TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY.

Volume 371, Number 8, 15 April 2019, Pages 5973-5991
https://doi.org/10.1090/tran/7738

Article electronically published on December 28, 2018

AN ANGLE BETWEEN INTERMEDIATE SUBFACTORS
AND ITS RIGIDITY

KESHAB CHANDRA BAKSHI, SAYAN DAS, ZHENGWEI LIU, AND YUNXIANG REN

ABSTRACT. We introduce a new notion of an angle between intermediate sub-
factors and prove various interesting properties of the angle and relate it to the
Jones index. We prove a uniform 60 to 90 degree bound for the angle between
minimal intermediate subfactors of a finite index irreducible subfactor. From
this rigidity we can bound the number of minimal (or maximal) intermediate
subfactors by the kissing number in geometry. As a consequence, the number
of intermediate subfactors of an irreducible subfactor has at most exponential
growth with respect to the Jones index. This answers a question of Longo’s
published in 2003.

1. INTRODUCTION

Jones pioneered the study of modern subfactor theory in his seminal paper|Jon83].
He showed that the indices of subfactors of type II; lie in the set {4cos®(Z) : n >
3} U4, +00]. The study of intermediate subfactors N C P C M for a finite index
inclusion of II; factors plays an important role in understanding the theory of sub-
factors. See [Bis94,BJ97] for some early motivating results in this direction. We
denote by L(N C M) the set of all intermediate von Neumann subalgebras for the
subfactor N C M. The set L(N C M) forms a lattice under the two operations
PAQ=PNQand PV Q = {PUQ}". The lattice structure of von Neumann
subalgebras was first studied by Murray and von Neumann in [MVN36]. If N ¢ M
is irreducible, that is, N’ N M = C, then £L(N C M) is exactly the lattice of in-
termediate subfactors. In this case, all intermediate subalgebras are automatically
factors. There is a pretty 1-1 correspondence between intermediate subfactors (of
an irreducible subfactor) and biprojections introduced in [Bis94] (reformulated in
planar algebraic terms in [Lan02,[BJ00]).

The lattice of intermediate subfactors generalize the lattice of subgroups because
of the following reason: Let G be a finite group with an outer action on the I1; factor
M. Then the intermediate subfactors of M C M x G are given by M x H, where
H is a subgroup of G. This leads us to the study of the lattice L(N C M) inspired
by various interesting questions in group theory. See [GX11Xul3lXul5l[Xul6] for
some recent progress.

Received by the editors October 9, 2017, and, in revised form, October 12, 2018, and October
25, 2018.

2010 Mathematics Subject Classification. Primary 46L37.

The first author is supported in part by HBNI (IMSc) and by a “NBHM Post Doctoral Fel-
lowship” (CMI).

The third author is supported in part by the Templeton Religion Trust under Grants TRT
0080 and TRT 0159.

The fourth author is supported by NSF Grant DMS-1362138.

(©2018 American Mathematical Society
5973

Licensed to Tsinghua Sanya Forum. Prepared on Sun Jul 3 04:01:00 EDT 2022 for download from IP 183.173.168.124.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


https://www.ams.org/tran/
https://www.ams.org/tran/
https://doi.org/10.1090/tran/7738

5974 K. C. BAKSHI, S. DAS, Z. LIU, AND Y. REN

Watatani in [Wat96], following previous work by Popa [Pop86], obtained the
following remarkable result.

Theorem 1.1 ([Wat96]). Let N C M be an irreducible subfactor of type II; such
that [M : N] < oo. Then the set LN C M) is finite.

In the same paper Watatani remarked that in this case we can regard an inter-
mediate subfactor lattice as a “quantization” of continuous geometry, invented by
von Neumann in [vNG60] as a continuous analogue of projective geometry. For a
general finite index subfactor N C M, the set of all intermediate subfactors may
not be finite. Even in the case in which N'NM is abelian, the set of all intermediate
subfactors may be infinite, as shown in [TW97, Theorem 5.4]. Thus, finite index
irreducible subfactors may behave very differently from reducible inclusions.

Inspired by earlier works of Christensen and Watatani (see [Chr79l[Wat96]),
Longo gave an explicit bound for a number of intermediate subfactors for irreducible
subfactors in [Lon03]. He showed that the number of intermediate subfactors is
bounded by [M : NJ2M:NT* | Longo then asked whether the number of intermediate
subfactors can be bounded by [M : NN (see [Lon03, discussions at the end
of section 2.2]). In this paper we answer this question positively by showing the
following (see Theorem [1T]).

Theorem 1.2. Let N C M be a finite index, irreducible subfactor. Then the
number of intermediate subfactors |C(N C M)| is bounded by min{9M:Nl [M -
N][M:N]}'

Our bound improves the existing upper bound of the cardinality of the lattice
L(N C M) and as a consequence provides another proof of Theorem [Tl To solve
this problem of finding an upper bound for the cardinality of L(N C M), our idea is
to first focus on minimal intermediate subfactors. Minimal (or by duality, maximal)
subfactors were extensively studied by Guralnick and Xu [GX11] inspired by Wall’s
conjecture [Wal62]. Our result shows that the number of minimal intermediate
subfactors has at most exponential growth with respect to the index. We conjecture
that this number has polynomial growth.

Conjecture 1.3. There are constants c1,co such that for any irreducible subfactor
N C M with finite index, the number of minimal intermediate subfactors is less
than co[M : N1°*.

Furthermore, we prove that the number of minimal intermediate subfactors
is bounded by the kissing number 7,, of the n-dimensional sphere, where n =
dim(N'NM;). A straightforward estimate of the kissing number shows that 7, < 3™.
Therefore, we get the following.

Theorem 1.4. Suppose that N C M is a finite index, irreducible subfactor. Then
the number of minimal intermediate subfactors is less than 34N NM1)

We prove the above theorem by introducing a new angle (see Definition 22)),
denoted by o} (P, @), between intermediate subfactors P and @ of any finite index
subfactor N C M. This angle is also the Fourier dual of the correlation function.
We prove the following rigidity result for the angle between minimal intermediate
subfactors.

