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1 Modular curves and cusp forms

1.1 Classical modular curves

A group T' in SLy(Q) is called a congruence subgroup of SLa(Q), if for some g € GL2(Q), gTg~! is a

subgroup of SLy(Z) including a full congruence subgroup I'(N') for some N as follows:
I'(N)={y€SLy(Z) :y=1 (mod N)}.

The modular curve for such a I' is defined as
Yr =T\H, H = {z € C,Imz > 0}.

The action of I' on H is the usual Mobitis transformation. Two elements in I" have the same action if and
only if their ratio is +1. Thus the action depends only on the image I in PSLy(Z) = SLy(Z)/ £ 1. The
complex structure on Yr is induced from that of H with some modification at finitely many fixed points
modulo I'. The complex conjugation of Yr is identical to

-1 -1
r

Ypo =I\H, T =
T \ . .

The complex conjugation is given by z — —Z on H.
The curve YT is not projective. A compactification is given by adding cusps:

Xr=Yr H Cuspr, Cuspr = T'\P*(Q).
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The complex structure of Xr at a cusp can also be defined in a standard way.
There are some morphisms among modular curves:
1. For two congruence subgroups with inclusion I'y C I'e, one has a finite morphism of curves

Ty Ty - Xr, — Xp,.

Notice that this morphism is an isomorphism if and only if 1~“1 = fQ.
2. For a congruence subgroup I and an element g € GL2(Q)4, the elements with positive determinants,
the natural action of g=! : H — H induces a morphism

Rg : XF — Xg—ll"g.

The action R, is trivial on all X if and only if g € Q*.

Thus all modular curves Xr form a projective limit system with an action by PGL2(Q). The projective
is a complex curve X of non-finite type. The curve Xt is a quotient X/T'. This projective system is
dominated as any two modular curves Xr, and X, are dominated by the third one Xr,Ar,. Moreover
any such modular curve is dominated by a principal modular curve Xt ().

Each modular curve can be canonically defined over algebraic number Q such that the above projections
and the action of PGLy(Q)4 are all defined over Q. For example, the principal modular curve Xp ) is
isomorphic to P! by using j-function and thus defined over Q. The modular curve Xr(n) can be defined
over Q(¢n) by using factor that Xp(y) parameterized elliptic curves £ over C with an oriented basis
Pl,PQ of E[N]

The conjugation of a modular curve under the action of Gal(Q/Q) is also a modular curve. Thus the
set of connected components of the projective system X has an action by Gal(Q/Q) which commutes
with action of PGL2(Q),. For each modular curve Xr, let )Z'p denote the union of Xt and its Galois
conjugates. Then we obtain a projective system of curves over Q with action by PGL2(Q).

To describe this projective system, it is better to use adelic language.

1.2 Adelic modular curves

We write Z = imZ/n = [],Z, for the completion of Z by congruences. For any abelian group G, let
G = G®Z. Then the adeles over Q is defined to be the Q-algebra A = @ xR. We view R and Q, = Q®Z,

~

as quotient algebra of A. For any open and compact subgroup U of GL2(Q), we define a curve
Yy = GLy(Q)\H* x GLy(Q)/U.

Here the action of GL2(Q) is on both H* = C\ R and GLQ(@) in a obvious way, and the action of U on
H* is trivial. The curve X; depends only on the image U of U in GL2(Q)/Q*.
This curve is not connected. The set of connected component is given by

m0(Ye) = GLa(Q)\{#£1} x CGLy(Q)/U =~ QX\Q*/ det U ~ Z* / det(U).

Here the second map is given by determinant map on GL2(Q) which is bijection because of strong
approximation of SLy(Q): for any open compact subgroup U of SL2(Q),

~

SL2(Q) = SL2(Q) - U.

The third morphism is given by the decomposition @X =QX} -7 . In other words we have a decomposition
A a
GL(@ =[] GL(Q+ ( 1) U.
a€Z* / det(U)

For each a € Z*/ det(U), let H map to Xy by sending z € H to the point represented by z x (@ 1)-
Then we get an embedding

a ail
Yy :=T(U,a\H, T(Ua)= < 1) U ( 1) N GLy(Q)4.
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Thus we have shown that each adelic modular curve Yy is a finite union of classical modular curves.
Each modular curve Xy here can be canonically defined over QQ using the following modular interpre-
tation: the curve Xy parameterizes the set of equivalent pairs (E, k) where E is an elliptic curve over C
and ¢ is a U-class of isomorphisms R R
k: Q% ~ H|(E,Q).

Here two pairs (E1, k1) and (Es, ko) are equivalent if there is an isogeny ¢ : E5 — E»s such that
H1(¢) O KR1 = R2.

If we replace E/C by any elliptic curve E/S for any Q-scheme S, then we get a functor F;. This functor
has a coarse modular space which is the canonical model of Xj;.

From our description of modular problem, it is not difficult to show that the curve Xy is defined over
Q, that each connected component of Xy is defined over Q** = Q((.), and that the induced action of
Gal(Q*/Q) ~ Z* on mo(Xy) = Z*/ det(U) is given by the natural multiplication in Z*.

In term of classical language, we have just shown that every modular curve Xt is defined over Q?P,
and that two curves X, and Xr, are conjugate under Gal(Q**/Q) = Z* if and only if their closures Uy
and U, in GL2(Q) are conjugate under the action of GLy(Q). If this is the case, then they are conjugate
under an element of the form () in group side and o, in Galois side.

As U varies, the curves Xy form a projective system using projection with respect to the inclusion in
the groups. This projective system has an action by GLQ(@) /Q*. In comparison with projective system
introduced in the last section by sending X to its union Xy of Galois conjugates, the action of GL2(Q)

o~

is compatible with the action of GLy(Q) with natural embedding.
1.3 Classical cusp forms

Let k be an even integer. A cusp form of weight k for a congruence subgroup I' is a holomorphic function
f+H — C such that

fyz) = (cz+d)*f(2), Vv = (Z Z) er

and that f vanishes at each cusp in the sense that it has a Fourier expansion with respect to a local

parameter
f=2 and"
n>0

Let Si(T) denote the space of all cusp forms for T' of weight k. Modular forms can be considered as a
section of the line bundle £* on Y1 where £ is the Hodge bundle defined as follows:

Lr =T\H x C,

where the action of GLa(R)4 on H x C is given by

B Vdety ~fa b
7(Z7t)_<727 CZ—f—dt I ’Y— c d .

