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INTRODUCTION

Consider following generalized Bogomolov conjecture: Let A be an abelian variety over
Q, h: A(Q) — R a Néron - Tate height function with respect to an ample and symmetric
line bundle on A, Y a subvariety of A which is not a translate of an abelian subvariety by
a torsion point; then there is a positive number € such that the set

Ye={2eY(Q): h(z) <€}

is not Zariski dense in Y. Replacing A by an abelian subvariety, we may assume that
Y -Y ={y1 — 92 : y1,y2 € Y(Q)} generates A: A is the only abelian subvariety of A
which contains Y — Y.

In this paper, we will prove that Y. is not Zariski dense if the map NS(A)r — NS(Y)r
is not injective.

In spirit of Szpiro’s paper [Sz]|, we will reduce the problem to the positivity of the height
of Y with respect to certain metrized line bundle. To do this, we will first extend Gillet-
Soulé’s intersection theory of hermitian line bundles to certain limits of line bundles which
are called integrable metrized line bundles, then for a dynamic system, construct certain
special integrable metrized line bundles which are called admissible metrized line bundles,

and finally prove the positivity of heights.

Integrable metrized line bundles. Consider a projective variety X over Spec Q. For a
line bundle £ on X and an arithmetic model (X, £) of (X, £%) over Spec Z, one can define
an adelic metric || - ||z = {|| - ||,.» € S} on L, where e is a positive integer, S is the set of
places of Q, and | - ||,, is a metric on £ ®g Q, on X(Q,).

Let £1,--+,L4 (d =dim X + 1) be line bundles on X. For each positive integer n, let
()?n, El,n, e ,Zd,n) be an arithmetic model of (X, £{"", - L;"") on Spec Z. Assume for
each i that (£,[| - ||z, ) converges to an adelic metrized line bundle L;. One might ask
whether the number _ B

c1(Lin) - -c1(Lan)

€1in e €d,n

Cp —

in Gillet-Soulé’s intersection theory converges or not.

We will show that ¢,, converges if all Em are relatively semipositive, and that lim,, . ¢,
depends only on £;. Notice that some special case has been studied by Chinberg, Rumely,
and Lau [CRL]. We say that an adelic line bundle £ is integrable if £ = £, ® £, ' with £;
semipositive. It follows that Gillet-Soulé’s theory can be extended to integrable metrized
line bundles. Some theorems such as Hilbert-Samuel formula, Nakai-Moishezon theorem,
and comparison inequality remain valid on integrable metrized line bundles.

Admissible metrized line bundles. Let f : X — X be a surjective endomorphism over
Spec Q, £ a line bundle on X, and ¢ : £¢ ~ f*£ an isomorphism with d > 1. Using Tate’s
argument, we will construct a unique integrable metric || - || on £ such that

114 = ¢ f1 - Il

If X = A is an abelian variety, and s is a section of £ ®q @p, then log ||s||, is the Néron
function for divisor div (s).



In case that £ is ample, any effective cycle Y of X of pure dimension has an (absolute)
height B
1 (ﬁ‘y)dlm Y+1

he(Y) = (dimY + 1)deg,(Y)

which has property that
he(f(Y)) = dhe(Y).

As Tate did, h, can be defined without admissible metric. Some situations are studied by
Philippon [P], Kramer [K], Call and Silverman [CS], and Gubler [G].

Assume L is ample as above. If Y is preperiodic: the orbit {Y, f(Y), f2(Y),---} is
finite, then h,(Y) = 0. We propose a generalized Bogomolov conjecture which claims that
the converse is true: if h(Y) = 0 then Y is preperiodic. This is a theorem [Z2] for case
of multiplicative group. A consequence is the generalized Lang’s conjecture which claims
that if Y is not preperiodic then the set of preperiodic points in Y is not Zariski dense.
Lang’s conjecture is proved by Laurent [L] and Sarnak [Sa] for multiplicative groups, and
by Raynaud [R] for abelian varieties.

Positivity of heights of certain subvarieties. Let Y be a subvariety of an abelian
variety A with a polarization £. We prove the following special case of the generalized
Bogomolov conjecture: if Y — Y generates A, and the map NS(A)g — NS(Y)g is not
injective, then h,(Y) > 0. The crucial facts used in the proof are comparison theorem of
heights, Faltings index theorem, and nonvanishing of invariant (1,1) forms on Y.

For a curve C' of genus g > 2, let w denote the admissible dualizing sheaf defined in
[Z1]. The above positivity implies that w? > 0 if End (Jac:(C’))]R is not isomorphic to
R, C, and the quaternion divison algebra . This is the case when Jac(C) has a complex
multiplication, or C' has a finite morphism of deg > 1 to a nonrational curve. Notice that
if C' has good reduction everywhere, and Jac(C) has complex multiplication, the positivity
of w%, is proved by Burnol [B] using Weierstrass points.



