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GENUS PERIODS, GENUS POINTS AND
CONGRUENT NUMBER PROBLEM*
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Abstract. In this paper, based on an idea of Tian we establish a new sufficient condition for a
positive integer n to be a congruent number in terms of the Legendre symbols for the prime factors
of n. Our criterion generalizes previous results of Heegner, Birch—Stephens, Monsky, and Tian, and
conjecturally provides a list of positive density of congruent numbers. Our method of proving the
criterion is to give formulae for the analytic Tate—Shafarevich number £(n) in terms of the so-called
genus periods and genus points. These formulae are derived from the Waldspurger formula and the
generalized Gross—Zagier formula of Yuan-Zhang-Zhang.
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1. Introduction. A positive integer n is called a congruent number if it is the
area of a right-angled triangle, all of whose sides have rational lengths. The congruent
number problem, the oldest unsolved major problem in number theory, is the question
of finding an algorithm for deciding in a finite number of steps whether or not a given
integer is a congruent number. In this paper, based on an idea of Tian [26] we will
establish a new sufficient condition for n to be congruent in terms of the Legendre

symbols (g), with p and ¢ running over the prime factors of n.

This type of criterion was first given by Heegner [10] and Birch—Stephens [1] for
some n with a single odd prime factor, and by Monsky [18] for some n with two
odd prime factors, and finally Tian [26] saw how to extend it to some n with an
arbitrary number of prime factors. Our criterion generalizes all of these works, and
we believe that it has potential applications to the following distribution conjecture
of congruent numbers: all n = 5,6,7 (mod8) are congruent and all but density 0
of n =1,2,3 (mod8) are not congruent. Note that in [29], Tunnell gave a necessary
condition for n to be congruent in terms of the numbers of solutions of some equations
n = Q(x,y,z) with positive definite quadratic forms Q(z,y,2) over Z. Tunnell’s
criterion is also sufficient if the rank part of the BSD conjecture is assumed.

In the following, we would like to describe our main results. Let us first consider
the elliptic curve

where n is assumed to be a square-free positive integer throughout this paper. Then
it is well known that n is congruent if and only if E, (Q) has a positive rank. This is
equivalent to the vanishing of L(FE,, 1) under the rank part of the Birch-Swinnerton-
Dyer (BSD) conjecture

rank E,(Q) = ords—1 L(E,, ).
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By Birch—Stephens [1], the root number

(E) 1 ifn=1,2,3(mod8),
e(E,) =
-1 ifn=5,6,7(mod8).

It follows that ords—; L(E,,s) is even (resp. odd) if and only if n = 1,2,3 (mod3R)
(resp. m = 5,6,7 (mod8)). The density conjecture of congruent numbers is a con-
sequence of the rank part of the BSD conjecture and the folklore conjecture that
ords—1 L(FE,,s) <1 for all but a density zero subset of the set of square free positive
integers.

By the works of Coates-Wiles [4], Rubin [22], Gross—Zagier [9] and Kolyvagin
[17], the rank part of the BSD conjecture holds and the Tate-Shafarevich group is
finite whenever L(FE,,s) has a zero of order at most 1 at s = 1. Thus we define an
invariant £(n) of E,, as follows:

[L(E,, 1)/ (22m-2-atmg, )"/ if ords_1 L(En, s) = 0,
L(n) = 4 [L/(Bn, 1)/ (226020 ., R if ordey L(En,5) = 1,
0 if ords—1 L(Ep,s) > 1

Here
e k(n) is the number of odd prime factors of n;
e a(n) =0 if n is even, and 1 if n is odd;
e the real period

Q _ 2 / < dr
Tl Vs
e R, is twice of the Néron-Tate height of a generator of F,(Q)/E,(Q)tor (in
the case of rank one).
The definition is made so that, in the case ords—1 L(F,, s) < 1, the full BSD conjecture
asserts that

#I(E,) = L(n)>. (1.0.1)

Moreover, the density conjecture ([5] and [14]), applied to the quadratic twist family
E,,, implies that £(n) is non-zero for a density one subset of the set of all square free
positive integers.

The number £(n) is a priori a complex number defined up to a sign. In this
paper, we show that £(n) is an integer (up to a sign), and give a criterion for when
it is odd in terms of the parities of the genus class numbers

g(d) := #(2CUQ(V—d)))

of positive divisors d of n. It is clear that ¢g(d) is odd if and only if C1(Q(v/—d)) has
no element of exact order 4. Thus by Rédei [21], the parity of g(d) can be computed

in terms of the Rédei matrix of the Legendre symbols P of prime factors p, ¢ of
q

d. The choice of the sign of £(n) is not an issue in this paper since we are mainly
interested in its parity. We divide our results naturally into two cases by the root
number €(E,).
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THEOREM 1.1. Letn =1,2,3 (mod38) be a positive and square-free integer. Then
L(n) is an integer, and

L(n) = > [T9(d) (mod2).
n=dod;--dg i
d;=1(mod8), i>0
Here all decompositions n = dy---dy are non-ordered with d; > 1 for all i > 0. The
right-hand side is considered to be 1 if n = 1.

The following theorem is clearly predicted by the BSD conjecture and recently
proved by

THEOREM 1.2 (Alexander Smith [25], Theorem 4.1 and Corollary 4.2). For
n =1,2,3(mod8), the following conditions are equivalent:
e ranky(E,(Q)) =0 and II(E,)[2°°] = 0;

° Z Hg(di) =1(mod?2).

n=dody ---dg i
d;=1(mod8), i>0

Moreover, the full BSD conjecture holds at a positive proportion of the quadratic twist
family E,,.

Combining Theorems 1.1 and 1.2, we obtain the following special case of the
conjecture of Birch and Swinnerton-Dyer.

COROLLARY 1.3. For every square-free positive integer n congruent to 1,2 or 3
modulo 8, we have that L(n) is odd if and only if E,(Q) is finite and TI(E,)[2°°] = 0.
Moreover, when these statements holds, II(E,,) finite, and its order is as predicted
by the conjecture of Birch and Swinnerton-Dyer.

Of course, III(E,,) is finite when £(n) is odd because we then have L(E,,1) # 0,
and the statement about the order of III(E,) then follows from the work of Rubin
([23]) since the corollary proves the 2-primary part of III(E,) is in accord with the
conjecture of Birch and Swinnerton-Dyer. There would be great interest in establish-
ing the analogue of this corollary for the family of quadratic twists of every elliptic
curve defined over Q. However, apart from the above result, the analogue of this
corollary is only known at present for the family of quadratic twists of the elliptic
curve F = X,(49) ([6] and [3]), where it is proven by the methods of Iwasawa theory,
which are very different from those used in this paper.

For n =5,6,7, we introduce an integer p(n) > 0 by

20(") = [E,(Q) : ¢n(An(Q)) + E,[2]],
3

where ¢, : A, = E, is a 2-isogeny from A, : 2nv®> =u? +uto E, : ny? =23 — 2

defined by
(u, ) 1 1 v 1
Yot 0) = 2 “ u/)’ 2u “ U '

THEOREM 1.4. Letn =5,6,7 (mod8) be a positive and square-free integer. Then
L(n) is an integer. If n = 5,7 (mod8), then 2=°(" L(n) is even only if

Z Hg(di) = Z Hg(di) =0 (mod2).

n=do---dy i n=dg--dy, i

d;=1 (mod8), i>0 dp=5,6,7 (mod 8)
d1=1,2,3 (mod 8)
d;=1(mod8), i>1
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Ifn =6 (mod8), then 27°") L(n) is even only if

> [I9(@) =0 (mod2).

n=do---dg, A
do=5,6,7 (mod 8)
d1=1,2,3 (mod 8)

d;=1(mod8), i>1

Here all decompositions n = dg - --dy are non-ordered with all d; > 1.

Our method of proving these theorems is to give formulae of £(n) in terms of
the so-called genus periods and genus points (cf. Theorems 2.2 and Theorem 3.5).
These formulae are derived from the Waldspurger formula in [31] and the generalized
Gross—Zagier formula of Yuan—Zhang—Zhang [33] using an induction argument of Tian
[26].

REMARK 1.5. For each residue class in {1,2,3,5,6,7 (mod8)}, we believe that
our formulae in Theorems 1.1, 1.4 give a positive density of n with £(n) odd. For
n =1,2,3 (mod8), this is already implied by the BSD formula (1.0.1) modulo 2 and
the work of Heath-Brown [11]. Moreover, (1.0.1) modulo 2 can be checked case by
case. In fact, in [19], the Fo-rank of Sely(F,, )/ E,(Q)[2] can be also calculated in terms
of Legendre symbols for every n.

In the following we give some criteria of congruent numbers and non-congruent
numbers extending the work of Tian [26] in terms of a single genus class number.

COROLLARY 1.6. Let n be a square-free positive integer such that Q(y/—n) has
no ideal classes of exact order 4. For any integer r, let A, B, denote the following
properties of n:

A.(n): #{pln: p=3(modd)} <r;
B.(n): #{p|n: p=+3(mod8)} <r.

Then in the following case, n is a non-congruent number:
e n=1(mod8) with A2(n) or Ba(n),
e n =2 (mod8) with Ag(n) or Ba(n),
e n =3 (mod8) with A;(n) or By(n).
In the following case, n is a congruent number:
e n =5 (mod8) with Ag(n) or By(n),
e n =7 (mod8) with A;(n) or By(n).

Proof. By Rédei [21], g(d) is even in any of the following cases:
e d=p;- pr=1(mod8), p; = £1 (mod38), k > 0;
o d=2p - pg, p; = +1 (mod8), k > 0;
e d=p;--pr=1(mod8), p; =1(mod4), k > 0.
It follows that under any of the conditions of the corollary, the following congruence
holds:

> [T9(d:) = g(n) (mod2).
n=dod;---dy i
d;=1(mod8), i>0

The conclusion follows from Theorem 1.1 and 1.4. O
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2. Quadratic periods and genus periods. The goal of this section is to prove
Theorem 1.1. Assume that n = 1,2,3 (mod8) is positive and square-free throughout
this section.

2.1. Quadratic periods and genus periods. Let K, = Q(v/—n) be the
quadratic imaginary extension. For any decomposition n = d; - do with da pos-
itive and odd, we have an unramified quadratic extension K,(,/dj) of K, where
ds = (=1)(@=1/2d, By the class field theory, the extension gives a quadratic char-
acter

Xdi,do - Cln — {:l:l}

on the class group Cl,, of K,,. In the degenerate case do = 1, we take the convention
Xd,,d, = 1. Conversely, by Gauss’s genus theory, any quadratic character of Cl,, comes
from such a decomposition n = dy - ds.

The Rankin-Selberg L-series of the elliptic curve E : y? = 23 — z twisted by X4, 4,
is given by

L(Ek,, Xdydy»>8) = L(Ea,, 5)L(Eay, s).

In the following, we give a formula for £(d;)L(dz2) using the Waldspurger formula.
Notice that such formulae concern the quaternion algebra determined by the local
root numbers of the L-function L(Ek, , Xd,,dss S)-

Let B be the quaternion algebra over Q ramified exactly at 2 and oc. In fact, B
is the classical Hamiltonian quaternion algebra (over Q):

B=Q+Qi+Qj+Qk *=j5"=-1,1ij=k=—ji
Let Op be the standard maximal order of B:
Op := 0% + Z¢, 5 =7+ Zi+7j+ Tk, C=(-1+4+i+j+k)/2

Fix an embedding 7 : K,, < B such that the image of Ok, lies in Op. If
n = 1(mod8), we further specify the embedding by

7(v/—n) = ai + bj + ck

where n = a® + b? + ¢ with a,b,c € Z and 4|c. It is a classical result of Legendre
that we can find integer solutions a, b, ¢ if n is not of the form 4¢(8m — 1). The more
specific condition n = 1 (mod 8) implies the existence of a solution with 4|c. See [13,
Theorem 5] for example.

By the Jacquet—Langlands correspondence, the newform fr € S3(T'9(32)) corre-
sponding to the elliptic curve E : y? = 23 — x defines an automorphic representation
T = ®umy of B*(A). Here A stands for the adéle ring of Q. Let B (resp. Q) de-
note the finite part of B(A) (resp. A). Note that the central character of 7 and
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the infinite part 7o are trivial, so 7 = ®,m, is naturally realized as a subspace of
C>(B*\B*/Q*).

Denote by 7z the Z-submodule of 7 consisting of elements of m which takes
integral values on B*\B*/Q*. Denote U, = R} -K,fg, an open subgroup of B*.
Here R,, = Ok, + 403 is an order of B of conductor 32. Consider the U,-invariant
submodule ;" of mz. We will see that 7, is free of rank 1 over Z, as the special case
of x =1 in Theorem 2.6. This is an integral example of the multiplicity one theorem
of Tunnell [28] and Saito [24] reviewed in Theorem A.1 and Corollary A.2.

Fix a Z-generator f, of WZU”, which is determined up to multiplication by +1.
Define the quadratic period P(dy,ds) by

P(dy,dy) := Z fn(t)xdhdz(t)'

teCl,

THEOREM 2.1. The period P(dy,ds2) # 0 only if do =1 (mod38). In that case,
P(dl, dg) = :|:2k_a WK - ﬁ(dl)ﬁ(dg),

where 2wy is the number of roots of unity in K, k is the number of odd prime factors
of n =dida, and a =1 if n is odd and a = 0 otherwise.

Now we define the genus period Q(n) by

Q)= 3 fuld).

t€2Cl,
Notice that P(d;,d2) and Q(n) are well-defined up to signs.

THEOREM 2.2. The number L(n) is an integer and satisfies

L(n) = > [[Q@) (mod2).
n=dod---dg i
d;=1(mod38), i>0

Here in the sums, all decompositions n = dg - --dy are non-ordered with d; > 1 for all
1> 0.

Now Theorem 1.1 follows from Theorem 2.2 and the following result.

PROPOSITION 2.3. One has
I ((EX)Q) c1+22.
Therefore,

Q(n)=g(n) (mod?2).

Theorems 2.1 and 2.2 and Proposition 2.3 will be proved in section 2.3.
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2.2. Primitive test vectors. In this subsection, we give an explicit construc-
tion of the test vector f,, to prepare for the proof of the results in the last subsection.
Resume the above notations related to K,,, B and w. The local components of
the automorphic representation m = ®,m, of B*(A) have the following properties:
® T, is trivial;
e 7, is unramified if p # o0, 2, i.e., 7955 is one-dimensional;
e m has a conductor of exponent 4 (cf. [7]), i.e., for a uniformizer \ (for
example, 1 4 i) of B at 2,

1+>\4OB,2 1+>\SOB’2
Ty #0, Ty =0.

Let U =[], Up be the open compact subgroup of 6;, with Uy, = OF , if p # 2, and

Us = Z5(1+ A\0p2) = Z5 (1 +4055).

Then 7V ~ 752 is stable under the action of By, since Us is normal in By. By the

irreducibility of 7o, we further have 7T2U 2 = 9.
By definition, 7V is a subspace of C*°(B*\B*/Q*U), the space of maps from
(the finite set) B*\B*/Q*U to C. The following is a more detailed description.
THEOREM 2.4.

