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0. Introduction

The theory of convexity is a cornerstone of geometry, analysis and related areas in
mathematics. Recently in a series of articles ([18-20] and references therein), Harvey and
Lawson systematically explored the notions of plurisubharmonicity and convexity in the
context of differential geometry. It has a long history for the concepts of pseudoconvex-
ity and plurisubharmonicity in several complex analysis and complex geometry, but it
has rare attention in more geometric situations until Harvey and Lawson’s innovative
development in geometric convexity. They also studied potential theory for geometric
plurisubharmonic functions and interesting applications to the theory of nonlinear par-
tial differential equations. A number of results in complex analysis and complex geometry
turn out to carry over to more general setting. In [20], Harvey and Lawson introduced
the notion of p-convexity and p-plurisubharmonicity on Riemannian manifolds. They ob-
tained a deep result which is an analogue of the Levi problem in complex analysis, i.e.,
local p-convexity implies global p-convexity. This hopefully will enrich the function the-
ory in geometric analysis. For a compact Riemannian manifold with smooth boundary,
the concept of p-convexity was first introduced by Sha [29]. In [29], it was proved that
any Riemannian manifold with nonnegative sectional curvature and p-convex bound-
ary has the homotopy type of a CW-complex of dimension < p. This result was later
strengthened by Wu [32]. Note that in [29], the p-convexity of a Riemannian manifold
(M, ds?) with boundary is equivalent to that OM is strictly p-convex in the sense of
Harvey and Lawson. The notion of p-convexity in the sense of Harvey and Lawson is
different from that introduced by Andreotti and Grauert (cf. [1] and [2]) in the context
of complex analytic geometry which is defined by certain conditions on the number of
negative or positive eigenvalues of the Levi form. The main difference is that the notion
of p-convexity in the sense of Andreotti and Grauert only depends on the underlying
complex structure (which is used to define the Levi form), while in the Riemannian
case the notion of p-convexity of Harvey and Lawson does depend on the given metric,
and this feature brings difficulties in introducing complete metric because the p-convex
property may not be preserved.

Since the L?-method has many profound applications in several complex analysis and
complex geometry (see [7,13,14,22,23,25,27,30,31] and references therein), we will estab-
lish in the present paper various L?-estimates for the exterior differential operator on
p-convex Riemannian manifolds in the sense of Harvey and Lawson. In many situations,
the choices of weight functions and estimates for solutions in L?-method are crucial in
applications (see, e.g., [11,13,16,17,25,27]). Hence we will make emphasis on several dif-
ferent types of L?-estimate. In [21], the author considered the d-problem on (weakly)
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g-pseudoconvex domains in C", but no effort was made to obtain good estimates for
solutions. The method developed here can be used to establish estimates for d-problem
on (weakly) g-pseudoconvex Kahler manifolds. To explain the technique clearly, we will
first prove L2-estimates and existence results in Euclidean spaces, and then we will show
how the technique still works on Riemannian manifolds. We also discuss geometric ap-
plications of the L?-method on p-convex Riemannian manifolds. We only consider the
problems of existence and interior regularity (for the minimal L2-solutions) in the present
paper, we plan to consider the problems of extension of closed forms, boundary regularity
of minimal solutions and more geometric applications in subsequent work.

This paper is arranged as follows. In Section 1, we will recall related notions of
p-convexity and p-plurisubharmonicity in the sense of Harvey and Lawson and prove
some results of exterior algebra which will be used later in our estimate. This section
is ended with a lemma concerning the choices of weight functions. Section 2 is devoted
to proving a theorem on the existence of certain defining functions which shows that
we also have the Diederich—Fornzess type exponent in this case. From this result, we
can reproduce a theorem due to Harvey and Lawson [20] which says that boundary
p-convexity implies p-convexity. In Section 3, we will establish the basic L2-estimate
and existence theorem for the exterior differential operator on p-convex open sets in R".
Based on the a priori estimate obtained in Section 3, we prove a Berndtsson type result in
Section 4. This kind of estimate involves two p-plurisubharmonic weights with opposite
signs in the exponent. Such an estimate for d-problem on pseudoconvex domains was
originally obtained by Donnelly and Fefferman (see [16,4,8,10]). In Section 5, we discuss
the minimal L?-solution and estimate for the minimal L2-solution with respect to a fixed
weight function. In Section 6, we establish an estimate by using non-plurisubharmonic
weights, the idea of our proof goes back to [5]. In Section 7, these L2-estimates obtained
in Sections 2-6 will be generalized to p-convex Riemannian manifolds in the sense of
Harvey and Lawson. As geometric applications, we consider topological restrictions for
a Riemannian manifold to be p-convex in the last section. We will prove vanishing and
finiteness theorems for the de Rham cohomology groups for p-convex Riemannian mani-
folds (without additional curvature assumptions). A uniform estimate of Carleman type
(Lemma 8.4) plays an important role in establishing these results. Following Hérmander’s
idea [22] and using a uniform Garding type estimate, we prove this Carleman type esti-
mate which is uniform with respect to domains and weights. Lemma 8.4 is different from
Hormander’s original estimate in the complex analytic case which was proved on a fixed
domain. This estimate allows us to prove, without using the approximation theorem for
closed forms, a finiteness theorem for non-compact manifolds which are strictly p-convex
at infinity (not only for relatively compact domains with strictly p-convex boundary, and
the underlying metric is not assumed to be complete). In fact, Lemma 8.4 applied to a
fixed weight function and an increasing sequence of domains gives the finiteness theorem
(Theorem 8.1), by a similar argument, Lemma 8.4 applied to a fixed domain and an
increasing sequence of weight functions also gives the approximation theorem for closed
forms (Theorem 8.2).
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1. Preliminaries

In this section, we will collect some facts on exterior algebra for later use and recall
the notions of p-convexity and p-plurisubharmonicity in the sense of Harvey and Lawson
[18-20).

Here and throughout this paper, the convention is adopted for summation over pairs
of repeated indices. Let (V,{(-,-)) be an n-dimensional Euclidean space, then we denote
by {e1,...,e,} an orthonormal basis of (V, (-,-)) and by {w?,...,w"} its dual basis. For
any multi-index J = (ji,...,jp), we set w’ = wit A+ Awlr,

Definition 1.1. A quadratic form 6 = 6;;w’@w’ € V*®V* is called p-positive (semi-)def-
inite if any sum of p eigenvalues of the symmetric matrix (6;;) is positive (nonnegative)
where 1 < p < n.

By using the inner product (-, -), we identify the space of symmetric endomorphisms
of V with the space of quadratic forms. Then, a self-adjoint endomorphism F is p-positive
definite (resp., semi-definite) if and only if for any p-plane W C V', the W-trace try F :=
tr(F|w) is positive (resp., nonnegative).

Denote by A” the linear space of p-forms on V. For any quadratic form 6 = 6;;w' ®@w’,
we introduce a self-adjoint linear operator on A? by setting

Fy =9jkwk/\ej_| (1.1)
where 4 means the interior product. It follows directly from the definition of Fjy that

Oikgik grx = (Ojkeja9) K - (€xag) K
= <9jkej—‘g7 6kJ9>

for any g = gjw”’ € AP where K runs over all strictly increasing multi-indices of length
p—1

Now we compute the eigenvalues of Fy in terms of those of . Let us denote the
eigenvalues of (0;;) by

after an orthogonal transformation, we have

n
Fg = Z/\jwj /\€jJ.
J=1
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For any multi-index J with |J| = p, set

Ar=Y_N, (1.3)

JjeJ

then we have
n
J j J
Fow’ = Zx\joﬂ A ejiw
=1

—

= Z )\jwj A Z(*l)ail(sjjawjl A A wja VANKIERIAN wjp

where d;;, is the Kronecker delta and the circumflex over a term means that it is to be
omitted. Therefore, we have

the set of eigenvalues of Fy are given by {A; | |J| = p}. (1.4)

Let F: A" — A" be a self-adjoint linear map, then we have the following orthogonal
decomposition

N =KeFelmF, (1.5)

which implies that F' induces an isomorphism Fyy, p : Im F — Im F. We can therefore
define

F'=(Flimp) ' :ImF - Im F (1.6)

for any self-adjoint linear map F'. Notice that F itself is not required to be invertible in
the above definition.

The following lemma records the basic estimate concerning the self-adjoint opera-
tor Fy.

Lemma 1.1. Let § = 0;;w' ®w? be a quadratic form. If 0 — T @7 is p-positive semi-definite
where T = T;w' is a 1-form on V and 1 < p < n, then
T /\f € Im Fy

for any (p — 1)-form & and we have the following estimate

(Fyifr ng) < (FyUf )Rl
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for any p-form f € Im Fy, in particular
(Fy ' (rnE),mnE) < €.

Proof. By definition, we have Frg, = 7 A X1 where X, := 7;e;. Let 0,7 be arbitrary
p-forms, it is clear that

<FT®T77?77> = <XTJ77aXTJ7~]>-

Now we assume Fyn = 0, since the quadratic form 6 — 7 ® 7 is p-positive semi-definite,
we obtain

0 = (Fyn,n) > |X;
which implies X, .1 = 0. Therefore, we get
(T A& m) = (& Xram) = 0.
Altogether, we have proved that
7A€ € (Ker Fy)* = Im Fp.

According to (1.6), Fy ' (1 A €) is well-defined.
Finally, we turn to the desired inequality. The Cauchy—Schwarz inequality gives

(F7 (7 A€ T AE) = (X, uFy H(r A€),€)
<X 0F7 (7 A E), XpaFy  (m A €))7 ]
= (Fror 0 By (r NE), Fy (A E))2 ¢
< (Fyo Fy (r AE), Fy (7 A €))P¢]
— (T AEFN (T AE)) .

Dividing both sides by (F, (7 A €), 7 A £)2 gives

(FyUr ng),m AE)E < Iel.

This is the second inequality claimed in this lemma. Since (F, L -} defines a positive
semi-definite bilinear form on Im Fp N A?, for any p-form f € Im Fy, we have

[N

(Fy f,m N E) < (F, 1f7f> (Fy YT NE),TAE)
<(F7Uf )l

which implies the first inequality, and the proof is complete. O
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Now let us recall the notions of p-plurisubharmonicity and p-convexity in the sense of
Harvey and Lawson.