1. INTEGRABLE METERIZED LINE BUNDLES

(1.1). For a line bundle £ on a projective scheme X over an algebraically closed valuation
field K, we define a K-metric || - || on £ to be a collection of K-norms on each fiber
L(x),r € X(K).

For example when K is non-archimedean, if there is a projective scheme X on Spec R
with generic fiber X, and a line bundle £ on X whose restriction on X is L8™ where R is
the valuation ring of K and n > 0 is an integer, we can define a metric || - || 7 as follows:

For an algebraic point x € X(K), denote by

E:SpecR—>)N(

the section extending x: x = EE|SpeC o then 7L @p K = 2*L". For any £ € x*(L), we
define )
1€]] 7 :;ng({|a|n . Leaz (L)}

We say that || - || 7 is induced by the model (X, L).
A metric || - || on £ is called continuous and bounded if there is a model (X, £) such
that log HHIIH is bounded and continuous on X (K) with respect to the K-topology.

(1.2). Denote by & = {c0,2,3,---} the set of all places of Q. For each p € S, denote by
| -], the valuation on Q such that |p|, = p~! if p # 00, by |- |o the ordinary absolute value
if p = oo, by Q, the completion of Q under |- |,, and by Q, a fixed algebraic closure of Q,,.
For an irreducible projective variety X over Q, we define an adelic metrized line bundle L
to be a line bundle £ on X and a collection of metrics || - || = {|| - ||, » € S} such that the
following conditions are verified.

(a) Each || - ||, is bounded, continuous, and Gal (Q,/Q,) invariant.

(b) There is a Zariski open subset U = Spec Z[ } of Spec Z, a projective variety X on
U with generic fiber X, and a line bundle £ on X extending £ on X, such that for each
p € U, the metric || - ||, is induced by the model

()N(p, Zp) = ()ZV Xy Spec Zp, E®Z[%] Zp),

where Zp denotes the valuation ring of @p.

For example, if there is a projective variety X on Spec Z with generic fiber X, and a
hermitian line bundle £ on X whose restriction on X is £8™ (n # 0), then (X, £) induces
a metric || - ||z = {|| - |lp.p € S}, where for p # oo, || - ||, is induced by models ()A(:p,Ep),
and || - ||e is the hermitian metric on L¢. The condition (a) is obviously verified. Since
L is defined over the generic fiber of )? there is an open subset U’ of Spec Z such that
£ has an extention £; on XU/ Since £”|X = Z|X, there is an open subset U of U’ such
that E”‘U o~ E‘U It follows that for p € U , || - ||, is induced by L£1. The condition (b) is
therefore verified.

A sequnce {|| - ||n: m=1,2,---} of adelic metrics is convergent to an adelic metric || - ||
if there is an open subset U of Spec Z such that for each p € U, || - ||lnp = || - ||, for all n,

and that log ”'||‘|f|1|’p converges to 0 uniformly on X (K).



(1.3). For a hermitian line bundle £ on an arithmetic variety X with a smooth metric at
00, this means that for any holomorphic map

f:D={zeC:|z|] <1} — X(C)

the pullback metric on f*L is smooth, we say that L is relatively semipositive if L has
nonnegative degree on any curve in special fibers, and the curvature of f*L¢ is semipos-
itive for any holomorphic map f : D — X(C); we say that L is relatively ample if the
associated algebraic bundle is relatively ample, and there is an embedding X (C) — Y into
a projective complex manifold Y such that the hermitian line bundle L (C) can be extended
to a hermitian line bundle on Y with positive curvature.

For a projective variety X over Spec QQ, and a line bundle £ on X, we say that an adelic
metric || - || on £ is ample (resp. semipositive) if it is the limit of a sequence || - ||,, of adelic
metrics induced by models ()Afn,fn) as in (1.2) such that £, are relatively ample (resp.
relatively semipositive.)

Let L1, -, L4 be metrized line bundles on X with semipositive metrics, d = dim X +1.
Assume that || - ||; are approximated by metrics induced by models (Xi,n, Eim), where £, ,,

are semipositive such that L; = L%n, with e;,, > 0. For any d-tuple of positive

nlx
integers (ni,--- ,ngq), denote by Xy, ... n, the Zariski closure of A(X) in X,,, xz X,,, Xz
-+ Xz Xy,, where A is the diagonal map of X into the generic fiber X xg X x -+ xgo X

of X,, Xz Xp, Xz - Xz X,,. We still denote the pullback of £;,,, on X,,, ... n, by Lin,-

Theorem (1.4). (a) The intersection number
Cny e my = cl(Enl) e cl(End)/el,m S edny

converges as n; — 0. The ]1’m1'1i does not depend on _the choi_ce of ()Zi,n, Zln) B B
(b) Denoted by c¢1(L1) - - - ¢1(Ly) the limit, then ¢1(L1) - - - (L4) is multi-linearin Ly, - -+ , Ly.

