EXTREMAL PAIRS OF YOUNG’S INEQUALITY
FOR KAC ALGEBRAS

ZHENGWEI L1IU AND JINSONG WU

Volume 295 No. 1 July 2018



PACIFIC JOURNAL OF MATHEMATICS
Vol. 295, No. 1, 2018

dx.doi.org/10.2140/pjm.2018.295.103

EXTREMAL PAIRS OF YOUNG’S INEQUALITY
FOR KAC ALGEBRAS

ZHENGWEI L1U AND JINSONG WU

In this paper, we prove a sum set estimate and the exact sum set theorem for
unimodular Kac algebras. Combining the characterization of minimizers
of the Donoso—Stark uncertainty principle and the Hirschman-Beckner un-
certainty principle, we characterize the extremal pairs of Young’s inequality
and extremal operators of the Hausdorff-Young inequality for unimodular
Kac algebras.

1. Introduction

Young’s inequality for the real line R was first studied by Young [1912]. Beckner
[1975] characterized the extremal pairs of Young’s inequality for R with the sharp
constant and consequently characterized the extremal functions of the Hausdorff—
Young inequality. For general cases, Fournier [1977] characterized the extremal pairs
of Young’s inequality and the extremal functions of the Hausdorff—Young inequality
for unimodular locally compact groups. (Note that Russo [1974] characterized
the extremal functions of the Hausdorff—Young inequality directly.) For a long
time, Young’s inequality was showed for commutative algebras. Recently, S. Wang
and the authors [Liu et al. 2017] proved Young’s inequality for locally compact
quantum groups. Bobkov, Madiman and Wang [Bobkov et al. 2011] conjectured
that a fractional generalization of Young’s inequality for R is true.

Kac algebras were introduced independently by L. I. Vainerman and G. I. Kac
[Vainerman 1974; Vainerman and Kac 1973] and by Enock and Nest [Enock and
Schwartz 1973; 1974; 1975]. These algebras generalized locally compact groups
and their duals. Locally compact quantum groups introduced by J. Kustermans and
S. Vaes [Kustermans and Vaes 2000; 2003] generalized Kac algebras. It is natural
to ask what extremal pairs of Young’s inequality for locally compact quantum
groups are. Unfortunately, the methods to characterize extremal pairs of Young’s
inequality for locally compact groups [Fournier 1977] can not be applied to locally
compact quantum groups. We plan to characterize the extremal pairs of Young’s
inequality for locally compact quantum groups. Our first aim in this direction is
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to characterize extremal pairs of Young’s inequality for unimodular Kac algebras.
Our proof for noncommutative algebras is quite different from the classical proof
for commutative algebras.

In this paper, we will characterize extremal pairs of Young’s inequality and
extremal operators of the Hausdorff—Young inequality for unimodular Kac algebras.
We show that extremal pairs and extremal operators are exactly bishifts of biprojec-
tions introduced in [Liu and Wu 2017] and we will use the notations therein. Prior
to the characterization, we prove a sum set theorem for unimodular Kac algebras.

Main Theorem (sum set theorem!, Theorem 3.1, Theorem 3.9). Suppose G is a

unimodular Kac algebra with a Haar tracial weight ¢. Let p, q be projections in
L°°(G). Then

max{p(p). p(q)} = F(p *q).
where ¥(x) = @(R(x)) and R(x) is the range projection of x, x € L°°(G). More-
over the following are equivalent:
(1) F(p*q) = ¢(p) <oo;
() o(q)~ ' p xq is a projection in L' (G);

(3) P(p*(q* R(@)*™)xq*D) = (p) for some m >0, j €{0,1}, m+ j >0,

q*© means q vanishes;

(4) there exists a biprojection B such that q is a right subshift of B and p =
R(x * B) for some x > 0.

Combining the results above and the characterization of minimizers of the
Hirschman—Beckner and the Donoho—Stark uncertainty principles for unimodular
Kac algebras, we are able to characterize the extremal pairs of Young’s inequality.

Theorem 4.8. Suppose G is a unimodular Kac algebra. Let x, y be ¢-measurable.
Then the following are equivalent:

) Ixxpllr = x|l »|ls for some 1 <r,t,s <oo suchthat 1/r +1=1/t+1/s;

Q) |x*pllr =lxlellylsforany 1 <r t,s <oosuchthat 1/r +1=1/t+1/s;

(3) there exists a biprojection B such that x = (, Bay) * 9?(1§g) and y = @(ég) *
(Bray), where B is the range projection of ¥(B); Bg, By are right shifts of
B; ;B is left shift of B, and ax, ay are elements such that x, y are nonzero.

Furthermore, we characterize the extremal operators of the Hausdorff—Young
inequality for unimodular Kac algebra.