The bundle extends to Xr by taking an obvious trivialization at each cusp so that the forms holomorphic
at cusp correspond to holomorphic sections of the bundle. With this trivialization, we also have an
isomorphism of line bundles £2 ~ Q}(F (Cusps). In this way a cusp form of weight k is simply an element
in

Sk(F) = HO(XF,ﬁlli_Q ® Qp)

We will only consider the cusp form in the following discussion.
The assignment I' — S (") with pull-back maps form a direct limit system. The direct limit Sy can
be identified with functions on H which is cuspidal of weight k for some I'. This is an infinite dimensional
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space with a natural action by PGL2(Q)+. One main problem is to decompose this representation into
irreducible ones.

In classical language, this is achieved by working on Hecke operators. More precisely, for each con-
gruence subgroup I', we denote Hp := C[I'\PGL2(Q)+/I'] the Hecke algebra formed by finite linear
combinations of double cosets with certain convolution. Then Hr acts on Si(I'). In this way, we can
decompose this space into irreducible spaces under Hecke algebra. The action can be made completely
geometric in terms of algebraic correspondences described as follows.

For any g € GL2(Q)4 and any congruence subgroup I', one has a morphism Xpng-1p, — Xr x Xr
defined by natural projection for the first component and the composition of projection

XFﬂgFg_l - *ngl“g_1

and the action g. The correspondence on Xr defined by divisor Xpq,-1p4 is called the Hecke correspon-
dence of defined by g. Notice that this correspondence depends only on the double coset I'g['. We can
also define the neoclassical cusp forms of weight k for compact open subgroup U of GLQ(@) as a function
on f: Hx GLQ(@) — C, which is holomorphic on H* and invariant under right translation of U and

such that
a b
fvz,vg) =dety 2 (cz + d)¥ f(z,9), 7= (C d) € GLy(Q)4

and f vanishes at cusps. Let Sk (U) denote the space of all such cusp forms then if Yy has decomposition
as an union of Yt then Si(U) is a direct sum of Si(I).

Let Sj denote the union of all such spaces which has an action by GLg (@) by right translation. A major
result in automorphic form is that this space can be decomposed into a topological sum of irreducible
repre/b:entations of GLQ(@). The first step is to decompose it according to the central character w of
Q@

Sk = ®Sk(w),
where Sy (w) is the space of cusp forms with character w under translate of the center Q*. Then the
Seconé step is to decompose Si(w) = @7, where 7°° are irreducible and admissible representations of

GL5(Q) with central character w. These representations are automorphic, i.e., can be embedded into the
space of functions on GLy(Q)\GL2(A). We will describe these representations in the next subsection.

1.4 Adelic cusp forms

Let w be a character of Q*\A*. We consider the space L?(w) of functions f on GLy(A) such that
1. f(yzg) = w(2)f(g), for all v € GL2(Q) and z € A;
2. for a fixed Haar measure on dg on GLg(A)/A*,

/ £ (9)dg < oc.
GL2(Q)A*\GL2(A)

This space has an action of GL2(A) by right translation.

A major problem in the theory of automorphic forms is to decompose this into irreducible representa-
tions. In fact, this space can be decomposed into a direct sum of three orthogonal spaces: the cusp forms,
the direct sum of one-dimensional representations, and the continuous spectrum formed by Eisenstein
series:

L2(w) = Lzusp(w) D Lzont(w) @ EBXQZM(CX'

Here the last sum @ is a topological sum over characters x of Q* \A* which are also viewed as characters
of GLy(A) after composing with determinant map GLy — GLj.

The space L2, (w) consists of functions f in L?(w) such that for almost all g,

[ fain=n
N(@\N(4)
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where dn is a Haar measure on the uniportant radical of matrix (§ ). To compare this with classical or
neoclassical cusp forms, we want to make an embedding;:

Sp(w) — L%, (w)

cusp

when w is trivial on R* and is viewed as a character on QX\@X. For any g = googy € GL2(A), and
f € Sk, define

. _ . a b
F(g) = deg g¥/(ci + d) ™" f(9oci, g7), Joo = (C d>.

It is clear that F'(g) is invariant under the left translation by GL2(Q). Under the right action of SO(2,R)
it has character x* where y is an isomorphism SO(2,R) — U(1) C C*.
The space Leont(w) is topologically spanned by Eisenstein series

E(g,0) = > o(v9)

7€B(Q\GL2(Q)

for a continuous function ¢ on GLz(A) such that
¢(nzbg) = w(2)é(g), neN(A), ze A", be B(Q)

and that |¢| is compactly supported on B(Q)A* N (A)\GLz2(A).
The space Lgusp(w) is not easy to describe concretely but it is a topological sum of irreducible repre-
sentations of GLa(A). To do so, we consider the space of admissible space L5, (w) consisting of functions

which has the following properties:

0o
cusp

~

1. f is invariant under an open compact subgroup U of GL2(Q);

2. f is smooth in GLy(R), thus it admits an action by Lie algebra gl, and its universal enveloping
algebra U(gl,);

3. f has finite type under the action of Oy and the center Z of U(gl,), i.e., the subspace of generated
f under actions of Oy and Z is finite dimensional.

The definition of L, (w) is dense in L2, (w) and admits an action by GLo (@) and (gly, O2) but not
on GLy(R). In fact, the action of a g € GLy(R) will change property 3 here to analogous one with Os

replaces by gO(2)g~". The space L2, (w) is a direct (algebraic sum) of irreducible representations:

L(C)f)lsp(w) = @71-77,

~

where 7 runs through irreducible representations of (gly, O2) x GL2(Q) with central character w.

~

Each irreducible representation of (gly, O2) x GL2(Q) is a tensor product of irreducible representations:
T = @p<ooTp;

where 7T is an irreducible representation of (gl,, O2) and 7, is an irreducible representation of GL2(Q)).

The tensor product is defined with respect to a base element e, € w,? L2(Z) for almost all p:

= lim ®pesmp,
s
where the map forms the tensor product over S to the tensor product with a bigger T' given by tensoring
with ®pe7\ se, when S is sufficiently large.
The local representation m, is also completely classified. When p is finite, it is classified as three
classes: the principal, special, or supercuspidal. The representation 7, is supercuspidal if and only if

Homy, (7, C) = 0, where N, is the unipotent radical of the Boreal group. Otherwise, there is a character

x of the Borel group such that 7 is included into IndgL2(Q") (x)- If the quotient is 0, then we called that m,

is principal. Otherwise it called a spacial representation; in this case it has an one-dimensional quotient.
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In archimedean case, we may first construct representations for GLo(R) and then use process (2) and
(3) to construct representation for (gly,O3). We know that every irreducible representation 7., is a
subrepresentation of an Indng(R) (x). If the quotient is trivial, then we get principal representation.
Otherwise, we have a quotient isomorphic to the representation of GL2(R) on the homogenus polynomial
of degree k — 1. We call this representation of discrete series of weight k and denoted it as Dy.

Let Sy, denote admissible vectors in the subspace of GLy(A) generated by right translation of GLg(R).

