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1 Introduction

Onsager [32] solved the partition function of the 2D Ising model analytically and found an order-disorder
2

phase transition at the critical temperature 7, = varD) in 1944. This critical temperature was observed
by Kramers and Wannier [16] using their duality.

Subfactor theory provides a framework to study the quantum symmetry (see [6,15]). Jones [13]
introduced graph planar algebras for finite bipartite graphs. The 2D Ising model can be generalized
from Zs to subfactors using graph planar algebras. The partition function can be represented as a planar
diagram D in the graph planar algebra ¢ as shown in Figure 1. For the 2D Ising model, the bipartite
graph is the principal graph of the Zs subfactor, i.e., the Dynkin diagram As.

The crossing >< in the planar diagram D is labelled by a 2-box element B(T, J) in %,, determined by
the temperature T" and the neighborhood interaction J of the lattice model. For the ferromagnetic 2D

Ising model,

B(T,J) = (e’ —e#) ’ ‘+e*ﬁ\/§ x

where 8 = T ! is the inverse temperature.
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Figure 1 From lattice models to graph planar algebras: The vertices, edges and faces in the 2D lattice correspond to
shaded regions, crossings and unshaded regions of D in the graph planar algebra %,

In the limit case, the shaded regions are all connected. So all spins in shaded regions are the same and
the Ising model is ordered. When T' — oo, B(T,J) is dominated by

When T — 0, B(T,J) is dominated by

N

~
In the limit case, the shaded regions are all disconnected. So all spins in shaded regions are independent
and the Ising model is disordered.

The neighbor interaction J involves the Zs symmetry. In planar algebras, that means the 2-box B(T, J)
is a flat element with respect to the connection associated with the Zs subfactors. In general, the flat
elements of a graph planar algebra with respect to a connection form a subfactor planar algebra &, (see
[12,30]). The 2-box space of &, is denoted by 5 1, where the sign + indicates the shading.

People use renormalization groups to study the scaling limit of lattice models (see [26]). The idea is
rescaling the size of the lattice by combining four vertices of a 2D lattice to one vertex. Motivated by
this idea and the square relation in [9], we introduce the block maps By, 0 < A < 1, on %, 1, which
combines four 2-boxes to one.

For any z € &5 4, we define

62 .
B (2) = ———= (@ x z)(T * ™),
@) = @ D @)
1) _
Bpo(z) = ————— (Tx*) * (¥ 1),
) = Tl ey ) * 70)

By = ABem + (1 — \) Bue.

The block maps B have not been studied for cyclic groups. We believe that the asymptotic phenomenon
of block maps will shed light on the scaling limit of lattice models.

We prove that the limit points are multiples of biprojections, a notion introduced by Bisch for subfactors
as a generalization of indicator functions on subgroups (see [2]).

Theorem 1.1 (See Proposition 7.6 and Theorem 7.7).  Suppose P, is an irreducible subfactor planar
algebra. Then for any x € Pax and By on P2 1, 0 < X < 1, the sequence {BY(z)}n>1 converges to 0 or
a positive multiple of a biprojection. Moreover, for a non-zero x, Bx(x) = x if and only if x is a positive
multiple of a biprojection.

From the dynamic system point of view, we consider the set of x € &7, + whose limits are zeros as a
Julia set, and its complement as a Fatou set. We consider Theorem 1.1 as a 2D quantum phase transition.
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Figure 2 The Bisch-Jones diagrammatic representation of the partition associated with a biprojection

Theorem 1.2.  For the Zsy case,

c1(B) x , for 0<B<T 1,
Tim By(B(T. ) = { 0, for B=To", (1)
c2(B) ’ , for B>T L.

Moreover, both ¢1(B) and co(8) are positive.

The asymptotic phenomenon of block maps coincides with that of the 2D Ising model explained above.
It will be interesting to see a relation between the positive scalars ¢1 () and c2(f) and the mass gap. We
also observe that this renormalization procedure approximates Gaussian functions on R™.

In general, a biprojection can be represented by a Bisch-Jones diagram

up to a positive scalar (see [3]). A string in the planar diagram is splitted into a parallel pair of strings
in the Bisch-Jones diagram. The region between the pair is colored by the third shading. Moreover, the
principal graph and the graph planar algebra become refined (see [18,27]).

From this point of view, we can represent the planar diagram D by the Bisch-Jones diagram shown in
Figure 2, when B(T,J) is a biprojection. This defines a different limit case of the lattice model, which is
partially ordered and partially disordered.

The proof of Theorem 1.1 requires a further development of the Fourier analysis for subfactors. The
authors have studied uncertainty principles for subfactors recently in [9] and proved Young’s inequality
and the Hausdorff-Young inequality there. We also introduced bi-shifts of biprojections to characterize the
extremizers of various uncertainty principles. For the group case, bi-shifts of biprojections are translations
of subcharacters.

In this paper, we characterize the extremal pairs of Young’s inequality and extremal operators of the
Hausdorff-Young inequality on &5 1. We have not found such characterizations on non-commutative
algebras in any literature, even for the representations of a finite group.

Theorem 1.3 (See Theorem 5.11).  Suppose & is an irreducible subfactor planar algebra. Let x and y
be nonzero in P 1. Then the following are equivalent:

(1) lz*yllr = tlzllllylls for some 1 <rt,s < oo such that L +1=1+1;

(2) llz*yllr = $lzllellylls for any 1 < r,t,s < oo such that T +1= 1+ 1;

(3) both x and y are bi-shifts of biprojections, and R((§~(z))*) = R(F 1 (v));

(4) there exists a biprojection B in P4 1 such that © = (ay 1, B) *S(Eg) and y = S(Eg) * (ayBy), where
B, and By are right shifts of B, nB is a left shift of B and a, and ay are elements in Yo 1 such that x
and y are nonzero.

Theorem 1.4 (See Theorem 6.3).  Suppose & is an irreducible subfactor planar algebra. Let x be
nonzero in P 1. Then the following statements are equivalent:
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2
W) 8@« = (1], for some 1<t <2;
2_

(2) I8@)l £, = ()7 Mzl for any 1 <t <2

(3) = is a bi-shift of a biprojection.

Our proof of the characterization of the extremal pairs in this non-commutative (and non-
cocommutative) setting involves the characterizations of extremizers of uncertainty principles and sum
set estimates. This is different from previous proofs on commutative algebras, where the corresponding
results on Young’s inequality, uncertainty principles, and sum set estimates were obtained independently.

The sum set estimate is a new ingredient in subfactor theory from additive combinatorics (see [35]).
We prove the sum set estimate and the exact inverse sum set theorem for subfactors:

Theorem 1.5 (See Theorems 4.1, 4.12, Propositions 4.7 and 5.1).  Suppose & is an irreducible sub-
factor planar algebra. Let p and q be projections in P2 +. Then

max{tra(p), tr2(¢)} < S(p* q) < tr2(p)tr2(q), (1.2)

where S(z) = tra(R(x)) and R(zx) is the range projection of x in Pa 1. Moreover, the following state-
ments are equivalent:

(1) S(p*q) = tra(p);

(2) %p * ¢ 18 a projection;

(3) S(p* (q+q)*"™ x¢*W)) = tro(p), for some m >0, j € {0,1}, m+j > 0, where ¢**) = ey, which e;
the Jones projection;

(4) S(p+ (g 49)*™ £ D)) = tro(p), for any m >0, j € {0,1}, m+] > 0;

(5) there exists a biprojection B in P+ such that q is a right subshift of B and p = R(x * B) for
some x > 0;

(6) lp*alle = 5lIpllellally for some 1 <t < oo;

(7) llp * alle = 5llpllellally for any 1 <t < oo

(8) By < Bs, where By is the biprojection generated by q *q and By is the spectral projection of p* p
tra(p)
5

corresponding to

The sum set estimate (1.2) is obvious on the set of group elements, but it is non-trivial for subfactors,
even for the representations of a finite group (see Corollary 8.2). One obtains interesting results while
applying these general results on subfactors to particular examples (see Section 8 for a short discussion).

The paper is organized as follows. In Section 2, we recall some notation for subfactors and related
results on its Fourier analysis. In Section 3, we study the convolution equation a *b = a and characterize
its solutions. In Section 4, we prove a sum set estimate and the exact inverse sum set theorem for
subfactors. In Section 5, we characterize the extremal pairs of Young’s inequality for subfactor. In
Section 6, we characterize the extremal operators of the Hausdorff-Young inequality for subfactors. In
Section 7, we introduce the block maps for subfactors and study their dynamic systems. In Section 8, we
discuss the difference between Fourier analysis on subfactors and commutative algebras. We summarize
the characterizations of bi-shifts of biprojections in Theorem 8.3.