Proof. (a) Fix two d-tuples (n1,--- ,nq) and (nf,--- ,n/;) of positive integers. Denote by
X the Zariski closure of A(X) in Xy, ... ny X Xpy ... nr. As before we use same notations

~ . ~ "’61,,71/ Y S€iq .
for pullbacks of £; ,,, as themselves. Write £; = Ei’nil,ﬁg =L, and e; = €;p, - €in -

Mg

Then both /31 and Z; have same restriction £ on X. We need to show that

(@) (L) — D) e (E)

61-..€d

approaches to 0 as (ny,--- ,n2,n}, -+ ,n);) approaches to ooc.
Fix a positive number ¢ and an open subset U of Spec Z such that for any p € U and

any k, || - ||p,Zk = - ||p7[:;€. Then for any sufficiently large ny,n) and any p,

-1, z
log — P
[

< elogp,
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~ ~(—1
where log oo is defined to be 1. Denote by s; the rational section of L ® L/ ,i ) which
gives 1 on X.
If p # 00, then one has

P < lsplp(a) < preies

for any x. Assume [div (sg)], = D nipVip, where [div (sx)], is the cycle associated to
div (sg) supported in the special fiber X, of X over p, and V; ,’s are irreducible components

of X,,. It follows that |n,| < ee; - - - eq, or in other words, that divisors
Dy = [div (s1)]p + [ee -~ en][X,)

and
Dsp = —[div (si)]p + [ees - eq][X,)]

are both effective, where [ee; - - - e4] is the integral part of ee; - - - e4. Therefore for i = 1,2,

C1 (Z/

p.,) ellicalp, Jea(Lenlp, ) rea(Lalp, ) >0,

or in other words, the contribution at p of

Iy =ci(L) - er(Lh_y)er(Ligr) -+ e (La)div (s)
has absolute value bounded by
€€y - ed(logp)cl (Ll) e Cq (Lk—l)cl(£k+1) e Cq (L‘d)

If p = oo, the contribution at p of Ij is given by
[ 108 skt (81) -4 (B 1)6h () -+ 4 (La)

where ¢|(£;) and ¢, (£}) denote the curvatures of £; and £]. Since |log [sklloo| < € and

(L), ¢i(L}) are nonnegative, the above integral has absolute value bounded by
eey - --eqcr (L) - c1(Lr—1)er(Lptr) - c1(La)

It follows that for any 1 < k < d,

|| <e€ey---eqer(Ly) - c1(Lr—1)c1(Lry1) - c1(Lq) Z log p.
pgU



Finally, for (n;,--- ,nq,n;,--- ,nl) sufficiently large,

1 _ _ _ _
c1(Ly) - c1(La) — er(LY) - 1 (Ly)]
€1-"€d
1 & ~ AR
Sel ey D (L)) e (Lemr)er (Le ® L Ner (L) - - e (La)
k=1
d
<e- ch(Ll) ++-c1(La) Z log p.
k=1 p¢U

This prove the first statement of (a).
It {(X!

to || - ||, then the alternating sequence

! n» L5 ,) } is another sequence of models which induces metrics ||-|| z z,,, convergent

{(leln7 £;I,n)} = {(Xi,la Zi,1)> (Xz{,lv ~£,1)7 (Xi,% Z ) (le 29 ~4 2) }

also induces metrics on £ convergent to || -[|. By the first statement of (a), the intersection
numbers induced by { (X o’ E;’ )} are convergent. So limits defined by {(Z; ., L)} and

{7, ;n)} are the same. This prove the second statement of (a).
The additivity of ¢;(L£1)---c1(Lq) in (b) is obvious from definition.
This completes the proof of the theorem.

(1.5). A metrized line bundle £ = (£, ||-]|) is called integrable if there are two semipositive
metrized line bundles £, £y such that £ is isometric to £ ® E 1

By theorem (1.4), for any integrable metrized line bundles £y, - - - , L4, there is a uniquely
defined intersection number c¢; (L) - - - ¢1(£4) such that the follovving conditions are verified:

(a) c1(Ly) -+ -c1(Lyg) is multilinear

(b) ¢1(L1) ---c1(Ly) is the limit defined in (b) of (1.4) if the metrics on £q,--- , Ly are

semipositive.

(1.6). Now we want to generalize results in [Z2] to integrable metrized line bundles. First
of all, we need to define Hilbert function of a line bundle.

