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Abstract: Inspired by the quantum McKay correspondence, we consider the classical
ADE Lie theory as a quantum theory over sl;. We introduce anti-symmetric characters
for representations of quantum groups and investigate the Fourier duality to study the
spectral theory. In the ADE Lie theory, there is a correspondence between the eigenval-
ues of the Coxeter element and the eigenvalues of the adjacency matrix. We formalize
related notions and prove such a correspondence for representations of Verlinde alge-
bras of quantum groups: this includes generalized Dynkin diagrams over any simple Lie
algebra g at any level k. This answers a recent comment of Terry Gannon on an old
question posed by Victor Kac in 1994.

1. Introduction

In 1980, McKay found his correspondence between subgroups of SU (2) and the affine
ADE Dynkin diagrams [48]. In 1987, Cappelli, Itzykson and Zuber found a correspon-
dence between ADE Dynkin diagrams and the modular invariant of quantum sl [8],
which was further formulated by Ocneanu as a correspondence to subgroups of quantum
sl [55]. This has been considered as a quantum analogue of the McKay Correspondence.
We elaborate this idea in §2.

In ADE Lie theory, the action of the Coxeter element on the root system has period-
Jj2mi

icity equal to the Coxeter number ¢, = 2 + k, for some k € N*. Its eigenvalue is e % ,

forsome j € Z,, and j is called a Coxeter exponent. On the other hand, the eigenvalues

of the adjacency matrix of the ADE Dynkin diagram are given by 61‘7 +e = , where
J is an exponent with the same multiplicity.

Kac asked the question, whether the Coxeter exponents for the A D E quivers can be
generalized beyond SU (2) theory in a talk given by Terry Gannon in 1994 at MIT [36].
Gannon commented in his lecture at the Shanks workshop at Vanderbilt University in
September 2017, that if such a generalization exists, then the correspondence between
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the Coxeter exponents and the spectrum of the adjacency matrices should work for all
quivers (or NIM-reps) of module categories acted on by the representation category of
quantum sl,, and it may even be true over any simple Lie algebra g at level k [23]. These
quivers were called higher Dynkin diagrams by Ocneanu around 2000, see also [56].

The generalization of adjacency matrices and their spectrum are straightforward
and well-understood. The generalizations of roots and the Coexter element have been
considered by Di Francesco and Zuber for generalized Dynkin diagrams in [13] and by
Ocneanu for higher Dynkin diagrams in [55] using different approaches. The spectrum
of the adjacency matrices and the spectrum of the generalized Coxeter elements have
been considered as two different generalizations of the Coxeter exponents.

In this paper, we study a generalization of the adjacency matrices and the Coxeter
elements for any unital *-representation IT of the Verlinde algebra [63] of any simple
Lie algebra g at any level k, including generalized Dynkin diagrams and higher Dynkin
diagrams as special cases. We prove a general correspondence between the spectrum of
adjacency matrices and the spectrum of Coxeter elements for I1. The relation between
the multiplicities of the two spectra are computed in Theorem 8.28. In particular, when
g is of type ADE and IT is graded by the center of g, we prove that the multiplicities
of the two spectrums are the same. This answers Gannon’s comment on Kac’s question,
by generalizing the equality of the multiplicities for Coxeter exponents associated with
classical ADE Dynkin diagrams, see our dictionary after Theorem 8.28.

Many concepts in this paper were well studied in literature related to quantum
McKay correspondence, from conformal field theory to category theory. We explain
these concepts using classical Lie theory in an elementary and self-contained way, in-
stead of using the fruitful approach of quantum groups and the McKay correspondence.
We hope our approach will be helpful for many readers. We refer to §2 for further
background and extensive, but definitely not encyclopedic, references.

We study the notions related to affine Lie algebras and quantum groups using Lie
groups and their subgroups. We consider a quantum group as a simple Lie algebra g with
anatural number k, corresponding to the level. We construct its Verlinde algebra by anti-
symmetric characters defined in §5. For each level k, the anti-symmetric characters are
defined by the Weyl denominators on a domain 7 o, a subset of the maximal torus of the
corresponding Lie group. From the choice of the domain, we obtain a natural cutoff of
the fusion rule of representations from the Lie algebra g to the quantum group at level &,
also known as the Wess—Zumino—Witten cutoff [51,66—-68]. We attempt to understand
the connection between the McKay correspondence and the quantum McKay corre-
spondence with this approach. Another motivation for introducing the anti-symmetric
characters is understanding the fusion rule and their generating functions in a closed
form for the representations of two families of quantum subgroups constructed in [44].

Additive functions on Auslander—Reiten quivers were studied by Gabriel in [20].
For an ADE Dynkin diagram, the root system can be realized as additive functions on
the Auslander—Reiten quiver, and the Coxeter element is given by a translation functor.
The adjacency matrix of the ADE Dynkin diagram can be extended to a Z,-graded
unital *-representation of the Verlinde algebra of sl at level k, and k = ¢, — 2. We
study a generalization of related concepts for any (graded) unital *-representation IT of
the Verlinde algebra of a simple Lie algebra g at level k. We define the corresponding
adjacency matrices, quantum Dynkin diagram, quantum root spaces, quantum Coxeter
elements and quantum Coxeter exponents. See the end of §8 for a dictionary.

We study the spectral theory using the Fourier duality in §4. We apply the Fourier
transform to diagonalize the actions of the adjacency matrices, and identify their simul-
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taneous eigenvalues as elements in 7 o modulo the Weyl group action, which we call the
spectrum. On the other hand, we apply the Fourier transform to diagonalize the actions
of quantum Coxeter elements, and identify their simultaneous eigenvalues as elements
in T 0. Moreover, we introduce the quantum Coxeter exponents for the elements in
Tk.0- Then we can compare their multiplicities using these two identifications and obtain
an equality in Theorem 8.28. This equality generalizes the known correspondence of
Coxeter exponents for the AD E Dynkin diagrams over g = slp, and in this theorem we
answer the Gannon’s comment on Kac’s question.

2. Background

It is well known that the simple Lie algebras are classified by Dynkin diagrams as their
underlying symmetry. The construction from Dynkin diagrams to Lie algebras was given
by Chevalley. The simply-laced Dynkin diagrams are the ADE Dynkin diagrams and
one can obtain the others from an orbifold construction of the ADE ones.

In 1980, McKay found a one-to-one correspondence between subgroups of SU (2)
and the affine ADE Dynkin diagrams [48]. The affine Dynkin diagrams appeared as
the quivers of the irreducible representations (irreps) of SU (2) tensoring the standard
representation. The Mckay correspondence relates subgroups of SU(2) and ADE Lie
theory.

Around 1968, Kac and Moody studied infinite dimensional Lie algebras, known as
Kac-Moody Lie algebras, see [34,35,50]. The type Ax+1 Dynkin diagrams appeared
as the quivers of the semisimple irreps of the affine Lie algebra s[(2) at level k. In
1983, Jones classified the indices of a subfactor N' C M, an inclusion of von Neumann
algebras with trivial center [31]:

T
2+k

{4cos? Tk =1,2,- U4, 00l.

For each k, he constructed a subfactor with index 4 cos® 37> Whose principal graphs,
namely the quiver of bimodules, is the A4 Dynkin diagram. The A4 Dynkin diagram
also appeared as the quiver of semisimple irreps of the Drinfeld-Jimbo quantum group

Uysh, g = e [15,30]. The correspondence between the two representation theories
is given in [32]. Wassermann found another conceptual connection between subfactor
theory and representation theory of quantum groups in conformal field theory [64]. The
correspondence between representations of affine Lie algebras and representations of
quantum groups is given by Kazhdan and Lusztig in [39]. The Ax+; Dynkin diagram
appeared as a cutoff of A,. This is a general phenomenon also known as the Wess—
Zumino—Witten cutoff [51,66—-68]. See the book [2] of Bakalov and Kirillov Jr. for
general situations and further connections.