2 Preliminaries

2.1 Subfactors and the dual pair of C*-algebras

Jones [11] classified the Jones index §? of a subfactor. It generalizes the order of a group and can be
non-integers. Each subfactor defines a pair of finite-dimensional C*-algebras which generalize a finite
group and its dual, namely the representation category of the group. This pair are related by the Fourier
transform which was introduced by Ocneanu [30] for subfactors.

Given a finite index type II; subfactor N' C M, one obtains an ' — N bimodule L?*(M). The
bimodule maps homp_x(L?(M)) form a C*-algebra. On the other hand, the multiplication on M
defines a bounded A" — N bimodule map ~ from the Connes fusion L?(M) @, L*(M) to L?(M). The
associativity of the multiplication on M tells that v is a Frobenius algebra in the A’'—N bimodule category.
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For z,y € homy_p(L?(M)), their convolution is defined as v(z ® y)y*. Then homp_r(L?(M)) forms
another C*-algebra, where the involution is defined by the modular conjugation in Tomita-Takesaki
theory. The identity map on the space homp _a(L*(M)) from one C*-algebra to the other plays the
role of the Fourier transform. The projection from L?(M) to L?(N) is a bimodule map, called the
Jones projection. The Fourier transform switches the identity and the Jones projection in the pair of C'*
algebras. Furthermore, both C*-algebras are equipped with a Markov trace which can be defined as the
pull back of the delta function on the Jones projection by the Fourier transform.

In the algebraic framework, this can also be formalized by a Frobenius algebra «y in a rigid C*-tensor
category in the same way (see [28]). Then the target space homps_r(L?(M)) becomes hom(v, 7).

When M =N x G, for an outer action of a finite group G,

homy—x(L*(M)) = L2(G).

The Jones index of N' C M is the order of the group G. The convolution coincides with the usual
convolution on L?(G). The Markov trace is defined by the discrete measure on G. The C*-algebra
defined by the convolution is the group algebra acting on the left regular representation of G. The
Markov trace is defined by the trace of the matrix.

In general, this pair of C*-algebras are captured by the 2-box space of the planar algebra & =
{P,+ }n>0 of the subfactor (see [12]), where the reader can find the definition and examples.

Notation 2.1. In this paper, the $ signs are always on the left-hand side of discs of planar tangles.
We omit the output disc and the $ signs.

In the planar algebra framework, the space homps_x(L?(M)) is the 2-box space P . Its element z
is represented by a shaded diagram with four boundary points:

The identity is represented by

The multiplication xy is represented by

B

For the group case, dx * y is the convolution of functions in L?(G). The Markov trace tra(z) is

represented by
=] )

The adjoint operation is represented by a vertical reflection.

<

8

The coproduct z * y is represented by

The elements in &, _ are represented diagrams with the opposite shading. The string Fourier transform
(SFT) § from &2, + onto P, + is the clockwise 1-string rotation, or a 90° rotation geometrically. For
any x,y in P 1+, we have (F(x))* = F~1(x*), and

S(zy) = S(z) = 3(y)-

We denote by 7 := §2(z) the contragredient of x.
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An advantage of planar algebras is that we can study this pair of C*-algebras in a bigger space &, +
with compatible topological properties. The tensor product x ® y is represented by

alo

We will ignore the alternating shading to simplify the pictures in the rest of the paper.
2.2 Previous results

We briefly recall some notation and results in [2,9,19]. Suppose & = {Z,, 1 }n>0 is a subfactor planar
algebra. For any x € 5 1, we denote by w;|z| the polar decomposition of =, R(x) the range projection
of z, and §(x) = tra(R(z)). We say z ~ gy if R(z) = R(y) and z <y if R(z) < R(y).

A projection B in &, 4 is called a biprojection if §F(B) is a multiple of a projection (see [2]). It
generalizes the indicator function on subgroups of a finite group.

A biprojection B generated by an element = in &5 1 is the smallest biprojection satisfying BzB = x
(see [19]), where the existence of the smallest one is proved.

Notation 2.2. For a positive operator z in %, 1, we define By(z) to be the biprojection generated
T *T.

We introduced bi-shifts of biprojections in [9] to generalize the translations of subcharacters on finite
abelian groups. A projection p in & 1 is called a left (or right) shift of a biprojection B, if tra(p) = tra(B)
and px B = %p (or Bxp = %p). Let B be the range projection of F(B) in P.«=. A nonzero
element x in % 4 is a bi-shift of the biprojection B if there exist a right shift B, of B and a right
shift By, of B and an element y in P5 + such that x = S(Bh) * (yBg). That means the range projections
of x and §(z) are shifts of B and B, respectively. The uniqueness of such an element for given range
projections is proved by the Hardy uncertainty principle (see [9]).

Theorem 2.3 (Schur product theorem).  Suppose that & is a subfactor planar algebra and a,b € P 1
are positive. Then axb > 0.

Proof.  This is [19, Theorem 4.1]. O

Lemma 2.4. Suppose & is a subfactor planar algebra. Let a,b and c be in &5 . Then

tra((a x b)) = tra((bx c)a) =t
_ . _

Proof.  This is [19, Lemma 4.6] and [9, Lemma 3.4]. O
Lemma 2.5. Suppose & is a subfactor planar algebra. Let x and y be in P 1. Then
Rz xy) < R(R(x) * R(y))-

Proof.  This is [9, Lemma 3.5]. O

Proposition 2.6 (Holder’s inequality).  Suppose & is a subfactor planar algebra. Let a,b and ¢ be
in Pa . Then
[tra(ab)| < [lal,[bllg,

where 1 < p < oo, % + % = 1. Moreover, |tra(z*y)| = ||z||pllyllq if and only if
="yl
e 2 A

for some unitary element u and some complex number \ with |A\| = 1.

Proof.  The proof can be found in [38] (see also [9, Propositions 4.3 and 4.5]). O
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Lemma 2.7.  Suppose & is a subfactor planar algebra and a,b,c,d € Py 1 are positive. If a < c and
b=d, thena*xb=<cx*d.

Proof.  This is [19, Lemma 4.8]. O
Corollary 2.8.  Suppose & is a subfactor planar algebra and v € P51 is positive. Then By(z) =
Bi(R(x)).

Proposition 2.9 (Hausdorff-Young inequality).  Suppose & is an irreducible subfactor planar algebra.
Let x be in Py 4. Then

1\ F
Il < (3)  lel
where 2 <t < 0o and%—&—%:l.
Proof.  This is [9, Theorem 4.8]. O

Proposition 2.10 (Young’s inequality).  Suppose & is an irreducible subfactor planar algebra. Let x
and y be in Po 1. Then

1
lz*yllr < Slzlellylls,

wherelgt,s,rgoo}%Jrl:%Jr%.

Proof.  This is [9, Theorem 4.13]. O

Proposition 2.11.  Suppose & is an irreducible subfactor planar algebra and v € Py y. If F~'(x)
is extremal, then xB is an extremal bi-partial isometry, where B is the spectral projection of |x| with
spectrum || z|| oo -

Proof.  This is [9, Corollary 6.12]. O
Notation 2.12.  Suppose z is a positive operator in & 1. Then F(T * x) > 0 and

(13

]

[Z# 2]l = 3@ * 2)|l1 =

o o

llzl

We denote by Ba(z) the spectrum projection of Z * x with spectrum =2. By Proposition 2.11, B is a

biprojection.

3 Convolution equations

In this section, we study the convolution equation a * b = a for a,b € Y5 1, where & is a subfactor
planar algebra. We begin with an idempotent theorem for subfactor planar algebras.

Proposition 3.1.  Suppose &7 is a subfactor planar algebra. Let x € P54 be positive such that

tro(z) = 6. Then the Cesdaro mean

1
Tn n Z z
k=1

converges to an element a in P51+ such that a * a = a, where

*(k)

—

k
Proof. By Proposition 2.10 (Young’s inequality), we have that ||z,||1 < . Hence {z,},>1 is a compact
set. Let a be an accumulation point for {x,},>1. Choosing a sequence (ng)g>o such that z,, — a in

|| - [|1-topology, we get for any € > 0, there exist ko and N such that ny > N > %, k> ko, ||xn, —all1 <,
[+ a—ally < [lzszn, —zn, v+ |25 (@ — 20, )1 + [l2n, —ally

1
|z — 2™ FD)) e e

< =
N
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< 2(0+ 1)e.

We have x * a = a. Similarly, a x x = a. Moreover z, * a = a * ¥, = a for any n. If a’ is another
accumulation point, we have a’ * a = a * a’ = a. Symmetrically, a *xa’ = a’ xa = a/. Therefore a = a’ and
a*xa=a. O

Proposition 3.2.  Suppose & is an irreducible subfactor planar algebra. Let a € P 1 be a nonzero
positive element such that a x a = a. Then Té(a))a is a biprojection.