Then we have S = Dy ® Sk, = @m, where Dy, is the weight k representation of GL2(R).

2 Jacobians and CM-points

2.1 Picard varieties

~

For each group U of GL2(Q), let Pic(Xyg) denote the Picard group of line bundles on X, and let
Pic’ (Xy,g) denote the subgroup of line bundles with degree 0 on every connected component. Then we
have an exact sequence

0 — Pic’(Xyg) — Pic(Xyg) — Bro(x0)Z — 0,

where the last map is given by degree map. We tenor this exact sequence with Q then we have an
canonical spliting of this exact sequence by the Hodge class ¢i1(Lr) in Pic(Xr)g. As Hodge class is
compatible with pull-backs, taking inductive limit, we obtain

Pic(Xg)g = Pic’(Xg)g @ Pic™*°(Xg)q,

where PicHOdge(X )o is the group of Hodge classes which is isomorphic to the space of locally constant
function on wO(X@). With respect to the action of GLs (@), this splitting is a splitting of representations of
GL, (@) In the following we want to decompose these spaces into irreducible representations of GLQ(@).

The decomposition of the Hodge part as it isomorphic to locally constant functions on Qj_\@x. Thus

it has a decomposition:
Pict*%®(Xg)q = @1, Q();

where the sum is over conjugacy classes of complex characters x of Qi\&x and Q(y) is the extension of
Q by adding values of .

To study the action of GLQ(@) on PicO(X@)@7 we use Jacobian. For each compact open compact
subgroup U of GLo (@), let Jy denote the Jacobian variety of Xy. Then Jy is an abelian variety defined
over Q such that Pic’(Xy,5) = Ju(Q). Over Q*", if Xy is a union of Xr, then Jy = [] Jr is the product
of the Jacobians of Xp. The pull-back morphism gives a direct limit system (Jy7). The limit is denoted as
J which admits an action by GLQ(@). To understand this action, we look its action on cotangent space
as a Q-vector spaces:

Q) =lim Q) =limQ}, = Q.

Then we have a decomposition into irreducible Q-irreducible represenations under GLq (@) QL = oIl
Notice that when tensoring with C, Qﬁ(c is isomorphic to Se, the space of cuspidal forms of weight 2, and
we have Q% ® C = ©&7°°, where the sum runs through the set of cuspidal representations of GLa(A) of
weight 2. Thus the set of representations Il here are parameterized bijectively by the set of conjugacy
classes of cuspidal representation by the relation

IT® C = @ Galois conjugates of a 7>

for some cuspidal representation of weight 2 of GL2(A). Let Q(II) = End(II) then Q(II) is a number field
and every 7w obtained by the base change with respect to some embedding Q(II) — C. In this way, J
has a decomposition

J®Q = @nll ®q) (An ® Q),
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where A(II) is an abelian variety with a multiplication by Q(II) and with dimension [Q(II) : Q).

To construct Ay rigorously, one has to study the action of GLy(Q) on H'(J,Q) = H'(X, Q) together
with its Hodge structure. Let Vii = Homg, | 5, (I, H*(X,J)). Then Vi1 is a two-dimensional vector space
over Q(II) with a Hodge structure and we have a decomposition:

HY(J,Q) = onll ® V.

The Galois action Gal(Q/Q) on H*(J, Q) also induces a Galois action on V. Pick up a appropriate lattice
Arr of Vir so that A is invariant under Gal(Q/Q) to define abelian variety A.

By the work of Eichler, Shimura, Langlands, Caroyal, and Faltings, the abelian variety Ay is charac-
terized by the following property:

L(s,An) = L(s—1/2,):= [[ L(s—1/2,1®,C).
o:Q(II)—C

In summary, we have shown that
Pic’(Xg)o = J(Q)g = &ull ®gm An(Q)g.
2.2 Albanese

The Albanese variety Alb(X) of X is defined as the projective limit of Alb(Xy). In the following we want
to embed X into Alb(Xy). To do this we need to define the Hodge class & for each connected curve Xr:

fp = cl(ﬁp)/deg ﬁr.

Concretely, & can be defined as follows:

{r = {cl(pr) + ) (1 — et)x}/vol(Xp).

zeXr

Here for each z € Xt, e, is the cardinality of the stabilizer of z in T', and vol(Xr) is the volume of Xt
computed with respect to the measure induced from dzdy/(27y?) on H.

The classes & for a projective system for each connected component XT' formed by a projective system.
Thus we may make a map

X — Ab(X) ® Q, x — class of v — &,

where &, is the Hodge class in the connected component of X containing z.
On each curve Jy, there is a Neron-Tate height pairing

() Ju(Q @ Jy(Q) — R.
The projection formula gives a hermitian pairing
()« Jac(X)(Q)c x AIb(X)(Q)c — R.
2.3 CM-points

Let E be an imaginary quadratic extension of Q. Then for each embedding of @—algebra E— Mg(@),
we consider the subscheme XZ* of X fixed by EX. The embedding £ — MQ(@) is unique up conjugate,
the subscheme XF” is unique up translation by an element in GLs (@)

The scheme X ™ has an action by the normalizer H of EX in GLQ(@) /E*. A simple calculation shows
that H is generated by E* and an element j such that jx = zj for all x € EX7 and that XE~ (Q) is
a principal homogenous space of H. On other hand, the Galois group Gal(Q/Q) commutes with action
of H. Thus the Galois action is given by a homomorphism Gal(Q/Q) — H. The theory of complex
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multiplication says that every point in XZ” is defined over E# and that the Galois action is given by
the reciprocity map Gal(E*P/E) ~ H.

Now let P be any point in X" (E*) and let y be any character of Gal(E*?/E). Then we define a
class

Po- | X H0)(P7 — £p)do € AB(X)(E®) & C,
Gal(E=b /1)

where &p- is the Hodge class in the component of X containing P?, and do is a Haar measure on
Gal(E*?/E). We will normalize it so that the total volume is 2L(2,7) with 7 is the quadratic extension
of Gal(Q*®/Q) corresponding to the extension E/Q.

2.4 Neron-Tate distrbution

For each f € C3°(GL2 (@)/QX7C) bi-invariant under an open compact subgroup U of GLg(@)/QX, we
can define a cycle

Z(Hw= Y. [@Zv.
9€K\GL2(Q)/UQ~
where Z(g)y is the divisor on Xy x Xy defined as the image of two morphisms form Xyngp4-1 to Xy
by firs the induced projection and the second the composition of the projection on to Xyi7,-1 and a right
multiplication by g. The cycle Z(f)y« acts on cycles on X7 in the usual way which we denote as T'(f).
It is easy to see that the this definition is compatible with pull-back of cycles and this define en element
in

Z(f) € Ch' (X x X)¢ :=lim Ch'(Xy x Xy) ® C.
U
From this property we see that the action
T(f)u: Jac(Xv)e — Jac(Xv)

is compatible with pushward in the first variable and pull-back in the second variable. Thus we have a
well-defined morphism T'(f) : Alb(X)c — Jac(X)c.

