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Abstract

In this paper, combining the p-capacity for p € (1,n) with the Orlicz addition of convex
domains, we develop the p-capacitary Orlicz-Brunn-Minkowski theory. In particular, the Orlicz
Ly mixed p-capacity of two convex domains is introduced and its geometric interpretation is
obtained by the p-capacitary Orlicz-Hadamard variational formula. The p-capacitary Orlicz-
Brunn-Minkowski and Orlicz-Minkowski inequalities are established, and the equivalence of
these two inequalities are discussed as well. The p-capacitary Orlicz-Minkowski problem is
proposed and solved under some mild conditions on the involving functions and measures. In
particular, we provide the solutions for the normalized p-capacitary L, Minkowski problems
with ¢ > 1 for both discrete and general measures.
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1 Introduction

The classical Minkowski problem aims to find the necessary and/or sufficient conditions on a given
finite Borel measure p defined on the unit sphere S"~! C R™ such that u is the surface area
measure of a convex body (i.e., a convex and compact subset of R™ with nonempty interior).
Its L, extension, namely the L, Minkowski problem [31], has been a central object of interest
in convex geometric analysis for decades and has received extensive considerations (see e.g.,
9, 10, 21, 23, 32, 41, 50, 51, 52]). Both the classical and L, Minkowski problems are related
to function ¢ = t? for 0 # ¢ € R. There are versions of Minkowski problems related to other
functions, for instance, the Ly Minkowski or logarithmic Minkowski problems [5, 7, 38, 39, 40, 49]
and the Orlicz-Minkowski problem [18, 22].

Replacing the surface area measure in the classical Minkowski problem by the p-capacitary
measure for p € (1,n), the following p-capacitary L Minkowski problem can be asked and is of
central importance in the development of the p-capacitary Brunn-Minkowski theory: under what
conditions on a given finite Borel measure ju defined on S™~', one can find a convexr domain (i.e.,
the interior of a convex body) whose p-capacitary measure is equal to u? When p = 2, this has
been solved in the seminal papers by Jerison [24, 25]. A solution of this problem for p € (1,2) was
given by Colesanti, Nystrom, Salani, Xiao, Yang and Zhang in their remarkable paper [12]. The
normalized (nonlinear) p-capacitary L; Minkowski problem for all p € (1,n) was recently solved by
Akman, Gong, Hineman, Lewis and Vogel in their groundbreaking paper [1], where the necessary
and sufficient conditions for the finite Borel measure i being the p-capacitary measure of a convex
domain were provided.

*Keywords: Brunn-Minkowski inequality, M-addition, Minkowski inequality, Minkowski problem, mixed p-
capacity, Orlicz addition of convex bodies, Orlicz-Brunn-Minkowski theory, Orlicz Minkowski problem, p-capacity.



In view of the classical Minkowski problem and its various extensions, it is important to
investigate the p-capacitary L, Minkowski and Orlicz-Minkowski problems. More precisely, we
propose the following question: under what conditions on a given function ¢ and a given finite
Borel measure ju defined on S™~1, one can find a convex domain Q such that the origin o is in its
closure and
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where T > 0 is a constant? Hereafter, 1,(€2,-) defined on S"~! denotes the p-capacitary measure

of Q, and hg denotes the support function of Q (see Section 2 for notations). When ¢ = ¢4~}

for ¢ € R, one gets the following normalized p-capacitary L, Minkowski problem: wunder what

conditions on a given finite Borel measure p defined on S™~', one can find a conver domain Q

such that the origin o s in its closure and

w- h((]zil : CP(Q) = C(nvpv q, N) : /LP(Qv ')7

where c(n, p,q, ) > 0 is a constant and Cp(Q2) is the p-capacity of Q2 In Subsection 5.1, we provide
a solution for the above p-capacitary Minkowski problems for discrete measures under some very
limited assumptions on u: the support of p is not contained in any closed hemisphere. A solution
of the above p-capacitary Minkowski problems for general measures is provided in Subsection 5.2.

The p-capacitary measure can be derived from an integral related to the p-equilibrium potential
of Q). Note that the p-equilibrium potential of €2 is the solution of a p-Laplace equation with certain
boundary conditions (see Subsection 2.2 for details). For a convex domain € C R", the Poincaré
p-capacity formula [12] asserts that the p-capacity of §2 has the following form:

Cp(Q) = Z:;/Snl ho(u) dpp(2, ). (1.1)

Although the definition of the p-capacity involves rather complicate partial differential equations,
formula (1.1) suggests that the p-capacity has high resemblance with the volume. For a convex
domain  C R", its volume can be calculated by

0= [ hatw)ds@.u)
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with S(€,-) the surface area measure of 2 defined on S™~!. For instance, the p-capacitary Brunn-
Minkowski inequality asserts that for all convex domains 2 and €21, one has

1 1 1
Cp(Q+ Q)77 = Cp(Q) 77 + Cp(1) "7, (1.2)
with equality if and only if 2 and ©; are homothetic (see [3, 8, 11]). Hereafter
Q+Y ={z+y:2€Quye}

denotes the Minkowski sum of  and ;. Inequality (1.2) is similar to the classical Brunn-
Minkowski inequality regarding the volume:

1 1 1
24+ Q|» =19 + [u]r,

with equality if and only if € and ; are homothetic (see e.g., [14, 37]). Moreover, the p-
capacitary Minkowski inequality (2.13) shares the formula similar to its volume counterpart (see
e.g., [12, 14, 37]).



Sections 3 and 4 in this paper reveal another surprising similarity between the p-capacity and
the volume regarding the Orlicz additions. We develop the p-capacitary Orlicz-Brunn-Minkowski
theory based on the combination of the Orlicz additions and the p-capacity. The Orlicz additions
were proposed by Gardner, Hug and Weil in [15] and independently by Xi, Jin and Leng in [43], in
order to provide the foundation of the newly initiated Orlicz-Brunn-Minkowski theory for convex
bodies (with respect to volume) starting from the works [33, 34] of Lutwak, Yang and Zhang. The
Orlicz theory is in great demand (see e.g., [47] for some motivations) and is rapidly developing
(see e.g., [4, 6, 19, 30, 42, 44, 45, 46, 53]). In particular, we establish the p-capacitary Orlicz-
Brunn-Minkowski inequality (see Theorem 4.1) and Orlicz-Minkowski inequality (see Theorem
3.2). The p-capacitary Orlicz-Minkowski inequality provides a tight lower bound for C), 4(£2, 1),
the Orlicz Ly mixed p-capacity of ©,; € %y (the collection of all convex domains containing
the origin), in terms of Cy,(2) and C,(£2;). In Theorem 3.1, we prove the p-capacitary Orlicz-
Hadamard variational formula based on a linear Orlicz addition of €2, € %y. This p-capacitary
Orlicz-Hadamard variational formula gives a geometric interpretation of C), 4(£2,€2;). Section 2 is
for the necessary background and notation. More details could be found in [12, 13, 37]. It is worth
to mention that results in this paper are for the p-capacity related to the p-Laplace equations;
however similar results for the nonlinear .o7-capacity associated with a nonlinear elliptic partial
differential equation [1] could be obtained as well.

2 Background and Notations

Throughout this paper, n > 2 is a natural number. A subset K C R" is convex if \x+(1—\)y € K
for any z,y € K and A € [0,1]. A convex set K C R" is a convex body if K is also compact with
nonempty interior. Denote by %) the set of convex bodies in R” with the origin in their interiors.
The usual Euclidean norm is written by || - || and the origin of R™ is denoted by o. Let {e1,--- ,e,}
be the standard orthonormal basis of R™. Define AK = {\x : 2 € K} for A € R and K C R". For
a convex body K € %, |K| refers to the volume of K and #"~! refers to the n — 1 dimensional
Hausdorff measure of 0K, the boundary of K. For a set E C R", define conv(E), the convex hull
of E, to be the smallest convex set containing E. Let 6+ = {z € R" : (x,0) = 0} for § € S~ 1.

The support function of a convex compact set K containing the origin is the function
hg : S"~1 — [0, 00) defined by

hK(u) = glea’;({<y’ u>7

where (-, -) is the usual inner product on R™. Hereafter, S"~! is the unit sphere of R” which consists
of all unit vectors in R™. Note that the support function hx can be extended to R™\ {o} by

hi(x) = hg(ru) = rhg(u)

for + = ru with w € S"! and r > 0. Clearly hx : S"~! — R is sublinear. Any convex body
K € %, is uniquely characterized by its support function. Two convex bodies K,L € J are
said to be dilates of each other if hg = c¢- hy for some constant ¢ > 0; K and L are said to be
homothetic to each other if K — a dilates L for some a € R™. On J, the Hausdorff metric dg (-, -)
is a natural way to measure the distance of two convex bodies K, L € J:

di(K,L) = max [hg(u) —hr(w)] = [lhi =i

The Blaschke selection theorem (see e.g., [37]) states that every bounded sequence of convex bodies
has a subsequence that converges to a (possibly degenerated) convex compact set.