Proof.  Since tra(a * a) = tra(a), we have tra(a) = §. By Proposition 2.9 (Hausdorff-Young inequality),
we have that

150 < Jall 5.

)
Taking the SFT, we obtain that F(a)? = §(a). Hence F(a) is a contractive idempotent, i.e., F(a) is a
projection. By Proposition 2.11, we obtain that F(a) is a biprojection and so is ma. O

Remark 3.3.  Proposition 3.2 is a consequence of [19, Theorem 4.21].

Combining the proofs of Propositions 3.1 and 3.2 above, we have a slightly general version. Recall that
an element x in P 4 is extremal if |F(2)] o0 = 31

Theorem 3.4. Suppose & is an irreducible subfactor planar algebra. Let x € P54 be such that
lz]l1 < 6. Then

1 n
Tn = ﬁ ;x*(k)

converges to 0 or a bi-shift w of a biprojection B in Ps 1 such that F(w) is a right shift of B.
Definition 3.5. Suppose & is an irreducible subfactor planar algebra and p is a projection in & .
We say a positive operator = in &, 1 is (left- or) right-absorbed by p if (z*xp ~ p or) p*x ~ p.
Proposition 3.6.  For a projection p in P 4, there is a mazimal projection B right-absorbed by p.

Moreover, B is a biprojection.

Proof.  Note that the Jones projection is right-absorbed by any projection p. If a and b are right-
absorbed by a projection p, then a * b is right-absorbed by p. Therefore there is a maximal projec-
tion B right-absorbed by p. Moreover, we have that B * B ~ B; thus B is a biprojection by [19,
Theorem 4.12]. O

Definition 3.7.  We call the biprojection B in Proposition 3.6 the right absorbing support (RAS) of p.
Similarly, we define the left absorbing support (LAS) of p.

Proposition 3.8.  Suppose & is an irreducible subfactor planar algebra. Let a,b € P 1 be nonzero

positive elements such that a xb = %a, and tro(b) # 0. Then a*b = tr"‘éﬁa, and
tro(zb
ax* (xb) = ax (bx) = rggx )a

foranyx € Py 4.
Proof.  Since a x b = a, we have tra(b) = ¢. Take
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and

To prove z = y, we show that
tro((z —y)"(z —y)) = 0. (3.1)
Expanding the left-hand side, we have that

| |
a | L~
| ¢ “ 5] A
B% ‘ U | a g%
52 | | ‘ a || 32
L [ef#] [ ] T
a 0 |

| |

= (I) — (II) — (IT1) + (IV).

Now we have that

tra(b)
1)

(I) = tra(a?) = tro(a?)

and
(II) = tra((a * b)a).

By Lemma 2.4, we have
tra((a * b)a) = tra((a * b)a) = try(a?).

Note that (I11) = (II) and (IV) = tra(a?). Hence (3.1) is true. Moreover, we have

| |

Adding caps to the middle bottom of the diagram above, we obtain that
a=axb.

Hence by the argument above again for a x b = a, we have
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Multiplying by x on the bottom of b and taking a cap to the middle of the bottom, we get that
atro(xb) = a * (zb).

Similarly, by using (3.2), we have that
atra(zb) = a * (bx).

Therefore,

x (xb) = a* (bx) = trggxb)

This completes the proof. O

a.

Remark 3.9. The proof here can give an alternative proof of Proposition 3.2.
Remark 3.10. In Proposition 3.8, a can be any element in &5 4 such that try(a) # 0.

Proposition 3.11.  Suppose & is an irreducible subfactor planar algebra. Let B be a biprojection
in Por. Then {a € Py 4 |ax (trQ(B) B) =a} =2 is a C*-algebra.

Remark 3.12. If we consider the biprojection B as a Bisch-Jones diagram (see [3], up to a scalar),

U
A

then one can represent a as a Bisch-Jones diagram of the following form:

B

We see that all such a’s form a C*-algebra. Here, we give an algebraic proof, which may be useful for
the general case.

Proof.  Let a,b € 5 4+ be such that

o (wm®) == () =
o (tfsz)B> = (atb) (tfz ) > (tfzczB) B) =

for any A\ € C.
Now we show that (ab) * (tr ) B) = ab. Since a * (=2 )

)

Then

Let B be the range projection of §~'(B). Then R(F *(a)*) < B. Similarly, R(F1(b)*)
Lemma 2.5, we have that

VA
&
oy

<

On the other hand,

We see that

i.e.

This completes the proof. O
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4 The exact inverse sum set theorem

In this section, we prove a sum set estimate and the exact inverse sum set theorem for subfactor planar
algebras. First, let us recall the results on finite abelian groups which have been well studied in additive
combinatorics (see [35]).

Let A and B be additive sets with common ambient finite additive group G. A fundamental problem
in additive combinatorics is the inverse sum set problem: if A+ B or A — B is small, what can one say
about A and B? The sum set estimates are given by

max{|A], |B[} < |A+ B, |A - B| < |A]|B, (4.1)

where |A] is the cardinality of A. The exact inverse sum set theorem (see [35]) says that the following
statements are equivalent:

(1) [A+ B| = |A];

(2) |[A— B| = |A];

(3) |JA —nB — mB| = |A| for at least one pair of integers (n,m) # (0, 0);

(4) |A—nB —mB| = |A| for all integers n and m;

(5) there exists a finite subgroup H of G such that B is contained in a coset of H, and A is a union of
cosets of H.

The sum set estimate is obvious in the group case, since the convolution with a group element preserves
the cardinality of the set. However, it is non-trivial on subfactor planar algebras. In subfactor planar
algebras, a 2-box projection is a group element if and only if it has trace one. Usually the trace of a
minimal projection is greater than 1. The original proof in additive combinatorics does not apply to
subfactors. We give a new proof of these results using Young’s inequalities and uncertainty principles.
We apply these results to characterize the extremal pairs of Young’s inequalities in Section 5.

Theorem 4.1 (Sum set estimate).  Suppose & is an irreducible subfactor planar algebra. Let p and q
be projections in Ps +. Then

max{trs(p),tra(q)} < S(p * q).
Moreover, S(p * q) = tra(q) if and only if %p * ¢ 15 a projection.
Proof.  From Proposition 2.6 (Hélder’s inequality), we obtain

lp* qlly < [[R(p* @) l2llp * qll2-
Note that

tr tr
Ip * qlly = tra(p*q) = M’
IR(p* @)lI3 = S(p*q)-

By Proposition 2.10 (Young’s inequality), we have

tra(p)tra(q)t/?
) )
Combining them, we obtain
tra(p)t tra(p)tra(q)'/?
r2(p)6r2(Q) < S(p*q)1/2 r2(p) 22(61) 7

ie., S(p*q) > tra(q). Since S(pxq) = S(pxq) = S(7* D), we see that

max{tra(p), tra(¢)} < S(p*q).

If S(pxq) = tra(q), we then have the equalities in the inequalities above. Thus we have pxq = AR (p*q)

/
and ||p x gy = S2@ta@

tr
pxq= #R(p*tﬂ
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It %p % ¢ is a projection, then

S(p*q) = tra(p * q)L = tra(q).

tra(p)

This completes the proof. O
Corollary 4.2.  Suppose & is an irreducible subfactor planar algebra. Let p and q be projections in
P+ such that tra(p) + tra(q) > 62. Then R(p*q) = R(p*7q) = 1.

Proof.  We assume that R(p * q) # 1. Then there is a projection p; such that (p *x ¢)p1 = 0. By
Lemma 2.4, we have that tro((p1 * p)g) = 0. This implies that (p1 * p)g = 0, i.e., R(p1 * p)g = 0. Hence
82 < tra(p) +tra(q) < S(P1*p) +tra(q) < 6. This leads to a contradiction. Therefore R(p*q) = 1. The
equation R(p *q) = 1 can be obtained similarly. O

Corollary 4.3.  Suppose that &2 is an irreducible subfactor planar algebra. Let v and w be partial
isometries in Po .+ such that ||vx w1 = ||v]1]|w|1. Then

max{tra(|v]), tra(Jw])} < S(v * w).

Moreover, S(v * w) = tra(|w]) if and only if mv *xw s a partial isometry.

Proof.  The proof is similar to the one of Theorem 4.1. O
Remark 4.4. Without the assumption |jv * w||; = |v|[1]|w|/1, one can find a counterexample in
the Zy case.

Corollary 4.5. Suppose & is an irreducible subfactor planar algebra. Let v be a partial isometry
in Poy such that S(v *v*) = tra2(|v]) and ||v *xv*||; = %H’UH% Then v is a bi-shift of a biprojection.

