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FU-YAU HESSIAN EQUATIONS

DuUONG H. PHONG, SEBASTIEN PICARD & XIANGWEN ZHANG

Abstract

We solve the Fu-Yau equation for arbitrary dimension and ar-
bitrary slope o’. Actually we obtain at the same time a solution
of the open case o/ > 0, an improved solution of the known case
o’ < 0, and solutions for a family of Hessian equations which in-
cludes the Fu-Yau equation as a special case. The method is based
on the introduction of a more stringent ellipticity condition than
the usual I'y, admissible cone condition, and which can be shown
to be preserved by precise estimates with scale.

1. Introduction

The main goal of this paper is to solve the following non-linear partial
differential equation proposed in 2008 by J.X. Fu and S.T. Yau [11],

(1.1) i09(e"w — e “p) A" 2 + 'i00u N i0du N O™ + ™ = 0.

Here the unknown is a scalar function v on a compact n-dimensional
Kéhler manifold (X,®), and the given data is a real (1,1) form p, a
function p, and a number o/ € R called the slope. A key innovation
in the solution is the introduction of an ellipticity condition which is
more restrictive than the usual cone conditions for fully non-linear sec-
ond order partial differential equations, but which can be shown to be
preserved by the continuity method using some precise estimates with
scale. This innovation may be useful for other equations as well, and
we shall illustrate this by using it to solve a whole family of Hessian
equations in which the equation (1.1) fits as only the simplest example.

The equation (1.1) is a generalization of an equation in complex di-
mension 2, which was shown in [11] to arise from the Hull-Strominger
system [17, 18, 27]. The Hull-Strominger system is an extension of a
proposal of Candelas, Horowitz, Strominger, and Witten [5] for super-
symmetric compactifications of the heterotic string. It poses new geo-
metric difficulties as it involves quadratic expressions in the curvature
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tensor, but it can potentially lead to a new notion of canonical metric
in non-Kéhler geometry. From our point of view, the equation (1.1) is
of particular interest as a model equation for an eventual extension of
the classical theory of Monge-Ampere equations of Yau [34] and Hes-
sian equations of Caffarelli, Nirenberg, and Spruck [4], to more general
equations mixing the unknown, its gradient, and several Hessians.

When the dimension of X is n = 2, the equation (1.1) was solved
by Fu and Yau in two separate papers, [11] for the case when o/ > 0,
and [12] for the case when o/ < 0 (when o = 0, the equation poses no
difficulty as it reduces essentially to the Laplacian). As we shall discuss
below, in the approach of [11, 12], the required estimates in the two
cases o/ > 0 and o < 0 are quite different. In an earlier paper [22],
we had solved the equation (1.1) for general dimension n when o’ < 0.
However, the case o/ > 0 for general dimension n remained open, as a
key lower bound for the Hessian could not be established [19]. In this
paper, we shall simultaneously solve the open case o’ > 0 for general
dimension n, improve on the solution found in [22] for the case o/ < 0,
and do it actually for more general equations where the factor (i00u)?
in (1.1) is replaced by higher powers of i00u.

More precisely, let (X,®), p, u, @ be as above. For each fixed integer
k, 1 <k <n—1 and each real number v > 0, we consider the equation

(1.2)
Zaé {ekud) _ a/e(k*’)’)up} /\(2)”72 +a/(iaéu)k+l /\wnfkfl +,U*d)n = 0.

Clearly, when k = 1 and v = 2, this equation reduces to the Fu-Yau
equation (1.1). We shall refer to (1.2) as Fu-Yau Hessian equations.
Our main result is then the following:

Theorem 1.1. Let o/ € R, p € QY (X,R), and n : X — R be a
smooth function such that fX pw™ = 0. Define the set Ty by

1.3) Tp= {u € CX(X,R): e < 6, |o||e"i0dult < T} :

where 0 < 6, 7 < 1 are explicit fixed constants depending only on
(X,w),d, p,p,n, k7, whose expressions are given in (2.5, 2.6) below.
Then there exists My > 1 depending on (X,w), o, n, k, v, p and
p, such that for each M > My, there exists a unique smooth function
u € Ty with normalization fX e w" = M solving the Fu-Yau Hessian
equation (1.2).

We outline now the key differences between the earlier approaches
and the approach of the present paper.