Note that K € J#; can be formulated by the intersection of hyperspaces as follows:

K= ﬂ {xeR”:(x,u)gh;{(u)}.

ueSn—1

By C*(S™!) we mean the set of all continuous and positive functions defined on S”~!. The metric
d(-,-) on C*T(S™"1) is assumed to be the one induced by the maximal norm: for all f,g € CT(S"71),

A(f.9) = 1f = glloo = max, |£(u) — gl

Associated to each f € C*(S"!), one can define a convex body Ky € % (see formula (7.97) in
[37]) by

Ky = ﬂ {x eR": (z,u) < f(u)}

ueSn—1

The convex body Ky is called the Aleksandrov body associated to f € C*(S™1). The Aleksandrov
body provides a powerful tool in convex geometry and plays crucial roles in this paper. Here we
list some important properties for the Aleksandrov body which will be used in later context. These
properties and the proofs can be found in section 7.5 in [37]. First of all, if f € CH(S"1) is
the support function of a convex body K € J#j, then K = Ky. Secondly, for f € Ct(s" 1),
hi,(u) < f(u) for all w € S"7!, and hg,(u) = f(u) almost everywhere with respect to S(Ky, ),
the surface area measure of Ky defined on S"! (see the proof of Lemma 7.5.1 in [37]). Recall
that S(K,-) has the following geometric interpretation (see e.g., [37, page 111]): for any Borel set
¥ c sl

S(K,Y) = #" Yz c 0K : g(x) € I}, (2.3)

where g : 0K — S" ! is the (single-valued) Gauss map of K, that is, g(x) € S"! is the unit
outer normal vector of 0K at almost everywhere z € 0K with respect to the (n — 1)-dimensional
Hausdorff measure of K. Furthermore, the convergence of {Ky, },,>1 in the Hausdorff metric is
guaranteed by the convergence of { f;,, };m>1. This is the Aleksandrov’s convergence lemma [2] (see
also [37, Lemma 7.5.2]): if the sequence fi, f2, -+ € CT(S""1) converges to f € CT(S™1) in the
metric d(-,-), then Ky, Ky,,--- € J#y converges to Ky € .y with respect to the Hausdorff metric.
For more background on convex geometry, please refer to [37].

2.1 Orlicz addition and the Orlicz-Brunn-Minkowski theory of convex bodies

Let m > 1 be an integer number. Denote by ®,,, the set of convex functions ¢ : [0, 00)™ — [0, c0)
that are increasing in each variable, and satisfy ¢(0) = 0 and ¢(e;) = 1 for j = 1,...,m. The
Orlicz Ly, sum of Ky, - -+, Ky, € £ [16] is the convex body +, (K7, ..., K;,) whose support function
hy (k... K, is defined by the unique positive solution of the following equation:

(p(hKl(u) th(u)> =1, for weS" L

AT N
That is, for each fixed v € S~ 1,

SO( hi, (u) hi, () ) _1

P (K Fn) (W) (e Ko) (1)
The fact that ¢ € ®,, is increasing in each variable implies that, for j =1,--- ,m,
Kj CJr(p(Kl,...,Km). (24)
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It is easily checked that if K; for all 1 < i < m are dilates of Ky, then +,(K1,..., K,,) is dilate of
K, as well. The related Orlicz-Brunn-Minkowski inequality has the following form [16]:

Kq|1/n K,, 1/n
|‘|‘<,0(K17---7Km)| " |+30(K1""7Km)| "

The classical Brunn-Minkowski and the L, Brunn-Minkowski inequalities are associated to
o1, s am) = Y xi € P and @(x1, - ) = Dorrqz] € Dy with ¢ > 1, respectively.
In these cases, the L, sum of Ky,---, Ky, for ¢ > 1 is the convex body Kj +, --- +4 K, whose

support function is formulated by

q N q
hK1+q--~+qu - hK1 teeet th-

When g = 1, we often write K7 + - - - + K, instead of K1 +1 --- +1 K.
Consider the convex body K +,. L € J# whose support function is given by, for u € sl

hi (u) > < hi(u) >
1= ([ — 8 )y, (2 ) 2.6
! (hK-ha,eL(u) 72\ iy 2(0) (26)
where € > 0, K, L € 5, and ¢1, g2 € ®1. If (¢1)](1), the left derivative of o1 at ¢ = 1, exists and
is positive, then the L, mixed volume of K, L € J# can be defined by [16, 43, 48]

(p1)i(1) :1/ sOQ(hL(“)>hK(u)als(K,u). (2.7)
Sn—l

n JEPTI hy(u)

Together with the Orlicz-Brunn-Minkowski inequality (2.5), one gets the following fundamental
Orlicz-Minkowski inequality: if ¢ € ®q, then for all K, L € g,

VoK, L) > K] w(("f{‘,)/)

with equality, if in addition ¢ is strictly convex, if and only if K and L are dilates of each other.
The classical Minkowski and the L, Minkowski inequalities are associated with ¢ = ¢ and ¢ = ¢4
for ¢ > 1 respectively.

Formula (2.7) was proved in [16, 43] with assumptions @1, 2 € ®; (i.e., convex and increasing
functions); however, it can be extended to more general increasing or decreasing functions [48]. To
this end, we work on the following classes of nonnegative continuous functions:

d
Vo (K. L) = UK e L

J = {¢:[0,00) = [0,00) such that ¢ is strictly increasing with ¢(1) = 1,¢(0) = 0, ¢p(c0) = o0},
2 = {¢:(0,00) = (0,00) such that ¢ is strictly decreasing with ¢(1) = 1,¢(0) = 00, ¢(c0) = 0},

where for simplicity we let ¢(0) = lim;_,o+ ¢(t) and ¢(c0) = lims—,o ¢(t). Note that results may still
hold if the normalization on ¢(0), ¢(1) and ¢(co) are replaced by other quantities. The linear Orlicz
addition of hx and hp in formula (2.6) can be defined in the same way for either ¢1,p9 € & or
01,02 € 9. Namely, for either 1,02 € .7 or 1,2 € Z, and for € > 0, define f. : S"~! — (0, 00)
the linear Orlicz addition of hx and hy, by, for v € S*1,

hK(U)) (hL(U)>

P1 + ep2 =1. 2.8
(7 .(w) 29
See [20] for more details. In general, f. may not be the support function of a convex body; however
f= is the support function of K +,. L when ¢1, ¢ € ®1. It is easily checked that f. € CT(S"1)




for all € > 0. Moreover, hg < f. if ¢1,09 € & and hx > fc if 1,902 € Y. Denote by K,
the Aleksandrov body associated to f.. The following result [48] extends formula (2.7) to not
necessarily convex functions ¢1 and ¢o: if K, L € J# and @1, g2 € & are such that (¢1))(1) exists

and is positive, then
1 hL(u)>
= — hr(uw)dS(K,u), 2.9
e awwasa. @)

(p1)(1) d

V<P2 (Ka L) =

while if ¢1,p2 € 2 such that (¢1).(1), the right derivative of ¢ at t = 1, exists and is nonzero,
then (2.9) holds with (¢1);(1) replaced by (¢1);.(1).
2.2 The p-capacity

Throughout this paper, the standard notation C2°(R"™) denotes the set of all infinitely differentiable
functions with compact support in R™ and V f denotes the gradient of f. Let n > 2 be an integer
and p € (1,n). The p-capacity of a compact subset £ C R", denoted by C,(E), is defined by

Cp(E) = inf{/ \VfIIPdz: f e C(R"™) such that f>1 on E}
R

If O C R™ is an open set, then the p-capacity of O is defined by
Cp(0) =sup{Cp(E): E C O and E is a compact set in R"}.
For general bounded measurable subset F' C R", the p-capacity of F' is then defined by
Cp(F) =inf {Cp(O): F C O and O is an open set in R"}.

The p-capacity is monotone, that is, if A C B are two measurable subsets of R"™, then
Cp(A) < Cy(B). It is translation invariant: Cp(F + z9) = C,(F') for all zp € R™ and measurable
subset F' C R™. Its homogeneous degree is n — p, i.e., for all A > 0,

Cp(AA) = A"PC,(A). (2.10)

For K € ), let int(K) denote its interior. It follows from the monotonicity of the p-capacity that
Cp(int(K)) < Cp(K). On the other hand, for all € > 0, one sees that

K C (1+¢)-int(K).
It follows from the homogenity and the monotonicity of the p-capacity that
Cp(K) < (14¢e)"P.Cpint(K)).

Hence Cp(int(K)) = Cp(K) for all K € J#; by letting ¢ — 0T. Please see [13] for more properties.

Following the convention in the literature of p-capacity, in later context we will work on convex
domains containing the origin, i.e., all open subsets 2 C R™ whose closure () € J#,. For convenience,
we use %y to denote the set of all open convex domains containing the origin. Moreover, geometric
notations for 2 € %y, such as the support function and the surface area measure, are considered
to be the ones for its closure, for instance,

ho(u) = sup(z,u) = hg(u) for ue S" 1
€N



There exists the p-capacitary measure of Q € %, denoted by 1,(€2,-), on S"~! such that for
any Borel set ¥ C ™! (see e.g., [26, 28, 29]),

(@)= [ Vg, (2.11)
g~1(®)

where g1 : S"~1 — 90 is the inverse Gauss map (i.e., g~ *(u) contains all points z € 92 such that
u is an unit outer normal vector of x) and Ug is the p-equilibrium potential of 2. Note that Ug is
the unique solution to the boundary value problem of the following p-Laplace equation

div (|VU|P~2VU) =0 inR™"\Q,
U=1 on 012,
limg) 500 U(7) = 0.