In 1987, Cappelli, Itzykson and Zuber classified the modular invariants of quantum
slp atlevel k by ADE Dynkin diagrams with Coxeter number 2+ k. The diagonals of the
modular invariants matched the multiplicities of the Coxeter exponents, which was first
observed by Kac for the Eg case, see further discussion in [8]. A connection between
the diagonals of the modular invariants and the spectrum of the adjacency matrices of
representations of the Verlinde algebra of quantum sl,, has been studied by Di Francesco
and Zuber in [13]. In 1988, Ocneanu outlined the surprising A,, D2,, E¢, Eg classifica-
tion of the standard invariants of subfactors with index less than 4 in [52]. The proof of
the classification is given in [3,24,28,29,38]. This ADFE classification is also a classi-
fication of subfactors due to Popa’s reconstruction theorem [60]. See the survey paper
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[33] for more details. In 1994, Ocneanu proposed a connection between subfactors and
extended Turaev-Viro TQFT [53]. Given a subfactor N C M, if the N' — N bimodule
category is isomorphic to the representation category of quantum sl, which defines a
Turaev-Viro TQFT [62], then the subfactor defines an extended TQFT. Ocneanu consid-
ered this subfactor (or the M — M bimodule category) as a subgroup of quantum sl and
the ' — M module category as a module of quantum sl,, see [54]. All ADE Dynkin
diagrams appeared as the quiver of the generating ' — A bimodule, corresponding to
the fundamental representation of quantum sl,, acting on irreducible A" — M bimod-
ules. The correspondence between A D E subfactors and modular invariants is given by
Bockenhauer, Evans and Kawahigashi based on the a-induction [5,6,46,54,69]. A corre-
sponding categorical formalization of module categories and the classification has been
done by Kirillov and Ostrik with independent proofs in [40,57]. The A D E classification
related to quantum sl has become known as the quantum McKay correspondence.

Inspired by Chevalley’s construction and McKay correspondence, one can consider
the ADE Lie theory as a mathematical theory over sl,. It turns out to be natural to study
the notions in Lie theory over quantum sl and other quantum groups. In this direction,
Zuber introduced generalized Dynkin diagrams over sl,, at level k and a generalization
of Coxeter elements and Coxeter exponents in [70,71]. Many examples of generalized
Dynkin diagrams appeared in conformal field theory, see the book of Di Francesco,
Mathieu, and Sénéchal [12]. Ocneanu reformulated the generalized Dynkin diagrams as
the quivers of modules of sl,, at level k£ and proposed a classification for sl5, s(3 and sl4
in [55], and he called these quivers higher Dynkin diagrams [56]. Another approach is
given by Etingof and Khovanov in terms of integer modules over the Verlinde algebras
of quantum groups [17].

Zuber’s motivation for studying his generalized Dynkin diagrams arises from confor-
mal field theory [70,71]. Xu constructed type E quantum subgroups of quantum groups
through conformal inclusions in chiral conformal field theory [69], and the quantum
subgroup is implemented as the (bi-)module category of commutative Frobenius alge-
bras in the unitary modular tensor category of the quantum group. He also computed the
corresponding quivers, namely higher Dynkin diagrams, for small rank quantum groups.
The analogous construction for orbifolds, namely type D module categories, was given
in [4] and the remaining E7 modular invariant and module category was constructed in
[6]. In general, it requires the modular invariant and 6j symbols to construct irreducible
modules and to compute the quivers as shown in [5,6,54]. However, it remains a difficult
problem to compute the 6j symbols in a closed form. It is also challenging to compute
the corresponding quivers in closed forms when the quantum groups have large rank.

The first author introduced a new type of Schur-Weyl duality for families of type
E quantum subgroups in [44]. This provides new methods to compute the quivers of
module categories without computing the modular invariant and quantum 6j symbols.
See further discussion in [45]. It would be interesting to compute the quantum Coxeter
exponents and multiplicities for these families of examples.

For the sl3 case, Di Francesco and Zuber investigated the McKay correspondence
both in the classical and quantum sense in [13]. Gannon classified the modular invariants
for quantum sl3 in [21]. Ocneanu proposed in [55] a classification of unitary module
categories of quantum sl3 , relying on the existence of a cell system, and asserted the non-
existence of such a cell system for a particular NIM-rep of the list given by Di Francesco—
Zuber in [13]. The existence of the Ocneanu cell systems for sl3 was computed by Evans
and Pugh in [16] and by Coquereaux, Schieber and Isasi in [9]; the non-existence of the
cell system for the previously mentioned particular NIM-rep was also detailed in [9].
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Recently Evans and Pugh classified modular invariants and unitary module categories
for SO (3)2, in [18].

Following the quantum McKay correspondence, Ocneanu proposed a generalization
of the Lie theory in [55] and gave a course “higher representation theory” at Harvard
in the 2017 fall term. For Ocneanu’s blueprint shown in his course, we refer readers to
the lecture notes in [56]. Some motivating examples including higher Dynkin diagrams,
higher roots, higher Coxeter elements over s(3 were discussed in [56], see also hyper
roots over sl3 in [11]. There are different approaches to generalize Lie theory, which we
do not discuss in this paper.

Gabriel constructed the root category using the quiver representations of ADE
Dynkin diagrams in [19]. Using the root category, Ringle constructed the positive part of
the corresponding Lie algebras in his seminal work [61]. Happel gave another construc-
tion of the root category using 2-periodic derived categories of quiver representations
in [26,27]. Remarkably, Peng and Xiao constructed simple Lie algebras in [58] and
symmetrizable Kac—-Moody Lie algebras using these derived categories in [59]. Dorey
constructed the ADE root system and the Coxeter element using the corresponding
NIM-rep data of quantum sl in [14]. Ocneanu proposed a construction of the root cat-
egory using the module category over quantum sl in [55,56], see further discussion by
Kirillov and Thind in [41,42]. Furthermore, Kirillov and Thind constructed the corre-
sponding derived category in [43]. It will be interesting to generalize the construction
of the Lie algebras for quivers over a quantum group g beyond sl,. It would require a
generalization of Lie bracket and the Jacob identity.

Around 1986, Kac observed a correspondence between the diagonal of an s, modular
invariant and the Coxeter exponents of E, which turned out to be a general phenomenon
for all sl modular invariants as discussed in [7,8,37]. The diagonal of a modular in-
variant is also a natural generalization of the Coxeter exponent. It is natural to ask for
a generalization of this correspondence over a simple Lie algebra g at level k as well.
Kac and Gannon asked whether for any module category of the representation category
of quantum sl,,, there is a correspondence between the diagonal of its modular invariant
and the spectrum of its adjacency matrices.

3. Preliminaries

Let g be a simple complex Lie algebra, that is the complexification of the Lie algebra €
of a simply-connected compact Lie group K. Let t be a maximal abelian subalgebra of
€, and let 7 be the maximal torus, a Lie subgroup of K whose Lie algebra is t. Then
h = t+itis a Cartan subalgebra of g. Denote by (-, -) an inner product on g such that
it is invariant under the adjoint action of K and taking real values on ¢. Let ¢ be the rank
of g.

Denote the set of roots of g by A. Let {«q, ..., a¢} be the set of simple roots in A.
We denote by Q the root lattice,

4
0= ijaj:kjeZ
j=1

The set of positive roots is denoted by A .. Let 6 be the highest positive root, namely 6+«
is not a root for any simple root z. We assume that the inner product (-, -) is normalized

2
such that (9, 6) = 2. For any root o € A, let aV = )a be the coroot of « for g.
o, o
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¢ ¢
v i = O Vo= Vai
Denote by Q" the coroot lattice of g. Let 6 = E o1 %% and 67 = E =1 4%
¢ ) v e,
Thenh =1+ E PR the Coxeter number of gand 7 = 1+ E =141 the

dual Coxeter number.

Let Q2 = {wy, ..., o} be the set of fundamental weights, such that (w;, Hy,) = §;;
forany 1 < j,i < £.Let P be the weight lattice of g. The root lattice Q is a subgroup
of P. It is known that

Z(g):=P/Q
is isomorphic to the center Z(K) of the Lie group K. Denote its order by n, := |Z(g)|.
Let C be the closed fundamental Weyl chamber of P, i.c.
12
C= A:ija)j:kjeN,lfjse
j=1
Forany A € C, we denote by VW (1) the weight diagram of the irreducible representation
with the highest weight .. The Weyl vector p is the sum of fundamental weights,

¢
0= Z @) Another expression of p is half the sum of positive roots,
j=

pzéza. (1)

aeA;

For any a € A, we denote by r, the reflection r, () = A — (A, a¥)a forany A € P.
Let W be the Weyl group of g generated by the reflections ry (1). For any r € W, we
denote by det(r) the sign of 7.

Forany A € C, wedenote V), the irreducible representation of K with highest weight
A. Let x; be the character of the Lie group K associated to V). Suppose V, ® V; =

@ N ,j , Vi, where N ;i , € Nis called a fusion coefficient. Then
veC

Xuda =Y _Nj X0 )
veC
Forany A € C and H € t, the Weyl character formula states

H) B Zrew det(r)e”’(“p)_p'H) Zrew det(r)e“’(“p)’m

[Toea, (1 —eilet) N [uca, (ei@H)/2 — g=ite/2) *
+ +
Moreover, the Weyl denominator formula states

Z det(r)el 7P H) = gilpH) l_[ (1 _ e—i(a,H}) _ l—[ (ei(a,H)/Z _ e—i(a,H)/Z) ’

rew aeAL aeAy
3)

see e.g. Theorem 10.4 and Equation 10.4.4 in [35]. The Weyl character formula can be
rewritten as

xo.(e

1y _ Lrew det()e 101

e A
1. S Aot T
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Now let us recall the notions related to a level k € N of g. Let ¢, = h" + k be the
altitude, which plays the role of quantum Coxeter number over g at level k in this
paper. Define

On :={r@)|r € W}
QZ = cka.
Then Q" = spany, Q).