Theorem 1.5. If P,Q are two distinct minimal intermediate subfactors of a finite
indez, irreducible subfactor N C M, then & < o (P,Q) < %.
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We can identify intermediate subfactors as unit vectors in the real vector space
(N" N Mi)s.q. such that the angle between them is given by o} (-,-). Then Theo-
rem [[.4] follows from Theorem Iterating Theorem [[.4] we obtain Theorem

We also study the angle between two intermediate subfactors of finite index
subfactors which are not necessarily irreducible and show that o} (P,Q) = % if
and only if the quadruple

Q c M
U u,
N c P

denoted by (N, P,Q, M), is a commuting square, namely Ef‘;/IEé‘Q/I = Eé‘fEf‘,/I = EY.
The commuting square is a central tool in subfactor theory (see, for example, [JS97,
GdIHI89L[Pop94][Pop95],[Pop83|[Pop89] and references therein). By Fourier duality,
we define a dual angle 837 (P, Q) in Definition and show that 83 (P, Q) = % if
and only if the quadruple is a co-commuting square.

In general, the angles o} (P, Q) and BY(P, Q) are different. Surprisingly, the
following result holds.

Theorem 1.6. Suppose that P,Q are two distinct intermediate subfactors of a
finite index subfactor N C M. If [M : Q] = [P : N] and hence [M : P] = [Q : NJ,
then o (P, Q) = B (P, Q).

When the equality holds, we call the quadruple (N, P, Q, M) a parallelogram and
consider the angles o} (P, Q) and B (P, Q) opposite angles of the parallelogram.

We further study the relation between angles and Pimsner—Popa bases and de-
rive various equivalent conditions for a quadruple to be a commuting and/or co-
commuting square (see Theorems [Z20] 228 and 229). As a consequence, we
recover the various equivalent conditions of a “nondegenerate commuting square”
by Popa in [Pop94] (see Corollary [230).

This paper is organized as follows. In §2] we define our notion of angle and
obtain various properties, mainly related to commuting squares. In §3 we prove the
main rigidity result Theorem In 44 we estimate the number of intermediate
subfactors and prove Theorems [[4] and In §5l we compare our angle with the
Sano-Watatani angle [SW94].

2. ANGLE AND COMMUTING SQUARE

Suppose that N C M is a finite index subfactor (not necessarily irreducible),
suppose that P is an intermediate subfactor, and suppose that ep is the corre-
sponding biprojection. Let 7p = tr(ep), let § = \/[M : N], and let 7 = [M : N]~".
Note that tr(e;) = 7, where e; denotes the Jones projection of N C M.

For two intermediate subfactors P and @ of a finite index subfactor N C M, we
denote the quadruple of type II; factors

Q C M
U U
N c P

by (N, P,Q,M). We call it extremal if the subfactor N C M is extremal.
Recall the following definition (see, e.g., [SW94]).

Definition 2.1. A quadruple (N,P,Q,M) is called a commuting square if
E%ng = Eg[EJI‘D/[ = EM. A quadruple (N, P,Q, M) is called a co-commuting
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square if the quadruple (M, @1, P1, M) is a commuting square, where Py, Q1, My
denote the basic constructions of P C M,Q C M and N C M, respectively.

Definition 2.2. For an intermediate subfactor P # N, we define the unit vector

vp in (N' N Mj)s, as vp = ﬁ Suppose that P and @ are intermediate
subfactors of N C M. Define the angle, denoted by a3} (P,Q), between P and Q
as follows:

aﬁ\v/[(Pa Q) = COS_l <UP,UQ>a

where (z,y) = tr(y*z) and hence ||z||s = (tr(z*z))"/2.

If N and M are clear from the context, we may omit them from ol (P, Q). As
usual, the angle takes only the principal value: 0 < af\vd(P, Q) < m. Note that

vp,vg > 0, so (vp,vg) > 0. Therefore, 0 < i (P,Q) < g

Proposition 2.3. For a quadruple (N,P,Q,M), a(P,Q) = 0 if and only if
Ep = €Q-

Proof. Note that a(P,Q) = 0 if and only if vp is a multiple of vg. Since both vp
and vg are positive and |lvp|l2 = ||vg|l2 = 1, it follows that vp = vg. As (ep —e€1)
and (eg — e1) are both projections, they are equal. So ep = eg. |

Proposition 2.4. The quadruple (N, P,Q, M) forms a commuting square if and
only if a(P,Q) = 7.

Proof. Note that (N, P,Q, M) forms a commuting square iff epeqg = e; iff (ep —
e1)(eg —e1) =0 iff (P, Q) = /2. O
Proposition 2.5. For an extremal quadruple (N, P,Q, M),

cos by (P, Q) = corr(ep,, eq, ),

where corr(z,y) = (= tir(%)lb, T ttr(yy)|\2> is the correlation function. Here Py and

Q1 denote the basic construction of P C M and QQ C M, respectively.

Proof. Let § : N' N My — M’ N My be the Fourier transform (see, e.g., [Bis97])
defined as follows:

F(x) = Eﬁl,(qegx),
where ey (resp., e2) is the Jones projection for the basic construction of N C M
(resp., M C My, where M; is the basic construction of N C M) and E]Q/[/, is the
trace-preserving conditional expectation from N’ to M’. Since the subfactor is
extremal, we have

(1) cos agy (P, Q) = (vp,vq) = (§(vp), §(vq))-

Note that F(ep) is a multiple of ep, and that §(e1) is a multiple of the identity.
So §(ep—e1) = aep, —b for some constants a and b. Moreover, (F(ep—e1),F(e1)) =
(ep —e1,e1) =0, so tr(F(ep — e1)) = 0. Therefore, F(ep —e1) = alep, — tr(ep,)).
Recall that [[up|s = 1, so §(vp) = ~2=2EP)_ Similarly, (v vQ) = 2 —trleq,)

llep, —tr(ep 2" lleq, —tr(eq )2

By equation (), cos o} (P, Q) = corr(ep,, eq,)- O

Definition 2.6. We define the dual angle, denoted by ﬁA]\/[[(P, Q), between P and
Q as BY(P,Q) = a%l (P1,Q1), where P; and @1 denote the basic construction of
P C M and Q C M, respectively.
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This is similar to [SW94]. As before, if from the context it is clear what N and
M are, we may omit them from S} (P, Q). By duality we have that
(2) an(P,Q) = 51\]\2[1 (P1, Q).
Proposition 2.7. The quadruple (N, P,Q, M) forms a co-commuting square if and
only if B(P,Q) = 7.
Proof. Tt follows from Definitions 2Tl and and Proposition 2.4] O

The next theorem also follows easily from the above definitions and from Propo-
sition We leave the details to the reader.