With the help of the p-capacitary measure, the Poincaré p-capacity formula [12] gives

Co(@) =2 [ hafu) dip(@0).
n—p.)/gn-1
Lemma 4.1 in [12] asserts that p,(n, ) converges to p,(£2, ) weakly on S"~! and hence Cp(€2,)
converges to Cp(£2), if €2, converges to Q in the Hausdorff metric.
The beautiful Hadamard variational formula for C,(-) was provided in [12]: for two convex
domains €2, Q1 € %o, one has

1 de(Q+5Q1)
n—mp de

—1
_P / he () dp (9, 0) = Cp(€, ), (2.12)
=0 n — p Snfl

where Cp(£2,€) is called the mixed p-capacity of Q and ©;. By (1.2) and (2.12), one gets the
p-capacitary Minkowski inequality

Cp(2, Q1) P > Cp ()" P1CH (1), (2.13)

with equality if and only if Q and €©; are homothetic [12]. It is also well known that the centroid
of 11,(€2,-) is o, that is,

/ wdpy(,u) = o.
Sn—1

Moreover, the support of 1,(€2,-) is not contained in any closed hemisphere, i.e., there exists a
constant ¢ > 0 such that

/ (0,u) 1 duy(Q,u) >c  for each e S (2.14)
Sn—1

where a4 denotes max{a,0} for all a € R.
For Q € ¢, and a Borel set ¥ € S"71, let

,up(Q,E):/Edup(Q,u) and S(Q,E):/EdS(Q,u).

The following lemma is needed to solve the p-capacitary Orlicz-Minkowski problems. See [1] for a
more quantitative argument.



Lemma 2.1. Let Q € 6y be a convex domain and 1 < p < n. For a Borel set ¥ C S, (Q, %)
and S(Q, %) either are both strictly positive or are both equal to 0.

Proof. Let us recall Lemma 2.18 in [12]: if € is a convex domain such that 2 is contained in the ball
B(o, R) (centered at the origin with radius R), there exists a constant v = v(n,p, R) € (0, 1] such
that ||VUq|| > ~ almost everywhere on 92 (with respect to /"~ !). This together with formulas
(2.3) and (2.11) yield that, for all Borel set ¥ C S"1,

(.9 = | o [VUa@IP @) 2 - 5(@.9),
g 1(Z

Consequently if 11,(Q,%) = 0 then S(Q,%) = 0 and if S(Q,¥) > 0 then u,y(Q, %) > 0.
On the other hand, assume that S(Q2, %) = 0 which imples J#"~1(g=1(X)) = 0. Together with
formula (2.11) and the fact that ||VUq||P is integrable on 02, one has

w09 = [ U@ @) <o
g1 (%)

That is, if S(2,3) = 0 then (2, ) = 0 and if p,(Q, %) > 0 then S(Q, %) > 0. O

For f € CT(S"~1), denote by Q2 the Aleksandrov domain associated to f (i.e., the interior of
the Aleksandrov body associated to f). For Q € %y and f € C*(S"1), define the mixed p-capacity
of Q and f by

Cp.f) =2 [ 1w d(@0). (215)

Clearly Cp(Q2, hr) = Cp(2, L) and Cp(2, hg) = Cp(Q2) for all Q, L € €. Moreover,
Cp(p) = Cp(S2y, f) (2.16)

holds for any f € C*(S™~1). This is an immediate consequence of Lemma 2.1 (see also [12, (5.11)]).

3 The Orlicz Ly mixed p-capacity and related Orlicz-Minkowski
inequality

This section is dedicated to prove the p-capacitary Orlicz-Hadamard variational formula and

establish the p-capacitary Orlicz-Minkowski inequality. Let ¢ : (0,00) — (0,00) be a continuous

function. We now define the Orlicz L4 mixed p-capacity. The mixed p-capacity defined in (2.12)
is related to ¢ =t.

Definition 3.1. Let Q,Q € €p be two convex domains. Define Cp 4(2,Q), the Orlicz Ly mized
p-capacity of Q and 1, by

Coott. ) =220 [ o (B2 bt a0, (3.17)

When 2 and €2; are dilates of each other, say 1 = AQ) for some A > 0, one has

Cp.s(2,AQ) = ¢ (N) Cp(Q). (3.18)



Let 1 and ¢y be either both in .# or both in Z. For € > 0, let g. be defined as in (2.8). That
is, for ,Q1 € % and for u € "1,

h h
o (B 1 ()
9e(u) ge(u)
Clearly g. € CT(S™"!). Denote by Q. € %, the Aleksandrov domain associated to g..
The following lemma for convex domains is identical to Lemma 5.1 in [48].

Lemma 3.1. Let Q,Q € 6y and 1,92 € I be such that (1);(1) exists and is positive. Then

LR () g (G

For ¢1,p2 € 2, (3.19) holds with (¢1);(1) replaced by (¢1);.(1).

(91)y(1) lim

e—0t €

) uniformly on S"7L. (3.19)

From Lemma 3.1, one sees that g. converges to hq uniformly on S"~!. According to the
Aleksandrov convergence lemma, ). converges to ) in the Hausdorff metric. We are now ready
to establish the geometric interpretation for the Orlicz Ly mixed p-capacity. Formula (2.12) is the
special case when @1 = @9 =t.

Theorem 3.1. Let Q.0 € 6y be two convex domains. Suppose ¢1,p2 € & such that (¢1);(1)
exists and is nonzero. Then

(p1);(1) - lim Cp(§2) — CP(Q)‘

n—p e=0t €

Cpp (2,821) =

With (¢1);(1) replaced by (¢1),.(1) if (¢1).(1) exists and is nonzero, one gets the analogous result
for p1,p2 € .

Proof. The proof of this theorem is similar to analogous results in [12, 16, 18, 43, 48]. A brief proof
is included here for completeness. As Q. — € in the Hausdorff metric, p, (2, ) = pp(€2, -) weakly
on S"~! due to Lemma 4.1 in [12]. Moreover, if he — h uniformly on S"~!, then

lim he(u) dpy (e, u) = / h(w) dpy (82, w).

e—0t Sn—1 Sn—1

In particular, it follows from (2.15) and Lemma 3.1 that

e T Y
b~ 1 hﬂl (u)
= W /S”_1 ha(u)p2 ( B (i) > dpe, (Q, )
= CP#’Q (Q7 Ql)'

Inequality (2.13), formula (2.16), and the continuity of p-capacity yield that

’ L) = C(Q, 0
Cpips(2,1) = (¢1);(1) - liminf p(€2e) — Cp( )

e—0t €

(o)1) - Timinf | ¢ (0.) 25 . Col8l)™™ = G

e—0t £

IA

n—p—1

= (p1);(1) - Cp(Q) 77 -liminf Cp

e—0t €




Similarly, as ho, < g. and C,(Q2) = Cp(£, hq), one has

Crm@. ) = (1) i 2= [ 0200y (0.

e=0t N —p

Cp(2,€2) — Cp()

> (¢1);(1) - lim sup
e—0t €
1 1
/ n—p=1 C Q n—p — C Q n—p
> (p1))(1) - Cp(9) e Tim sup p(Qe) 7 »(2) 3
e—0t €
This concludes that
1 1
/ np=1 _ C,(Q)r P — Cp(Q)n—»
Crm @) = (1) Gp@)" T - tim ST Z GO
e—0t €
_ (p1)y(1) . lim (k) — Gp(Q)
n—p es0+ € ’
where the second equality follows from a standard argument by the chain rule. O

Let p € (1,n) and ¢ # 0 be real numbers. For Q,§; € %), define C) (€2, €21), the L, mixed
p-capacity of  and 4, by

p—1
Cpa@,90) = 2= [ [hay ()] dig (@20, (3.20)
n — p Snfl
where pp, 4(€2,-) denotes the L, p-capacitary measure of {2:
1—
dpipg(Q, ) = hg @ dpip(Q, -).