With CM-point P, in the last subsection, we can define the height pairing (T'(f)P,, Py) € C. It can
be shown that the pairing does not depend on the choice of P. Thus we have defined a distribution

NT,, € Hom(Cg®(GLy(Q)/Q%,C),C).
Notice that the space C&(GLQ(@)/QX ,C) is a representation of GLg (@)2 by action

(91,92)f () = f(g7 2ga),  ¢; € GL2(Q), = € GLo(Q)/Q*.

It is easy to see that NT, has character (x~ %, x) under the action of EX x EX (here x is viewed as a
character of E* via class field theory):

NT, ((t1,t2) f) = x ™ (t1)x(t2)NTy (f).

In the following we want to show that NT, factors through an automorphic quotient of weight 2.
Notice that C5°(GL2(Q)/Q*,C) acts on a representation o of GL2(Q)/Q* by the formula

o= [ foluds,  feCRGCL@/QN,C), veVn,
GL2(Q)/Q*
We fix such a Haar measure dg such that for any open compact subgroup U,
vol(U) = (vol(Xy)) ™1,

where vol(X¢) is calculated by using measure dxdy/(2wy?). If o is admissible, then we can show that
the action of Hecke algebra defines a surjective morphism

C&°(GLy(Q)/Q*,C) — 0 © &
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as representations of GL2(@)2. If we apply this to the representation So on space of cusp forms of weight
2, then we obtain a surjective morphism

p2: CF(GLy(Q)/Q%,C) —» &rm™,

where 7 runs through the set of cuspidal representations of weight 2.
An important property of NT,, is that it factors the morphism py. In other words, there are

NTy,» € Hom(7>™ @ 7>, C)
for each cuspidal representation such that
NT, = (&NTy ) o pa2.

The functional NT, . also has character (x ™!, x) under the action by (E*)2. Thus we have defined for
each cusp representation w of weight 2 an functional:

NT,» € Homp, (7 ® x,C) ® Homp, (7° @ x ', C).

3 Gross-Zagier and Waldspurger formulae

3.1 Local theory

In this subsection we want to study the local space Homg, (7> ® x,C). The first task is to look the
bigger space
Homg, (7 @ x, C) = Homg, (Vs ® w® @ x|g, C),

where V. is the underlying space of m with trivial action by @X. It is clear that this space is non-trivial
only if the following condition holds:

Wy 'X|(@>< =1.

We will assume this condition in the following discussion. Then we decompose the above linear space
into local spaces
Hompg, (7 ® x,C) = ®pHompr (mp @ xp, C),

and study the local space for each prime p, Hom By (mp ® Xp, C).
The first result is the following criterion:

Proposition 3.1.1 (Saito-Tunnel [3,5]).  Assume that pr|Q; =1. Then
1. if either m, is principal or E, is split then dim Hompr (7p ® Xp,C) = 1;
2. if mp is discrete and Ep is non-split then dim Hom g (mp ® Xp, C) + dim Hom (!t @ @xp, C) =1

where 7Tg L

We want to explain a little bit about the Jacquet-Langlands correspondence. For each prime p, there
is a quaternion division algebra D, which is unique up to isomorphism. Moreover if E, is a quadratic
field extension of Q, then there is a unique embedding E, — D,, of Q,-algebras which is unique up to
conjugation by D¥. In fact for any such embedding, we can write D), in the following way

is the Jacquet-Langlands correspondence of mp, on Dy for a division algebra D, over Q.

Dy =E,+ Epj, ju=1=1j, VacE,j>cQ\NE)).

When 7, is discrete, there is a representation 7%] L oof D}, the Jacquet-Langlands correspondence of m

which has the same central character as 7, and the opposite character as mp:

tr(glmy) = —te(g'|m; ")

for g € GL2(Q,) regular and g’ € D) with the same reduced trace and norm.
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A precise criterion of Saito and Tunnel is to use root number of L-series L(s, 7, x), the Rankin-Selberg
convolution of L-series L(s, ) and L(s, x). This L-series has a holomorphic continuation to whole complex
plan and satisfies a functional equation

L(SﬂT,X) = 6(877TaX)L(1 - Sﬂ%ax_l) = E(S,ﬂ', X)L(l -5 TF?X)'

The second equality follows from the condition w, - x|ax = 1. If we apply the functional twice then we
obtain
6(85 T, X)G(l -5, X) =1

This implies in particular that €(1/2, 7, x) = £1 which is called the root number of L-series L(s,m, X).
We can further decompose the e-factor after fixing an additive character 1 of Q\A:

6(83777)() = H 6(857TP7XP7¢IJ)'

pL oo

The value at 1/2 of these local € factor which takes values in +1 and does not depend on the choice of
1p. We normalize the local root number as

€p = €(1/2,mp, Xp)0p(—1)xp(—1) = 1,

where n = ®n, is the quadratic character of Q*\A* corresponding to the quadratic extension E/Q.
Now we come to the second criterion of Saito and Tunnel.

Proposition 3.1.2.  Assume wy, - x|g, = 1.
L. if e, =1, then dim Hom (mp @ xp,C) = 1.
2. if e = —1, then dim Hom (m]F © xp,C) = 1.

3.2 Gross-Zagier formula for modular curves
With calculation in the last subsection we see that NT , # 0 only if
Homg, (7™ ® x,C) ® Homp, (7 ® x',C) # 0.

The non-vanishing of the above space is equivalent to that the following two conditions hold:
L wr xlg« =1L
2. for all finite primes p, €, = 1.
The last thing we want to discuss is about the construction of concrete elements in

Homg, (7 ® x,C) ® Homg, (7 ® x ', C).

In general it seems hard to construct any element in any one of the spaces appeared in the tensor product,
but one obvious element 3, , in the tensor product is

Br (v ®D) = /A (T (), ) x(t)dt, VRUETCRT,
EX/QX

where dt is some Haar measure on E* /@X and @X is swiped out because of the condition w - X|@x =1
Unfortunately, this integral is not convergent. To regularize this integral, we consider the local pairing:

Bry ) (0 @) = / (O, D)X, vETE T, ® T
By /Qp
Then we have the following major result of Waldspurger:
Proposition 3.2.1 (Waldspurger [6]).  Define B,ir,
principal and E, is non-split.
1. if ey =1 then Br, .y, 7 0;

by the same formula as above when m, is non-
Xp p
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2. if e, = —1 then ﬂng,ﬁp #0;
3. if everything is unramified then

B (0 @7) = POE/27 )

L(1,n,)L(1, 7, ad)

We need some explanation for Item 3 in the proposition. First of all “FEverything is unramified ” here
means the following

e 7, is unramified and x;, on £, is unramfied;

e 0@t e my ) @72 ) and (v,7) = 1;

e the Haar measure on £ /Q,’ is chosen such that VOI(OEP /Zy) = 1.