Theorem 5.2. Suppose G is a unimodular Kac algebra. Let x be @-measurable.
Then the following are equivalent:

I'\We refer the reader to [Tao and Vu 2006] for a classical sum set theorem
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(D) ||@(x)||,/(,_1) = ||x||; for some 1 <t <2;
@) 1F)e/@—1) = lIx|l¢ forany 1 <1 <25
(3) x is a bishift of a biprojection.

This paper is organized as follows. In Section 2, we recall some basic notations
and properties of unimodular Kac algebras. In Section 3, we prove the sum set
estimate and the exact inverse sum set theorem for unimodular Kac algebras. In
Section 4, we characterize extremal pairs of Young’s inequality for unimodular Kac
algebras. In Section 5, we characterize extremal operators of the Hausdorff—Young
inequality for unimodular Kac algebras.

2. Preliminaries

Let /L be a von Neumann algebra acting on a Hilbert space # with a normal
semifinite faithful tracial weight ¢.

A closed densely defined operator x affiliated with .l is called ¢-measurable if
for all € > 0 there exists a projection p € A such that p#H C D(x), and ¢(1—p) <e,
where %(x) is the domain of x. Denote by A the set of @-measurable closed densely
defined operators. Then A is x-algebra with respect to strong sum, strong product,
and adjoint operation. If x is a positive self-adjoint ¢-measurable operator, then
x%log x is ¢p-measurable for any o € C with R > 0, where N is the real part of «.

For any positive self-adjoint operator x affiliated with J(, we put

n
p(x) = surup(/ tde;),
neN 0

where x = fooo t de; is the spectral decomposition of x. Then for ¢ € [1, 00), the
noncommutative L’ space L’ (L) with respect to ¢ is given by

L' (M) = {x densely defined, closed, affiliated with .l | p(|x|") < oco}.

The ¢-norm ||x||; of x in L’(t) is given by ||x||; = ¢(|x|*)!/!. We have that
LP(M) < M. For more details on noncommutative L? space we refer to [Terp
1981; 1982].

Now let us recall the definition of locally compact quantum groups in [Kustermans
and Vaes 2000].

Let Jl be a von Neumann algebra with a normal semifinite faithful weight ¢.
Then Ny = {x € M| p(x*x) < o0}, My = N7 Ny, DJT(‘; ={x>0|xeMy}. Denote
by ¥, the Hilbert space by taking the closure of 91,. The map Ay : Ny > ¥y is
the inclusion map.

A locally compact quantum group G = (M, A, ¢, ¥) consists of

(1) a von Neumann algebra M,
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(2) a normal, unital, *-homomorphism A : Jl — M & J such that (A ® t)o A =
(t®A)o A,

(3) anormal, semifinite, faithful weight ¢ such that (t ® ¢)A(x) = ¢(x)1,Vx €
9ﬁ+ a normal, semifinite, faithful weight v such that (¢ ® 1) A(x) = ¥ (x)1,
Vx € 9ﬁ+

where ® denotes the von Neumann algebra tensor product and ¢ denotes the identity
map. The normal, unital, *-homomorphism A is a comultiplication of ., ¢ is the
left Haar weight, and ¢ is the right Haar weight.

We assume that Jl acts on ¥,. There exists a unique unitary operator W €
RB(#, ® #,) which is known as the multiplicative unitary defined by

W*(Ap(@) ® Ap(B)) = (Ap ® A)(ADB)@® 1)), a.beN,.

Moreover for any x € M, A(x) = W*(1 Q@ x)W.

For the locally compact quantum group G, there exists an antipode S, a scaling
automorphism group t, and a umtary antlpode R and there also exists a dual locally
compact quantum group G= (JI/L A, 0, glf) of G. The antlpode the scaling group,
and the unitary antipode of G are denoted by S,%,and R respectively. We refer to
[Kustermans and Vaes 2000; 2003] for more details.

For any w € My, AM(®) = (0w ® t)(W) is the Fourier representation of w, where
AL is the Banach space of all bounded normal functionals on L. For any w, 6 in
M, the convolution w * 6 is given by

w*0=(w®O)A.

S. Wang and the authors [Liu et al. 2017] defined the convolution of x € L?(G) and
y € L5(G) for 1 <t,s <2. If the left Haar weights ¢, ¢ of G and G respectively
are tracial weights, we have that the convolution is well-defined for 1 <7,s < oo
by the results in [Liu et al. 2017].

