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Abstract

This paper is dedicated to the Orlicz-Petty bodies. We first propose the homogeneous Orlicz
affine and geominimal surface areas, and establish their basic properties such as homogeneity,
affine invariance and affine isoperimetric inequalities. We also prove that the homogeneous
geominimal surface areas are continuous, under certain conditions, on the set of convex bodies
in terms of the Hausdorff distance. Our proofs rely on the existence of the Orlicz-Petty bodies
and the uniform boundedness of the Orlicz-Petty bodies of a convergent sequence of convex
bodies. Similar results for the nonhomogeneous Orlicz geominimal surface areas are proved as
well.
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1 Introduction

The theory of convex geometry was greatly enriched by the combination of two notions: the volume
and the linear Orlicz addition of convex bodies [13, 45]. This new theory, usually called the Orlicz-
Brunn-Minkowski theory for convex bodies, started from the works of Lutwak, Yang and Zhang
[30, 31], and received considerable attention (see e.g., [5, 6, 7, 11, 17, 18, 46, 47, 55, 56]). The linear
Orlicz addition of convex bodies was proposed by Gardner, Hug and Weil [13] (independently Xi,
Jin and Leng [45]). Let ¢; : [0,00) — [0,00), ¢ = 1,2, be convex functions such that ¢; is strictly
increasing with ¢;(1) = 1, ;(0) = 0 and lim;_,o ¢;(t) = co. Let S"~! be the unit sphere in R"
and hg : S"1 — (0,00) denote the support function of K. For any given £ > 0 and two convex
bodies K and L with the origin in their interiors, the linear Orlicz addition K +, . L is determined
by its support function hx ., .1, the unique solution of
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Denote by |K 4+, L| the volume of K +,. L. If (¢1);(1), the left derivative of ¢ at t = 1, exists

and is positive, then
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where Sk is the surface area measure of K (see [13, 45] for more details). That is, formula (1.1)
provides a geometric interpretation of V(K L) for ¢ being convex and strictly increasing. Here,
for any continuous function ¢ : (0,00) — (0,00), V4(K, L) denotes the nonhomogeneous Orlicz Lg
mixed volume of K and L:

VD) = [ o h(uask(w), (1.2

n hi(u)
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To the best of our knowledge, there are no geometric interpretations of V4(kK, L) for non-convex
functions ¢ (even for ¢(t) = t? with p < 1) in literature; and such geometric interpretations will
be provided in Subsection 5.1 in this paper. Note that formula (1.1) is essential for the Orlicz-
Minkowski inequality and many other objects, such as the Orlicz affine and geominimal surface
areas [49].

Introduced by Blaschke in 1923 [4], the classical affine surface area was thought to be one of the
core concepts in the Brunn-Minkowski theory of convex bodies due to its important applications in,
such as, approximation of convex bodies by polytopes [15, 26, 41] and valuation theory [2, 3, 24].
Since the groundbreaking paper by Lutwak [28], considerable progress has been made on the theory
of the L, affine surface areas (see e.g., [21, 25, 33, 34, 36, 40, 42, 43, 44]). Like the classical affine
surface area, the L,, affine surface areas play fundamental roles in applications and provide powerful
tools in convex geometry. Note that the L, affine surface areas are affine invariant valuations with
homogeneity.

In the Orlicz-Brunn-Minkowski theory for convex bodies, a central task is to find the “right”
definitions for the Orlicz affine surface areas. Here, we will discuss two different approaches
by Ludwig [23] and the third author [49]. Based on an integral formula, Ludwig proposed
the general affine surface areas [23]. Ludwig’s definitions work perfectly in studying properties
such as valuation [23], the characterization of valuation [18, 23] and the monotonicity under the
Steiner symmetrization [47]. In order to define the Orlicz geominimal surface areas, new ideas are
needed because geominimal surface areas do not have convenient integral expression like their affine
relatives. The third author provided a unified approach to define the Orlicz affine and geominimal
surface areas [49] based on the Orlicz Ly mixed volume Vj(-,-) defined in formula (1.2). In fact,
the approach in [49] is related to an optimization problem for the f-divergence [20] and could be
used to define other versions of Orlicz affine and geominimal surface areas [9, 50, 51].

Note that the natural property of “homogeneity” is missing in the Orlicz affine surface areas in
[23, 49]. To define the Orlicz affine surface areas with homogeneity is one of the main objects in this
paper; and it will be done in Section 3. As an example, we give the definition for ¢ € &, where &,
is the set of functions ¢ : [0, 00) — [0, 00) such that ¢ is strictly increasing with ¢(0) = 0, ¢(1) = 1,
limy_s00 ¢(t) = 00 and ¢(t~ /™) being strictly convex on (0, 00). For convex body K and star body
L with the origin in their interiors, define Vy(K, L°) for ¢ € ®; by

~ ) n| K|
V,(K,L°) = inf ( )R (w) dSc(w) < nlK] ¢,
sy =gt f [ () dsictu < i
where pr, denotes the radial function of L. We now define (AZ;T”CZ(K ) for ¢ € &, the homogeneous
Orlicz Ly affine surface area of K, by the infimum of XA/¢(K , L°) where L runs over all star bodies
with the origin in their interiors and |L| = |B%| (the volume of the Euclidean unit ball of R™).
In Proposition 3.1, we show that Qg”“ (K) is invariant under the volume preserving linear maps
and has homogeneous degree (n — 1). Moreover, the following affine isoperimetric inequality is
established in Theorem 3.1: if K has its centroid at the origin and ¢ € ®1, then

Q;rlicz(K) _ |K‘ "T’l
Q;rlicz (Bg) ’Bg’ ’

with equality if and only if K is an origin-symmetric ellipsoid. Note that affine isoperimetric
inequalities are fundamental in convex geometry; and these inequalities compare affine invariant
functionals with the volume (see e.g., [10, 19, 32, 29, 30, 31, 44, 53]).

The Petty body and its L, extensions for p > 1 were used to study the continuity of the
classical geominimal surface area and its L, counterparts [28, 37]. To prove the existence and



uniqueness of the Orlicz-Petty bodies is one of the main goals of Section 4 in this paper. In order
to fulfill these goals, we first define Ggf”cz (K), the homogeneous Orlicz geominimal surface area

of K, by the infimum of ‘7¢(K , L°) where L runs over all convex bodies with the origin in their
interiors and |L| = |B%|. The classical geominimal surface area, which corresponds to ¢(t) = t,
was introduced by Petty [37] in order to study the affine isoperimetric problems [37, 38]. The
classical geominimal surface area and its L, extensions (corresponding to ¢(t) = t¥) for p > 1 by
Lutwak [28] are continuous on the set of convex bodies in terms of the Hausdorff distance; while
their affine relatives are only semicontinuous. The main ingredients to prove the continuity of the
L, geominimal surface area for p > 1 are the existence of the L, Petty bodies and the uniform
boundedness of the L, Petty bodies of a convergent sequence of convex bodies (hence, the Blaschke
selection theorem can be used). In Section 4, we will prove that CA?%T“CZ (+) is also continuous for

¢ € ;. Note that p(t) =tP e o, ifpe (0,00). Consequently, the L, geominimal surface area for
p € (0,1), proposed by the third author in [48], is also continuous. Our approach basically follows
the steps in [28, 37]; however, our proof is more delicate and requires much more careful analysis
due to the lack of convexity of ¢ (note that in </I;1, H(t=1/™) is assumed to be convex, not ¢ itself).
In particular, we prove the existence and uniqueness of the Orlicz-Petty bodies in Proposition 4.3.
Our main result is Theorem 4.1: if ¢ € </I\>1, then the homogeneous Ly Orlicz geominimal surface
area is continuous on the set of convex bodies with respect to the Hausdorff distance. The continuity
of nonhomogeneous Orlicz geominimal surface areas [49] will be discussed in Subsection 5.2. The
L, Petty body for p € (—1,0) is more involved and will be discussed in Section 6.

2 Background and Notation

We now introduce the basic well-known facts and standard notations needed in this paper. For
more details and more concepts in convex geometry, please see [12, 16, 39].

A convex and compact subset K C R™ with nonempty interior is called a convex body in R™.
By £ we mean the set of all convex bodies containing the origin and by JZ; the set of all convex
bodies with the origin in their interiors. A convex body K is said to be origin-symmetric if K = —K
where —K = {x € R" : —x € K}. Let J denote the set of all origin-symmetric convex bodies
in R™. The volume of K is denoted by |K| and the volume radius of K is denoted by vrad(K).
By BY and S"!, we mean the Euclidean unit ball and the unit sphere in R" respectively. The
volume of BY will be often written by w,, and the natural spherical measure on S"~! is written by
o. Consequently, vrad(K) = (|K|/wn)Y/™. The standard notation GL(n) stands for the set of all
invertible linear transforms on R™. For A € GL(n), we use det A to denote the determinant of A.
Let SL(n) ={A: A€ GL(n) and det A =+1}. By A’ and A~" we mean the transpose of A and
the inverse of A! respectively.

Each convex body K € .# has a continuous support function hr : S"~! — [0, 00) defined by
hi(u) = maxgeg (w,u) for u € S"~1 where (-,-) denotes the usual inner product. Note that hx
for K € J# is nonnegative on S™~!, but it is strictly positive on "1 if K € #,. Moreover, one
can define a probability measure Vi on each K € ¢ by

hi(u) dSk(u)

f st
n\K| or u € ,

dVic(u) =
where Sk is the surface area measure of K. It is well known that Sk satisfies

/ udSkg(u) =0 and / |(u,v)| dSk (u) > 0 for each v € S" 1. (2.3)
Sn—1 Sn—1



The first formula of (2.3) asserts that Sk has its centroid at the origin and the second one states
that Sk is not concentrated on any great subsphere. Let px denote the usual surface area of
0K, the boundary of K, and Ng(z) denote a unit outer normal vector of x € OK. For each
f e (S 1), where C(S™!) denotes the set of all continuous functions defined on S"~!, one has

/Sn_l f(U) dSK(U) = f(NK<1')) dﬂK(CU)

oK

The dilation of K is of form sK = {sx : z € K} for s > 0. Clearly, hsx(u) = s - hg(u) for all
u € 8"~ Moreover, sK and K share the same probability measure dVK (u). Two convex bodies
K and L are said to be dilates of each other if K = sL for some constant s > 0.

For u € S" ! let I, = {tu:t >0} . Wesay L C R" is star-shaped at the origin if, for each
uwe S" 1 LN, is a closed line segment containing the origin. One can define the radial function
pr : S" 1 —[0,00) for L a star-shaped set about the origin by

pr(u) =max{\>0: uec L} for uecS"

If py, is positive and continuous on S™~!, then L is called a star body about the origin. Denote by
S the set of star bodies about the origin in R™ and clearly JZ5 C .%y. The volume of L € .% can
be calculated by

L] = 1/Sn1pz(u)da(u) and  |K°| :1/ L o). (2.4)

n n Sn— 1 h?‘( (u)

Hereafter, K° € J#j is the polar body of K € J; and the support function hxo and the radial
function pgo are given by

hio(u) = —— for all u e S" 1.

pr(u)
Alternatively, K° can be defined by

K°={zeR":(z,y) <1 forally € K}.

and pxe(u) = o

The bipolar theorem states that (K°)° = K if K € .