For e > 0, let hy. = [hd, + 5h?21] Y4 and Qp,.. be the Aleksandrov domain associated to hg.. By
letting @1 = @9 = t? for ¢ # 0 in Theorem 3.1, one gets the geometric interpretation for Cp 4(-, ).
Corollary 3.1. Let Q,Q1 € 6y and p € (1,n). For all 0 # q € R, one has
q li Cp(th,g) - CP(Q)

- lim .
n—p es0t €

Regarding the Orlicz Ly mixed p-capacity, one has the following p-capacitary Orlicz-Minkowski
inequality. When ¢ = t, one recovers the p-capacitary Minkowski inequality (2.13).
Theorem 3.2. Let ,Q; € 6y and p € (1,n). Suppose that ¢ : [0,00) — [0,00) is increasing and
convezx. Then

1
Cp(E) \ »»
Cre(2,Q1) > CL(Q) - P :
p7¢( ) 1) - p( ) ¢<( Cp(Q)
If in addition ¢ is strictly convez, equality holds if and only if Q and 2 are dilates of each other.
Proof. 1t follows from Jensen’s inequality (see [17]), Cp(£2) > 0 and the convexity of ¢ that

Cpg(2, () = 5:119 /Snl ¢ <};;;1(<5>)> ha(w) dpy (82, w)

ce-o( [ 20 2 )

= oo ()

Cp(9) - ¢<<Ccf’p((%l))>"1p> (3.21)

10
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where the last inequality follows from (2.13) and the fact that ¢ is increasing.
From (2.10) and (3.18), if 2 and €2 are dilates of each other, then clearly

canon=cin-o (45

On the other hand, if ¢ is strictly convex, equality holds in (3.21) only if equalities hold in both the
first and the second inequalities of (3.21). For the second one, © and €2; are homothetic to each
other. That is, there exists » > 0 and € R™, such that £; = rQ + 2 and hence for all u € S*71,

ha,(u) =1 - ho(u) + (z,u).

As ¢ is strictly convex, the characterization of equality in Jensen’s inequality implies that

th (U) . p—1 ' th (u) y
ha(v) B /Snl n—p Cy(Q) dpp (2, u)

for (€2, +)-almost all v € S™~1. This together with the fact that 1, (€2,-) has its centroid at the
origin yield (x,v) = 0 for u,(€2,-)-almost all v € S"~1. As the support of (€2, -) is not contained
in any closed hemisphere, one has x = 0. That is, {2 and €2; are dilates of each other. 0

An application of the above p-capacitary Orlicz-Minkowski inequality is stated below.

Theorem 3.3. Let ¢ € @1 be strictly increasing and strictly convex. Assume that (2, Q€ % are
two convexr domains. Then € = Q if the following equality holds for all Q4 € 6y

= AL (3.22
Cp(92) Cp(Q) )

Moreover, ) = Q also holds if, for any Q1 € 6o,
Cpo(Q1,9Q) = Cp 5 (1, Q). (3.23)

Proof. Tt follows from equality (3.22) and the p-capacitary Orlicz-Minkowski inequality that

_ Gos(209Q) _ Gpu(@.9) Cp(Q)\ 7
o T T o@ Z¢<(cp(§)> ) (3.24)

The fact that ¢ is strictly increasing with ¢(1) =1 and n —p > 0 yield C,(Q2) > C,,(£2). Similarly,
Cp(R2) < Cp(R) and then Cp(Q2) = Cp(£2). Hence, equality holds in inequality (3.24). This can
happen only if {2 and § are dilates of each other, due to Theorem 3.2 and the fact that ¢ is strictly

convex. Combining with the above proved fact Cp(2) = C,(2), one gets 2 = Q.
Follows along the same lines, Q = Q if equality (3.23) holds for any Q; € %. O

Note that ¢ = t? for ¢ > 1 is a strictly convex and strictly increasing function. Theorem 3.2
yields the p-capacitary L, Minkowski inequality: for 2, € €5, one has
—9q

Cpq(2,821) > [Cp(Q)]% . [CP(QI)]%_ZQ

with equality if and only if €2 and 2; are dilates of each other.

11



Corollary 3.2. Let p € (0,n) and ¢ > 1. If 0,0 € %y are such that
/”vaq(Q7 ) = :upny(Qv ')’

thenﬂzﬁz’fq;én—p, and ) is dilate ofﬁifq:n—p.

Proof. Firstly let ¢ > 1 and g # n—p. As 1,4(2, ) = p1pq(Q, -), it follows form (3.20) that, for all
Q€ 6o,

Cpa(, 1) = Cp g (2, ). (3.25)
By letting Q1 = ﬁ, one has,

n—p—q ~ q

prq(Qyﬁ) = Cp<§) > [Gp()] 7 - [Cp(D)] 7.

This yields C,(2) > Cp(Q2) if ¢ > n —p and Cp() < Cp(2) if ¢ < n — p. Similarly, by letting
0 = Q, one has Cp(Q) < Cp(Q) if ¢ > n—pand Cp(Q2) > Cp(Q) if ¢ < n—p. In any cases,
Cp(Q) = Cp(Q2). Together with (3.25), Theorem 3.3 yields the desired argument Q = €.

Now assume that ¢ = n — p > 1. Then (3.25) yields

Cp,q(ﬂaﬁ) = Cp(ﬁ) > [CP(Q)] e ’ [Op(ﬁ)]%p = CP(Q)'

It follows from Theorem 3.2 that © and € are dilates of each other. O

It is worth to mention that C) 4(-,-) is not homogeneous if ¢ is not a homogeneous function;
this can be seen from formula (3.18). When ¢ € .#, we can define C) 4(£2,€2;), the homogeneous
Orlicz Ly mixed p-capacity of €, € €5, by

Cpat ) =int {n>0: 220 [ o (2L by a0 < )}

while @W(Q, Oy) for ¢ € Z is defined as above with “<” replaced by “>”. If ¢ = t? for ¢ # 0,
A Cpa(92, )\ M1
Cpe(2,80) = (p’q .
P Cp(Q)
For all n > 0 and for ¢ € .7, let
p—1 / ( ha, (u) >
=— ————— | ha(u) du, (2, u).
The fact that ¢ is monotone increasing yields

i’ < min, e gn1 ho, (1) ) - g(n)) - ¢< max,c gn-1 ho, (u) )

7 - max,cgn-1 ho(u) Cp(02 N - min, e gn-1 ho(u)

Hence lim,_,o+ g(1) = oo and lim,, . g(n) = 0. It is also easily checked that g is strictly decreasing.
This concludes that if ¢ € .7,

p-1 o (v) B
=T (@m, Q) hﬂ(u)> o) dhp ) = G (8) (3.26)

Following along the same lines, formula (3.26) also holds for ¢ € 2.
The p-capacitary Orlicz-Minkowski inequality for C, 4(-,-) is stated in the following result.

12



Corollary 3.3. Let ¢ € .Z be convex. For all 2,94 € 6y, one has,

Cpo(, ) > (%’p(g;)))”. (3.27)

If in addition ¢ is strictly convex, equality holds if and only if Q@ and 0y are dilates of each other.

Proof. Tt follows from formula (3.26) and Jensen’s inequality that

B ha, (u) p—1 ho(u) "
b= /an—l(b(ép’d)(g,nl)-hg(u)) n—p Cp(Q) Aty (€2, 1)

th(u) P 1 . 1 "
= ¢</Snl Cro(,Q1) n—p Cp(Q) (2 ))

B Cp(, Q1)
B ¢<6p7¢(9,91) : CP(Q)>'

As ¢(1) =1 and ¢ is monotone increasing, one has

- Co(Q, Q1) _ (Cpl)\ 77
Gty > S > ()

where the second inequality follows from (2.13).

It is easily checked that equality holds in (3.27) if Q; is dilate of 2. Now assume that in addition
¢ is strictly convex and equality holds in (3.27). Then equality must hold in (2.13) and hence Q is
homothetic to £2;. Following along the same lines in the proof of Theorem 3.2, one obtains that 2
is dilate of €. ]

4 The p-capacitary Orlicz-Brunn-Minkowski inequality

This section aims to establish the p-capacitary Orlicz-Brunn-Minkowski inequality (i.e., Theorem
4.1). We also show that the p-capacitary Orlicz-Brunn-Minkowski inequality is equivalent to the
p-capacitary Orlicz-Minkowski inequality (i.e., Theorem 3.2) in some sense. Let m > 2. Recall
that the support function of +4,(Q1,..., ) satisfies the following equation: for any u € S"~1,

h h
(p( L C N 1 C) > =1. (4.28)
Py (@, ) (1) by, um) (@)
Theorem 4.1. Suppose that Q1,--- ,Qy, € €y are convex domains. For all ¢ € ®,,, one has

el (G ,Qm»)nip o <cp<+¢<055%-),9m>>)7; ) am

If in addition ¢ is strictly convex, equality holds if and only if Q; are dilates of 1 for all
1=2,3,---,m.

Proof. Let ¢ € ®p, and Qy,--- ,§,, € €p. Recall that Q1 C +,(Q,..., Q) (see (2.4)). The fact
that the p-capacity is monotone increasing yields

Co(F(Q, ., Q) > Cp(S2) > 0.

13



Define a probability measure on S"~! by

p—1 1
e () = Gy )o@ (0 (o (S, o) ).

It follows from formulas (3.17) and (4.28), and Jensen’s inequality (see [17, Proposition 2.2]) that

| = /S M@( hoy(w) o hey(u) >dwp7¢(u)

Py (@ 2m) (W) Ty @y e ) (1)
ha, (u) hq,, ()
2(,0(/ L dw7u,-~-,/ i dwp, o (u
st A (@ 0,0) (1) piel) st A (@ 0,0) (1) piel)
<CP71(+<,0(917"' 7Qm)791) Cp,1(+99(917"' va)vﬂm)>
Cp(+<p(Qla"' 7Qm)) ’ ’ Cp(+§0(91?"' an))

- ‘”((cp(m%}l@ ,Qm»)np"” ’ (pr%f@ ,Qm»)np)’

where the last inequality follows from inequality (2.13).