The earlier approaches [11, 12, 19, 22] were based on rewriting the
equation (1.1) as

-1
7)(62“ — 4/ e Vul?) + v,

(1.4) G2(w') = 5
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where v is a combination of known functions, v and Vu, w’ is defined
by W' = €@ + o’e %p + 2na’id0u, and 64(w’) is the k-th symmetric
function of the eigenvalues of w’ with respect to @. We look then for
solutions u satisfying the condition w’ € T's, where I's is defined by
the conditions 61(w’) > 0 and d2(w’) > 0. The left hand side is then
positive. When o/ > 0, this implies immediately an upper bound on
|Vul|. However, the difficulty is then to derive a positive lower bound
for 62(w’), and the arguments of [11] worked only when n = 2. On the
other hand, when o’ < 0, such a lower bound turns out to hold because
there is no cancellation in the expression e?* —4a/e*|Vu|?. The estimate
for |Vu| and |62(w’)| can then be obtained respectively by applying the
techniques of Dinew-Kolodziej [9], and Chou-Wang [6], Hou-Ma-Wu
[16], Guan [15], and the authors [21].

The approach in the present paper relies instead on a different strat-
egy.

First, the equation (1.1) corresponds to the case k = 1, v = 2 of
the Fu-Yau Hessian equations. As stated in Theorem 1.1, we look for
solutions u € Y1, which is a more stringent condition than «’ € T's.
The set Y; and its condition e*“]o/i@éu o < 7 are inspired by the
condition |/ Rm(w)| < 1 in [20, 23] which guarantees the parabolicity
of the geometric flows introduced in these papers.! In the method
of continuity, the given equation (1.1) is realized as the end point of a
family of equations for each ¢ € [0,1]. The condition u € T implies that
the diffusion operator FPiV,V; governing the evolution of |[Vu|* and
|o/i00u|? is a controllable perturbation of the Laplacian A = gP1V, V.
The main problem is then to show that, if u € Y1 at time ¢t = 0, it will
stay in Y1 at all times.

This is accomplished by establishing a priori estimates, which we shall
refer to as “estimates with scale”, which are more precise and delicate
than the usual ones. Indeed, a priori estimates for |u|, |Vu/|, and |o/i00u|
are usually required only to be independent of z € X and ¢t € [0,1]. In
the present situation, the normalization as given in Theorem 1.1

(1.5) /X el = M

sets effectively a scale M, and the estimates with scale that we need are
estimates for |u|, |Vu|, and |a/i00u| in terms of some specific powers
of M. An example of such an estimate is the C° estimate stated in
Theorem 3.1 below, C~'M < e* < C M, which is a version in the
present context of similar C° estimates established earlier in [11, 12,
19, 22]. The hardest part of the paper resides in the proof of similar
estimates with scale for |Vu| and |id0ul, as stated in Theorems 5.1 and

In these flows, a Hermitian metric w evolves with time, and Rm(w) is the cur-
vature of the Chern unitary connection of w. The condition |o'Rm(w)| < 1 was
subsequently also used in [10].
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6.1. Neither the set T; nor the estimates with scale depend on the
sign of o, which is why both cases o/ > 0 and o’ < 0 can be treated
simultaneously. Furthermore, we obtain a solution u € Y, which is
better than a solution in I's. A vital clue that a strategy based on Ty
and estimates with scale could work was provided by the authors’ earlier
alternative proof [23] by flow methods of the Fu-Yau theorem [11, 12]
in dimension n = 2.

The power of the new method is even more evident when it comes
to the general Fu-Yau Hessian equation (1.2). For k > 2, it is no
longer possible to express the equation (1.2) in terms of a single Hessian
Gk+1(w) for some (1,1)-form " as in (1.4). Rather, the equation leads
to a combination of several Hessians, which makes it non-concave, and
prevents a derivation of C? and C*® estimates by standard techniques
of concave PDE’s. On the other hand, the method of an ellipticity
condition Y preserved by estimates with scale works seamlessly in all
cases of 1 < k <n — 1. In fact the C? estimates that we obtain appear
to be the first C® estimates established in the literature for any general
class of Hessian equations besides the Laplacian and the Monge-Ampere
equations.

Acknowledgments. The authors would like to thank Teng Fei and
Yuan Yuan for very helpful discussions.

2. Proof of Theorem 1: a priori estimates

In our study of (1.2), we will assume that Vol(X, @) = 1, which can be
achieved by scaling & — A&, o — N/, p—= AX"F1p s X1, Since
the equation (1.2) reduces to the Laplace equation when o/ = 0, we

assume from now on that o/ # 0. We will use the notation C* = Z!(nnii@!

and 64(i00u) " = C* (i00u)* A" . Given p, we define the differential
operator L, acting on functions by

(2.1) Lyf @™ =nidd(fp) A" 2.