Let (M,ds?) be an n-dimensional oriented Riemannian manifold. Let {eq,...,e,}
be locally orthonormal frame with dual coframe {w!,... ,w"}. With the Levi-Civita
connection D, the Hessian of a function ¢ on M is given by D?p(X,Y) = XY p—DxY .

Definition 1.2. A smooth function ¢ defined on an open set 2 C M is said to be
p-plurisubharmonic if its Hessian D%y is p-positive semi-definite on 2 and we call ¢
strictly p-plurisubharmonic if D2y is p-positive definite on f2.

It is easy to see that for a Kihler manifold (M, ds?) the notion of p-plurisubharmonicity
is defined by the Levi form of the given function which only depends on the underlying
complex structure. In the general case, it depends on the given Riemannian metric.

In [20], it was proved that a smooth function ¢ is p-plurisubharmonic if and only if
the restriction of ¢ to any p-dimensional minimal submanifold is subharmonic. In what
follows, (strict) plurisubharmonicity means (strict) 1-plurisubharmonicity.

Given a smooth function ¢, we denote

FLP = FDzw = @jkwk Neja

where D?p := ¢;jw’ ® w’ is the Hessian of ¢. It is easy to show that the operator F,,
acting on differential forms, is exactly given by the difference of the Lie derivative and
covariant derivative with respect to the gradient of ¢ (see Lemma 7.1). This observation
will be useful to allow us to carry out Morrey’s trick handling the boundary term.

Due to (1.4), we have the following criterion for p-plurisubharmonicity of a smooth
function: ¢ is p-plurisubharmonic (resp., strictly p-plurisubharmonic) on a domain
2 C M if and only if F, (acting on p-forms) is positive semi-definite (resp., positive
definite) at each point of 2.

If o is strictly p-plurisubharmonic on §2, by choosing e;’s to be eigenvectors of D?p(x)
at a given point x € {2, it follows from (1.4) that

(F;'9),=A"gs (1.7)

holds for any g = g;w’ € AP and any given multi-indices J satisfying |.J| = p where \;
is defined by (1.3) with § = D?p(x). If the function ¢ is further assumed to be strictly
plurisubharmonic, we denote by (¢7*) the inverse matrix of the Hessian matrix (¢j),
then we have

(F;'g,9) = A7 gs

= <Z )\j> _1|9J|2

jeJ
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1 _
< 3 § )‘j1|g-7‘2
b
jeJ

1
= ]?@Jkngng (1.8)
for arbitrary g = gjw”’ € A” where we have used (1.2) and (1.3) in the last equality.

Definition 1.3. A Riemannian manifold (M,ds?) is called (strictly) p-convex if it ad-
mits a smooth (strictly) p-plurisubharmonic proper exhaustion function. It is called
strictly p-convex at infinity if it admits a proper exhaustion function which is strictly
p-plurisubharmonic outside a compact subset of M.

Let 2 C M be a compact domain with smooth boundary 9f2. Let II5o(X,Y) =
(DxY,v) be the second fundamental form of the boundary with respect to the inward
pointing unit normal vector v.

Definition 1.4. The boundary 0f? is said to be p-convex if try, I, > 0 for any tangential
p-plane W C T, (02) and any = € 92. If the above inequality is strict for any tangential
p-plane W 0f2 will said to be strict p-convex.

The notion of boundary convexity can be described in terms of a defining function
as follows. Let p be a defining function for {2, by (1.2) and (1.4), we know that 042 is
p-convex if and only if

pij9ik gix = 0

holds on 942 for every p-form g = g w”’ which satisfies

Z pigix =0
i=1

for all multi-indices K with |K| = p—1. In [20], it was proved that if the boundary 012 is
p-convet, then the domain §2 is p-convez (this also follows from our Theorem 2.1 below).

The following lemma is useful for choosing weight functions in various applications of
L?-estimates.

Lemma 1.2. Let (M, ds?) be an n-dimensional Riemannian manifold and w be a contin-
wous function on M. We have the following conclusions:

(i) If (M,ds?) is strictly p-convez, then there is a strictly p-plurisubharmonic proper
ezhaustion function ¢ € C*°(M) such that F, + wld is p-positive definite on M.

(i) If (M, ds?) is strictly p-convex at infinity, then there is a p-plurisubharmonic proper
ezhaustion function ¢ € C°(M) such that F, + wld is p-positive definite outside
some compact subset of M. In particular, (M, ds?) is p-convex.
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(iii) Let ¢ € C°(M) be a p-plurisubharmonic proper exhaustion function. For any con-
stant ¢ € R andn € L*(M, Loc), there is a function 1 € C°°(M) such that 0 < ¢—¢p
is p-plurisubharmonic, p =1 when ¢ < ¢ and fM In|?e=% < +o0.

Proof. (i) Let us begin with any strictly p-plurisubharmonic exhaustion function ¢ €
C*™(M). Set

/1¢ Z:)\1+"'+)\p
where A\; < --- < )\, are the eigenvalue functions of the Hessian D2¢ with respect to the
underlying metric ds?, then we know by definition that A4 > 0. Assume, without loss of
generality, inf; ¢ = 0 and denote

0, = {m€M|¢>(m)<u} forv=1,2,....

Since the functions A4 > 0 and w are both continuous on M, one can always find for
each v =1,2,... a positive constant o, such that

o,Ap+pw >0 holdson 2,11\ £2,. (1.9)
Now we choose a function k € C°°[0, +00) such that
k' (t) > 0, k'(t) >0 fort >0, KW)>o, forv=12..., (1.10)
and

/f’(O)igf/Lb +psupw > 0. (1.11)
1 N

Set o =Ko, then D?2p =r'0¢-D%2¢p + K" 0 ¢ - dp ® dé and consequently we have
Ay, =2 K o¢- Ay

The construction of x implies that F,, + wld is p-positive definite on M.

(ii) In this case, the proof is a slight modification of the proof given above and we
will keep the notations the same as above. By definition, we have a proper exhaustion
function ¢ and a compact subset S C M such that ¢ is strictly p-convex in M \ S.
Without loss of generality, we assume S C £21. Choose x € C> (R) such that

| =

1
X' (t) >0, X"(t) >0 fort> 5 and x(t) =0 fort<

It is easy to see that yo¢ is a p-plurisubharmonic proper exhaustion function and strictly
p-plurisubharmonic outside Q_% , in particular, we have proved that (M, ds?) is p-convex.
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Let k € C*°[0, 00) be a function which satisfies (1.9) and (1.10) with ¢ being replaced
by x o ¢, then it is easy to check that ¢ := ko x o ¢ is a p-plurisubharmonic proper
exhaustion function and that F, + wld is p-positive definite outside £2; (note that in
this case, we can not have (1.11) because infg,, A4 is not necessarily positive).

(iii) Choose a smooth function v defined on R such that

7' (t) = 0, Y'(t) =0 forteR, y#)=0 fort<c

and
v(c+v)>v+log / In|*> forv=1,2,...
cqvt1

where 2.4,41’s are sub-level sets of p. Set ¢ = v o ¢, then we know by definition that
0 < ¢ is p-plurisubharmonic and

[we=([o5 [ e

v>
'QC+1 >1 Qc+u+1\Qc+u

/ et e [
(‘+1

>
vzl Reiviy1\ 240
2 —
/ e + 3 e
o) v>1

It is easy to see that 1) := ¢ + ¢ is a desired function. The proof is complete. O
2. The Diederich—Fornass type exponent

In this section, we prove a Diederich—Fornaess type result on the defining function for
p-convex open set with smooth boundary.

Theorem 2.1. Let 2 € R" be a p-conver open set with smooth boundary and let r €
C>(92) be a defining function for 2. Then for any strictly p-plurisubharmonic function
© € C®(0), there exist constants K > 0,9 € (0,1) such that for any n € (0,m0) the
function p = —(—re= K\ is strictly p-plurisubharmonic on §2.

Proof. It suffices to show that (F,g,g) > 0 for any 0 # g € A”.
By direct computation, we obtain

(Fog,9) = n(=r)"" 2" R0 [Kr?((F,bg,9) — Kn(Vpag, Vipag))
+ (=r)(Frg,9) + (1 —n){(Vrag,Vrag) + 2Knr{Vr.g, V<p49>]. (2.1)
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Throughout the proof, we denote by A;, As, ... various constants which are independent
of n, K

Since the boundary of 2 is assumed to be smooth, for any sufficiently small € > 0
there is a smooth map m : N. — 02 such that

dist(z,002) = |z — 7(x)

, Vx e N, (2.2)

where N, := {z € 2| r(z) > —¢}. As the function r € C(£2) is a defining function for
2, there exists a constant A; > 0 which only depends on e such that

dist(z,002) < —Air(x), A1 < |Vr(z)|, Vx e N.. (2.3)

For any g € A\?, z € N., we define p-forms g;(z), g2(z) as follows:

1
g1(x) = WVT(LL’)JdT(l’) Ag
and
() = o3 dr(@) A Vr(a)
T Vr@P
It is easy to see that
g=0(@) + @), |o*=|n@[" +|n@)|
and
Vr(z)ug (z) =0, ‘92($)| < ﬁ‘Vw(m)Jg‘ (2.4)

for every € N.. From (2.2) and the first inequality in (2.3), there is a constant Az > 0
such that

1

/ Frg1,01) (tz + (1 — t)m(x)) dt

0
—Agr(z)|g/? (2.5)

[(Frg1,91)(x) — (Frg1, 91) (

holds for any = € N. By using the identity in (2.4) and the definition of p-convexity, we
get

(Fr91,91)(m(2)) >0, Vz € N..

Therefore, for any x € N, the following estimate follows from (2.5)
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(Frg1,91)(x) = A27"(ff)|9‘2'

Taking into account the inequality in (2.4) and |g;(x)| < |g]|, the above estimate implies
that

(F.5)(a) > Avr(@)lof = | Vr(o)ag] Lo (2.6)

holds for any x € N. where A3z > 0 is another constant.
Since ¢ is strictly p-plurisubharmonic on {2, there is a constant ¢ > 0 such that

(Fug, 9) () — 1K |Ve(x) sg|* = (0 — AmK)|g|? (2.7)

holds for any =z € (2 where Ay := supy, [Ve|?. From (2.1) and (2.7), there exists a
constant As > 0 such that

(F.9)(0) > n(=r)~2e e Ko (o = ik ) < Aslal (28)

holds for any = € (2.