Let us now characterize the conditions for equality. In fact, if €; are dilates of €21 for all
1 <i <m, then +,(Q,---,Qp) is also dilate of ©; and the equality clearly holds. Now suppose
that ¢ € ®,, is strictly convex. Equality must hold for Jensen’s inequality and hence there exists
a vector zg € R™ (see [17, Proposition 2.2]) such that

< ha, (u) N hg,, (u) > ~

h+w(gl,...79m)(u)’ o h_i_(p(Ql,...’Qm)(u)

for wy, ,-almost all u € S"=1. Moreover, as ¢ € ®,, is strictly increasing on each component, one
must have

Cpa (o (1, ). ) ( Cy() >
Cp("‘@(glv"‘ >Qm)) B Cp(+<p(le“' 7Qm))
for all j =1,2,--- ,m. The characterization of equality for (2.13) yields that Q; for j =1,---,m
are all homothetic to +,(21,---,€y,). Following the argument similar to that of Theorem 3.2,
one can conclude that €; for all j =1,--- ,m are dilates of +,(Q1,---,€yy,), as desired. O

If p(z) = > ; for © € [0,00)™, then ¢ € ®,, and inequality (4.29) becomes the classical
p-capacitary Brunn-Minkowski inequality (see inequality (1.2)): for Qq,---,Qp, € %0, one has

Co(Q + -+ Q)77 > Cp( Q)77 + -+ + Cp(Qn) 7. (4.30)

From the proof of Theorem 4.1, one sees that equality holds if and only if €2; is homothetic to
Qjforall 1 <i<j<m. When p(z) = >, :c? € ®,, for ¢ > 1, one gets the p-capacitary
L 4-Brunn-Minkowski inequality: for €q,---,€,, € €y, one has

-9 P -9
Cp(l +q -+ 4q Q)7 2 Cp(Sl) 77 + -+ + Cp () 7.

As p(z) =571, x? for ¢ > 1 is strictly convex, equality holds if and only if €; is dilate of §2; for

all 1 <i < j < m. This has been proved by Zou and Xiong in [54] with a different approach.

Now let us consider the linear Orlicz addition of 1, --- ,€,, € €. This is related to
oz) =arp1(z1) + -+ ampm(Tm), == (21, ,2m) € (0,00)™, (4.31)
where a; > 0 are constants and ¢; € ®; forall j = 1,--- ,m. Clearly ¢ € ®,, and the p-capacitary

Orlicz-Brunn-Minkowski inequality in Theorem 4.1 can be rewritten as the following form.

14



Theorem 4.2. Let ¢ be given in (4.31) with oj > 0 constants and p; € ®1 for j=1,--- ,m. For
Q- ,Q € 6y, one has

- i 5o (e ,Qm»)nip)' 432

In fact, inequality (4.32) is equivalent to, in some sense, the p-capacitary Orlicz-Minkowski
inequality in Theorem 3.2. Let m = 2, ¢1,p2 € ®1, ,Q € 6, a1 = 1 and az = ¢ > 0. In this
case, the linear Orlicz addition of {2 and € is denoted by Q + . €2, whose support function is given

by, for u € S*1,
ho(u hs(u
@1(h o(u) >+w2<h (v >:1.
94,01 at,.0®)

The p-capacitary Orlicz-Brunn-Minkowski inequality in Theorem 4.2 becomes

for all € > 0. It is equivalent to

1_901—1(1_5@((%)%))gl_(%(gi%)*e 4.33)

For convenience, let z(¢) be

@ (o (G 5) 7))

Then z(e) - 1~ as € — 0" and

0+ c e=0t 1 — ¢y (Z(E)) e—0t Cp(Q +oe Q2

- <¢1§;<1>'*”2<(g§g>&)’

where (¢1);(1) is assumed to exist and to be nonzero. Together with inequality (4.33), one gets

1
(G N\ .
1 (CP(Q+%EQ)> > <(CP(Q)> n—P> .

(1)y(1) - lim

e—0t £ Cp(Q)
This together with Theorem 3.1 further imply the p-capacitary Orlicz-Minkowski inequality:
1 G®
(n—p) Cpoa(,9) = (o)1) lim Cp(Q+pe Q)+ lim — 2@
e—0t e—0t €
e—0t £

R (!
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On the other hand, assume that the p-capacitary Orlicz-Minkowski inequality in Theorem 3.2
holds. In particular, for ¢1, s € ®1 and for 2, € %y,

Satam 2 (6w )
“ann 2 Gam) )

where ¢ = a1 + asps with aj,as > 0 and @1, 2 € @1, and +¢(Q,§) is the convex domain
whose support function h o (0,0) is given by
@Y ’

+o @0 o\

This together with (3.17) lead to inequality (4.32) with m = 2:

o2l o hh<>() ) < a2 ). s @B

nep Je REX) re@d)(®W/] Cp(+,(2,9))
— CP P1 (+<P(Q7(:2)a9) + g - Cp,§02(+<p(Q7(~2)7§)
Cp(+p (€2, 82)) Cp(+4(8,92))

() ) oo (205 )

The M-addition of convex domains are closely related to the Orlicz addition. For an arbitrary
subset M C R™, the M-addition of Qq,---,€,;, € %o, denoted by (21, ,y), is defined by
(see e.g. [15, 16, 35, 36])

@M(Ql,---,Qm):{Zajxj: iL'jEQj and (al,---,am)eM}.

It is equivalent to the following more convenient formula:
M(Qla cee ,Qm) = U{a1Q1 —+ -+ aQO : (al, ag, - - ,am) € M}, (4.34)

where a1 Q1 + - - - + @,y is the Minkowski addition of a;Q; = {ajz’ : 27 € Q;} for j =1,2,--- ,m.
Note that if M is compact, then @y/(21,---, Q) is again a convex domain. In general, the M-
addition is different from the Orlicz addition. However, when M is a 1-unconditional convex body
in R™ that contains {ej,--- ,en} in its boundary, then the M-addition coincides with the Orlicz
L, addition for some ¢ € ®,,. More properties and historical remarks for the M-addition, such as
convexity, GL(n) covariance, homogeneity and monotonicity, can be founded in [15, 16, 35, 36].

Lemma 4.1. If M C R™ is compact and Qq,- -+, € 6o, then for any a = (a1, ,am) € M,

Cy(@®ar (-, Zm: [|az| Cp() 77 } (4.35)

If equality holds in (4.35) for some a € M with aj # 0 for all j =1,2,--- ,m, then §; is homothetic
to ) foralll <i<j<m.
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Proof. Recall that the p-capacity is invariant under affine isometries and has homogeneous degree
n — p (see [13]). Then for all a € R and for all Q € %, one has

Cp(af) = |a[*"PCy(9).

Note that n —p > 0. It follows from (4.30), (4.34) and the monotonicity of the p-capacity that, for
all a = (a1, -+ ,am) € M,

1

Cp(@M (Qh o 7Qm))n7_p > Cp(algl +-+ aQO)Tip > Z |:’az : Cp(Qz)nlp] .
i=1

Assume that equality holds in (4.35) for some a € M with a; # 0 for all j =1,2,--- ,m. Then
equality in (4.30) must hold and hence ©; is homothetic to Q; for all 1 <i < j < m. O

Let ejL ={x € R™: (z,e;) =0} for all j =1,2,--- ,m. For a nonzero vector x € R™ and a
convex set &£ C R™, define the support set of E with outer normal vector = to be the set

F(E,z) = {y €R™: {z,y) = suplz, z)} NE.

Theorem 4.3. Let M C R™ be a compact subset and Qy,--- ,Q, € 6o. Then

1

1 1 _1
Cp(@M (Qlu T ’Qm)) P> hcom)(M) (Cp(Ql)nip7 T an(Qm)n_p)' (436)

If M N F(conv(M),z) ¢ U;-”Zlej- for all x = (x1, -+ ,xy) with all x; > 0 and equality holds in
(4.36), then §; is homothetic to Q; for all1 <i < j <m.