For any locally compact quantum group G, the Fourier transforms %, : L' (G) —
L* (@) are well-defined, where 1/¢+1/s=1, 1<t <2. (See [Cooney 2010; Caspers
2013] for the definition of Fourier transforms and [Van Daele 2007] for the definition
of the Fourier transform for algebraic quantum groups.) For any x in L!(G), we
denote by x¢ the bounded linear functional on L°°(G) given by (x¢)(y) = ¢(yx)
for any y in L°°(G). Recall that a projection P in L1(G)N L>(G) is a biprojection
if #1(pg) is a multiple of a projection in L*° (G:) A projection x in L' (G)NL2(G)
is called a left shift of a biprojection B if ¢(x) = ¢(B) and x * B = ¢(B)x.
A projection x in L1(G) N L*(G) is called a right shift of a biprojection B if
@(x) = ¢(B) and B % x = ¢(B)x. Denote by B the range projection of F(B). A
nonzero element x in L°°(G) is said to be a bishift of a biprojection B if there
exists a right shift B of the biprojection B and a right shift Bh of the biprojection
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B and an element y in L% (G) such that
X = @(éh) * (Bgy).

(We refer to [Jiang et al. 2017; Liu and Wu 2017; Liu et al. 2017] for more properties
of biprojections and bishifts of biprojections.)

Throughout this paper, we focus on a unimodular Kac algebra (s, which is a
locally compact quantum group subject to the condition that ¢ = ¥ is tracial. (See
[Enock and Schwartz 1992] for more details.) For a unimodular Kac algebra G, we
denote by F the Fourier transform for simplicity.

Proposition 2.1. Suppose G is a unimodular Kac algebra and a € L' (G), b €

L5(G),c € L"(G) such that 1 <r,t,s <coand 1/r + 1/t +1/s =2. Then
¢((axb)c) = o((R(c) *a)R(b)) = ¢((b * R(c))R(a)).

Proof. Suppose that a, b, ¢ € L'(G) N L>°(G). Then

¢((axb)c) = (ap ® bp)(A(c))
= (apR)(t® 9)(A(c)(1®D)))
= (apR @ pc)(A(b)) strong left invariance
= (apR ® R(c)pR)(A(D))
= (R(c)¢ ® ap)(A(R(D)))
= ¢((R(c) *a)R(D))
= ¢((b * R(c))R(a)).

By Young’s inequality [Liu et al. 2017], we see that the proposition is true for a €
L' (G),be L*(G),ce L"(G)suchthat 1 <r,f,s<ooand 1/r+1/t+1/s=2. O

Proposition 2.2. Suppose G is a unimodular Kac algebra. Let x € L'(G), y €
L5(G) be positive such that 1 <t,s <oco, 1/t +1/s =1 Then

R(x % y) =sup{R(p *q) | p SR(X),q <R(Y), p.q are projections in L' (G)}.

Proof. Let ¢, be the spectral projection of x corresponding to [1/#,n] and f;, the
spectral projection of y corresponding to [1/m, m] for n,m € N. Then we have
that e, f;, € L'(G) and

1 ) . X
ﬁen*fm <epXxen* fmVfm <mney* f.

Hence Gi(en * fm) < R(x *x y). Let Q =sup{Rh(p xq) | p =R(x).q =R(y), p.q
are projections in L!(G)}. Then we have that Q = SUpy, m R(en * fm). Therefore
O < R(x * y). Assume that there is a nonzero vector & € ¥, such that Q& =0
and R(x * )& = £. We have that (e, * f)€ = 0 for any n,m € N and then
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(enxen * fmyfm)€E = 0. Therefore (x * y)& = 0, which leads a contradiction and
0 =R(x*y). O

Definition 2.3. Suppose G is a unimodular Kac algebra and x € L' (G), y € L*(G)
are positive for 1 <¢,s < oo. We define the symbol R(x * y) in terms of x, y as

R(x % y) = sup{R(p *q) | p < R(x).q < R(y). p. q are projections in L' (G)},

and
F(xxy) = @R(x * y)).

Remark 2.4. In Definition 2.3, R (x * ) and ¥ (x * y) are symbols. Proposition 2.2
shows that the symbol R (x * y) is the usual one when x * y is well-defined.

3. The exact inverse sum set theorem

The sum set estimate is a theory of counting the cardinalities of additive sets in
additive combinatorics [Tao and Vu 2006]. The sum set estimate for Kac algebras
has a different behavior, because of the different types of topology. In this section,
we prove a sum set estimate and the exact inverse sum set theorem for unimodular
Kac algebras.

Theorem 3.1 (sum set estimate). Suppose G is a unimodular Kac algebra. Let p, q
be projections in L*°(G). Then

max{p(p), ¢(q)} < F(p *q).

Moreover, ¥(p % q) = ¢(p) < oo if and only if ¢(q)~' p % q is a projection in
L (G).

Proof. First, we assume that p, ¢ are projections in L!(G). If (p * q) = oo, then
the inequality is true. We assume that ¥(p * q) < co. By Holder’s inequality,

2 *qll = 1R P 2llp*4ql2-
Note that
2 *qlli=e(p*q) =e0(P)e(q),
and
1%:(p * I3 = S (p *q).
By Young’s inequality [Liu et al. 2017], we have

lp*qll2 < lIpllilgll2 = e(p)e@) >,
and

Ilp*qllz < llglill2ll2 = e(@e(p)'/2.
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Now we obtain that

(Pe(q) <F(p +q)*0(p)e()"/?,

ie., $(p xq) = ¢(q). Similarly, we have F(p * q) > ¢(p). Hence

max{g(p), p(q); = F(p * ).
For arbitrary projections p, g in L°°(G), by Definition 2.3, we have that

max{g(p), ¢(q)} < F(p *q).

