — ),

where ug + - = -] + ivI5 ¢ [-2,2], ie. |ug| # 1. So this gg.(z) € E.
Our following theorem shows that the eigenvalue set of (5.1) with g(x) =
(gn(x) is precisely {7®n? |n € N\ {1,4,5}}.
Theorem 5.2 (=Theorem 1.4). Let ¢ > 2,n € Ny such that qq,(z) given by
(4.9) satisfies qq,n(z) € E, where & is defined in (5.3).

(1) If m = 0, then the set

O ::{ nznz}n c ]N\{nl,-",”g}}

gives all the eigenvalues of the eigenvalue problem (5.1) with q(x) =
(gn(x). Furthermore, the eigenfunction y(x) of the eigenvalue 7vn® sat-
isfies y(3) = 0 if and only if n — g is even.

(2) If m > 1, then the eigenvalue set is given by

O ::{ nz(g—|—m—|—2—2imj—|—2k)2 ke Zx,
j=1

]

.
k>Y mj— W} \{nin?, - nzm}.
=1
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Proof. Recall (4.11) that the spectral polynomial of g4 ,(z) is
Qugu2g+1(E) = E H - njm

Since g¢1(z) € &, 4gn(x) has smgularltles precisely at 0,1 (and also at 1 if
m > 1)on [0,1].

Step 1. We assume that E is an eigenvalue of the eigenvalue problem
(5.1) with g(x) = gg,1(x). We want to prove Ey € Oy,.

Let ¢(x) € L?[0,1] be the corresponding eigenfunction. Then there is a
solution y(z) of

(5.4) y"(z) = [qgn(z) — Eoly(z), ze€C

such that y(x) = ¢(x) for x € [0,1], i.e. y(x) € L2[0,1]. Since the local
exponent of y(z) at 0,1 is either —g or ¢ + 1, and the local exponent of y(z)
at 1/2is either —m or m + 1, we see from y(x) € L?[0,1] that

(5.5) the local exponent of y(z) at 0,1 must be g + 1; and
if m > 1, then the local exponent of y(z) at 1/2 must be m + 1.

From here and y(- + 1) is also a solution of (5.4) with the local exponent
g+ 1at0, we have

(5.6) y(z+1) =cy(z) for some constant c.
Then it follows from Lemma 3.7 that
i(z) = ()
7(2) = gu(z) -2 (43
is also a simply-periodic KdV potential with period 1, bounded near the

ends of the period strip Sy, i.e. §(z) € S. Furthermore, we see from Propo-

sition 2.7 and (5.5) that §(z) contains the term (g + 1)(g + 2)P(z), so its
genus is at least ¢ + 1. Together with Theorem 2.6, we conclude that §(z)
is a strict genus g + 1 simply-periodic KdV potential with its spectral poly-
nomial

(5.7) Qqag+3(E) = (E— Eo) EH — i)

Then Theorem 3.2 says that thereis n41 € ]N \ {n1,---,ng} suchthat Eg =
n2n§+1. More precisely, by letting n* = (i1, - - - ,figy1) € N1 such that
{ﬁll te lﬁg+1} = {nll te Ingl nngl}l ﬁk < ﬁk+1 vkl
we have that §(z) = ey — 2[ln(T1\]+ng+1 (n*,v*,e¥"2))])" is the unique strict
KdV potential (up to translation) in S(g + 1,1n*,eg) for some eg. Further-
more, Theorem 3.2 and (5.7) yield eg = 0, so
4(z) = —2[In(tnsny,, (17,07, 6™))]" = g0 (2)-

Remark that for m = 0, we already proved Ey = 7t%n? 2+1 € Oo.



SIMPLY-PERIODIC KDV POTENTIALS 29

Now we consider the case m > 1. Together with (4.9), (5.5) and Proposi-
tion 2.7, we have

G(z) =(g+1)(g+2)P(z) + (m+1)(m+2)P(z— })

T gmj(mj +1)(P(z —pj) + Pz +py))
=

t ~ ~
+2) (Pz=pj) +P(z+ ),
=1
where 7i1; € {m; —1,m; + 1} by Proposition 2.7, and p; # 0, %, +p; for any
j,iif t > 0. Consequently

gf g(g+1)+m(m—+1
nj =

2

r
>—|—ij mj+1) +ngiq
]:

(
1
_ (g+1)(g+2)+ (m+1)(m+
2

2 r
)4 Y mi(m;+1) + 2t
j=1

ie.
r
Mgi1=g+m+2+2t+ Y [w(i;+ 1) — m;(m;+1)].
j=1
Since ng1 > 0,t > 0 and
—2m; itm;=m;—1
mi(i;+1) —mi(m; +1) = ] ] T
jiy £ 1) = mj(m; +1) {2(mj+1) if ;= mj+1,
wesee that g1 = g+m+2—-2}) 1m]-+2kforsomek € Z>opand k >
Yioqmj— g+m+2 . This proves Eg = 72 n 41 € Op.
Step 2. Take any ng1q € N\ {ny,--- ,ng} such that Ej := 7r2n§+1 € Oy,
We want to show that E is an eigenvalue of the eigenvalue problem (5.1)

with g(x) = gg,u(x).
Define n* € N1 as in Step 1 and consider the strict genus g 4 1 poten-
tial

dg+1, n*( ) = —z[ln(rwngﬂ(n*,,*,ez”iz)ﬂ"/

which contains the term (g +1)(g +2)P(z) (see e.g. (4.9) with g,  replaced
by g + 1,n*). Its spectral polynomial

Q

g+1
qu+l,ﬂ*’2g+3 - E H - 7’l TC

Now consider the Baker-Akhiezer funct10n (P, z,20) of ggi1,0(z) With

Py := (néz,+1 72,0) = (Ep,0). By Lemma 3.8, we see that

_ ' (Po,z,20)
(5.8) 90(2) := qg+1° (2) =2 (t/J(PozzO)>
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is a strict genus g simply-periodic KdV potential containing the term g(g +
1)P(z), with its spectral polynomial

g
Qpu2g+1(E) = E] J(E —ni7®)? = Qg , 2611 (E)-
j=1

Then Theorem 2.5 shows that qo(z) = g4,,(z). Note from the proof of Lem-
ma 3.8 that 0, 1 are both poles of (P, z, z9) with order ¢ + 1. Define

(Z) .—— #

y ' l/)(POI z, ZO) '

Then

(5.9) 0,1 are both zeros of y(z) with multiplicity g + 1.

Furthermore, "' (Po, z,20) = [qg+1,2*(z) — Eo]¢(Po, z, z0) implies that y(z) is
a solution of (5.4) and

(5.10) () = gen() -2 (43
. de+1,n*\Z YgnlZ v(z) ) -

By the expression (4.9) of q¢ ,(z) and Proposition 2.7, we deduce from (5.10)
that

o1 (2) =(g +1)(g+2)P(2) + m(ii+1)P(z — 3)

+ Lm0+ 1(Pe~ p)+ PG+ )
L

t
+2) (Pz=p) +P(z+5)),
j=1
where i € {m —1,m+1}, m; € {mj —1,m;+ 1}, and p; # 0,3, +p; for
any j,iif t > 0.

First we consider m = 0. Then we see from (5.9) that y(x) € L2[0,1]
and so Ej is an eigenvalue with eigenfunction y(x). Note /1 € {—1,1} or
equivalently m € {0,1}. Clearly y(1/2) = 0 if and only if 1/2 is a pole of
(P, z,z0) if and only if 11 = 1, i.e.

glg+1)
2

r
+ ) mi(mj+1) + g
=1

2

g+1 1 2 r
:an:—(ng N8+ )+1+ij(mj+1)+2t.
j=1 j=1

So ng,1 — g iseven. Similarly, y(1/2) # 0if and only if /2 = 0, which easily
implies that 1 — ¢ is odd. This proves the assertion (1).
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Now we consider the case m > 1. Then g4 :g+m+2—22;:1mj+
2k > 0 for some k € Z>g. Suppose 7it = m — 1, then
+1)+mm+1 ! !
3(8 )2 ( )+Z;mj(mj—|—l)+g+m+2—2z;mj+2k
= =

=y = BEDEHD LM 5y 4 1) 4 21,
=1 =1

ie.
T
1=2t—2k—2m+Y_[;(rij + 1) — mj(mj + 1) + 2mj],
j=1
a contradiction. Thus /i = m + 1, which implies that } is a zero of y(z) with
multiplicity m + 1. Together with (5.9), we conclude that y(x) € L?[0,1] and

so Ej is an eigenvalue with eigenfunction y(x).
The proof is complete. O

Remark 5.3. The above proof shows that 1/y(z) is a Baker-Akhiezer func-
tion of qg41,4+(z), but we see from Theorem 2.6 that the eigenfunction y(z)
itself is not a Baker-Akhiezer function of g¢,(z) (otherwise the genus of
dg+1,4+(2) is at most g, a contradiction). Consequently, we must have ¢ =
+1in (5.6), i.e. y(z +1) = £y(z), and so solutions of (5.4) are all periodic
or all anti-periodic.