Theorem 2.8. For a quadruple (N, P,Q, M), let Tp = tr(ep), and let 1o = tr(eq).
Then

3) cos ) (P,Q) = Xerea) =7

~ Voot

If the quadruple is extremal, then

() o 51\1\47[(13, Q) - tr(epeq) — TPTQ

Vir—Bra - 78

Remark 2.9. Theorem [Z.8 implies easily the following two facts:
(1) tr(epeq) > 7, tr(epeq) > Tp7g. The equalities hold if and only if o} (P, Q)
= m/2 and B (P, Q) = 7/2, respectively.
(2) If the extremal quadruple (N, P,Q, M) is a commuting square, then [M :
Q] > [P: N]and [M : P] > [@Q : N|. This result was proved in [Pop89,
Proposition 1.7], and it also follows easily from the above fact.
Definition 2.10. For a quadruple (N, P,Q, M), the following are equivalent:
(1) 7prg =T,
(2) [M:P)=[Q: N,
(3) [M:Q] = [P: N].
We call the quadruple a parallelogram if one of the above equivalent conditions
holds.

In general, it is not true that o} (P, Q) = B2 (P, Q) (see, for instance, Fact Z15).
One can have a quadruple which is commuting, but not co-commuting. Surprisingly,
the following result holds.

Theorem 2.11. If an extremal quadruple (N, P,Q, M) is a parallelogram, then
Proof. If a quadruple (N, P,Q, M) is a parallelogram, namely 7 = 7p7g, then by
Theorem Z8] cos o} (P, Q) = cos Y (P, Q). So o (P,Q) = BY(P, Q). O

Remark 2.12. Hence, we may consider o} (P, Q) and B (P, Q) opposite angles of
the parallelogram (N, P,Q, M).

Motivated by [SW94], we try to investigate the angle ol (P,Q) in terms of
Pimsner—Popa basis [PP86]. In this paper, by a Pimsner—Popa basis we mean a
right basis. Thus, the condition for a set {\; : i € I} C M (for some finite indexing
set I) to be a right basis for M/N would be Y. | A\je1\;" = 1 or equivalently,
z=>"  En(zX)N" =2  NEn(N"z) for all z € M. The set {)\; : i € I} will
be called a left basis for M/N if {\;" : i € I'} is a right basis.
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Remark 2.13. A set {\; 14 € I} C M is called a two-sided basis for M/N if it is
both a left basis and a right basis. It is an open question as to whether any finite
index (irreducible) subfactor has a two-sided basis.

Proposition 2.14. Consider intermediate subfactors P and Q of N C M. Let
{Ai} (resp., {u;}) be (right) basis for P/N (resp., Q/N). Then
D2 (B (N g™ X)) — 1
VPN -1/ N1
Proof. First observe that for any intermediate subfactor, say, P, of N C M and
basis {)\;} we have e} = Yo AieaA;". This follows trivially from the following
array of equations and is well known. For any « € M we have (3, hie1 A;™)(292) =
(5 MBS 2)Q = (5, MEE(A EY ()2 = EX ()0 = o (292), where ©
denotes the cyclic vector for the standard Hilbert space L?(M).

In our notation we have egf = >_, #jeip;*. Then it follows from Definition
that

(5) cos(a(P,Q)) =

B tr(epeq) — 7
cos(a(P,Q)) = Vir(ep) — 7y/tr(eq) — 7
(i, M\ wgen”) =

- VIr(Z; Aiethi”) — T\/tr(Zj pjeip*) —
_ Doy tr(en BN (N g )iy ™) — 7

Vi tr(enhi™A) — T\/Zj tr(eip;*py) — 7
_ 2y BN A ) N) — 1

VPN -L/Q:N -1
This completes the proof. (|

Fact 2.15. Consider intermediate subfactors P and @ such that N C P C Q C M.
Then the following two equations hold (as is seen from the definitions): cos(a(P, Q))

= {gmj and cos(B(P,Q)) = %g%j This shows that o(P,Q) and B(P,Q)

may not be equal in general.

Proposition 2.16. Consider factors of type 11y such that RN C P,Q C M,S.
Then o (P,Q) = o (P,Q) and B3 (P,Q) = BI(P,Q).
Proof. This follows from Proposition 2.14] O

Definition 2.17. Consider the quadruple of type II; factors (N, P, @, M). Let {\;}
(resp., {u;}) be a basis for P/N (resp., Q/N). Define two self-adjoint operators p
and ¢ as follows:

pi= Y Aipjerp NS, =Y pihier Nt
0,J 0,J
In general, p and ¢ are not projections. Later we will see that they always have the

same spectrum and the same trace.

Lemma 2.18. The definition above (of p and q) does not depend on the choice of
the Pimsner—Popa bases.
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Proof. Suppose that {1; : j € I} is another basis for P/N. Then it is easy to see
that

> Xieghi* Z{Z%Ew PN teQAT = dieqER (1 M)A
: i

= Zi/}jeg{z BR; AN =D deqiy”.
i i i

As already observed in the proof of Proposition 214l eg = Zj pieip;*. Thus,
p =Y, AiegA;". This shows that p is independent of the choice of basis. Similar
proof works for q. O

Lemma 2.19. Following the notations in Definition I, {\ip;} is a basis for
M/N if and only if p=1, and {p;jN;} is a basis for M/N if and only if ¢ = 1.

Proof. Tt follows from the definition of the Pimsner—Popa basis. O

Proposition 2.20. Consider again N C P,Q C M, and let {\;} (resp., {u;}) be
a basis for P/N (resp., Q/N). Then the following are equivalent:
(1) a(P,Q) =7/2.
(2) =22, ; mjAierNi" ;™ is a projection such that ¢ > ep.
(3) p=2_;  Aipjerp;* A" is a projection such that p > eq.
Proof.
(1) = (2) That ¢ is a projection is easy and was observed in [SW94]. We

prove it for the sake of completeness. From the proof of Proposition 2,14, we have
q=>_, miepp;* and hence ¢ = ¢*. Then

¢ = Zﬂiepui*ujepﬂj* = ZuiEﬁI(ui*uj)epuj* = ZmEyE?f(ui*uj)epuj*

(2} (2} ,J
= Z MiE]J\V,I(ui*,uj)epuj* (applying Proposition 2]
(2}

= Zujep,uj* (since{p; }is a basis for Q/N) = gq.
J
Now we show that (ep)g = ep.