If $(p *q) = ¢(p) < oo, the inequalities above are equalities. Thus p *x g =
AR(p * q) for some A > 0 (by the equality of Holder’s inequality) and || p * ¢, =
1211 11g1l2- Now we see that p * ¢ = ¢(q) ™' R(p * q).

If p(q)~! p x ¢ is a projection, we have F(p *q) = ¢(q) '@(p *q) = ¢(p). O

Remark 3.2. By the results in [Jiang et al. 2016], there is an upper bound for the
finite dimensional case. But this is not always true for unimodular Kac algebras.
For the real line R, we let p be the characteristic function on the interval [0, 1] and ¢
the characteristic function on the set Ugez[k, k 4+ 1/(k* +1)]. Then R(p *¢q) = 1.

Corollary 3.3. Suppose G is a unimodular Kac algebra. Let v, w be partial isome-
tries in LY(G) N L>®(G) such that ||v * w||; = |v||1|w]||i. Then

max{@(|v]). (w])} = (v *w).

Moreover F(v*xw) = p(|w|) < oo if and only if 1/@(|v]) v*w is a partial isometry
in L'(G).

Proof. The proof is similar to the one of Theorem 3.1. O

Proposition 3.4. Suppose G is a unimodular Kac algebra. Let p, q be projections
in L'(G) N L*°(G). Then the following are equivalent:

(M) llpxqlle = llplellglls for some 1 <t < oo;
@) llp*qlle = lIpliellglls forany 1 <t < oo;
3) F(p*q)=¢(p).

Proof. (1) = (3): Suppose that ||pxq|l: = ||pl¢ll¢]l1 for some 1 <t < co. Note
that || p * ¢|lco < |l¢]l1- By the spectral decomposition, we have

1
1
— pxqg= [ AdE,,
o)’ ™1 /0 *

where { E) }, is a resolution of the identity for p % ¢. By the assumption, we obtain

1
/0 MoWE3) = ¢(p).
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Note that || p xqll1 = [ pll1llgll1, ie.,

1
/0 Ap(dE) = ¢(p).

Combining the two equations above, we see that E({1}) = 1/¢(q) p * ¢ and
e(EQ{L}) = ¢(p), ie. F(p*q) = ¢(p).

(3) = (2): Suppose that F(p*q) =@(p). By Theorem 3.1, we have that 1/¢(g) p*
q is a projection. Hence for any 1 <¢ < oo,

1 1
s rrale= | spra), =190l =9 x9) /" =) = Ipl.

e, lp=ql:=llpllql.

(2) = (1): Itis obvious. O

Proposition 3.5. Suppose G is a unimodular Kac algebra. Let x,y € L'(G) N

L?(G) be nonzero positive elements. Then the following are equivalent:

M lx =yl = lxlllylzs

(2) there exists a biprojection B such that R(R(x) *x) < B, (y * R(y))B =
1y * R(»)lloo B and ||y * R(y) oo = Il 13-

Proof. (1) = (2): Note that

Il % p[13 = @((x % p)(x * »))
= (R (R(Y) * R(x)) ¥ x))
= ¢((R(x) *x)(y * R(»)))
< |RG) # x4y * RO oo
< IxIFly13.

If |lx s yll2 = llx[1llyll2, then @((R(x) * x)(y * R(y))) = [[R(x) * x]|1]|y *
R(y)|loo and ||y * R(})|loc = ||y||§. Let B be the spectral projection of y * R(y)
corresponding to ||y * R(¥)|lco. By [Liu and Wu 2017, Proposition 3.14 and
Corollary 3.16], we have that B is a biprojection.

(2) = (1): It follows by the argument above. d

Proposition 3.6. Suppose G is a unimodular Kac algebra. If there exists a nonzero
positive element x € L'(G) N L1(G) for some t > 1 such that x * x = x, then
1/@(%F(x)) x is a biprojection.