When K > % and n € (0 ), (2.8) implies that

? 2A4?{+0’
1
(Fpg.9) 2 Jn(=r)" e 12 Kealg|” (2.9)

holds on 2\ N..
Similarly, for any constants 7 € (0, 7% ) and K > (A2+4A +2A2+0?), Ag := 2‘4731,
from (2.1), (2.6) and (2.7) it follows that the following inequality holds on N,

(Fog,.9) > n(=1)""2e" 4] [K (0 — AmK) - As]r*|g?

+2(As + AmK)|[Vroglrlgl + (1 — ) [Vrog)?}

242 1+ 2A2p2 K2
> p(—r)le 1K [Kw _ AK) — Ay — #} e

L=

Ko
> pf—p)le— 1Ko [ 22
> (e (4

1
> 177(—7")”6”7’“"}(0Igl2

— Ay —4A2 — 02) ]2

_ Kno

- (=n)lgl*. (2.10)

By combining (2 9) and (2.10), we know Theorem 2.1 is true for any constant K >
2
1A+ 2 oy + 42 + 242+ 0?) and ng == i O
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Remark 2.1. (i) The constant 7 is an analogue of the Diederich—Forness exponent in
several complex variables (see [15]).

(ii) By Theorem 3.1, we know that ¢ := —log(—p) is a strictly p-plurisubharmonic
proper exhaustion function on {2, and this implies Theorem 3.10 in [20].

3. The L2-existence theorem

Let £2 C R"™ be an open subset, ¢ € C*(£2). Following [22], the weighted L?-Hermitian
inner product of p-forms will be denoted by (-,-),, and the corresponding Hilbert space
will be denoted by L2(£2,). We will still denote by d the maximal (weak) differential
operator (from L2, (£2,¢) to L2(£2,¢)) of the exterior differential. It is easy to see that
the formal adjoint of d with respect to the weight ¢ is given by d, := €% 0§ o e™% where
§ is the codifferential operator on R™. If 2 € R™ has smooth boundary and ¢ € C*(£2),
integration by parts shows that Cp°(£2) N Dom(d}) = {g € C;°(£2) | Vpag = 0 on 912}
where d7 is the Hilbert space adjoint of d with respect to the weight ¢ and p is a defining
function of 2.

The following Kohn—Morrey—Hormander type identity is crucial in establishing basic
a priori estimate.

Proposition 3.1. Let 2 € R" be a domain with smooth boundary. Assume that the defining
function satisfies [Vp| =1 when restricted to 2. Then we have the following identity:

ldg|2 + [6,9]2 = / 10,9112 + / (Fog,g)e? + / Fogg)e®  (31)
(93 (9] o8

for g € C*(£2) N Dom(d) (1 <p<n).
Proof. Let o5, = e¥0)(e~%-), then it is easy to see that
[0k, 0;] = 00k
holds on functions. By definition, we have the following equalities

\dg|* = 10;91]° — 0; 9k KOG,

10,91* = 6,9 K Okgric-

Repeated use of the formula

/@-vweﬂp z/—véjwef“o—&— /@pvwe*“"
Q 2 a0

gives that
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/ajngaknge_Lp = —/ng5,j3kg,jK6_“0+ /QkKakngajpe_gp
2 2 o9

= —/ng (Ok6;95 + 167, Oklgjr)e ¥ + /ngakngajpe_(p
17 80

2/51@91@1(5]‘93'1{67“0— /9kK5jng3kP€w
5 502

—/ngajakngKe_“” + /ngBijKajpe_w~
2 a0

From the boundary condition

Orpgrx =0 on 012,

we know that, for any fixed K with |[K|=p—1,

0
gj K53 defines a tangent vector field of 042.
7

Consequently, we obtain
0= Z ik Ok ( Z ngajP> = Z (9kK Okgjr0jp + 0jOkpgrK gjx) on OF2.
k=1 j=1 j

J,k=1

Therefore, we get
ldgll% + 16,9112 = / 19;911%™% + /3j3ksogjxgm<e""
0 0

+ /akpng(sjngB*@* /ng314];‘}(3]‘,067“J
o0 o0

:/\8j91|26_“0+/8j5k909ngkK€_w+/5301909]‘1(91@}(6_“0
o 2 50

- / 9,91 + / (Fpg,g)e™* + / (F,g,g)e~*

2 0 o8

which gives the desired identity (3.1). O

To establish L?-existence theorem, we also need the following basic lemma from func-
tional analysis due to Hérmander:
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Lemma 3.1. (See Theorem 1.1.4 in [22].) Let Hy L Hy S Hj be a complex of closed
and densely defined operators between Hilbert spaces and let L C Hy be a closed subspace
which contains Im(T). For any f € L NKer(S) and any constant C > 0, the following
conditions are equivalent

1. there exists some u € Hy such that Tu = f and ||u|g, < C.
2. [(f,9)m? < C*(IT*gl|%, + 1Sgll7,) holds for any g € L N Dom(T*) N Dom(S).

Now we can prove an L?-existence result for the exterior differential operator.

Theorem 3.1. Let 2 C R™ be a p-convex domain and ¢ € C?(82) be a p-plurisubharmonic
function over 2. Then for any closed p-form f € LZ(Q, Loc) satisfying

/<F<;1f,f>e_“’ < o0
o)

there exists a (p — 1)-form u € L2 _,(2,¢) such that

du=f  Jul?< / (FVf e
N

where F;l is defined by (1.6) and it is assumed implicitly that F;lf is defined almost
everywhere in 2.

Proof. First we suppose {2 € R™ has smooth p-convex boundary. Then we have, in
formula (3.1), (F,g,g) > 0 on 042, which implies that

gl + 1,912 > [ (Pug.g)e (62)
[0}

holds for any g € C5°(£2) N Dom(dy,). By Hérmander’s density lemma [22,23], the above
estimate (3.2) holds for any g € Dom(d},) N Dom(d).
We will apply Lemma 3.1 to

Hy, = Lgfl(‘gv ()0)7 Hy = L;%(‘Qv 90)7 Hs; = L;27+1(Q? @)

and S, T both given by the maximal differential operators of exterior differentials. Since
the (F,-,-) is positive semi-definite, it follows from Schwarz inequality that

[t

2 2
= ’/<F¢F<;1f,g>e_“"
Q

S(FoF U FSN) (Fog,9),
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= (F;'1, )
S (F7UL )

(kagag)@

(I7*9l,, + ISall%,)-

7

@

Now from Lemma 3.1, it follows that there is a (p — 1)-form u € L2 ({2, ¢) such that

du=f |l < / (F5', f)e .

2

For the general case, by Theorem 3.4 in [20], there exists a sequence of domains (2,
(v =1,2,...) with smooth p-convex boundary such that 2 = Uy>1 £2,. For each v > 1,
we have a solution u, € L2_;(£2,, ) of du, = f such that

p—1
/quPe‘“’ < /<F;1f,f>e‘“.
2, 2,

By the estimate on u, we obtain the desired solution by taking weak limit. The proof is
complete. O

Starting from any strictly p-plurisubharmonic proper exhaustion function ¢ and then
using Lemma 1.2(iii), we have the following corollary of Theorem 3.1.

Corollary 3.1. Let £2 C R”™ be a p-convex domain. For any closed p-form f € LZQ,(Q, Loc),
there exists a (p — 1)-form uw € L2_,(£2,Loc) such that du = f.

4. A Berndtsson type estimate

In this section, we will establish a Berndtsson type result which involves two
p-plurisubharmonic weights with opposite signs in the exponent. This kind of estimates
for d-problem was first obtained by Berndtsson (see [4,6,8 10] and references therein)
and had its root in Donnelly—Fefferman estimate [16]. The key for our proof is to establish
the following a priori estimate.

16oopgl? o+ g2y > o / (Fog,g)e ", (+)
N

for any g € Dom(d*) N Cp°({2) where ¢ € C*°(§2) is a p-plurisubharmonic function,
¢ € C*°(£2) with —e~? being p-plurisubharmonic and ¢ € (0, 3] is a constant. The
following proof involves a useful procedure to introduce a twist factor into a known
a priori estimate (see also [24] and references therein).

Theorem 4.1. Let {2 be a p-conver domain in R™ (1 < p < n) and let ¢ be a
p-plurisubharmonic function on 2, ¥ € C2?(2) be a function such that —e™% is
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p-plurisubharmonic. For any constant o € [0,1) and any closed p-form f € LZ%(Q, Loc),

if

/<F1;1f, f>e_“’+aw < 00
I7;
then there exists a (p — 1)-form u € L2_ (12, — atp) such that

4 _ —pta
du = f, [ull?,_ 0y < m/<F¢1f,f>e e,

2

where Fw_1 is defined by (1.6) and it is required implicitly that Fdjlf is defined almost
everywhere in 2.

Proof. We consider first the case where 2 is a bounded domain in R™ with smooth
boundary and ¢, € C>®(2).
We will apply Lemma 3.1 to the following weighted L2-spaces of differential forms

11—« 11—«
Hl :LIQ)—l <Q7gp+ Tw>7 H2 _L;2)<‘Q7§0+ T/l/})a

11—«
Hj :LZQ;-H (Qa@JF 5 7/1)

and

_lta
4

T:doe_lJrTaw7 S=e Y od.