6. APPLICATION TO LAME FUNCTIONS

In this section, we apply Theorem 4.2 to the classical Lamé equation
(6.1) ¥'(2) = [0+ 1)p(57) — Ely(z), (€N

and give the proof of Theorem 1.1. Here p(z;T) := p(z; A¢) with A; =
Z + Zt and T € iR-o. We recall some classical results (see e.g. [3, 13, 33]).
(i). The spectral polynomial of g(z; T) = ¢( + 1)p(z; T) is given by
2

Qpae1(E;T) = [T(E - Ej(7)),
j=0
with Eo(T) < E1(7) < -+ < Eyy(7).
(ii). Let E; = C/A¢ be a flat torus. For any E € C, there exists a unique
pair +a = +a(E,7) := *+{ay,--- ,a;} C E;\ {0} satisfying a; # a; mod
Ar for i # j such that the classical Hermite-Halphen ansatz

et i1 @0 H] 1‘2(24:;], 0
o\z,T

Yia(z,T) =

are solutions of (6.1) with

4

E=—-(20-1)) p(aj;T)
j=1
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Here {(z; 7) and o(z; T) are the associated Weierstrass functions of ¢(z; T).
Indeed, y+,(z; T) are the Baker-Akhiezer functions (P, z,zy), Y(P*,z,zo) of
(6.1) up to multiplying constants. In particular,

(6.2) a, —a are the zero sets of (P, z,zg), (P, z, zo) respectively.

(iii). For E ¢ {E;(7) %ﬁo, we have a N —a = @. Consequently, y,(z; T)
and y_,(z; T) are linearly independent.

(iv). For E € {E;(7)}},, we have a = —a, i.e. ya(z,T) = (~1)"y-a(27)
and ¢(P,z,z9) = P(P*,z,z0). In this case, y,(z;T) is known as the Lamé
function in the literature.

In this section, we study the asymptotics of the zeros of the Lamé func-
tion as T — ico. Recalling the simply-periodic KdV potential go(z) given in
(4.1), it is well known that

lim g(z;7) =0(£+1) lim p(z;7) =£(¢+1) <("72 — %2)

T—ico T—ico sin 71z)2
= qo(2) +e0 = q1(2),
where ¢g := —%ZE(E + 1). Clearly the spectral polynomial of g1 (z) is

4

Qqu20+1(E) = Qqo2e41(E —e0) = (E —eo) [ [(E — eo — 7).
j=1

Consider the corresponding ®, /(z; E) of q(z; T) defined in (2.3), which
solves
" —4(q(z;7) — E)® —29'(z; 1)@ = 0.
It was proved in [3, Theorem 7.3 (i)] that
= ,
Pyi(zE) = E'+ ) foj(9)E € Q[ga2(7), 83(7), p(z T)][E],
j=0

where ¢>(7), g3(T) are well-known invariants of the elliptic curve E., which
satisfy

lim (1) = 37%, lim g3(1) = &n°.
T—100 T—100
Hence,
(6.3) ®1(z;E) := lim CDM(z;E) —FEf4...
T—100

is a well-defined monic polynomial of degree ¢ in E and solves
" —4(q1(z) — E)®' —241(z)® =0,

namely ®;(z; E) is the corresponding ®,, ((z; E) of g1(z) defined in (2.3)
and so

20
lim Qgop41(E;7) = lim [ [(E— Ej(7))
T—100 0

T—>100 7%
]7
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/
= Qqo+1(E) = (E—eo) [J(E — eo — j*7%)*.
j=1

Thatis, Eo(T) — e and

(6.4) lim Ey_1(7) = lim Ex(t) =eo + k%, 1<k<UL.
T—100 T—100

Fix 1 < k < ¢ and consider the Baker-Akhiezer function ¢(P(7), z, z9) of
the Lamé potential q(z; 7) at P (7) € {(Eak—-1(7),0), (Exx(7),0)}. Then (6.4)
implies that

Hm @, (z; Ey1(T)) = lim @, 4(z; Ex(T)) = Dy, (270 + K2 71%)

T—ico T—ico
and so
lim ¢(P(7),2,20) = P(Px, 2, 20),

T—100
where (P, z,z0) is the Baker-Akhiezer function of g1(z) at P = (eo +
k?7t2,0) or equivalently, the Baker-Akhiezer function of qo(z) at (k*7t2,0).
These, together with (6.2), Theorem 4.2 and Remark 3.4, immediately imply
Theorem 1.1, i.e. the following result.

Theorem 6.1 (=Theorem 1.1). Fix 1 < k < / and consider the Lamé function
Ya(z;T) at E € {Ey_1(7), Exx(T)} with its zero set

a=a(E,7) = {ay(7), -~ ,a,(1)} C E.\ {0}, Rea; € [0,1], Vj.

Then as T — ico, there are k zeros a;(T)’s converging to infinity, and the other
{—k zeros a;(T)’s converges to £ — k distinct points p;’s which satisfy Re p; = 3
and e*™¥i is an algebraic number.
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