Proof. By assumption, we obtain that ||x|; = 1 and F(x)?> = F(x). By the
Hausdorff—Young inequality [Cooney 2010], we have that | %(x)|lco < [|x]||1 = 1.
Hence %(x) is a contractive idempotent, i.e., F(x) is a projection. We see that
F(x) = F(x)* and x = R(x).
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If > 2, wehave that x € L1 (G) N L?(G). If | <t <2, welete =¢—1, then
[|x]|14e < 00. We show that x € L?(G). Let K(s) =2s/(1 +s). Then K(s) < s
when s > 1 and K" (s) — 1 as n — oo for any s > 1. By Young’s inequality [Liu
et al. 2017], we have that

2 2 2n 2n
el = llx #xll2 < X%y = % Xl <+ < I 3mgay < Ix e < 00

for some 7 large enough. Hence x € L1 (G) N L?(G). Note that ||x * R(x)|, =
|x]l2 = [Ix|l2llx]l1. By Proposition 3.5, we see that there exists a biprojection B
such that R(R(x) * x) < B and (R(x) * x)B = || R(x) * x|lco B. Hence

X = R(x)*x = | R(x) ¥ x]loo B = |[x]3B = §(F(x))B. O
Definition 3.7. Suppose G is a unimodular Kac algebra and there exists a biprojec-
tion B in L!(G). A projection ¢ in L!(G) is said to be a right (left) subshift of the
biprojection B if there exists a right (left) shift Bg of B such that ¢ < Bg.
Proposition 3.8. Suppose G is a unimodular Kac algebra and B is a biprojection
in LY(G) N L*(G). Let q be a projection in L>®°(G). Then

R(g * R(q)) < B if and only if ¢ is a right subshift of B,

and
R(R(q) *q) < B ifand only if q is a left subshift of B.

Proof. Suppose that R(q * R(q)) < B. Let p; = R(B * q). We shall show that p,
is a projection in L!(G). Since

R(B*g=*R(qg)*B) <R(Bx*Bx*B)=B,
by Theorem 3.1, we see that py, R(p; * R(p1)) € L1(G), and

@(p1) =F(p1* R(p1)) < @(B) < cc.

On the other hand, ¢(p1) > ¢(B) by Theorem 3.1. Then we obtain that ¢p(p;) =
@(B). By Theorem 3.1, we have that 1/¢(q) B % g is a projection and p; =

1/o(q) B+q.
Suppose ¢ is a right subshift of B. Let p; be the right subshift of B such that

g < p1- Then g * R(q) < p1 * R(p1) = ¢(B)B. O

Theorem 3.9 (exact inverse sum set theorem). Suppose G is a unimodular Kac
algebra. Let p,q be projections in L'(G) N L®(G). Then the following are
equivalent:

(1) F(p*q)=¢(p):
@) F(px(q*R(@)* ™) xq*V) = o(p) for some m = 0, j € {0, 1}, m+ j >0,
q*© means q vanishes;
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() there exists a biprojection B such that q is a right subshift of B and p =
R(x * B) for some x > 0.

Proof. (1) = (3): By Proposition 3.4, we have that ||p * ¢g|> = || pll2ll¢ll1- By
Proposition 3.5, we see that there is a biprojection B such that R(qg * R(g)) < B
and (R(p) * p)B = ||p||§B Since

¢((p* B)p) = ¢(B(R(p) * p)) = ¢(p)p(B) = ¢(p * B),
we obtain that R(p * B) < p. By Theorem 3.1, we have that R(p * B) = p.

(3) = (2): Let p=%R(x* B). Then R(p * B) = p and hence p x B = ¢(B)p by
Theorem 3.1. Note that

R((q * R(q)*™+) <R(B*m+1)) = B.

By Theorem 3.1, we have
9(p) <F(p* (g * R(@)*"™ xg*))

< F(R(p * (g * R(@)*™ x¢*D) x R(g)*V)

=Y (p*B)=9¢(p),
1.€.,

F(p * (q* R(@)*™ xq* D) = ¢(p).
(2) = (1): By Theorem 3.1, we have that
¢(p) =9 (p* (g% R(@)*™ 5 q* D) = F(pxq) > ¢(p).

Hence $(p * q) = ¢(p). O

4. Extremal pairs of Young’s inequality

In this section, we characterize extremal pairs of Young’s inequality for unimodular
Kac algebras.

Proposition 4.1. Suppose G is a unimodular Kac algebra. Let v, w be partial
isometries in L' (G) N L>(G). Then the following are equivalent:

D) flvswlls = vl llwly for some 1 <t < oo;
@) Nvswlle = lvllllwly forany 1 <1 < o0;
G3) 1/(e(lwD) |v+wlis a projection and |[v+ w = [[v]|1[lw];.

Proof. By Corollary 3.3 and a similar argument of Proposition 3.4, we have the
proposition proved. O

Proposition 4.2. Suppose G is a unimodular Kac algebra. Let v, w be partial
isometries. Then the following are equivalent:
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() JJvxw|, = ||viitl|wls for some 1 <t,r,s <ocosuchthat 1/r+1=1/t+1/s;
Q) [lvkw|r =|viellwls forany 1 <r.t,s <oosuchthat 1/r +1=1/t+1/s.

(3) there exists a biprojection B such that v = (; Byy) * @(l}g) and w = @(l}g) *
(Bf yw), where Bg, By are right shifts of B, B is a left shift of B and yy, yy
are elements such that v, w are nonzero partial isometries.