In order to use Lemma 3.1, we need to show that the following estimate

2 4(F_1f7f) —a 14a 2
-0l € S (e, a1

+He_1+TawdgHi+1,Taw) (4.1)

holds for arbitrary g € Dom(d*) N C5°(£2).
Let g € Dom(d*) N Cg°(£2), then the basic estimate with ¢ = ¢ 4 1 gives

A L (42
(e}

Since

1+a
Optpg = 0pp15eyg + —— Vg,
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it follows that

1+e€ (14+e)(1+a)?
||5so+w9||¢+w B |‘5¢+—¢9H¢+w + fllwuglliw
for any positive constant e.
By choosing

-«
C14a’

the above inequality becomes

2
100409 15+0 < T 1054 15009151 e S Veog)2 (4.3)

Since —e™¥ is p-plurisubharmonic and

ad
F_ev = e V(¢ — tybr)dz® A 977

= e V(Fy — di A Vi),

we know that Fy, — di A Vi defines a positive semi-definite operator on the space of
p-forms. This implies

[tFog.g)e 2 2 1909l (44)
Q
Substituting (4.3), (4.4) into (4.2), the p-plurisubharmonicity of ¢ gives
2 l1-«a o
8oyl g2 > 252 [ (Fugighe
Q

which further implies the desired Donnelly—Fefferman type estimate (x) with the constant

o= 1_70‘ as follows
,Mw 2 ,Hial'b 2 _
le™ 5¢+1g“w9H¢+1fTa¢ + e dgHer,Taw - \|5¢+1;a¢gll o+ dgllGey
1-—
> 10,4 120 4 9llory + —5— ||d9\|<p+w
11—« e
> %/<Fw9,g>e o

9]

Since 1 is p-plurisubharmonic, the Cauchy—Schwarz inequality applied to the positive
semi-definite Hermitian form (Fy-,-),4q gives
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(.0 gl = (P 0 P e 50 ),
14+« 1+

< (eTf,eTqulf)so_i_w(qugag)wLw

AFS Pomaw ) 14a 2 _ita 2
S %(He ! w5¢+kTa¢g||¢+“Taw+|’6 E wdg||<p+l_T°w)

where Fujl is defined by (1.6). Thus the estimate (4.2) has been proved for g € Dom(d*)N
Cp°(£2). By using the density lemma (Proposition 1.2.4 in [22]), we know that (4.2)
holds for any g € Dom(7™) N Dom(S). Consequently, by Lemma 3.1, there exists some

ve L2 (2,04 5%) such that

4
_ 2 -1
TU—f: ||’U||<P+1*TO<¢ g (1—&)2 (F¢ fvf)¢,a¢'
Set u = e_ltawv, then we get u € Lf,fl(Q, » —ar) and
2 2 4 -1
du = f7 ||u||<pfoab = ||’U||¢+1*T“¢ < (1 7 a)Q (F'gb fv f)cpfom/)' (45)

Theorem 4.1 now follows, in its full generality, from (4.5) and the standard argu-
ment of smooth approximation followed by taking weak limit as we did in the proof of
Theorem 3.1. 0O

Corollary 4.1. Let 2 be a p-conver domain in R™ (1 < p < n) and let ¢ be a
p-plurisubharmonic function on 2, ¢ € C%(2) be a strictly plurisubharmonic function
such that —e~Y is p-plurisubharmonic. For any constant o € [0,1) and closed p-form
f€ L%(Q,LOC), if

/’é/fjkijkae*Wraw < oo
2

then there exists a (p —1)-form uw € L2_1(£2, ¢ — av)) such that

4 , )
du=f,  Jull < m/w]’“fjxkae ptay
(93

where (47%) := (50) ™.

Proof. Corollary 4.1 follows directly from Theorem 4.1 and the pointwise inequal-
ity (1.8). O

As a consequence of Theorem 4.1, we have the following analogue of the Donnelly—
Fefferman estimate [16].



Q. Ji et al. / Advances in Mathematics 253 (2014) 234—-280 253

Theorem 4.2. Let {2 be a p-conver domain in R™ (1 < p < n) and let ¢ be a
p-plurisubharmonic function on §2, ¢ € C?(§2) be a strictly p-plurisubharmonic func-
tion such that —e™" is p-plurisubharmonic. For any closed p-form f € LIQ)(Q,LOC), if

/(F;V,f)a@ < 00
Q
then there exists a (p —1)-form uw € L7 _1(£2, ) such that
1 _
du = f, HUH?D < 4/<Fw fif)e ?.
Q

Proof. Theorem 4.2 follows directly from Theorem 4.1 by choosing the constant a to
be 0. O

Corollary 4.2. Let {2 be a bounded p-convexr domain in R™ (1 < p < n) and let ¢ be a

p-plurisubharmonic function on (2. For any closed p-form f € Lf,(!?,go), there exists a
(p—1)-form v e L2_,(£2,¢) such that

2D
du=f,  Julle < —Iflle
p
where D is the diameter of (2.
Proof. Without loss of generality, we assume that (2 contains the origin of R™. Let

_ plz?

v="5p

then (1.7) implies that

2

D
Fdjl = — Id holds on p-forms.
p

Since the Hessian of —e~ is given by

%e‘w (dxi ® dzt — %ml de' @ 7 d:cj>,

we know that any sum of p eigenvalues of the Hessian of —e™¥ is no less than

2 2
Py P2 N L 2|



254 Q. Ji et al. / Advances in Mathematics 253 (2014) 234—-280

So —e~¥ is, by definition, a p-plurisubharmonic function on {2 (but not plurisubhar-

plz|?

SpTs We obtain the

monic). Applying Theorem 4.2 with the weight function ¢ =
following estimate for the solution u

4D?
lull?, < p—gllf\lfy

This completes the proof of Corollary 4.2. 0O
5. Minimal L2-solutions

Let 2 be an open subset of R™ and ¢ € L*({2,Loc), then the de Rham complex
induces the following complex of closed and densely defined operators

d._ dy—
U L}Q)_2(_Q’<p) p2 L12)—1(‘Q?<)0) i N Lf}((z,@) e,

where dy’s denote the maximal (weak) differential operators defined by the exterior
derivatives. Then we have

Kerd,_, , 2 Ker d;il (5.1)

2

+—1(£2, ) we also have the following orthog-

and since Kerd,_; is a closed subspace of L
onal decomposition

L2 (2,¢) =Kerd, | ® Kerd,_. (5.2)

Given a d-closed form f € L%(Q,LOC), if there is a p-form u € L%(Q,cp) such that
du = f, we can decompose u according to (5.2)

u=wug+u € (Dom(dp—1) NKerd, ) ® Kerd,_, (5.3)
which, together with (5.1) above, implies that

dp_1u0 = f, d; Ug = 0. (54)

p—1,¢

We will call the solution wug constructed in (5.3) the minimal solution of du = f in
L12771 (97 (p)

Remark 5.1. (i) For any p-convex open subset {2 C R™ and any closed p-form f €
Lg(ﬂ, Loc), by Corollary 3.1, we can find some u € Lg_l((), Loc) such that du = f. Let
¢ € L>(£2,Loc) and £2' € 12, previous decomposition (5.3) applied to L2, (£2',¢) gives
the minimal solution of du = f in L2 (', ¢).
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(ii) It is easy to see the uniqueness of minimal solution, to be more precise, by us-
ing (5.3) we have that [Juoll, < ||ull, holds for any u € L2(£2, ¢) satisfying du = f, and
the equality holds if and only if u = ug.

(iii) As an easy consequence of (ii), we have the following monotonicity of L?-solutions.
Let £21 C 25 be open subsets of R™ and ¢ € L ({22, Loc), for the minimal solution wu;
of du = fin L2_,(£2) (i = 1,2), we have

p—1
/|u1|26_“" < /|u2|26_‘°.
.Ql 92

Similarly, for any open set 2 C R",¢; € L>®({2,Loc) and the minimal solution wu; of
du= fin L2 _[(£2,¢;) (i =1,2), if o1 < @2 holds on 2 then we have

p—1
/|U1|26’7¢1 > /|u2|287@2.

[0} 0

The minimal L2-solution enjoys the following interior regularity property.

Proposition 5.1. Under the conditions of Theorem 3.1, for any q > p and any closed
q-form f € Lﬁ(Q,(p) with fQ<F;1f, fe % < oo, du = f has a unique minimal solution
ug in L2_1(£2,¢), moreover if f and the weight © are both smooth then ug € C5 1 (£2).
The same conclusion holds for Theorem 4.1.

Proof. The existence and uniqueness of minimal L?-solution follows from the decompo-
sition (5.3) and Theorem 3.1. By (5.4), we obtain

d’LLO = f, (S@UO =0

in the sense of distribution. This can be rewritten as (dd, + d,d)ug = d,f € C7241(12).
Now the smoothness of the minimal solution uq follows from the interior elliptic regularity
of the Hodge Laplace operator dé, + é,d. O

If {2 is a strictly p-convex open set with smooth boundary, it was proved (for compact
Riemannian manifolds with smooth p-convex boundary) in [29] and [32] that {2 has the
homotopy type of CW complex of dimension < p. As an application of L?-method we
obtain the following vanishing result of de Rham cohomology groups. Note that this result
was also obtained in [3]. We will generalize this result in Section 8 (see Proposition 8.1
and Remark 8.1(ii)).

Corollary 5.1. For any p-convex open subset 2 C R™ (1 < p < n), the de Rham coho-
mology groups H1(2,R) =0, p < ¢ < n.
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Proof. Let f € CX(£2) (p < ¢ < n) be a closed form. Since p-convexity implies
g-convexity, there exists a g-plurisubharmonic proper exhaustion function ¢ such that
Jo |fle™¥ < oo. One can therefore find, by Theorem 3.1 (with the weight o(z) + |x]?)
and Proposition 5.1, a (¢ — 1)-form u € C32,(£2) which solves the equation du = f and
this completes the proof of H1(£2,R) =0. O

By the argument in [5] (or [7]), Prekopa’s minimal principle follows from the esti-
mate in Theorem 3.1 (with n = p = 1) applied to the L?-minimal solution given by
Proposition 5.1.

Corollary 5.2. Let p(z,y) be a convex function in R? x RY". Define ¢ by

o(x) = —log / e~ @Y qy.
Rm

Then ¢ is a convex function on R™.

We end this section by proving an estimate for L?-minimal solutions. The difference
between this estimate and Theorem 4.1 is that the minimal solution here only depends
on one of the weights. The idea of the following proof goes back to [6] and [8] (see
also [11,12] and references therein).