1) The space 7Y is a 6-dimensional irreducible representation of B, with an
p p 2
orthogonal basis

~ o~ +itj itk kL
freC=E\BX @0y, o { T FEEEE

Here for each 0, the function fs is determined by its restriction to 14 20p >
and

fs(1+22) = (—1)TCD Ve e Op.,.
(2) The representation ™V of By has an integral structure 7Y generated by

fiij:%(f%if%), fjik::%(f#if%)v fk:ti::%(f%if%)-

Moreover, this Z-basis is orthonormal with respect to the Tamagawa measure
on B*\B*(A)/A*.

(3) Let xo be the character of B*(A) associated to the quadratic extension Q(i),
i.e. the composition

BX(A) 2% AX ~ Q% x (2% X RY) — 2% — (Z/AZ)" ~ {+1}.

Then ™~ m® xo and

Xofi+i = fizi, Xofitk = fizk, XoSrti = froi.
2 2 2 2 2 2

To deduce the theorem, we first need the following precise description of
B*\B*/Q*U.
LEMMA 2.5. The following natural maps are bijective:

Op.2/(Zy +2052) =+ (14 205.5)/Z5 (1 +40p.5) — B*\B* /Q*U,
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where the first map is defined by v — 1+ 2z, and the second one is given by the
natural inclusion By C B*.
Moreover, under the composition

B*\B*(A)/Q* — B*\B*/Q*U % Op /(Z> + 205 1),

the Tamagawa measure on B*\B* (A)/A* transfers to the Haar measure of (the finite
abelian group) Op 2/(Z2 + 20p.2) of total volume 2.

Proof. We first prove the bijectivity. The first map is clearly a group isomorphism.
For the second map, we use the class number one property of B, i.e.,

B* =B*.0} =B*-Bf-UY,
Here U denotes the subgroup of U with 2-component 1. It follows that
B*\B*/Q*U ~ H\B}/Q}Us, H=B*n(U®.BJ).

It is easy to see that H is a semi-product of A%, where A € Op is an element with
reduced norm 2, and the subgroup

0} = {ﬂ, +i, +j, =k, ilj”;”ik} .
The group O is a semi-product of p3 generated by ( = (=144 + j + k)/2 and
(0f)% = {£1, =i, =+j, =k}
Consider the filtration of By given by
By 205,21+ )05, 2 1+20p,,
and its induced filtration

H > Of D (0%)" D .

It is straight forward to check that these two exact sequences have isomorphic sub-
quotients. It follows that the map H — BJ' induces an exact sequence

1—pue — H— BS/(1+20p2) — 1.

In other words, the B2X is generated by H and the normal subgroup 1 + 20p 2 with
intersection H N (1 +20p2) = po. Thus

,E[\BQX/(@;< Us «— /Lg\(l + 20372/1 + 403)2) «— (1 + 203)2)/25< (1 + 40372).

The other two relations can be verified similarly.

Now we treat the measure. Note that the Tamagawa measure gives
B*\B*(A)/A* total volume 2. Then the induced measure on Op2/(Z2 + 20p,2)
also has total volume 2. Tt suffices to check that the induced measure is uniform.
Equivalently, we need to show that vol(B*\B*¢gQ*U) is constant in g € B*. By the
first part of the lemma, we can always take a representative g € 1+ 20p 2 for the
double coset BXQ@XU. The key is that g, = 1 for p # 2. It follows that

B*\B*¢Q*U = B*\B*Q*Uy,
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whose volume is independent of g since the measure is invariant under the right
translation. O

In the lemma, the right multiplication action of By = H - (1+20p2) on B* in-
duces its action on Op 2/(Z2+20p 2) given by right conjugation of H and translation
of z, for elements 14 2z € 14+ 20p 5.

Consider the space Ay C C°°(B*\B* /Q*) of forms perpendicular to forms yodet
where x runs over all characters of Q* \@X, then m C Ag. Let Af be the subspace of
Ay of forms invariant under U, then 7V < AY.

The restriction map

AOU — C[OB,2/(Z2 +20p2)], fr— (¢ :x— f(142x))

defines an isomorphism between Aj and the space A; of functions ¢ on Op 2/ (Z2 +
205 2) perpendicular to the characters 1 and (—1)™" on Op 2/(Z2+20p5). Here the
trace map

Tr: 0372/(22 + 203’2) — Z2/2Z2

is induced form the reduced trace. The vector space A; is decomposed into the direct
sum

A=) Cy,

Ppew
where
U = {4 € Hom(Op /(205 + Z), p2), 1 #1,(-1)"}

is a set of quadratic characters ¢ of Op 2/(Za + 20p2).
We have an explicit description of forms in .AJ corresponding to . Let p = AOp 2
be the maximal ideal of Op >. Then the trace map defines a perfect pairing

Op2® pl— Ly, (z,y) — Tr(zy).
It induces a perfect pairing
(0B 2/2052) @ (9 /207 1) — 2, (z,y) — (_1)Tr(wy)'

It is easy to see that W corresponds to the subset A of elements § € p~!/2p~! with
the following properties:

Tr(6) = 0 (mod 2), 0 #0,1(mod2).

Note that the set

Ao +i+j +j+k +k+i
o 2 7 2 7 9

in Theorem 2.4 is contained in p~!. Thus we can identify A = A/{£1}. For each
0 € A/{£1}, the corresponding form fs is given by

fs(g) = (=)0,
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for any g = bh(1 4 22)u € BX with b € B*,he H,z € Opys,and u € @XU. Hence,
the space AY is 6-dimensional with the explicit decomposition

Af = > Cfs

SEA/{£1}

into characters of (14 20p,2)/(1 +405p 2).

Proof of Theorem 2.4. For (1), it suffices to prove that Af is irreducible as a
representation of G := By /(1 +40p2). Note that G contains a normal and commu-
tative finite subgroup C' = (1 +20p,2)/(1 + 40p2). Thus any invariant subspace V/
of AY is a direct sum

V = ®yex Vi

over some multiset X of characters of C. The multiset X is stable under the conju-
gation of G. We have seen that V, are all one-dimensional, and X is included into
W, the set of characters induced by elements in A. Thus we need only prove that G
acts transitively on A by conjugations. In fact, A is a principal homogenous space of
O}/ 2 under conjugation.

Now we treat (2). Note that for any h € H, x € Op 2, and § € A, we have that
héh~t € A and

m(h(1 +2z)) fs = Ys() fasn—1 = £fnsn-1,

where 95 € U denotes the character 2 — (—1)T%%) on Op,2/(Z2+20g3). Therefore,
the action of By on f;y; is given by

7(h) fit; = frin-12njn-1, m(1422) fir; € {£firj, £fioj}

Similar results hold for fjij and fri;. Thus 75 is an integral structure on 7V. The
orthonormality of the basis is a simple consequence of the previous result on the
measures.

For (3), it is clear that yo is invariant under the left action of B* - H and the
right action of U and its restriction on 1 + 2055 is given by xo(1 + 2z) = (—1)T=
for any z € Op ». Thus for any x € Op 2,

Xofess (14 22) = (=) TE+5"0) = (“) TS (O = f, (14 20).

d

THEOREM 2.6. Let K be an imaginary quadratic field and x a quadratic character
of K*/K*Oj such that L(Ek,x,s) has root number +1 (so that 2 cannot split in
K). Let w be a uniformizer of Ky and 2 the 2-component of x. Fiz a Q-embedding
7 : K — B such that Ok is contained in Opg. Then the vector space

aUxz .= {fen’ n(t)f =x2t)f, ¥Vt € KS}

is one-dimensional. All the possible cases of (Ko, x2(w)) are listed below:

(Q2(vV=3),1), (Qu(v—1),£1), (Qa(v—=2m),(=1)"2"), m=1,3,5,7 (mod8).
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Let g € By be such that 7} := g~ 1729 is given by

(=14++v=3)/2+— ¢, V-1+—k, V=2 i+],
—10— i — 35, V—6+—i+j+2k, 14+ —3i+j— 2k,

respectively in the above cases. Then the vector f = w(g)fo lies in ©VX2, where
fica + fie + frs, if Ky =Q2(vV-3),
fo= A s =3 (Fep £ 1) i (Ko xal)) = (@a(V7T), 21,
fisas if Ko = Q2(v/—2m) with m odd.

Uxz2 . _U U,x2
Moreover, m,;** :=m; NwX2 =Zf.

DEFINITION 2.7. The automorphic forms f and —f described in the theorem are
called primitive test vectors for (m,x).

The theorem can be interpreted by the multiplicity one theorem of Tunnell [28]
and Saito [24] reviewed in Theorem A.1 and Corollary A.2. In fact, the space

708" = (f e n08", a(t)f = xa(O)f. Vt € K5}

is at most one-dimensional by the multiplicity one theorem. The theorem confirms
that it is one-dimensional and constructs an explicit generator of the integral structure.

Proof of Theorem 2.6. It suffices to show that fy is xe-invariant under the em-
bedding 74 : K < B.
First consider the case Ky = Q2(v/—3), where

K /Qx(14402) = O3 JZ5 (1 + 402)
is cyclic of order 6 and generated by ¢ and 1+ 2(. Note that
ChiC=4j, ¢iC=k, (RC=1i.
Thus the subspace of 7V of forms fixed by ¢ € H is 2-dimensional with basis

fizi+ fice + frziy, firi + fivr + frri
2 2 2 2 2 2

Moreover, note that 15(¢{) = 1 for § = %, %, k=i and 15(¢) = —1 otherwise. Thus
7UX2 is one-dimensional with basis fi—; + fi—x ;
2

2

2
In the case Ky = Q(v/—1), let @w = k — 1, we have that

KX /QX(1+402) = w42 x (1 + w, 1+ 2w).

Note that 142w =2k —1, and ¢5(k) = 1if 0 = &TJ and s (k) = —1 otherwise. Thus
the subspace of 7V of forms fixed by 1 4 2w is 2-dimensional with basis

fivjs  Jizj
where 1 + @ = k acts trivially since k~'ik = —i,k~'jk = —j. Finally, since w =
k—1¢€ H and

wliw=j, wljw=—i,w tkw=rEk,
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we have that 7UX2 is one-dimensional with basis fixj for xo(w) = £1.

For the case Ky = Q2(v/—2n) with n = 1,3,5,7, let w = v/—2n, we have that
K /Q35 (14 40,) is generated by the order 2 element @ and order 4 element 1 + .
The embedding 7'2 maps 1 + @ to k(1 + 2(¢ + 4)) modZ (1 + 40p2). Note that
kik=' = —i,kjk~! = —j and

L,

—1, otherwise.

e s — it itk j—k
1f5— D) L

Ps(C+1i) = {

It follows that the subspace of 7¥ fixed by 74(14) is one-dimensional with basis fii; .
2

We have the following decompositions of 75(w) € By = H - (1 4+ 20p 2) mod ZJ (1 +
403)2)2

i+j€H, i—35=(i+7)(1+2k),
itj+2k=(G—)1+2C—k), —3i+j—2k=(i—7)1+2C—Fk)).

Note that ¥i+i (k) = 1 and 9+ (() = —1, we know that fi+; is xo-invariant. O
2 2 2

2.3. Proofs of Theorems 2.1, 2.2 and Proposition 2.3 . Resume the nota-
tions in §2.1. Especially, f,, is a basis of 7TZU ™ with

U,=R} K}, Rn=0Ok, +40s.

We first connect it to the primitive test vectors in §2.2.
Recall that in §2.2, we have introduced

U=0%" Uy, Uy=175(1+40p>).

In Theorem 2.6 and Definition 2.7, we have introduced the primitive test vectors for
(7, x). For the connection, it is easy to verify U, = U - K;Q. Hence, f, is a primitive
test vector for (m, x) if and only if xo = 1.

Proof of Theorem 2.1. Write K = K, for simplicity. The goal is to treat

dlad2 Z fn Xdl d2 )

teCl,

The tool is the Waldspurger formula.

By Cl,, = KX\KX/OK7 the summation is essentially an integration on KX\KX
Since f, is invariant under the action of K, the integration is nonzero only if X 4,4,
is trivial on K. In other words, K(y/d5) splits into two copies of Ko = Q2(v/—n).
This is equivalent to d5 = 1 (mod 8). Then dz = +1 (mod 8). We will exclude the case
dy = —1 (mod 8) later.

Assume dj = 1 (mod8). Then xg, .4, is trivial on K5, and f, is a primitive test
vector for (7, xa,,4,) as described in Theorem 2.6. In particular,

6, if Ky = QQ(\/T3),
(fna fn)Pct = 15 if KQ = QQ(\/__1)7
2, if Ko = Qo(v/—2m) with m = 1,3,5,7.

Apply the explicit Waldspurger formula in Theorem A.4. We have

2
| (dlv d2)| 251257.‘_3 ((ffiz ;7))5:: ’ L(Ed17 1>L(Ed27 1)5
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where b = 1 if 2 is inert in K and b = 0 otherwise, and f’ is the normalized new form
in the automorphic representation of GLa(A) associated to E.
We claim that

|D|1/2

Y -
(.f 7f )PCt - Qd11OOQd27oo : ma

where D is the discriminant of K and e = 1 if 2 { D and e = 2 otherwise. Let
¢ =377, a,q™ be the corresponding newform of weight 2. Note that

(6 O)rais) —-jyﬁ(gm\ﬂ|¢<zﬂ2dxdy

and

s ' )pes = / KO
GL2(Q)\GL2(A)/Qx

are related by

(¢’ ¢)F0(32) _ (flu f/)Pet -
vol(X(32)) 5 ) where vol(X(32)) = 167.

Let ¢ : X¢(32) — E be a modular parametrization of degree 2, and w the Néron
differential on E, and Q = fE(R) w. Note that

Orw = 4mig(2)dz, 27107 = // lw A @,
BE(C)
and thus
0 = 327T2(¢, ¢)F0(32)-
By definition,

Qi 00Qn .00 = D2 /\/didy = 2°71Q%/\/| D).

Put all these together, we have the formula for (f'f)pet.
Hence, we have

L(Ey ,1) L(Ey,,1
P(dy, )2 = 22, ZE@ D L{Eas, 1)
Qd,,00 Q.00

3

where ¢ = 0 if 84 D and ¢ = 1 otherwise. It gives the formula of the theorem.

It remains to prove that do = —1 (mod 8) implies P(dy,d2) = 0. This is a direct
consequence from the formula we just proved, since L(Eq4,,1) = 0 by considering the
root number in this case.

Proof of Theorem 2.2. Let hy(n) = dimp, Cl,,/2Cl,,. By Gauss’s genus theory,
ha(n) + 1 is exactly equal to the number of prime factors of the discriminant of
K,, and any character of Cl,/2Cl, is of the form x4, 4, for some decomposition
d = dydy with ds positive and odd. Moreover, a repetition Xdj,dy, = Xdi,d; OCCUT'S only
if ( /1,d/2) = (dQ,dl) andn=3 (m0d8)
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Hence, we have the character formula
' ha(n)
Z Xdy,da (t) =2m" 52Cl(Kn)(t)a t € Cly,
n:d1d2

where the sum is over ordered (resp. non-ordered) decompositions d = dyds if n =
1(mod8) (resp. n = 3(mod8)), and requires da to be odd if n = 2 (mod8). As a
result, we have

S Py, d) = 22 Q(n). (2.3.1)
n=dids

The summation follows the same rule as above.
The following lemma shows the symmetry in the case n = 1 (mod8).