Secondly, we need to explain the L-series in the right-hand side of formula:

1 1
C S) = 5 L S, = )
P( ) l—ps ( np) 1_77p(p)ps
and L(s, mp, xp) and L(1,m,, ad) can be written in terms of L-series of 7, and x,. More precisely, let
1 1
L(s,mp) = , L(s,xp) = | | L(s5,Xp) = ,
T P R it | K C P )
then
L. 7. 3) 1
877T 7X = )
PR (1= apagp) (1= e Bp) (1 = Bpagp*) (1 = BpByp*)
1
L(s,mp,ad) =

1= a8y 'p*) (1 = p*)(1 = Bpap 'p*)
Since the numbers in the right side in Item 3 in Proposition 3.2.1 is well defined and nonzero for all p,
we may normalize the local pairing by introducing

L(1,m,)L(1, mp, ad)

Qrpxp = Bﬂpv P
X G(2)L(1/2,mp, Xp) X

Similarly, we can define QrtL y, - Now the global pairing 3, can be regularized by the following formula:

_ ¢(2)
Bex = L)Lt ad) L @

p

Of course the factor here is defined by analytic continuation of various L-series. It is finite and positive.

Theorem 3.2.2 (Gross-Zagier [2], Yuan-Zhang-Zhang [7,8]).  Assume that wr - X|g« = 1 and that
€p = 1 for all prime p. Then L(%,mx) =0, and

NT,y = L' <;

,mx)m,n)ﬁm

m
Homp, (7 ® x,C) ® Homg, (7°° ® x~1,0).

The vanishing of L(1/2, m, x) follows from the fact that the sign of the functional equation is e(1/2, 7, x).
In fact the condition implies that ¥ = {oo} and €(1/2, 7, x) = (—=1)#> = —1.

3.3 Gross-Zagier formula for Shimura curves over Q

Let 7 be a cuspidal representation of GLo(A) of weight 2 such that its central character w, has trivial
component at infinity. Let £/Q be an imaginary quadratic field and x be a character of E*\A} such
that wy - x|ax = 1. Then we have a functional equation L(s,m, x) = e(s, 7, x)L(1 — s,m, x). At s =1/2,
€(1/2,m,x) = £1 can be written as ¢(1/2,7,x) = (—1)#*. Here ¥ is a finite set including archiemdean
place. Assume that the sign is —1, then 3 is odd and L(1/2,7,x) = 0. The Gross-Zagier formula in the
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last section gives an expression for L'(1/2,m, x) in terms of height pairing of CM-points when ¥ = {cc}.
What can we say about general case of odd %7 The answer is to use Shimura curve.
Since ¥ is odd, there is an (indefinite) quaternion algebra B over Q ramified exactly places at p:

B,~D, <= pe X\ {oo}.

In particular, at the arhimedean place B ® R ~ M(R). Fix such an isomorphism, then B acts on H.
A subgroup I' of B is called a congruence subgroup if there is a maximal order Op and a number N
such that

(1+NOp)NOz , CT COg ..

For such a I', we can form a Riemann surface Xt = I'\'H. Such a curve is compact if ¥ # {co}, or
B # M>(Q) which is assumed in the following discussion. Again we consider the projective system X
of such curves which admits an right action by B*/Q*. Also every such a curve has a canonical model
defined over Q and all Galois conjugates of these curves are also Shimura curve in the same type. To
understand the Galois conjugates, it is better to use adeles which we will do as follows.

For each open and compact subgroup U of B X, define the curve Xy = B*\'H* x BX /U. Then Xy is
canonically defined over Q and parameterizes the equivalent classes of the triple (4,1, k) where

1. A is an abelian surface;

2.i: B— End(A) ® Q;

3. k:B— XA/(A) is a B-linear isomorphism modulo U which acts on B.

The connected component of Xy is identified with

B*\{#1} x B* /U ~ BX\{#1} x B*JU ~ QX\Q* /v(U) ~ Z* /v(U),

where the second isomorphism is given by reduced norm. We may also decompose Xy into a finite disjoint
union of connected curves Xr.

For imaginary quadratic field E and any embedding EcC E, we may consider subscheme X * of points
fixed by E*. Such a scheme has an action by the normalizer of E* in B* which is EX ]_[E X j where
j e B* is an element in B* such that jr =2j and j% € @X. Since E* acts trivially on this space, the
action factor through the quotient group

H = EX\(EX ]_[EX;’).
The theory of complex multiplication says the following:
1. the set X~ (Q) is a principal homogenous space of H;

2. every point in X &~ (Q) is actually defined over E2P;
3. that action of Gal(E*" /Q) on XE™(Q) is given by the class field theory isomorphism:

Gal(E**/Q) ~ H.

Now pick up any point P € PE*(Q) and define
P, = / X 1) (P? — £po)do € AIb(X)(E*) @ C.
Gal(E2b/E)

Here we identify x as a character of Galois group via class field theory, and that £p- is the Hodge bundle
on the connected component of X containing P?.

Now for any function f € C§° (EX /Q*) we can define a Hecke correspondence T'(f) as in the modular
curve case. Thus we obtain an element

T(f)Py € Jac(X)(E™) @ C.
Now we can form the Neron-Tate pairing

NT, (f) == (T(f) Py, Py) € C.
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Again this distribution has character (x !, x) under the action of E* x B and factors through the Hecke
action on the space of cusp form of weight 2:

C§°(B* Q%) —» &0™ ® .
Thus we have a well-defined pairing for each irreducible B} cuspidal representation o of weight 2:
NT,,, € Hom, (¢ ® x,C) ® Homz, 0@ x~',C).

By our construction of B, we know that following;:

1. one of ¢ is w/F;

2. for /L, the space of in the right-hand side in the above formula is non-zero. Moreover, it has a
canonical element B sr .

The Gross-Zagier formula proved in this case is as follows:

Theorem 3.3.1 (Gross-Zagier [2], Yuan-Zhang-Zhang [7]).  With the above notation,

NTT(.JL,X = L/(1/2, ™, X)L(l, T])ﬂTrJL,X.

3.4 Waldspurger formula

In the Gross-Zagier formula, we only treat the case where the sign of the functional equation is —1. What
about 417 This case is solved by a formula of Waldspurger. In fact, since there is no algebraic geometry
involved, Waldspurger’s formula holds in a great generality which we will describe as follows.