For any A € P, define a translation 9, on P by

() =A+p, pneP.

Then the set {#,}1ep_is a free abelian group using composition. For a level k € N, the
affine Weyl group W is generated by the Weyl group W and the translation 9¢,¢. The
translation subgroup W; of W is given by

Wi = {0y | € O)}.

Then W = W; x W.Forany r € W, we denote by det(r) the sign of r in W/W, =Ww.
The alcove Cy is defined as

14
Co=1{A=) kjwjeC:kjeN*" j=1,...£(, Hy) <crpCC.
j=1

The finite dimensional irreducible representations (with non-vanishing quantum dimen-
sion) of the quantum group g at level k are denoted by (Vo | » € G}, and V;, corre-
sponds to Vj_,. They form a unitary fusion category, after a semisimplification of the
representation category of the quantum group. Their fusion rule, known as the Wess—
Zumino—Witten cutoff, can be computed using the Kac-Walton algorithm [35,65].

Vi@Vu=Y Ny Vo= Y det(r)N,") " Vi, )
veCy veCy,reW,
r(v)—peC

The fusion algebra is known as the Verlinde algebra of the quantum group [63]. These
irreps form a Z(g)-graded fusion ring [47], such that V, is graded by A — p in Z(g).

For AD E Dynkin diagrams, Gabriel constructed the root system using additive func-
tions on the Auslander—Reiten quiver [20], see also [26]. We briefly recall this construc-
tion and formalize related concepts in a general situation in §8. Take an ADE Dynkin
diagram G as a bipartite graph and let ¢ : G, — Z, be a Z, grading of the vertices
G, of G. The vertices of the Auslander—Reiten quiver is I' = {(i, x) € Z,, x Gy :
i +e&(x) =0 € Zy}. A function f on I' is called additive, if f(i, x) € Z and

fa.x)+fi+2,0)= Y fl+1y),V@x)el, Q)

yeEN(x)

where N (x) is the set of vertices adjacent to x. Let H be the space of additive functions
with the discrete measure on I', Py be the orthogonal projection from L?(I") onto H, and
8i.x be the delta function at (i, x). Then 2¢, P (8; x) is an additive function. Moreover,

(V2 Pr(Six) : (i,x) €T}
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forms the root system of G. Furthermore the translation ¥ on I', #(i, x) = (i + 2, x),
induces a Coxeter transformation on the root system. This construction was rediscovered
and used by Dorey in [14] using a NIM-rep of quantum sl,. An explicit description, for
several root systems, of this periodic quiver was given in [10].

4. Fourier Duality

In Lie theory, the exponential map H > ¢*"! is a group isomorphism t/Q" = T'. For
any A € P, the Fourier transform”: A + A, given by

(e Hy = it H)

) (6)

is well defined on ¢>™# € T. The map " is a group isomorphism from P to the dual of
the abelian group 7. The weight lattice P is the dual of the coroot lattice QV:

(1) A e Piff (\, H) € Z,YH € QV;
(2) H € QV iff (A, H) € Z,VA € P.

Definition 4.1. Suppose A is a sub lattice of P and P/A is finite. We define the dual
lattice of A in t as

ta ={H e t|{a, H) € Z,Ya € A}.

Define the corresponding subgroup of 7' as
TAz{ez”HeT:HetA}.

Then T4 = ta/QV. By the duality of lattices, we have the following result:
Proposition 4.2. Foranya € t, « € A iff (o, H) € Z, VH € tg.

Theorem 4.3. The map " induces a group isomorphism from P/A to the dual of the
abelian group Ty.

Proof. If & € A, then by the definition of T4, we have A(e”) = 1, for any e” € Tj.
So ” is well-defined from P/A to the dual of T4. Conversely, for any A € P, if
Ae¥™H) =1, V H € ty, then (A, H) € Z. By Proposition 4.2, > € A. So " is injective.
Suppose that f is a character of T4. Then f(ef') = ¢/*#), for some A € t. For any
H e2rQY,wehave e/l =1 € Ty4.So f(e”) = 1 and (A, H) € 2nZ. By the duality
between the lattices P and OV, we have A € P. So the map " is surjective. Therefore, "
is a group isomorphism from P /A to the dual of the abelian group T}4. O

For any k € N, consider the case A = Q) = ¢, 0".

Definition 4.4. The lattice {; in tis
tx = {H € t|(a, H) € Z,Va € Q}/}.
The subgroup Ty of T is
Ti = {ean H etk} CT.

We call the quotient group Py := P/Q) a weight torus.
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Corollary 4.5. The map " induces a group isomorphism from Py to the dual of the
abelian group T.

Corollary 4.6. The order of the group Ty is
[Tl = 1Pl =1P/QI-1Q/Q]- 10 /0| = nici1Q/ QY.
Remark 4.7. When g = sl,,, Q) = ¢ Q. So |Tx| = |Px| =n(n +hyrL

Let L2(P;) be the complex L? functions on P, with counting measure. Let L(Ty)
be the complex L? functions on T, with Haar measure. Recall that P, and 7} are dual
to each other. For any f € L2(Py), its Fourier transform F( f) in L?(Ty) is

F(f)eey = Z FO)e M e
LE P
Then F is a unitary transformation:
(FLFUN =) ff € L2(Po).

For any g € L%(T}), the inverse Fourier transform F~!(g) of f is

_ 1 .
F o = Tl gleMye ™1 5 ¢ p.

eHeTk

For any f € L%(Py) and r € W, we define r(f) as r(f)(A) = f(r~' (1)) for any
A€ Py

Definition 4.8. Let L2(Pk)W be the space of all anti-symmetric functions on P:
L2(POY = {f € LY2(Py) : r(f) = det(r) f, Vr € W}.

For any g € L%*(Ty) and r € W, we define r(g) as r(g)(eH) = g(e’fl(H)) for any
H
e’ € Tx.

Definition 4.9. Let L(T})" be the space of all anti-symmetric functions on Tj:
L*(T)" ={g € L (Ty) : r(g) = det(r)g, Vr € W}.
Proposition 4.10. We have
FL Py = L2(T0)".

Proof. Suppose f is an anti-symmetric function in L>(P;). Then for any e’ € T} and
reWw,

FF()IET) = Z f()»)ei()"rl(ﬂ)> = Z FO)elr@H)

re Py rE Py

=Y feT e H ) = 3" det(r) £ (et *H)
rePy rePy

= det(r) F(f)(e™).

Hence F(f) is anti-symmetric.

Conversely, if g is an anti-symmetric function in L%(Ty), then F~(g) is anti-
symmetric by a similar computation. Therefore, F is a unitary transformation from
L2(P)"Y to L2(Tp)V. O
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5. Anti-symmetric k-Characters

In this section, we introduce anti-symmetric characters for a simple Lie algebra g and
a level k. We construct a C*-algebra of those characters which represents the Verlinde
algebra of the corresponding quantum group. Therefore, we call it the k-character Ver-
linde algebra of gat level k. We reformulate some well-known properties of the Verlinde
algebra and its S matrix in term of anti-symmetric characters. To be self-contained, we
prove these results using basic properties of Lie algebras.

Definition 5.1. We say A € Py is in a mirror, if it is in M(Py) := {A € P : ry(A) =
A, for some @ € A}. We say efl e Ty is in a mirror if it is in M (T}) := {eH e Ty :
) = ¢H  for some o € A}. Furthermore,

Pro = P \M(Py);
Tr,0 = T \M(Tp).

Note that the Weyl group W action fixes M (Tj) and M (Py), so it also fixes Px o and
Tk.0. Moreover, the action of W is transitive on each orbit in Py ¢ and T . Recall that
the alcove Cy, is defined as

£
Co={A=) kjwjeC:kjeN* j=1,...£(, Hy) <cr}p CC.
j=1

In affine Lie algebras, it is known that Ci is a fundamental domain of Py o under the
action of W.

Remark 5.2. If the Lie algebra g = sl,, then |C| is the binomial coefficient

cr — 1
ICk| = ( )
n—1
Definition 5.3. (k-characters) For any A € Py, e e Ty, we define X at A by
X =F(_ det(r)sr)).
rew
where §; is 1 on A and O elsewhere. Then
X(e™) =) det(r)e!r P
rew
We define the k-character X, to be the restriction of x; on Ty .

Proposition 5.4. The function x is anti-symmetric on Py and Ty, namely, for any ) € Py,
reWw,

Xrony = det(r) X,
r(Xn) = det(r)X;..
Consequently, X, is supported in Ty .