Proof. By Corollary 4.3, we have that —%—~v % v*(= z) is a partial isometry and try(|z|) = tra(|v]).

tra([v])
Note that 5

~ tra(|ul)
thus F(z) is extremal. By Proposition 2.11, z is an extremal bi-partial isometry. By [9, Main theorem 2],

S(F(2))S(x) = 8.

() [§(v)* > 05

Note that
S@(2) = S@ (), S(x)=S(v),
so S(F(v))S(v) = 6%. By [9, Main theorem 2], v is a bi-shift of a biprojection. O

Corollary 4.6. Suppose & is an irreducible subfactor planar algebra. Let x € P 1 be positive. If

TxT = %B for some biprojection B in &, then x is a multiple of a left shift of B.

Proof.  Note that S(F(x)) = S(F(B)). By Theorem 4.1, we have that
S(z) < S(T * ) = tra(B).

Hence
S(§(x))S(x) < S(F(B))tr2(B) = 6.
By [9, Main theorems 1 and 2 and Theorem 6.13], we have that x is a left shift of B. O

Proposition 4.7.  Suppose & is a subfactor planar algebra. Letp and q be projections in &5 . Then

S(p*q) < tra(p)tr2(q).

Proof.  Let v be
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Then vv* = p x ¢ and

p q
N
R BV
p q
Note that R(v*v) < p® q. Hence S(p * q) < tra(p)tra(q). O

Remark 4.8. Letp=>, p, and ¢ = Zj g, where py and g; are projections. Then

S(p*q) =S(<§k:pk> * (Z%)) <S(;pk*%’)

J
<) Sk q5) <D tra(pr)tra(gs) = tra(p)tra(q).
k,j k.j
Furthermore, if S(p * q) = tra(p)tra(q), then S(py * g;) = tra(pr)tra(g;).

Definition 4.9.  Suppose & is an irreducible subfactor planar algebra. Let B be a biprojection in & 4.
A projection ¢ in 5 4 is said to be a right (left) subshift of the biprojection B if there exists a right
(left) shift B, of B such that ¢ < By.

Proposition 4.10.  Suppose & is an irreducible subfactor planar algebra. Let B be a biprojection
in Pa+ and q a projection in Po 1. Then

R(g+q) < B if and only if q is a right subshift of B,

and
R(@*q) < B if and only if q is a left subshift of B.

Proof.  Suppose that R(q*q) < B. Let p; = R(B *q). Then g < p1. We show that p; is a right shift
of B. Note that

pr*pr~Bxgq«Bxq=Bxqxqx B~ B.

We then have S(py * pr) = tra(B). By Theorem 4.1, we have

tra2(B) < tra2(p1) < S(p1 *pr) = tr2(B).

Therefore try(p;) = tra(B). By Theorem 4.1 again, we obtain —2— Bxq is a projection and p; =

tra(q)
Now B *p; = %pl and p; is a right shift of B.

Suppose ¢ is a right subshift of B. Let p; be the right subshift of B such that ¢ < p;. Then by [9,
Theorem 6.11], we have

Bxq.

é
tra(q)

ie, R(g*q) < B. O
Corollary 4.11.  Suppose & is an irreducible subfactor planar algebra. Let p be a projection and B
be a biprojection in Po 1. Then R(p=* B) is a left shift of B if and only if R(p*p) < B and R(B xp) is
a right shift of B if and only if R(p%p) < B.

Recall that for projections p and ¢ in P, 1, B1(q) is the biprojection generated by ¢ * § and Ba(p) is
the spectral projection of P * p corresponding to %.
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Theorem 4.12.  Suppose & is an irreducible subfactor planar algebra. Let p and q be projections
in Po 4. Then the following statements are equivalent:

(1) S(p*q) = tra(p);

(2) S(p* (¢ *q)*™ % ¢*)) = try(p), for some m >0, j € {0,1}, m + j > 0, where ¢*(0) = ey;

(3) S(p* (¢ *q)*™ % ¢*0)) = try(p), for any m >0, j € {0,1}, m+ j > 0, where ¢*©) = ey;

(4) there exists a biprojection B in P+ such that q is a right subshift of B and p = R(x % B) for
some x > 0;

(5) Bi(p) < Ba(q)-
Proof. (1) = (4). By Theorem 4.1, we have that %p * ¢ = pp is a projection. Since

tra2((p1 * @)p) = tr2((p * q)p1)

_ ) 0, g,

by Proposition 2.6, we have that R(p; *q) < p. Applying Theorem 4.1, we have that

tra(p) = S(p1 *q) = tra(p1) = tra(p)

and hence
L *q = i.e * (62 *) =
trg(q)pl q=p, 1e, p trQ(q)2q q p-.
Take B = Bi(g). Then by Proposition 3.6, we have p * ﬁB = p. Hence ¢ is a right subshift of B
and p = R(p * B).
(4) = (3). Let p=R(x * B). Then
o
tI‘g(B)

D * B =p.

Note that
R((g*q)*™)) < R(B*"™H)) = B.

gm+i .
* ((q x Q)m“> =p.

tra(q)™m I

Then by Proposition 3.8,

Hence,
R(R(px (q+9)""™ + ¢) xg*0)) = p.

By Theorem 4.1 again, we obtain

(p* (q+7)*"™ x g*)
(R(p* (¢ *q)*(m) " q*(j)) % g*(j)) = try(p),

tra(p) < S
<S
ie.,
Sp(qx9)""™ x q"V)) = tra(p).
(3) = (2). It is obvious.
(2) = (1). By Theorem 4.1, we have that

tra(p) = S(p* (¢ 7)™ % ") > S(p*q) > tra(p).

Hence S(p * q) = tra(p).
(4) & (5). By Proposition 4.10, we have that By(¢) < B if and only if ¢ is a right subshift of B. By
Corollary 4.11, we have that B < By(p) if and only if p is R(x * B) for some x > 0. O

We give sufficient conditions to attain the upper bound of the sum set estimate attained in Proposi-
tion 4.7. It will be interesting to have a necessary and sufficient description.
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Proposition 4.13.  Suppose & is a subfactor planar algebra. Let p and q be projections in P 4. For
the following statements:

(1) (p*p)(gq) = T2Bli@,,
(2) 0p * q is a projection,
(3) S(p * q) = tra(p)tra(q),

we have (1) & (2) = (3).

Proof. (1) = (2). We show that

/
N 0
pllal 11T

RN

To see this we take the square of the left-hand side of the equation above first. Expanding the square,
we have

| L[]

G LN N
puq_5m+5pq (4.2)
~ p || T

P T

Now the trace of (4.2) is

tra(p* 0)(p + 0)) — Stxa(p+ ) + sgtra(p)ts(a).

By Lemma 2.4, we have that

tra((p* @) (p * q)) = tra((q * 7 * p)p) = tra((P * p)(q * 7))

_ tra(p)tra(q) _ tra(p * q)
02 5

Hence the trace of (4.2) is 0, i.e.,

| =

N
M B

v || RN

RN

By adding a cap to the middle of the top and the bottom, respectively, we have that (p * q)? = %p % q,
i.e., 0p x ¢ is a projection.
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(2) = (1). Since 0p * ¢ is a projection, we have that

tra((p*p)(q * 7)) = tra((p* @) (p* q)) = m(]i);*@.

Reformulating it, we obtain that

trs ((p*p - tr2§(p)el> (q *q — trzé(q)el)) = 0.

Note that pxp > tra(p) >0and gxq > tra(q) > 0. Therefore,

B B
_ tra2(p) _ tra(g)
<p*p661)<q*q 5 e1>0,
(e pa=g) = 20020,

(2) = (3). Since dp * q is a projection, R(p * q) = dp * ¢ and S(p * q) = dtra(p * q) = tra(p)tra(q). O

Remark 4.14. In Proposition 4.13, (3) usually does not implies (2). For example, for the 3-permutation
group S3 = {e, (12), (13), (23), (123), (132)}. We consider the group subfactor planar algebra 9. Sup-
pose that 3225 % is the group algebra. Denote by L, the left multiplication operator. Let

1 1 1 1
eL=g ;LQ’ P1:§(1+L(23))*61, p2:§(1+L(13))*617 p3:§(1+L(12))*61,
g 3

and g = %(1 + L(123) + L(132)) — €1. Then tra(e1) = 1,tra(q;) = 2,5 = 1,2,3,trz(¢q) = 1, and

2 1 1 /3
S =D, ik pi = —=e] + —=D, kD= —=| = —p; —p; —e1 ).
Pj =Dy DPj *Pj \/6 1 \/ép] Di * Py \/6(2 p Dj 1>
We have that S(p; * pj) = 4 = tra(p;)tra(p;), but

tra(p; )tra(p; 1
(pi * pi)(pj * pj) = wﬁ + gpipj-

5 Extremal pairs of Young’s inequality

Young [39] initiated the study of Young’s inequality on R™ in 1912. Beckner [1] proved the sharp
Young’s inequality for convolution on R™ and showed that the extremal pairs are Gaussian functions. On
unimodular locally compact groups, Fournier characterized the extremal pairs of Young’s inequality in
terms of translations of subcharacters subject to a constraint (see [7]).