For each fixed k € {1,2,3,...,n — 1} and a real number v > 0, the
Fu-Yau Hessian equation (1.2) can be rewritten as

1

(2.2) -

Agert + O/{Lpe(kw” + &k+1(i88u)} = L.

We note that we adjusted our conventions compared to the introduction
by redefining yu, p, and o’ up to a constant. From this point on, we only
work with the present conventions (2.2). The standard Fu-Yau equation
can be recovered by letting kK = 1, v = 2. We remark that this equation
is already of interest in the case when p = 0, in which case the term
Lpe(k_V)“ vanishes.
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We can also write L, as
(2.3) L, = a’*9;0; + b'0; + b'0; + c,

where a/* is a Hermitian section of (T10X)*® (T%1X)*, b is a section of
(TH°X)*, and c is a real function. All these coefficients are characterized
by the following equations

niddf Ap A" 2 = a?* 0,0, f @™, nidf Adp A& = bOf O,
niddp A "% = e,

for an arbitrary function f, and can be expressed explicitly in terms of
p and w if desired. We will use the constant A depending on p defined
by

(24) - AP* <dF <APF, @ = ggided AdEF, G = (gg;) 7N
We will look for solutions in the region
(2.5)
_ 2-7
Tk:{UGCQ(X,R>267'Yu<57 ’alueiulaau‘g<7}7 T = Ck: ,
n—1

where 0 < § < 1 is a fixed small constant depending only on (X,d), ¢,
p, 1, k,m, v. More precisely, it suffices for § to satisfy the inequality

9—13 < 9 )V/V’
2.6) 0 <min<1, , ,
(26) o= { @1k + PR \3Cx (Inllz= + a/eliz)

where

(2.7)

2

1 v = min{k, v}, 01:{2(0)(—1-1)(7-1-/{3)}”( n )”

9:201—1’

n—1

Here Cx is the maximum of the constants appearing in the Poincaré
inequality and Sobolev inequality on (X, ®). The proof of Theorem 1.1
is based on the following a priori estimates:

Theorem 2.1. Let u € Yy be a C>P(X) function with normalization
[x e“ @™ = M solving the k-th Fu-Yau Hessian equation (2.2). Then

(2.8)
CTIM < e <CM, e “|VVul, <OM™Y2 e 3vVvu? <O,
where C > 1 only depends on (X,w), o, k, v, n, p, and p.

Assuming Theorem 2.1, we can prove Theorem 1.1. Both the ex-
istence and uniqueness statements will be proved by the continuity
method.
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We begin with the existence. Fix o/ € R\{0},7>0,1<k < (n—1),
p € QYY(X,R)and p : X — R such that fX pw™ =0, and define the set
T} as above. For a real parameter ¢, we consider the family of equations
1
k
As equations of differential forms, this family can be expressed as

(2.10)

(2.9) Aﬁek“t +ad {tLpe(k_V)”t + &k+1(ia§u1§)} = tp.

_ ku Ck _
i00 {ekw + a’ték—”“p} NG+ a'ﬁ(i@@u)kﬂ Akl

— o = 0.
n

We introduce the following spaces

(2.11) By = {u € C*P(X,R): / evon = MY,
(2.12) By ={(t,u) € [0,1] x Bﬁ cu € Tit,
(2.13) By ={y € C3P(X,R) : /X Y™ =0}
and define the map ¥ : By — By by

1

(2.14) U(t,u) = — Agel + a'tL,e" % 4+ /6y 4 (100u) — tp.

k
We consider
(2.15)

I={t € [0, 1]: there existsu € By such that (t,u) € By and ¥(t,u) = 0}.

First, 0 € I: indeed the constant function ug = log M — log [ W is
in Ty when M > 1, and ug solves the equation at t = 0. In particular
I is non-empty.

Next, we show that I is open. Let (tp,ug) € Bi, and let L =
(Du¥) (19,u0) be the linearized operator at (o, uo),

(2.16) L: {h e C5F(X,R): / he'o " = 0}
X

— {w e C3P(X,R): / PYon = }
X
defined by
L(R)&™ = idd{e""he + o (k — ~)tgeF =0 h p} A G2
(2.17) +a'Ck_1iddh A (100ug)* A oL
The leading order terms are

(2.18) L(h)&"™ = e™Ox(10u0) A" FT NiOOR + - -
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where
(219)  Xw) = W+ o (k—y)te M p AP+ o/CE (e7iddu)".