Proof. By the definition of ¥, it is anti-symmetric on P. By Proposition 4.10, ¥ is
anti-symmetric on Tj. O



Antisymmetric Characters and Fourier Duality 87

Corollary 5.5. If A is in a mirror, then %), = 0. For any ) € Py, if e is in a mirror, then
o~ H
xn(e™) =0.

Proof. By Proposition 5.4, if ro, (1) = A for some « € A, then
T = Xro) = det(re) 0. = — X0,
and we obtain X = 0. For any A € P, and e« = ¢H for some o € A, we have

) = —%i(e™),

%) =Tt —Te
and hence X3 (ef') = 0. O

Theorem 5.6. The set {| W|*%5(}};L€ck forms an orthonormal basis (ONB) of L>(Ty)".
In particular,

dim L*(T)V = |Cl.

Proof. Notethat {|W|~1/2 Y rew det(r)8,o) }rec, forman orthonormal basis of L2(P)V.

By the definition of X and Proposition 4.10, {|W|’%5(}} rec, forms an orthonormal basis
of LX(T)V. O

Definition 5.7. Define the space Lz(Tk,o)W as anti-symmetric functions on 7Ty o:
2 wo_ 2 . _
L*(Tk0)" ={g € L"(Tk0) : r(g) = det(r)g, Vr € W}.
By anti-symmetry, any functionin L?(7})" is supported in T o. So L>(Ty)V = L*(T;. o)V

Corollary 5.8. The set of multiples of k-characters {| W|_% X rec, forms an orthonor-
mal basis osz(Tkyo)W.

Fact 5.9. Recall that p is the Weyl vector. By the Weyl denominator formula (3), for any
e, Zp(eH) #0 iﬁ”eH € Ty, 0. Equivalently, X, is invertible in LZ(Tk,o).

Recall that ¥ is the restriction of x on Ty 0.

Definition 5.10. We define the multiplication * of ¥ and x,, for any A, . € P to be

~ ~ )?)»)7/1
X * Xy = —= -
Xp

Then ¥, is the identity under this multiplication.
Recall that the fusion coefficients N v M of the representations { \7;L L eCr}ofgat
level k is given in Eq. (4).

Definition 5.11. For A, 1, v € Ci, we define the fusion coefficient Nf’ . a8
Ny, = Z det(N; /. (7

v/ —peC.rew
r(v/)—vEQl\(/
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By Eq. (4), the fusion rule of representations of quantum g at level k is given by

V)\f,o ® Vﬂfp = @ N;’qufp.

veCy

Consequently, 1\7}‘5’ €N
Theorem 5.12. For any A, u, v € Cy,

TorTu=3 N T
veCk

Equivalently,
~ 1

%

N)\,,L = W(}(X *5(#7 )?v)

~

Proof. Note that L _ Xo—p on Ty 0. Then in L2(Ty ), one has
Xp

~ o~ XX ~
X * Xu = 5(«_ = Xr—pXu—pXp

p

vi—p ~

Z No—pou—pXv'=pXo
VvV —peC

Vi—p ~
Z Ny pu—pXv/
VvV —peC

DN K-

veCy

The last equality uses the anti-symmetry established in Proposition 5.4, X,y = det(r) X,

whenr € Wandr(v') —v € Q). |

Recall that «, - - - , a¢ are simple roots in A. Then {—o«, -+, —ay} is also a set
of simple roots. So there is an element x € W, such that k(p) = —p. Moreover,
K(Ck) = —Ck.

Remark 5.13. 1t is known that e(x) = (—1)/2+!. If the Lie algebra g is sl,,, we have for
any A € Cy,

nn—1)

ek)y=(—1)"72".

Definition 5.14. Define an involution * : A —> k(—A) on Ci. Then it is well defined on
Py, and p* = p.

For any A € Py, by the definition of X and its anti-symmetry, we have
Xor = Xe(—n) = £(K)X—n = (k) X2 (®
The involution * on Ci induces an involution on LZ(Tk,o)W:

)?;: = Yor, A €Cy.
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Proposition 5.15. For any A, u € Cy, Nfgﬂ = 1iff » = u*. Moreover, * induces an

anti-isomorphism on L2(Tk,0)W with multiplication .

Proof. By Corollary 5.8 and Theorem 5.12, for any A, u € Cy,
= W * T Xo) = W . X * X0) = W (0, X) = Sopem.
Moreover,

X)»X;L_i)ikiu T Xx
=—=— =X, .

O * X)) = ()Xo * X = e(k)
Xp Xp

Corollary 5.16. For any A, ., v € C, 1\7;# = 1\7;:’#*.

Recall that the Weyl character y; is graded by X in Z(g) = P/Q. Therefore, the
coefficient N, v . s non-zero only if the grading matches, namely p+21 —v € Q.

Definition 5.17. We define the grading of ¥, tobe A — p in Z(g) = P/Q.

By Definition 5.11 NV .. is non-zero only if the grading matches. So the grading is
additive under the multlpilcatlon *.

Definition 5.18. Let R; denote the Z(g)-graded fusion ring with basis {3} ec; -
Proposition 5.19. For any g, ¢’ € L*(T;.0)V, 1 € Cx, we have
(Xoxg.8) = (g, X *g)

Proof. By Eq. (8), we have

~ X X o -
(X.* 8 8" =<%—g,g/> = (g, (7)g’> =(g. =8 =(g. = *g).
p )

O

As a consequence, L> (Tk,0) W is a faithful Z(g)-graded, unital *-representation of the
*-algebra L?(Ty.0)V. So L?(Ti0)" is an abelian Z(g)-graded, unital C*-algebra with
the multiplication %, and involution .

Definition 5.20. We call the Z(g)-graded, unital C*-algebra L2(Tk,0)W the k-character
Verlinde algebra.

Remark 5.21. By Theorem 5.12, one sees that L?(T}.¢)" is isomorphic to the Verlinde
algebra of quantum g at level k, and Ry is the Z(g)-graded fusion ring. Therefore, one
can consider the anti-symmetric k-characters as the characters of the corresponding
irreps. The grading is the usual one for irreps of quantum groups. Theorems 5.6 and 5.12
correspond to the unitarity of the S matrix and the Verlinde formula respectively. (See
[1] for a construction of the corresponding fusion category.)
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6. GUS-Representations

In this section, we recall some well-known, elementary properties of generalizations of
Dynkin diagrams over g at level k. Such notions have been well studied by many people,
as referred in §2 by slight different conditions for different settings. Taking into account
the already existing closely related terminological variants that refer to slightly distinct
concepts generalizing Dynkin diagrams, we decided to use the words quantum Dynkin
diagrams in our own work.

For our purpose, we consider the general case for a (Z(g)-graded,) unital,
*-representations IT of R, and we prove our main results about the correspondence
of quantum Coxeter exponents for I1 in §8. The results for different kinds of generalized
Dynkin diagrams appear to be special cases. In particular, we define quantum Dynkin
diagrams in this section, such that the multiplicities of Coxeter exponents in the two
different generalizations are identical for such Dynkin diagrams.

A major difference between Di Francesco-Zuber generalized Dynkin diagram and
Ocneanu’s higher Dynkin diagram is that the later one requires a categorification. The
quantum Dynkin diagrams in this paper are slightly different from the generalized
Dynkin diagrams. The quantum Dynkin diagram requires a grading in the definition,
and it requires the adjacent matrix for the fundamental representations to be matrices of
natural numbers, but not for all irreducible representations. We define quantum Dynkin
diagrams in this way to minimize the assumptions such that the main result Theorem 8.28
holds. Because of the difference among the three generalizations of Dynkin diagrams,
we used different terminologies, so that there would be no confusions.

Recall that the fusion ring Ry of g atlevel k hasa Z(g) = P/Q grading, and X, € Ry
is graded by u — p € Z(g). Moreover, {X,},ec, is a basis of Ry and {X,+p}weq are
generators of the fusion ring Ry.

Definition 6.1 (GUS-rep.) For a finite dimensional Hilbert space H, a representation
IT: Ry — hom(H) is called a unital, *-representation, abbreviated as US-rep, if for any
Xu € Rk, & € Z(g), the following properties are satisfied:

() (X)) =1
(2) (TII(X)v, V') = (v, H()“('s)v/) for any v, v’ € H.
Furthermore, if H = @D H, is Z(g)-graded, and
reZ(g)
3 MW Hx S Hitp—ps Y A € Z(g),
then IT is called a Z(g)-graded, unital, *-representation, abbreviated as GUS-rep.

Equivalently, IT is a (Z(g)-graded,) unital, *-representation of the k-character Verlinde
algebra.

Definition 6.2. For a d-dimensional US-rep IT, an ONB B of H is called a K basis,
K=C, R, Z,orN,if I1, := H()?Q,er) € M;(K), for any w € Q. If IT is a GUS-rep,
B = I_l B, and each Bj is an ONB of H,. then B is called Z(g)-graded.