LEMMA 2.8. Assume n = 1(mod8). Then for any decomposition d = dyds with
dl, do > 0,

P(dy,d2) = P(da,dy).

Proof. Let xo be the character on B corresponding to the extension Q(i) over
@, defined in Theorem 2.4. The two quadratic characters are related by

Xd1,d> = Xda,d1 * X0-

In fact, for any ¢t € IA(X, we have

i (O () = PO T 2D

In the notation of Theorem 2.6, the primitive test vector is given by f, = 7(g) fo
(up to {£1}) with g € B and

fo= g (Fuga + fioa) = Fuu - (FEX0

2 )

We claim that xo(g) = 1 by our special choice of 7 : K;,, < B at the beginning.
Assuming xo(g) = 1, then

P(dsdr) = Y fu (19) 00y )
t

=> fins (tg)HTXO(t)XO(t)thdz (t)

:Zf

= P(dy,dy).

1+ xo(t)
2

i1: (tg) Xdyd» (t)

It remains to check xo(g) = 1. Recall that ¢ € B) is an element such that
T, =g g K, < Bs gives 5(v/—1) = k. Recall that the embedding 7 : K,, — B
is defined by

T(vV—n) =ai+bj + ck
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where n = a® + b + ¢? with a,b,c € Z and 4|c. Thus the equation for g is just

1
gil-—(ai—l—bj—l—ckyg:k.

vn
Here y/n denotes a square root of n in Ks. Explicit computation gives a solution
go = ai +bj + (¢ + V/n)k.
For this solution, we have
det(go) = a® +b° + (¢ + vn)* = 2(n + cv/n).

Note that n + cy/n = 1 (mod4) by the condition 4|c, and thus xo(go) = 1. It is easy
to see that any other solution is of the form g = go(u + vk) for u,v € Q2. Then we
have xo(u + vk) = 1 and thus xo(g) = 1. O

LEMMA 2.9. One has

Z e(dr,d2)L(d1)L(d2) = Q(n),

n:d1 dg

where €(dy,ds) = +1, and the sum is over non-ordered decompositions n = dyds such
that di,ds > 0 and do = 1 (mod 8).

Proof. Writing equation (2.3.1) in terms of non-ordered decompositions, we have

> P(dy,dy) = 2" 70Q(n),

n:d1 d2

where § = 1 if n =1 (mod 8) and § = 0 otherwise. Here in the case n = 1 (mod 8), we
have used the symmetry P(dy,d2) = P(d2,dy). Apply Theorem 2.1. O

Finally, we are ready to derive Theorem 2.2.

Proof of Theorem 2.2. Since L(1) = 1, the above lemma gives a recursive formula

+L(n) = Q(n) — > e(dy, do)L(dy)L(dy).
do=1 (&T;éléi)% do>1

Here the sum is over non-ordered decompositions. This formula determines £(n)
uniquely. In particular, £(n) is an integer.
Now we prove the congruence formula

L(n) = E | | Q(d;) (mod?2).
n=dod,---dy i
d;=1(mod8), i>0
di>1, i>0

It suffices to prove that the congruence formula (applied to every Q(di) and Q(ds)
below) satisfies the recursive formula

Q(n) = > L(dy)L(dy)  (mod?2).
do=1 (?;T()ddl;ﬁ d2>0



736 Y. TIAN, X. YUAN, AND S.-W. ZHANG

Namely, we need to check that

Qn) = > > [T 9t > [To@)| (mod2).

- ”:Cé18d2 40 dlzd{)d’l...dzl ji>0 d2=d6’d’1’---d;’,, k>0
2=1 (mod$), dy /=1 (mod 8), j>0 4/ =1 (mod8), k>0
dj>1, j>0 dj/>1, k>0

The right-hand side is a Z-linear combination of

o

v
[T 9@ IT 9t
j=0 k=0

We consider the multiplicity of this term in the sum. Each appearance of such a term
gives a partition

{dy, - dpydy, - dpy = {dy, - dp ) [T{dG - di )

If the set on the left-hand side is non-empty, the number of such partitions is even.
Then the contribution of this set in the sum is zero modulo 2. Thus, we are only left
with the empty set, which corresponds to the unique term g(n) on the right. This
proves the formula. O

Proof of Proposition 2.3. The proof easily follows from the explicit result in
Theorem 2.6. In fact, take K = K,, and x = 1 in the theorem. We see that the
primitive test vector f, = m(g)fo for some g € B, where

fica + fice + frs, if Ko = Qa2(v-3)
fo= fz'-i—j:%zf# +f%), if Ky =Q2(v/—1)
f%, if Ko = Q2(v/—2m) with m odd.

)

)

Note that the case (K3, x2(w)) = (Q2(v/—1), —1) does not occur here. It is immediate
that fo and f take odd values everywhere in the first and the third cases.
Assume that we are in the case Ky = Q2(y/—1). By Theorem 2.4, Xof% = f%g

For any h € EX, we have

Fal1?) = folh?g) = 3 fus (W)L + x0(49)) = Fisa (hPg) = +1,

which is odd. Here we have used the fact xo(g) = 1, which has been treated in the
proof of Lemma 2.8.

3. Quadratic points and genus points. This section treats L(n) for n =
5,6,7 (mod8). The goal is to prove Theorem 1.4. We assume n = 5,6, 7 (mod38)
throughout this section. The method is to construct rational points using the tower
X =limy Xy of modular curves Xy .

3.1. Quadratic points and genus points. In the following, we will mainly
work on the elliptic curve A : 2y?> = 2% + = (instead of E : y?> = 2® — z), which
is isomorphic to (Xo(32),00). Fix an identification iy : (X0(32),00) — A. We will
introduce a morphism f,, : Xy — A from a certain modular curve Xy to A, and use
this morphism to produce Heegner points on A.
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~

Test vector. Recall that the open compact subgroup Up(32) of GL2(Q) is given
by

Up(32) = {(‘CL Z) € GLy(Z) : 32|c}.

Define another open compact subgroup

U= {(Z 2) € Up(32) : 4|(a—d)}.

Then U is a normal subgroup of Uy(32) of index two.

Denote by fo : Xy — A the natural projection map Xy — Xo(32). It is finite
and étale of degree 2. Note that the geometrically connected components of X, are
parametrized by SpecQ(i). Then it is easy to figure out that Xy = Xo(32)q;) over
@, and under this identification fy is the natural map by the base change. Then

Ath(XU) = Ath(i) (X0(32)Q(1)) X {1,6},

where € is the Hecke operator given by , which is also the automorphism

-1
coming from the non-trivial automorphism of Spec Q(7).

For n = 7 (mod8), let f,, : Xo(32) — A be the identity map i : X¢(32) — A. For
n = 5,6 (mod8), define f, : Xy — A by

o= fo— foolil, if n = 5 (mod8),
. foold, if n =6 (mod8).

Denote K,, = Q(v/—n) as before. Embed K,, into M2(Q) by

\/—_nH(—4(;1+1> 1{4)’ (—4n 1/4>’ (—(nﬁ52>/2 ‘25)

according to n = 5,6,7 (mod8) respectively. Here § is an integer such that 62 =
—n (mod 128) in the case n = 7 (mod 8).

The embeddings look arbitrary, but they are chosen on purpose. For n =
5,6 (mod8), the embeddings make K, normalize Uy in GL2(Q2) at the place 2, which

is the basis of our treatment. For n = 7 (mod 8), the embedding gives le‘f C Up(32),
which makes the easiest calculation.

Similarly, the choices of f,, seem artificial and technical here. However, they are
obtained by some prescribed representation-theoretical properties below. Following
[33, §1.2], consider the representation

7 = Hom? (X, A) = ligHomgo(Xv, A)
v

~ ~

of GL2(Q). Here for any open compact subgroup V' of GL3(Q),
Hom’_ (X, A) = Homy, (Xv, A) @7 Q,
where
Homyo (Xv, A) = {f € Hom(Xy, A) : f(c0) € A(Q)tor }-
Here oo denotes the cusp at infinity of Xy .

PROPOSITION 3.1.
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(1) If n =5,6 (mod8), the space 7L @) Ko s one-dimensional and contains

Jo-

(2) If n = 7(mod8), the space m°B?) is one-dimensional and contains f,.

The proposition (will be proved in next section) explains that f,, is an explicit
vector in a one-dimensional space in the framework of the multiplicity one theorem
of Tunnell [28] and Saito [24]. See Theorem A.l1 and Corollary A.2. One can also
define an integral structure 7z of 7 as the subgroup of elements of 7 coming from
Homo (Xv, A) for some V. Then one can consider the primitivity of f,, under this
integral structure as in §2. However, this is too involved in the current setting, so we
will only consider the behavior of f, in the rational structure 7.

CM Points. Note that we have chosen an explicit embedding of K, in M3(Q),
which induces an action of K,° on the upper half plane #. Let

P, =[h,1] € Xy(C)
be the CM point, where h € HX» is the unique fixed point of K in H. Let
Zn = fu(P,) € A(K?P).

Note that z, is not necessarily defined over the Hilbert class field H,, of K,,.
Denote by H! = H,(z,) the extension of H, generated by the residue field of z,.
The following result is a precise description of the field of definition of z,. In the
following, denote by

o: K\KX — Gal(K?*/K,,)

the geometric Artin map, normalized by sending the uniformizers to the geometric
Frobenii. So it is the reciprocal of the usual Artin map.

PROPOSITION 3.2.

(1) Assume that n = 5 (mod8). Then Gal(H|,/H,) ~ Z/27Z is generated by o2 .
Here w = (v/—n —1)2 € K),. The field H),(V2) is the ring class field
of conductor 4 over K,. The Galois group Gal(H! (v/2)/H,) ~ (Z/27)?* is
generated by 0142 and o2, and H! is the subfield of H! (v/2) fized by 0112 -

(2) Assume that n = 6(mod8). Then Gal(H! /H,) ~ Z/AZ is generated by
Olyw. Herew = (V=n)2 € K\, The subfield of H}, fized by 07, o, is Hy(i).
The field H), is exactly the ring class field of conductor 4 over K.

(3) Assume that n =7 (mod8). Then H] = H,,.

(4) For any n =5,6,7 (mod8), 2z, is defined over H,.

The Proposition 3.2 will be proved in next section. Denote K| = K,,, K, (i), K,
according to n = 5,6,7 (mod8) respectively. Set Cl, = Gal(H,/K,) and Cl,, =
Gal(H] /K],). Let o be the unique order-two element of Gal(H) /H,) in the case
n = 5,6 (mod8), and set ¢ = 1 in the case n = 7 (mod8). Then the natural map
Cl, — Cl,, induces two isomorphisms

Cl, /(o) = Cl,, (2C1,)/(c) = 2Cl,.

The least obvious case is the second isomorphism for n = 6 (mod8). For that, it
suffices to check that o = o7, lies in 2CI,. Note that 014 ¢ CI,, but we use the
relations 0 = (01150%)? and 01150, € Cl, instead. In fact, an easy calculation
shows 02 =1 (on H]) and 04 (i) = —i, which give the new relations.
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Quadratic point. Fix a set ® C CI, of representatives of Cl, /(o) = Cl,. Let
X : Cl, — {£1} be a character. Define the quadratic point P, associated to x by

=" ful(Po)'X(t) € A(HY).

ted

Here x is also viewed as a function on ® via the bijection & — Cl,,.

To give a formula for P,, we need to describe another algebraic point on the
elliptic curve. Recall that £(n) and p(n) are defined in the introduction of this paper.
We will see that £(n) is a rational number. Define

P(n) := 27 L(n)ay, € A(K,)” 97 Q,
where

AK,) " =f{a e A(Ky) :a=—a) C AKy),

and «, € A(K,)” is any point which generates the free part A(K,)” /A(K,), if
L(n) # 0. Note that P(n) = 0 if L(n) = 0. The following theorem will be proved in
appendix.

THEOREM 3.3 (Gross-Zagier formula). Let x : Cl, — {£1} be a character. The
point P, is non-torsion only if x is of the form

Xdo,drs N1 =dod1, 0<dy=5,6,7(mod8), 0<dy =1,2,3(mod8),

where Xa,,4, 5 the unique Hecke character over K, associated to the extension
K, (Vdy) for n = 5,6(mod8) or K,(\/d}) for n = 7(mod8). Here di =
(=1)(=1D/2d; as before.

In that case, in the vector space A(H, (i) ®z Q = A(H],(i)) @z Q[i],

Py = €(do, d1)2"*"™ L(d1)P(do),
where €(dy, d1) = %i if (do,d1) = (5,3) (mod 8) and €(dy,d1) = £1 otherwise.

Genus point. Set &y = ® N (2C1)) as a subset of Cl,,. Then & C 2C, is a set
of representatives of (2CL,,)/(c) = 2Cl,, in 2CI,. Define

= fu(P)' € A(HY).

tedg

To compare Z(dy) for different divisors dy of n, we introduce the composite field

H,:=L.)- J[ HicQ
doln, dop>0
dp=5,6 (mod 8)

Here L, (i) = Q(i,V/d : dn). The field seems to be very large, but we will see that
A(H! )tor C A[4] in Lemma 3.18, which is a key property in our treatment. Note that
A(H) is a Z[i]-module. Define P(n) € A(H)) inductively by

P(n) = Z(n) — > e(do, dy)L(d1)P(do),
n:dod1
dp=5,6,7 (mod 8)
d1=1,2,3(mod 8), di>1
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where €(do, d1) € pa is as in Theorem 3.3. Note that £(d1) € Z by Theorem 1.1. By
definition, it is easy to verify the following congruence formula.

PROPOSITION 3.4. In A(H)),

P(n) = Z do,dl Hg 0

n=dopdy---dy i>1
dp=5,6,7 (mod 8)
d1=1,2,3 (mod 8)
d;=1(mod8), i>1

+i Z [T9(@) ] Z(do)  mod 2A(H,).

=dody---dy i>1
(do, dl d2)=( 3 ,2) (mod 8)
1 (mod38), i>2

The main result of this section is as follows, which is an enhanced version of
Theorem 1.4.

THEOREM 3.5. The vector P(n) € A(K,)” ®z @ is represented by the point
P(n) € A(H!)) in the sense that they are equal in A(H!,) ®z Q. Moreover,
(1) The image of 2P(n) under any 2-isogeny from A to E belongs to E(K,)~
i.e. L(n) is integral.
(2) Assume that P(n) € A(K,)~ + A[4], ie. 27°PML(n) is even. If n =
5,7 (mod38), then

Z Hg = Z Hg )=0 (mod?2).

n=do---dy n=dg---dg,
di=1 (modS) i>0 dp=5,6,7 (mod 8)
d1=1,2,3 (mod 8)
d;i=1(mod8), i>1

If n = 6 (mod8), then

Z Hg )=0 (mod?2).

n=do---dg,
dp=5,6,7 (mod 8)
d1=1,2,3 (mod 8)
di=1(mod8), i>1

Theorem 3.3, Proposition 3.4 and Theorem 3.5 will be proved in section 3.3.