In this section we characterize extremal pairs for Young’s inequality for subfactors in terms of bi-shifts
of biprojections. We begin with the case that the pair of operators are projections.

Proposition 5.1.  Suppose & is an irreducible subfactor planar algebra. Let p and q be projections
in Py . Then the following statements are equivalent:

(1) lp* alle = 5lipllellally for some 1 <t < oc;

(2) lp*alle = 5llpllellall for any 1 <t < oo

(3) S(p*q) = tra(p).
Proof. (1) = (3). Suppose that [[pxq|l: = §|p||¢|lg|/1 for some 1 < ¢ < co. Note that [[p*q|ec < $tra(q).
By the spectral decomposition, we have

6 m
TP Xg=prE ) AiDys
tr5(q) ' ;2 7
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where {p;} is an orthogonal family of projections and 0 < A\; < 1 are distinct and m > 1 is a fixed integer.
By assumption, we have that

tra(p1) + Z Ajtra(p;) = tra(p)-

=2

Note that [|p g1 = [lp[l1/lqll1, i-e.,

tra(p1) + Z Ajtra(p;) = tra(p).

=2

We obtain that tra(pr) = tra(p) and A; =0 for j > 2, ie., S(p* ¢) = tra(p1) = tra(p).
(3) = (2). Suppose that S(p * ¢) = tra(p). By Theorem 4.1, we have that %p * ¢ is a projection.

r2(q)
Hence for any 1 <t < oo,

5
* = ||——p * = [|R(p *
il = |5 =IRG 0l
=S(px )" = tra(p)"/* = |pll,
Le., [lp* gl = §lplllall:-
(2) = (1). It is obvious. O

Remark 5.2. For the case that r = oo in Young’s inequality, we have the following results. For any x
in ¥, 1, we have that

1 . _ 1 _ 1
stra(@0") < o+ Tl < llallolFl = 313,

since || % 7|00 = ||(z * 2%)e1]|oc = Ftra(zz*). Hence ||z % 2% o = $[z||3 is true for any z in P 4.

In general, if [|p * qlloc = $|[plle|lq|ls for projections p,q € P24, 1 + 1 =1, t,s > 1, then we have
P*¥Pp=(q*gq.
Proposition 5.3.  Suppose & is an irreducible subfactor planar algebra. Let p and q be projections in
P +. Then the following statements are equivalent:

(L) Ip*allr = Hpliliglls Jor some 1 < rt,s < oo such that ++1 =1+ 1,

(@) o *all- = Lpllellglle for any 1 <r.t,s < oo such that 2+ 1 =1+ 1,

(3) there exists a biprojection B in Py such that p is a left shift of B and q is a right shift of B.
Proof. (1) = (3). By Proposition 2.10 (Young’s inequality), we have that

1 1
lp*qllr < nglllHqIIT, lp*qllr < ngllrlquIL

Hence tra(q) iTr < trg(p)l_% and trg(p)%_% < trg(q)l_%, i.e., tra(p) = tra(q). Now ||pxq|,. = %trz(p)l‘*‘%.
By Proposition 5.1, we have that S(p * ¢) = tra(p). By Theorem 4.12, there exists a biprojection B such
that p = R(z x B) for some x > 0 and ¢ is a right subshift of B. Since tra(p) = tra(gq), we obtain that p
is a left shift of B and ¢ is a right shift of B.

(3) = (2). By Corollary 4.11 and Theorem 4.1, we have that ¢ g = %B. Hence,

tra(p) < S(p*q) < S(R(p*q) *q) = S(p*q*q) = tra(p).

By Theorem 4.1 again, we see that %p* q is a projection and ||p * ¢l|, = %||p||t||q||s for any 1 < r,t,s
< oo.
(2) = (1). It is obvious. O

Next we consider partial isometries.

Proposition 5.4. Suppose & is an irreducible subfactor planar algebra. Let v and w are partial
isometries in P 1. Then the following statements are equivalent:

(1) [l wlle = 5llvllellwlly for some 1 <t < oo;

(2) o wlle = Hollllewl for any 1< ¢ < oo;

(3) mh} xw| is a projection and |[v*w|y = %|v|[1[w]:.
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Proof.  The proof is similar to that of Proposition 5.1. O

Lemma 5.5. Suppose & is a subfactor planar algebra. Let x and y be in Py 1. Then for any
1<r <o,
5 ylly < Ml gl 2 ™ Ly ™11

Moreover, if ||z xyll, = $||lz|le/|ylls for some 1 <t,s <ooand L4+1=1+1 then

[zl [ylllr = ™| = |y*[ll» = %leltHylls-
Proof.  Let
N
= |af? lz |,
T
and
L]
= |wgla]? | [w,ly?

]

By Proposition 2.6 (Holder’s inequality), we have that

2%yl = G2l < NEll2r[Fll2r = ] * I 2] * ]2,
If |z * yll, = 5llzll]yls, then
1201 o s 11/2 L
= yllr < 2l [yl ™| ly™] ]l < g||33||t||y||s
implies that |||+ [ylll. = [[|lz*] * [y*[ll. = 5 z[lellylls- [

Proposition 5.6.  Suppose & is an irreducible subfactor planar algebra. Let v and w be partial isome-
tries. Then the following statements are equivalent:
(1) [lvxwlly = $llvllllwlls for some 1 < r,t,s < oo such that 1 +1 =1+
(2) [lv*wll, = $l|vllllwlls for any 1 < r,t,s < oo such that + +1 =1+
(3) both v and w are bi-shifts of biprojections, and R((F~1(v))*) = R(F 1 (w));

(4) there exists a biprojection B such that v = (y, pB) * S(EQ) and w = {?(Eg) * (ywBy), where By
and By are right shifts of B, nB is left shift of B and y, and y,, are elements in 5 1 such that v and w
are monzero partial isometries.

3

1
s
—1

Proof. (1) = (2). Suppose that [[vxw|, = }|v||¢|lw|s for some 1 < r,t, s < co such that 1 +1=1+1
By Proposition 2.10 (Young’s inequality), we have

1 1
lvxwlly < Sllvllllwls, v wlle < slvlldlwl
and hence tra(|v]) = tra(|w|). By Proposition 5.4, we see that ||vxw]z = %tr2(|v|)1+% for any 1 < 7 < oo.
Therefore [|v* w|[z = $|v|¢]|lw|/s for any 1 < 7,5 < oo.

(2) = (3). Let r = 2. Then 1 < ¢,s < 2. By Proposition 2.6 (Holder’s inequality) and Proposition 2.9
(the Hausdorff-Young inequality), we obtain that

1
Slollellwlls = flo s wlla = 137 (©)F ()2

<3 @I c 15" (w)

= < sllllelwlls.
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Hence for any 1 < t,s < 2,

2(t—1) 2(s—1)
- 1==5

==(3) 7 . (1)

(5.2)

5Ol = (5) el 157w

157 )T (w)ll2 = 1B ()], 157 (w)

Differentiating (5.1) with respect to ¢, s at t = 2, s = 2, respectively, we have that v and w are minimizers

S _.
s—1

of Hirschman-Beckner uncertainty principle for subfactor planar algebras (see [9, Theorem 5.5]). By [9,
Main theorem 2], we see that v and w are bi-shifts of biprojections.
For (5.2), by Proposition 2.6, we have that

57 () = 57" (w)"].

Hence R((F~1(v))*) = R(F ™! (w)).

(3) = (4). By the definition of bi-shifts of biprojections, w is a bi-shift of a biprojection, which means
that there is a biprojection B such that w = ﬁ(gg) * (ywBy) for some y,,, where B = R(3(B)), R(w*)
is a right shift By of B, and R(F~!(w)) is a right shift f?g of B.

Since v is a bi-shift of a biprojection and R((F~1(v))*) = R(F~1(w)) = Eg, using the third form of
bi-shifts of biprojections in the Appendix in [9], we have that v = (y, nB) * S(EQ), where ,B is a left
shift of B.

(4) = (2). Since v and w are bi-shifts of the biprojection B, we have Equations (5.1) are true. By [9,
Lemma 6.7], we have that

REH(w)) =R(E ' (v))") = By
Note that tra(|v]) = tra(,B) = tra(By) = tra(|w]) and F(v), §(w) are multiples of partial isometries.
We see that |[§~1(v)| = |[§~(w)*| and then

1
lvx wllz = Sllvllewlls

for any 1 < t,s < 2 from the argument for “(2) = (3)”. By Proposition 5.4, we have that ||v * w||, =

sllvllr[Jw]ly for any 1 < r < oo. Therefore (2) is true.
(2) = (1). It is obvious. O

Now we will consider the general case.