(ep)g= ZepujePMj ZePEP pidi;™ = epER EY (i)
7

= Z epEN (1) (applying Proposition 24))
= ep (since {yu;} is a basis for Q/N).

Thus, ¢ is a projection such that ¢ > ep. This completes the proof of (1) = (2).

= ep)q = ep implies that .ep wi)pwi* = ep. Taking the trace o
2 1 implies th y Eljy DITs Taki h f
both sides, we get

(6) > (B (uj)ps*) = 1.

J
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Then from the definition of angle it follows easily that

(7) cos(a(P, Q)) \/tr el (e_Pf-qj/)tr €Q -7

Put r = Zuj*ep,uj. Thus, tr(rer) = tr(3_; " eppjer) = tr(ep D, pjeip;™) =
J
tr(epeq) (since ) pjeip;™ = eq). Thus, it follows from equation (7) that

tr(rey) — 7
\/tr (ep —T\/tI eq) -7

On the other hand, re; = Zj piteppjer = Zj wi*eppjeper (since epe; = e1) =
21 Epl(uy)er. Thus, tr(rer) = 7tr(u;"ER (7)) = 7tr(Ep(u;)p;*). Then
equation (@) implies that tr(re;) = 7. Thus, by equation () we have a(P, Q) = 7/2,
thereby completing the proof of (2) = (1).

(1) & (3) Simply observe that a(P,Q) = a(Q, P). The rest follows from the
above two implications. This completes the proof. O

(8) cos(a(P,Q)) =

Fact 2.21. ¢ = ep if and only if Q = N. Similarly, p = eq if and only if P = N.

Proof. By the Markov property of the trace, tr(q) = tr(zj piepp;*) = %

But as {p;} is a basis for Q/N, >, pujp;* = [Q : N]. Thus,

[M : N]

9) tr(q) = M P Q]

Suppose that ¢ = ep. After taking the trace on both sides, we get [M : N] = [M :
@], which implies that Q@ = N.

Conversely, () = N implies that tr(¢) = tr(ep) (see equation (@))). Since by
Proposition q > ep, it follows that ¢ = ep, as tr is faithful. a

Proposition 2.22. Consider again N C P,QQ C M, and let {\;} (resp., {u;}) be a
basis for P/N (resp., Q/N). Define p and q as in Proposition 220 Then JpJ = q,
where J is the usual modular conjugation operator on L?(M).

Proof. We know that p = 3", Aieg\;" and that ¢ = Zj piepp;*. Let us denote by
Q the cyclic vector for the standard Hilbert space L?(M). Then for any z € M

JpJ(z2) = Jp(z*Q) = J(Z Xieg(A\i"2*Q))
=D JEG (A2)Q) = 3 (B (@)A1
= Z(Z ijJ?,{uj*Eg(x)\i)})\i*)Q (since {u;} is a basis for Q/N)

_Z (ks E {EQ 15" TA) I = Z (15 BN (" hi) N Q.

,J
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On the other hand, the following array of equations hold true:

q(z$2) = (Z piepp;”)(2€2) = Z(quf‘a” (pj* )02
= Z(uj(z ER{EM (u*2)Mi}Ni*)Q (since {\;} is a basis for P/N)

= (i BR (B (1 AN =D (i BN (" x i) A Q.
i, i,
Thus, we see that JpJ = ¢q. This completes the proof. |
The following result is well known. For example, see Proposition 2.7 in [Bis97].

Lemma 2.23. Let N C M be an inclusion of 111 factors with finite index, and
let {m; : i € I} C M be a Pimsner—Popa basis (not necessarily orthonormal) for
M/N. Let us also denote by try: the unique normalized trace on N’ = N' N
B(L?(M)). Then the unique try/-preserving conditional expectation is given by
¢(x)=[M: N > mixmg*, where x € N'.

Remark 2.24. Note that Proposition may also be derived from Lemma 223
We thank an anonymous referee for this paper for pointing this out.

Proposition 2.25. Let N C P,Q C M be intermediate subfactors such that [M :
NJ] is finite (N C M is not assumed to be irreducible for this proposition). Then the
self-adjoint operator p belongs to P'NQ1 and is given by p = [P : N]Eﬁ/(eQ) =[Q:
N]Egll1 (ep). Similarly, ¢ = [Q : N]Eg, (ep) =1[P: N]E}V,fl (eqg). Thus, g € Q'NP.
Here, as usual, Q1 (resp., P1) denotes the basic construction of Q@ C M (resp.,
PcM).

Proof. Consider again N C P, Q@ C M, and let {\;}(resp., {y;}) be a basis for
P/N (resp., Q/N). By Lemma 223 we immediately get, for any = € N', EN, (z) =
[P:N]"! > dixA". Clearly eg € N/ an/d hence E, (eq) = [P : N]7' 3, hieg\i™
Thus, p = >, Nieg\i™ = [P : NJEX (eq). Similarly, we can prove ¢ = [Q :
N]Eg,l (ep). Now take the modular conjugation operator J on L?(M) to get JqJ =
Q : N]Eé\fl1 (ep). Now, by Proposition 2222 we immediately get p = [Q : N]Eé\z/[l1 (ep).
The proof for ¢ is similar. This completes the proof of the proposition. O

Proposition 2.26. Let a = w/2, and let p,q be as in Theorem 220 Then
V{vegu*:v e U(P)} = p and \/{uepu* :u e U(Q)} =g¢.