AEZ(g)

Remark 6.3. If TI(x,) € My(N), for any u € Cx, then IT is called a NIM-rep, see e.g.
Definition 3 in [22].

A quiver G consists of a set G, of vertices, a set G, of oriented edges, a function
s : G, — G, giving the start of the edge and another function ¢ : G, +— G, giving the
target of the edge.
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Definition 6.4. We call a quiver G g-graded, if there is a gradingmap ¢, ¢ : G, — Z(g)
and ¢ : G, — £, such that for any e € G,, it is true that e(s(e)) + e(e) = €(t(e)) in
Z(g). Moreover, the adjacency matrix I'y,, @ € €2 is defined as a matrix acting on G,
whose vy, vy entry is the number of edges graded by w from the vertex v, to the vertex
V1.

Remark 6.5. Similar notions without grading have been studied by Etingof and Kho-
vanov in [17],

Definition 6.6 (Quantum Dynkin diagrams). Let G be a g-graded quiver and k € N.
We call G a quantum Dynkin diagram over g at level k, if there is a Z(g)-graded unital
*-homomorphism I1g : Ry — Mg, (Z), such that

'y, =TIy, Yo e Q.

Furthermore, we say G is a g-graded NIM-rep if IT1())) € Mg, (N), V A € Ci. We call
G simple, if G is a connected quiver.

Proposition 6.7. If G is a quantum Dynkin diagram, then the *-homomorphism Ilg is
unique.

Proof. Forany w € €2, the adjacency matrix I1,, = I',, is determined by G by definition.
Since {}w+plw € Q} generate the ring of Ry, IT is uniquely determined by G. O

The multiplication x of X3, A € Ck, on Lz(Tk,o)W defines a GUS-rep IT14 of Ry.
Recall that {ﬁ)@} weC, 18 an orthonormal basis of Lz(Tk,o) W Acting on this basis, we
have the regular representation

AT =30 * Xu = Y N}, %o
vECk

In particular ITa (X3)v, 0 = N; )

The fusion graph of the Verlinde algebra with respect to the fundamental represen-
tations is a quantum Dynkin diagram, which is usually referred as the type A graph in
different formulations:

Definition 6.8 (Type A quantum Dynkin diagrams). For any simple Lie algebra g and
level k, we define the type A quantum Dynkin diagram Ay (g) as follows:

(1) The vertices of A (g) is {X,. : A € C} graded by Z(g).

(2) For any € , the multiplicity of the edge from y to v graded by w is N, o p 1

We do not need the well-known construction of NIM-reps from module categories
in our approach in this paper. We recall this construction here for readers who might
be interested in this connection. For further literature, we refer the readers to references
mentioned in §2. Let € be the unitary modular tensor category obtained by the semi-
simplification of the representation category of quantum g at level k. (The category €
can also be realized as the representation category of projective positive energy rep-
resentations of the corresponding loop groups or vertex operator algebras.) Let .Z be
a module category of €. We recall the following well-known construction of a quiver
G_y, or a NIM-rep, from the action of 4" on .

(1) The vertices of G_, are (representatives of) irreducible modules in .#, denoted by
Irr y.
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(2) For any w € €2, and irreducible modules m1, m; in .# , the multiplicity of the edge
from m to my graded by w is dimhom_, (V,, ® m1, m>).

Proposition 6.9. For any » € Cy, and m| € Irr_y4, we define
I, Gomy = Z dimhom _, (Vs ® m1, ma)ms.
ma€elrr y
Then 11 4 is a US-rep and Irr _z is a NIM-rep basis.

Proof. Since V) is the trivial representation, IT 4 (X,) is the identity. The associativity
of the action of ¢” on . implies that IT is a representation. By the Frobenius reciprocity

dimhom , (Vy_, ® mi, mp) = dimhom_y (my, Vix_, ® my),

we have that IT is a US-rep. Furthermore, dim hom _, (Vy_, ® mi,m3) € N, so Irr 4
is a NIM-rep basis. O

In the rest of the paper, we deal with the general case for any US-rep or GUS-rep
of Ry for any simple Lie algebra g at any level k € N. In particular, the results for the
general case hold for quantum Dynkin diagrams over g at level k. This provides a general
theory in the study of quantum Dynkin diagrams.

7. Spectrum of Representations

In this section, we investigate the spectral theory of a GUS-rep IT of Ry defined in Defi-
nition 6.1. We give an explicit construction of the spectrum of the regular representation
IT4 in T. We prove that the spectrum for a GUS-rep IT is contained in the spectrum of the
type A quantum Dynkin diagram. The results in this section are well-known properties
of the spectrum of the Verlinde algebra [63] and representations of C*-algebras.

Definition 7.1. Recall that the Weyl group W acts on each orbit of T ¢ transitively.
Define Spec;, := Ty o/ W.

For any e e Tk 0, let 8,1 be the delta function at e For any A € Cy, define
A =Y det(r)8 . 9)
rew
Then A,n € L2(To,k)W. Moreover,
B(VAAEH

A A = 5o % Apnt = zo = Xo—p(eM A .
14

So A,u is a common eigenvector of IT4 (X, ) with eigenvalue X;\_p(eH).
Note that Ar gy = det(r)A(e’?), so C(A,u) is a well-defined eigenspace for e €
Spec, . The Weyl character yx; —, is symmetric, soitis also well-defined on efl e Tyo/W.

Lemma 7.2. For any ™, et e Tk.0, the following are equivalent:

(1) el = ") for somer € W;
(2) xo.(ef) = X;L(eH//),for any » € C;
(3) xw(ef) = xu(ef), for any w € Q.
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Proof. (1) — (2): It follows from the fact that Weyl characters are symmetric under the
Weyl group action.

(2) — (1): The Weyl characters {x, },ec are a basis of symmetric functions on the
maximal torus 7 with respect to the Weyl group W action. So any symmetric function
has the same value on e and e”’. By the Stone-Weierstrass theorem, ef! = ¢"#") for
somer € W.

(2) <> (3): It follows from the fact that {x,|w € €2} generate the ring of Weyl
characters. O

The adjacency matrices of the Verlinde algebra commute with each other, and they
can be diagonalized simultaneously, this is equivalent to the Verlinde formula [63]. Their
common eigenvectors are captured by the modular § matrix. For a common eigenvec-
tor, we call the corresponding eigenvalues of the adjacency matrices a simultaneous
eigenvalue. Now we represent these simultaneous eigenvalues using e/ € Spec;:

Theorem 7.3. When I1 = T4, for any e” € Spec;, C(A,n) is the common eigenspace
of the adjacency matrices T, w € Q, with eigenvalue x,(ef). Any simultaneous
eigenvalue of the adjacency matrices is of this form and it has multiplicity one.

Proof. We have shown that for any ¢ e Spec;,, C(A,#) is the common eigenspace of

the adjacency matrices I1,,, w € Q, with eigenvalue x,,(e/’). By Lemma 7.2, if e/ and

e"" are different in Spec;, then the corresponding eigenvalues are different.

Note that dim(L2(Py)") = ‘”lv‘;?' and dim(L2(T)) = 'lrg;l)' . By Proposition 4.10,

their dimensions are the same. So

[Teol  [Wiol
—— = = |Cyl.
(W] W]

ISpec; | =

Therefore, each eigenvalue corresponding to e/’ € Spec; has multiplicity one, and they
are all eigenvalues. o

Theorem 7.4. Suppose Tl is a US-rep of Ry over g at level k. Then for any common
eigenvector v of the adjacency matrices Tl,, w € Q, there is e € Spec,, such that

Myv = Xw(eH)v.

Proof. Since Lz(Tk’o) W is an abelian C* algebra, all its one dimensional representations
are sub-representations of the regular representation I1 4. So any simultaneous eigenvalue
of IT is always a simultaneous eigenvalue of I14. By Theorem 7.3, the statement holds.

0

The following result is well-known in different formulations, see e.g. [12,17]:

Fact 7.5. Quantum Dynkin diagrams over sly at level k € N are AD E Dynkin diagrams
with Coxeter number 2 + k.

Proof. If G is an ADE Dynkin diagram, then they are Z,-graded quivers of modules
of quantum sl,. So they are quantum Dynkin diagrams over sl at level k, and k + 2 is
the Coxeter number of G.

If G be a quantum Dynkin diagram over sl at level &, then IT; is the adjacency matrix
of the bipartite graph G. By Theorem 7.4, any eigenvalue of I1; is efis! — ¢~ T2l for
some t € Zok+2),t 7 0andt # k+2. So ||[T1]|| < 2. Therefore, G is an AD E Dynkin
diagram, a well known result. Moreover, Ry is determined by ITy, so k is determined. O
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Definition 7.6. Suppose IT is a US-rep of Ry over g at level k. For a common eigenvector
v of the adjacency matrices, we call the corresponding ¢” € Spec, in Theorem 7.4 the
spectrum of v, denoted by sp(v).