Let J¢; C £ be the set of convex bodies with their centroids at origin; that is, [} xdx = 0 if
K € J.. We say K € J has the Santal6 point at the origin if K° € .. Denote by % C J#; the
set of convex bodies with their Santalé points at the origin, and let 2" = J; U J#.. The set %" is
important in the famous Blaschke-Santalé inequality: for K € ¢, one has

K] [K°] < wp

with equality if and only if K is an origin-symmetric ellipsoid (i.e., K = A(Bj) for some
A € GL(n)).

On the set %', we consider the topology generated by the Hausdorff distance dg(-,-). For
K,K' € ¥, define dy (K, K') by

dH(K, K,) = HhK — hK’Hoo = Sup ]hK(u) — hK/(u)]

ueSn—1

A sequence {K;};>1 C £ is said to be convergent to a convex body Ky if dy(K;, Ko) — 0 as
1t — oo. Note that if K; — Ky in the Hausdorff distance, then Sk, is weakly convergent to Sk, .
That is, for all f € C(S™!), one has

fim [ f@dSi(w) = [ ) Sk (w)

1—00 Sn—1 Sn—1
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We will use a modified form of the above limit: if {f;};>1 € C(S™1) is uniformly convergent to
fo € C(S" 1) and {K;};>1 C ¥ converges to Ky € # in the Hausdorff distance, then

i [ fl) dSu) = [ folu) dSic(w). (2.5)
i—00 Jgn—1 gn—1
The Blaschke selection theorem is a powerful tool in convex geometry (see e.g., [16, 39]) and will
be often used in this paper. It reads: every bounded sequence of convex bodies has a subsequence
that converges to a convex body.
The following result, proved by Lutwak [28], is essential for our main results.

Lemma 2.1. Let {K;};>1 C %y be a convergent sequence with limit Ky, i.e., K; — Ko in the
Hausdorff distance. If the sequence {|K7|}i>1 is bounded, then Ky € .

3 The homogeneous Orlicz affine and geominimal surface areas

This section is dedicated to Orlicz affine and geominimal surface areas with homogeneity. Let
# denote the set of continuous functions ¢ : [0,00) — [0, 00) which are strictly increasing with
$(1) =1, ¢(0) = 0 and ¢(oc0) = limy_yo0 () = co. Similarly, Z denotes the set of continuous
functions ¢ : (0,00) — (0, 00) which are strictly decreasing with ¢(1) =1, ¢(0) = limy_,o ¢(t) = 00
and ¢(o0) = limy_,o0 ¢(t) = 0. Note that the conditions on ¢(0), (1) and ¢(co) are mainly for
convenience; results may still hold for more general strictly increasing or decreasing functions.

The Orlicz Ly mixed volume of convex bodies K and L, V4(K, L), given in formula (1.2) does
not have homogeneity in general. In order to define the homogeneous Orlicz affine and geominimal
surface areas, a homogeneous Orlicz Ly mixed volume of convex bodies K and L, denoted by
YA/¢(K, L), is needed.

Definition 3.1. For K,L € % and ¢ € .7, define V4(K, L) by

V(K L) = inf { /SM ¢(W> dVic () < 1}. (3.6)

While if ¢ € 9, YA/¢(K, L) is defined as above with “ < 1” replaced by “> 1.

Clearly ‘7¢(K, L) > 0 for K, L € ). Definition 3.1 is motivated by formula (10.5) in [13] with
a slight modification; namely, an extra term n|K| has been added in the numerator of the variable
inside ¢. This extra term n|K]| is added in order to get, as ¢(1) = 1,

~

Vy(K,K) = n|K]|. (3.7)

Formula (3.6) coincides with formula (10.5) in [13] if ¢ € .# is convex.
The following corollary states the homogeneity of Vi (K, L), which has been made to be the
same as the classical mixed volume V; (K, L).

Corollary 3.1. Let s,t > 0 be constants. For K,L € J#, one has, for p € ¥ U D,

Vy(sK,tL) = s" ' - Vy(K, L). (3.8)



Proof. For ¢ € .#, one has, by letting n = s" ¢\,
~ ) t-nlK|- hr(u )
K,tL) — inf (
V¢(S ) 7171;0{/5%—1¢ - si— nhK(
<

A )

That is, TA/¢(5K, tL) = s" 1t - 17¢(K, L). In particular, if s = 1 and ¢ > 0, then

Vo (K, tL) =t - Vy(K, L);
while if t =1 and s > 0, then R R
V(sK,L) = s"" - Vy(K, L).
The case for ¢ € & follows along the same way. O

Let the function G : (0,00) — (0, 00) be given by
nlK|-hr(uw)y =
G\ = —F—— ) dV] .
For ¢ € .#, the function G is strictly decreasing on A with

lim G(\) = lim ¢(t) and lim G()\) = lim ¢(¢).

A—0 t—o00 A—00 t—0

As an example, we show that limy_,0 G(\) = lim;_,o ¢(t). To this end, as ¢ € & is strictly
increasing, we have

60 = [ 0" et dvictu)

/Snl (b(n\K] - min,cgn—1 hL(u)> Vi ()

A - max,cgn—1 hg(u)

_ ¢<nK| - min,cgn-1 hL(u))‘

A - max,cgn-1 hi(u)

v

This yields

. n|K| - min,cgn—1 hr(u)
1 A)>1 =1
fin G0 = fio (e ) = oo
Similarly, one has
n|K| - max,cgn-1 hr(u)
1 li
50 G = )HO (b( A ming,egn-1 hg(u) T ihe o(t),

and the desired result follows. On the other hand, the function G for ¢ € Z is strictly increasing
on A with
lim G(A) = lim ¢(¢t) and lim G(X\) = lim ¢(¢).

A—0 t—00 A—00 t—0

Together with ¢(1) = 1, we have proved the following corollary.
Corollary 3.2. Let ¢ € S U D and K,L € #y. Then IA/¢(K, L) >0, and Ny = ‘7¢(K, L) if and

only if
G = [ oM hZL(ff)‘)) V() = 1.



For ¢(t) = t?, one writes ‘/}p(K , L) instead of ‘7¢(K ,L). A simple calculation shows that

Gucny = [ [ () avco) "

= (n[K])'77 - (nV(K, L)',

where V,(K, L) is the L, mixed volume of K and L for p € R [28, 48], i.e.,

V(K L) = % /S b (wPhuc(n) P S (u).

If ¢ € .7 is convex, the Orlicz-Minkowski inequality holds [13]: for K, L € J#, one has

~ n

Vo(K, L) > n- |K|" L. (3.9)

If in addition ¢ is strictly convex, equality holds if and only if K and L are dilates to each other.
In particular, the classical Minkowski inequality is related to ¢(t) = t: for K, L € J, one has

Vi(K, L)" > |[K[" L], (3.10)

with equality if and only if K and L are homothetic to each other (i.e., there exist a constant s > 0
and a vector a € R™ such that K = sL + a).

In order to define the homogeneous Orlicz affine surface areas, we need to define 17¢(K , L°) for
L € . The definition is similar to Definition 3.1 but with hzo replaced by 1/pr. That is, for
peIUD, YA/¢(K, L°) for K € ) and L € . is defined by the constant \g such that

/S"l (b()\o : PL?LI)(- hK(u)> dVic(u) = 1. (3.11)

Of course, 17¢(K , L°) for K, L € J; given by formula (3.11) coincides with the one given by formula
(3.6). Note that 174)([(, L°) for K € J and L € . is also homogeneous as stated in Corollary 3.1.

For function ¢ € .# U2, let F(t) = ¢(t~'/") and hence ¢(t) = F(t~"). The relations between ¢
and F have been discussed in [49]. For example, a): ¢ and F' have opposite monotonicity, that is,
if one is strictly decreasing (increasing), then the other one will be strictly increasing (decreasing);
b): if one is convex and increasing, then the other one is convex and decreasing. As mentioned in
[49], to define Orlicz affine and geominimal surface areas, one needs to consider the convexity and
concavity of F' instead of the convexity and concavity of ¢ itself. Let

®; = {QS :¢ € F and F is strictly Convex};
Oy = {¢:¢ € P and F is strictly concave}.

We often use @ for &1 U &s. Sample functions in d are: tP with p € (—n,0) U (0,00). Similarly, let
U= {¢: ¢ € Z and F is strictly convex}.

Note that if ¢ € .# such that F' is strictly concave, then ¢ is a constant. We are not interested in
this case. The set ¥ contains functions such as t with p € (—oo, —n).



Definition 3.2. Let K € Jy. The homogeneous Orlicz Ly affine surface area of K, denoted by

SAZ;T”CZ(K), 1s defined by

Aorlicz o . 77 o =,

Qgrlies (k) = L1£;O{V¢(K,vrad(L)L )} for & €

Qe (K) = sup {@,(K,vrad(L)LO)} for ¢ € W.
LeSH

(3.12)

(3.13)

The homogeneous Orlicz Ly geominimal surface area of K, denoted by CA}?J“CZ(K), is defined

similarly with %y replaced by .

Clearly Q3¢ (K) < Gg"*(K) if ¢ € ® and Q3" (K) > G§*(K) if ¢ € W. For ¢(t) = t¥,

one writes fo”cz(K ) instead of Q;”“Z(K ). In particular, for —n # p € R,

P ntp _1
Q1 () = (naon) /" - asy (K)) ™ - (n|K])' 5,
where asy,(K) is the L, affine surface area of K (see e.g., [28, 48]):

as,(K) = inf {nVy(K.L)%5 |L[77 ], p>0:
asp(K) = sup {nVp(K, L)% [L|755 |, —n+#p<0.
€70

Similarly, for —n # p € R,

n+p

GO () = (niwn) 7+ (G (K)) ™ - (n] K|)' 7,

where G,(K) is the L, geominimal surface area [28, 48]:

~ n p
— . o\ nap o > (-
Gy(K) = jinf {nV (K. L)% |L[7 ). p20;
Gy(K) = sup {nVy(K, L)% |L[75 ), —n#p <.
Le.ry

When K = BY, both ﬁgf”cz (By) and @gmcz (BY) can be calculated precisely.

Corollary 3.3. For ¢ € dU \TJ, one has
Qg)rlicz(Bg) — G;rlicz(Bg) = nwy,.

(3.14)

Proof. We only prove (AZ%T”CZ(BQ) = nw, with ¢ € @1, and the other cases follow along the same

lines. As ¢ € </I\>1, one sees that ¢ is strictly increasing and F(t) = ¢(t~1/™) is strictly convex. First

of all, by formulas (3.7) and (3.12), one has
Qg1 (By) < Vo(BY, BY) = nwn.