Proposition 5.7.  Suppose & is an irreducible subfactor planar algebra. Let x,y € P 1. If ||z *yl:s
Hzllellyllr for some 1 <t <2, then for any 0 < Rz < 1,

1tz 1 142z
ka5 syl = Swlal ] s ol
If |z = ylle = $ll@llellylls for some 2 <t < oo, then for any 0 < Rz <1,
1—z 1—2z
Jwelal 7 # ] . = Slhwslel ™5 sl

Proof.  Suppose that ||z||; = 1 and |ly|l1 = 6. When 1 < ¢t < 2, we define a complex function F}(z)
given by

1tz 1—z
Fi(z) = trao((wola|" > #y)loxy[" = wi,,),

142z

1—z
Fu(2)] < a2l wyll _a_lllax gl wi, | o
]_ 1+=2 1—Rz
< S5 gy Iyl tra( g ] == = 1.

Hence Fi(z) is a bounded analytic function on 0 < Rz < 1. Note that

2 —1,
I (t - 1) =tro((z *y)|x*y* 1wmy) =1.
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Therefore Fi(z) =1 on 0 < £z < 1 by the maximum modulus theorem.
When 2 < t < 00, we consider the function F»(z) given by

1—s
Fy(2) = tra((wa 2|7 xy)lz gy F i, ).

Similarly, we can have the proposition proved. L

Proposition 5.8.  Suppose & is an irreducible subfactor planar algebra. Let x and y be in Po y. If
lzxyll, = $l|zllellylls for some 1 < r,t,s < oo such that ++1=2+1 then for any —r+1 < Rz <r—1,

11—z r+1+z

prt 7+lz
[wa "2 % wy [yl

7+1+z

= ||w:,3|x

[[wylyl®

'r‘+l = r+1+srez :

Proof.  Suppose that ||z]|; = ||y||ls = 1. We define a function F(z) on —r + 1 < Rz < r — 1 given by

r+ltz
F(2) = tra((wg o] 737 sy [y|* 737 )« g Ml,),
r+ltz r+1 z
|F(2)] < flwa |22 s wy [y 727 |l IIIx*yI
7‘+1+z r—1 _
< llwalal ™5 | eyl _pe_trale gl T =67

Hence F'(z) is a bounded analytic function on —r +1 < Rz < r — 1. Since

2r —r
F(trl>tr2((:17>ky)|:c>kyr 1 T*y) tro(lz xy|") =677,

we have that F(z) =1 on —r+ 1 < £z < r — 1 by the maximum modulus theorem. Therefore we have
the proposition proved. O

Proposition 5.9.  Suppose & is an irreducible subfactor planar algebra and x,y € P 1+ are positive.
Let By = Bi(x) be the biprojection generated by T * x and By = Ba(y) the spectral projection of y *
corresponding to %. Then ||z« yll2 = x| |lyll2 if and only if By < By. Moreover, if y = T, then
By = Bs and x is a left shift of By.

Proof.  Recall that By is a biprojection by Proposition 2.11. Note that

[ % yl13 = tra((z* * y*)( * )
= tra((z* * 2)(y" * 7))
<y # Yl ll2* * 21

1) )

If |z yll2 = llzllillyll2, we have tra((T * 2)(y * 7)) = [y * Flloo||Z * 2|1

By Proposition 2.6 (Holder’s inequality), we have that R(T * ) < By. Hence By < Bs.

If By < B, we have R(T * ) < B,. Therefore, we obtain that ||z * yllo = $|lz[l1]lyl2 by the
argument above. O

Proposition 5.10.  Suppose & is an irreducible subfactor planar algebra. Let x,y € P + be nonzero
positive elements. If ||z * y||, = L||z||¢|lylls for some 1 <r,t,s <oo and £ +1= 1+ 1 then there exists
a biprojection B such that x is a multiple of a left shift of B and y is a multiple of a right shift of B.

Proof. By Proposition 5.8, we have that

N 1, ¢ H 1
% gl = 51t Iellyls, ot + 5 )l = <z

By Proposition 5.7, we have that

t 1, s s 1, s
122 7M1z = Slle2ally’lhs e® < y2]l2 = Slly2 lloll2* (|-
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By Proposition 5.9, we have that there exist biprojections By and By in 5 4 such that
R(y**7°) < By, (T2 %2?)By = ||Z% 27| By (5.3)

and
R(@ *x2') < By, (y2 x7*)By = |y? 7? |l Bo- (5.4)

Therefore, by Lemma 2.7,
B < R(Z+*x)< By, By <R(yx7y)< By,
ie., By=By =B =R(T*xz)=R(y*7). From (5.3), we have
Tkt = ||T% * x%HooB‘

By Corollary 4.6, we have that = is a left shift of B. Similarly, we obtain that y is a right shift of B
from (5.4). O

We characterize the extremal pairs of Young’s inequality for subfactor planar algebras.

Theorem 5.11.  Suppose & is an irreducible subfactor planar algebra. Let x,y be in P +. Then the
following statements are equivalent:

(1) [z *yllr = lzlellylls for some 1 <r,t,s < oo such that L +1 =1+ 1

2) lz*yllr = lzllllylls for any 1 < r,t,s < oo such that 2 +1=1+1;

(3) both x and y are bi-shifts of biprojections, and R((§~1(z))*) = R(F 1 (v));

(4) there exists a biprojection B such that © = (a, pB) * 3(§g) and y = g(]ég) * (ayBy), where By
and By are right shifts of B, »B is left shift of B and a, and a, are elements in P 1 such that x and y

are nonzero.

Proof. (1) = (4). By Lemma 5.5, we have that [||z|* [y||l, = ||z||¢||ly|ls. By Propostion 5.10, we have
that |z| and |y| are multiples of projections. By Proposition 5.6, we see (3) is true.

(4) < (3) = (2). It is true from Proposition 5.6.

(2) = (1). It is obvious. O

For the infinite-dimensional case, Kustermans and Vaes [17] introduced locally compact quantum
groups. Young’s inequality for locally compact quantum groups was proved in [20]. It would be interesting
to characterize the extremal pairs. We obtain some partial results in [10]. For Kac algebras, which are
special cases of locally compact quantum groups, Liu and the Wu [22] characterized the extremal pairs
completely. People have considered other generalizations of Young’s inequalities. Bobkov et al. [4]
conjectured a fractional generalization of Young’s inequalities.

6 Extremal operators of the Hausdorff-Young inequality

On unimodular locally compact groups, Russo [34] showed that extremal operators of the Hausdorff-
Young inequality are translations of subcharacters.

In this section we characterize extremal operators of the Hausdorff-Young inequality for subfactor
planar algebras in terms of bi-shifts of biprojections.

Proposition 6.1.  Suppose & is an irreducible subfactor planar algebra. Let x be in P5 1. Then the
following statements are equivalent:

(1) |lz* 2||, = $|z|1]|z]|» for some 1 <r < oo;

(2) o * 2%, = llzllillzll- for any 1 <7 < oo

(3) = is a bi-shift of a biprojection.
Proof. (1) = (3). By Lemma 5.5, we have

_ — 1
Il 2=l = Nl * |2l = Slzlllel-
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By Proposition 5.7, we obtain

— 1
2l *Talllz = 5l 2.

By Proposition 5.9, we see that
Bi(jz) < Ba(|z|"/?).

—T1/2 — —r/2
Since Bo(|z|"/?) < Bi(]z| / ) = Bi(|z]) (= B), we have that |z| 2y |z|"/? is a multiple of B. By
Corollary 4.6, |J:|’"/ 2 is a multiple of a right shift of B. Therefore x is a multiple of a partial isometry. By
Proposition 5.6, x is a bi-shift of a biprojection. O

Proposition 6.2.  Suppose & is an irreducible subfactor planar algebra. If |[§(z)|| . = %zl for
some 1 <t < 2, then for any complex number z, 0 < Rz < 1, we have

I8 awaal | gy, = 5 a0

Proof.  We assume that ||z, = 6%/, t' = 75, and consider the function F(z) given by
F(2) = tra(F(we | T2 ()" O Pwg ).
Since

F(2)] < I3 (wa 2| )| 2 [lI3 (@) 22wy

e ()|l 2z
_ ’
<O walal I a B @I

14Rz _14R2

=0 M55 =4,

we see that F'(z) is a bounded analytic function on 0 < Rz < 1. Note that

F(i - 1) = tra(§ (@) (@) FT i) = @) = 4.