By a norm || - || on a vector space V of finite dimension over QQ, we mean a collection
{Il - llps» € S} of norms such that the following conditions are verified.
(a) For each p, || - ||, is a Qp-norm on V,, = V ®q Q,, which is nonarchimedean if p # oo,

ie. [lz+yllp < max(|[z]lp, [yllp) if p # oo, N
(b) There is a non zero integer n, a free module V over Z[%], and an isomorphism

Ve~V ®z;21 Q such that [| - [|, is induced by V for all p Jn.
Denote by A the ring of adeles of Q, and by Vj the module V ®g A. There is unique
invariant measure p on Vj such that ,u( I Bp) = 1 where for each p, B, is the unit ball in

P
Vp : By = {z €V, ||z]|, <1}. We define the Euler characteristic of (V, | - ||) as follows:
x| (V) = —log volume(V, / V).
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For a projective variety X over Q, an ample line bundle £ on X with a semipositive metric
|-, and a place p of Q, let || - ||, denote a norm on I'(£) ®q Q, = I'(L,) defined as follows:
for each ¢ € I'(X,, L,),

1l = sup [€][(z).

zeX(Q,)
In this way, || - || = {|| - [|p,p € S} defines an adelic norm on I'(£). Write x(T'(£)) simply
for x . (T(£)).
Theorem (1.7). As n approaches oo,
nd
x(T(L%™) = Ecl(ﬁ)d + o(n%).

Proof. Assume that there is a sequence of models (X, L) of (X, £) such that £,,’s are

semipositive on X,, and that the induced adelic metrized line bundles L., converge to L,
then the theorem is true for £, by (1.4) of [Z2]. Write

_ox(TEgr)
Xmom = dim (L)
_ X))
X = dim D (£8n)’

then xpm — X» uniformly in n as m — oo. Now the theorem for L,, implies that

1- _ Cl(im)d f
nLHOIO Xm,n = W. It follows that

L d
o = i o =

The theorem follows immediately.

Theorem (1.8). Let £ be an ample metrized line bundle with an ample metric. Assume
for each irreducible subvariety Y of X that ci(L|y )™ Y+t > 0. Then for n > 0, the
Q-vector space T'(L®™) has a basis {{1,--- ,{n} consisting of strictly effective elements:
14:ll, <1 for p # oo and ||4;]e < 1.

Proof. By (1.7) and the Minkowski theorem, for each Y of X there is a n > 0, such that

F(E‘;e;n) has a section ¢ such that [[¢||, < 1 for all p # oo and ||| < 1. The theorem
follows from (4.2) of [Z2].

(1.9). For a projective variety X over Spec Q of dimension d — 1, and an integrable

metrized ample line bundle £ on X, we define the height of X with respect to £ as follows:
C1 (,C_) d

hg = —7 i7"
der (Lg)t!

For ¢+ =1,2,---d, define numbers
(L) = inf kg
ei(L) sup  inf £(@)

where Y runs through the set of reduced subvarieties of X.
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Theorem (1.10). If £ is an ample metrized line bundle then

er(L)+ - +eq(L)
d

e1(L) = he(X) =

Proof. Assume L is approximated by metrized line bundles £,, which are induced by models
(Xn,Ln). Then the theorem is true for £, by (5.2) of [Z2]. Since ¢1(£,)* — ¢1(£)* and
ei(Ly) — e;(L), the theorem (1.10) is true for L.

Theorem (1.11). If L, --- L4 are ample metrized line bundles, then

d
c1(Ly) - Z eq(Lr)er(Ly) - c1(Lr—1)er(Lrg1) - - c1(La)
k=1
Proof. By a limit argument, we may assume that £;,---, Ly are exactly metrized line
bundles associated to relatively ample hermitian line bugdles El, Ed on a model X

of X. By scaling metric at oo, we may assume that e4(L£;) = 0. We want to prove that
c1(Ly) - cl(ﬁd) > 0 by induction on d. It is obviously true for d = 1. Fix a € > 0 and
denote by L4(€) the metrized line bundle which has e~¢- || - || 7, as metric at co. Now La(e)

has height > € on X (Q). By (1.8), Ed( ) is ample. In particular, some power £d( )™ has
an effective section £. Write Y = div (¢), then

c1(L1) - e1(La)

=c1(L1) - c1(Lale)) — ecr (L) - e1(La1)

2%01(51) c1(La-1)(Y, —log ||]|oc) — €c1(L1) - c1(La—1)

—alBil) o)+ [ ot (£0) ¢y (Bam) = er(£2) -+ er(Lana).
m m X(C)

The first two terms in the last line are positive, since the first term is positive by induction,
and the second term is positive by fact that ||{||oc < 1 and ¢} (L£;) > 0. Letting € — 0, the
theorem follows.