Since ug € Tk, we see from the conditions (2.5) that x4 > 0 as a
(k, k) form and hence L is elliptic. The L? adjoint L* is readily computed
by integrating by parts:

/ YL(h) o™ = / h ¥ X (10 u0) N O"F T N i00Y
X X
(2.20) = / hL* (1)) ™.

X

Since L* is an elliptic operator with no zeroth order terms, by the strong
maximum principle the kernel of L* consists of constant functions. An
index theory argument (see e.g. [21] or [11] for full details) shows that
the kernel of L is spanned by a function of constant sign. It follows that
L is an isomorphism. By the implicit function theorem, there exists a
unique solution (¢, u;) for ¢ sufficiently close to tg, with u; € Ty since
T} is open. We conclude that I is open.

Finally, we apply Theorem 2.1 to show that I is closed. Consider
a sequence t; € I such that ¢; — t., and denote u;, € Y N By the
associated C®P functions such that W(t;,us;,) = 0. By differentiating
the equation e *“W¥(t;,u;,) = 0 with the Chern connection V of the
Ké&hler metric @, we obtain

X (tur,) N "R AN i00(Opuy,)

wn/n
+Ve{a'tie ™V ((k — ) 2aP8puq, Ogus, + (k — 7)0* Oy,
(k= N)FORuy, + €)} + Vio(o/tie i (k — 7)aP?) 8,07,
(2.21)  +kO¢|Vuy, f} — ke K 5y (100uy, ) Opug, — t;0p{e i ).

0 =

Since the equations (2.9) are of the form (2.2) with uniformly bounded
coefficients p and p, Theorem 2.1 applies to give uniform control of
lug,| and |88duy,|, along this sequence. Therefore Auy, is uniformly
controlled in C#(X) for any 0 < 8 < 1. By Schauder estimates, we
have |lu,||c2.6 < C.

Thus the differentiated equation (2.21) is a linear elliptic equation
for dpuy, with CP coefficients. This equation is uniformly elliptic along
the sequence, since X(tiur;) = %wk by (2.8) when M > 1. By Schauder
estimates, we have uniform control of || Vuy, || c2.5. A bootstrap argument
shows that we have uniform control of ||u,||ce,s, hence we may extract
a subsequence converging to us, € C®#. Furthermore, for M > My > 1
large enough, we see from (2.8) that
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(2.22) et < 1, |e " i00uq|o < 1,

hence uy, € Tg. Thus I is closed.

Hence I = [0, 1] and consequently there exists a C*? function u € Y},
with normalization [ e*&"™ = M solving the Fu-Yau equation (2.2).
By applying Schauder estimates and a bootstrap argument to the dif-
ferentiated equation (2.21), we see that u is smooth.

We complete now the proof of Theorem 1.1 with the proof of unique-
ness.

First, we show that the only solutions of the equation

k

1= C _
(2.23) - 10D A1 4 a’ﬁ(iaau)kﬂ N

with |o/|CK_;|e~® k < 27T are constant functions. Multiplying by
u and mtegratlng, we see that

k

5 ,C
(2.24) 0= / i0u A Ou A\ {ek“wk +ao (z@@u) } Akl
X kE+1

and hence u must be constant since e*“QF + o k’jHl (i00u)* > 0 as a
(k, k) form.

Now suppose there are two distinct solutions u € T and v € Ty
satisfying (2.2) under the normalization [y e*@" = [, "™ = M with
M > M. For t € [0, 1], define

ku
O(t,u) = i00 {kw +a(1 - t)e(k_w“p} A2

k

C _
(2.25) +a k:jj (100u)* L AR (1 — 1)

w",

3=

and consider the path t — wu; satisfying ® (¢, u;) = 0, uy € Ty, [y €M™=
M with initial condition ug = u.

The same argument which shows that I is open also shows that the
path u; exists for a short-time: there exists € > 0 such that wu; is defined
on [0, €). By our estimates (2.8), we may extend the path to be defined
for t € [0,1]. By uniqueness of the equation with ¢ = 1, we know
that u; = log M — log fX w™. The same argument gives a path ¢t — v,
satisfying ®(t,v;) = 0, vy € Ty, [y 0" = M with vy = v and v; =
log M —log fX w™. But then at the first time 0 < ¢y < 1 when uy, = vy,
we contradict the local uniqueness of ®(t,u;) = 0 given by the implicit
function theorem.