By the maximum modulus theorem, we have that F(z) = §d on 0 < Rz < 1 and the proposition
is proved. O

Theorem 6.3.  Suppose & is an irreducible subfactor planar algebra. Let x be nonzero in P 1. Then
the following statements are equivalent:
(D) I3@)]|,=, = (3)7 e for some 1 <t <2;

@) 5@ . = F) 7zl for any 1 <t <2
(3) x is a bi-shift of a biprojection.

Proof. (1) = (3). By Proposition 6.2, we have that
18 (walal ¥)lla = 6742 w2l ¥ laya.
Let y = wy|z|%. Then
ly* 7l = 1IBW)1Pll2 = IFW)IIE =6 Iyl

By Theorem 5.11, we have that y is a bi-shift of a biprojection and so is x.
(3) = (2). It can be checked directly.
(2) = (1). It is obvious. O
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7 Block maps

7.1 Block maps for subfactors

In this section, we introduce block maps for subfactors motivated by the renormalization group of 2D
lattice models and by the square relation of bi-shifts of biprojections. We study their dynamic systems
and prove that the limit points are all multiples of biprojections and zero. The asymptotical phenomenon
of block maps coincides with the scaling limit of 2D lattice models as explained in the introduction.

We briefly recall the 2D Ising model as a supplement to the explanation in the introduction. We do
not give the detailed computation here. Instead, we explain it as a motivation of the definition of the
block maps.

A configuration in the 2D Ising model is an assignment of the spins & to vertices of a 2D lattice. For
the ferromagnet Ising model, the nearest neighborhood interaction J is defined as

The total energy H is the sum of J over all edges. The partition function is
Z = Z e PH

summing over all configurations o, where 8 = T~! is the inverse temperature.

In the graph planar algebra of the bipartite graph A;, @—O—®, the partition function can be rep-
resented by a planar diagram D shown in Figure 1. The shaded/unshaded regions are assigned to a
black/white vertex in As, corresponding to the spins £. The crossings in D are labelled by the 2-box

B(T,J) = (¢ —e™F) ’ ‘+ e V2 x

which represents the interaction. More precisely, when the two black boundaries of B(T,J) are assigned
to the same spin, then B(T,.J) contributes to a scalar e®. If the spins are different, then the scalar is e 7.
Given an assignment, the product of those scalars is e . In total, the diagram D defines the partition
function Z multiplying 2% , where n is the number of vertices in the lattice.

The renormalization group for lattice models is used to rescale the size of the 2D lattice by a factor 2

as follows:

r————F

r————F

An edge in the rescaled lattice is coming from four edges of a square in the original lattice. In planar
algebras, the renormalization procedure combines four 2-boxes to one.
The square relation of a bi-shift of a biprojection w (see [9, Theorem 6.11]) says that
2
_ w _
(w* xw) (W * w*) = w(@w*) * (ww).

]
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Diagrammatically,

[N~}

| [ ez | ] ]

(o)

| | | |

Both sides combine four 2-boxes to one and we consider them as block maps.
Definition 7.1.  We define block maps By, 0 < A< 1, on z € &, 4 by

62 .
Bep(z) = ——— (2 * 2)(T * =),
) = e D @)
1) .
Boo(z) = ———— (Tx*) * (z¥x),
@) = Taleleg =) * (@)

By = ABem + (1 = A)Bpe.

It is mentioned that Jones [14] studied the renormalization procedure on 1D quantum spin chains
while investigating the reconstruction program from subfactors to the conformal field theory (CFT). Our
motivation and definition are different.

Definition 7.2. A positive operator is called bi-positive, if its Fourier transform is also positive.
Note that B(T,J) are bi-positive operators.

Proposition 7.3.  For a non-zero element x in P 1, Bx(x) is bi-positive, 0 < A < 1. Therefore the
space of bi-positive operators is invariant under the action of block maps.

Proof.  Note that z* x x = (T * 2*)*, s0 By () is positive. By Schur product Theorem 2.3, B,,.()
is positive. Then §FB.n,(z) is a positive scalar multiple of By, (F(z)*), so it is positive and B, (x) is
bi-positive. Similarly By,.(x) is bi-positive. So By (z) is bi-positive. O

Proposition 7.4.  For any bi-positive operator x € P 1+, 0 < A < 1, we have

§Bx(z) = B1-»3(x).

In particular, FBy2(x) = By /28 (x).

Proof.  Since x is bi-positive, we have that

15l = 121,
[5G _
2~ o

Note that the SFT § on &% 1 is a 90° rotation, and ||F(z)|l2 = ||z||2, so the conjugation of § switches
B and By Therefore, §By(z) = B1_»F(x). O

Proposition 7.5.  Suppose 2 is an irreducible subfactor planar algebra. Then for any 1 < t < oo,

0< A<,

IBx(@)le < [l]]:-
Proof. By Proposition 2.6 (Ho6lder’s inequality) and Proposition 2.10 (Young’s inequality), we have
52
2

[Bem (@)t < =
R EI P E T

[ | oo [T 2" |1
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I
EREEE
5 Il ="l

[+ 2™

STl o = ||zl (7.1)
and
[ Bme(@)le < #H\mllltll\xflh < LHxlloollﬂﬁl\t = [[=[l¢.
[ ]loo || ]| oo
Therefore,
[BA(@)[le < Al Bem ()[le + (1 = M| Bme () [le < [[]]¢- (7.2)
This completes the proof. O

Proposition 7.6.  Suppose & is an irreducible subfactor planar algebra and x is nonzero in Ps 4.
Then ||Bem(z)|le = |zl (or || Bme(z)|le = |lz|l¢) for some 1 < t < oo if and only if © is an extremal
bi-partial isometry. Moreover, By(x) = x, for some 0 < A < 1, if and only if x is a positive multiple of
a biprojection.

Proof.  Then || By (x)|l+ = ||z||: for some 1 <t < 00, 0 < A < 1, if and only if  is an extremal bi-partial

isometry.
By [9, Theorem 6.13], we have that if « is an extremal bi-partial isometry, then B.,,(x) is a multiple
of a biprojection and || Bep ()| = ||z||¢ for any 1 < ¢ < co.

If || Bem () ||e = ||z||¢ for some 1 < ¢ < 0o, by (7.1) in Lemma 7.5, we have
. 1
1+ 2%}e = Slzllullzl.

By Proposition 6.1, we have that x is a bi-shift of a biprojection.
Hence we have that || By ()]t = ||z||¢ for some 1 < ¢ < oo if and only if « is a bi-shift of a biprojection.
Similarly, we have that || By,.(z)||: = ||z||+ for some 1 < ¢ < oo if and only if z is a bi-shift of a biprojection.
If « is a multiple of a biprojection, we have By(x) = x by definitions. Conversely if By(z) = «z,
then ||Bem(@)|l: = |lzlle or ||[Bme(z)|le = |lx|s, for any 1 < ¢ < oo, by (7.2) in Proposition 7.5. So z
is an extremal bi-partial isometry. Moreover, = is bi-positive by Proposition 7.3. So x is a multiple of
a biprojection. O

Theorem 7.7.  Suppose & is an irreducible subfactor planar algebra. Then for any x € P5 + and B
on Pa+, 0 <A1, the sequence {BY(x)}n>1 converges to 0 or a multiple of a biprojection.

Proof. By Proposition 7.5, take ¢ = lim,,_, o || BY(z)||2, the limit of the decreasing sequence. If £ = 0,
then BY(z) converges to 0.

If ¢ # 0, we assume that £ = 1 by the linearity. Since &, 4 is finite-dimensional, there is an accumu-
lation point z of {BY(z)}nen. Then By(z) is also an accumulation point and ||Byz|l2 = ||z|l2 = ¢. By
Proposition 7.3, BY(x) is bi-positive, and so is z. Hence z is a multiple of a biprojection by Proposition
7.6.

Let us prove the uniqueness of the accumulation point. It is known that there are finitely many
intermediate subfactors of an irreducible subfactor (see [24,37]). That means there are finitely many
biprojections in &5 1. Take

gall
m = mi —
1Bl [1B']l2

B and B’ are distinct biprojections}.
2

Since &5 4 is finite-dimensional, t-norm topologies are equivalent for 1 < ¢ < co. By the continuity of
multiplication and coproduct, By is uniformly continuous in the 2-norm unit ball of &% 1. Hence there
exists k > 0, such that

1B(@) = BA®) 2 < 5 (7.3)
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whenever |la — b2 < &, |la]l2 < 1 and ||b]|2 < 1.
If there is an accumulation points different from z, then there exists a subsequence {nj }ren such that

1B () — 2ll2 <€,
1B (@) = 2|2 > e.