2. ADMISSIBLE METRIZED LINE BUNDLES

(2.1). Let K be an algebraically closed valuation field, X a projective variety over Spec K,
L = (L,| -|) a line bundle on X with a continuous and bounded metric, f : X — X a
surjective morphism, and ¢ : £¢ ~ f*£ an isomorphism where d > 1 is an integer. We
define || - ||, on £ inductively as follows:

1
-t = 11 1l = @™l s
Theorem (2.2). (a) The metrics || - ||, on L converge uniformly to a metric || - ||o on L,
this means that the function log |||| ||||" converges uniformly on X (K) to log H ”0
(b) || - |lo is the unique (continuous and bounded) metric on L satisfying the equation

- llo= ("I - llo) *
(c) If ¢ changes to A¢ with A\ € K*, then || - ||o changes to ])\]ﬁﬂ o-

Proof. (a) Denote by h the continuous function é(b* f*log ” H2 on X. Then

1 n—
log |- [l = (567 /%)" " log | -
1 n—
(Zo" )" (h+log]|- 1)

1 n—
(G f7)" "+ log |- .

Using induction on n, one has
n—2 1 .
log || - [ln = log | - [[x + Z (50°F7)

Since H(édkf*)k . hHsup < 5 ||B]lsup, it follows that Z (¢ )k - h is absolutely and

uniformly convergent to a bounded and continuous functlon ho. Let || - |lo = || - ||1€™, then
| - || converges uniformly to || - ||o-
(b) It is easy to see that || - || is continuous, bounded, and satisfies the equation

1
I llo = (&" I llo) *

If || - ||y be another continuous, bounded metric on £ which satisfies the same equation,

writing g = log H H?, then we have g = ¢-4- f 2L g, 50 ||9llsup = l|9llsup/d, or g = 0. This shows

that [| - [lo = [ - [[o.
(c) If a| - ||o is the metric corresponding to A¢ with a a function on X (K), then for any
e L(x),ze X,

d

alltlo() = <Oé||>\¢(€)l|o(f(w))) ,

so o = (a|A\|)# or o = |A|7T.

The proof of the theorem is complete.
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(2.3). Now let everything be defined over Q: X is a projective variety over Spec Q, £ an
ample line bundle on X, f : X — X a surjective morphism over Q, and ¢ : £L? ~ f*£ an
isomorphism of line bundles. This implies that f is finite of degree d9m X We fix a model
(X, L) of (X, L) on Spec Z with e > 0, such that £ is relatively ample. This induces an
adelic metric || - || on L.

There is an open subset U of Spec Z such that f and ¢ extend to an U-morphism
fu : Xy — Xy and an isomorphism ¢y : £®d — fUEU
It follows for each p € U that

w—'

- llp = (@"F711 - [lp) -

We define the morphism fn : X, — X as the normalization of the composition of
morphism

X, 2% x, o X

Denote by £,, the metrized line bundles (£, || - ||,,) induced by model ()Afn, j?;’l“Z) Then
for any p € U and any n, one has || - |, = || - ||, In general for any p € S, || - ||, is
defined as in (2.1) from || - ||,. By theorem (2.2.), || - ||, converges uniformly to a metric
| “1lo.p- So the adelic metric || -||,, of £, converges to an adelic metric || - |o on £. By (2.2),

| - |lo doesn’t depend on the choice of ()A(:, E) If ¢ changes to A¢ for A € I'(X, O%), then

1
| - lo changes to || - [lox = {I| - llp| A\l "}. Therefore, if we write Lo = (L, || - [|o) then £ *
does not depend on the choice of ¢. Since £,, are all ample, Lg is an ample metrized line
bundle on X.
For any effective cycle Y of X of pure dimension, write hy »(Y) for hz (Y).

Theorem (2.4). (a) Denote by f(Y') the push-forward of Y under f, then hy »(fY) =
dhs (V).

(b) hyc(Y) = 0.

(c) If the orbit {Y, f(Y),---, f*(Y), -} is finite then hy »(Y) = 0.

(d) If y € X(Q) is a point and hy c(y) = 0 then the orbit {y, f(y), -, f"(y),---} is
finite.

Proof. (a)

hyo(f(Y)) =1 (zo}f(y))dimy“/m mY + er (£] ;)"
= e (f*Lofy) " / (dim Y + ey (f*£) Y
=G (Eg‘y)dim Y+1/(dimy + 1 (Ed‘y)dimy

— ey (Lol,) ™Y / (dim Y + Ve (2], )™
=dhys (f(Y)).

11



(b) Applying (1.10) to Y, we have that
hpi(Y) > ea(L],) - (dimY +1) > eq(£) (dimY +1).