Let F be a number field and 7 be an irreducible cuspidal representation of GLa(Ap). Let E/F be a
quadratic extension and x a quasi-character of E*\A}. Then we have a Rankin-Selberg L-series L(s, T, x)
as a holomorphic function of s € C which satisfies a functional equation

L(s,m,x) = €(s,m,x)L(1 — 5,7, x ).

Assume that the central character w of 7 and y satisfy w - x| Ax = 1, then the above functional equation
is symmetric:

L(377T7X) = 6(877T7X)L(1 - 877T7X)'

The root number €(1/2, 7, x) takes values +1 and is again a product of local root numbers:

6(1/2771—7)() = (_1)#27 Y= {’U : 6(1/277Tv7Xv7wv)anv(_1) = _1}'

Here ¢ = [] %, is a character of F\ A is an additive character used to decompose - factor into a product
of local factors but whose values at 1/2 does not depend on the choice of v,,.

Assume that the sign of the functional equation is +1 then ¥ is even and contains no complex places of F’
or finite places split in E. Let B be a quaternion algebra over F' with ramification set 3. Then 7 will have
a Jacquet-Langlands correspondence /% as an irreducible sub-representation of B X in L?*(B*\B X w).
Fix any embedding of F into B whose existence is guaranteed by chosen of B. Then we can define a

distribution on 7/% @ 7/L:

Walds, oz, (f® f) = / F)x(t)dt - / fO)x Yydt, fofer’terll.
EXAp\E] BXAR\E[
It is clear that
JL ~JL -1
Walds sz, € Hompx ("2 x,C)® Hom (7@ x ,0C).

Under our construction of B, the last space in the above formula has a non-zero element 8, . The
main result of Waldspurger is

Theorem 3.4.1 (Waldspurger [6]).  Walds sz , = 3 L(1/2,7m,X)L(1,7)Brsz -
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4 Gross-Zagier formula over totally field and applications
In this section, we fix a totally number field F' and write A for the adeles for F'.

4.1 Shimura curves over totally real field

Let ¥ be a finite set of places of F. If ¥ is even, there is a unique quaternion algebra B over F with
ramification set X. If ¥ is odd, then there is no such quaternion algebra over F', but there is a quaternion
algebra B over A with ramification set X, i.e., as a module over A, B is free of rank 4 and for each place
v, B, := B ®a F, is isomorphic to My(F,) if v is not in ¥ and to the division quaternion algebra D,, of
v € X. Such a quaternion algebra over B is called incoherent since it does not come from a quaternion
algebra over F'.

Assume that ¥ is odd and includes all archimedean places of F'. Then for each open and compact
subgroup U of B, we have a Shimura curve Xy defined over F such that for each embedding o : F' — R,
the associated analytic curve can be written as in a usual way:

X{h, = B\H* x B} /U.

Here ,B is a quaternion algebra over F with ramification set X \ {o} and with a fixed isomorphism
B ®, R = M3(R) and B~B #. When U various, the curves Xy form a projective system with an action
of B*. We write X for the projective limit, and let B* act on X so that BX trivially on X. Then it is
easy to see that the subgroup of B* acting trivially on X is D := BX - F'X where F'X is the topological
closure of F'* in A*/FX.

We may define the Jacobian Jac(X) and Alb(X) as in the same way as in modular curve or Shimura
curve over Q. The Jacobian has a decomposition up to isogeny as follows:

Jac(X) @ Q=enll®r, (An ® Q),

where II runs through a set of the irreducible Q representation of B* /D with endomorphic field Ly, and
Apr is an abelian variety of F' with endomorphisms by an order of Li;. More precisely, II corresponds
bijectively to the set of Galois conjugate classes of cuspidal representations {7} of GL2(A) of parallel
weight 2 which is discrete at places in 3. Here we say that two such representations m; and 7y are Galois
conjugate to each other if there is an automorphism 7 of C such that n{* = 75° ®, C. Via Jacquet-
Langlands correspondence, such a representation gives a representation of B* /D the with same Galois
conjugate relation. The abelian variety Ay is characterized by the identity:

L(s,An) = [] L(s - 1/2,7).

oell

4.2 Gross-Zagier formula over totally fields

Let E be a totally imaginary quadratic extension of F' and let x be a finite character of E*\AJ such
that

W+ X|A;ﬁ =1
Then we have a Rankin-Selberg L-series L(s, w, x) with functional equation
L(Sa T, X) = 6(87 T, X)L(l -5, X)

The root number €(1/2, 7, x) = £1 is the product of local root numbers €(1/2, 7, Xv, %) = 1 via an
additive character 1 of F\Ap but does not depend on the choice of 1. Thus we have

6(1/277Ta X) = (_1)#27

where
X= {U : 6(1/277TU7X07¢U)77UX1)(_1) = _1}7
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where 7 is a quadratic character of F*\AJ corresponding to extension E/F.

Assume that ¥ is odd and let X be the Shimura variety defined an incoherenet quaternion algebra B
with ramification set ¥ defined as in the last subsection. Fix any embedding A-embedding Ap — B
with is unique up to conjugation by B*. Let X" be the subcheme over F fixed by EX. Then XZ™ has
an action by the normalizer of E* in B* which is generated by A} and an element j € B* such that
jo = zj for all x € Ap and that j2 € A*. Let H be the quotient of this group modulo E* - HX which
acts trivially on XE" where E* is the closure of E* in EX\AJ. The Shimura theory says the following

1. every point XZ” (F) is defined over E?P;

2. XE” (E?P) is a principal homogenous space of H;

3. the action of Gal(E*"/F) on XF" (E*P) is given by an isomorphism Gal(E?"/F) ~ H defined in
the class field theory.

Let P € X" (E?P) be any point and let

Py = / x(0) NPT — €po)do € AIb(X)(E*™) @ C
Gal(Eab /E)

with respect to a Haar measure of volume 2L(1,7n), where {px is the Hodge class in the connected
component of X containing P?.

For any function f € C5°(B*/D,C) one can define a class Z(f) € Ch'(X x X), the direct limit of
Ch'(Xy x Xy). Then one can define

T(f)Py := Z(f)«Py € Jac(X)(E™) @ C.
The Neron-Tate pairing gives a distribution
NT, € Hom(Cg®(B*/D,C),C),  fr—(T(f)Py, Py),

where the pairing is hermitain in C.
Consider C§°(B* /D, C) as a representation of B* x B> by left and right translation. One may again
prove that NT, has translation property under A} x A} by

NTy((t1,t2) f) = x 7" (t)x(t2)NT (f),
and that the distrbution factors through the surjective morphism
Cg°(B*/D,C) — @,0 @7,

where ¢ runs though the Jacquet-Langlands correspondences of irreducible cuspidal representation of
GL2(A) to B*. Thus we have define a pairing for each such a o:

NT,, € HomA;J (c2x,C)® HomAJxE (c®x ', 0C).