Proof. (1) = (2): Suppose that ||v* w|, = ||v|:||w|s for some 1 <7, t,5 < oo
such that 1/r +1 =1/t 4+ 1/s. By Young’s inequality in [Liu et al. 2017], we have

[vswlly < lvll-llwl llvxwllr < vllllwllr.

and hence ¢(|v]) = ¢(|w|). By Proposition 4.1, we see that ||vxw]|; = ¢(|v])! /7
for any 1 <7 < oo. Therefore ||v* w|7 = ||v|;|w|s for any 1 <F7,7,5 < oo with
1/Fi+1=1/f+1/s.

(2) = (3): Letr =2. Then | <t,s <2. By Holder’s inequality and the Hausdorff-
Young inequality [Cooney 2010], we obtain that

[vllellwlls = llv* w2

= [F@)F )2 = 1FO e/ IF@ /-1y = lvllellwlls.

Hence forany 1 <, s <2,

(1 1F @ eya—1) = vlle, 1F @ s/s—1) = llwlls,
and
(2) [F@)F)l2 = [F@) /- IF @) s/s—1)-

For (1), by [Liu and Wu 2017, Proposition 3.6], we have that v, w are minimizers
of the Hirschman—Beckner uncertainty principle for unimodular Kac algebras. By
[Liu and Wu 2017, Theorem 3.15], we see that v, w are bishifts of biprojections.
By Lemma 4.4, we have that

2 1/2
lollelwlls = llv s wily < o] wlll,2[1o* w112 < ollllwlls.

For (2), we have that
|F ()| = |F(w)*,

ie, R(F(v))*) = R(F(w)).

By Theorem 3.9, we have that there exists a biprojection B such that |v]| is a left
shift , B of B and |w| is a right shift By of B. By the definition of a bishift of a
biprojection, we have that w = JP(Bg) *(By yw) for some right shift of B. By [Liu
and Wu 2017, Proposition 3.11], R(F(w)) = Bg Hence %((J’(v)) ) = Bg By
[Liu and Wu 2017, Theorem 3.18], we have that v = (, Byy) * JP(Bg).
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(3) = (2): Since v, w are bishifts of the biprojection B, we have that system of
equations (1) are true. By [Liu and Wu 2017, Proposition 3.11], we have

R(F(w) = R(F(v)") = B
Note that ¢(|v]) = ¢(,B) = ¢(By) = ¢(Jw|) and F(v), F(w) are multiples of
partial isometries. We see |%(v)| = |F(w)*| and that
[vswllz = [[vllellwlls
for any 1 <t,s5 < 2 from the argument for “(2) = (3)”. By Proposition 4.1, we
have ||v* wl, = ||v|,||w]|1 for any 1 <r < oco. Therefore (2) is true.
(2) = (1): It is obvious. d
Lemma 4.3. Suppose G is a unimodular Kac algebra. For any a, b in L*(G) N
L>®(G), we define vy p : L?*(G) ® L*(G) — L*(G) given by
Va,b(Ap(X1) ® Agp(x2)) = Ag(axy *bxy)

or any X1, X5 in L*(G) N L®(G). Then v, p is bounded and v, pv* , = aa™* xbb*.
> > a,b

Moreover,

1/2
vablloo = llaa™ % bb* (|32

Proof. For any y € L?(G) N L>®(G), we have that

(Va,p(Ap(X1)®Ap(X2)), Ap(y)) = (Agp(axixbx2), Ay(y))
= p(y*(ax1*bx3))
= (p®@)((1®y*)(R®V)(A(bx2))(ax1 ®1))
= (p®@) (RO (A(bx2))(ax1 ® ™))
= p(R((1®p)(A(bx2)(1® y™))axy)
= (p®¢)((ax; ®bx2) A(y™))
= (p®¢)((x1 ®x2) A(y™)(a®D)).
Note that
(p®9)(A(y*)(aa*®bb*)A(y)) = (p®¢)((aa™®bL*) A(yy™))
= p((yy*)aa™bb")) < [laa™xbb™ |sop(yy™)
< Iy 3lalZ1505:
the last inequality follows from Young’s inequality in [Liu et al. 2017]. Then we
have that
(Ua,b (A(/J(xl) b Acp(xz))» A(D(J’))
= {Ap(x1) ® Ap(x2), (Ap ® Ay) (@™ @ D*)A(»))).
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Therefore
lvasll < llall2llblloe and  v; pAp(y) = (Ap ® Ag)((a™ ®D*)A(y))

whenever y € L2(G) N L®(G).
Now we have to check that vv* = aa™* xbb*. First, write A(y) = Zﬂ V81 ® Yga-
Then

Va,bVg p A (1) = Vap((Ap ® Ap)((a™ ® D) A(y)))

= vap (M@ yg1) ® Ay(b* yp2))
B

= Z Ag((aa™ypy) * (bb* ypy))
B

= Z A(A((aa*yﬁlgo) % (bb* yp29)))
B

= " A(M(aa*yp10) ® (bb* yp2) A))
B

= A(M((aa* x bb*)yp))
= (aa* xbb*) Ay (),

ie., Vg pv; , = aa* xbb*. O

For any element x in a von Neumann algebra, x = wx|x| is the polar decompo-
sition of x.