Proof. Tt is easily checked that heopn,(ar)(7) = maxyen (v, y) for all x € R™. Following (4.35), one
has, as all Cp(€2;) > 0,

1

Cp(@M (Ql’”. ’Qm))ﬁ = max M<(‘a1|"" ,|(lm|), (Cp(Ql)f;v"' 7Cp(Qm)n7_p)>

(alv"' 7a’m)e

L _
2 (al’”r,rylgf)eM<(a17”' 7am)7 (Cp(Ql)"iP,"' ,Cp(Qm)n*p)>
1

1 1
hcom)(M) (Cp(Ql) TRy CP(QW) nip)'
Now let us characterize the conditions for equality. Let
1

o = (CP(Ql)ﬁﬂ T 7CP(Qm)E)'

Assume that equality holds in (4.36). There exists a vector ag € M N F(conv(M), x¢) such that

1

Col@n e @)™ = max_ ((Jarl,- - s faml), (Co(@)77, -, Cp( @) 77))

(a1, ,am)€

B (alv-?}gf)eM«al’ o ,am)7 (Cp(Ql)’%p, e ,Cp(Qm)Fp»

hcom)(M) (‘TO) = <CLO, $0>~

Note that M N F(conv(M),xo) ¢ L,l?"b:lejL and then all coordinates of ap must be strictly positive.
As all coordinates of xg are strictly positive, it follows from the conditions of equality for (4.35)
that €2; is homothetic to €2, for all 1 <4 < j < m. O
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5 The p-capacitary Orlicz-Minkowski problems

For e € R close to 0, p € Z U .#, and a continuous function ¢ : (0,00) — (0,00), consider the
function f. : S"~1 — (0,00) defined by

fe(u) = ot (Lp (hg(u)) + e (hQ1 (u))> (5.37)

for ,Q € %y. Clearly, there exists €9 > 0 such that ]?5 € CH(S" 1) for all € € (—eg,e0). Similar
to Lemmas 6 and 7 in [18], if the derivative of ¢ (denoted by ¢') exists, and is strictly positive and
continuous on (0, 00), then the following limit is uniform on S™~*:

o Je(w) —ho(w) _ v (ha, (u))
e—0 15 90, (hﬂ(u))

(5.38)

and hence fg converges uniformly to hg on S"~!. For completeness, a brief proof of (5.38) is
presented here. By the chain rule and (¢~ 1) (a) = 1/¢'(¢"1(a)), one has, on S~ x (—eq, &),

Ok _ b)) g O v (ko (u)
O w8l () 0z 10— ¢! (ho(u))”

It can be checked that 8]?5/85 is continuous on S"~! x (—gg,e0). Hence, af- /Oe is uniformly
continuous, has strictly positive lower bounds, and has finite upper bounds on the compact set
S"=1 x [~e0/2,€0/2]. For every € € [—e0/2,€0/2], it follows from the mean value theorem that

fe(w) —ha(w)  Of :‘aﬁ 0f-

c o e }(u,O) Oe ‘(u,s/) o Oe ‘(u,O)

for some ¢’ € [—¢,e] C [—€0/2,20/2]. The uniform convergence of (5.38) then follows from the
uniform continuity of 8./ on S"! x [—e0/2,0/2).

An argument similar to the proof of Theorem 3.1 yields the following result regarding the
asymptotic behavior of C}, (€2 7 ), the p-capacity of the Aleksandrov domain associated to ]?5 Similar
arguments for the volume can be found in [16, 18].

Proposition 5.1. Let ¢ € & U D be such that ¢’ exists, and is nowhere zero and continuous on
(0,00). For 2, € 6y, one has

L PO -G p-1 ¥ (hey (w)
n—p =0 € n—p Jon-1 ¢ (ha(u))

fip (€2, ).

Remark. Assume that ¢ = 1/¢’ and then
|
p(t —/ —ds. 5.39
0= 35 (5.39)

Proposition 5.1 can be rewritten as

1 . Cp(QfE) - Cp(Q) p—1
- lim = .
n—p =0 15 n—p Jgn-1

While if ¢ € 2 and ¢ = —1/¢’, then

b (hey () - ¢ (ha(u)) dup(2,w).

1
——ds.
. a(s)
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Proposition 5.1 can be rewritten as

1 CP(Q) - Cp(Qfs) -1

. p
i =P L ey () 6 (ha(w) dig(2, )

It is not clear whether there are p-capacitary Orlicz-Brunn-Minkowski and Orlicz-Minkowski
inequalities involving the addition defined by (5.37). It is worth to mention that Proposition 5.1
provides a geometric meaning of the measure

tp,g (€2, -) = d(ha) dup(€2, -).

The measure i, 4(€2,-) will be called the Orlicz Ly p-capacitary measure of . When € € %
and ¢ : (0,00) — (0,00) is a continuous function, ¢(hq) has strictly positive lower bound and
finite upper bound on S™~!. This further implies that the support of the measure Lip.(€2, ) is not
contained in any closed hemisphere and by (2.14)

/ (0,u) 4 dpp s(Q,u) >0  for each 6 € S" 1,
Sn—1

Although the p-capacity is translation invariant, one cannot expect to have the centroid of y, 4(€2, -)
at the origin even if ¢ = ¢t179 for all ¢ # 1 (as the L, sum is not linear). When ¢ = t!~¢ (and hence
@ =t1/q) for ¢ # 0, one gets the L, p-capacitary measure of 2 which will be denoted by p, 4(£2, ).

It is interesting and important to study the following p-capacitary Orlicz-Minkowski problem:
given a fized continuous function ¢ : (0,00) — (0,00) and a finite Borel measure y on S"~1, does
there exist a convex domain Q whose closure 0 contains the origin such that

1
#(hq)

for some positive number 7?2 When ¢ = t4~! for ¢ # 0, we are interested in the following normalized
p-capacitary L, Minkowski problem: given a finite Borel measure p1 on S™=1 does there exist a
convex domain €2 whose closure  contains the origin such that

:T'MP(Q>') (or M:T'Mp,¢(ﬂa'> if Qe%)

— Qa : 1
p - b P Cq- M(IZ)’((Q)) (or Cp(Q2) - = cq - pipg(L,-) if Q€ %)
P

for some positive number cq? The p-capacitary L1 Minkowski problem (i.e., ¢ = 1) has been studied
n [1, 12, 24, 25].

In this section, we will provide a solution for the p-capacitary Orlicz-Minkowski problem as
well as the normalized p-capacitary L, Minkowski problem for ¢ > 1. Throughout the rest of this
section, unless otherwise stated, let (¢, ¢) be the pair of functions such that

(A1): the function ¢ : (0,00) — (0, 00) is decreasing and continuous with lim;_,q+ ¢(t) = oo,

(A2): the function ¢ given by (5.39) satisfies p(t) < oo for all ¢ > 0 and limy_,o @(t) = co.
Obviously ¢ is strictly increasing such that ¢(0) = lim;_,g+ ¢(t) = 0 and lim,_,o+ ¢'(t) = 0. The
inverse of ¢, denoted by ¢!, exists and is also continuously differentiable on (0,00). Moreover
(™1 (t) = ¢(p~1(t)) for all t € (0,00), p~1(0) = limy_,g+ ¢~ 1(¢) = 0 and limy_,00 1 (t) = c0. Tt
is easily checked that for all a,b > 0, there are constants to, M7, Ms > 0, such that, for all t € (0, o)
(see e.g., [22, Lemma 4.1(iii)]),

My < (971 (¢(a) = bip(t) < M.
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For convenience, we use | f||,, to denote the “Orlicz norm” of f € C(S"!), where C(S"!)
denotes the set of all continuous functions on S™1:

1fllo = inf{A >0: /Sn_1 w({) dp < (1) - /Sn_l du},

where (¢,¢) satisfies conditions (Al) and (A2). Clearly, |fllon < llgllgp if f < g and
lafllon = allfllpp for all @ > 0.

5.1 The p-capacitary Orlicz-Minkowski problem of discrete measures

In this subsection, we provide a solution for the p-capacitary Orlicz-Minkowski problem for discrete
measure p under the very limit condition: the support of v is not contained in any closed hemisphere
and either u({€}) = 0 or u({—¢}) =0 for all £ € S™~L. For simplicity, we always use P’ to denote
the interior of a polytope P.

Theorem 5.1. Suppose that (¢, p) satisfies conditions (A1) and (A2). Let p = Y ", Xidy, be
such that either p({€}) = 0 or p({—£}) =0 for all £ € S, where A\, \a, -+ , A > 0 are given
constants and {uy,uz, - , Uy} C S""! are not contained in any closed hemisphere. There exists
a polytope P with the origin in its interior and a constant T > 0 such that for 1 < p < n,

p=1-¢(hp) 'Np(Plv ) =7 Mp,(b(P,’ -) or % =T- Np(P,> ).

Moreover, ||hp||ou =1 and the constant T can be calculated by

D) Jgnr dp(w) :<p—1>' 1 / hp(u)
Jon-10(hp(w) dupo(P',u) — \n—p) Cp(P) Jen-1 ¢(hp(u))

In order to prove Theorem 5.1, we need the following lemma. For u € S" ! and t > 0, let
H,, = {y e R": (u,y) <t}. Let m > n be an integer and

dp(u).

R ={(x1, - ,zm): z; >0} and R ={(z1, - ,2m): x; >0},

Define the polytope P(z) for # € RT by P(z) = N/~ H, . with {u1, -+ ,upn} C 5" '. The

following lemma states the differentiability of Cp(P(x)) (see [23, Lemma 3.2] for the volumetric
analogue).