Theorem 5.1. Let {2 be a p-conver domain in R™ (1 < p < n) and let ¢ be a
p-plurisubharmonic function on £2, ¢ € C?(82). If we assume, in addition, that there
are a function 0 < w < 1 and a constant o € [0,1) such that the quadratic form
w?D% — dip ® dyp is p-positive semi-definite on 2 and that w < « holds on supp f,
where f € Lf,(Q,Loc) is a closed p-form, then the minimal solution, denoted by u.,, of

du = fin L2 (92, ¢) satisfies

[P < 28 [ e
2 (9]

where D%t = Vij dz’ ® dx? is the Hessian of 1.

Proof. By the monotonicity discussed in Remark 5.1(iii) and the standard argument
of approximation followed by taking weak limit, we can assume in addition that (2 is
a bounded open set with smooth boundary and that ¢, are both smooth up to the
boundary of (2. Set

— oY
u=e%u,,

by (5.3), u is the minimal solution of du = e¥(dy) Auy, + f) == e¥g in L2_ (12,0 + 1)).

Since the quadratic form w?D?y — di) ® dip is p-positive semi-definite and w < a on
supp f, by using Lemma 1.1 to
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0 =w?D*p and T =di,

it follows that F, Y(dyp A uy) is well-defined and

(Flp9:9) < (N Aug, dp Aug) +2(F, frdy Aug) + (Fi f, f)

1
SWlugl +2(f, U )2 - alug| + (F U, f)
a+w2
1+«

lug|? + %(Fff,f}. (5.5)

S

Since ¢ + 1 is p-plurisubharmonic and du = e¥ g, we can apply Theorem 3.1 to get

/ g P~ = [ull%,.,
(9]

2
1 +
_/<F¢+wg,g>e ety
Q
atw? o iy 1 —1 — oty
</ 1_|_O[|u<p| e ¥ —i—m <Fw [ f)e ¥ (5.6)
Q Q

where we have used the inequality (5.5). Now the desired L2-estimate follows directly
from (5.6). O

Remark 5.2. Theorem 5.1 could be used to deduce a weaker version of Theorem 4.1. Let
¢ be a p-plurisubharmonic function on £2, ¢ € C2?(£2) be a function such that —e™% is
p-plurisubharmonic. Then for any constant a € [0, 1), at) satisfies the conditions assumed
in Theorem 5.1 with w given by the constant /&, and consequently we obtain

1
lllo-av < S / (F U f e #tov,

9]

6. Non-plurisubharmonic weights

Next we prove a theorem which has the feature of allowing non-plurisubharmonic
weights. This kind of result will provide more flexibility in choosing weights for
L?-estimates. Such an estimate for -problem was proved by Blocki [11,12].

Theorem 6.1. Let 2 be a p-conver domain in R™ (1 < p < n) and let ¢ € C*(02) be
a p-plurisubharmonic function on §2 and 1 € C*(£2). There are a function 0 < w < 2
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and a constant a € [0,2) such that the quadratic form w?D?p — dip @ di) is p-positive
semi-definite on 2 and that w < « on supp f where f € L%(Q, Loc) is a closed p-form.

If

/<F;1f,f>e*¢’+w < 00,
I7;
then there exists a (p —1)-form uw € L3 _1(£2, ¢ — 1) such that
du = 1 w? 2,—pt+Y < 2+ Fl —pt+i
u_fv _Z |U|6 \m <¢f,f>e )
2 I7;

where F«,—1 is defined by (1.6) and it is required implicitly that F;lf is defined almost
everywhere in 2, D*p := ¢;; dz’ @ da? is the Hessian of .

Proof. By the standard argument used in the proof of Theorem 3.1, we may assume,
without loss of generality, that {2 is a bounded open set with smooth p-convex boundary
and that ¢, are both smooth up to the boundary. In this case, there exists a unique
minimal solution, denoted by ug, of du = f in L2_,(£2, ¢ — $1). For ug, we have

/(uo,v>e_“’+%¢’ =0 (6.1)

2
for any closed (p — 1)-form v € L2_,(£2, ¢ — 31). Set

1
u = Szqu

2

»—1(§2, ) where g is the

then (6.1) implies that w is the minimal solution of du = ¢ in L
closed p-form given by

Al
g:65w<§d1/1/\11/0+f>.

By Lemma 1.1, Fi,g is well-defined and we have the following pointwise inequality

(F'g,9) = (i@pl A Ao, dip Aug) + (F 7 fd Aug) + (F f)) e

2 1
< (ZIUO|2+<f,F<p1 ) '0<|U0|+<F¢1fvf>>€w (6.2)

where we have used the assumptions that w?D?p — dip ® di is p-positive semi-definite
and that w < a holds on supp f.
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Since ¢ is by assumption a p-plurisubharmonic function, from Theorem 3.1 it follows
that

/ fup 2=+ = Jul? < / (F5'g.q)e,
0

9]

which, together with (6.2), implies

[
2
< [(RE D) ahul + (7 )
2 2
e[l mcs [l e
0

2
2 2
cef{o- e [ e
(B [

where 0 < € < 1 is any constant. Set

«
2+«

€ = 5

the above inequality gives

w? 9 2+«
—p+ -1 -+
/(1_Z)|U0| e’ wﬂm/@% faf>€ v w,
2 2

hence ug is the desired solution. O

As an immediate consequence of the above theorem, if the function w is constant we
have the following corollary.

Corollary 6.1. Let £2 be a p-conver domain in R (1 < p < n) and let o € C?*(£2) be a
p-plurisubharmonic function on 2 and ¢ € C1(£2). There is a constant o € [0,2) such
that the symmetric bilinear form o?2D?p — dip ® dip is p-positive semi-definite on (2. For
any closed p-form f € L2(2,Loc), if

/<F;1f,f>e_W+w < 00,

2

then there exists a (p — 1)-form u € L2_, (82,0 — 1) such that

4
du = f, ||U||3297¢ < m /<F¢_1faf>€_w+w-
Q
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Remark 6.1. (i) If we choose the constant o = 0 and the weight function ¢ = 0, then
Corollary 6.1 recovers Theorem 3.1.

(ii) We can give an alternative proof of Theorem 4.1 by using Corollary 6.1 in the
following way. Let 1 = ¢ + 1 and ¢; = (1 + ), then g is p-plurisubharmonic. Since

(14 a)*D?*p; —dipy @ dipy = (1 4+ «)? [DQgp + e¥ D? (—eﬂ’/’)],

the assumption that ¢ and —e™% are both p-plurisubharmonic functions implies that
(1 + a)2D?p; — dipy ® dipy is p-positive semi-definite. Applying Corollary 6.1 to the
weights 1 and 11, we obtain Theorem 4.1.

(iii) The proof of Theorem 4.1 given in (ii) does not indicate the estimate (x) in
Section 4. Actually, Corollary 6.1 also follows from the following estimate whose proof
is an imitation of that of (x). Let ¢ € C*°(§2) be a p-plurisubharmonic function and let
¥ € C°°(£2) be a function such that the symmetric form aD?p — di ® di is p-positive

semi-definite for some constant « € [0, 2), we have the following a priori estimate

(2—a)? _
18— 149112 + l1dgllZ = — [ (Feg.9)e™, (%)
o

for any p-form g € Dom(d*) N C5°(£2) on p-convex domains with smooth boundary.
7. L?-estimates on p-convex Riemannian manifolds

We will generalize the results established in Sections 2-6 to Riemannian manifolds.
To this end, we only need to take care of the curvature term which enters the a priori
estimate and we will focus on such modifications.

Let (M,ds?) be an oriented Riemannian manifold of dimension n. We denote by
Rxy = DxDy — DyDx — D[X,y] the curvature of the Levi-Civita connection D.
Let {e1,...,en} be locally defined orthonormal frame field of the tangent bundle and
{w!,...,w"} be its dual coframe field. Since D is torsion free, the exterior differential
operator d and its formal adjoint § satisfy

d=w"AD,,, § = —e;iuD,,. (7.1)
For any ¢ € C*° (M), we denote as before
qu = cpijwj AN €;1

where (;;’s are given by the Hessian D% := @;;w’ @ w’ of .
For our later use, we collect here some easy geometric computations.

Lemma 7.1. For any ¢ € C*°(M) and any p-form g € C°(M), we have the following
identity
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LV«pg = DVgog + Fgag (7'2)
where Ly, = dVi+ Veod is the Lie derivative and Vo is the gradient of ¢.

Proof. By repeated use of the first formula in (7.1), we have

Vpadg = Voiw' A De,g
= (Vp,e)De,g —w' AVpiDe,g
= Dyyg —w' A [De,(Vioug) — (De, Vip) ag]
= Dyy,g — W' A De,(Vpog) + pijw' Aejog
= Dy,g+ Fo9 — dV.g.

The proof is complete. O

Lemma 7.2. Let 2 € M be an open subset with smooth boundary. For any differential
forms f € Z‘ﬁl(!_?), g€ C;O(FZ), we have the following identities

/%mﬁ=/®ﬁ>+/GMJ@%%$ (7.3)

!Mg ﬂMQ/wam (7.4

where /\ := tr D? is the Laplacian, p is a defining function for (2, i.e., p € C*>(02)
satisfying p < 0 in 2, p =0 and Vp # 0 on 012.

Proof. Set
X = <g7ei—‘f>ei7 Y = <g7D€z‘g>ei7

it is obvious that X,Y are both well-defined smooth vector fields on 2. By using (7.1),
we see that

div X = {dg. ) — (g.67) (75)
and that
divY = (Ag,g) + |Dg|*. (7.6)

Now the divergence theorem gives the required identities (7.3), (7.4) by integrating (7.5)
and (7.6) respectively. O
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We use the same notation d to denote the maximal (weak) differential operator d :
L2 1 (2) — L2(£2) where 2 € M is a smooth open subset. We also denote the adjoint
of the closed and densely defined operator by d*. From (7.3), it is easy to see that

CX(£2) NDom(d*) = {g € C;°(2) | Vpug =0 on 02} (7.7)

where 1 < p < n.