Definition 7.7. Suppose IT is a US-rep of Ry over g at level k. Let B be a common
eigenbasis of the adjacency matrices. We define the spectrum of IT to be {sp(v), v € B},
a subset of Spec,. We define B(e™) to be the subset of B with spectrum e The
multiplicity of the spectrum e € Spec; is the order |B(ef)|, denoted by mp(e?).

Since the Weyl Character is symmetric under the action of W, we can lift the spectrum
from Spec, to Ty o. We identify Spec, as a fundamental domain in 7% o, still denoted by
Spec,.. Then for any e € Ty o, r € W, we have mp(ef') = mp (")),

Notation 7.8. Furthermore, if V and T1 are Z(g) graded, then for any v € L*(B), we
have the decomposition

where v) € V), called a \h-graded vector.
Definition 7.9. Suppose IT is a GUS-rep of Ry over g at level k. We define a group action
of Tp on L*(B): For any et e To and any A-graded vector v;,

! . !’
el ovy = H )y,

Theorem 7.10. Suppose I1 is a GUS-rep of Ry over g at level k. Forany w € Q, e" € Ty,
and et € To, the following are equivalent:

(1) My(v) = Xo(eM)v; o

(2) My (ef o v) = (e H el o v,

Consequently, mr (e = mp (eH_H/).

Proof. Suppose v = Z v, where v, is graded by A. If [1,(v) = Yo (e)v, then
reZ(g)
Xw(eH)v =Iyv = Z ;.
rEZ(g)

H

SoII,v), = Xw(eH)va. For any e = To,

l_[w(eH’ ov) = Z ei()»,]-ﬂ)l_lwv}L _ Z ei(A'H,>Xw(€H)UA+w _ Xw(fH)ei(_w’H,)(eH’ o).

reZ(g) reZ(g)
Forany A € P, r € W, we have r(1) — A € Q. For any ¢!’ € T,
Ty = 7 (eMye! 1.

So,

p (eH)ei(a),H’) B )’Z’wﬂj(eH)ei(a)H),H/) _ )’Zw+p(eH+H/) ., (eH+H/)

@ )’Zp(eH)ei(p,H’) ;('p(eH+H’) @ :
Therefore,
M, (™ 0v) = x, (et ow.
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8. Quantum Coxeter Exponents

As mentioned in the introduction and §2, Gabriel constructed the root system using the
quiver representations of ADE Dynkin diagrams in [19], and using additive functions
on the Auslander—Reiten quiver in [20]. This construction is recovered by Dorey [14]
in terms of NIM-reps of g = sl;. Ocneanu proposed a generalization of roots, called
higher roots, with an inner product formula for higher Dynkin diagrams over other types
of Lie algebras g in [55], also called hyper roots in [11] when g = sl3.

In §8.1, we explain how additive functions, the i.e., root space, Coxeter elements and
exponents can be generalized for a US-rep IT over g at level k. We prove an inner product
formula for additive functions in Theorem 8.9, which has a similar form as Ocneanu’s
inner product formula for higher roots. In §8.2, we prove the one to one correspondence
between the spectrum of IT and the spectrum of the generalized Coxeter elements asso-
ciated with IT. Furthermore, we prove an identity between their multiplicities, when IT
is a GUS-rep over g and g is of type ADE. This generalizes the identity of multiplicities
of Coxeter exponents for the classical ADE Dynkin diagrams and answers Gannon’s
comment on Kac’s question. The identity of multiplicities does not hold when g is not
of type ADE, see Theorem 8.28.

8.1. Quantum Root System. Suppose II is a US-rep of Ry over g at level k, and B is a
common eigenbasis of I1,, @ € Q2. We define the quantum root system Sg o in 8.15,
when IT and B are Z(g)-graded. First we lift the spectrum of IT from Spec;, to 7} ¢ and
define the corresponding eigenspace:

Definition 8.1. We define the lifted eigenspace &5 as
S =B el’THOH: (xo®I—1®T,)§=0, Yo e Q).
Proposition 8.2. The set By := {§,n @ v : e e Tk0,v € B(e)} is an ONB of &.
Proof. Note that the set
{5€H®UZ€H€Tk,U€B}
is an ONB of L2(T;) ® H, so for any g € L2(Ty) ® H, we have the decomposition
g = Z ZﬂeH)v(SeH ® v,
el eT, veB
for some B,n , € C.If g € &, namely (x» ® 1)g = (I ® I1,)g, for any @ € L, then
Y  xo@Bon b @0 =D Y xo(spW)Bn B ® v.
eHeT, veB eHeT, veB

If B,u ,, # 0, then Ko = xo(sp(v)), Y @ € Q. By Lemma 7.2, there is an r € W,

such that sp(v) = ") equivalently v € B(e").

On the other hand, for any v € B (eH ), we have

(Ko ® 1 — 1 ® 1) (8ont @ V) = (Xor(e™) — xw(e)(@En ® v) =0,
s0 §,n ® v € &. Therefore, B; is an ONB of &. |
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Definition 8.3. For any f € L2(Py), we define
AW =Y ma) f(u+v),Yje P,
veW()

where YW(A) is the weight diagram of A € C, and m,, is the multiplicity function.

Lemma 8.4. Let F : L2(Py) — L2*(Ty) be the Fourier transform in Eq. (6). Then for
any w € 2, we have

FTy = xoF.

Proof. For any A € Py,

Flo@) =Y > mu)e ™ Msu = 3" y,(e")e'*s,u = x,F(8)).

efleT) VE®W efleTy

Definition 8.5. For a US-rep I, we define the full quantum root space %, as
Ry = 1f e L2(POOH: T —1®T,)f =0,Ywe Q).

Furthermore, if I is Z(g)-graded, we define the quantum root space %y ¢ as

Fno =(f e P CHOH 1 : (M@ —I®T,)f =0.Yoe Q)
re Py

Remark 8.6. When G is an ADE Dynkin diagram, I1g is a GUS-rep graded by Z; =
Z(slp), and Zy o is the space of additive functions on the corresponding Auslander—
Reiten quiver, isomorphic to the root space.

Notation 8.7. Let Pg_ be the orthogonal projection from L*(T}) @ H to &. Let P,
be the orthogonal projection from L*(Py) ® H to Xy.

Proposition 8.8. The Fourier transform F & I is a unitary transformation from %y to
&, namely

(F®DPy, =Pg, (FRI).

Proof. Tt follows from Lemma 8.4 and Definitions 8.1 and 8.5. O

Now we give the inner product formula on % using Fourier duality between %
and &;.

Theorem 8.9. For any A, u € Py and vy, vy € H, we have

1

(P, (5. v1). Pag, (8, ® v2)) = 7o

> det(r)(vr, TH(Fursr(p)v2).  (10)
rew
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Proof. For any el ¢ Specy, B(e™) is an eigenbasis of the eigenspace in L? (T} 0)"
with spectrum e’ . Then

Pe (Fé. @ v1) =Pe,( Z ei<)"H>86H Qi) = Z Z ei<)"H)(v, V)80 @ v.

efleTy EHETk_o veB(efl)
By Proposition 8.8,

(P, (85 @ v1), Py, (8 ® v2))
=(Pg, (F6. @ v1), Pg, (Fb, @ v2))
1

:W YooY dnm el (v, v)
k

EHETk o veB(ef)

|T| o> R ), )

el €Ty g veB(et)

|Tk| Yoo 2 LI ), )

el eSpec, veB(eH) r'eW

i(u=2+r(p).r'(H))

|Tk| Z Z Z Z det(r) /(H)) <Ul, U><U, v2>

reW eHeSpec, veB(ell) r'eW

ol (' (=241 (p)) . H)

|Tk| Z Z Z Z det(rr') PR (v, v){v, v2)

reW eH eSpec; veB(ell) r'eWw

|Tk| S Y dew ) Kuharp) () fz("},()e ) (01, v (v, v2)

reW eH eSpec; veB(eH)

|Tk| Y Y ) n MFumsrp)v) v, v2)

reW eH eSpec, veB(eH)

Z det(r) (v, TTI(Xji—rsr(p)) V2)-

|T | rew

O

Remark 8.10. Ocneanu called %, the space of biharmonic functions and outlined a proof
of the inner product formula (10) for higher Dynkin diagrams over sl,, in the course [56].
Our statement and proof are different from the one outlined by Ocneanu.