From Corollary 3.2 and Jensen’s inequality, the fact that F' is strictly convex yields

b /8"1 ¢<17¢(B§7:L::ad‘(,;(z(£) pL(u)> ' nin do(u)

. F( /S [Vio(BY, vead(L)L)]" - pi () dg(u))

[nwy, - vrad(L)]™ - nwy,

N ¢<‘7¢(Bg,vrad(L)L°)>'

8

(3.15)



As ¢(1) =1 and ¢ is strictly increasing, one gets, for all L € .%,

~

Vs(By,vrad(L)L®) > nwy,.
The desired equality follows by taking the infimum over L € .% and by formula (3.15). O

Proposition 3.1. Let K € 4 and A € GL(n). For ¢ € ®U U, one has

n—1

Aorli Aorli ~orli =l HNorlicz
Oolies (AK) = |det A" - 0% () and G (AK) = | det A|"% - Gl ().

Proof. Let A € GL(n) and || - || be the usual Euclidean norm. For v € S"71 let u = u(v) = Hﬁtzll'
By the definitions of support and radial functions, one can easily check that

hak(v) = A" - hi(u) and  pa-e ()| A" = pr(w).

Consequently, hag (v)pa-t1,(v) = hx(u)pr(u) and

V,(AK, (A"'L)°) = inf{ /S Hqs(

A>0

n|AK| _
A hAK(U)pA*tL(U)) dVax (v) < 1}

- ;gg{ Ln1¢(W) il < 1}
— | det A .gg{/sn_l (b(?MI:L(‘lI;'PL(@) dVic(u) < 1}7

where A = |det A| - . Consequently,

Vy(AK, (A7'L)°) = |det A| - Vy(K, L°). (3.16)
Combining with equation (3.8), one gets, for ¢ € D,
Vy(AK,vrad(A7'L) - (A7'L)°) = |det A|-|det AY|~Y/" . Vy(K,vrad(L)L°)
= |det A|"% - V(K,vrad(L)L°).

The desired result follows immediately by taking the infimum over L € .#,. Other cases follow
along the same lines. O

Proposition 3.1 implies that both ﬁ;’"”“(-) and @g””cz(-) are invariant under the volume
preserving linear transforms on R™. That is, for all A € SL(n) and K € %,

ﬁ;rlicz(AK) _ ﬁgrlicz(K) and @%rlicz(AK) _ agrlicz(K).
In particular, QUe*(AK) = A*~1. Qe (K) and GJU*(AK) = A1 GJlie*(K) for A > 0 a

constant. This means that both ﬁ;’”“cz(-) and @gf”cz(-) have homogeneity.

An immediate consequence of formula (3.14) and Proposition 3.1 is: for ¢ € ® UV and for the
ellipsoid & = ABY with A € GL(n),

o o n-1
Qgrlzcz(éa) — G%Tllcz(éa) = ’det A’ no NWn.

We can prove the following affine isoperimetric inequalities for the homogeneous Orlicz L affine
and geominimal surface areas.



Theorem 3.1. Let K € X be a conver body with its centroid or Santalé point at the origin.
(i) For ¢ € ®, one has

Q;rlicz(K) _ @Z)rlicz (K) _ ( ‘K| ) "Tfl
Q;rlicz (Bg) - a%rlicz(ng) ‘Bg|
with equality if and only if K is an origin-symmetric ellipsoid.

(ii) For ¢ € \f/, there is a universal constant ¢ > 0 such that

ﬁorlicz K aorlicz K "Tfl

Q) G >C'<‘Kn’>
Qgrlzcz(BgL) Ggrlzcz(BgL) |B2 |

Remark. Theorem 3.1 asserts that among all convex bodies in A with fixed volume, the

homogeneous Orlicz L4 affine and geominimal surface areas for ¢ € ® attain their maximum

at origin-symmetric ellipsoids. The L, affine isoperimetric inequalities for the L, affine and

geominimal surface areas are special cases of Theorem 3.1 with ¢(t) = tP (see e.g., [28, 37, 38,
44, 48]).

Proof. Formulas (3.7) and (3.8) together with Definition 3.2 imply that for all ¢ € ® and K € %,
QY1 (K) < GV (K) < V(K vrad(K°)K) = n|K| - vrad(K°). (3.17)
If K e JZ;, the Blaschke-Santal6 inequality further implies, for all ¢ € </I\>,
Qorlicz Aorlicz n-l n
Q" (K) < Qg (K) < n| K| -wy

with equality if and only if K is an origin-symmetric ellipsoid (i.e., those make the equality hold in
the Blaschke-Santalé inequality). Dividing both sides by Qg”"”cz (B%) = nwy, one gets the desired
inequality in (i). R

Similarly, for all ¢ € ¥ and for all K € %,

Qe (K) > GF* (K) > n| K| - vrad(K°). (3.18)

Dividing both sides by ng”‘:z(Bg) = nwp,, one gets

ﬁgrlicz(K) N @;rlicz(K) - < ’K| )"7:1
Qgrlicz(Bg) - @Z)rlicz (Bg) ‘Bg‘ )

where the inverse Santalé inequality [8] has been used: there is a universal constant ¢ > 0 such

that for all K € %,
|K|-|K°| > "w?. (3.19)

See [22, 35] for estimates of the constant c. O

The following Santal6 type inequalities follow immediately from Theorem 3.1 and the Blaschke-
Santal6 inequality.
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Theorem 3.2. Let K € X be a conver body with its centroid or Santalé point at the origin.
(i) For ¢ € ®, one has

ﬁ;rlicz (K) . Q%rlz‘cz (Ko) Gorlzcz( ) X éorliaz(Ko)

~— < <1
[Qgrlzcz (B;z)]2 [Gorlzcz (Bn)]
Equality holds if and only if K is an origin-symmetric ellipsoid.
(ii) For ¢ € \f/, there is a universal constant ¢ > 0 such that
ﬁ;rlicz(K) . Q%rlicz(Ko) - é;rlicz(K) . é;rlicz(Ko) - cn+1'

[Q;rlicz(B;l)]Q - [é;rlicz(Bg)]Z

A finer calculation could lead to stronger arguments than Theorem 3.1, where the conditions
on the centroid or the Santalé point of K can be removed. That is, .# in Theorem 3.1 can be
replaced by #. See similar results in [47, 48, 49, 53].

Corollary 3.4. Let K € . If either ¢ € </I\>1 is concave or ¢ € &32 s convet, then
ﬁ;rlicz(K) - agrlicz(K) - < |K| )”7_11
Q;rlicz(Bg) - G%Tlicz(Bg,) - ‘B51|

In addition, if either ¢ € </I\>1 18 strictly concave or ¢ € Zﬁg 18 strictly conver, equality holds if and
only if K is an origin-symmetric ellipsoid.

To prove this corollary, one needs the following cyclic inequality. For convenience, let
H = ¢ o™, where ¢)~!, the inverse of 1, always exists if ¢ € dUU.

Theorem 3.3. Let K € %y. Assume one of the following conditions holds: a) ¢ € ® and (NS \I/
b) H is convex with ¢ € (I)g and Y € Py ; c) H is concave with ¢,¢ € <I)1, d) H is convex with
eztherqbweq)g orqbwe\ll Then

Q;rlicz (K) < Q?prlicz(K) and G;rlicz(K) < Gz}rlicz (K)

Proof. The case for condition a) follows immediately from formulas (3.17) and (3.18). We only
prove the case for condition b), and the other cases follow along the same fashion. Assume that
condition b) holds and then H is convex. Corollary 3.2 and Jensen’s inequality imply that

n|K| ~
/S”‘l ¢<‘7¢(K7 L°) - pr(u) - hK(U)) Wit

_ n|K| ~

: /S’” H<w<‘7¢(K, L°) - pr(w) - hK(u))) Vi)
n|K| -

H</5n1 w(@,([(, L°) - pr(u) - hK(u)> dVK(U))-

Together with Corollary 3.2 and the facts that H is decreasing and H (1) = 1, one has
n|K n|K

/ w(A : K] )dVK() / w(A : K]

sr=t V(K LO) - pr(u) - hic(u) sn=t V(K L°) - pr(u) - hi (u)

1 =

v

) dVi (w). (3.20)

Note that ¢ € . (increasing). It follows from formula (3.20) that Y7¢(K, L°) < ?w(K, L°). Together
with Corollary 3.1 and Definition 3.2, one gets the desired result. O
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Proof of Corollary 3.4. Let ¢(t) =t and ¢ € ®, be convex. Then H = ¢ satisfies condition
b) in Theorem 3.3 and thus Qg””cz(K ) < Q¢rlicz(K). Note that Q9¢"¢*(K) is essentially the
classical geominimal surface area and is translation invariant. That is, for any 29 € R",
ﬁ‘f””cz (K—2z9) = ﬁ‘l’”m (K). In particular, one selects zy to be the point in R™ such that K—zp € &
(i.e., zp is either the centroid or the Santalé point of K). Theorem 3.1 implies that

ﬁ;rlicz(K) _ ﬁtlyrlicz(K_ ZO) - <|K _ Z0’>nnl B < ‘K| >nnl
ﬁgrlicz (Bg) - ﬁ(larlicz(Bg) - |B£L’ |B§L| ’

To characterize the equality, due to the homogeneity of ﬁgf”cz(-), it is enough to prove that if
is in addition strictly convex, Qorti = Qorli if and only i is an origin-symmetric
is in additi ictl Qg”lwz K ng“cz B7) if and only if K
ellipsoid with |K| = wy,. First of all, if K is an origin-symmetric ellipsoid with [K| = wy,, then
Q?J“cz (K) = Q?J“cz (B%) follows from Corollary 3.3 and Proposition 3.1. On the other hand, by
Theorem 3.2, ﬁ%’"”c'z (K) = ﬁg”c'z(Bg) holds only if K — 2( is an origin-symmetric ellipsoid with
= wy. By Proposition 3.1, it 1s enough to claim = + 29 with zg = 0. Corollary 3.3 an
K By P ition 3.1, it i h laim K = BY ith 0. Corollary 3.3 and
Definition 3.2 yield

nwy = Q1 (BY) = QF1 () = Q1 (BY + 20) < Vo(BS + 20, BY).

Note that ¢ € ® is convex and decreasing. Combining with Corollary 3.2, one has

/ d>( nwy, > By gz (u)
sn=1 \Vs(BY + 20, BY) - hpptz(u)

do(u) ) )
¢</S"1 ‘7¢(B£L+20,B§‘) =1

As ¢ is strictly convex, equality holds if and only if hpy.,(u) is a constant on S™=1. This yields
zg = 0 as desired.

The case for ¢ € ®; being concave (with characterization for equality) follows along the same
lines. O

1 = - do(u)

Wy,

AV

4 The Orlicz-Petty bodies and the continuity of the homogeneous
Orlicz geominimal surface areas

This section concentrates on the continuity of the homogeneous Orlicz geominimal surface areas.
In Subsection 4.1, we first show that the homogeneous Orlicz geominimal surface areas are
semicontinuous on J#; with respect to the Hausdorff distance. The existence and uniqueness
of the Orlicz-Petty bodies, under certain conditions, will be proved in Subsection 4.2. Our main
result on the continuity will be given in Subsection 4.3.