To establish the basic estimate in Section 3 on Riemannian manifolds, we first compute
the integral [, |dg|* 4 |dg|? for any g € C3°(£2) N Dom(d*). From (7.7) and Lemma 7.2,
it follows that

/\dgl“rlégl2 = /<(d5+5d)g,g>+/(<V,mdg,g> — <Vfug769>)L

Vol
Q Glo)
1
= [t +51g.9) + [ (Tpodg. o) (7.8)
2 o0
Let us choose the orthonormal frame field {ey,...,e,} to be adapted to 92 with
en = Ve
TVl
then we know by (7.7) that
n—1
(dVpag,g) =D (W’ ADe,(Vpag),g) + (De,(Vpig),enag) =0 (7.9)
v=1

holds on the boundary 9f2. Combining (7.2), (7.8) and (7.9) gives the next identity

1
/Iolg\2 + 109> = /((d5+5d)g7g> + /<vag,g>m
(93

2 o
1
2 on

To handle the first term on the right hand side of (7.10), we use the Bochner—Weitzenbock
formula

(d6 +6d)g = —Ag+w’ AejiRe,e,g. (7.11)

Recall that the curvature operator fA : /\2 "M — /\2 T*M is defined as a self-adjoint
linear map by

Dfi(wi A wj) = Rijgkwk Awb
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where Rijre := (Re,e; €k, ec). It is known that (cf. [33])

(W) NeisRee,9,9) = Y. (R, &0 ) (7.12)

11 < <dyp

where ffl,, is the 2-form given by

P n
=0 Gir(iyuiy @ A (7.13)
a=11i=1
y (7.4), (7.11) and (7.12), it is easy to see the following equality
/((d5+ od)g,g) = /IDgl2 + Y (W) - / V09, 9) |V o (719
0 0 1< <ip
Substituting (7.14) into (7.10) implies that

1
/ dgl? + 18]? = / PP+ YO8 [Reagy (19

1< <ip 90

holds for any g € C5°(£2) N Dom(d*).
Now we commence introducing a weight function into the identity (7.15).

Lemma 7.3. Let 2 € M be an open subset with a defining function p € C>®(R2), p €
C>(82). Then for any differential form g € C;O((_Z) N Dom(d*), we have the following
identity

[ (sl + 5.9y = [ (|Dg|2+ ST O(Rel L €Y <F¢g,g>)e@

n h i1 < i

6_80
+ /(Fpg, 9) Nz (7.16)
o0

where 0, 1= e¥ odoe” ¥ is the formal adjoint of d with respect to the weight ¢ and &
is defined by (7.13).

11" ’L

Proof. For any g € C5°(£2) N Dom(d*), set
h=e 2g

then we know by (7.7) h € C5°(£2) N Dom(d*). The equality (7.15) applied to h gives
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2 2

1

1
/(\dgl2 +10,9)e ¢ = /‘dh +5doNh
(% (]

1
_ /|dh|2+|5h|2+<LWh,h>+Z(|dwh|2+ Viohf?)
:/|Dh|2+ S (R, Es,) + (Fphih)

1
+/<th,h> + Z|d<p|2\h|2 + /(F h, h)Iv | (7.17)
(9] a1

where we have also used (7.3) to get the second equality, (7.2) and the Lagrange identity
to get the last equality. By substituting h = e2 g into (7.17), we obtain the desired

identity as follows

2

+ > (W, zp>) I

_ 1
[ (s +15.of)e> = [(|po- 3050
0N 0 'i1<"‘<i
1 _
+/<<F<pg7g>+ <Dwg— §|V<P|2979>>€ ®
2

+1/|d 1%|g/? *w+/<F yer
- @l 1g| € 9,9
4 A PVl

0

(oo T ) B

A i1 <<y

1 _
+ /<<Dwg - §|V<P|29,g> —(Dg,dyp ®g>>6 v
2

1/ 2| 12— e”?
+ = [ |dp|*|g e‘/’—i-/Fg,g—

0

= [(psk+ 3 o) R )
0

i< <ip

e Lp
o1

The proof is complete. O

Before we prove the L2-existence theorem on (M, ds?), we need to bound the curvature

term in (7.16). Set
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Asi(z) := the smallest eigenvalue of R(z),
Ax(z) := the largest eigenvalue of JR(x) (7.18)

for any x € M. Then we have, for any p-form g, the following pointwise inequalities for
the curvature term Zi1<-.»<¢p (R z'g1~~z'pvfz'gl~~-z‘p> in (7.16).

Lemma 7.4.

pn—p)Anlgl’ < Y (REL. ~i,) <p(n—p)Ax|g|? (7.19)

11 < <ip

where the & . ’s are defined by (7.13).

ip
Proof. By the definition of ff’l__iip, we get

> R L)

i1 < <ip

P on P
P A%, Z [Z 91'21‘“(1%...% - Z gil---(ib)a---ipgh---(ia)b---ip]

a=1i=1 a,b=1

P n
= An Z l ngl(l)azp —pgi,..ip]

i1 < <ip La=1i=1

P

=M > D ) e,

i1 < <ip a=1iir,....ip
; ~-~(i)a-~-ip S
Y Y Y 2 sl ") G
J1<-<Jp 11 < <ip a=1iFkiy,... ip p
where sgn denotes the signature of permutation and we have used the identity
Giree iy = D Sgn< T ?>9m---a‘p~
J1<--<Jp
For fixed j; < --- < jp we have

1D I MY (NN T

i1 < <ip a=14#0q,

because only terms given by {i1,...,4,} = {j1,... s JIps kY (B # j1,...,jp and 1 <
a < p) contribute to the sum. We can therefore rewrite the above inequality as
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Z <9%§“ zpvgu zp> p(n—p)An Z gal dp*

i1 < <ip J1<-<Jjp

The second inequality can be proved in the same manner, and the proof is complete. O

In order to establish L?-existence theorem, we will use d : L2 (2, p) — L2(£2, ¢), the
maximal (weak) differential operator between the weighted L2-spaces. Let
d:;:Lg(.Q,go) — Lg 1
by (7.3) that the formal adjoint of d with respect to the weight is given by 4., and

(2, ) be the adjoint operator. As mentioned before, we know

consequently we have
€3 (@) N Dom (&) = C(?) 1 Dom(¢)
={ge€ Co (82 ) | Vpag =0 on 912} (7.20)

Now we are in the position to prove the main result of this section.

Theorem 7.1. Let (M, ds?) be an n-dimensional oriented p-convex Riemannian manifold.
Let p € C*(M) be a p-plurisubharmonic function on M. If Fy4+p(n—p)An Id is p-positive
semi-definite on M, then for any closed p-form f € LZQ,(M7 Loc) with

/<[Fsa +p(n—p)Anld] T f, fle? < oo,

M

there exists some (p —1)-form w € L2 (M, ) such that

du=f and lule™? < [ {[F, + p(n — p)An 1d] 'y e ?
Jree]

where 1 < p < n, [F, + p(n —p)Asx Id] ™! is defined by (1.6) and An is given by (7.18).
Moreover, if f and ¢ are both assumed additionally to be smooth then we can choose u
to be a smooth form.

Proof. It has been proved in [20] that M admits a smooth p-plurisubharmonic proper
exhaustion function, so M itself can be exhausted by compact open subsets with smooth
p-convex boundary. Since the resulting L2-estimate enables us to apply the standard
argument of approximation to take weak limit, we only need to work on a smooth
domain 2 € M which has p-convex boundary. From (7.16), (7.19) and (7.20), it follows
that

/ (Idgf? + 16,92)e# > / ([Fo + p(n — p)Ang, g)e (7.21)

where g € Cp°({2) N Dom(d}). By Hormander’s density lemma (see [22] or [23]), we
know that (7.20) holds for any g € Dom(d},). Now the desired result follows from the
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estimate (7.21) and Lemma 3.1. For the regularity, we can apply the procedure in Sec-
tion 5 to get the minimal solution in Lf,fl(M , ) and the interior regularity then follows
from the ellipticity of dd, + d,d. O

Remark 7.1. By results in [26] and [28], we know that the curvature term

SR )20

11 < <dyp

for p = 2 when (M, ds?) is assumed to have nonnegative complex sectional curvature
(isotropic sectional curvature when n is even). In this case, we have instead of (7.21) the
following a priori estimate

/ (Idgl? + 15,9) e > / (Fpg,g)e* (7.22)
(9] (9]

for any g € C3°(£2) N Dom(d,). The same argument for Theorem 7.1 also implies the
following result:

Let (M, ds?) be an n-dimensional oriented 2-convex Riemannian manifold. Let ¢ €
C?(M) be a 2-plurisubharmonic function on M. If (M, ds?) has nonnegative complex
sectional curvature (isotropic sectional curvature when n is even), then for any closed
2-form f € L3(M, Loc) with

/(F;lf,f>e*“’ < 00,
M
there exists some 1-form u € L?(M, ) such that
du=f and /|u|26_“’ < /<F¢_1f,f>e_“”.
M M

Moreover, if f and ¢ are both assumed additionally to be smooth then we can choose u
to be a smooth form.

As an easy corollary, we have the following result which is a generalization of Theo-
rem 3.1 to Riemannian manifolds with nonnegative curvature operator.

Corollary 7.1. Assume that (M, ds?) is p-convex and has nonnegative curvature operator.
Let ¢ € C%*(M) be a p-plurisubharmonic function on M. Then for any closed p-form
f € L2(M, Loc) with

/<F51f,f>e_¢ < 00,

M
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there exists some (p —1)-form w € L2 (M, ) such that

du=f and /\u|267“" < /<F;1f,f>e*‘p.

M M

Moreover, if f and ¢ are both assumed to be smooth then we can choose u to be a smooth
form. When p = 2, it is enough to assume (M,ds*) has nonnegative complex sectional
curvature (isotropic sectional curvature when n is even).

Remark 7.2. All the results in Sections 2-6 can be established on Riemannian manifolds
without any additional difficulty. For Theorem 2.1, the minor difference is that the
Levi-Civita connection D enters the derivatives and the gradient is taken with respect to
the underlying metric. To prove, on Riemannian manifolds, these L2-estimates obtained
in Sections 3-6, the only modification is to use the estimate (7.21) to replace (3.2) (or
use Theorem 7.1 to replace Theorem 3.1).