3.2. Test vectors. Recall that in Proposition 3.2 we have described the field
H) = H,(z,). The major goal of this section is to prove some results about Galois

actions on z,. We will also prove Proposition 3.1 and Proposition 3.2.
To describe the results about Galois actions on z,, we recall some basic facts

about X(32) and A, which are basic facts or results proved in [26].
(1) There is an analytic isomorphism

7:C/(1+1i)Z[i] — A(C).

The map 7 is unique up to multiplication by s = {+1,+i}. We can adjust
7 such that R/2Z maps onto A(R) and

Al2%] = Qa())/(1 +14)Z2fi) € Q()/(1+DZ[i] = A(C)ror-



GENUS PERIODS, GENUS POINTS & CONGRUENT NUMBERS 741

(2) Under the uniformization 7, the Galois group Gg = Gg) * {1,c} acts on
A[2%°] = Q2(4)/(1 4+ i) Zs]i] as follows. The induced action of ¢ on Q2(7)/(1+
i)Z[i] is still given by the conjugation i +— —i, and the induced action of Gg(;
on Q2(i)/(1 4 4)Z[i] is given by multiplying by the composition

— X

Gow — Cal(Q(E)™/Q() % () \Q{)

—

= (14 (L+4)°Z[])" — (14 (14 4)°Zs[i])~,

where oq;) denotes the Artin map and the last map is the natural projection.

(3) The identification ig : Xo(32) — A (mapping oo to 0) identifies the set S =
I'o(32)\PY(Q) of cusps with A[(1 +4)%] = A(Q(i)). Replacing 7 by —7 if
necessary, we can (and we will) assume that the induced bijection

T %Z[i]/(l +4)Z[i] — A[(1 +i)*] = To(32)\P*(Q)

gives
7(0) = [oo],  7(1/2) =10}, 7(-1/2)=][1/2],
(1) =[1/16], 7(%i/2) =[£1/4], 7((1+4)/2)=[£1/8].
Now we are ready to state the main result of this subsection.

THEOREM 3.6. Resume the notations in Proposition 3.2. The following are true:
(1) Assume that n =5 (mod8). Then

1+
2
Thus ZZWQ/Z =207 = 2, + 7(1).

(2) Assume that n = 6 (mod8). Then

)7 Zoi = Zny Zn = —Zp + T(l)

0w _
20% = zp + 7( -

1—1
2

Zzw =zn+ T(—Z/2), Zgl+w = Zn + T( )7 Zn = —Zn.

2
Thus 23t = z, + 7(1).
(3) Assume that n = 7(mod8). Let vy and v} be the two places of K, above 2
such that va(v/—n — ) > 6. Let w € K, 2 be an element with va(w) = 1 and
vh(w) =0. Then

Zn + 2= = 7(1/2).

Here z,, denotes the complex conjugate of z,. The results will be treated case by

case in the following. For simplicity, we write K for K, (so that K5 means the local
field K, 2 of K,, at 2).

Case n = 5 (mod8). In this case, f, : Xy — A is given by f,, = fo — foo[i], and

the embedding of K into M2(Q) is given by

e (—4(;1+1) 1{4>'

The embedding gives (Z + 451{)X cU.

LEMMA 3.7. Assume n =5 (mod8).
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(1) The quotient K5 Q5 (1440 2) is isomorphic to Z/AZx 7 /27, and generated
by the order-four element w = (v/—n—1)2 and the order-two element 1+ 2.
(2) The multiplicative group K5 normalizes Us.

Proof. We first check (1). Note that K5 is ramified over Q. Then Q5 O , has
index two in K. Then K;'/Q5 (1 + 40k 2) has an index-two subgroup
Q3 Ok 2/Q5 (1+40k2) = Ok /%5 (1 + 40k ,2) = (Ok 2/40x2) " [{£1} ~ Z/2Z x L/21L.

It follows that K5 /Q5 (1 + 40k ) is isomorphic to Z/4Z x Z/2Z. Now it is easy to
check that @w and 1+ 2w generate the group.

For (2), since 1 + 40k 2 C U, we see that Q5 (1 + 40 2) normalizes Us. By (1),
it suffices to check that w and 1 4 2w normalize Uy, which can be done by explicit
calculations. 00

By the lemma, K normalizes Us, and thus it acts on Xy by the right multipli-
cation. The subgroup Q5 (1 + 40k, 2) acts trivially and induces a homomorphism

K3 /Q5 (14 40k, 2) — Aute(Xy).

We will describe this homomorphism explicitly.
The following result contains a lot of identities in

Auto(Xp) = Autga (Xo(32)ga) x {1, €} ~ (A(Q(i)) x 1) x {1,¢}.

Here € = L 1) € GL2(Q) also normalizes U, and its Hecke action on Xy gives the

non-trivial element of Gal(Xy/X0(32)). In particular, € acts on Autg;)(Xo(32)q())
by sending i to —i. Recall that we have also identified

A@U) = 320/ (L + )]

with the set S of cusps of X((32).

PROPOSITION 3.8. Assume n =5 (mod 8).
(1) For any Q € Xy (C),

Q% =lQ +7(3), QW =Q+7(1),

(2) The order-two element j = <513 _01> € GL2(Q) normalizes K* such that
jrj =T for all x € K* and normalizes U with the induced action on Xy
given by

, e 1414
Q7 =[—iQ° + 7( 5 ), YV Qe Xy(C).

Proof. The right translation by an element g € GL2(Ay) switches the two geo-
metric components of Xy if and only if the image of g under the composition

Ny det

GLy(Q) &5 Q% = QX - 2% — (Zo/AZs)* = {1}
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, /1 0N\ . (1 0 _ ~2 1/4
is —1. For example, all ¢ = <O _1>, ] = (8 _1>, and w = (—4(n+1) 0 >

are such elements, but 1 4+ 2w is not.
Hence, the actions of we, 1 + 2w and je take the form

Q™ =aQ+R, Q" =§Q+S, QF=1Q+T

where a, 8,7 € ug and R, S,T € S are cusps of X((32). Here the right sides belong
to

Autg) (Xo(32)ge)) = Aut(Xy /Q(i)) C Autg(Xv).
To compute R, S, T, we take Q = [0c]. In terms of the complex uniformization
Xo(32)(C) = GLx(Q)4\(H UP'(Q)) x GL2(Q)/U0o(32),
we have
R =[o0,we], S=]o0,142w], T =o0,je.

We need to convert them to expressions of the form [0] = [0, 1] with § € P1(Q). By
the complex uniformization,

S = GL2(Q)+\PY(Q) x GLy(Q)/Uy(32) = P(Q)1\GL1(Q)/ Uy (32)
= P(Q)+\P(Q) - GLy(Z)/Us(32) = N(Z2)\GL2(Z2)/Up(32)>.

Here P (resp. N) stands for the parabolic (resp. unipotent) subgroup of upper
triangles of GLg, respectively. For the truth of the last identity, we refer to [33,
Lemma 4.6.3 (2)]. We have decompositions in GL2(Qz2) as follows:

(1D D (e ).
o= () (e D )

. (10
je=\{g 1)
It follows that

R= [oo, (‘18 _01)2] = K_ls _01) 400,1] = [0] = 7(1/2).

Similarly, S = [1/16] = 7(1) and T = [~1/8] = 7((1 — 1)/2).

To find «, 3,7, we only need check the action on the cusp [0] = [007 (_01 (1))] '

—_

We have decompositions:
(& o)=e=( ) G 1) (Geds 5):
(% arz== (7 30 (5 )G )
(5 0)ie= (5 0):
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It follows that
[0]7¢ = [=1/8] = 7((1 —4)/2), [0]'"*7 =[1/2] = 7(~1/2), [0)° =[0] = 7(1/2).
We then have the equations

7((1—14)/2) = ar(1/2) + 7(1/2),
7(=1/2) = pr(1/2) + 7(1),
7(1/2) = y7(1/2) + 7((1 = 9)/2),

which give a = —i, =1 and v = 1.
Therefore, we have

1—1

Q¥ =[-Q+7(1/2), QT =Q+7(1), Q@ =[Q+( 5

).

For the first and the the third equations, we take a further e-action on both sides.
Then

Q% = ([-iQ + 7(1/2))° = [i}(Q) + 7(1/2)
and

I RO 1+
) = Q) + ().

Q7 = ([1]Q + 7(
It finishes the proof. O

The map K, — Aut(Xy) induces an action of K5 on Hom(Xy, A). Still use 7
to denote this action. Now it is easy to have the action on f,, = fyo [l —i].

COROLLARY 3.9. In Hom(Xy, A),

1474

(@) frn = fn +7( ), w(l+2@)fn = fa.

Proof. For any @ € Xy(C),
(m(@)fa)(Q) = fo([1 —4]Q7).
By the proposition,

1—1 141

[1=4Q= = [1 = a)([1Q° +7(1/2) = [1 +1)Q° + r(——) = (1~ 11Q + 7(* )"
Note that fy is invariant under e. Thus
(R(@))(Q) = follL —1Q + 7)) = fo([1~i1Q) + T(o) = F(@) + ().

The second equality is proved similarly. O

The corollary is an integral version of Lemma 3.1 for n = 5(mod8). Now f,

GLy(Z®) K} s

lies in the space m ~ ﬂ';( 2 | which is one-dimensional by Theorem A.1 and

Theorem A.2.
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Now we are ready to prove Theorem 3.6 for n = 5 (mod 8), i.e.,

141
2

Zgw =2zn+ T( )7 Zgl+2w = Zn, Zn = —Zp + T(l)

For the first two equalities, the key is that the Galois action of K5 on P (via the Artin
map o) is the same as the Hecke action of K, by the special form of P, = [h,1].
Then by Corollary 3.9,

207 = Fa(PE7) = FulPE) = (2(@)f) (Pa) = fulPo) + T(2

The second equality is similarly obtained.

For the third equality, the Hecke action of the element j in Proposition 3.8 (2)
gives the complex conjugation of P, = [h,1] by the condition jzj~! = 7 for all
x € K*. In fact,

an[B,l], P£=[h,j]=[j(h),1].

It suffices to check h = j(h). Note that {h, h} is the set of fixed points of K* in H*.
By jK*j = K*, we see that {h,h} = {j(h),j(h)} as sets. Since det(j) = —1 < 0, we
have j(h) € H~ and thus j(h) = h.

Hence,

141

) = fo([=1 =il +7(1)).
By [-1 =P+ 7(1) = ([-1 4P + 7(1))¢, we have
Zn = fo([-1+4 Py +7(1) = —fo(Pn) + 7(1) = —z,, + 7(1).

This proves the theorem in the current case.

Finally, we prove Proposition 3.2 for n = 5 (mod 8). By the reciprocity law, the
point P, is defined over the abelian extension of K with Galois group KX JK* (IA( “N
U). It is easy to see (i + 451{)X C U. Then P, is defined over the ring class field
H,4 of K with Galois group K*/K*(Z + 40)*. We have

Gal(H, 4/H,) = K*O% /K*(Z+40k)* = O} /(Z+ 40k)*
= Of /(L2 + 40k 2)* = O /7y (1 + 40k 2) = (O 2/40k 2)™ [{£1}.

As in the proof of Lemma 3.7, the right-hand side is isomorphic to Z/27Z x Z/2Z, and
generated by $w? and 1+ 2w. Consider z, = f,(P,) and H}, = H,,(2,) C Hy 4. By
Theorem 3.6,

Tw2/2 o
2”7 =2y +7(1), 2w = 2.

It follows that H), is the index-two subfield of H,, 4 fixed by 0112.. Note that V2 e
H, 4 but V2 ¢ H! by 01120(v/2) = —v2. The equations also indicate that 2z, is
invariant under both o2 /2 and 01424, and thus it is defined over H,,. The proposition
is proved in this case.
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Case n = 6 (mod8). Now we consider the case n = 6 (mod8). The exposition
is very similar to the previous case n = 5 (mod8), and the calculations are slightly
simpler. We still follow the process of the previous case, but only sketch some of the
proofs.

In this case, f, : Xy — A is given by f,, = fo o [i], and the embedding of K into

M>(Q) is given by
i (g M)

The embedding still gives (Z + 40x)* C U.

LEMMA 3.10. Assume n = 6 (mod38).

(1) The quotient K5 /Q5 (1+40k 2) is isomorphic to Z/AZx 7 /27, and generated
by the order-two element w = (/—n)2 and the order-four element 1 + .

(2) The multiplicative group K5 normalizes Us.

Proof. The proof is similar to that of Lemma 3.7. O

Now we describe the homomorphism

K;/@;(l + 40}{7“2) — Ath(XU).

PROPOSITION 3.11. Assume n = 6 (mod8).
(1) For any Q € Xy(C),

1—1

Q% =-Q +7(3), Q=@ +r(*),

(2) The order-two element ¢ = (1 _1) € GL2(Q) normalizes K* such that
exe =T for all x € K*.

Proof. Follow the strategy of Proposition 3.8. The Hecke operators we and (1 4+
w)e do not switch the two geometric components of Xy;. We have the decompositions

(D 0 %)
(1+w)e= (é 1{4> <_81 _01) (—8_((11::/)2) (1)>

It follows that we and (1 + w)e maps [oo] to [0] and [1/8], respectively. Thus their
action on Xy takes the form

Q™ = aQ+7(1/2), QU™ =pQ+7((1+1i)/2)

for some «, 5 € py. Use the decompositions
0 1 . -8 0 n/2 0
-1 0/ \o -1/4)\ 0 =-1)°

(s oo o) (D) (i 3)
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Setting @ = [0] = 7(1/2), we have the equations

7(0) = ar(1/2) + 7(1/2), 7(i/2) = B7(1/2) + 7((1 +14)/2).
It follows that &« = —1 and 8 = —1. Hence, we have

141
2 )

Q7 = -Q+7(y), QU = —Q+1(

Further actions by e give the results. O
We have the following integral version of Lemma 3.1 for n = 5 (mod 8).

COROLLARY 3.12. Assume n = 6 (mod8). In Hom(Xy, A),

e A

(@) fr = fn +7( )-

Proof. The proof is similar to that of Corollary 3.9. O
Now we can prove Theorem 3.6 and Proposition 3.2 for n = 6 (mod 8) similarly.
For example, the proof of z,, = —z, is given by:

Zn = fn(Pn) = fn(P;) = fO([’]Pﬁ) = fo(([_i]Pn)E) = fo([_i]Pn) = —Zn-

Case n = 7(mod8). Now we consider the case n = 7 (mod8). Then 2 is split
over K. Tt is the simplest case since f, : Xo(32) — A is just the identity map
10 : X0(32) — A. The theory does not involve the more complicated curve Xy;. For
example, Proposition 3.1 is true in this case since dim 7032 = 1 by the newform
theory.

The embedding of K into M»(Q) is given by

N ST

where § € Z satisfies 62 = —n (mod 128). It is easy to check that the embedding gives
6;( C Up(32). Then Proposition 3.2 is automatic in this case.