Proof. First note that (as observed in Proposition Z20) for any basis {u;} of Q/N,
q = Zj piepp;* is a projection such that ¢ > ep. Consider an arbitrary uni-
tary element u € U(Q). Then it is trivial to see that {u*u;} is a basis for Q/N.
Thus, u*qu > ep and hence uepu* < q. Therefore, \/{uepu* : u € U(Q)} < q.
Since g = X, pyepps®, range(q) © (L2(P) : p € Q) = [WI*(P) : u € U(Q)] =
[range({uepu® : u € U(Q)})]. Thus, VV{uepu* : u € U(Q)} > q. So \/{uepu* : u €
U(Q)} = q. The proof for p is exactly the same. O

Remark 2.27. Let a = 5 and p,q be as in Theorem 2200 Then it is not hard to
show that p,q > ep V eq. In general, it is not true that ep V eg = epyq, although

epVeq <p,q<epyq-

Below we give a characterization of commuting squares in terms of basis.
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Theorem 2.28. For a quadruple (N, P,Q, M) the following are equivalent:
(1) (N,P,Q, M) is a commuting square, that is, a(P,Q) = 7 /2.
(2) p=V{vegv* :v e U(P)}.
(3) a=V{uepu" :ueU(Q)}.

Proof.

(1) = (2) This is Proposition

(2) = (1) Clearly \/{vegv* : v € U(P)} > eg. Hence, p > eg. Again applying
Proposition 220, we get a(P, Q) = 7.
Thus (1) and (2) are equivalent. By symmetry, (1) and (3) are equivalent. This
completes the proof. O

Below we investigate a case in which a(P,Q) = 7n/2 = B(P,Q). Explicitly
we characterize simultaneously commuting and co-commuting squares in terms of
various equivalent conditions.

Theorem 2.29. For a quadruple (N, P,Q, M) the following are equivalent:

(1) (N,P,Q, M) is a commuting and co-commuting square.

(2) a(P,Q) = B(P,Q) =7/2.

(3) p=1

(4) If{\;} (resp., {i;}) is a basis for P/N (resp., Q/N), then {\;u;} is a basis
for M/N.

(5) ¢=1.

(6) If {\i} (resp., {1 }) is a basis for P/N (resp., Q/N),then {p;X\;} is a basis
for M/N.

(7) Any basis (not necessarily orthonormal) for P/N is a basis for M/Q.
(8) Any basis (not necessarily orthonormal) for Q/N is a basis for M/P.

Proof. By Proposition [24]and by the definition of a co-commuting square, (1) <~

(2).

Suppose that (1) holds true. Then, applying fact (2) in Remark twice, we
get [M : Q] = [P : N]. Thus, by equation (@) tr(q) = 1. Since a(P, Q) = 7/2, from
Proposition it follows that ¢ is a projection implying that ¢ = 1. Similarly,
p = 1. Thus, (1) = (3), (5).

By Lemma 219 (3) <= (4) and (5) <= (6).

Suppose that (3) holds true, that is, p = 1 . Thus, applying Proposition 2220, we
immediately get a(P, Q) = m/2. Using again equation (@), we obtain [M : Q] = [P :
N]. Then Theorem 21Tl implies that (P, Q) = 7/2. In other words, (3) = (1).

Suppose that (4) holds true. Let {\;} be any basis for P/N. Fix a basis {u,} for
Q/N. Thus, (4) implies that {\;4;} is a basis for M/N. Hence, } -, ; Aipje1p;*\™ =
L. Thus, }°; AiegA;™ = 1 (since we know that 3 puje1p;* = eq). We thus obtain
that {\;} is a basis for M/Q. Therefore, (4) = (7).

Simply use [JS97, Lemma 4.3.4(i)] to conclude that (7) = (4).

Thus, we obtain that (1) < (2) < (3) <= (4) <= (7).

By symmetry (since (P, Q) = 8(Q,P)) (1) <= (2) <= (b)) <<=
(6) < (8).

This completes the proof. ]

Now, the following corollary follows easily. This is the characterization of nonde-
generate commuting squares due to Popa (see [Pop94]) (with slight modification).
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Corollary 2.30 ([Pop94]). For a commuting square (N, P,Q,M) of II; factors

with [M : N| finite, the following statements are equivalent:

) (N, P,Q, M) is a co-commuting square, that is, B3 (P, Q) = 7 /2.

) V{vegv* :vel(P)} =1.

) V{vepu* :ucU(Q)} =1.

) Any basis (not necessarily orthonormal) for P/N is a basis for M/Q.

) Any basis (not necessarily orthonormal) for Q/N is a basis for M/P.

) PQ :=span{d ., z;y; : ¥; € P,y; € Q} = M; in particular, (N, P,Q, M)
is nondegenerate.

(7) QP = M; in particular, (N,Q, P, M) is nondegenerate.

Proof. Let {\;},{i;},p, and ¢ be as before.

By Theorem and Proposition it is trivial to see that conditions (1),
(2), and (4) all are equivalent to the equation p = 1. Similarly, (1), (3), and (5) are
equivalent to the equation ¢ = 1.

Suppose that (3) holds true. Thus, by Theorem {1 i} is a basis for M/N
and hence M = QP, implying (7). Conversely, suppose that (7) holds true. Thus,
any € M can be written as x = ), brax, where b, € Q and a;, € P. Then it is
easy to check that for any x € M

q(@9) = (O brear)) = > pjep(u;brar) = > i ER (11" br) a2
k gk J:k

= ZﬂjEJAD/[Eg[(ﬂj*bk)akQ

(1
(2
(3
(4
(5
(6

= Z wiE uj *br)arQ (by the commuting square condition)

= Z brar) (since {y;} is a basis for Q/N) = zQ.
k

Thus, ¢ = 1.
That (6) is equivalent to p = 1 is exactly the same. This completes the proof. O

Remark 2.31. Tt is worth mentioning that Popa has shown that if (4) of Theo-
rem holds for a quadruple (N, P, @, M), then spP@Q = M, with the additional
assumption that the quadruple is a commuting square, whereas we have shown in
Theorem that if (4) holds, then automatically the quadruple will be a nonde-
generate commuting square.

Corollary 2.32. If P/N and Q/N both have a two-sided basis, then a(P,Q) =
B(P,Q) = /2 implies that M/N has a two-sided basis.

Proof. Just use the fact (2) < (3) of Theorem O

3. BOUNDEDNESS OF ANGLE

In this section and the next section we assume that N C M is a finite index,
irreducible subfactor. In the irreducible case intermediate von Neumann algebras
are intermediate subfactors, so the set of intermediate subfactors form a lattice
under the operations PAQ =PNQ and PV Q ={PUQR}".