It follows from our discussion that in order to prove Theorem 1.1, it
remains to establish the a priori estimates (2.8).
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3. The uniform estimate

Theorem 3.1. Suppose u € Yy solves (2.2) subject to the normal-
ization fX e*@w" =M. Then

(3.1) C™'M <e* <CM,
where C' only depends on (X,®), k, and ~.

We first note the following general identity which holds for any func-
tion w.

0 = a’(p — k)/ e(p*k)uiau/\gu/\ (lagu)k /\wnfkfl
X

(3.2) o / PR (0GR A k-1,
X

Substituting the Fu-Yau Hessian equation (2.10) with ¢ = 1, we obtain

Ck - -
= o "L(p—k) / PR A Bu A (100u)* A R
k1 .
AN ku
(3.3) _|_/ e(p—k)uu% _/ 6(p—k)ui85{ekw+a/e(k—w)up} /\a)n—Q‘
X X

We integrate by parts to derive

/07]2—1
k+1

_|_/ e(P*k)U'ui +(p—k) / P idu A idu A o™
X n X

0 = «

(p—k) / ePRUigu A du A (100u)k A G R
X

(3.4) +(p — k) / eP=Fi0u A i (e p) A @2,
X
Integrating by parts again gives
(p—k) / ePYidu A du AR Ay
X

~n g B
(3.5) = —/ e(p_k)“uwf + po// PN i9dp A "2,
X np—-9 X

where we now assume p > v and we define
k

C _
(3.6) "= R o/ (k—A)e p AP 4 a’ﬁ(e*"iaau)k.
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Next, we estimate

— ’L] iU
OuNOuNOTFI Ay = ‘V;L”w O 4 o/ (k — y)e T — Uity n
ck _
+O/k:jlz'8u/\8u/\( e "i00u)k A o1
> ‘V:;’w An7| /A( )|5]Vu\w “n
Ca |Vu|
A n—1, —u_; k1Y 2o An
(3.7) oI5 le i00ulk

Since u € Yy, by (2.5) and (2.6) the positive term dominates the ex-
pression and we can conclude

wATL

1
(3.8) OuNOu A FLAN > |V::|

2

The proof of Theorem 3.1 will be divided into three propositions. We
note that in the following arguments we will omit the background vol-
ume form @™ when integrating scalar functions.

Proposition 3.2. Suppose u € T solves (2.2) subject to normaliza-
tion fX e = M. There exists C; > 0 such that

(3.9) e’ < C1M,

~

where Cy only depends on (X,0), n, k and . In fact, C1 is given by
(2.7).
Proof. Combining (3.5) and (3.8) gives
1

Lo / P Vul?
2 X

(3.10) < —/ eP=ku u+p_k o// (P=2)u A §3Bp A "2,
X p—=7 X

We estimate
(3.11)

2 —k
Ver¥)2 < p{ oo/ ehu P22 e oo/ e(pw“}.
[t < g sl [ L olelo |

For any p > 2max{~, k}, there holds 2(%;) <p and < 2. Using
e” "™ < ¢ <1 and (2.6), we conclude that

min{k,v}
[ TR R < ol + el )™ /
X X

0 D /
3.12 — Pt < — [ P,
(8.12) CXp/X ~ Cx Jx

IN
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for any p > 2(v + k). Let § = —2-. The Sobolev inequality gives us

n—1"

1/8
(3.13) </ eﬂp“) SC)((/ \Vegu\%—i—/ ep“).
X X X

Therefore for all p > 2(y + k),
(3.14) le“llzos < (Cx +1)MPp!P||e"| 1.
Iterating this inequality gives
s~k 1 1S~k i
(3.15) el e < {(Cx +1)p}r == 5" g7 2B e o
Letting k£ — oo, we obtain

(3.16) sup e < Cfle" v+,

;Z@ 1 %Z&?g i
where C} = {2(Cx + 1)(7 + k) } 200 <=0 57 . g20+8) &i=1 57
It follows that

1/2(v+k)
(3.17) sup e < € (sup e®) !~ 0! ( / eu> |
and we conclude that
(3.18) supe® < Gy / et, Oy = (C})27+0),
X X

This proves the estimate. As it will be needed in the future, we note
that the precise form of C agrees with the definition given in (2.7).
q.e.d.