Then

n m
1B @) = Ba(e)ll: < -

Recall that the accumulation point z is a multiple of a biprojection, so Bx(z) = z and

m
e < ||BYT(2) - 22 < 5

Therefore there is an accumulation point 2’ of {BY**!(x)}xen, such that
, m
e< |2 =zl < 5
2
By the above argument, 2’ is also a multiple of a biprojection, and ||2’||2 = 1. It leads to a contradiction.
Therefore the accumulation point z of {BY(x)}nen is unique. O

Those limit points are minimizers of the Hirschman-Beckner uncertainty principle (see [9,
Theorem 5.5]). We have the following conjecture.

Conjecture 7.8. The block maps reduce the Hirschman-Beckner entropy of z, i.e., the von-Neumann
entropy of |z|? @ |F(z)|%.

By the linearity, the block map B} is well defined on the projective space & 4 /C. For the Z; case, a
bi-positive 2-box is given by

+b ;
AN

for a,b > 0, and at least one is positive. The projective space is parameterized by ¢t = g and t € [0, c0].
We show that there are three fixed points of By, in the projective space. Among the three, t = 0 and
t = oo are stable corresponding to the two biprojections and the two limit cases of the Ising model. The
third one t = 1 is not stable corresponding to the critical temperature of the Ising model.
Kramers and Wannier [16] observed that if the critical temperature is unique, then it has to be the

a

‘ N

fixed point of the Kramers-Wannier duality. This duality switches vertical edges and horizontal edges
in the lattice. In planar algebras, it becomes a 90° rotation of the 2-box B(T,J), namely the SFT of
B(T,J). Thus B(T,J) has to be invariant under the action of SFT at the critical temperature, if it is
unique. That means ¢t = 1.

Furthermore, we study the dynamic system of B/, on &5 +. We find a gap between the limit and
zero when t # 1. It is gapless when ¢ = 1. This result is stated in Theorem 1.2 and we prove it here.

Proof of Theorem 1.2.  Let us define
N
?/2 (CL ‘ +b = Qn

£
By the definition of By /s,

Bl/g (a

N b by,
‘—!—bnm, t—a and tn—a.

‘Jr b U) (a%6 + 2ab)%(bd + a) + (a*é + 2ab5 + 4a®b)(ad + b) ’

‘Y 2(ad + b) (b6 + a)(a25 + b25 + 2ab) ‘
(b4 + 2a2b?6 + 4ab®) (b + a) + (b2 + 2ab)?(ad + b)
2(ad + b)(bd + a)(ad + b6 + 2ab) Y

Then

(t10 4 2626 + 43) (16 + 1) + (126 + 2t)%(6 + 1)

B T G 22+ 1)+ G+ 225 + 400 + 1)
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20%(t% + 1) + (6% + 30)¢
202 4+ (6% + 90)t 4 (662 + 8)t2 4 60t3

=t+t(t* —1)

Ift=1,thent, =1, forn=1,2,... By Theorem 7.7,

BLARZIE (“
If 0 <t <1, then t,, = 0. When ¢t is small, we have

a =a+t(d—6—-5"1)4o(t?) > a.

‘—l—b%) =C

Thus

n—roo

lim BIL/Q (Cl

for some ¢; > 0.
If ¢t > 1, then ¢,, — co. By Proposition 7.4, we have

. N N
nh_)rrgo Bi)s (a ‘—l—b m) =c o

for some ¢y > 0. O

7.2 Infinite-dimensional cases

Note that we can also define the block maps on R", locally compact groups, or locally compact quantum
groups in general. We give a short discussion here about the block maps on R™. We propose some
questions related to R™ and general cases.

For subfactors, bi-shifts of biprojections are all minimizers of the Hirschman-Beckner uncertainty prin-
ciples. The bi-positive ones are (scalar multiples of) biprojections. They are limit points of the block
maps.

On R™, the minimizers of the Hirschman-Beckner uncertainty principles are Gaussian functions. The

—a|x 2
bi-positive ones are g = ce e , a,c > 0, on R™. We observe that they are eigenfunctions of the
block maps By (g) = Z%g. The eigenvalue 2% tells the dimension of R™. The rate of convergence of the

renormalization procedure is fast by a computer test, but we do not have a mathematical control. We

have the following conjecture.

Conjecture 7.9. For any f € L>(R") N LY(R") N L?(R"), f converges to a Gaussian function under
the action of the block map 2" B).

We expect that the block maps provide a mechanism to approximate “Gaussian functions” on locally
compact (quantum) groups. We propose the following questions:

(1) Whether the bi-positive minimizers of the Hirschman-Beckner uncertainty principles are eigenvec-
tors of the block map, if they exist?

(2) What are the possible eigenvalues?

(3) Whether these bi-positive minimizers are the only stable limit points in the projective space under
the dynamic action of the block map?

8 Concluding remarks

8.1 A comparison between commutative cases and non-commutative cases

The functions on a finite group form a commutative algebra. Different from the group case, the pair of C*-
algebras arising from a subfactor are noncommutative (and non-cocommutative) in general. The topology
is discrete for finite groups, but not for the pair of C*-algebras. Moreover, the minimal projections in
the C*-algebra could be non-group-like.
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S.S.: Sum set estimate I.S.: Exact inverse sum set theorem

H.Y.: Hausdorff-Young inequality
Y.: Young’s inequality
H.B.: Hirschman-Beckner uncertainty principle

D.S.: Donoho-Stark uncertainty principle

E.F.: Extremal functions of Hausdorff-Young
inequality
E.P.: Extremal pairs of Young’s inequality

Min: Minimizers of the uncertainty principles

Figure 3 It shows the logic chain of our proofs of the results about the Fourier analysis on subfactors

Because of these differences, it is not obvious how to formalize the concepts from the group case to
subfactors. Many methods on commutative algebras are not suitable for subfactors, since these methods
rely on the commutative condition and the group-like property.

For groups, Young’s inequality, uncertainty principles, and sum set estimates were proved indepen-
dently. This is not the case for subfactors. Instead the three topics are mixed together as shown in
Figure 3.

8.2 Applications

One can recover groups and their duals from group subfactors. One can also obtain results about sub-
groups and double cosets from group-subgroup subfactors. Some other examples that are not group-like
are from finite-dimensional C*-Hopf algebras (or Kac algebras), quantum doubles (see [5,25,29,31,33]),
and Jones-Wassermann subfactors of unitary modular tensor categories (see [23,36]).

A simple result on the finite abelian group may be non-trivial in other cases. The sum set estimate
(1.2) is obvious on the set of group elements, but it is non-trivial on the representations of a finite group.
If we apply the sum set estimate to group subfactors and take p and ¢ to be central projections of the
group algebra acting on the regular representation, then (4.1) is equivalent to the following result about
representations of a finite group.

Corollary 8.1.  Suppose G is a finite group, and V and W are finite-dimensional representations of
G. Then |V| < |V @ W| < |VI||W|, where |V| is the sum of the square of the dimension of irreducible sub
representations of V.

The SFT has been applied to quantum information in [8,21]Y. It is shown that the SFT on quons
for a unitary modular tensor category is the modular S matrix in [21,23]. Therefore we can apply our
results on Fourier analysis to quons and obtain new results about the modular tensor category and the S
matrix. For example, the sum set estimate (4.1) implies the following corollary.

1) We call it the string Fourier transform to distinguish from other Fourier transforms in quantum information.
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Corollary 8.2.  Suppose € is a unitary modular tensor category, and V. and W are two objects of €.
Then |V| < |[VW| < |V||W|, where |V| is the sum of the square of the quantum dimension of irreducible
subobjects of V.

We will discuss the Fourier analysis of the S matrix in the forthcoming work.

8.3 Characterizations of bi-shifts of biprojections

Combining the results in [9], we list numbers of characterization of a bi-shift of a biprojection in an
irreducible subfactor planar algebra 4.

Theorem 8.3.  Let z be nonzero in &5 +. Then the following statements are equivalent:
) © is a bi-shift of a biprojection,
2) x is an extremal bi-partial isometry;
3) S(2)S(F(x)) = 0%
4) H([af?) + H(|5(x)[?) = |a]3(21og 6 — 41og |2]],);
5) |« z%, = $l|zllel|z]ls for some 1 < r,t,s < oo such that 1 +1=1+1;
6) ||l xz%|, = $l|lzll1l|zll, for some 1 <7 < oo;
) |z * x|, = 5Hx|| |z||s for any 1 < r,t,s < oo such that L +1=1+1;
8) [8(@)ll =, = (3)*H|zll¢ for some 1 <t <2;
)

(1
(
(
(
(
(
(
(
9) I3« = (3)F |l for any 1 <t <2

(10) z is a multiple of a partial isometry, S(x + x%) = S(x), and ||z * z*||; = ||z||3.
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