The following is devoted to prove Theorem 3.6 in this case. Recall from the
theorem that ve and v} are the two places of K,, above 2 such that va(y/—n —4§) > 6,
and that w € K, 2 is an element with ve(w) =1 and v)(w) = 0.

PROPOSITION 3.13. Assume n =7 (mod8). Let

(o) = )

be elements of GL2(Q). Then
(1) The element W normalizes Uy(32), and

QY =-Q+7(1/2), V Q€ Xo(32)(C).
(2) One has j°> =1, jaj =7 for any v € K, and jo® € W - Uy(32)2. Therefore,

Q% = —Q+7(1/2), ¥ Qe X(32)(C).
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Proof. For (1), consider the Atkin-Lehner operator m(W). Note that =(W)f,, =
— fn in the Q-space 7 since A has root number 1. It follows that, in the Z-module
Hom(X(32), A), the sum «(W)f, + fn is a torsion point of A. To figure out the
torsion point, evaluate at [co]. We have

(W) fu + fa)([00]) = Fu([00]™) + fulloc]) = 7(1/2).

This proves (1).
For (2), consider the Qz-algebra Ky = K., x K,y = Q2 x Qa. Let a € Z5 be such
that

(=)= v (g Doy
a,—a) =+v/—-n —(nt82)/2 —6)
Then 64|(a — 0) and 2||(« + ¢). We may take w = (2,1). Then
31 33
5 — _ =
w" = (3251) - 2a(aa a) + 2 (151)

corresponds to the matrix

31 ) 2 331 1 ( 315+33a 62
20 \—(n+46%)/2 =9 2 1) 2a \-31(n+6?)/2 —316+33a)"

It is now straight forward to check W1jw® € Up(32). O

Now it is easy to obtain Theorem 3.6 for n = 7 (mod 8) which asserts
Zn + 2n=" = 1(1/2).
In fact, the proposition gives
PI®" = —P, +7(1/2).

As before, j computes the complex conjugate of P,,. Then the above becomes

5

(P)" = —P,+7(1/2).

The Hecke action is defined over Q and thus commutes with the complex conjugation.
This finishes the proof.

3.3. Proofs of Theorem 3.3, Proposition 3.4 and Theorem 3.5. In this
section, we prove our main theorems in the case n = 5,6, 7 (mod 8).

Proof of Theorem 3.3. We first prove the following result, which gives the first
statement of the theorem.

LEMMA 3.14. Let x : Cl,, = {£1} be a character satisfying the following condi-
tions:

(1) The root number of L(Ak,,X,$) is —1;

(2) If 2 is not split in K, then the 2-component x2 : K\, — {&1} of x is trivial.
Then x is exactly of the form

Xdo,dx s n=dydy, 0 <dy = 5,6,7(m0d8), 0<d = 1,2,3(1110(18),

where Xa,,d, % the unique Hecke character over K, associated to the extension

K, (V/dy) for n=5,6 (mod8) and K, (\/d}) for n =7 (mod8).
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Proof. The character x corresponds to an extension over K, of degree dividing 2
and inside the genus field L,, of K, which must be of form K, (vd) = K,(\/—n/d)
for some integer d|n with v/d € L,,.

First, the L-function L(Ak,,x,s) = L(Aa,s)L(A,/q4,5) has root number —1 if
and only if exactly one element of {|d|, n/|d|} is congruent to 1,2, 3 modulo 8 and the
other one is congruent to 5,6,7 modulo 8. Thus we may assume that the extension
corresponding to x is of the form K,,(v/£d1) C L,, 0 < d; = 1,2,3 (mod8), such that
do = n/d1 = 5, 6, 7 (mod8)

If n = 7 (mod38), then 2 is split in K and the second condition is empty. Note
that \/d} € L, but \/—dj ¢ L,,. Thus y is exactly of desired form.

If n = 5 (mod 8), then 2 is ramified in K,,. Both v/d; and /—d; are in L,,. We
have (do,d1) = (5,1),(7,3) (mod 8). The restriction that yz is trivial implies that the
extension corresponding to y is K, (y/d1) in the first case or K,,(v/—dp) in the second
case. Then K, (v/d;) is a uniform way to write down the field.

If n = 6 (mod 8), then 2 is ramified in K,,. We have (dp,d1) = (6,1), (7,2) (mod 8).
Then the extension corresponding to x is K, (v/d1) in the first case or K,,(v/—dp) in
the second case, and K, (y/dy) is still a uniform way. [0

Now we prove Theorem 3.3. It is an example of Theorem A.9, an explicit version
of the Gross—Zagier formula proved by Yuan—Zhang—Zhang [33]. Recall that

Pe =" fa(Pa)'x(t).

ted

The summation on ® is not canonical, so the expression is not the exact case to apply
the formula. However, by Proposition 3.2, 2z,, = 2f,,(P,) is defined over H,, and thus

2P =Y (2fu(Pa))'X() = Y (2fal(Pa))'X(8).

ted teCl,

This is the situation to apply the Gross—Zagier formula (to the test vector 2f,,).

First, we see that the point P, is non-torsion only if x satisfies the two conditions
of Lemma 3.14. The first condition holds by considering the Tunnell-Saito theorem
(cf. Theorem A.1). See the remarks after [33, Theorem 1.2] for example. For the
second condition, assume that 2 is not split in K = K,,. By Cl,, = KX\I?X/5IX<7 the
summation for 2P, is essentially an integration on KX\I?X. By Proposition 3.1, f,
is invariant under the action of K5 up to torsions, so the integration is non-torsion
only if x is trivial on K.

Hence, Lemma 3.14 implies the first statement of the theorem. Next, assume
X = Xdo,d, as in the theorem. Denote P(do,d1) = Py, ,, - We first have the following
basic result.

LEMMA 3.15. If (do,dl) = (5,3) (mod8), then 4P(d0,d1) € A(Q(\/d_o))f =
[i]JA(Q(v/—dp))~. Otherwise, 4P(dp,d1) € A(Q(v/—dp)) ™.

Proof. Recall that

QP(do,dl) = Z (22n)tho7d1 (t)
teCl,

Then 2P(dy, d1) is invariant under the action of ker(xa,.4,) = Gal(Hy, /K4, 4, ). Then
2P(dy,dy) is defined over Ky, 4,. Here Kgy 4, = K, (v/—d1) if (do, d1) = (5,3) (mod 8),
and Kg, 4, = Kn(\/d1) otherwise.
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First, assume that di # 1, so that [Kg4, 4, : Q) = 4. Consider the action of
Gal(K4,,4,/Q) on 2P(dy,d1). The group Gal(Ky,,q4,/Q) has two explicit elements:
the complex conjugation ¢ and the unique nontrivial element 7 of Gal(Kg, 4, /Kp).
By definition, x takes —1 on any lifting of 7 in Cl,,. It follows that

(2P(do, d1))” = —2P(dy, dy).

On the other hand, the complex conjugate

(2P(do,d1))* = Y (22,)"" = D> (2z.)".

teCl, teCl,

By Theorem 3.6, if n = 5,6 (mod 8), then 2z, = —2z,,. It follows that (2P(dy,d;))¢ =
—2P(dg,dy). If n =7 (mod8), we only have 2z, = —2z,=° + 7(1), which gives

(2P(do,d1))® = —2Xdo,d, (0w ) P(do, d1) + [Cl,|7(1).
Here
Xdo,d (0z) = —1 <= 05(\/d}) = —\/di < (doy,d1) = (5,3) (mod8).
In summary, if (do,d1) # (5,3) (mod8) (and dy # 1), then
(4P(dy,d1))” = —4P(do,d1), (4P(do,d1))¢ = —4P(dy,dy).

It follows that 4P(dy,d;) is invariant under 7, and thus defined over

Kg 4, = Q(\/—do, Vd) = Q(v/—do).

The action of 7 further gives 4P(do, d1) € A(Q(v/—do)) ™. If (do,d1) = (5, 3) (mod 8),
then

(4P(do,dy))" = —4P(dy,d1), (4P(do,d1))® = 4P(dy,dy).

It follows that 4P(dp,d;) is invariant under ¢, and thus defined over

K§07d1 = Q(\/%a \/_7611)C - Q(M)

The action of 7 further gives 4P (dp, d1) € A(Q(v/dp)) ™.
In the last case d; = 1, we have Ky, 4, = K,,. Then (4P (do,d1))¢ = 4P(dp,d1)
implies 4P (dy, d1) € A(Q(v/—dp))~. O

Go back to the proof of the theorem. Now we are ready to prove the formula
Py = e(do, d1)2" " L(d1)P(do) € A(H,,(0)) @2 Q.
The formula is equivalent to
2e(do, dy) Py, = 2"2FLL(dy )P (dy).
By Lemma 3.15, this is an identity in A(Kg,)~ ®z Q.

We first claim that the equality is true up to a multiple in Q*. In fact, if
L'(Ak,,x,1) = L'(Agy,1)L(Aqg,,1) is zero, then the right-hand side is zero by
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definition, and P, is zero since the canonical height ﬁ(PX) = 0 by the Gross—
Zagier formula (in either [33, Theorem 1.2] or the explicit version Theorem A.9). If
L'(Ak,,x, 1) # 0, then by the theorems of Gross—Zagier and Kolyvagin, F(Kgy,)” ®zQ
is one-dimensional, and the thus two sides of the equality are proportional.

To finish the proof, it suffices to check that the two sides of the equality have the
same canonical heights. One can do the whole computation on A, but we will carry
it out on F to be compatible with our original framework.

Let ¢ : A — E be the isogeny of degree 2. The desired formula becomes

Ry = e(do,d1)2" ™ L(d))R(dy) € E(H.(i)) 7 Q.

Here R, = ¢(Py) and R(dy) = ¢(P(dp)). The vector R(dy) € E(Kg4,)~ ®z Q has
an independent description. If £(dy) = 0, then R(dp) = 0. If L(do) # 0, then the
theorems of Gross—Zagier and Kolyvagin imply that F(K4,)~ is of rank one. In this
case, R(do) = 27" L(do)Ba, € E(Ka,)g, where 4, € E(Kg,)™ is any Z-basis of the
free part of E(Kg4,).

The height identity we need to check is

h(Ry) = 421 £(dy)2L(do)2h(Bay ).

Assuming L' (Ek, , x, 1) # 0. By the definitions of £(d;) and £(dp) in the introduction,
the identity becomes

E(RX) = LI(EKanv 1)/(22k(n)—2h2(n)—2—a(n)Qd0)OOle700)'

Apply Theorem A.9, the explicit Gross-Zagier formula in the appendix, for
(Ek, s Xdo,d, ) and the morphism @o f,,. The proof is finished by computations similar
to that in the proof of Theorem 2.1.

In the proof, we also see that £(n) € Q. For example, the height formula

R(Ry) = 4" =1L(dy)2L(do)*h(Ba,)

actually implies that £(dy)L(dp) € Q. Setting dy = 1, we see that L(n) € Q.

Proof of Proposition 3.4. Here we prove Proposition 3.4 which asserts that

P(n) = Z €(do, d1) Hg do)

n:d0d1 d[ 'L>1
dp=5,6,7 (mod 8)
d1=1,2,3 (mod 8)
d;=1(mod38), i>1

+i > [[o(d) | Z(do) — mod 2A(HL).
n=dod---dy i>1
(do, d1 ):(5 ,2) (mod 8)
=1 (mod38), i>2

It suffices to prove that the above formula (applied to every P(dy) below) and
the formula in Theorem 1.1 (applied to every £(d;) below) satisfies

Z(n) = > e(do,d1)L(dy)P(dy)  mod 2A(H).

n d()dl
do=5,6,7 (mod 8)
d1=1,2,3 (mod 8)
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We first treat the case n = 5,7 (mod 8). Then the formula simplifies as

P(n) S° eldo,dr) | [[9ldi) | Z(do)  mod  2A(HL).
n:dodl'”d[ ’L>1
dp=5,7 (mod 8)
d1=1,3 (mod 8)
d;=1(mod8), i>1

We need to check that

Zin)= > e(do,dy) > 1T ()

n=dod di=djd}--dj,  j>0

do=5,7 (mod 8) d =1 d8). >0
d1=1,3 (mod8) ;=1 (mod8), 5>

> e(dg, d7) [T o(d) 2 (d5) mod 2A(EH,).
do=d(/dy ---d}, k>1
dy=5,7 (mod 8)
dY=1,3 (mod 8)
d}/=1(mod8), k>1

The right-hand side is a Z-linear combination of

0’

e(do, d1)e(dy, dY) Hg O 11 etz
k=1

Consider the multiplicity of this term in the sum. Each appearance of such a terms
gives a partition

{d;.,"' ,d%/, /2/7"' é//} — {d R 7d2/}U{ /2/,"' ,d%l//}.
If this set is non-empty, the number of such partitions is even, and thus the contribu-
tion is zero in the congruence equation. Moreover, if d{;, = 1 (mod 8) or d{ = 1 (mod 8),

then we can also put it into the partition and deduce that the contribution of such
terms is still zero.

Note that the contribution by dy = dj = n,d; = 1 is the single term Z(n).
Therefore, it is reduced to check

0= > eldodig(d) D eldg,di)g(d])Z(dy)  mod 2A(H,).
n=dod do=dy dy
doE5,7(mOd 8) d//_5 7(mod 8)
d1=3 (mod 8) d’l'EB (mod 8)

Rewrite it as

0= e(dgdy, dy)e(dy, d)g(dy)g(d})Z(dy)  mod 2A(HL).
n=d}/d}/d,

Here the sum is over ordered decompositions n = d{jd{d; which satisfy the original
congruence conditions (with dy = djd{). The ordered decomposition n = djjd{dy
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corresponds to the ordered decomposition n = dfjdyd] uniquely. One checks in this
case

E(dg /llvdl)e( gvd/ll) = ie(dgdlvd/ll)e(dgvdl)'

Then the sum is divisible by 2.
Now we treat the case n = 6 (mod8). We need to check

Zm= Y S [le@)

do=6,7 (mod 8) \ ;= d48). i>0
di=1.2 (modg) \%=1(mod8), j>

> e(dg,dy) [T o(di)Z(dg) + i > [T 9@)z(dg)

do=dg dY ---d}), k>1 do=dy dY ---d}), k>1
dy'=5,6,7 (mod 8) (dg ,dY ,d5)=(5,3,2) (mod 8)
d/=1,2,3 (mod 8) d)/=1(mod8), k>2

4'=1 (mod8), k>1
mod 2A(H,).

Split the outer sum d = dody into the case (do,d1) = (6,1) (mod8) and the case
(do,d1) = (7,2) (mod 8). We obtain three triple sums, since the conditions (do,d;) =
(7,2) (mod 8) and (df,dy,d5) = (5,3,2) (mod8) do not hold simultaneously. Similar
to the case n = 5,7 (mod8), the contribution of the terms with some d; = 1 (mod8)
or some dj = 1(mod8) is divisible by 2. In particular, for the case d; = 1 (mod38),
we are only left with d; = 1. Then it is reduced to check

0= Z g(d1)Z(do) + Z ig(di)g(dy)Z(dp)

n=dod; do=dy dy
dp=T7 (mod 8) d6/55 (mod 8)
d1=2 (mod8) d/=3 (mod 8)
+ > gld))z(dy) +i > 9(dY)g(d3)Z(dg) ~ mod 2A(H,).
n=d( dy n=d dydy
dy =7 (mod 8) (dy,dy,dy)=(5,3,2) (mod 8)
d/=2(mod 8)

This is true by obvious cancellations, which finishes the proof of the proposition.