Definition 3.1. Let N C M be a subfactor. Then @ is called a maximal (resp.,
minimal) intermediate subfactor of N C M if whenever there exists an intermediate
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subfactor P such that N C Q C P C M (resp., N C P C Q C M), then P equals

either @ or M (resp., P equals either N or Q). We exclude N and M from the

definition of maximal (or minimal) intermediate subfactor for obvious reasons.
Note that maximal intermediate subfactors in N C M correspond to minimal

intermediate subfactors in M C My, where M; denotes the basic construction of
N C M.

Lemma 3.2. For a quadruple (N, P,Q, M) with N' N M = C, the self-adjoint
operator p (resp., q) is a multiple of a projection.

Proof. We have p =Y. \ieg\;". Now by the pushdown lemma [PP86, Lemma 1.2
peq = [M : Q]En(peq)eq. But clearly, Ey(peg) € N'NM = C. Thus, peQ = Aeg
(say). Using Proposition 2225 we obtain that p = [P : N]EY, (eq). Thus, p* = [P :
NIpEY/ (eq). But since p € P' N Qy, we get that p? = [P : N|E (peq) = AP :
N]Eg,/(eQ) = Ap. This completes the proof. The proof for ¢ is similar. |

Remark 3.3. Lemma implies that +p is a projection, where A = ||p|| = [M
Qltr(peq). Thus, H%H and both are projections. Observe, by Proposition 2.22],

that {|g[| = [[p[|.

HQH

Lemma 3.4. Let N C M be a finite index irreducible inclusion of 11 factors, and
let P,Q be intermediate subfactors. Suppose that ep and eq are two biprojections;
then ep V eq is a subprojection of the projection 72 ol (or HQH)

Proof. From the proof of Lemma we obtain peg = ||p|leg. Thus, H%H > eq.

Similarly, gep = ||¢|lep = ||p|lep. Now, by Proposition 222 pep = JgJep = JgepJ.
Hence, pep = ||p||JepJ = ||p|lep. In other words, H%\ > ep. In conclusion, H%H >

ep V eqg. The proof for ¢ is similar. This completes the proof of the lemma.

Proposition 3.5. Suppose that P, Q are distinct minimal intermediate subfactors
of a finite index, irreducible subfactor N C M. Then rTPTQ >Tp+TQ —T.

(epeq)

Proof. If P and @ are minimal intermediate subfactors, then PN @Q = N. Thus,

ep Aeg = e1. Now, by Remark B3] and Lemma [3.4] we have [M:Q]fm >epVegq.

Now, by Proposition 225 we get peqg = [Q : N]Eg[ll(epeQ). Thus, tr(peg) =

(@ : Nltr(epeg). Hence, we get that [M:N}t’m >epVeq.
Computing the trace of both sides and observing by equation (@) tr(p) =
[M:N]
Pt q)e Ve get
_TrTe > tr(ep \Y eQ):Tp + 70 — tI‘(ep A GQ):’TP + 710 — tr(el) =Tp+TQ—T.
tr(epeq)

]

Theorem 3.6. Let P,Q be distinct minimal intermediate subfactors of a finite
indezx, irreducible subfactor N C M. Then a(P,Q) > %.

Proof. First observe that (7p + 7¢g — 7) > 0. By the inequality in Proposition
we have

tr(epeg) —7< — 1@, TPIQ T(rp +79) + 7" _ (tp —T)(r@ —7)

TP+ TQ—T TP+TQ—T TP+ TQ—T
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By Theorem 2.8 we have

tr(epeg) =7 _ (tp = 1) (1 — 7)'/?

\/7'13——7'\/7'(,2——7' - TP+TQ—T
(10— 1) /3(rq 1)V

TP—T+TQ—T

cos(a(P, Q)) =

<

<1/2.

Therefore, a(P,Q) > %.

4. NUMBER OF INTERMEDIATE SUBFACTORS

In geometry the kissing number problem asks for the maximum number 7,
of unit spheres that can simultaneously touch the unit sphere in n-dimensional
Euclidean space without pairwise overlapping. The value of 7,, is known only for
n=1,2,3,4,8,24 (even though upper bounds for 7,, are known for n < 24.) While
its determination for n = 1,2 is trivial, it is not the case for other values of n. The
case n = 3 was the object of a famous discussion between Isaac Newton and David
Gregory in 1694. See [Cas04], for instance.

Theorem 4.1. Suppose that N C M is a finite index, irreducible inclusion of 113
factors. Let My denote the basic construction for N C M. Let L., (N, M) be the
set of all minimal intermediate subfactors of N C M. Then the number of minimal
intermediate subfactors |Ly, (N, M)| is bounded by the kissing number T,, where
n = dim(N' N M). In particular, |L,, (N, M)| < 3™.

Proof. Note that {vp : P € L,,(N, M)} is a set of unit vectors in (N’ N Mi)s.4, a
real inner product space of dimension n. Consider the n-dimensional unit ball Bp
with center at 2vp. Each Bp is adjacent to the unit ball B(1) with a center at the
origin.

By Theorem B.8l |[vp — vgql|, > 1 for distinct P and Q in £,,,(N, M). So Bp and
B are disjoint. Therefore, |L,, (N, M)| < 7,.

Furthermore, for any P € £L,,(N, M), Bp C B(3) \ B(1), where B(3) stands for
the n-dimensional ball with a center at the origin and radius 3. Thus, we have

Vol(B(3)) — Vol(B(1))

L (N, M)| < Vol(B(1))

=3"-1. ]

Remark 4.2. For an irreducible subfactor N C M one has dim(N'NM;) < [M : N].
Hence, the number of minimal intermediate subfactors is also bounded by 3],

Definition 4.3. Suppose that 62 is a real number greater than or equal to 2. We
define

I(6%) = sup {|L(N,M)|: N C M is a subfactor with [M : N] < §°},
NCM

m(6%) = sup {|Lm(N,M)|: N C M is a subfactor with [M : N] < §?}.
NCM

Corollary 4.4. Let 62 be a real number greater than or equal to 2. Then we have
m(52) < 3%

Lemma 4.5. If 62 > 4, then we have 1(5%) < m(52)1(62/2).
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Proof. Note that the inclusion R C R X (Z2 X Z2) is of index 4 and that Zs X Zo
has two nontrivial proper subgroups. Thus, m(§?) > 2 when 6% > 4.