4.1 Semicontinuity of the homogeneous Orlicz geominimal surface areas

Let us first establish the semicontinuity of the homogeneous Orlicz geominimal surface areas. Recall
that for ¢ € ® and for K € %,

Aorlicz . T7 o
Gy (K) = ngiﬁ{v¢(K, vrad(L)L°)}.
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It is often more convenient, by the bipolar theorem (i.e., (L°)° = L for L € ;) and Corollary 3.1,
to formulate G;’"”CZ(K) for ¢ € @ by

Gyl (K) = inf{V4(K,L): L€ Ay with |L°]=w,}. (4.21)
Similarly, for ¢ € U,
Golie*(K) = sup{Vy(K,L) : L€ Ay with |L°]=uw,}. (4.22)
Denote by rix and Ry the inner and outer radii of convex body K € J#j, respectively. That is,
re =min{hg(u): we S" 'Y and Ry =max{hg(u): ue S 1}
Lemma 4.1. Let K,L € J%,. For ¢ € .U D, one has
nwp - T -

L < V(K L) <

nwy, - Ry - Ry,
Rg TK

Proof. For ¢ € 7, let A = I7¢,(K, L). By Corollary 3.2 and the fact that ¢ is increasing on (0, 00),

one has
_ n|K[-hp(u)) =
v [ e () e
n|K|-Rr\ =~
/Sn_1¢ ()\ - ) dVk (u)
gb(nwn.R?('RL).

ATE

IN

IA

Moreover, as ¢(1) = 1, one gets

‘7¢(K=L) -\ < M
TK

For the lower bound,
n|K|-hp(u)\ =
1 = —|d
/Snld) < - hK(u) VK(U)

n\K|‘rL ~
> /WA¢(>VRK>d”“”

> o NWy, - T~ TL
- A Ry '

As ¢ is increasing on (0,00) and ¢(1) = 1, one gets

. n .
Fotae 1) > Mo
K
The case for ¢ € Z follows along the same lines. O

We will often need the following result.
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Lemma 4.2. Let ¢ : I — R be a uniformly continuous function on an interval I C R. Let {f;}i>o0
be a sequence of functions such that f; : E — I for alli > 0 and f; — fo uniformly on E asi — oo.
Then ¢(f;) = ¢(fo) uniformly on E as i — oo.

Proof. For any € > 0. As ¢ is uniformly continuous, there exists d(e) > 0 such that |p(z)—p(y)| < €
for all z,y € I with |x — y| < d(¢). On the other hand, as f; — fo uniformly on E, there exists
an integer No(e) := N(d(€)) > 0 such that |f;(z) — fo(z)| < 0(e) for all i > Ny(e) and all z € E.
Hence, |¢o(fi(2)) — ¢(fo(z))| < € for all i > Ny(e) and all z € E. That is, ¢(f;) — ¢(fo) uniformly
on E. O

Proposition 4.1. Let {K;}i>1 and {L;}i>1 be two sequences of convex bodies in J#y such that
Ki = KeJyand Ly — L € Hy. Forp € I U D, one has Vy(K;, L) — Vu(K, L).

Proof. As K; — K € ), one can find constants cx, C'x > 0, such that, for all ¢ > 1,
cxBy C K;, K C CxBj. (4.23)
Similarly, one can find constants ¢y, Cr, > 0, such that, for all i > 1,
cyBy C L, L C CLB3. (4.24)
For simplicity, let \; = 17¢(Ki, L;). Lemma 4.1 yields, for all i > 1,

nwn-c%~cL§)\i§nwn-C’?(~CL’ (4.25)
Ck CK

and thus the sequence {\;};>1 is bounded from both sides. Let f; and f be given by
n|Ki| - hy, (u) n|K|-hp(u)

On the one hand, suppose that {\;, }x>1 is a convergent subsequence of {\;};>1 with limit Ag.
That is, limg_,00 Aj, = Ao and then 0 < Ag < oco. Note that K; — K € Jp yields hg, — hg

uniformly on S"~1. Similarly, hy, — hz, uniformly on S"~!. Together with (4.23) and (4.24), one
sees that f;, — f uniformly on S"=1. Moreover, the ranges of fi., f are all in the interval

- CL CK ’ Cr, CK '
Note that the interval I C (0,00) is a compact set. Hence ¢ € .# U Z restricted on [ is uniformly
continuous. Lemma 4.2 implies that ¢(f;,) — &(f) uniformly on S"~1. Moreover, as both
{6(fi,)}e>1 and {hk,}i>1 are uniformly bounded on S™ !, one sees that o(fi)hi, — o(f)hk

uniformly on S"~1. Formula (2.5) then yields
n\K,k] 'hLA (u) ~
1 = 1l - dV,
kgglo Snflgb ( /\ik 'hKik (u) K (u)
. / ¢ (fi,(u)) hic;, (w)
= lim
Sn—1 n’sz’

) 6 (@) hclw) o
= [, st

- [ () o
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Therefore \g = 17¢(K, L) and limg_, ‘7¢(Kik, L) = ‘7¢(K, L). We have proved that if a
subsequence of {Vy(K;, L;)}i>1 is convergent, then its limit must be Vi (K, L).
To conclude Proposition 4.1, it is enough to claim that the sequence {V,(K;, L;)}i>1 is indeed

convergent. Suppose that {YA/¢(Ki, L;)}i>1 is not convergent. One has two convergent subsequences
whose limits exist by (4.25) and are different. This contradicts with the arguments in the previous
paragraph, and hence the sequence {V,(Kj, L;)}i>1 is convergent. O

The following result states that the homogeneous Orlicz geominimal surface areas are
semicontinuous. For the homogeneous Orlicz affine surface areas, similar semicontinuous arguments
also hold.

Proposition 4.2. For ¢ € ‘/I;, the functional @;’"”CZ(-) is upper semicontinuous on J#y with respect
to the Hausdorff distance. That is, for any convergent sequence {K;};>1 C #y whose limit is
Ko € %y, then

é;rliCZ(KO) > lim sup G«\grliCZ(Ki).

1—00

While for ¢ € (I\’, the functional @;’"“C'Z(-) is lower semicontinuous on J&: for any K; — Ky, then

égrlicz (KO) < lim inf @grlicz (Kz>

1—00

Proof. Let ¢ € ®. For any given € > 0, by formula (4.21), there exists a convex body L. € %,
such that |L?| = w, and

é;rlicz(KO) +e> ‘//;)(K(),Le) > @orlicz(KO)‘
By Proposition 4.1, one has

@ZMCZ(KO) +€> ‘7¢(Ko, L) = Zlggo ‘7¢(Ki, L¢) = limsup 17¢(Ki,L€) > limsup @;MCZ(KZ').

1—>00 17— 00
The desired result follows by letting ¢ — 0. The case for ¢ € T can be proved along the same
lines. O

4.2 The Orlicz-Petty bodies: existence and basic properties

In this subsection, we will prove the existence of the Orlicz-Petty bodies under the condition
¢ € ®1. The following lemma is needed for our goal. Denote by a4 = %'a‘ for a € R. Clearly
a4+ = max{a,0}.

Lemma 4.3. Let K € ) and ¢ € ®,. For fired v € S*L, define G, : (0,00) — (0,00) by

G = [ o ("R v

Then G, s strictly decreasing, and

lim Gy(n) = lim ¢(t) =oc0 and lim G,(n) =lim¢(t) = 0.
n—0 t—0

t—o0 —00
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Proof. Since K € %, (2.3) implies that there exists a constant ¢; > 0 such that for all v € §"71,

/ (u,v)+dSk(u) > ;.
Sn—l

For any given v € S" 1, let $;(v) = {u € "' : (u,v)4 > %} for all integers j > 1. It is obvious
that 3;(v) C Ejt1(v) for all j > 1 and U2, 5;(v) = {u € S (u,v)y > 0}. Hence,

lim (u,v)4 dSk(u) = /

J=r00 5 (v) U2, 5;(v)

(u,v)+ dSk(u) = /Sn1<u,v>+ dSk(u) > c1.

Then, there exists an integer jo > 1 (depending on v € S"~1) such that

S wondscws [ dskw) (4.26)
o (v) Ejo(v)

Assume that ¢ € </131 and then ¢ is strictly increasing. Let 0 < n1 < 12 < co. For all u € ¥, (v),
e e ] () 5] ()
n|K| - {(u,v n|K| - {(u,v
(i) < (i)
12 - hc(u) m - b (u)
and by (4.26),

/Ejom ’ <m> Wile) < /Z]-O(v) ’ <m> Wic(w)

The desired monotone argument (i.e., G, is strictly decreasing) follows immediately from

Gv(n) N /Ejo(v) ¢ <Tm> d‘N/K(U) - /S"—I\Ejo(v) ? <7m> de(U)'

Now let us prove that

lim Gy(n) = lim ¢(t) = o0 and lim G,(n) = lim ¢(¢) = 0.
n—0 n—00

t—o0 t—0

To this end, as ¢ € P is increasing,

= [ (MUY gy o [ (2L g - (2L

By letting t = Z‘Kl one has 0 < limy; o0 Go(1) < limy0 ¢(t) = 0 and thus lim, o G(n) = 0. On

K
the other hand,
K| fn0)2
Goln) = / (”' U0 g
(n) - ¢ o o (1) K (u)

K| - ~
S0 (v) n - hi(u)
n|K| > Ti
> <f>( : : - dSk(u
/zjo(v) n-jo- R ) n|K]| )
n|K| ) rg  C1
> : . - = 4.27
- ¢<77']0‘RK n|K| 2 (4.27)
The desired result lim, 0 Gy () = lim;_, ¢(t) = oo follows by taking n — 0. O
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A direct consequence of Lemma 4.3 is that if ¢ € </151 and v € S"!, then there is a unique

Mo € (0,00) such that
_ nl | () o
Go(10) —/Snlaﬁ< o (1) ) dVi (u) = 1.

Such a unique 7y can be defined as the homogeneous Orlicz Lg mixed volume of K € J and the
line segment [0,v] = {tv : t € [0, 1]}, namely, n9 = V(K [0,v]) and

WK w0\ o
/sn—1¢(V¢<K,[o,v1>-hK<u>> ) =1 (429

Proposition 4.3. Let K € J#, and ¢ € &31. There exists a convex body M € J#y such that

Gl (K) = Vy(K, M) and  |M°] = wy,.
If in addition ¢ is convex, such a conver body M is unique.

Proof. Formula (4.21) implies that for ¢ € (/1317 there exists a sequence {M;};>1 C % such that
Vo(K, M;) — Glie*(K) as i — oo, |MP| = w, and V(K M;) < 2V,(K, BY) for all i > 1. For each
fixed i > 1, let

R; = par, (u;) = max{ps, (u) : u € S"71Y.

This yields {\u; : 0 < XA < R;} € M; and hence for all u € S" 1,

[ (u, wi)| + (u, i)
2

har,(u) = R; - =R - (u,ui)+-

Let ¢ € &, and 7; = ‘7¢(K, [0,u;]) € (0,00) for i > 1. Recall that formula (4.28) states

= Lo (g )

By Corollary 3.2 and the fact that ¢ is increasing, we have
K| hyy, ~
1 = / o [ B han(w) Y G )
Sn-1 Vg (K, M;) - hi(u)

n|K|- R (u,ui)y | o
- [9n—1¢ (2@,(1{, Bg)-hK(u)> AVicu).