Torsion points. To prepare the proof of Theorem 3.5, we present some results
on torsion points of A. They will be the key to lower multiples of algebraic points.

Denote F' = Q(i). Recall that we have fixed an identification A(C) = C/(1+i)Op,
which gives A(C)or = A(F?P)ior = F/(14i)Op. Under the identification, the complex
conjugation on A(F?*), is given by the conjugation i ++ —i on F, The induced
action of the Galois group Gal(F2P/F) on F//(1+14)Op is given by multiplying by the
composition

Gal(F2b /F) 705 FX\FX 2 (1 4 (1 +4)°0p)".
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LEMMA 3.16. Quer F, the elliptic curve Ap is isomorphic to Er. Moreover,
Q(AH) = Q(V2,4), A(Q()) = A[(1 +14)%).

Proof. The results can be checked by explicit computations, but we include a
theoretical proof. For the first statement, consider the two 2-isogenies

(pFZAF—>EF, [1+Z]AF—)AF

One checks that these two morphisms have the same kernel {0,7(1)}. It follows that
there is an isomorphism Ap — Ep carrying [1 + 4] to ¥ p.

Now we treat Q(A[4]). It is easy to have FF = Q(A[2]) C Q(A[4]), and thus
Q(A[4]) = F(A[4]). The Galois action of Gal(F2?/F) on A[4] is given by

sit(L+(1+14)°0p)¢ — (14 (1+1)°0F,)/(1 +40r,).
The field F(A[4]) is given by the subfield of F2P fixed by ker(ss) = (1+40)*, which
is the ring class field of F' of conductor 4. The norm map
(14 (1+14)°08,)/(1 +40pg,) ~ (1 + 4Z5) /(1 + 8Z>)

implies that F(A[4]) is equal to the ring class field Q(¢s) of Q.

For A(Q(7)), we first see that it is torsion since A;(Q) ~ A_;(Q) are torsion. We
also have A(Q(i))[p] = 0 for any odd prime p. In fact, we can show that any non-
trivial element of A[p| has a residue field ramified above p and cannot be defined over
Q(%). This argument will be used in Lemma 3.18 in a more complicated situation, so
we omit it here.

Finally, we show that A(Q(7))[2°°] = A[(1 +4)?]. Note that the stabilizer of any
element x4 of A[4] \ A[(1 + i)3] is still ker(ss4). Then the residue field F(z4) is still
Q(Cg), and thus z4 ¢ A(Q(i)). It follows that A[4](Q(i)) = A[(1+i)3]. O

LEMMA 3.17. Let k € Gal(Q((s)/Q) be the element sending (s to (3. Then
(k+ 1)A[4] = A[4][x + 1] = A[2], (k+ 1)E[4] = E[A4][x + 1] = E[2].
Here (k + 1)A[4] and Al4][k + 1] are respectively the image and the kernel of the map
k+1:AM4] — Al4], x+—— 2"+ .

Proof. The results for A and F are equivalent since they are isomorphic over
F = Q(i). Note that x acts on Q((s) C F®P as opa(£l £ 2i) = opa(£2 £4). In
terms of the CM theory, k acts on A[4] = Op/40F by multiplication by —1 4+ 2i €
1+ (1 +4)30pF,. Then k + 1 acts by multiplication by 4+2i. The results are true. O

LEMMA 3.18. The torsion subgroup A(H. )ior = A[(1 + i)3] if n is odd, and
A(H! )tor = A[4] if n is even.

Proof. We prove the results by three steps.

Step 1. The group A(H.,)[p] = 0 for any odd prime p. Let p be a prime ideal of F
above p. The action of the Galois group on A[p] gives a homomorphism

Gal(F*/F) — Auto, (Alp]) = (Or /)"
This map is surjective since it is given by
5o (L+ (1+4)°0p)* — OF — (Or/p)*.

As a consequence, we have the following two properties:
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(1) For any nonzero = € Alp], the residue field F(z) = F(A[p]) has degree
N(p)—1>4over F.

(2) The prime g is totally ramified in F(z).
On the other hand, we claim that the ramification index of g in H/, is at most 2.
In fact, H, is the composite of L, (i) and Hy, for different do, where the extensions
Ly (i)/ K and H}) /K4, do not involve ramification above p. If follows that we only
need to consider the ramification index of p in the composite of K, and K, for
different dy, which is at most 2.

Combining the claim and the properties (1) and (2), we see that F'(z) cannot
be contained in H/,. In other words, A(H) )[p] = 0. Then A(H,)[p] = 0. Hence,
A(H, )or = A(HL,)[2%].

Step 2. For any n = 5,6,7 (mod8), A(H,,)[2*°] C A[4]. Note that A(H)[2*] is a
finite Op-module, so it must be of the form A[(1 + i)¢] for some positive integer e.
Thus it suffices to prove |A(H!,)[2°°]| < 16.

The idea is to use the reduction map to obtain the bound. Take a prime number
p 1 (2n), and let v be a place of H/, above p. Denote by k(v) the residue field of v.
The reduction map gives an injection

A(HL,)[2%] — A(k(v))[2%].

We will choose p carefully to get an easy bound on the right-hand side. In fact, we
choose p satisfying the following properties:

(1) p=3(mod8).

(2) pis inert in Kg4, for any positive factor dy of n with dyg = 5,6 (mod 8).

Assuming the existence of such p, we first see how it implies the desired bound.
The proof consists of two steps. The first step is to show that k(v) = Fj2. Denote
by w the restriction of v to Ly (i), and vg, the restriction of v to H} . It is easy to
see that the residue field k(w) = Fp2. To prove k(v) = F2, it suffices prove that
k(vq,) C Fp2 for any dy = 5,6 (mod8). Note that p is inert in Kg,. Then it suffices
to check that pOp, is totally split in Hj . By Lemma 3.2, Hj is contained in the
ring class field Hg, 4 of conductor 4. We claim that pOg o is totally split in Hyg,, 4.
In fact, by the class field theory, it is equivalent to the easy fact that the image of p
under the composition

K><

do,p - Kl;o - K;()\K;)/(Z + 40Kolo)>< = Gal(HdoA/Kdo)

is trivial.

The second step is to show that [A(F,2)[2>°]| < 16. This is done by explicit
computation. In fact, by the choice p = 3 (mod8), we see that A has supersingular
reduction at p. Then the eigenvalues of the absolute Frobenius ¢, on the Tate modules
of A are £,/—p, so the eigenvalues of npf, are —p, —p. It follows that

|A(F,2)| =p*+1—(—p—p) = (p+1)°.

By the choice p = 3 (mod8), we have |[A(F,2)[2°°]| = 16. This finishes the second
step.

Finally, we check the existence of the prime p satisfying the two conditions. The
second condition is equivalent to (—dy/p) = —1, which becomes (do/p) = 1 by the
first condition. Then we choose p satisfying:

(a) p=3(mod8).
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(b) (¢/p) =1 for any prime factor ¢ of n with £ =1 (mod4).

(¢) (¢/p) = —1 for any prime factor ¢ of n with £ = —1 (mod 4).

It is easy to check that it gives (do/p) = 1 for any dgp = 5,6 (mod 8). Now the existence
of p satisfying (a), (b) and (c) is just a combination of the quadratic reciprocity law,
the Chinese remainder theorem, and Dirichlet’s density theorem.

Step 3. If n is odd, then A(H/,)[2°] = A[(1 + i)?]. We will prove v/2 ¢ H’ , which
implies A(H., )or = A[(1 +4)3] by Lemma 3.16.

To prove v2 ¢ Hj,, note that HJ, is the composite of L, (i) and H} for some
dp = 5(mod8). Let v be a place of Hj, above 2, and vg, the restriction to H} . Tt
suffices to show v/2 ¢ (H',),. Consider the ramification of v above 2. Note that (H’,),
is the composite of Q2 (i) and (H) )y, for all related do. By Proposition 3.2, (H}} )v,,
is unramified over Ny, 4 = (Mg, 4)" %40, where @y, = (vV/—do — 1)2 and My, 4 is
the ring class field of Q2(+v/—dp) of conductor 4.

We claim that Ny, 4 is independent of dy. In fact, fix an isomorphism Qg (v/—dp) =
Q2(v/—5), which induces an isomorphism My, 4 = M5 4. Note that 1 + 2wy, and
1 + 2w; have the same image in K5'/(Z2 + 40k, ,)*, so their actions on M; 4 are
the same. It follows that Ny, 4 = N5 4.

Note that i € N5 4 and v/2 ¢ N5 4. Therefore, (H/), is unramified over N5 4. To
prove /2 ¢ (H',),, it suffices to prove that N5,4(\/§) = M5 4 is ramified over Nj 4.
This is clear since Gal(Ms 4/N5.4) is generated by 014920, with 1+ 2ws € Oﬁm. a

Proof of Theorem 3.5: representative. By definition, ®; C ®. Recall that
Py = Z Fn(Pa)'x(2).
ted
Summing over all characters x : Cl,, 2 Cl, /(o) — {£1}. We have
Z PX:an(Pn)t Z x(t).
x:Cl, —{+£1} ted x:Cl, —{+£1}
As in the case n = 1,2,3 (mod8), apply the character formula
> x(t)=2"Mbyq, (1),  teCl.
x:Cl, —{£1}
Here hy(n) = dimg, Cl,,/2Cl,. Then we obtain
S P =220 Y fu(P) = 220 Z(n).
x:Clp —{=£1} tedg
This is an equality in A(H)).
By Theorem 3.3, the equality gives

> e(do, d1)2" ™ L(dy)P(do) = 2" M Z(n) € A(H,(i)) @z Q.

n:dod1
dp=5,6,7 (mod 8)
d1=1,2,3 (mod 8), d1>0

We end up with
Z €(do, d1)L(d1)P(do) = Z(n) € A(H,(i)) @z Q.

n:dod1
dp=5,6,7 (mod 8)
d1=1,2,3 (mod8), di>0
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Then we have

P(n) = Z(n) — > e(do, dy)L(d1)P(do).
dOEEfGZ,gO(IIiIiod 8)
d1=1,2,3 (mod8), di1>1

It follows that P(n) and P(n) satisfy the same iteration formula (in different groups).
Therefore, P(n) represents P(n). This proves the first statement of the theorem.

Proof of Theorem 3.5: part (1). Here we prove part (1) of the theorem. Let
R(n) (resp. R(do,d1)) be the image of P(n) (resp. P(dy,d1) = P. ) under the

Xdg,d
2-isogeny from A to E. Then R(n) € E(H,) and R(do,d1) € E(H,’lo) "We need to
prove that 2R(n) € E(K,,)".

Note that in Lemma 3.15 we have already checked 4P(n,1) € A(K,)~ and thus
4R(n,1) € E(K,)~. To relate to 2R(n), we have the following simple connection.

LEMMA 3.19.

4P(n,1) = £22+P=2p(n) 4R(n,1) = £227"2() R(n).

Proof. By Theorem 3.3,
P(n,1) = £2"M™Wp(n) € AH,) ®zQ.
Then

P(n,1)F2"MP(n) € A(H,)wor = A(H,,)[4].
Here the last identity follows from Lemma 3.18. O

Before proving part (1) of the theorem, we introduce some notations on fields.
Recall that H, is the Hilbert class field of K, = Q(v/—n) and H) = H,(f.(P,)).
Recall that K/, = K,,, K, (i), K, for n = 5,6,7 (mod 8) respectively. Let L, C H,
be the genus field of K, ; that is, L,, is subfield of H,, fixed by the subgroup 2Cl,, of
Cl, = Gal(H,/K,). Define L, = Ly, Ly(i), L, for n = 5,6,7 (mod8) respectively.
Then L!, = L,K!. Set K! = K,(E[4)(L,)), ie. K! = K,(i),K.(v2,i), K, for
n =5,6,7 (mod8) respectively.

First, we prove 2R(n) € E(K!). Consider the image of 4R(n, 1) = +2"(M+2R(n)
under the (injective) Kummer map

§ ¢ BUKY) 2" 2B () — HY(KY, B20)+2))
and the inflation-restriction exact sequence
1 — Hom(Gal(L}, /K7)), BH)(KY)) — H'(K], B2 "F2) — HY(L;,, B[2" 7).
(Note that FE[2*°](L,) = E[4}(K]).) The image of §(2"(™M+2R(n)) in
HY(L,, E[2"(™M+2]) is 0, since it is 0 in E(L/,)/2"M+2E(L"). Then 6(2"2(M*2R(n))

lies in Hom(Gal(L!,/K])), E[4](K]))), which has exponent 2 since Gal(L] /K]) has
exponent 2. Tt follows that §(2"2(M*3R(n)) = 0. Thus

2h2(M+3R(n) € 2hMW+2E(K”),  2R(n) € B(K!") + E[2*|(L.) = E(K!).
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Second, we prove 2R(n) € E(K,)~ for n = 7 (mod8). This is the simplest case,
but it illustrates the key idea. In this case, we already have 2R(n) € F(K,), and we
need to prove 2R(n) = —2R(n). By Lemma 3.15 and Lemma 3.19,

2h2(n)+2(R(n) + W} =+(4R(n,1) + 4%) =0.

Then R(n) + R(n) € E(K,)[2*°] = E[2] is killed by 2. The result follows.

Third, we prove 2R(n) € FE(K,)” for n = 5(mod8). It suffices to prove
2R(n) € E(K,), since the process from E(K,,) to E(K,)” is the same as the case
n = 7 (mod8). We already know 2R(n) € E(K,(i)). Denote by & € Gal(K,,(i)/K,)
the unique non-trivial element, and take a lifting of £ to Gal(H/,/K,,), which we still
denote by £. By Lemma 3.15 and Lemma 3.19,

2m2(M+2(p(p)¢ — P(n)) = £(4P(n,1)* —4P(n,1)) = 0.

Then P(n)¢ — P(n) € A(K,(i))[2*] = A[(1 +4)3]. Note that A[(1 + i)?] is exactly
killed by 2¢ : A — E. We have 2R(n)* — 2R(n) = 0, and thus 2R(n) € E(K,,).
For the case n = 6 (mod 8), we need the following simple result.

LEMMA 3.20. For any n =5,6,7 (mod8), R(n) € E(Ly,(i)).

Proof. By the recursion formula, it suffices to prove ¢(Z(n)) € E(L}) for any
n = 5,6,7 (mod8). By Theorem 3.6, ¢(z,) is invariant under the action of o. Here
o is described right after Proposition 3.2. If n = 5,7 (mod8), then ¢(z,) is defined
over H,,, and thus ¢(Z(n)) is defined over L,,. If n = 6 (mod 8), then ¢(z,) is defined
over H, (i), and thus ¢(Z(n)) is defined over L, (z). O

Finally, we prove 2R(n) € E(K,)~ for n = 6 (mod8). We already know 2R(n) €
E(K,(v/2,1)). Tt suffices to prove 2R(n) € E(K,(i)), since the process from E(K,,(i))
to E(K,)~ is the same as that for the case n = 5 (mod 8).