To prove the lemma, we need to show that for an arbitrary subfactor N C M
with [M : N] < 82, |L(N,M)| < m(§%)1(52/2).
Case 1. If |L,n(N,M)| = 0, then |L(N,M)| = 2 (since in this case L(N,M) =
{N,M}). Note that m(§2?) > 2 and I(§?) > 2, and the lemma follows directly.
Case 2. Suppose that |£,,(N,M)| = 1. Let P be the minimal intermediate sub-
factor. Then we have L(N,M) = L(P,M) U {N}. Thus, we have |L(N,M)| =
|L(P,M)|+1<I(M:P])+1.

Since [M : P] = [M : N]/[P : N] and [P : N] > 2, we have [M : P] < [M :
N]/2 < §2/2. Therefore,

|L(N, M)| < I(6%/2) +1 < 2I(6%/2) < m(8*)1(5?/2).

Case 3. Suppose that |L,,(N,M)| > 2. Tt follows that L(N,M)\{N,M} C
UPeL,,,L(N,M) (L(P, M)\M). Therefore,

LN M) < Y (LM =D +2< Y (I(IM:P)-1)+2

PEL,(N,M) PEL, (N,M)
<Y ((0%2) = 1)+ 2 < Lo (N, M)|I(82/2) — | L (N, M)| +2
PEL,(N,M)

<L (N, M| I(62/2) < m(82)1(62/2).
O

Theorem 4.6. Let N C M be a finite index, irreducible inclusion of type 113
factors. Then the number of intermediate subfactors is at most 9IM:NI,

Proof. First note that if we have 2 < [M : N] < 4, then there there are no nontrivial
intermediate subfactors for N C M. Therefore, |L(N,M)| = 2 < 9> < 9[M:N],
Suppose that 2 = [M : N] > 4. By Lemma 5 we have

LN, M)| < 1(5%) < m(3*)I(5%/2) < m(5*)m(s/2)I(5%/2?)
< m(8%)m(5%/2)m(5/4) ---m(5> 2815225+,

where k is the smallest integer such that 2 < 52/2k+1 < 4.
By Theorem [£.I] we have

k k1 ‘
IL(N, M)| < I(52/2F+h) H 364/2 < H 48%/2 (since I(62/25+1) = 2 < 352/2k+1)
j=0 j=0
o0
< J3/% <3%" =9".
3=0
This completes the proof. O

In 2003 Longo asked whether the number of intermediate subfactors can be
bounded by [M : N]M:N (see [Lon03]). Theorem provides a better estimate
for the number of intermediate subfactors for an index greater than 9. In fact, we
can use our techniques to give a positive answer to Longo’s question for any value
of the index [M : NJ.
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Theorem 4.7. Let N C M be an irreducible subfactor of finite index. Then the
number of intermediate subfactors is bounded by min{9M:N1 [Af . NJIMNI

Proof. By Lemma we know that
(10) [L(N,M)| < 1(8%) < m(8)1(5°/2) < 37 1(5°/2).

If [M : N] < 4, then from Jones’s index theorem [Jon83] we know that there are no
nontrivial intermediate subfactors, and hence the statement holds. If 4 < 62 < 8,
then we have I(62/2) = 2. Therefore, equation (I0) yields

IL(N, M)| < 3°1(62/2) =2 35" < 45" < [M : NJIMN,

Now if 8<§2<9, we have |L(N, M)|<I(6%)<m(82)1(62/2)<m(62)m(5%/2)1(5%/4).
Note that §% /4 < 4 and hence I(§%/4) = 2. We also have m(62)m(§2/2) < 39%39%/2 <
314, So |L(N, M)| <2314 < 88 < [M: NJIM:N,

Finally, if [M : N] > 9, then from Theorem B8 we have |£(N, M)| < 9M:N <
[M : NN, O

Remark 4.8. In various cases we can get better estimates for the number of inter-
mediate subfactors, as explained below:

(1) We can use the estimate m(6%) < 7,,, where n is the smallest integer bigger
than 62 and 7,, denotes the kissing number (at dimension n). Since upper
bounds of the values of kissing number are known for small dimensions, the
above calculation yields that for [M : N] < 16, |[L(N,M)| < 2-79 - 75 <
2 x 44 x 364 = 32032 < 2'°.

(2) Suppose that N C M is an irreducible subfactor, and suppose that N’ N
M, is abelian. (For example, R C R x G, where G is a finite abelian
group acting outerly on R. Therefore, Theorem [£.9] provides a bound for
the cardinality of the set of all subgroups of a finite abelian group.) Then
for two distinct minimal intermediate subfactors P and @ it is trivial to
check that a};(P,Q) = 5. Thus, the set {vp : P € L,,(N, M)} forms an
orthonormal set, and hence the number of minimal intermediate subfactors
is bounded by dim(N' N M;) < [M : NJ]. After that, doing an iteration
as above, we obtain a better bound than [TW97, Proposition 5.1] for the
cardinality of the lattice L(N C M), as explained below.

Theorem 4.9. Suppose that N C M is an irreducible subfactor, and suppose that
N’ N M, is abelian. Then
[M : N])logqurN])

7 .