But
eq(L) = iI%f he(z) = iI;f he(f(z)) = diI;f he(z) = deq(L).

Therefore eq(L) =0
(c) The finiteness of the orbit {Y, f(Y),---, f*(Y),---} implies the finiteness of the
orbit

{hpe(Y),dhyo(Y), - d"hye(Y)---}.

So we must have hy (YY) = 0.

(d) If hyo(y) = O then the orbit {y, f(y),---} has bounded degree [Q(y) : Q] and
bounded height (= 0), so must be a finite set.

The proof of the theorem is complete.

Conjecture (2.5). IfY is an effective cycle of X of positive dimension and hy¢ (Y) =0
then the orbit of Y under f is finite.

This conjecture is a converse of (c) in (2.4). A subvariety Z of X is called a preperiodic
subvariety if the orbit of Z under f is finite. A preperiodic subvariety Z contained in Y is
called maximal preperiodic if no other preperiodic subvariety of Y contains Z.

If hy-(Y) = 0, by conjecture (2.5), Y is a preperiodic variety, of course a maximal
preperiodic subvariety of Y. If hy £(Y) # 0, by theorem (1.10), there is a Zariski open set

U of Y such that hy . on U(Q) has a positive lower bound, and any preperiodic subvariety
Z of Y will be contained in X — U. This shows that (2.5) implies the following conjecture:

Conjecture (2.6). Any subvariety Y of X contains at most finitely many maximal prepe-
riodic subvarieties.

(2.7). Let fo,--+, fn be n+1-homogeneous polynomial of degree of d > 1 in n+1 variables
20, , 2p such that the only common zero of fy,---, f, is 0. Then

fi(z0,,2n) — (fo(Zo,“'  Zn)y s (20, ,Zn))

defines a morphism P — P". One has a unique homomorphism ¢ : O(d) ~ f*O(1) such
that ¢(f;) = f*(z), where we consider z; as sections of O(1).

When f; = 2@, the preperiodic subvarieties of P" are Zariski closure of translates of
subgroups by torsion points of G?, = {(z0+-2,) = 20+~ 2, # 0}. In this case, (2.6) is a
theorem of Laurent [L], Sarnak [Sa], while (2.5) is a theorem in [Z2].

(2.8). Asin (2.1), let f : X — X be a surjective morphism, d a positive integer, and
Pic(X)y,q the subgroup of Pic(X) consisting of line bundles £ such that £%¢ ~ f*L.
Assume that Pic(X)¢ 4 contains an ample line bundle of X. Then any line bundle £ in
Pic(X)f,q can be written as £; ® £2_1 for two ample line bundles £, Ly in Pic(X) 4.
By (2.3), there are ample metrized line bundles £, L, whose generic fibers are L£;, Lo
and E_l@d ~ f*L;. Now L = L1 ® L5 1'is an integrable metrized line bundle on X, and
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L2 ~ f*£. By theorem (2.2), £~V does not depend on the choice of £;,L,. Let
Pic(z) ; denote the group of integrable metrized line bundles L such that L& ~ f*L.
Then we have shown that Pic(X), ; is generated by ample metrized elements. We call

elements in Pic(X), ; admissible metrized line bundles. The following theorem is useful in
the next section.

Theorem (2.9). Let Y — X be a subvariety of dimension n, and L € Pic(X)¢q an
ample metrized line bundle such that hy £(Y) =0, then

Cl(zl‘y) . '01(2n+1|y) =0

for any L1,--+ , L, in Pic(X)ﬁd, where n = dim Y.

Proof. Since Pic(X); , is generated by ample metrized line bundles, we may assume

Ly, - ,L,41 are ample metrized. Since £ is ample, there is a positive integer m, and
an ample line bundle £y such that L™ ~ Ly ® L1 ® - -+ ® L,,+1. Put a metric on Ly such
that L™ ~ Lo @ L, ® - ® Ly, 41 then E_g@d ~ f*Ly. By theorem (2.4)(b), £, Lo, -, Lni1
are all semipositive. For any n + 1 integers i1, -+ ,%,+1 between 0 and n + 1, the number

c1(Li,) -+ c1(Ls,,,) is nonnegative by (1.11). Since

0=m""(c; (£|Y)”+1) =ci (L™

= Z Cl(ﬁ_il) s Cl(zin+1)a

0<iy <ip <o <ipgr<ntl

we must have ¢y (£1) -+ c1(Lny1) = 0.

13



3. POSITIVITY OF HEIGHTS OF CERTAIN SUBVARIETIES OF AN ABELIAN VARIETY

(3.1). Consider an abelian variety A over a number field K. For any integer n, let [n]
denote the endomorphism of A defined as the multiplication of n. Then for any symmetric
line bundle £ of A, L& ~ [p]*L. If X = A, f = [n] for an > 1, then hy = hy r is the
usual Néron - Tate height function studied by Philippon [P], Kramer [K], and Gubler [G].
In this case, conjecture (2.5) is a theorem of Raynaud [R], and (2.6) is a conjecture of
Bogomolov [B] if dimY = 1.