Let x € Gal(K,(v?2,i)/K,(i)) be the unique non-trivial element, and take any
lifting of x in Gal(L, (:)/K (7)), still denoted by k. We need to show that (2R(n))" =
2R(n). Note that x? = 1 since Gal(L,(i)/K,(i)) has exponent 2. By Lemma 3.15
and Lemma 3.19,

2}12(71)-1-2(1%(7”’i — R(n)) = :|:(4R(7’L, 1),i - 4R(TL, 1)) =0,

so R(n)® — R(n) lies in E[d][xk + 1] = {x
E[4][k + 1] = E[2]. It follows that 2(R(n)
complete.

€ E[4] : 2" +2 = 0}. By Lemma 3.17,
® — R(n)) = 0. The proof of part (1) is

Proof of Theorem 3.5: part (2). We start with some Galois-theoretic prepa-
ration. Denote by

r: QX\AX — Gal(Q*®/Q)

the Artin map over Q. Then ¢ = 7o (—1) is the complex conjugation. Define f1, B2 €

Gal(Q*/Q) by
B1 = Too(—1)r2(—2), B2 = roo(—1)r2(6).

Let 8,3, € Gal(Q/Q) be any liftings of £y, 32.
In the following, we take the convention that (y + 1)R means y(R) + 1 for any
v € Gal(Q/Q). The key of the proof is the following lemma.

LEMMA 3.21.



GENUS PERIODS, GENUS POINTS & CONGRUENT NUMBERS 759

(1) For any n =5 (mod38),

1—1

2 = 2% e g(n) n(—

)+ Z7(1).
(2) For any n = —2(mod 16),
Z(n)t e g(n) T(%) +Z7(1).
(3) For any n =6 (mod 16),
2@ € gln) 7(3) + Z7(0)
(4) For any n =7 (mod38),

2P = 20 = gln) 7(3).

Proof. Recall that after Proposition 3.2 we have introduced o € 201; which gives
Cl, /(o) = Cl,, (2CL))/{c) = 2Cl,.

Note that the genus field L,, is the subfield of H,, fixed by 2Cl,,. It follows that the
subfield of H/, fixed by 2Cl, is Ly, L, (i), L, according to n = 5,6, 7 (mod8).

The field L, (i) = Q(i,V/d : d|n) is a subfield of Q*". Tt is easy to check that the
action of the involved 3} on Ly (i) is the same as that of o o ¢ in all the four cases of
the lemma. For example, if n = 5 (mod8), then o, acts on L, (i) as r2(Nk,, jg(w)) =
ro(n+1) = ro(—2). As a consequence, we claim that

’

Z(n)% — Z(n)°=°¢ € Z1(1)
in all four cases.
In fact, denote « = o oco B;-_l, viewed as an element of Cl, = Gal(H},/K). It
suffices to show
Z(n)* —Z(n) € Z7(1).
Since « acts trivially on L, (i), we see that a € 2CL,. Recall the definition

Z(n) = Z 2L, Z(n)* = Z 2k,

tedg teadg

Here ® is a set of representatives of 2Cl,, = (2C1),)/(c) in 2Cl/. Then a®, is also
a set of representatives of 2Cl, in 2Cl,,. Write &y = {t; : i = 1,--- ,g(n)}. Then
a®y = {oyt; : i =1,---,9(n)}, where each o; € (0). By Theorem 3.6, we see that
28 = zp or 27 = z, + 7(1). It follows that

Z(n)* —Z(n) = Y (25 —zn)" € Z7(1).
t;€Po

Therefore, the result for Z(n)% %! becomes that for Z(n)°=°+! which can be
checked easily by Theorem 3.6 for n = 5,6 (mod8). In the case n = 7 (mod8),
H! = H,, and thus Z(n) is already defined over L,,. Then

Z2(n)? = Z(n)°=*° = Z(n)7=""",



760 Y. TIAN, X. YUAN, AND S.-W. ZHANG

Here the last identity holds since the Galois group Gal(L,(7)/Q) has exponent 2.
Then the result for Z(n)% T still follows from Theorem 3.6. 00

Now we prove part (2) of Theorem 3.5. Assume that P(n) = P + t for some
P e A(K,)” and t € A[4]. Define B € Gal(Q**/Q) by

5= Too(—1)r2(—2) if n=5,7(mod8) or n = —2 (mod 16),
| ree(=1)r2(6)  if n. = 6 (mod 16).

Let 8’ € Gal(Q/Q) be any liftings of 3. Explicit calculation shows that 3 acts on K,
by /—n + —v/—n. It follows that P(n)® + P(n) = % + t.

We first treat the case n = 5,7 (mod8). Then t € A(H/,)[4] = A(Q(¢)) by Lemma
3.18. Note that 3 acts on Q(i) trivially. Then P(n)? + P(n) = 2t € Z7(1). Apply
B + 1 to both sides of Proposition 3.4. By Lemma 3.21, we have

.n—1 1—1
P et [+
n=dody ---dg i
do=5 (mod 8)
d1=1,3 (mod 8)
d;=1(mod8), i>1

1 /
+ > [T 7(5) € 2A(H! )P+ 4+ Zr(1).
n=dod;---dy i
dp=7 (mod 8)

d1=1,3 (mod 8)
d;=1(mod8), i>1

It follows that the contribution from 2A(H, )" is torsion, which is contained in
2A(H) )tor = 2A(Q(2)) = Z7(1).

Then the left-hand side lies in Z7(1). Thus the coefficients in both of the brackets
must be even.

Now we treat the case n = 6 (mod8). In this case we can only have the weaker
result

P(n)? + P(n) € (B+ 1)A[4] = A[2]
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by Lemma 3.17. Apply 5’ + 1 to Proposition 3.4 again. We get

> Lo |+ > o) |~

n=dodi---dg i n=dody---dg i
dp=6 (mod 8) do=7 (mod 8)
d;=1(mod8), i>0 d1=2 (mod 8)

d;=1(mod38), i>1

Y ) TTotdn) | r(5) € 24,)7+ + A2

n=dody---dg i>1

(do,d17d2)2(5,3,2) (mod 8)
d;=1(mod8), i>2

The contribution of 2A(H,)#"*+1 is a torsion point, and thus lies in 24[4] = A[2]. Then
the left-hand side lies in A[2]. It follows that the first two coefficients have the same
parity, which is the same as the assertion of the theorem in this case. This finishes
the proof of Theorem 3.5.

Appendix A. Explicit Formulae. In this appendix, we prove an explicit Wald-
spurger formula and an explicit Gross—Zagier formula in the case that the character
x on the quadratic extension is unramified. The results are derived from the original
Waldspurger formula (cf. [33, Theorem 1.4]) and the Yuan—Zhang-Zhang version of
the Gross—Zagier formula proved in [33, Theorem 1.2].

All global L-functions in this section are complete L-functions with archimedean
components normalized to have center s = 1/2. To avoid confusion, we use L(s, 15)
to denote the complete Dedekind zeta functions of a number field F', which is the
product of the usual Dedekind zeta function (p(s) with the gamma factors.

A.1. Theorem of multiplicity one. As in [33, Chapter 1], the Waldspurger
formula and the Gross—Zagier formula can be interpreted as identities of certain one-
dimensional spaces of functionals. In this section, we briefly recall the local results
about this space of functionals.

Let F be alocal field and B a quaternion algebra over F'. Then B is isomorphic to
either M3(F) or the unique division quaternion algebra over F'. The Hasse invariant
€(B) =1if B~ My(F), and ¢(B) = —1 if B is the division algebra.

Let K be either F&F or a quadratic field extension over F', with a fixed embedding
K — B of algebras over F. Let np: F* — C* be the (quadratic or trivial) character
associated to the extension K/F'.

Let m be an irreducible admissible representation of B* with central character
wr, and let y : K* — C* be a character of K* such that

Wy * X|F>< =1.
Define the co-invariant space
(T @ X)kgx := {€ € Home(m,C) : £(n(t)v) = x *(t)(v), Vv e, t € K*}.

The following result asserts that the dimension of this space is determined by the
local root number of the Rankin-Selberg L-function L(3,, x).
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THEOREM A.1 (Tunnell [28], Saito [24]). The dimension dim (7 ® x)gx < 1,
and the equality holds if and only if

We also consider the invariant subspace

(ro) ={ven:at)=yx"'tw, Vte K}

COROLLARY A.2. One has
dim (7 ® x)%" < dim (7 ® x) .

If K is a field, then the equality holds.

Proof. Denote by v the contragredient of 7. The natural inclusion m <
Homg(7Y, C) induces an injection

(W@X)KX — (7TV ®X71)K>< .
It follows that
dim (7 ® y)*" < dim (7Y @ Y Dgx =dim (7 @ ) gex-

Here the last equality follows from the theorem since e(%, v, x71) = e(%, m,x). This
proves the first assertion.

For the second assertion, assuming dim (7 ® x)xx = 1, we need to construct a
nonzero element of (7 ® x)". Take £ € (7 ® x)xx and v € 7 such that £(v) # 0.
Since K is a field, the quotient K */F* is compact. Fix a Haar measure on K> /F*.
Then

w = / () (vt
KX /Fx
is an element of w. Furthermore,

l(w) = / X l(m(t)v)dt = / L(v)dt = vol(K™ /F™) £(v) # 0.
KX JFX* Kx/Fx

It follows that w # 0, which finishes the proof. O

A.2. Explicit Waldspurger formula. Let F' be a number field and A its ring
of adeles. Let B be a quaternion algebra over F' and G the algebraic group B* over
F. Denote by Z = F'* the center of G. Let m be a unitary cuspidal automorphic
representation of G(A) and w, its central character. Let K be a quadratic field
extension over F', T the algebraic group K* over I, n its associated quadratic Hecke
character on A*. Let x : K*\Aj — C* be a Hecke character of finite order. Assume
that

o wr - x|ax = 1.
e For each place v of F, €(1/2, 7y, xv) - (—1)x0(—1) = inv(By).
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It follows that the global root number e(1/2,7,x) of L(s,m, x) is +1 and there is
an F-embedding K C B, which we fix once for all and via which T is viewed as a
sub-torus of G. By Theorem A.1, the space

(71 @ X)r := {¢ € Home(n,C) : £(m(t) f) = x *(0)(f), ¥V f €, t € T(A)}

is one-dimensional.
Let P, : @ — C be the period functional defined by

lﬂﬂ:/ FOx(t)dt, Vf e
T(F)Z(A\T(A)

Here the Haar measure is normalized by vol(Z(A)T(F)\T(A),dt) = 2L(1,n). Note
that P, is a natural element of (7 ® x)r. The Waldspurger formula tells when it is
non-zero.

THEOREM A.3 (Waldspurger formula, [33], Theorem 1.4). For any non-zero pure
tensor f = @, f, €7,

P 1 Lm0
(f, [)pet 2 L(1,mad)L(2,1p)" !

The notations are explained as follows:
(1) B(f) =11, Bu(fv) is a product over all places v of F and for each v,

L(1,n,)L(1, 7y, ad) / (70 (to) fu, fu)o
Z(Fu)\T(Fy)

- B(f)-

ﬂv(f'u) = Xv(tv)dtv;

L(2,1,)L(1/2, 7y, Xo) (fo, fo)v

where (1, )y s any non-trivial B¢ -invariant Hermitian pairing on m,. The
Haar measures are normalized by ®,dt, = dt and vol(Z(A)T (F)\T(A),dt) =
2L(1,n).

(2) (f, f)pet is the Peterson norm of f € 7w defined by

mﬁm:/ 1£(9)dg,
G(F)Z(A\G(A)

where the Haar measure dg s the Tamagawa measure such that the volume

of G(F)Z(A)\G(A) is 2.

The goal of this subsection is to give an explicit form of Waldspurger’s formula
under the following assumptions:

(a) F is totally real and K is quadratic and totally imaginary over F;

(b) xo is unramified for each place v t co;

(c) for any v|oo, the Jacquet-Langlands correspondence 7

weight &, on GLo(R) with k, > 2 even integer.
It follows that the central character w, of 7 is unramified everywhere.

Let OF be the ring of integers in F' and O, be the ring of integers in F, for any
finite place v of F. For any a € A*, let |a| denote its adelic absolute valuation such
that dax = |a|dx for any Haar measure dz on A*. We view F* and the finite part
AF of F as subrings of A*.

Let N,D,d e A? be such that for any finite place v of F, N, generates the con-
ductor of ng of m, D, generates the relative discriminant of K, /F,, and d, generates

JL

++ is a discrete series of
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the different of F,. For each v { oo, let R, be an order of B, := B ®p F, with
discriminant N, O, such that R, N K, = Ok,. Such an order exists and is unique up
to conjugacy of K*. Recall that a Gross-Prasad test vector f € m for the pair 7 and
X is a pure tensor [ = ®, f, defined as follows (see [8]).

(1) If v is finite with ord,(N,) < 1 or K,/F, is unramified, then T s of

. . RX .
dimension one and f, € m, ¥ is a non-zero vector.

(2) If v is finite with ord,(N,) > 2 and K, /F, is ramified, then the space

(0 @ X0) 50 = {fo € Mo : Tu(t) fo = x5 () f0, Yt € K}

is one-dimensional by Theorem A.2. The vector f, is any non-zero element
in this space.
(3) If v is real, let f, be any non-zero element of the one-dimensional space
(7Tv & XU)K”
Thus a Gross-Prasad test vector for (m, x) is unique up to scalar.
Let 'Y be the Jacquet-Langlands correspondence of m on GL2(A). The Hilbert
newform f' € 7/ is the unique form of level U;(N) such that SO2(R) C GL2(F,)

0 in 6 ;
o8 SV 1 e2mikud for each v|oo, and such that
—sinf cosd

L(s,7") = 270 |d|sx'/ ! <a >|a|55dxa,
FX\AX 1

where the measure d*a is chosen such that

acts by the character (

ReSs:1/ la|*"'d*a = Res,—1 L(s, 1r).
la|<1,a€ F*\AX

THEOREM A.4 (Explicit Waldspurger Formula). Assume the conditions (a), ()
and (c). Let f' be the newform of ™% and f a Gross-Prasad test vector. Then

Y o]

(fu f)Pet tGI?X/KXﬁXé\X

2 ) 2 o[F: —(ky+1
= k2. (0% : OF)? - 24l (f, ,)P”Ddﬂm @) *FIrk,)

v|oo

II a-eha+ehH™ I 20+¢H I 20-¢.

v|N inert v||N ramified v2|N ramified

where kK = 1 or 2 is the order of the kernel of the natural morphism from the ideal
class group of F to that of K, and (N, D) is the set of places v such that both ord, (N)
and ord, (D) are positive.

Here as before, (f/, f')pet and (f, f)pet denote the Peterson norms with respect
to the Tamagawa measures on Z\GL2 and Z\G respectively. To deduce the explicit
formula, we first calculate the local factors.
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PROPOSITION A.5. Let (m,x, f) as above. Let e, be the ramification index of E,
over F,. Then we have

L(1,m,,ad . ]
en(l—q, )(1(/727T7rax))’ if v|N non-split,
L(17 1@) ) b v . '
- ) if v||N split,
|Dd|v 1/2 ﬂ(f’U) = %E%7%’U§L 1 d
e i PIN spli,
1, otherwise.