This further leads to, for all ¢ > 1,

R < 2V¢(K, B’g)
i

Next, we prove that inf;>;7; > 0. We will use the method of contradiction and assume that

inf;>17m; = 0. Consequently, there is a subsequence of {7;};>1 (still denoted by {n;}i>1), such

that, 7; — 0 as i — oo. Due to the compactness of S"~!, one can also have a convergent

subsequence of {u;};>1 (again denoted by {u;};>1) whose limit is v € S"~!. In summary, we have

two sequences {u;}i>1 and {7;};>1 such that u; — v and n; — 0 as i — oco. It is easily checked that
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{(u,u;)+ — (u,v); uniformly on S"~! by the triangle inequality. For any given ¢ > 0, Corollary
3.2, Fatou’s lemma and formula (4.26) imply

o . n‘K| . <U,’U,Z‘>+ ~

> e [ o (AL ) o
> [, e (5 ) 47w
= Gyle).

It follows from Lemma 4.3 that lim,_,o+ G,(g) = oo, which leads to a contradiction (i.e., 1 > oc0).
Therefore, inf;>17; > 0 and
2V, (K, BY
sup Ry < 2P D)
i>1 Hlfz‘z1 i
This concludes that the sequence {M;};>1 C % is uniformly bounded.

The Blaschke selection theorem yields that there exists a convergent subsequence of {M;}i>1
(still denoted by {M;}i>1) and a convex body M € ¢ such that M; — M as ¢ — oo. Since
|M?| = wy, for all i > 1, Lemma 2.1 implies M € . Moreover, |M°| = w,, because |M;| = wy, for
all i > 1 and M; — M (hence, M? — M?°). It follows from Proposition 4.1 that

VoK, M;) = Vy(K, M) and |M°| = w,.
By the uniqueness of the limit, one gets
GIle*(K) = Vy(K, M) and |M°| = w.

This concludes the existence of the Orlicz-Petty bodies.
If ¢ € ®; is also convex, the uniqueness of M can be proved as follows. Suppose that
My, My € g such that |M7| = |Ms| = wy, and

Vi (K, M) = Jnf {Vs(K,vrad(L°)L)} = Vy(K, Ms).
0

Define M € %, by M = M That is, hyy = m By formula (2.4), it can be checked
that |M°| < w, (hence vrad(M°) < 1) with equality if and only if My = Ms. In fact, the function
t~"™ is strictly convex, and hence

e Y ORT T
Ul ()4 ()"
_ n/SH(M L > do ()
< o[ e
_ MM (4.29)

2
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with equality if and only if hp, = has, on §"‘1, ie., My = Mos.
For convenience, let A = Vy, (K, My) = Vg(K, Ms). The fact that ¢ is convex imply

J R e R e A R

_ %/s [d) (W) e (W) ] Vi (u)

IN

Hence, ‘A/¢(K , M) < X which follows from the facts that ¢ is strictly increasing and

MK hu(W) o5y g nlk|hw) o

Assume that M; # Ma, then vrad(M°) < 1. Note that XA@,(K, M) > 0. Together with Corollary
3.1, one can check that

Vi (K, vrad(M°)M) < Vy(K, M) < Vy(K, My).
This contradicts with the minimality of M;. Therefore, M7 = M, and the uniqueness follows. [

Definition 4.1. Let K € & and ¢ € ®1. A convex body M is said to be an Ly Orlicz-Petty body
of K, if M € J# satisfies

Gole*(K) = Vy(K, M) and |M°| = w,.
Denote by f¢K the set of all Ly Orlicz-Petty bodies of K.

Clearly, if ¢ € @1, the set 7} »K is nonempty and may contain more than one convex body. If in
addition ¢ € @1 is convex, T »K must contain only one convex body; and in this case T\¢K is called
the Ly Orlicz-Petty body of K. Moreover, the set ﬂ,K is SL(n)-invariant. In fact, for A € SL(n)
and all M € fd)K, by Proposition 3.1 and formula (3.16), one sees

@grliCZ(AK) — @Z)rlicz(K) — ‘7¢(K’ M) = ‘7¢(AK7 AM)

It follows from |(AM)°| = w, that AM € T;(AK) and thus A(T;K) C ﬂ,(AK). Replacing K by
AK and A by its inverse, one also gets qu(AK) C A(f(bK) and thus @)(AK) = A(ﬁbK).

On the other hand, ’f(z)()\K) = @)K for all A > 0. To this end, for M € @)K, one has [M°| = wy,
and @;T“CZ(K) = \A/d,(K, M). This leads to, by Corollary 3.1 and Proposition 3.1,

GIles(AK) = X" 1GY1 (K) = A"V, (K, M) = Vy(AK, M).
Thus, M € Ty(AK) and then T, K C Ty(AK). Similarly, Ty(AK) C T,K and thus Ty(AK) = T4 K.

When ¢ € @, is convex, the Ly Orlicz-Petty body @,K satisfies the following inequality: for
all K € #, one has

[T K| - [(ToK)°| < K- | K. (4.30)

19



In fact, it follows from (3.17) that for K € %, ég”“cz(K) < n|K]| - vrad(K°). Definition 4.1 and
the Orlicz-Minkowski inequality (3.9) imply that

G (K) = Vy(K, TyK) > n - |K|"% |TyK|w.

The desired inequality (4.30) is then a simple consequence of the combination of the two inequalities
above and |(T4K)°| = wy,. Note that it is an open problem (i.e., the famous Mahler conjecture) to

find the minimum of |K| - |K°| among all convex bodies K € .#". The inverse Santald inequality
(3.19) provides an isomorphic solution to the Mahler conjecture. We think that the Ly Orlicz-Petty

body T, »K and inequality (4.30) may be useful in attacking the Mahler conjecture.
The following proposition states that an Lg Orlicz-Petty body of a polytope is again a polytope.

Proposition 4.4. Let K € J& be a polytope and ¢ € EI\>1. If M € f¢K, then M is a polytope with
faces parallel to those of K.

Proof. Let K be a polytope whose surface area measure Sk is concentrated on a finite set
{ug, - yupm} C S"7L Let M € ﬁgK be an Ly Orlicz-Petty body of K. Denote by P the
polytope whose faces are parallel to those of K and P circumscribes M.

Note that Sk is concentrated on {ui,- - ,upn} and hp(u;) = har(u;) for all 1 < i < m. Let

A = V4(K, P). Then
_ nlK| @) o
b /S¢< X hic(u) >de”

()

n|K] - ha(u )) >
/S ¢< ) dvictu).
Consequently, A = 17¢(K, P) = IA/¢(K, M).

As P circumscribes M, then P° C M° and |P°| < |[M°| = w, with equality if and only if
M = P. Formula (3.12) and Corollary 3.1 yield that for ¢ € &4,

@;rlicz(K) < ‘7¢(K, Vrad(PO)P) < ‘7¢(K, M) = égrlicz([().

This requires in particular |P°| = |[M°| = w,,. Hence M = P is a polytope whose faces are parallel
to those of K. O

Proposition 4.5. Let K € J, and ri, Rx > 0 be such that rgBy C K C RxBY. For ¢ € </I;1
and M € T,K, there exists an integer jo > 1 such that, for all u € S"71,

() < 2 BIC (e i)

n+1 .
Tk C1 Tk

where ¢; > 0 is the constant in (4.26).
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Proof. Let M € f¢K . First of all, the minimality of M gives that
. . - R"
Vs, M) < Vy(K, Bf) < =K,
TK

where the second inequality follows from Lemma 4.1. Let A = 17¢(K ,M) and R(M) = ppy(v) =
max{py(u) : u € S"1}. A calculation similar to (4.27) leads to

n|K|- R(M) - (u,v)+\ Tk

- /S"—l i ( ARy > n|K|dSK(u)
n|K| - R(M)> TK

> /szb( N jo-Ric ) nlic] “OK )

>

i’ <n|K\ -R(M)) p—

X-jo-Rix ) 2n|K|’

By the facts that ¢(1) = 1 and ¢ is increasing, one has

ROM) < Ajo-Rk 4 <2n|K|> _ jo - R Ly (an,fR%)'

B n|K| €1 TK ’l“;?_l clTK

This completes the proof. O

4.3 Continuity of the homogeneous Orlicz geominimal surface areas

This subsection is dedicated to prove the continuity of the homogeneous Orlicz geominimal surface
areas under the condition ¢ € ®;. The following uniform boundedness argument is needed.

Lemma 4.4. Let {Ky}aen C Hp be a family of convex bodies satisfying the uniformly bounded
property: there exist constants r, R > 0 such that rBy C K, C RBY for alla € A. For ¢ € 1 and
for any M, € Ty(K,), there exist constants ', R’ > 0 such that

"By C M, C R'B}  forall «a€A.

Proof. We only need to prove the case that { K, }4ca contains infinite many different convex bodies,
as otherwise the argument is trivial.

Let M, € @)(Ka). First, we prove the existence of R’ by contradiction. To this end, we assume
that there is no constant R’ such that M, C R'BY for all « € A. In other words, there is a sequence
of {My}aen, denoted by {M;};>1, such that R(M;) — oco. Hereafter, for all i > 1,

R(M;) = par, (u;) = max{pas, (u) : u € S},

Similar to the proof of Proposition 4.3, one can find a subsequence, which will not be relabeled,
such that, u; — v € S"~! (due to the compactness of S"1), R(M;) — oo and K; — K (by the
Blaschke selection theorem due to the uniform boundedness of { K, }aep) as i — oo.

It follows from Proposition 4.1 that ‘7¢(K7;,B§l) — Y7¢(K, BY) as ¢ — oo. This implies the

boundedness of the sequence {‘7¢(KZ~, B)}i>1 and hence

C_ ‘7¢>(Ki7 B3)

i ROM,) —0 as 17— oo.
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Let € > 0 be given. The triangle inequality yields the uniform convergence of (u,u;)y — (u,v)+
on S" ! as i — oo. Moreover, as K; — K, one sees rBY C K C RBY and
n|K;| - (u,uwi)y  nwy - R" n|K|-(u,v)y _ nw,- - R"

< d <
VS vt e = e MOS0 S ey

A simple calculation yields that

K- () nlK]- (w,0),
i+ e) - hi(u) e hic(u)

uniformly on S"! as i — co.

Let I = [0,nw, R 1r~1] and then ¢ € ®; is uniformly continuous on I. By Lemma 4.2, one gets

n| K| - (u, i)+ n|K|- (u,v)4 ) i .
¢ ((Ai +e) - hg, (u)> = <5hK(u)> uniformly on 5™ as ¢ — oo, (4.31)

Note that ¢ € ®; is increasing. By Corollary 3.2, (2.5), (4.26) and (4.31), a calculation similar to
(4.27) leads to, for any given € > 0,

1 = lim = nifal - o, (u) ‘7K1(u)
1—00 Jgon—1 V¢(K1,Mz) : h‘Kz ('LL)

> lim Y RASIRUCEDRR RS AN
1—00 fgn—1 V¢(K'L, Bg) ' h’Kz (U)
>

1—00

: n|Kil - {w,ui)y o
I e <(>\i +e) - hr, (u)> Wi ()

A e
= Gyle).