Proof. Let P and @ be two minimal intermediate subfactors. Then we have

[L(N, M)| < (

cos(a(P,Q)) = tr((ep —e1)(eg —e1)) _ tr(epeg) — tr(er) '

lep —eilllleq —eall,  ller —ellylleq —eall,
Note that ep,eq € N’ N M, which is abelian, and that PN @ = N. Thus, we have
tr(epeqg) = tr(ep A eg) = tr(e1), and this further implies that cos(a(P,Q@)) = 0.
Therefore, for any two minimal intermediate subfactors P and @, (P, Q) = 7/2.
In particular, this means that the set {vp : P € £,,,(N, M)} is an orthonormal set.
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Therefore, |£,,(N, M)| < dim(N’ N M;) < [M : N]. This implies that m(§%) < 62
and therefore, by Lemma [£5] we have
[L(N, M)| < 1(6%) <m(8%)1(5%/2) < m(8%)m(5%/2)1(5%/2%)
< m(8%)m(8%/2)m(9%/4) - --m(82/2%)1(82 /25 ),

where k is the smallest integer such that 2 < §2/28F1 < 4 ie., k+1 < log(62/2).
Since m(6?%) < 42, we have

[L(N, M)| < m(62)m(8° /2)m(82 /4) - --m(62 /2%) I(8% 2511

k k+1
<I1(%/2Y ] 6%/ < [[6%/2
=0 =0

1 52 52 2
52 k+1 k+1 o~ (Z_\log(é /2)
()1 < ()

PR ER UV

This completes the proof. O

1

o s2\k+1
= (0%) 9(k+1)(k+2)/2 <

5. FINAL REMARKS: COMPARISON WITH THE SANO—WATATANI ANGLE

In this section we compare our notion of the angle between intermediate subfac-
tors with the notion of the angle operator due to Sano and Watatani [SW94]. The
authors would like to thank an anonymous referee of this paper for suggesting that
we include a discussion on the comparison between these two notions of angles.

In [SW94] Sano and Watatani introduced the notion of angles between a pair
of subalgebras of a given finite von Neumann algebra as the spectrum of an angle
operator (see below). We define only the angle between intermediate subfactors of
a finite index subfactor N C M. In theory, the Sano—Watatani angle is a set of
values, whereas our notion always gives a single number. This is perhaps the main
difference between these two notions. As we show later, the two notions are not
comparable in general, even though they coincide when we consider quadrilaterals
which are commuting squares. Recall that a quadruple (N, P,Q, M) of 1I; factors
is called a quadrilateral if N = PN Q and M is generated by P and Q.

Let us now briefly recall the definition of a Sano—Watatani angle. Motivated
by the relative position of two different subspaces K and £ of a Hilbert space H,
see, for example, [Hal69], Sano and Watatani defined the angle operator 6(p,q)
(where p (resp., q) is the projection onto K (resp., £)) as cos™ty/pgp — p A q, where
(pgp — p A q) is regarded as the operator acting on its support. The set of angles
Ang(p, q) between p and ¢ is the subset of [0, 7/2] defined by [SW94], Definition 2.1]

_ JspO(p,q) if pq # qp.
(1) Ang(p,q) = {{7‘(/2} otherwise.

Definition 5.1 ([SW94]). Let M be a finite von Neumann algebra with a faithful
normal tracial state tr, and let P, Q) be von Neumann subalgebras. Then the Sano—
Watatani angle Ang,, (P, Q) between two subalgebras P and @ of M is defined as
follows:

Angy, (P, Q) = Ang(ep, eq).

(Here ep and eg are corresponding Jones projections.)
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Most of the paper [SW94] is devoted to the case in which (N, P, @, M) is a quadri-
lateral of type II; factors. In this scenario, by [SW94l Proposition 3.2], Ang,,(P, Q)
is a finite set. Thus, in this case we might hope to relate the two definitions of an-
gles. However, as we show below, the two notions of angles are not comparable in

e Consider a quadruple N C P C @ C M of type II; factors with [M :

N] < oo. Then by Fact ZI5 cos(ad; (P, Q)) = 4/ {gmj Whereas, since in
this situation epeg = egep = ep, we conclude that Ang,,(P,Q) = {n/2}.
Therefore, o, (P, Q) and Ang,,(P, Q) are different in general.

By [SW94, Corollary 3.1] we see that for a quadrilateral (N, P,Q, M) of
type II; factors with [M : N] < oo, if the operator s = epegep — en is
0, then Ang,,(P, Q) = {w/2}, and hence the quadrilateral is a commuting
square. Therefore, o} (P, Q) = /2, and two notions of angles coincide in
this case.

Consider again the quadrilateral (N, P, Q, M) of type II; factors with [M :
N] < oo, and let s be the operator as described above. In [SW94, Corol-
lary 3.1] Sano and Watatani proved that if s> = us # 0 for some scalar
u, then Ang,,(P, Q) consists of one point, say, (P, Q). Then §(P,Q) =
cos ty/m. In [SW94, proof of Lemma 3.6] the authors have shown that
tr(epeg —en) = ptr(r), where r is the projection ep —ep Aeg —ep A eQL.
Then an easy calculation shows that

cos(a(P,Q)) = cos*(O(P, Q)){ Jir(er) _tl;—(ytr(eQ) -7 }

In conclusion, even if Ang,,(P, Q) is a singleton, it can be different from
a(P,Q). More precisely, in this case cos?(8(P,Q)) = cos(a(P,Q)) if and
only if the following equation holds:

tr(ep /\te) = \/tr(ep — eN){\/tr(ep —en) —1/tr(eg — eN)}.

Recall that a finite index subfactor N C M is called 2-supertransitive if
N'NM; ={1,en}". Now let us discuss the two notions of angles for the 2-
supertransitive case which was extensively studied in [GJO7I/GIO8]. Suppose
that (N, P,Q, M) is a quadrilateral such that N C M is an irreducible,
finite index subfactor and N C P and N C @ are 2-supertransitive. Then
by [GJ07, Lemma 4.14] we see that epegep —eny = A(ep —en), where A =

%. Therefore, we get that s> = Xs. If A # 0, then Ang,,(P, Q)

is a singleton #(P,Q), and cos?(#(P,Q)) = A. On the other hand, an easy

calculation shows that cos(a(P,Q)) = A {g%%:}

not a commuting square, then by [GJ07, Lemma 4.8] we have [P : N| =
[Q : N]. Therefore, in this case cos(a(P,Q)) = cos?(0(P,Q)).
Furthermore, if the quadrilateral is a co-commuting square, then tr(epeg)

= [MP]IW by the first fact in Remark Therefore, by Theorem 2.8

If the quadrilateral is
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and the fact that cos(a(P, Q)) = cos?(0(P, Q)), we see that

COSQ(Q(PQ): [P:N]—[M:Q) _ [P:N]—[M:P]

praQ)tpiv-1) prep(pen 1)

This result is [GI08, Lemma 2.1]. Here we have reproved this result by
relating our angle to the Sano—Watatani angle.
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