Theorem (3.2). Let £ be a symmetric ample line bundle on A, and Y — A a subvariety
of positive dimension such that Y —Y generates A. This means that A is the only abelian
subvariety of A which contains Y — Y. Assume that the induced map

NS(A)g — NS(Y)o

is not injective, where NS(A) = Pic(A)/Pic°(A) and NS(Y) = Pic(Y)/Pic®(Y). Then
he (Y) > 0.

(3.3). The crucial facts used in the proof of the theorem are theorem (2.9), a variant form
(3.4) of Faltings’ index theorem [F1], and a nonvanishing theorem (3.5) for restriction on
Y of an invariant 1 - 1 form of A(C).

Lemma (3.4). Let X be a variety over Q, and £ and M two integrable line bundles on
X with smooth metrics at co. Assume that L is semipositive and w = ¢'(L) is positive
on a dense subset of the regular part X,(C) of X((C), and that M is in Pic°(X). Then
c1(M)2c1(L£)471 <0, and the equality c;(M)?c;(£)?~! = 0 implies that the metric on M
has curvature 0 on X, (C).

Proof. Let f : X’ — X be a resolution of singularities. Replacing X by X', £ by f*£, and
M by f*M we may assume that X is regular. Choose a metric || - ||y, on /\/l such that its
-l

[RIP

Fix a positive number €. By approximation, there is a model (X L /\/l) such that

curvature is 0, let ¢ = log 4

(a) Lisa relatively semipositive line bundle on X whose restriction on X is £, ey > 0,
and whose metric at oo is the e1- -th power of the metric of £;

(b) M is a line bundle on X, whose restriction on X is M®2, e, > 0, and whose metric
at 0o is es-th power of the metrlc of M;

(c) cr(M)Per (L)1 < e o 201(M)01(5~)d_1 +e.

Denote by M’ the metrlzed line bundle on X which has same finite part as M on X ,
and which has metric || - Then

(d) e1(M)2 = ¢ (M')? + (0, —p220) as cycles on X.
We claim that
(e) cr(M")2e (L)1 <.

Fix a relatively ample line bundle L' on X, then

lim n'~%c; (M) ?er (L% @ L) = ey (M')2ey (L)1

n—oo
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Replacing L by Lr® L for n = 1,2,---, we may assume that L is relatively ample. Now,
c1(£)471 is represented by %(Z ,9z), where Z is an integral subvariety of X with a regular

generic fiber, m > 0 an integer. Since M’ has curvature 0, one has

e (M)2er ()1 = L (M) )2

m

Now ¢; (MV' ‘ 2)2 < 0 by the Faltings-Hodge index theorem. The claim is proved.
Combining (a)-(e) we have that

_ _ 90
cr(M)%ey (L)1 < — / goggowd_l +e.

X(C)
Since w?™! > 0 and w?~! > 0 on a dense subset of X(C), by letting ¢ — 0 it follows that

_ _ 90
c1(M)%er (L)1 < —/sagsawd‘l <0,

and that [ cp?r—?gowd_l = 0 if and only if ¢ is locally constant.

Lemma (3.5). Let A be a complex abelian variety, and Y — A a subvariety such that
{y1 — yg‘yl, y2 € Y(C)} generates A. This means that A is the only abelian subvariety of
A which contains Y — Y. If w is a 1-1 form on A which is invariant under translation and
w‘y =0, then w = 0.

Proof. We write A = C" / A and w = ) a;;dz;AdZ;. After a translation, we may assume
that 0 is a smooth point of Y. Fix points y1,- -, ym on Y such that {y1,--- ,ym } generates
A. One can find a complex curve C' — Y, such that y; € C and 0 is a regular point of C'.
Fix any holomorphic map ¢ : D = {z € C: |z| < 1} < C™ /A such that p(D) — C. Write
©(z) = (f1(2), -+, fa(2)), then f{(z),---, f}(2) are linearly independent over C.

If w!Y = 0 then p*w = 0, it follows that

0fi0f; _
Za” 0z 0z =0

for all z € D. Comparing coefficients of power series in z and Zz, since % are linearly
independent in C, for any ¢« we must have

Of;
2 iy =0
J
or

8 .
Zaija_f =0.