It follows from Lemma 4.3 that lim, ,o+ G,(¢) = oo, which leads to a contradiction (i.e., 1 > 00).
Thus R(M;) — oo is impossible. This concludes the existence of R’ such that M, C R'BY for all
a € A. In other words, { M, }aep C 5 is uniformly bounded.

Next, we show the existence of ' > 0 such that ' BY C M, for all « € A. Assume that there is
no such a constant r’ > 0. In other words, there is a sequence {M;};>1 such that w; — w € S*~!
(due to the compactness of S"~!) and r; — 0 as j — oo, where

rj = hag, (wj) = min{hpy, (u) :u € sn1y,

Note that the sequence {M;};>1 C J#; is uniformly bounded (as proved above). The Blaschke
selection theorem, Lemma 2.1 and |M ]O\ = wy, for all 7 > 1 imply that there exists a subsequence of
{M;}j>1, which will not be relabeled, and a convex body M € %, such that, M; — M as j — oo.
That is,

lim sup |hp;(w) — har(u)| = 0.

J—00 e gn—1

This further implies, as w; — w,

hM(w) = hm hMj(wj) = hm Ty = 0.
Jj—o0 Jj—00

This contradicts with the positivity of the support function of M. Hence, there is a constant r’ > 0
such that ' By C M, for all o € A. O
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Now let us prove our main result which states that the homogeneous Orlicz geominimal surface
areas are continuous on %, with respect to the Hausdorff distance.

Theorem 4.1. For ¢ € 2131, the functional @;ﬂlw(-) on Jy s continuous with respect to the
Hausdorff distance. In particular, the L, geominimal surface surface area for p € (0,00) is
continuous on o with respect to the Hausdorff distance.

Proof. The upper semicontinuity has been proved in Proposition 4.2. To get the continuity, it is
enough to prove that the homogeneous Orlicz geominimal surface areas are lower semicontinuous
on J#y. To this end, let {K;}i>1 C J# be a convergent sequence whose limit is Ky € #y. Let
M; € f¢(Kz) for i > 1. Clearly, {K;}i>o satisfies the uniformly bounded condition in Lemma 4.4,
which implies the uniform boundedness of the sequence {M;}i>1.

Let | = liminf; . CA;’?J“CZ(Ki). Consequently, one can find a subsequence {Kj, }r>1 such
that [ = limg_,o @;Tlicz(Kik). By the Blaschke selection theorem and Lemma 2.1, there exists
a subsequence of {M;, }r>1 (still denoted by {M;, }x>1) and a body M € %5, such that, M;, — M
as k — oo and |M°| = w,,. Proposition 4.1 then yields

G;Thcz(Kik) _ V¢(K

()

M;,) = Vy(Ko, M) as k — oc.

It follows from (4.21) that

~

@%le’cz (KO) < ¢(K07 M) lim agrlicz (K’Lk) = lim inf @%Tlicz (Kl) )

k—o0 100

This completes the proof. ]

Proposition 4.3 states that if ¢ € &)1 is convex, the Ly Orlicz-Petty body is unique. In this case,
Ty K contains only one element. Consequently, Ty : #y — £ defines an operator. The following
result states that the operator Ty is continuous.

Proposition 4.6. Let ¢ € @1 be conver. Then CIA}) 2 Ky — K is continuous with respect to the
Hausdorff distance.

Proof. It is enough to prove that {quKi}izl C # is convergent to f¢K0 € J for every convergent
sequence {K;}i>1 C J# with limit Ky € %5, in particular, every subsequence of {T\ »Ki}i>1 has a
convergent subsequence whose limit is T¢Ko.

Let {K;, }x>1 be any subsequence of {K;};>1. Of course, K;, — Ky as k — oo and {T;Klk He>1
is uniformly bounded by Lemma 4.4. Following the Blaschke selection theorem, one can find a
subsequence of {T4Kj;, }r>1, which will not be relabeled, and M € J such that TyK;, — M as
k — oo and |M°| = w,. By Proposition 4.1, one has

fd’Klk) — ‘7¢<K0,M) as k — oo.

k?

Gl (K,) = VoK
By Theorem 4.1, one has
égrliCZ(Ki ) — é%rlicz(Ko) = ‘7¢(K0,f¢K0) as k — oo.

Hence, XA/¢(K0, ﬂ,KO) = ‘A/¢(Ko, M) and then ﬁng = M by the uniqueness of the Ly Orlicz-Petty
body for ¢ € ®; being convex. O
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5 The nonhomogeneous Orlicz geominimal surface areas

In this section, we will briefly discuss the continuity of the nonhomogeneous Orlicz geominimal
surface areas defined in [49]. In particular, we prove the existence, uniqueness and affine invariance
for the L, Orlicz-Petty bodies in Subsection 5.2. In Subsection 5.1, we provide a geometric
interpretation for the nonhomogeneous Orlicz L, mixed volume with ¢ € . U Z (in particular,
for p(t) = tP with p < 1).

5.1 The geometric interpretation for the nonhomogeneous Orlicz L, mixed
volume

For any continuous function ¢ : (0,00) — (0, 00), V,,(K, L) denotes the nonhomogeneous Orlicz L,
mixed volume of K and L. It has the following integral expression:

V(K. L) = % /S L ( Z[L(((Z)) > hic(w)dSic (w). (5.32)

We can use the following examples to see that V,,(-,-) is not homogeneous:
Vo(rBy,By) = p(1/r)-r"-w, and V,(By,rBy) = ¢(r) - wp.

The geometric interpretation of V,(-,-) for convex ¢ € .# was given in [13, 45]. However, there are
no geometric interpretations of V,,(-,-) for non-convex functions ¢ (even if ¢(t) =¥ for p < 1). In
this subsection, we will provide such a geometric interpretation for all ¢ € % U 2.

Denote by CT(S™™1) the set of all positive continuous functions on S"~'. Define Ky, the
Aleksandrov body associated with f € CT(S™1), by

Ky = Nyesn—1H™ (u, f(u)),
where H™ (u, ) is the half space with normal vector v and constant a > 0:
H (u,a) ={z e R" : (z,u) < a}.
This implies that
Ki={reR": (v,u) < f(u) foral wueS" '}

Equivalently, K is the (unique) maximal element (with respect to set inclusion) of the set
(K € X : hg(u) < f(u) forall weS" '}

When f = hy, for some convex body L € %5, one sees Ky = L.
For K € J#; and f € CT(S™"!), the L1 mixed volume of K and f, denoted by Vi (K, f), can

be formulated by
1
W) =5 [ Fwask()

n

When f is the support function of a convex body L, then Vi(K, f) is just the usual L; mixed
volume of K and L (i.e., p(t) = t in formula (5.32)). In particular, Vi(K,hg) = |K| for all
K € J#). Lemma 3.1 in [27] states that

|K¢| = Vi(Ky, ). (5.33)

In order to prove the geometric interpretation for Vi, (-, ), the linear Orlicz addition of functions
[20] is needed. A special case is given below.
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Definition 5.1. Assume that either p1,p2 € 7 or 1,02 € Y. For e > 0, define p1 +,¢ p2, the
linear Orlicz addition of positive functions p1,ps (on whatever common domain), by

pi(z) ) ( p2(z) )
o1l tewe | s ) = L
<(p1 +o.e p2)<$) (pl +o.e pg)(ﬂ?)
For our context, p1 = hx and ps = hy, where K, L € JZ; are two convex bodies. Namely we let
fe = hi +4¢ by and then for any u € sn—1

h;du)) (hL(u)>
+ ep9 =1. 5.34
o (Fp) - o (i 30
When @1, p2 € .# are convex functions, f. = hx +, hr is the support function of a convex body
(see [13, 45]). Clearly, f. € CT(S"!) determines an Aleksandrov body K., which will be written
as K. for simplicity. Moreover, hx < f. if 1,09 € & and hx > f. if 1,09 € D.

Let (1);(1) and (¢1);.(1) stand for the left and the right derivatives of ¢; at ¢t = 1, respectively,

if they exist. From the proof of Theorem 9 in [20], one sees that f- — hx uniformly on S"~ ! as
e — 0%, Following similar arguments in [13, 14, 20, 54], we can prove the following result.

Lemma 5.1. Let K, L € % and @1, p2 € I be such that (p1);(1) exists and is positive. Then

(¢1)1(1) 61_i>%l+ W = hg(u)-p2 (Zf(ig) uniformly on S 1. (5.35)

For ¢1,p2 € 2, (5.35) holds with (¢1);(1) replaced by (¢1);.(1).

Proof. Let @1, @9 € .Z. Note that f. | hx uniformly on S"~ ! as ¢ | 07. Then, for all u € S*1,

(pih(1) = lim fo(u)-

hL(u) e

= lim fo(u)- m(ﬂ;(“)) fe(w) = h(u)
hL(U)) <

lim ———.

e=0t fe(u) — hx(u)

Rewrite the above limit as follows:

(i) s OO i o)t () = el ().

e—0t 5 e—0t+ e—0t fe (u) hi (u)

Moreover, the convergence is uniform because both {f:(u)}e>0 and { @2(%) }a>0 are uniformly

convergent and uniformly bounded on S"~!.

If 1,02 € 2 such that (¢;),(1) exists and is nonzero, the proof goes along the same
manner. O

The geometric interpretation for the nonhomogeneous Orlicz L, mixed volume with ¢ € S UZ
is given in the following theorem. The following result by Aleksandrov [1] is needed: if the sequence
{fiti>1 € CT(S™1) converges to f € C*(S"!) uniformly on S"~!, then the sequence of { K7, }i>1,
the Aleksandrov bodies associated to f;, converges to Ky with respect to the Hausdorff distance.
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Theorem 5.1. Let K,L € J4 and 1,2 € .7 be such that (¢1);(1) exists and is positive. Then,

(1 K| - |K
v, (K, L) = L) g (Rl — 1K
n e—0t €
For ¢1,p2 € 2, (5.36) holds with (¢1);(1) replaced by (¢1);.(1).
Proof. The uniform convergence of f. on S"~! implies that K, converges to K in the Hausdorff

distance as ¢ — 07. In particular |K.| — |K| as e — 07 and Sk_ converges to Sk weakly on S"~ 1.
It follows from (2.5), (5.33), the Minkowski inequality (3.10) and Lemma 5.1 that

(5.36)

1 1
n— KEE_KZ . . KE_ Ké‘?K
liminf]Ka\Tl-M > hmmf‘ = WAl )
e—0t € e—0t €
— liminf Vl(Kaa fa) - Vl(Kaa hK)
e—0t €
= lim 1/ Mdg&(u)
e—=0t N Sn—1 13
1
= ———V,,(K,L).
(p1)y(1) 7
Similarly, due to hg, < fe,
K| — K| VA K:) — |K]
\K]anl Jimsup ——— 2 < Jimsup — 25
e—0t € e—0t €
S thllp Vl(KafE)_‘/i(KahK)
e—0t €
1 _
= lim - / Jetw) = hee) g, ()
e—=0t N Jgn-1 €
1
= —— V. (K,L).
e )
Combing the inequalities above, one has
1 1
no1 K |» — |K|»
(eni(V- 1K1 -t B IRy ),
e—07t €
Let g(e) = |K€|% and ¢(0) = |K|% Then
/ _ ! n __ n
(i) o K=K (o) ()" = g(0)
n e—0+ € n e—07+ 15
_ ())
(p0i(1) - g(0)" " tim LI
= V(K L).
The result for 1,2 € Z follows along the same lines. O

Let ¢1(t) = @a(t) = t¥ for 0 # p € R. Then formula (5.34) gives the L, addition of hx and hp:

fpe(u) = [hi ()P + ehr(u)?] VP for we snL,

Then the L, mixed volume of K and L [27, 48] is the first order variation at ¢ = 0 of the volume
of Ky, _, the Aleksandrov body associated to f:

K |- |K
Vo(K, L) = 2 - lim. Hgpel = 1K
n =0 3
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5.2 The Orlicz-Petty bodies and the continuity of nonhomogeneous Orlicz
geominimal surface areas

In this subsection, we establish the continuity of the nonhomogeneous Orlicz geominimal surface
areas, whose proof is similar to that in Section 4. For completeness, we still include the proof with
emphasis on the modification.