Corollary 8.11. For any n € Py, and v € 'H, we have

1 ~
Pit Bu ® V) = 7o 37N det(r)8s ® TH(Fpumiar(o))V-

rePyreWw

Proof. 1t follows from checking the inner product with §; ® v; on both sides using
Theorem 8.9. o
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Remark 8.12. If B is a Z-basis, then the functions {|T}|Pz (8, ® v) € % : u €
Px, v € B} have integer coefficients on the ONB {5, : A € P} ® B. We consider
them as a generalization of additive functions on the Auslander—Reiten quivers given in

Eq. (9).

Corollary 8.13. When I isa GUS-rep, let Py be the orthogonal projection from L*(Py) x

‘H onto the neutral subspace @ Cs) ® H_y. Then
re Py

P, Po=PoPg,,
and it is the projection onto % 0.

Proof. When II is a GUS-rep, by Corollary 8.11, for any u € Py and v € H_,, we
have that

P, (6, @v) =PoPyp, (5, ®v).
Therefore, P Po = PoPgs, Po. Both Py and Py are projections, so
Pz, Po=PoPg, .
By definition, it is the projection onto %y 0. O

Therefore, we also call Zy ( the neutral subspace of %y, as its total grading is 0 in
Z(g).

Corollary 8.14. For any n € Py, and v € 'H, we have

Wi
1P, (B @ V)13 = IVl
| Tkl
Proof. Tt follows from Theorem 8.9 and that det(r)I1,(,) = I, is the identity. O

Definition 8.15. We define the quantum root sphere as

Sp = {(VITk|P%, (6, ®v) : A € Pr,v eH, |[v]2 =1}

For an ONB B of H, we define the full quantum root system as

S = {VITk|P%, (6, ®v) : & € Pr,v € B, |Jv]l2 = 1}.

When IT and B are Z(g)-graded, we define the quantum root system as

S0 = {VITk|P%, (6, ®v) : L € Pr,v € By, |lv]2 =1}
(Recall that B_,, is defined in 6.2 as the graded basis.)

By Corollary 8.14, any vector in Sy, has length /| W|. By Theorem 8.9, the inner product
of vectors in Sp is determined by the adjacency matrices. Moreover, the (full) quantum
root space is spanned by the (full) quantum root system.

Remark 8.16. When G is an AD E Dynkin diagram, Sp o is a standard realization of the
root system by additive functions, see [20,26]
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8.2. Quantum Coxeter Exponents. Coxeter elements and Coxeter exponents can be de-
fined through additive functions on the Auslander—Reiten of ADE Dynkin diagrams.
In this section, we generalize them for the quantum root space of a US-rep IT over g at
level k. We identify a quantum Coxeter exponent with a spectrum e of TT, and compare
their multiplicities in Theorem 8.28. We prove that two multiplicities are the same for
quantum Dynkin diagrams over g at level k, when g is a type ADE Lie algebra, but
not the same, when g is not of type ADE. This gives a positive answer to the Gannon’s
commnent on Kac’s question when g is of type ADE, and a negative answer when g is
not of type ADE in our approach. There may be other approaches, such that the identity
between different generalizations of Coxeter exponents and their multiplicities holds for
some generalizations of Dynkin diagrams over all types of quantum groups.

For any 4 € Py, the translation ¢, : A + A + u on Py induces a dual action on
L2(Py), still denoted by ¥:

l?M((S)\) = 3)_;,,, Vie Pk.

We define the corresponding translation on L2(P) ® H as

vy =0, Q1.
Then 19# is well-defined on %, as well. Moreover, {5‘#} weP, 1s a finite abelian group.

Proposition 8.17. The quantum root sphere Sy and quantum root system Sp are trans-
lation invariant by ¥, n € Py.

Proof. 1t follows from Definition 8.15. O

Theorem 8.18. The set By = {81 Qv : e e Tk.0,v € B(e)} is a common eigenbasis
of (FO,F' @ I} yep, and {1 ® Ty }peq in &y.

Proof. By Proposition 8.2, By is a basis of &;. By Fourier duality,

0, F 6 = TP FELSs 4 Ve P, e € Ty,

So
(FO,F ' @D ®v) = THH5 4 @v.
On the other hand,
(I ®T1,)(S,1 ® ) = xo(eM)d,n @ v.
Therefore, B, is a common eigenbasis. O

Definition 8.19. By Theorem 8.18, if f is a common eigenvector of the translations,
then

Ouf =TIV e P
for some e’! € Ty o. We call e/ the spectrum of f, denoted by SPr?(f) =efl

Definition 8.20. Suppose IT is a US-rep and A is a subgroup of P;. We define the mul-
tiplicity m 4 of e to be dimension of the common eigenspace in %, of the translations
{9} uea with spectrum e, namely

ma(ef) = dim{fe%n 2O f =Ty eA}.
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For a subgroup A of Py = P/Q,/, we consider it as an intermediate subgroup of
Q) C P.By Definition 4.1,

ta={Het: (o, H) €Z, Y a € A},
TAz{eaneT:HetA}ng.

Theorem 8.21. Suppose T is a US-rep and A is a subgroup of Py. For any efl e Ty,
ma(ey =3 mn(). (11)
et eTy
In particular,
mpe™)y=mpe?)=mpE™ ™), Vrew.
Proof. Note that for any ¢! € T; o and v € B(e!!), the following are equivalent:

(1) 5‘“(33111 Q) = €i<_”"H>(SeH1 Quv, VueA;
(2) ety =9, (M), Y u e A;

(3) DMy =1, VueA;

4) eM—H ey,

where (3) <= (4) follows from Theorem 4.3. By Theorem 8.18, we obtain Eq. (11).
Furthermore, if A = P, then Tp is the trivial group. So

mp?)y =mne) =mp@E ®)y =mpE ™), vrew.
O

If IT is a GUS-rep, then %y o is the neutral subspace of %, and %y  is translation
invariant under the action of ¢, u € Q.

Definition 8.22. Suppose IT is a GUS-rep, and A is a subgroup of Q/Q,’. We define

mA,o(eH) =dim{f € K0 ﬁﬂf =) F oy e A).

Corollary 8.23. Moreover, m 4 (ef') = mA(eH*'H/)for any eH e Tov.

Proof. Tt follows from Theorems 8.21 and 7.10. O

Theorem 8.24. Suppose Il is a GUS-rep, and A is a subgroup of Q/Q|/. For any efl e
Tk, 0, and e e To,

H+H' H
Yy =nima o).

mae)y =ma(e
In particular,

mg.o(e™) =mn(e™).



Antisymmetric Characters and Fourier Duality 101

Proof. By Theorem 7.10 and Theorem 8.21, we have that

H+H'\.
)

3

mp(e™) =mn(e

ma(ey = ma(e+H.

Note that Z, = |_| U3 %.0, SO
AEZ(9)

ma(e™) =n.mao(e™).

When A = Q, by Theorem 8.21,
mo(e™) = > mn"") =|Tglmn(e") = n.mn(e").
eH/GTQ

Therefore,

mo.o(e™) =mn(e).

O

Recall that Oy, is the set of highest positive roots of g. For any n € Qy, its order in

the group P; is the quantum Coxeter number ck. So the translation 5‘,7 on % (or %x.0)
has periodicity cy.

Definition 8.25. For any n € Qj, we call the translation 5‘,, on Zy a quantum Coxeter
element.

Definition 8.26. We define the exponent map @ : Ty o x Q) — Z, as

, H
ot =11
2

Equivalently,

o @ _ itn.H)
We call ® (e, ) the quantum Coxeter exponent of the quantum Coxeter element 7
at spectrum e e Tk,0. We call the map D, On — Z¢, the quantum Coxeter

exponent at the spectrum e’

Since Q, C Q,Sp o isinvariant under the action of quantum Coxeter elements {#,},c0, =
{9 6)}rew. For the sl case, ¥_g is also a Coxeter element on the root system. This in-
duces a Z, symmetry on the eigenvalue of the Coxeter element. In general, the eigenvalue
of the quantum Coxeter elements has a Weyl group W symmetry.