8. Geometric applications

In this section, we will prove vanishing and finiteness theorems for de Rham coho-
mology groups. The key is to control the curvature term (in the basic estimate (7.21))
by choosing appropriate weight functions. The main tool is a Carleman type estimate
(Lemma 8.4) which is uniform with respect to both of weights and domains. To estab-
lish such an estimate, we will first prove a Garding type estimate (Lemma 8.1) which is
also uniform w.r.t. domains and weights. Since the notion of p-convexity depends on the
underlying metric, we do not have the flexibility in the way of modifying the metric as
the complex analytic case (cf. [2] and [14]).

Solving du = f in appropriate weighted L2-space, we have the following immediate
corollary of Theorem 7.1.

Proposition 8.1. Let (M, ds?) be a strictly p-convex n-dimensional Riemannian manifold,
1 < p < n. Then for any closed f € Lg (M, Loc) (p < q < n) there exists some (¢q—1)-form
u € Lgfl(M7 Loc) such that du = f. In particular, the de Rham cohomology group
H1(M,R) =0 for every p < q < n.

Proof. Since strict p-convexity implies strict (p + 1)-convexity, it suffices to consider
the case ¢ = p. By using Lemma 1.2(i) with w = p(n — p)As, one can find a
p-plurisubharmonic proper exhaustion function ¢ € C* (M) such that F,+p(n—p)Ax Id
is p-positive definite on M. Then ([F,, + p(n — p)Ast Id] 71 f, f) is a continuous function
on M. By Lemma 1.2(iii), one can find a function ¢y € C°°(M) such that ¢ — ¢ is
p-plurisubharmonic and [, ([F, + p(n — p)An Id]=1f, fle™¥ < oo. Consequently, we
have

/( [Fy+pn—pAa1d] 7 f, fle™¥ < /< [Fy +p(n—p)As1d] 7 f, fle™¥ < oo
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It follows from Theorem 7.1 that there exists some (p — 1)-form u € L]2071(M7 1) such
that du = f. To see the vanishing of H?(M,R), it is enough to consider the minimal
solution of du = f in L2 ;(M,) which is smooth provided f € C3°(M). The proof is
complete. O

Remark 8.1. (i) As observed by Harvey and Lawson, Proposition 8.1 also follows from
Morse theory (see Theorem 4.16 in [19]).

(ii) By making an additional assumption on the sectional curvature, we can prove
the following vanishing result for Riemannian manifolds which are strictly p-convex at
infinity. Since (M,ds?) is strictly p-convex at infinity, M can be exhausted by open
subsets with strictly p-convex boundary 2; € 25 € ---. When (M, ds?) is assumed to
have nonnegative sectional curvature, by the main theorem in [29], we obtain

HY$2,,R)=0 foreachv >1andp<qg<n.
Taking the inverse limit implies that

HO(M,R) = lim H(02,,R) =0 for p<q <.
This is a generalization of Corollary 5.1.

Combining the inequalities (8.2) and (8.3) below, we will get a Garding type estimate
which is uniform with respect to both p-convex domains {2 € M and p-plurisubharmonic
weight functions ¢ € C?(M) satisfying the condition (8.1) below. The existence of such
a weight is given by Lemma 1.2(ii). In the sequel, we will denote by (d|s);, the adjoint
of the maximal differential operator d|, : Li(Q, ©v) = Lngl(Q, ©).

Lemma 8.1. Let M be an oriented n-dimensional manifold. Let ¢ be a C? function which
is p-plurisubharmonic on M and satisfies

F, + [ max £(n —€)Ax — 1} Id is p-positive outside a compact subset S C M. (8.1)

p<t<n

For any bounded open set 2 with p-convex boundary and any open neighborhoods U &
Ui C 2 of S in 2, there is a constant A = A(S,U,Uy) > 0 such that

. 12 _ _
/ (Idgl? + |(dl)sl® + gl2)e > A / DgPe? (8.2)
0 U
and
e 12y _ _ _
/ (ldgP + |(dle)sg]?)e* + / gl2e=% > A / g2 (8.3)
(93 U 2

hold for every g € Dom(d| )% N Dom(d|o) € L2(2,¢), p < g < n.



270 Q. Ji et al. / Advances in Mathematics 253 (2014) 234—-280

Proof. Let g € C;’O(FZ), p < ¢ < n. Choose a cut-off function x; € C°°(£2) such that
xilv =1 and Suppx: C Us.

It follows from (7.16) and (7.19) that

IDOag)|* = a(n — ) Ar|(x19)[*) e

Z
/|Dg|26 ?—qln—q Al/\xlg|2e ®
U

/(!d i) +16,(x19))|
2

where A; > 0 is a constant such that Asz > —A; on U;. Therefore, we obtain

1
/{Idg\2 + 1009/ + A3la(n — @) Ar + 2]|g]* e > 5 / |Dg|?e™# (8.4)
U

where Ay := supn(% +|Vxi1l) and g € C2°(£2).
Let x2 be a smooth function on {2 satisfying

X2|S =0 and X2|Q\U =1.

Set Ag := supg, |[Vxa|. For any g € C2°(£2) N Dom((d|p)}), by using (7.16) and (7.19)
again, we have

/ (|d0c29)|” + [0, (x29)[*)e ¢ > / ((Fp +q(n — g)An 1d) xag, X29)e~?

o)
= /|X29\2€7¢’
o

> / g2

o\U
which implies that
[ +15.017) e + 24 / o> [ e
Q Q\U
and consequently,

_ 1 _ 1 _
[P +ig.aP)e e+ (2424 3) o= ] [upes. @)
U 2

£2
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By Hérmander’s density lemma (cf. [22] or [23]), the estimates (8.4) and (8.5) are both
valid for g € Dom(d|)} N Dom(d|n) C Lg(!)7 vhyp<g<n. O

By a compactness argument, the next result follows from Lemma 8.1.

Lemma 8.2. Let ¢ € C?(M) be a p-plurisubharmonic function satisfying (8.1). For
any bounded open set §2 with p-convex boundary which contains the subset S in (8.1),
Ker(d|o)% NKer(d|q) C L2(82,¢) is finite dimensional and we have the orthogonal de-
composition

Ker(d|p) = (Ker(d|_q):; NKer(d|p)) ® Im(d|o) C Lg(ﬁ, v), p<qg<n. (8.6)

Proof. Fix open neighborhoods U € U; C 2 of S'in {2 such that U has smooth boundary.
Let {g,} C Ker(d|a); N Ker(d|a) be a sequence of g-forms with ||g, |, bounded and
|dgulle — 0,[1(dl2)5gvlle — 0. In view of (8.2) and the Rellich-Kondrachov theorem,
we can pass to a subsequence and thereby assume that {g,|q, } converges in LZ(U, ).
On the other hand, (8.3) implies that {g, } is a Cauchy sequence in LZ(£2, ¢). Therefore,
there exists a g € Lg(.Q, ) such that g, — g in Lg((), ). By applying Lemma 8.3 below
to the weighted L2-de Rham complex

T=d|o S=d|qn

q—1

we get the desired results. O
In the proof of Lemma 8.2, we have used the following result.

Lemma 8.3. (See Theorems 1.12 and 1.13 in [22].) Let Hy T+ Hy 5~ Hj be a complex
of closed and densely defined operators between Hilbert spaces. Assume that from every
sequence g, € Dom(T™*) N Dom(S) with ||g, ||z, bounded and T*g, — 0 in Hy, Sg, — 0
in Hsz, one can select a strongly convergent subsequence. Then there exists a constant
C > 0 such that

lgli3, < C2(IT*g|l5;, + 1Sall3,) (8.7)

holds for any g € Dom(T*) N Dom(S) N (Ker T* N Ker S)* and Ker T* N Ker S is finite
dimensional. Moreover, when the above estimate (8.7) holds, we also have the following
orthogonal decomposition

Ker S = (Ker 7" NKer S) & ImT. (8.8)

Remark 8.2. Since L2(£2,¢p) = L2({2), in the orthogonal decomposition (8.6), the left
hand side and the second summand on the right hand side are independent of the choice
of . Different choices of ¢ result in different complementary subspaces of Im(d|g) in
Ker(d|n).
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We can deduce from Lemma 8.1 a Carleman type inequality which is uniform with
respect to an increasing sequence of open subsets and weight functions. To formulate
such estimates, we introduce an increasing sequence of convex increasing functions x, €
C?(R), v =1,2,..., such that

xv(t)=0 fort<Oandv=12..., liIJIrl Xv(t) = 400 fort > 0. (8.9)
V—r+00
Lemma 8.4. Let ¢ € C%(M) be a p-plurisubharmonic function satisfying (8.1). Assume
that the subset S in (8.1) is contained in U := {x € M | p(z) < 0} and that U has
smooth boundary. Then for any sequence 21 € 25 € --- C M of smooth open subsets
with p-convexr boundary such that

UelJn, (8.10)

v>l

there exist constants C > 0 and vg > 0 such that

——xy0 * 2 — =Xy 0
Jiapeemer <€ [((dla)pnond [+l e 000 (8.11)
2,

2,

for every p,v > vy and every f € Dom((d|o, )%, 0p,)Dom(d|q,) € L2(2,, 04 xv 0 @)
which satisfies

/(f, ge ¥ =0, VgeKer((dv);) NKer(dv) S LU, ), (8.12)
U

where p < ¢ < n and {x,} is any increasing sequence which consists of convex increasing
functions satisfying (8.9).

Proof. We proceed by contradiction. Since U & Uy>1 {2,, we can assume, without loss
of generality, that U € (2;.

It is easy to see that each ¢ + x, o ¢ (v > 1) satisfies the condition (8.1) with the
same subset S. By Lemma 8.1, we know that (8.2) and (8.3) hold for all subsets {2, and
weight functions ¢ + x, o ¢ (u,v > 1). It is easy to see, by fixing an open set U; such
that U € Uy C {24, that the constant A in Lemma 8.1 is independent of u,v > 1.