The nonhomogeneous Orlicz geominimal surface areas can be defined as follows.

Definition 5.2. Let K € J be a convex body with the origin in its interior.
(i) For ¢ € ®1 UV, define the nonhomogeneous Orlicz L, geominimal surface area of K by

Gl (K) = inf {nV, (K, vrad(L°)L)} = inf{nV, (K, L) : L € Ao with |L°| = w,}.
(SN A

(ii) For ¢ € 52, define the nonhomogeneous Orlicz L, geominimal surface area of K by

GgliCZ(K) = Lsu}z/ {nV,(K,vrad(L°)L)} = sup{nV,(K,L) : L € g with |L°| =wy,}.
€40
Note that the nonhomogeneous Orlicz L, geominimal surface area can be defined for more
general functions than ¢ € % U Z (see more details in [49]). However, from Section 4, one sees
that the monotonicity of ¢ is crucial to establish continuity of Orlicz geominimal surface areas.
Hence, in this section, we only consider ¢ € ® U T. We can use the following example to see that
Gg’"”cz( ) is not homogeneous (see Corollary 3.1 in [49]):

G:jf“cz(ng) — 90(1/T) RPN NWn, -

Proposition 5.1. Let {K;}i>1 C %y and {L;};>1 C J be such that K; — K € J and
Li— Le g asi— oo. For p € ®UVY, one has V,(K;, L;) — V,(K, L) as i — 0.

Proof. As K; — K € J and L; — L € J;, one can find constants r, R > 0 such that these bodies
contain rBj and are contained in RBjY. Moreover, hi, — hx and hy, — hr uniformly on sn—1
Together with Lemma 4.2 (where we can let I = [r/R, R/r]), one has

v <Z}L( ((Z))) hi,(u) = ( Zf{%) hi(u) uniformly on S™L.

Formula (2.5) then implies

/S e ( Z[L( ((Z))> hac (WS (w) | o (Z;%) hic (u)dSi (u).

This completes the proof. ]

Similar to Proposition 4.2, the nonhomogeneous Orlicz L, geominimal surface area is - upper
(lower, respectively) semicontinuous on %y with respect to the Hausdorff distance for ¢ € o UV
(for p € <I>2, respectively).

The following proposition states that the Orlicz-Petty bodies exist. See [52] for special results
when ¢ € .7 is convex (in this case, ¢ € ®1).

Proposition 5.2. Let K € % and ¢ € ®y. There exists a convex body M € %y such that
GY1*(K) =nV,(K,M) and |M°| = w,.

If in addition @ is convez, such a convex body is unique.
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Proof. Let ¢ € ®;. It follows from the definition of Gglicz (K) that there exists a sequence
{Mi}iz1 C o such that nV,(K, M;) — G2 (K), M| = w, and 2V, (K, B) > V(K M;) for
all i > 1. Let R; = pay,(ui) = max{ps,(u) : u € S*1} and assume that sup;~; R; = co. Without
loss of generality, let R; — oo and u; — v (due to the compactness of S"~1) as i — oo. As before,
hor,(u) > R; - (u,u;)4 for all u € S™1.

Let D > 0 be given. By Definition 5.2, Fatou’s lemma, continuity of ¢, (4.26) and the fact that
 is increasing, one has

W(K,BY) > lim @<hMi(“))hK<u>dsK<u>
STL*].

1—00 N hK(u)
> liminf - / o <R<uu>+) r1cdSic (1)
1—oo N Sn—1 RK
1 D. .
> liminf / © <<u,uz>+> rrdSk(u)
=00 T Jgn—1 RK
>

% /S o <D '%’(“”) ricdSk (u)

S D TK C1
= ¥ jo- Ry n 2

A contradiction (i.e., 2V, (K,Bj) > oo) is obtained by letting D — oo and the fact that
limy_,00 ¢(t) = 0o (as ¢ € @y is increasing and unbounded). That is, {M;};>1 is uniformly bounded,
and a convergent subsequence of {M;};>1, which will not be relabeled, can be found due to the
Blaschke selection theorem. Let M be the limit of {M;};>1 and then M € J# due to Lemma 2.1.
Moreover, |M;| = wy, for all ¢ > 1 implies |[M°| = wy,. It follows from Proposition 5.1 that M is
the desired body such that G&T”CZ(K) =nV, (K, M) and |M°| = wy,.

For uniqueness, let My, My € % be such that |M7| = |M3| = w, and

VW(K, M) = inf {VW(K, Vrad(Lo)L)} = V@(K, Mg).
Lexy

Let M = M Then vrad(M°) < 1 with equality if and only if M; = My (see inequality
(4.29)). The fact that ¢ is convex yields that V (K, M) < V,(K,M;). Therefore, if My # M,
(hence vrad(M°) < 1), the fact that ¢ is strictly increasing implies that

nVy, (K, vrad(M°)M) < nV,(K, M) < nV, (K, M) = nV, (K, vrad(M;)M).
This contradicts with the minimality of M; and hence the uniqueness follows. O

Definition 5.3. Let K € % and ¢ € ®;1. A convex body M € £ is said to be an L, Orlicz-Petty
body of K, if M € % satisfies

GUl(K) = nVy(K, M) and |M°|=wy.
Denote by T,K the set of all L, Orlicz-Petty bodies of K.

Let ¢ € ®;. The set T,K has many properties same as those for T\¢K . For instance, T, K is
SL(n)-invariant: T,(AK) = A(T,K) for all A € SL(n). Moreover, if K is a polytope, then any
convex body in T,K must be a polytope with faces parallel to those of K. If in addition ¢ is
convex, [T, K| |(T,K)°| < |K|-|K°|.

The continuity of the nonhomogeneous Orlicz L, geominimal surface areas is proved in the
following theorem. See [52] for special results when ¢ € .# is convex (in this case, ¢ € ®).

28



Theorem 5.2. If ¢ € (%1, then the functional G&”'lcz(‘) on Jy is continuous with respect to the
Hausdorff distance.

Proof. Let ¢ € </I\>1. The upper semicontinuity has been stated after Proposition 5.1. To conclude
the continuity, it is enough to prove the lower semicontinuity.

To this end, we need the following statement: if K; — K as i — oo with K;, K € J# for all
i > 1, there exists a constant R’ > 0 such that M; C R'Bj for all (given) M; € T,K;, i > 1. The
proof basically follows the idea in Lemma 4.4. In fact, assume that there is no constant R’ such
that M; C R'BY for i > 1. Let R; = par,(u;) = max{pp;,(u) : u € Sn=11. Tt follows from the
Blaschke selection theorem and the compactness of S"~! that there is a subsequence of {Ki}i>1,
which will not be relabeled, such that, R, — oo and u; — v as i« — oo. For any given € > 0, one
has

Vo(K,By) = lim Vo (Kj, By)
i—00

: 1 hMi (u)
lim — - (hKi (u)) hi,(u)dSk, (u)

1—00 T
.1 (u, wi)+ )
lim — ————— | rdSk,
Jim Sn_lw((RilJr&_)'R rdSi, (u)

_ 711/5<p<<z”]§+> rdSi (u)

1 1
> / @ ( )TdSK(U)
nJs, ) \E-Jjo- R

_ 1 r o

- P\ R) n 2
where 7, R > 0 are constants such that rBY C K;, K C RBY for all ¢ > 1. A contradiction (i.e.,
V,(K, BY) > o0) is obtained by taking ¢ — 07 and the fact that lim;_,o ¢(t) = co.

Now let us prove the lower semicontinuity of G&”lcz(-) and the continuity then follows.
Let I = liminf; o G;””cz(Ki). There is a subsequence of {K;}i>1, say {Kj;, }r>1, such that,
[ = limyg_ oo Gg”cz(Kik). From the arguments in the previous paragraph, one sees that {M;, }r>1
is uniformly bounded. The Blaschke selection theorem and Lemma 2.1 imply that there exists

a subsequence of {M;, }x>1, which will not be relabeled, and a convex body M € % such that
M;, — M as k — oo and |M°| = w,. Proposition 5.1 yields

v

Vv

Gg‘licz([(ik) = nV, (K, , M;, ) = nV,(K,M) > GZ,T”CZ(K) as k — oo.
Hence, liminf; Gg’"“cz (K;) > Gg“cz(K ) and this completes the proof. O

Similar to Proposition 4.6, we can prove that if ¢ € &31 is convex, then T, : Jy — Jfp is
continuous with respect to the Hausdorff distance.

6 The Orlicz geominimal surface areas with respect to .7, and the
related Orlicz-Petty bodies

In Sections 4 and 5, we prove the existence of the Orlicz-Petty bodies and the continuity for the
Orlicz geominimal surface areas under the condition ¢ € ®;. For ¢ € &5 U ¥, our method fails. In
fact, when ¢ € ®5, we can prove the following result.
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Proposition 6.1. Let ¢, ¢ € 52 and K € J be a polytope. Then
GU*(K) =0 and GY"*(K) = oc.

Proof. Let ¢ € 52 and K € J be a polytope. Then the surface area measure of K is
concentrated on finite directions, say {u1, -+ ,un} C S*71. As @Zf”CZ(K) is SL(n) invariant,
we can assume that, without loss of generality, Sk (u;) > 0 and u; = e; with {ej, - ,e,} the
canonical orthonormal basis of R".