Definition 8.27. Suppose IT is a US-rep. For any e/ € Ty, we define the multiplicity
of the quantum Coxeter exponent ® (¢!, -) for the action of quantum Coxeter elements
on %y as

me(ef) := dim {f 7 5,7f = MH F vy e Qh} .
When IT is a GUS-rep, we define the multiplicity for the action on %y as

me.o(e) := dim {fe%’,,,o : 15,,f=ei("’H>f, Ve Qh}.
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Theorem 8.28. Suppose I1 is a US-rep over quantum g at level k. For any ¢! € Tk.0,
mo(e) =mov(e™y = Y mu(.
eH/eTQv
When I1 is a GUS-rep,
moo(e™) =mgu o™y = Y mpE”).
eH/ETQv/TQ
In particular, if g is an ADE Lie algebra, then Tg = Tov. We have that
ma(e™) = mp(e™).
Proof. Since QV is generated by Qy,, forany e € Ty, mq(ef!) = va,O(eH). By Theo-
1 /
rem8.24,va,0(eH) = —mgv (e"). By Theorems 8.21,mgv (e = Z mp (e,
n
¢ eH/eTQ\/
1 ! !
By Theorem 7.10, — H+Hy H+H'y ]
y o Z mp (") /Z mp (")
el ETQv el ETQ\//TQ

Case for g = slp: When g = sl and G is an ADE Dynkin diagram, we have the
following correspondence:

(1) cg is the Coxeter number;
(2) I1is a GUS-rep;
(3) Il is the adjacency matrix of G, where w is the fundamental weight;

jmi

2c,
@ To=1e =" O |ij=t2 a—La+la+2 201}
0 eZ<7k
i 0 —zjrri 0
Ck Ck
(5) Spec;, = R B oollii=12a—1t,
O ech 0 ech

(6) The eigenvalue of the adjacency matrix I1,, at e is x,(e”) = ¢ +¢7% with
multiplicity mp(ef);

(7) Sp,o is the root system;

(8) Zx o is the root space;

&) {15,7 :n € O} = {£0} is an opposite pair of Coxeter elements;

~ Ljmi
(10) The eigenvalue of the Coxeter element 914 at et is Xw(eH ) = e % with multi-
plicity mgv o(e?);

(11) ®(£0) = £, where j is the Coxeter exponent, with multiplicity mq>,o(eH ).

The classical correspondence of Coxeter exponents in the ADE Lie theory is given
by
mn(e™) = mgv o(e") = ma o).

Theorem 8.28 is a generalization of this correspondence for any GUS-rep of the Verlinde
algebra of any ADE Lie algebra g at any level k. We answer the recent comment posed
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by Gannon at Vanderbilt University in 2017 on the question posed by Kac at MIT in
1994 positively.

Note that the Dynkin diagram of type 7', a chain with a self-loop at the end, induces
a US rep of the Verlinde algebra of g = sly, but not a GUS rep. The identity

me(e™) =mn(e™)

of the multiplicities of Coxeter exponents of AD E Dynkin diagrams cannot be gener-
alized to the tadpole diagram directly. A modified correspondence for any US-rep or
GUS-rep of the Verlinde algebra of any simple Lie algebra g at any level k is proved in
Theorems 8.21 and 8.24 respectively.

When g = sl,, we have O = QV, and

Ck

n
Tio = ydiag(p1, p2, ... pa) - [ [ Py =1 pj # piv P =
j=1

Let vy, va, - - - , v, be the weights corresponding to the ONB of the standard represen-
n
tation of sl,. Then Z v; = 0. For any e € Ty, /Vi-H) = p;. Moreover, for any
j=1
r € W =§,, its action on {vy, v, --- , v,} is a permutation: r(v;) = v,(;). Note that
0 = v1 — v, The quantum Coxeter exponent is given by o, r o) = %, and
g e _ iy _ Pry
Prn)

9. Summary

Notations and Results: Let g be a simple complex Lie algebra such that it is the com-
plexification of the Lie algebra € of a simply-connected compact Lie group K. Let t be
a Cartan subalgebra and T = {¢”|H € t} be the maximal torus in K. Let 1" be the
dual Coxeter number, 2 be the fundamental weights, p be the Weyl vector, P be the
weight lattice and Q be the root lattice, W be the Weyl group, and Q" be the coroot
lattice, which is generated by Qp := {r(0)|r € W}, where 6 is a highest positive root.
Take Z(g) = P/Q and n, = |Z(g)|. The exponential map H > > is a group
isomorphism t/ QY = T. Therefore, the map”™: A > A given by

X(@H) ZeZJTi()»,H)’ )\’ c P,

is well defined on e’ e T. The Fourier transform " is a group isomorphism from P to
the dual of the abelian group 7.

For any level k € N, take the quantum Coxeter number ¢y = 7Y +kand Q) := ¢, Q".
We call Py = P/Q) the weight torus. We define its Fourier dual 7} as a finite subgroup
of T, which admits a Weyl group W action. Let Py o and T} o be the corresponding
subsets of elements off the Weyl mirrors. Take an alcove Ci containing €2 and Spec;, to
be the fundamental domains of Pk and T ¢ subject to the Weyl group action respectively.

Let LZ(Tk,o)W be the Hilbert space of anti-symmetric functions with respect to the
Weyl group action and the measure is a Haar measure. We introduce a multiplication
» and an involution % on L?(T}.0)" and show that L?(T} 9)" becomes an abelian C*
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algebra. We construct an orthonormal basis (ONB) {|W|_%)"(;L, A € Cr} of L2(Tk,0)W,
and prove that {5, » € Ci} form a Z(g)-graded fusion ring Ry, and the corresponding
C*-algebra is isomorphic to the Verlinde algebra of quantum g at level k. Therefore,
we call the anti-symmetric function X3 an k-character, and Lz(Tk,o)W the k-character
Verlinde algebra. In particular, the fusion coefficients of representations can be computed
from the inner product of k-characters:

v

| B
NA,;L = W(X)»*X;u Xv)-

Suppose ‘H is a finite dimensional Hilbert space and IT : Ry — hom(H) is a unital,
*-representation. We prove that for any common eigenvector v € H of the matrices
{Iy := T (Xw+p)}wen, there is a e € Specy, such that

Mmyv = Xw(eH)v, w e 2,

where ,, is the Weyl character. Therefore, we call Spec, the spectrum of Ry and e’!
the spectrum of v. We define the multiplicity my of e to be the dimension of the
corresponding eigenspace in H:

mm(e™) = dim{v € H | yv = xoleMv, Vo € Q).
We lift the spectrum from Spec,, to T o and define the corresponding eigenspace
En ={8 e L*(TOH| (o ®I —I1®T1,)§ =0, Vo e Q).
The Fourier dual of & is
B ={f e L*(POQH|To®I —1®T,)f =0, VoeQl,

generalizing additive functions on the Auslander—Reiten quiver. We call % the full
quantum root space. Take the orthogonal projection P : L*(P) @ H — %r. We
prove the following inner product formula in Theorem 8.9: For any A, © € P, and
v, v2 € 'H, we have

1

(P, (65 @ v1), Py, (8, @ v2)) = 7l

D det(r) (01, TH(Xpumrar(p)V2)-
rew

Based on the inner product formula, we define the quantum root sphere and quantum
root system.

Furthermore, if the representation IT is Z (g)-graded, then the full quantum root space
Xy is also Z(g)-graded. Moreover, Z, decomposes into n, copies of % o, called the
quantum root space, where % o is the neutral subspace.

Let ¥, u € Py be the translation by 1 on Py and the induced action on % is denoted
by z~9M. Both %, and %o are invariant under the action of 15#, forany u € Q. We prove

that if f is a common eigenvector of the translations, then
B f=emMF e py

for some e/ € Ty o. We call e the spectrum of £.
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For any n € Qy, the order of 7 in the group Py is the quantum Coxeter number cy.
So the translation 5,7 has periodicity ci, and we call it a quantum Coxeter element. In
particular, % ¢ is invariant under the action of quantum Coxeter elements {1, },c0, -

We define the exponent map @ : T o x Qp — Z,, such that

2mi H .
e%k‘<b(e M _ il H)

We define the multiplicity of the quantum Coxeter exponent ® (e, -) for the action of
quantum Coxeter elements on %, and on % o for the graded case respectively, as

mae(e) = dim{f € % | Uy f =M f Ve Qu);
mao(ef) = dim{f € Bno | Oy f = H £, ¥ e On).
Then

mo(e) =moue™y = ) mnE™").

eH/ETQv
For any intermediate group A of Q) C P, we define the Fourier dual of P/A as
Ty = {eZ”H eT|H € tA} C T,

where ty = {H € t|(a, H) € Z,Va € A}. We define the multiplicity m 4 of ¢! to be the
dimension of the common eigenspace in % of the translations {¢,,},,c4 With spectrum
el We prove our main theorem that, for any e’ € T} o,

matey = 3" mn(").

eH/GTA

In particular, m p (e = mp(ef).
Furthermore, if ITis Z(g)-graded and A € Q, we define the multiplicity m 4 ¢ of e/
to be the dimension of the corresponding eigenspace in % 0. Then ma = n m4 o and

ma(efy = ma(e"*1') for any "’ € Tyv. In particular,
mg.o(e™) =mn(e™).
Finally, we prove in Theorem 8.28 that
mooe) =movoe™y =Y mpE™).
eH/ETQv/TQ

In particular, if g is an ADE Lie algebra, then Tp = Tpv. We have that
maoo(e™) = mmpe™).

This generalizes the correspondence of Coxeter exponents with multiplicities in the
ADE Lie theory and answers the Gannon’s comment on Kac’s question.
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