Lemma 4.4. Suppose G is a unimodular Kac algebra. Let x € L'(G) and y €
L5(G) such that 1 +1/r =1/t +1/s. Then

1/2 1/2
%yl < Nl [ 2 x> 1122

Proof. We assume that x, y are in L!(G) N L>®(G). By Lemma 4.3, we define
Vi )] 1/2,wy ] 172 and V| x|1/2,]y|1/2- Then by Lemma 4.3 again,

* —
Vw e |x]1/2,wy [y |1/2V|x|1/2 |pj1/2 = X H P

Let X = vy, |x|1/2 4, |y|1/2 @0d J = V|y1/2,|,1/2. Then by the polar decomposition,
we obtain that

=] lwg, J=17"wy.
By Lemma 4.3, we have

<2 %2
55 =1 L P = Il ]yl
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By Holder’s inequality, we have
syl = 185 = [1F* wgw}] 57l
< IAx1* DY 2 2r 1AX* 2 * DY 2 ) 2p = x5l 1L 2% ¥ 1122

Forany x in L’(G) and y in L*(G) such that 14+1/r =1/1+1/s, there exists nets
{Xa}o and {yg}g such that x4, yg € LY (G)N L>®(G) are positive and limy xo = |X|,
limg yg = |y| in L'(G) and L*(G) respectively. Therefore we have that

1/2 1/2
% w0l < ] (w1122 1] )L

is true for any x € LY(G), y € L*(G), 1 +1/r =1/t +1/s. O

Proposition 4.5. Suppose G is a unimodular Kac algebra. Let x € L'(G), y €
LY(G) for some 1 <t <oo. If ||x * y|; = |x|l||y|1 for some 1 <t < 2, then for
any 0 <Rz <1,

lwae %" CFD72 5yl sz = w2 qamn 1y

If |x*pll: = xlellyll1 for some 2 <t < oo, then for any 0 < Rz <1,

lws | X["TD72 5 plly 1 —giz) = lwe x50 1]l

Proof. Suppose that ||x||; =1 and || y||; = 1. When 1 <t < 2, we define a complex
function F;(z) given by

F1(2) = o((ws|x [T/ 25 p) x5 p| O 2% ),
|F1(2)] < wselx "D 25yl i % p 172203, sz
< X YFD2)y qmp Ly lie(lx o+ p[HE7RD/2 = 1,

Hence F(z) is a bounded analytic function on 0 < iz < 1. Note that

2
Fi(=1) = o(Ces n)lx 7 wky,) = 1.

Therefore F1(z) =1 on 0 < %z <1 by the maximum modulus theorem.
When 2 < ¢ < 00, we consider the function F,(z) given by

Fa(2) = o((w|x "0/ 2 s y) x5 p AT 2% )

Similarly, we have the proposition proved. O

Proposition 4.6. Suppose G is a unimodular Kac algebra. Let x € L'(G), y €
L*(G) be such that || x* y ||, = ||x||z||y||s for some 1 <r,t,s <oo, wherel/r+1=
1/t + l/s. Thenforany —r+1<Rz=<r—1,

IInyyIS =

prEl=z st T
|l wy|x| Y *wylyl ||r—||waXI [ T o
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Proof. Suppose that ||x||; = ||y|ls = 1. We define a function F(z) on —r + 1 <
Nz <r—1 given by

rdltz
F(Z)=<p((waXI’ 2 *wylyls Dl T wl,,).

|F(z)| < ||wx|x|f’ 2 ey [y
| -

Hence F(z) is a bounded analytic function on —r + 1 <%z <r — 1. Since

r—1
< Jwlx|3 IInyyls 7<p(|x>ky|’) r=

EaESE

2r -
F(T—r — 1) = o((x* p)|xxyI"Twi,,) = e(x* ") =1,

we have that F(z) =1 on —r + 1 <Rz <r — 1 by the maximum modulus theorem.
Therefore we have the proposition proved. O

Proposition 4.7. Suppose G is a unimodular Kac algebra. If there exist positive
elements x € L'(G), y € L5(G) such that |x * y|l, = ||x|l¢]|y|s for some 1 <
rt,s<ooand 1/r+1=1/t+ 1/s, then there exists a biprojection B such that x
is a multiple of left shift of B and y is a multiple of a right shift of B.