Lemma 5.1. Let p € (1,n). Suppose that the vectors ui, us, -+ ,uy € S~ 1 are not contained in
any closed hemisphere. Then C,(P'(x)) is differentiable and for 1 <i <m,

0

5 Or(P'(@)) = (p = 1) - pip(P'(@), {ui}).

Proof. It follows from [12, Theorem 5.2] that for f € C*(S"~1) and g € C(S"7 1),

W‘wo =@-1 /Sn1 9(u) dpp (2, u),

where Qr ., and Q are the Aleksandrov domains associated to f + eg and f, respectively. Let
gi € C(S" 1) foralli=1,2,--- ,m be such that g;(u;) = 1 and g;(uj) = 0if i # j. Let f = hp(y
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and then hp(,)(u;) = x; for j =1,2,--- ,m. Thus

ic (P/(ZL‘)) — lim Cp(Pl(xla"' a$iflyxi+t7$i+1a"' 7$m)) _Cp(P/(x))
81’1' P t—0 t
— lim Cp(Qertgi) _ Cp(Qf)
t—0 t

= -1 [ 800 diy(Pa)0)

— (-1 /{ 0000 dy (P20
UL, Um
= (p—1) - pp(P'(x),{us})
and the desired result is obtained. O

Proof of Theorem 5.1. Our proof is based on the techniques in [22, 23]. Let p = > /" A\idy, be
the given finite discrete Borel measure on S™~! where A1, A2, -+, Ay > 0 are given constants and
{u1,ug, - ,um} € S"! are not contained in any closed hemisphere. Let

Pz) = ﬁ H; .. (5.40)
=1

for x = (z1,-- ,xm) € RY". Consider the optimization problem: sup ¢ Cp(P(x)) where M* is
the compact surface in R™:

M* = {ﬂ? € Ry : i)\z@(ﬂfz‘) = (1) - Zm:/\z}
=1 =1

Note that P(z) for x € M* defines a compact convex set because {uy,u2, -+ , Uy} C S?~! are not
contained in any closed hemisphere. In fact, as M* is compact, then £ € M* must have x; < oo
foralli=1,--- ,m. On the other hand, by (5.40) and {u1,--- ,un} positively spans R" (see [37,
p.411}), P(x) is circumscribed by the hyperplanes H,, ;. = {z € R" : (2,u;) = x;} and hence P(x)
for any x € M* is bounded. Of course, 0 € P(x) and z; > hp(y(u;) for all 1 <4 < m and all
r € M*, with z; = hp(y)(u;) if S(P(x),{u;}) > 0 (and hence u,(P'(x), {u;}) > 0, due to Lemma
2.1). Moreover, C,(P(z)) is continuous about = € R}* due to the continuity of the p-capacity and
the continuity of P(x) about x € RY* with respect to the Hausdorff metric (see [37, page 57]). As
M* is compact, there exists z € M* such that

Cp(P(2)) = sup. Cp(P(x)).

By [1, Proposition 13.2], an argument similar to the one in [1, Section 13.1], where ¢;, F; and

_1
k(t) in [1] are replaced by z;, P(z) and Y ;" Am((%) (% —l—at)), yields that P(z) has
nonempty interior. Of course, o € P(z) and 2; > hp(,)(u;) for all 1 <i < m, with z; = hp(.(u;) if
S(P(z),{u;}) > 0 (and hence pp(P(2),{u;}) > 0, due to Lemma 2.1).

It remains to show that o € P’(z). To this end, assume that o € dP’(z). For simplicity,

let h; = hp/(z)(ui) for 1 < ¢ < m. Without loss of generality, let hy = --- = hy = 0 and
hit1,- -+, hm >0 for some 1 < k < m. The fact that k¥ < m follows from By C P(z¢) and
Cp(P'(2)) = Cp(P'(w9)) = Cp(B3) > 0, (5.41)
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where B is the unit open ball in R” and zg = (1,1,---,1) € M*.
In order to get a contradiction with the maximality of C,(P’(z)), we need to construct z* € M*
such that C,(P'(2")) > Cp(P'(z)). For t > 0 small enough, let 2! = (z4,--- |2 ) € M* be given by

t_{w«o(zi)w(t», 1<i<k
o le () = Ap(t), k+1<i<m,

where A = 2EF A For k41 <4 <m, let bt = o~ (p(h;) — Ap(t)) and then

= Nt tAm
lim Py — i = lim (o ) (@(hi) — Ap(t)) (= ¢ () = 0
t—0t t—0+ ’ 7

he < o N e(z) — Ap(t) = 2,

where the inequality is due to h; = hp(.)(u;) < z; and the fact that both ¢ and @~ ! are strictly
increasing. Similarly ¢ < z! for all 1 < i < k and hence

k m
_ (QHu_t) N ( N H;M) c P(:h).

i=k+1

Note that (PY)’ = P'(z) and o € (P!)" if t > 0 is small enough. Moreover,

o((Ply) = P71 (Zup (P fu+ S H((P {um)

i=k+1

GAPY.PE) = P21 ST b (P {us).

i=k+1

As t — 0T, one has P! — P(z) in the Hausdorff metric and pu,((P")’,-) converges to u,(P'(z),")
weakly (see [12, Lemma 4.1]). Moreover,

L Gol(PY) =GP P'(2) . (Zup e+ 3 b (1)

t—0+ t n — pt—0+t t
- pi= =1

p-1 & /
= ~Zup(P (2), {ui}),

n—p

which is strictly positive by Lemma 2.1 and the fact that the origin o is contained in at least one
facet. It follows from the Minkowski inequality (2.13) that

Cp((PY)) = Gp((P)', P'(2))

0 < B :
< tiyur AV CP«Pt);)lWCp(P'(z))w
Cp((PY) ) Cp(P/(Z))%—IJ

= C'p(P'(z)) =7 lim inf

t—0+ t

Together with the fact that P! C P(z!) for ¢t > 0 small enough, one has

Cy(P'(2)) < Co((P")) < Cp(P'(2")) holds for some ¢ > 0 small enough.
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This contradicts with the maximality of Cp(P’(z)) and hence o € P’(z). Consequently

Cp(P'(2)) = max Cp(P'(x)).

z€M*NR7

Lemma 5.1 and the Lagrange multiplier rule yield

(p—1) pp(P'(2),{wi}) = n- E\;Z) for all 1<i<m, (5.42)
Ddip(z) = e(1)-D) N
i=1 i=1

Clearly n > 0, as otherwise p,(P’(2),{u;}) = 0 and hence S(P’'(z),{u;}) = 0 (due to Lemma 2.1)
for all 1 <4 < m. This leads to the volume of P’(z) equal to 0, which is impossible for a polytope
P(z) with nonempty interior. The positivity of n further yields p,(P’(2),{u;}) > 0 and hence
z; = hp(z)(u;) for all 1 <7 < m. Moreover,

m m

D Aiplhpiy(uwi) = (1) - Y A and then  [|hp(z)llpp = 1.
=1 =1

On the other hand, the constant n satisfies the following formula

n-e) - A = > [N @(hprizy(ui)]
=1 =1
= (-1 [p(hp) (i) - () () - up(P'(2), {ui})]
=1

= =0 [ el () dun (P 2). ),
where we have used (5.42). Let

p—1 p(1) - fgn-1 dp(w)

T = = s
n Jgn-1 ©(hpr () (w)) dpp,g(P'(2), u)
and then (5.42) yields
=D N =73 [l () - (P (2), (i} - O .
i=1 i=1
Similarly, the constant 7 can also be calculated by, due to (5.42),
T = . . ———du(u). 5.43
(B=2) G Lo sty (>:43)
This completes the proof. O

When ¢ = t9/q with ¢ > 1, then ¢ = t179 and (¢, ¢) satisfies conditions (A1) and (A2). In this
case, the constant 7 in Theorem 5.1 can be calculated by

_ q- fan d:“*(“) _ Cq
fsn—l hqp,(u) dppg(P'yu)  Cp(P')’

Tq
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where the constant ¢, is

cy = (i‘i) - /Sn_l dp(u). (5.44)

Following immediately from Theorem 5.1, one gets the solution for the normalized p-capacitary L,
Minkowski problem for discrete measures. The uniqueness is by Theorem 3.3 or Corollary 3.2.

Corollary 5.1. Let p = Y_1" | \i6y, be such that either u({€}) = 0 or p({—€}) =0 for all € € S™71,
where A1, -+, A > 0 are given constants and {uy,--- ,un} C S" ! are not contained in any closed
hemisphere. For ¢ > 1 and 1 < p < n, the normalized p-capacitary Ly Minkowski problem has a
unique solution, i.e., there exists a unique polytope P with the origin in its interior, such that,

5.2 The p-capacitary Orlicz-Minkowski problem for general measures

In this subsection, we provide a solution for the p-capacitary Orlicz-Minkowski problem for general
measures. When ¢ = ¢, this has been investigated and solved in [1, 12, 24, 25]. See [22, Theorem
1.2] for the volumetric case. We always use € to mean the interior of (2.

Theorem 5.2. Let (¢, ) satisfy conditions (A1) and (A2). Then the following are equivalent.

i) p is a nmonzero finite Borel measure on S™' whose support is not contained in any closed
hemisphere, i.e.,

/Snl<7779>+ du(9) >0 for all neS™ 1

i) There exist a constant T > 0 and a convex body Q containing the origin o, such that, for
l<p<n

W
olha) =7 pp(£2,-).

Moreover, if € H#; is a convex body with the origin in its interior, then

p="1-0ha) pup( ) =7 tpe(K,).