If the conclusion were false, by passing to subsequences of {{2,},>1 and {x,}v>1
(as the conditions (8.9) and (8.10) are both fulfilled for any subsequence), we would

assume that there exists a sequence of f, € Dom((d|pn,) N Dom(d|p,) C

) ] ) ) Z-Irxuoso)
Li($2,, 0+ xv 0 ) (v > 1) with the following properties

/Ifulze’“"’x“"“" =1, (8.13)
2,
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/ (Il 2o pxop ol + dfs|?) e #7000 <L, (8.14)
2,
/(f,,,g)eﬂp =0, Vge Ker((d|U):,) NKer(d|y) C Lg(U, ®). (8.15)
U

By (8.2), (8.13) and (8.14), we get

R

U U

< A_l/(|fu‘2 + |(d‘ﬂy);+xyo¢fu}2 + |dfu|2)e—50—Xuo<P
02,

< A*1(1 + 1/*1)
and

J1n2ee = [ippeeee < [ipeeom -1
U 2,

U

The Rellich-Kondrachov theorem implies that we may assume, by passing to a subse-
quence, that

lim f,=f in LU, o). (8.16)

v——400

Taking into account (8.14), we also have

lim df, =0 in L2(U, )

v——+00

which implies that
f €Ker(d|y) € L2(U, ¢). (8.17)

Taking limit in (8.15), we obtain

/(f, ge ¥ =0, Vge Ker((d|U):;) NKer(d|y) C Lg(U, ©). (8.18)
U

Now set
gy =e X°¢f, (v=1).

By using (8.13) and (8.14) respectively, we have



274 Q. Ji et al. / Advances in Mathematics 253 (2014) 234—-280

finpesmos < flapermns o [gpesnos i,
o} 2, 2,

and

d|_Q gy| e ? < d|g gy| e~ PtXxvop
2 ®

2,

2 _ o, _
:/’(dmy)z_wuwfy‘ e PP Ly 1
9}

v

for any v > p > 1. By (8.19), we may assume
gy =g in Lg(()l,cp—xuoso) as v — 400

for any pu > 1. Combining (8.19) and (8.21) gives

o,

for any p > 1, which implies that
Suppg C U.
By (8.21), we know that
gulo, — g in the sense of distribution
as v — +o0o. Consequently,
599.%‘91 - 5%’9
in the sense of distribution, as ¥ — +00. Meanwhile, we know by (8.20) that
dpgvlo, = 0 in Lg(()l,@) as v — 400.
Combining (8.24) and (8.25), we get
dpog =0 on
in the sense of distribution. From (8.22) and (8.26), it follows that

glu € Ker((d|U)f;).

(8.19)

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)

(8.25)

(8.26)

(8.27)
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By the definition of g,,, we know
gy=1f, onU
which, together with (8.16), (8.17) and (8.23), implies that
gl = f € Ker(d|y) C L2(U, ). (8.28)
From (8.18), (8.27) and (8.28), it follows that

lim fly=f=0 inL2(U,¢). (8.29)

v—+00

On the other hand, by (8.3), (8.13) and (8.14), we have
v / fuPe s > / (0o o+ N 2)ee05% 1 / fuPee

A/|f|2 —P=XvoP — A

Letting v — +o00 and using (8.29), we get the contradiction 0 > A which completes the
proof. O

Theorem 8.1. Let (M, ds?) be an n-dimensional Riemannian manifold which is strictly
p-convez at infinity (1 < p < n). Then the de Rham cohomology group HY(M,R) is finite
dimensional for everyp < qg<n

Proof. Let 7 : M — M be the orientation covering of M, then we know by defini-
tion that M , endowed with the pulled back metric 7*ds?, is again strictly p-convex
at infinity. Since 7 : M — M is a double covering, the induced homomorphlsm
7 : HI(M,R) — H‘I(M R) is injective for every ¢. By passing to M we may as-
sume without loss of generality that M is oriented. We will deduce Theorem 8.1 as a
consequence of Lemmas 8.2 and 8.4 in the following three steps.

Step 1. By Lemma 1.2(ii), there is a proper exhaustion function ¢ € C'*°(M) satisfying
the hypotheses of Lemma 8.4 where 2, := {x € M | p(z) < v}, v = 1,2,.... From
Lemma 8.2 (choose 2 to be the subset U in Lemma 8.4), it is sufficient to prove that the

natural homomorphism from the de Rham cohomology HY(M,R) to the L2-cohomology
L2Hq(U) . {fELz(U)‘df O}

Tdue (e Lz (0]
for any p < ¢ < n.

given by the pullback of the inclusion map, is injective

Step 2. By Corollary 3.1, we have the following fine resolution of the constant sheaf R

05 R—> oL oy L oty Ly
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where o7 (V') := {f € L2(V,Loc) | df € L2, ,(V,Loc)} for any open subset V' C M and
0 < g < n. Hence it suffices to show that for any closed g-form h € Lg (M, Loc) if

hly = du where u € L2 (U) (8.30)

then there exists a (¢ — 1)-form @ € L?_;(M,Loc) such that du = h holds on M in the
sense of distribution.

Step 3. By Lemma 1.2(iii), one can find some function ¢ € C*° (M) such that ¢ = ¢
when ¢ < 1, ¢ — ¢ is p-plurisubharmonic and that

/|h|267¢ < 4o0. (8.31)
M

It is easy to see that v still satisfies the hypotheses of Lemma 8.4 with the same S and U.
By Lemma 8.4, there are constants C' > 0 and vy > 0 such that

2,

/'lee_d)_XUOW < /(|(dlou)22+x,,oo¢f}2 + |df|2)e_w_XV0°'f’
2,

holds for every f € Dom((d|g, )}y, op) N Dom(dle,) C L2(2,,% + Xv, 0 ) satisfy-
ing (8.12) where v = vy, o+ 1,19+ 2,. ...

From the above estimate and Lemma 3.1, we know that for any closed ¢-form h, €
L?I(Qy,w + X, © ) satisfying (8.12), there exists, for each v > vy, some (¢ — 1)-form
u, € L2_1(52,,1 + X, 0 9) such that

du, = h,, /|u,,|26_¢_x”0°w < C? / |hy|2e” VXm0 < 02 / |hy|%e™. (8.32)
2, 2, 2,

By (8.30), (8.31) and (8.32), we get some u,, € L2_;({2,,% + Xy, 0 ¥) such that

du, = h|o, /|uu|26*¢*><vo°w < C? / |h|?e™¥ < 400 (8.33)
2, 2,
for each v > vy. Now the desired solution @ € L2_;(M,4 + x,, o ¥) € L2_,(M, Loc)
follows from using (8.33) to take weak limits. O
As an intermediate consequence, we have
Corollary 8.1. Let (M,ds?) be an oriented n-dimensional Riemannian manifold, and

2 € M be an open subset with strictly p-convex boundary, then the de Rham cohomology
group HI(£2,R) is finite dimensional for every p < q < n.
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Proof. By Lemma 3.17 in [20], we know that (2 is strictly p-convex at infinity w.r.t. the
induced metric from M. Thus the finiteness result follows from Theorem 8.1. O

In the above proof of Theorem 8.1, Lemma 8.4 is applied to a fixed weight function
and a sequence of domains. If we apply Lemma 8.4 to a fixed domain and a sequence of
weight functions, then we achieve the following approximation result.

Theorem 8.2. Let ¢ € C%(M) be a p-plurisubharmonic function satisfying (3.1). Assume
that the subset S in (8.1) is contained in U := {x € M | ¢(x) < 0} and that U has smooth

boundary. Let 2 € M be an open subset with p-convex boundary such that U € (2. Then

for any closed (q — 1)-form w € L2_,(U) there exists a sequence of closed (q — 1)-forms

u, € L2 _1(82) such that u,|y — w in L7 (U) where p < g < n.

Proof. It is easy to see that
Ker(d|o) C Ker(d|y) € L, (U).

The desired conclusion is Ker(d|) 2 Ker(d|y) where © means taking the closure in

L2, (U). Since Ker(d|y) € L2_,(U) is closed, it suffices to show

Ker(d|o)* C Ker(d|p)*

1

where -— means taking the orthogonal complement in the Hilbert space Lgfl(U).

Let u € Ker(d|o)* € L2_,(U), then we extend u to be an element @ € L2_,(£2) by

setting & = 0 outside U. The condition v € Ker(d|o)* C L2_,(U) implies that @ lies in

the orthogonal complement of Ker(d|,) in L2_,(£2). Let {x, } be an increasing sequence

q—1
which consists of convex increasing functions satisfying (8.9), then we know that

ﬁeﬁa‘i‘XVO‘P c Ker(dln)J‘ g L371(07 2 + Xv © SD)7

+ means taking the orthogonal complement in the Hilbert space L2 (2, o +

as before, - q—1

Xv © ). By Lemma 8.2, it follows that

Ker(de)" = Im((dle)j1y,00) S Lg-1(02,¢ + xv 0 0).

Hence we can find a unique f, € Dom((d|) NKer((d|n) LC L2, 0+

* *
so+xuoso) 90+XV089)

Xv © ¢) such that
(d2) s xnopfv = €#TX°%U on 02 (8.34)

for each v > 1.

Since Ker((d|@)jyy,00)" (in Li_1 (2,0 + xu 0 9)) € Ker((d|v)3)* (in L, (U, ¢)),

by Lemma 8.4 and (8.34), there are constants C' > 0 and vy > 0 such that
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/|f |2 TPTXvOP 02/’€<ﬁ+xuwu’ —P—XvOop
—6’2/\u|2e‘P (8.35)

for any v > 1. Set g, = e~ ?7X»°?f, (v > 1), then by (8.34) and (8.35) we get
(dle) g, =1u (8.36)

and

/|gu|2e“"+x"w < c2/|u\2ev < 400 (8.37)
U

for any v > vy. Estimate (8.37) implies that

/|gu\26@+x“°“" < C? / lul2e? < 400 (8.38)
U

for any v > p > 1. Therefore there is a weak limit, denoted by g, of g, in Lq 182, 0+
Xu 0 @) for any p > vy (note that g is independent of ). It follows from (8.36) that

dg=u on {2 (8.39)

in the sense of distribution. Letting v — 400, (8.38) gives
/|g|2exo+xuow < 02/|u|26“’ < 400
U

for any p > vy. Taking limit as p — +oo yields
Suppg C U. (8.40)

Combining (8.39) and (8.40) shows that ¢ € Dom((d|y)*) and consequently u €
Im((d|y)*) = Ker(d|y)*+ C L2

2—1(U). The proof is complete. O
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