We take 0 = 77/%. Then the right-hand side of the above expression is one-dimensional and is generated
by an element (3. , regularize the integral

/ (w7 (), B)dt
EXAX\AX

via a regularization process.

Theorem 4.2.1 (Gross-Zagier [2], Yuan-Zhang-Zhang [7]).

NTT(.JL,X = L/(1/2, ™, X)L(l, T])ﬂﬂ..IL’X.
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4.3 Application to the Birch and Swinnerton-Dyer conjecture

Let 7 be a cuspidal representation of GLa(A) of parallel weight 2. Let II = {n?} be the Galois conjugate
class of . Then it is conjectured that there is an abelian variety Ay with endomorphism by Ly the
definition field of II, and with L-series

L(s,An) = ] L(s—1/2,7%).

moell

If 7 is of CM-type, i.e., the lifting from a Hecke character of an imaginary quadratic extension of F
then A, can be constructed as an CM-abelian variety. If [F : Q] is odd or one of local component , is
not principal, then we can construct Ay from Jacobian of Shimura variety as above. Besides these two
cases, there is no known construction of A,. But a compatible system of ¢-adic representation has been
constructed by Taylor.

Let E//F be an imaginary quadratic extension and let x be a finite character of E*\AJ such that

wr - Xax = 1.

Then L(s, ) has root number €(1/2,7,%) = (—1)#*. In case of ¥ is odd, the abelian variety Ay can
be constructed from Jacobian of the Shimura curve defined by an incoherent quaternion algebra with
ramification set ¥. If ¥ is even such that a construction does not work.

Using Kolyvagin’s Euler system technique, we can prove the following consequence of the Birch and
Swinner-Dyer conjecture:

Theorem 4.3.1 (Tian-Zhang [4]).  Assume that ords—1 L(s,m,x) = 1. Then

1. ords=1L(s,7,x%) = 1 for all automorphism o of C;

2. dim(An(E*) ® C)X = deg Lii(x) where (Ap(E*®) @ C)X is the x-eigen subspace of An(E*?) @ C
under action by Gal(E*®/E); and Ly(x) is an extension of Ly by adding all values of x.

3. The x-component of the Tate-Shafarevich group I (Am, x) is finite.

Combining with a results of Bump-Friedberg-Hoffstein, we have the following
Theorem 4.3.2 (Tian-Zhang [4]).  Assume that ords—1 L(s,7) < 1 and that [F : Q] is odd or one finite
T, 18 not principal. Then

1. ords=1 L(s,77) = ords=1L(s, ) for all automorphism o of C;

2. dim(An(F)) = deg Ly - ords—1 L(s,77);

3. The Tate-Shafarevich group II(Ar) is finite.

Using congruence of modular forms we can also handle some case of rank 0 case not covered by the
above theorem:
Theorem 4.3.3 (Tian-Zhang [4]).  Assume that ords=1L(s,m, x) = 0 and that A is not of CM-type.
Then

1. ords=1L(s,7,x%) = 0 for all automorphism o of C;

2. dim(Ap(E*) @ C)X = 0;

3. If x is trivial and A is geometrically connected, then I (An) is finite.

5 Gross-Schoen cycles and triple product L-series

5.1 Gross-Schoen cycles

Let X be a projective, smooth, and geometrically connected curve defined over a field k. Let e =
(e1,€e2,e3) € X (k) be a triple of rational points on X. The Gross-Schoen cycles A, with base e is defined
as the following 1-cycle on the triple product X3 of X:

AE :{(xvx»x”x € X}—{(617x7x)}—{x7627x}—{(x7x763)}+{(x,62763)}+{($7€2763)}+{(€1762,x)}.

Lemma 5.1.1.  The class A, is homologically trivial.
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Proof.  We need to prove that the class of A, vanishes in any Weil cohomology theory H*(X). For
example, in the f-adic cohomology for ¢ different than the characteristic of k. For this it suffices to show
that it has zero pairing with any class o € H?(X?3). Using Kiinneth formula

H*(X*) = P H(X)®H (X)oHYX),
it+j+k=2

one can see any such a class is a sum of pull-back of forms «; ; via projections m; ; : X3 — X2
— * ..
o= E T i
0,J
Then the pairing has the decomposition

(Ac, ) =D (A, i) = Y (e A, ).
ij ij
Now the vanishing of the pairing follows from the fact that m;;.A. = 0 for any projection ;.

Now the question is: if Ae is already zero in Ch2(X3) ® Q7 In fact when X = P! or when X is a
hyperelliptic curve such that e; are all Weierstrass points, then Gross and Schoen show that A, = 0 in
Ch?(X3)g. In general it is not easy to see if this class is zero in the Chow group. In the following we
want to introduce the heights of these points when k is a number field.

Replacing k by an extension, we may assume that X/k has a semistable model X over the ring Oy, of
integers; that is the minimal regular model such that only singular points in the fiber of the morphism
X — SpecOy, are of ordinary singular points, namely with local equation xy = 7 is formal neighborhoods
of singular points of the fibers.

Now we consider the fiber triple product

3 ._
X0 =X X SpecOy, X X SpecOy, X7

which is not regular if X' is not smooth over SpecOy. Then we blow-up X3 successively along the vertical
hyper surfaces in the bad fiber of J) — SpecO}, with any fixed ordering. Then we obtain a regular four
fold ). On this regular scheme, Gross-Schoen construct a nice extension:
Proposition 5.1.1 (Gross-Schoen [1]). There is a cycle A on'Y extending A, such that for any
2-cycle Z of Y included in a fiber Ay - Z = 0.

To define the hight pairing, we still need a green current on Y(C) = [],.,_c Xo(C)*. Since A, is
cohomologically trivial, there is a green’s current G of degree (1,1) such that ‘z?G =0A,(C)-

~ ~ 2

Now we can form a cycle A, = (A, G) in the arithmetical Chow group Ch (Y) and we can define the

height:
h(Ae) = Ae - A..

This height is independent of choice of ﬁe and it is zero if A, is vanishing in @Q(J}) ® Q. Conversely,
the arithmetical index conjecture of Beilin-Bloch and Gillet-Soule says that A(A.) > 0 and equal to 0
exactly when A, vanishes in the Chow group.