REMARK A.6. For each place v 1 00, note that the central character w, of m, is
unramified and then w, = p? for some unramlﬁed character . So we may assume
that 7, is of trivial central character. Let ¢;,7 = 1,2 be two embeddings of K, in
B(F,) then they are conjugate by an element v € G(F,). Let Ry be the order above
and f; a test vector, then yRyy~! is an order and fo = m,(y)(f1) is a test vector
under to. We have that 5,(f1) = Bu(f2).

Proof. We are in the local situation, omitting the subscript v, let K denote the
quadratic extension of local field F. Denote n = ord,(N). Reduce to compute the

toric integral
0_ &Of, f)
P o RO

If n > 0 and K is nonsplit, then f is x~*-eigen and 8° = vol(F'*\ K *). For the other
cases, the order R in the definition of V(m, x) is an Eichler order of discriminant n.

We fix the following embedding of K so that R = Ry(n) := <;21 g
take the test vector as the new vector Wy. If K = F? is split, embed K into My(F)

by (a,b) — “ b>' If K is a field, take 7 € Ok such that Ox = O[r] and such
that if K/ F is ramified then 7 is a uniformizer. Let Trr, N7 € F' denote the trace and

norm of 7, respectively. Embed K into B by

and we can

Gty

Assume K = F2. We write K* = F*K! with the image of K! in GLy(F) equal
to <* 1). Denote by x; the restriction of x to K, then

B = (Wo, Wo)~ //F WOK 1>}m><1(a)mdxa

(WOaWO 1|Z(1/2 W07X1)|2
Now Z(1/2, Wy, x1) = x1(d)'L(1/2,7 ® x1) and

ﬂo = (WOa WO)_lL(1/277Ta X)
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Now consider the case that K is a field and 7 is unramified. Let

(w(9)Wo, Wo)

V(g) := Wo o)

g € GLQ(F)

Then

~ vol(K*/FX) 5

P = TR (D).

teKX /FXO%

If K/F is unramified, then
B = vol(K* /F*) = |d|*/?
while if K/F is ramified,
B0 = [Dd|' /(1 + W(r)x(7)).
Using MacDonald formula for the matrix coefficient ¥(7), we obtain

B(f) = |Dd|*">.

=3

Proof of Theorem A.j. The proof is just a calculation of the right-hand side of
the formula in Theorem A.3. Apply the expression of B(f,) in Proposition A.5. We
also need the a special value formula for L(1, m, ad), which will be proved in Theorem
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A.10 in the next subsection. Then the formula gives

(DA 2P ()|
(fu f)Pet

L) (1/2,7, %) 9\ [F:Q B
:<f',f'>pet|Dd2)|<1/2 <w> (47) Z”’“”HW

. [T ﬂv(fv)lDd|_1/2
Ly (L, ad) [T n(1+ ¢ ) T n(1 - ¢0®)

(00)1/27TX 1=2ky o —(ky+1
Nz fpt|Dd2|1/2H(2 )

Bo(fo)|Ddly /2 Bv(fv)lDlel/z
11 11

L (fo)|Dd|; 2
(+ah) read(i gy L AU

UIIN 2|N UJ(NOO
L) (1/2,7, %) 12k, (k1T o
(e DE[ ] H (2 (400 (k,) ) - TT 8o £l Dl
vle
I M Bu(f) D]y
Y o (LF07) L1y, ad)(1+g57)

v2|N nonsplit

L(>) 1/2 T, X) 1—2k, kyp+1
_ v 1)
(f/ / Pet'Dd2|1/2 H (2 = F(kv))

11 (1—qv‘)(1+q5)‘1- I a+eh - I a-ah

v|N inert v||N ramified v2|N ramified

IT 200727, x0) "

v|N ramified

It follows that

2
~1/2 -
‘|Dd| Px(f)’ _ LN:D)) (1 /2 7, x) H21—2ku7r—(kv+1)1—\(kv)
- Dre - Peaipa (1L
II a-aha+ehH ™ I 20+¢H™ JI  20-4¢Y.
v|N inert v||N ramified v2|N ramified

To finish the proof, we need the following simple result.

LEMMA A.7. Let F be a totally real field, K a totally imaginary quadratic exten-
sion over F', and n the associated quadratic character of A*. Then

2L(1,n)| Dd| />
#(K* | K*F*05)

=k [0F O] 2l

Here k = 1 or 2 is the cardinality of the kernel of natural morphism from the ideal
class group of F' to that of K.

Proof. Tt follows from the exact sequence

1 (FX N KX0%)/F*0% — FXJFX0% = R*JK*0% — R*JK*F*0% - 1,
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that

_ o~ h
#K* /K*F*0% = -5 .,
hr

where we use the fact that K * /K Xéf( is isomorphic to the ideal class group of K
and similarly for F'. By the ideal class number formula:

B h ol
L(1,m)|Dd| 1/2:L(0,77):ﬁ~[0?<10§] toolFalmn,

Thus we have that

L(1,m)|Dd|~/?
ARK*|K*F*O

=k [0F cOF] 7 2l

Go back to proof of Theorem A.4. Note that

2L(1,7)
() =—= =— F@)x().
#KX/K*F*0% tel?X/;ﬁX@;(

We have that

|Dd|7 2P (f) = 28k O  OF] 7 > ONOE

teR* JKXF*xOX
Thus we obtain the desired explicit formula in Theorem A.4. 00

A.3. Explicit Gross-Zagier formula. We first recall the main theorem of [33].
Let F be a totally real number field and A its ring of adeles. Let X be the Shimura
curve over F' associated to an incoherent quaternion algebra B over A with ramification
set 3 (containing all infinite places). Let & be the Hodge bundle on X, and let J be
its Jacobian. Let A be a simple abelian variety defined over F' parameterized by X.
Then

A = Homg(X7 A) = Hom"(J, A),

is a representation of B* over Q whose infinite components are all trivial. It is known
that M := Endgx (74) = End”(A) is a number field of degree dim A over Q. Let ( , ) :
mA X Tav — M be the perfect B*-pairing given by (f1, fa) = vol(Xv) ™ (frv o f5y),
where the composition uses the canonical isomorphism Jp} = Jy and the volume using
the measure dxdy/(27y?) on H. Let

() A(F)Q@MAV(F)QHM@)QR

be the M-bilinear height pairing whose trace to R is the usual height pairing.
Let K be a totally imaginary quadratic extension of I with a fixed embedding
Kp — B over A. Let x : K*/K* — L* be a Hecke character of finite order valued
in a number field L D M, and also viewed as a Galois character via the class field
theory. Assume that
o Wy Xl = 1.
o ¢(1/2,my, Xv) - XoMu(—1) = inv(B,) for each place v of F.



GENUS PERIODS, GENUS POINTS & CONGRUENT NUMBERS 769

Then the global root number is —1. By Theorem A.1, these conditions imply that
(maA ®x) K¢ 1s one-dimensional.
Denote

A(x) = (A(K™)q @y L)GAET/K),

Let hog € H be the unique fixed point of K*. It defines a point P = ([ho, 1]y)v € X.
Define the period map P, : m — A(x) by

P(f) = / P e X,
teRx JK* Fx

where we use the Haar measure such that the volume of K*/K*F* is 2L(1,7). The
Gross-Zagier formula of Yuan-Zhang-Zhang is as follows.

THEOREM A.8 (Yuan-Zhang-Zhang [33]). For any pure tensors f1 € wa and

fo € mav with (fl, f2) 75 0,

P , Py L'(1/2,7a,

(Bl Parle _ KO2m0

(f1, f2) L(1,7a,ad)L(2,1F)

as an identity in L ®g C. Here (, ) : A(x) x A(x™') = L ®qR is the L-linear
Néron—Tate height pairing induced by the M -linear Néron—Tate height pairing (-, )
above.

Note that we can define Gross-Prasad test vectors as in the last subsection. Then
the explicit version of the formula is as follows.

THEOREM A.9 (Explicit Formula of Gross-Zagier). Assume that x is an unram-
ified character of finite order. Let f € ma be a Gross-Prasad test vector. Then

LI S P

(faf) te}?x/ﬁxKxaé

NP 9 1)

(f7, F)pet | Dd?|1/2 (47 )3 180

II a-eha+egh™ JI 20+aH JI 20-47),

v|N inert v||N ramified v2|N ramified

=K% [0F : OF)?- olFQl+1

Here k =1 or 2 is the order of the morphism from the ideal class group of F' to that
of K, and (N, D) denotes the set of finite places v of F such that both ord,(N) and
ord, (D) are positive.

The deduction of the theorem is almost the same as that of Theorem A.4, so we
omit it here. One can obtain the original Gross—Zagier formula under the Heegner
hypothesis from the above formula.

A.4. Special value formula of adjoint L-function. In the proof of Theorem
A.4 and Theorem A.9, we have used the following formula.

THEOREM A.10. Let F' be a totally real field and dp the absolute discriminant of
F. Let o be a unitary cuspidal automorphic representation of GLa(A), N C Op its
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conductor, and f the newform in o. Assume that o, is discrete series of weight ki,
for every v|oco. Then

L% (1,0,ad) [F:Q -1+, . k ~1
:2 : v]oo MV 1
@17 - (F. P - L2.15) [+,

v|N
where S is the set of finite places v of F with conductor n(o,) > 2. Equivalently,

LIN>)(1, 0, ad) _ (4m)Zeke ) ,
T Fra @~ oLy 1L+ e ) 1Ta-a™.

v|N || N

This formula can be found in the literature (probably under slightly different
assumptions). We sketch a proof here for the readers. Set G = GLg over F. Let N

the unipotent subgroup of GG consisting of matrices inG,andU =[], U, bea

a
1
maximal compact subgroup of G(A). We follow [33, §1.6] to normalize the non-trivial
additive character ¢ : F\A — C* and Haar measures on A, A* and G(A) and their
local components.

The proof of Theorem A.10 starts with the residue of an Eisenstein series. For
any ® € S(A?), define the Eisenstein series

E(s,9,9):= Y, P(s,79,9),
YEP(F)\G(F)
where
P(s,g,® |detg|/ 19)[b|*$d*b.

LEMMA A.11. The Eisenstein series E(s, g, ®) has meromorphic continuation to
the whole s-plane with only possible poles at s = 1,0. In particular, if let & denote
the Fourier transformation of ® then

1~
Ress—1E(s,g,P) = 5@(0) ‘Ress=1L(s, 1r).

Proof. By the Poisson summation formula,

Blog, @)= |detgl” [ |3 a(ate) | ofata

ger2\{0}

— | det g|* / S (ag) | Jaf**d*a
la|>1

EeF2\{0}

—|—|detg|51/||> Z ®(g~¢ta) | a]*~*d*a
al>1

geF2\{0}

+ |detg|s_1§>(0)/ la|*72d*a

la]<1

- |detg|5<1>(0)/ a2 d%a.

la[<1
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Thus E(s, g, ®) has meromorphic continuation. Furthermore,

~ 1~
Ress—1E(s,g,®) = ®(0) - lim (s — 1)/ la|*72d*a = 5<1>(0) Ress—1L(s,1F).
lal<1

s—1

a

Let o be as in Theorem A.10. Take any f1, fo € 0. Let Wi, Wa € W(0, 1) be the
Whittaker functions associated to them. Namely, for ¢ = 1,2,

Wilg) = / fi(ng)(m)dn,
N(F)\N(A)

where the Haar measure on N(A) is the one on A via the isomorphism N(A) = A.
As in [12], consider the integral

(s, fu, for ®) i= / (@) @)E(s,g. ®)dg.

GF\G(A)/Z(4)
By unfolding the Eisenstein series, we obtain

Z(s, fu, for @) = / et gl Wi (o) Wa(g7((0. 1lg)dy

N(A\G(A

It is a product of local factors. The theorem will be obtained as the residue at s = 1
of this expression.
For each place v of F' and ®, € S(F?2), denote the local factor

Z(s, Wi, Wa, ©y) 1= / | det g[* W1, (9)Wa,0(9) @4 ([0, 1]g)dy,
N(F,)\G(Fy)

which has meromorphic continuation to the whole s-plane. Moreover, for any v { oo,
the fractional ideal of C[gs, ¢, ®] generated by all Z(s, W1 ,, Wa,,, ®,) with W; , €
W(ow, ) and @, € S(F?) is the same as that generated by L(s, o, X 7).

To take the residue, we need to compute Z(1, Wi ,, Wa,, ®,). The following
result asserts that it is essentially the inner product on W(o,,1,) given by

<W1,U,W2,v>:/ Wi, (a 1) Wa., <“ 1>dxa.
FuX

LEMMA A.12. For each v,

Z(L WI,IM W2,'U7 q)v) = (/1\)1) (0) . <Wl,'uu W2,'U>-

Proof. This is a result of [12]. For any place v of F, let d'k be the Haar measure
on U, determined by the following measure identity on G(F):

dg = |bldzd*ad*bd'k, g—a (1 f) (1 b) ke G(F,).
By [12, p. 51],

Z(17 W1,117W2,v7 @11) = Wl,v (a 1) WZ,U (a 1) dxa . // @1}([07 b]k)|b|2dxbd,k
va F’UXXUU
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By [12, Lemma 2.3],

// &([0, b]k)[b]2d*bdk = B, (0).
F) xU,

The result follows. O

Now we are ready to finish the proof of Theorem A.10. Let ® = ®,®, € S(A?)

be any element with </15(O) # 0, and let f1, fo be pure tensors. Take the residues at
s =1 on the two sides of

Z(Sa flu f27 (I)) = H Z(Su Wl,'ua W2,U7 (I)'u)

Applying Lemmas A.12; we have

~ - Wi v, Way

(f1. f2)per - Reseor E(s, 9, ®) = B(0) - Ress_y L(s, 0 x &) - ] +ots Vo)

: L(1,0, X 7y)

We will see that the product on the right-hand side converges absolutely. Applying
Lemma A.11, we have

L(1,0,ad) 1 vy L(1,0, X 7y)
(f1, f2)pet 2 H

- <W1,U7W2,U> '

v

Let fi = fo = f be the newform and W° = ®, W the corresponding new vector.
Then
L(1,0,ad) 1 H L(1,0, X 0y)
(W, W)

(fvf)PCt _5 v

The proof is complete by the following result on the local factor.

LEMMA A.13.

1, n(oy) = 0,v 0o,
L(1,0, x y)L(2,15,) " Hdo |2 J1+q; Y, n(o,) =1,v1{ o0,
(W, Wg) a (1+q, H)L(L,00,ad),  n(ow) = 2,00,

2kvtl v|oo.

Proof. The result follows directly from the explicit form of the Kirillov model for
the new vector. Note that the new vector W, for v|oo is equal to

Welg) = g2 @ et (det g),

X
+

Y

where g = a :f) kg € GLa(R), which matches with $L(s, 0s) so that the corre-

sponding Hilbert form is the (normalized) newform. O
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