Proof. We first prove i) = ii). Let p be the given measure satisfying with assumptions in Theorem
5.2. Then there exists a sequence of discrete measures ; defined on S™~1 satisfying that either
wi({€}) =0 or p;j({—€}) = 0 for all £ € S"~! and whose supports {ul, - ,u;jnj} are not contained
in closed hemispheres, such that, p; — p weakly as j — oo (see, e.g., the proof of [37, Theorem
7.1.2]). By Theorem 5.1, there are polytopes P; with the origin in their interiors, such that, for all
Jj=1

(;5(/;]13]) =75 up(iDj{v ) (5'45)

with 7; given by (5.43) as follows:

= (i—zlo> | cp<1P;> o md’“‘““)'

Moreover, by inequality (5.41), Cp(P}) > Cp(Bg) for all j > 1.

24



The radial function of a compact convex set L C R", denoted by pr, : "1 — [0, 00), is defined
by: for v € S™ 1,
pr(u) = max{\ >0: Aue€ L}.

For each j = 1,2,---,let r; = max{pp,(u) : u € S" '} be the maximal radius of P; and v; € S"~*
be a vector such that r; is obtained. Clearly the line segment [0, 7;v;] C P; and hence

7 (u,vj)4 < hp(u) forall ue sn-t,
Note that ||hp, /4, =1 and

75 - (ws )], = [ vg)+ ||

<
Ty iy =

A standard argument (see e.g., [18, Lemma 3], [22, Corollary 3.7], or similar results in [48]), as
the supports of measures ;1 and p; are not contained in any closed hemisphere, shows that there
exists a constant R > 0 such that r; < R for all j > 1, that is, {P;};>1 is bounded. It follows
from the Blaschke’s selection theorem that there is a subsequence, which will not be relabeled,
{Pj}j>1 converging to a compact convex set Q and hp, — hg uniformly on Sn=1. Moreover,

0 < Cp(BY) < Cp(Q2) < oo due to the continuity and monotonicity of the p-capacity and Q C R-Bj.

Case 1: the interior of Q0 is nonempty. In this case, ) is a convex body containing the origin. Let
7 = limj_,o 7j. By the continuity of the p-capacity, [48, Lemma 4.2], and the uniform continuity
of the function ¢/¢(t) (whose value at ¢ = 0 is set to be 0 due to lim;_,o+ t/¢(t) = 0) on any closed
bounded interval [0, b], one has

g (PL) L ()
T JLOO (n—p> Cp(P)) /Snl ¢(th(u))d'u]()

p— 1) 1 / ho(u)
- : : W ).
(7=3) G Lo oy 0
Together with (5.45) and [12, Lemma 4.1], one has w,(P},-) — pp(€2,-) weakly and for any
continuous function f: S"~! = R,

T- /n—l fu)dpy,(Q,u) = lim 75 - /S”_l fu) dup(P]{,u)

j—00
= lim 7f(u) (u
= 5% Jons G, () M0

- f@
- /s olho ) 0

Hence, p1,(P;,-) — % weakly and % =T up(€,-) by the uniqueness of the weak limit. Of

course, if Q € J#, then hq is strictly positive on S"~! and

p="1-¢(ha)- :U’p(Q’ )=7- Mp,(ﬁ(Qv )

Case 2: the interior of Q is empty. In this case, without loss of generality, let
ﬁg{(xlv'”axk:aof“ao): $1,"'7$k€R}

with k& the Hausdorff dimension of Q which is at most n — 1. In fact k > n — p, as otherwise,

Cp(2) = 0 which contradicts with C,(£2) > 0.
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Recall that hp; — hg uniformly on S™~1 and for all j > 1,
hp, < R on st

where R < oo is the constant given above (i.e., the uniform upper bound of ;). As ¢ is continuous
and decreasing, one gets ¢(hp,(u)) > ¢(R) =: M > 0 for all u € S""! and for all j > 1. The
constant 7; can be bounded from below by (5.46) as follows:

o p(1) - Jgn— dpj(u)

T g o(hpy (w)) dpp o (P, w)
p(1) - Jgn-r dpj(u)

Jgn—1 hp; (W) dpp(P;,w)

p—1 . Jgn1 dﬂj(“)_

= nop W Cp(F))

v

Hence, liminf; o 7; > 279, if we let

279 = 2= L o(1) - Jonn di(w) @(W

P @) > 0. (5.46)

Moreover, (for convenience the Gauss maps of P; are all denoted by g unless otherwise stated)

/ dp = lim dps;
Sn—1 J—00 Sn—1

= iy [ ol ) (P 0)

j—o0
> TOM'liminf/ dup(P]{,H). (5.47)
J—00 Sn—1
On the other hand, one has
lim inf/ dpp (P}, 0) = oo, (5.48)
J]—00 Snfl

which was proved in [1, Section 13.2]. In fact, (5.48) follows directly from the combination of
Propositions 13.5 and 13.6 in [1] (by letting f(y) = |ly||P for y € R") if &k = n — 1; while if
n—p<k<n-—1, (548) follows directly from [1, (13.49)] and its immediate consequence below
(with p; in [1, (13.49)] replaced by (P}, -)). Combining (5.47), (5.48), and the fact that x is a
finite measure on S™ !, one gets a contradiction and hence the interior of Q cannot be empty. This
completes the proof of i) = ii).

Now we prove ii) = i). Suppose that there exist a constant 7 > 0 and a convex body Q
containing the origin o, such that, for 1 <p <n

1
¢(ha)

Note that the support of £,(€2, -) is not contained in any closed hemisphere and

=T MP(Q’ )

d(©.0) = [ (o) =0,

/{eeSn—l: ho(6)=0} (9esm—1: ho(0)=0} P(ha(0))
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where we have used %\t:(ﬁ =0 due to ¢(t) — oo as t — 0F. Then, for any given n € S"~1,
0< [ (00 dup(@.0) = tim (1,0) - dpp(2,).
gn—1 k—oo J{pesn—1: ha(0)>1/k}
Therefore, there exists Ny (depending on 7 of course) such that for all k& > Np,

0< / <n79>+dup(970)
{6eS—1: hq(8)>1/k}

This further implies that, for any n € S*~1,

| by dne) > (0.6} diu6)

/{665"1: hq(0)>1/No}

- / (0,04 - B(ha(6)) (€2, 0)
{6eSn—1: ho(0)>1/No}

> Ty -

/ (0, 0)-+ dyiy (2, 0)
{0eS™—1: hq(0)>1/No}

> 0,

where we let R = supgegn-1 ha(f) < 0o be a strictly positive constant and

~ 1
m¢:min{¢(t): te [,R]} € (0, 00).
No
This completes the proof. ]

When ¢ = t7/q with ¢ > 1, then ¢ = t'~7 and (¢, ¢) satisfies conditions (A1) and (A2). The
solution for the normalized p-capacitary L, Minkowski problem for general measures can be stated
as follows. Let ¢, be the constant given by (5.44).

Corollary 5.2. Let p € (1,n) and ¢ > 1 be given constants. The following are equivalent.

i) p is a monzero finite Borel measure on S""' whose support is not contained in any closed
hemisphere, i.e.,

/S _1<77,9>+ du(d) >0 for all ne g1,

ii) The normalized p-capacitary L, Minkowski problem has a unique solution, i.e., there exists a
unique convex body ) containing the origin o, such that, for 1 <p <mn,

—1
Iuh?2 :Cq.

Moreover, if Q € H#; is a convex body with the origin in its interior, then

_Cq Hpg(9,)
G

Proof. The direction i) = i) follows immediately from Theorem 5.2 by letting ¢ = t'~9. For
i) = ii), the existence of a convex body ) containing the origin o is an immediate consequence
of Theorem 5.2. When € € %, the uniqueness follows from Theorem 3.3 or Corollary 3.2. If the
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origin is not in the interior of €, the uniqueness can be proved based on the technique in proving
[18, Lemma 2.1]. We include a self-contained brief proof here for completeness.
Assume that there exist two convex bodies €2 and 21 containing the origin such that

pohh - Cp(Q) =g pp(Q) and p- b Cp(Q) = e ()

These formulas yield that

p—1 p—1
) ha d = : he d = ¢g.
() Lo = (5=5) - [ vt =

Let ¥ = {u € 8" ! : hg(u) > 0} and hence

G = (=) [ radu@)

n—p
0= GO [ Wi =c [ diy@w)
Sn—l\z S”_I\E

Cp(,Q) = <p1> -/Ehgl dpn (2, ).

n—p

Holder’s inequality implies that

o= () 2 (05)- ooz (S7)

Together with the Minkowski inequality (2.13), one gets C,(€2) > Cp(€21). By switching the roles
of  and €2y, one can also have Cp(Q2) < Cp(£21) and Cp(Q2) = Cp(21). Hence, the equality holds
in Minkowski inequality (2.13) and then 25 is a translation of Q, say ; = Q + a for some a € R™.

The uniqueness follows if ¢ = 0. To this end, assume that a # 0. By the translation invariance
of the measures p,(£2,-) and pp(€21, ), one has

Note that hgq, (u) = hq(u) + {a,u) > ho(u) for all u € {u € S ! : {(a,u) > 0}. Then

/{ €5m1: {a,u)>0} [, (w) = h ()] dp > 0,

which follows from the assumption that the support of p is not contained in the complement of
{u € 8"t : (a,u) > 0}. This is a contradiction and hence a = 0. O
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