Assume that e; = ea = eg then the height h(A.) can be computed in terms of a canonical cycle A¢
which we defined as follows when g(X) > 1. Let us denote

E=wx/(29g—2) € Pic(X)®Q
as the canonical class with rational coefficients of degree 1. After an extension, we have a representative
§= Zaipm pi € X(k)

and then define

A = E :aiajakApi,pnpw
4,9,k
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The class A¢ € Ch?(X?3)g does not depend on the choice of presentation.
Assume that e; = e3 = e3. Then we can show that

h(Ae) = h(Ag) +6(g — Dh(er =),

where h(e; — &) is the Neron-Tate height of e; — £. Thus h(A.) reaches its minimal exactly at Ag.
For A¢, we have the following identity:

2g+1
h(Ag) = 2y ng — ) e(Xy),

where w? is the self-intersection of the admissible relative dualising sheaf and ¢(X,,) some local invariants.

2

This is a very interesting identity because w;

is a very important invariant in diophantine geometry and
h(A¢) is an important invariant in the cohomology theory. For example, a nice upper-bound of w? will
imply the ABC conjecture and a lower bound will imply an effective Bogomolov conjecture. On A¢ part,
its heights related to L-series via Beilinson-Bloch conjecture and its class in a Selmer group will relate
the extension defined in the uniportant fundamental group

0 [71'1,771] . Uy . Uyt _0.

(71, [T1, m1]] [m1, [m1, m1]] [m1, 1]
We conclude this subsection by a remark that for any correspondence Z € H?(X?3® X?), we can define
pairing (Z,A¢, Ag).

5.2 Triple product L-series

Let F be a number field and E = F' & F' @ F be the triple cubic semisimple extension of F. Though
everything has analogue for non-trivial cubic extension, we take split F for simplicity. Let 7w be a cuspidal
representation of GLa(Ag) then we can define a triple L-series L(s, 7, rg) of degree 8 by the work of Garret,
and Piatetski-Shapiro-Rallis which is holomoprhic with a functional equation

L(Svﬂ-;TS) = 6(57775 TS)L(l - 37%77'8)'

Here 73 denotes the 8-dimensional representation of the dual group GLz(C)® via tensor product: C? ®
C? @ C? ~C8.
At a finite place v where all three components 71, 72, and 73 of 7 are unramified, this L-series can be

defined easily as follows: write L(s, m;,) = det(k,}xiNu—s) with 4; € GLy(C), then

1

L(s,m,) =
(3,71' ) det(l — A1 X A2 [ AgN’U_S)

where 41 ® Ay ® As acts on C? @ C? ® C? ~ C8.
Assume that the central character w, on A} = (A%)? is trivial on the diagonal, i.e., W, wr,wyr, = 1.
Then the functional equation is symmetric:

L(877T7T8) = 6(5,7'(', TS)L(l - 377T7T8)'

It follows that €(1/2,m,rs) = £1. Moreover this root number is product of local root numbers €(1/2, 7,
rg) = £1. Thus we have ¢(1/2,7,73) = (—1)#*, where X is the set of places where the local root number
is —1.

In the following we assume that F is totally real with adeles A by abuse of notation, that each m; has
parallel weight 2, and that functional equation has —1 sign. Then ¥ is odd and includes all archimedean
places. Then we have an incoherent quaternion algebra B over A with ramification set 3, and Shimura
curves Xy parameterized by open compact subgroup of U of IB%JT. The projective limit of such curves
has an action by B*. We write Xg = X3 the triple product of such system as projective limit of
Xy, = Xy X Xy x Xy with an action by BY, = (BX)3. We consider X as a curve in Xp via diagonal
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embedding. Then on each finite level Xy — Xy, where Ug = U3, we can define the modified Gross-
Schoen cycle Xy ¢ using the Hodge class. Such a class form a projective system and thus defined a class
in

X¢ € Chy(Xp)? := lim Ch*(Xy,)°,
U

where the supscript 0 means homological trivial cycles.
Let f € C5°(By/Dg, C) where D = D3, then we can define correspondence

Z(f) € Ch*(Xp x Xg) := lim Ch*(Xy, x Xu,).
Ug

Thus we can define a co-cycle T(f)X¢ € Ch?(Xg)?. The height pairing on each level Xy, defines a
pairing on their limit. Thus we have a well-defined number (T'(f)X¢, X¢). We denote this functional as
BB because of Beilinson-Bloch height pairing. With respect to the action By x By by left and right
translation, we see that BB is invariant under the diagonal B* x B*.

It has been proved by Gross-Schoen that this distribution factors though the action on weight 2 form
i.e., the quotient:

Cs°(By/D,C) — @op Q0og,

where op runs through the set of Jacquet-Langlands correspondences of cusp forms of parallel weight 2.
In this way, we have constructed for each o a pairing

BB, € Homgx (0g,C) ® Homgx (og, C).

By local theory the right-hand side is at most one-dimensional and not zero if and only if the condition
that the central character o is trivial on the diagonal AX. In particular for ¢ = 7/%, this space is of
dimension one. Also, one may construct a concrete base 33,.s. in the space by regularizing the integral

VOV (or(g)v,v)dg.
AX\BX

Theorem 5.2.1 (Yuan-Zhang-Zhang [7,8]). BB,/ = L'(1/2,7,18)30r.
5.3 Application to elliptic curves

Assume that F' = Q and three cusp forms 7; corresponding elliptic curves Ej;, i.e., each 7; is generated
by newform f; corresponding to F;. Assume for simplicity that all f; has the same conductor N which
is square free. Let f; =), ¢" are Fourier expansion. Then X has a description as follows

Y ={oo} U{p|N : aipagpas, = —1}.

If ¥ is odd which is equivalent to that product of signs of functional equations of f; is —1, then there
is a quaternion algebra over Q with ramification set ¥\ {oo}. Let R be an order of B with reduced
discriminant N, then we have a Shimura curve X = R} \'H.

By our construction, every FE; is uniformized by p; : X — E; thus there is a morphism X —
E; x Ey x E3. The image with modification using base point 0 on E; will give a cycle

Xy € Ch?*(E; x Ey x Es3)°.
Our main theorem in the last section gives

h(Xo) = L'(2, fi x fa x f3)e(f1, fa, f3),

where c(f1, f2, f3) is a positive and explicit constant.

There is not much can be said when all f; are different. If all f; are same, then X is simply the Gross-
Schoen cycle in E® thus is torsion. On the L-function part, L(s, f x f x f) equals L(s, Sym® f)L(s—1, f)?
which has vanishing order > 1 at s = 2 as L(s, f) has odd functional equation.
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The next case is when f; = fo # f3. Then we can construct a rational point x by the following formula

r = [p3.p1(0)] € E3(Q),

where [-] means taking sum using group law in E3. Then one can show that up to a positive explicit
constant, h(z) = h(Xp). On the other hand,

L(s, fu x fi x f3) = L(s,Sym® f1 x fs)L(s — 1, fs)
thus we have a formula up to an explicit positive constant.
h(z) = L(2,Sym®f1 x f3)L'(1, f3).

This formula shows that we have a cheaper construction of rational points on elliptic curves using another
elliptic curve.
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