Let € > 0 and A, = diag(e, by, -+ ,by,) with constants bg,--- ,b, > 0 such that by---b, = 1/e.
Clearly det Ac = 1 and then A, € SL(n). Let L = AK € J and A\, = 17¢(K, L.). Then,
hr.(e1) = €- hi(er) for all € > 0 and

n|K|-hr (u;
- n|K\ Zd)( ’/\ |hKL(€qu))>hK(ui)SK(“i)

1 n|K|-hr(e1)
= n|K| 9 < Ae - hi(e1) ) hac(er)Sxcler)
1 n|K|-e
= TR -<z5< N > hi(e1)Sk (€1)-

Assume that inf.<g Ac > 0. ThereA exists a constant ¢ > 0 such that A > ¢ for all ¢ > 0. The above
inequality and the fact that ¢ € ¥, is decreasing imply

1
n|K

n|K|-e
o (M) rtensiten
Recall that limy_0 ¢(t) = oo as ¢ € dy C 2. A contradiction (i.e., 1 > o00) is obtained if we let
e — 0. This means that
inf \e = 1an¢(K L) =0.

>0 e>0
On the other hand, vrad(L?) = vrad(K°) for all e > 0. This yields that

0 < Glie(K) = Jnf {Vy(K,vrad(L°)L)} < zg(f){%(l(, vrad(L°)L¢)} = 0.

For the nonhomogeneous Orlicz L, geominimal surface area, the proof follows along the same
lines. In fact, for all € > 0,

V,(K,vrad(L°)L.) = % /S n_lgo(vrad(hio()uh)Le(u)>hK(u)dSK(u)

% ~p(vrad(K®) - €) - hg(e1) - Sk(e1).

v

and the desired result follows

Ggrlicz(K) = sup {nV,(K,vrad(L°)L)} > sup{nV,(K,vrad(L;)L.)} = oc.
Lexy e>0

This completes the proof. ]
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An immediate consequence of Proposition 6.1 is that for ¢ € &)2, the homogeneous Orlicz Lg
geominimal surface area is not continuous but only upper semicontinuous on %y with respect to
the Hausdorff distance. To this end, let K = BJ. One can find a sequence of polytopes {P,}i>1
such that P, — B3 as ¢ — oo with respect to the Hausdorff distance. However, one cannot
expect to have C:’;”“CZ(R-) — CAJ;T”CZ(BS) as ¢ — 00, since CAJ;T”CZ(Pi) = 0 for all # > 1 and
(A}%T”CZ(BS) = nwy, > 0. Moreover, if ¢ € 62 and K is a polytope, the Orlicz-Petty bodies for K do
not exist (i.e., fqu = ()). This is because @;’””cz(K) =0, but ‘7¢(K, M) >0 for M € f(bK C  if
fd,K # (). Similarly, the nonhomogeneous Orlicz L, geominimal surface area is not continuous but
only lower semicontinuous on %y with respect to the Hausdorff distance as Gﬁ,"lic"’ (P;) = oo for all

1 > 1. Moreover, if p € (132 and K is a polytope, the Orlicz-Petty bodies for K do not exist.

Our method to prove the existence of the Orlicz-Petty bodies in Sections 4 and 5 heavily
relies on the value of the Orlicz mixed volumes of K and line segements [0,v] = {tv : ¢t € [0,1]}
for v € S"! (for instance 17¢(K, [0,v]) in Section 4). However, XA/¢(K, [0,v]) are always O for all
v e SV Lif ¢ € 9. It seems impossible to prove the existence of the Orlicz-Petty bodies for ¢ € 2
and for general (even with enough smoothness) convex bodies K € %.

When ¢(t) = t? for p € (—1,0), one can calculate that, for all v € S"~! (see e.g., [53]),

/ [(u, v)[Pdo(u) = Chp, (6.37)
Sn—l

where C,, , > 0 is a finite constant depending on n and p. Note that the integrand includes |(u,v)|
rather than (u,v);. This suggests that our method in Sections 4 and 5 may still work for smooth
enough K € 3 and a modified Orlicz geominimal surface area.

Our modified Orlicz geominimal surface area is given by the following definition. Recall that
Je is the set of all origin-symmetric convex bodies.

Definition 6.1. Let K € ) and ¢ € ®. The homogeneous Orlicz Ly geominimal surface area of
K with respect to J; is defined by

Gole*(K, #.) = inf{Vy(K,L) : L€ H with |L°]=w,}. (6.38)
While if ¢ € ‘/1}, @glm(-,%) can be defined similarly with “inf” replaced by “sup”.

Properties for @;T”CZ (-, #c), such as affine invriance, homogeneity, affine isoperimetric
inequalities (requiring K € ), and continuity if ¢ € ®y, are the same as those for @?J“cz ()
proved in Sections 3 and 4. The details are left for readers.

In the rest of this section, we will prove the existence of the Orlicz-Petty bodies and the
“continuity” of @g)’”“cz (-, ) for certain ¢ € </I\>2. We will work on convex bodies K € C’i. A
convex body K is said to be in C’i if K has C? boundary and positive curvature function fx.
Hereafter, the curvature function of K is the function fr : S"~! — (0,00) such that

_ dSk(u)

— E8AV g n—l.
fr(u) do (1) or uesS
Let ¢ € </132 be such that for all x € R,
/ (|, 7)) do(u) < o0 and lim (1w, 2)]) dor(u) = 0. (6.39)
gn—1 |z|| =00 Jgn—1
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Note that ¢(t) = tP for p € (—1,0) satisfies the condition (6.39) due to formula (6.37). Moreover,
(6.39) is equivalent to, for all s > 0,

/Snl (s |(u,e1)])do(u) < oo and lim (s |{u,e1)]) do(u) = 0.

§—00 Sn—1
Proposition 6.2. Let K € C? and ¢ € >, satisfy (6.39). Then there exists M € J, such that
GV (K, H.) = Vg(K, M) and  |M°] = w,.

Proof. Let K € C’i. Its curvature function fx is continuous on S™ ' and hence has maximum
which will be denoted by Fx < co. By (6.38), for ¢ € </I;2, there exists a sequence {M;};>1 C ¢
such that Vi (K, M;) — Gl (K, #;) as i — oo, 2V4(K, BY) > V4(K, M;) and [M?| = wy, for all
i > 1. Again let R; = pas,(u;) = max{pp;,(u) : u € S""}. Then hyy,(u) > R; - [{u,u;)| for all
u € 8" 1 and all i > 1. Corollary 3.2, together with (6.39) and the fact that ¢ € D, is decreasing,
implies that, for all ¢ > 1,

_ nlK| () o
b /gn—1¢<?¢(K,Mi).hK(u)) Vi (w)

K| Ri - [{w,w)| | he(@fx@)
= /Sn—l¢<2‘7¢)(K7Bg’)'hK(u)> n| K| dolu)

< / n|K\RZ\(u,uZ>] .RKFK
= Jgn1 '\ 2V4(K, BY) - Rk n| K|

Assume that sup;>; i = co. Without loss of generality, let lim;>1 R; = oo and

do(u) < 0.

xr; = —< .
" 2V,(K,BY)- Rk

Then lim;_,« ||zi|| = oco. It follows from (6.39) that

IZI\(;T zliglo /Sn1 ¢ (|(u, z;)|) do(u) = 0.

This is a contradiction and hence sup,~; R; < co. In other words, the sequence {M; };>1 is uniformly
bounded. By the Blaschke selection theorem, there exists a convergent subsequence of {M;}ix>1
(still denoted by {M;}i>1) and a convex body M € . such that M; — M asi — co. As |M?| = wy
for all i« > 1, Lemma 2.1 gives M € J#, and |M°| = w,. Proposition 4.1 concludes that M is the
desired body. O

Definition 6.2. Let K € C2 and ¢ € ®, satisfy (6.39). A convex body M € ¥ is said to be an
Ly Orlicz-Petty body of K with respect to e, if M € Jt; satisfies

Gl (K, #.) = Vs(K, M) and |M°| = w,.
Denote by f¢(K, He) the set of all such bodies.

Theorem 6.1. Let ¢ € &32 satisfy (6.39). Assume that {K;}i>0 C Ci such that K; — Ky as
i — 0o and {fk,}i>1 s uniformly bounded on S™"1. Then

lim G%Tlicz(Ki, %) — G;Tlicz(Ko, %)

i—00
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Proof. As K; — Ky, there exist r, R > 0 such that rBY C K; C RBY for all i > 0. We claim
that there is a finite constant R’ > 0 such that M; C R'BY for all (given) M, € f¢(Ki,%),
i > 1. Suppose that there is no such finite constant. Without loss of generality, assume that
lim; oo R; = 00 and u; — v (due to the compactness of S”fl) as 1 — 00, where again

R; = par, (u;) = max{pys, (u) : u € S"71Y.

As before, hag,(u) > R; - [(u, u;)| for all u € S"~1 and i > 1. Corollary 3.2, together with (6.39)
and the fact that ¢ € ®5 is decreasing, implies that, for all ¢ > 1,

_ n|Ki| - by, (u) T

1 = /Snl o (‘A/qs(Kz,Mz) . th(u)> dVi, (u)
n|Ki| [{w,ui)l | hi () fr(w) 5
/9n1¢<V¢(Ki,B2)-hKi(u)> n| K| do{u)

LR (u, )| R Fy
y . d
/Snl ¢ ( Rl ) nwy, « T o(u),

where the last inequality follows from Lemma 4.1 and Fp is the uniform bound of { f, };>1 on S"~1
(i-e., Fo = sup;>q sup,egn-1 fx;(u)). As in the proof of Proposition 6.2, one gets

ntl  p. . . . F
1< lim o (T R \(u,uz)]> LR do(u) =0,
Sn 1

i—00 Rntl nwy, - T

IN

IN

which is a contradiction. Hence there is a finite constant R’ > 0 such that M; C R'BY for all
(given) M; € f¢(Ki,%), i > 1. In other words, {M;};>1 is uniformly bounded.

Let | = liminf; .o @OT“CZ(Ki,%). Clearly, one can find a subsequence {Kj, }x>1 such that
[ = limg_ o0 Gorlwz (K, , *#c). By the Blaschke selection theorem and Lemma 2.1, there exists a

ik

subsequence of {M;, }x>1 (still denoted by {M;, }x>1) and a body M € ., such that, M;, — M
as k — oo and |M°| = w,. Proposition 4.1 then yields

GV (K, He) = V(K My) — Vy(Eo, M) as  k — oo.

1k (2%

By (6.38), one has

G (Ko, ) < Vy(Io, M) = lim G (K, o) = liminf G (1, ).

1k
k 1— 00

On the other hand, for any given ¢ > 0, by (6.38) and Proposition 4.1, there exists a convex body
L. € . such that |L?| = w, and

@%rliCZ(KO, He)+e> ‘7¢(K0, L.) = limsup 17¢(Ki,L ) > lim sup Gorllcz(KZ, He).

1—00 1—00

By letting ¢ — 0, one gets @g’"licz(Ko,e%/e) > limsup,_, @g””cz(Ki,e%/e) and the desired limit
follows. O

Let K € J# and ¢ € ®; UT. The nonhomogeneous Orlicz L, geominimal surface area of K
with respect to J#; can be defined by

Gyl (K, Ae) = inf{nV,(K,L): L€ /. with |L°|=wy}.
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While if ¢ € :I;g, Gg’“licz(-, He) can be defined similarly with “ inf” replaced by “ sup”. Analogous

results to Proposition 6.2 and Theorem 6.1 can be proved for GZZ“CZ (-, %) if ¢ € D, satisfies
(6.39). We leave the details for readers.
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