J

It follows that a;; = 0 for all 4, j. So w = 0. The proof of the lemma is complete.
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(3.6) Proof of (3.2). Assume h.(Y) = 0, then by theorem (2.9) for any admissible line

bundles £, -+ ,L,,n =dimY + 1, one has
A (Laly)-er (Laly) =0

By assumption there is a line bundle M € Pic(A) \ Pic®(A4) whose restriction on Y is
in Pic’(Y). Replacing M by M ® [—1] * M, we may assume M is symmetric. Put an
admissible metric on M, then we have

C1 (M}Y)ch (Z)n—l =0.

By lemma (3.4), c’l(/\;l|y) = 0. Let w = ¢j(M), then w is an invariant 1 - 1 form on A,
and w # 0. Since Y — Y generates A, this contradicts lemma (3.5).

Theorem (3.7). Let L be a symmetric ample line bundle on A, and C — A a curve such
that C — C generates A. Assume that the ring End (A) ®z R is not isomorphic to R, C,
and D, where D is the division quaternion algebra. Then h.(C) > 0.

Proof. By theorem (3.2), since NS(C')g ~ Q, we need only show that NS(A)g or NS(A)g
has rank > 2. Fix a polarization on A. Decompose End (A4) ®z R into a product of copies
of matrix algebras of R, C, and D, such that the involution of End (A) induced by the
given polarization is identified with the involution on matrix algebras. Then NS(A) ®z R

is isomorphic to the set of fixed endomorphisms under the involution. So NS(A) ®z R ~ R
implies that End (A)x ~ R, C, or D.

(3.8). Let C be a curve of genus > 2, and ¢ a divisor of degree 1. Define the morphism
¢¢ : C — Jac(C) such that ¢(x) = the class of z —c. Denote by © be the divisor on Jac(C)
which is the translate of the theta divisor on Jacd™!(C) by —(g—1)c, and by Picg(Jac(C))
the admissible metrized line bundles on Jac(C') with respect to the endomorphism [2],
whose classes in NS(Jac(C')) are multiples of the class of ©. Then ¢*(Picg(Jac(C)) is the
group of admissible metrized line bundles defined in [Z1]. Denote by w the admissible
metrized relative dualizing sheaf on C, and by O(D) the admissible line bundle associated
to a divisor D. We want to show the following theorem:

Theorem (3.9). Ifcy is a divisor of degree 1 on C such that (2g —2)cy is in the canonical
divisor class on C', then

he (6e(C)) = ﬁuﬂ . é)hﬁ(c— o).

Proof. For any divisor D of degree 0 on (', the Faltings-Hodge index theorem shows that
(D,D) = —2h,(D)
where (_D,D) denotes the admissible pairing on divisions of C. In particular, for any
z € C(Q),
(x —c,x—c) = =2h4z(2).
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Applying the adjunction formula: (z,z) = —(x,w), one has

(r—c,x—c) = (z,z) — 2(z,c) + (¢, ¢)
= —(x,w) — 2(z,¢) + (¢, c)
= (= (w+2¢) + (¢,c), x).
It follows that
—2¢*L + (w + 2¢) — (¢, ¢)

has height 0 at every point. Consider this as a line bundle. Then one may prove that
this bundle has curvatures 0 at all places of K, see 4.7 of [Z1]. Therefore it is numerically
equivalent to 0.

Now

der (¢* L) = [a1(w) + 2¢1 ((’)(c))]2 —2-2¢(c,c)
= w? +4(1 — g)c? + dwc

5 w2 w
— A(1 — _
w? +4( g)(c 29_2) +g—1
g

= T+ 8y = Dhle—co).
Since deg ¢* L = g, one has

_ alfye)’ _a(ser)’
2deg (L‘qb(C)) 2g

w2

1
= S=1 +(1— E)hc‘(c — co).

hz(o(C

Corollary (3.10). (a) If (29—2)c—w is not a torsion point of Jac(C) then hz(¢(C)) > 0.
(b) If End (Jac(C))

Proof. Combine (3.7), (3.8), and the fact that (w,w) > 0 in [Z1].

is not isomorphic to R, C, and D then (w,w) > 0.

Remarks (3.11). (a) The first part of (3.10) implies that the Bogomolov’s conjecture is
true if ¢ — ¢p is not torsion. This fact has been proven in [Z1]. The second part shows
Bogomolov’s conjecture if Jac(C') has a nondivision endomorphism ring End (J ac(C))R.

(b) If C' has good reductions at all finite places of a number field, one can prove that
(w, w) = (w Ar, W AT), where w4, is the Arakelov dualizing sheaf. In this case, Bost told me
he has proved (3.9).

(c) If C has good reduction at all finite places of a number field and Jac(C) has a
complex multiplication, then End (Jac(C')g contains a subring isomorphic to C9. It follows
from (3.10)(b) that (wa,,wa,) > 0. This has been already proved by Burnol [Bu] using
Weierstrass points.
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