Proof. By Proposition 4.6, we have

t/r t/r s/r s/r

X275 5 e = XA s D ¥ e = Iy

By Proposition 4.5, we have that

t/2 t/2 5/2

2
R P B Y [ P R e P N PY B TPR

By Proposition 3.5, we have that there exist projections B, B; such that
R * RO = B, (R #x2)By = |R(:'?) x| oo B1,
and
RO * R(N) < B, (0725 R By = [1°2) % R(y*?) oo B,
and

IR(2) 5 X200 = 1722, 192 % RGP |00 = [13*2]I2.

Then we see that B; = B, (= B). In Proposition 3.5, to obtain that B is a biprojec-
tion, it requires that x/2 € L!(G), but we only have x?/2 € L2(G) here. To see
that B is a biprojection, we focus on

3) R(x"?)xx"? = | R(x"/?) % x'/?| B

Note that B = R(B).
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Let ¢ < B be a projection in L!(G). Then
Ix2130(@) = o (R("?) % x""*) R(g))

= (p(x’/z(x’/2 x¢q)) (by Proposition 2.1)
< 122 lx" g2
= "2 130(0).

Thus x*/2 % ¢ = ¢(¢)x*/2. Then we have that F(x/2)F(q) = ¢(q)F(x'/?). So

@) MF(x'/?) < E,

where FE is the spectral projection of %(g) corresponding to ¢(g).
Recall that g is a projection in L!(G), so ¢ is in L?(G). Thus

L — M 2 arf1/2 2 _ (/]2
¢(q) H ¢(q) Hz Z IREETD, = FET).
Then we have that
®) ¢(B) = sul;{fp(q)} < TG
q=

So x!/2 is in L'(G) N L?(G). By [Liu and Wu 2017, Proposition 3.14], B is a
biprojection.

Note that since ¥(B)¥(F(B)) = 1, we obtain that $(F(x'/2)) < S(F(B)).
Applying Theorem 3.1 to (3), we see that $(x*/2) < ¥(B). Thus

PF( )P (x!?) < S(F(B)S(B) = 1.

By [Liu and Wu 2017, Proposition 3.6 and Theorem 3.15], x/2 is a multiple of
left shift of B. So is x. Similarly, y is a multiple of right shift of B. O

Theorem 4.8. Suppose G is a unimodular Kac algebra. Let x, y be @p-measurable
and nonzero. Then the following are equivalent:

D) |xxpllr = x|l s for some 1 <r,t,s <oo suchthat 1/r +1=1/t+1/s;
Q) Ix*yllr =xlzlyls forany 1 <r,t,s < oo suchthat1/r +1=1/t +1/s;

(3) there exists a biprojection B such that x = (p Bay ) * @(Bg) and y = ?Aﬁ(l?g) *
(Bray), where Bg, By are right shifts of B, y B is a left shift of B and ax,ay
are elements such that x, y are nonzero.

Proof. (1) = (3): By Lemma 4.4, we have that |||x]| % |||l = |x|l:]|¥]ls- By
Proposition 4.7, we have that | x|, | y| are multiples of projections. By Proposition 4.2,
we see (3) is true.

(3) = (2): Itis true from Proposition 4.2.
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(2) = (1): It is obvious. O

5. Extremal operators of the Hausdorff-Young inequality

In this section, we will characterize the extremal operators of the Hausdorff—Young
inequality for unimodular Kac algebras.

Proposition 5.1. Suppose G is a unimodular Kac algebra. Let x € L' (G) for some
1<t <2 If |F)s/@—1) = x|z, then for any complex number z, we have

1F (W x ) T2 1501 —gz) = el X P20 49)-

Proof. We assume that ||x||; = 1,7 =t/(t — 1), and consider the function F(z)
given by
F(2) = @(F(walx|'TD/2) |00 [ OHD 2% ).
Since
|F(2)] < [Fwxlx "2 3 g INF ) D202 40z
< w25 4 IF 1 D2 1z = 1.

we see that F'(z) is a bounded analytic function on 0 < iz < 1. Note that

2 _ /
F(5=1) =@ @F@) Dl ) = 1F@) 15 = 1.
By the maximum modulus theorem, we have that F(z) =1 on 0 <Nz <1 and the
proposition is proved. O

Theorem 5.2. Suppose G is a unimodular Kac algebra. Let x be measurable. Then
the following are equivalent:

M N1FC) e/¢—1) = Ix||¢ for some 1 <t < 2;
@) 1FCHes@—1y = llxls forany 1 <1 < 2;
(3) x is a bishift of a biprojection.
Proof. (1) = (3): By Proposition 5.1, we have that
IF (w7 lla = waelx >4 ]43.

Let y = wy|x|3*/4. Then

1y* * RO 2 = NFOD Pl = 1FW)IZ = 19135
By Theorem 4.8, we have that y is a bishift of a biprojection and so is x.
(3) = (2): It can be checked directly.
(2) = (1): It is obvious. O
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