Proposition 3.3. Suppose u € T solves (2.2) subject to normaliza-
tion fX e = M. There exists a constant C only depending on (X,w),
n, k and v such that

(3.19) / et <CML.
X
Proof. Setting p = —1 in (3.5) gives
(3200 (k+1) / e~"idu A Ju A" F LAy
X
_ / R, O LR g,  gne?
X n L+~ Jx
1 B 14k .
< Loo/ emUtku o~ 7% /¢ Loo/ e~ (Mu,
Sl [ ol |

Since u € Yy, we may use (3.8) and e™"™ < § <1 to obtain

min{k,v}

G2y [ eV <257 (s oelo) [ e
X X
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By the Poincaré inequality

2
(3.22) /e_"—</ e‘“/Q) SCx/ Ve /2.
X X X

After using the definition of § (2.6), it follows that

(3.23) /Xe_” < 1_12 (/X e_“/2>2.

Let U = {z € X : e* > #}. From Proposition 3.2, and using
Vol(X, &) = 1,

(3.24) M:/ eugClM\U\—k(l—\UD%.
X

Hence |U| > 6 > 0, where we recall that § was defined in (2.6). Using
|U| > 0 and (3.23), it was shown in [21] that the estimate

(3.25) /Xe_“ < n ii <1 + Z) (;) M1

follows. q.e.d.

Proposition 3.4. Suppose u € Yy solves (2.2) subject to the nor-
malization fX e = M. There exists C such that

(3.26) supe ¥ < CM™H,
X

where C' only depends on (X,®), n, k and .
Proof. Exchanging p for —p in (3.5) and using (3.8) gives

(327)  (p+k) / e PUidu A Gu Ao
X

< 9 / TP W / e~ NGy N 2,
X X

n D+
By using 7 < § < 1, we obtain
(3.28)
2 .
P p min{k,v} p+k, _
Ve U2 < £ 575 || + ——||a’¢c|| Lo e P,
[ 19t < s e + 2 ) |

We may use (2.6) to obtain a constant C' depending on (X,®), n, k,
and v such that

(3.29) / |Ve_§u|% < Cp/ e Y
X b's

for any p > 1. Using the Sobolev inequality and iterating in a similar
way to Proposition 3.2, we obtain

(3.30) supe” “ < Clle™™| -
X

Applying Proposition 3.3 gives the desired estimate. q.e.d.
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4. Setup and notation

4.1. The formalism of evolving metrics. We come now to the key
steps of establishing the gradient and the C? estimates. It turns out
that, for these steps, it is more natural to view the equation (2.2) as an
equation for the unknown, non-Kéahler, Hermitian form

(4.1) w=e"w

and to carry out calculations with respect to the Chern unitary con-
nection V of w. As usual, we identify the metrics g and g via & =
r; idz) A dZF and w = Ik; idz A dz*, and denote 7%, ¢g7* to be the
inverse matrix of gg;, gg,;. Then gz, = €“gz;, g% = e7%§7k. Recall that
the Chern unitary connection V is defined by

(4.2) ViVi = opV7, ViV = g0k (gmpVP)
and its torsion and curvature by

(4'3) [Vom Vg]V”Y = Rﬁafy&Vé + T(Sﬁav&V’y-
Explicitly,

(4.4) lecqu = _al}(gjmaqgmp)a ijq = gjm(apgﬁzq — Oq9mp)-
The curvatures and torsions of the metrics gj; and gj; are then related
by

(4.5) chjpi = chjpi — u,;jépi, T/\kj = uké/\j — ujé)‘k.

This leads to the commutation relations

(4.6) [V, VilVi = =Rg,"iV, = =R PiVy + ug; Vi,
(4.7) [V, ViIV; = Ryi? Vi = Ryi Vs — ug Vi,
(4.8) [V}, VilVi = TN, VoV = wViVi — u; Vi Vi

The following commutation formulas with either 3 or 4 covariant deriva-
tives will be particularly useful,

(4.9) ViVpVau=V,VaVju+T",;Vy,Vau
and
ViV,;Vp,Vagu = V,ViV;Viu — qu,;mvmvju + R,—cjmpvquu
(4.10) +T™ 5 VeV Viu + T i ViV Vau.
They reduce in our case to
(4.11) V,;iVpVau = VpVaViu + upug; — ujugy,
and to

ViV;V,Vau = V,ViV,;Viu+u,ViViVau —u;ViV,Vau
+ugVpViViu —upV,VaViu
(4.12) +Ri€j>\puq)\ — quEAqu.
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It will also be convenient to use the symmetric functions of the
eigenvalues of i00u with respect to w rather than with respect to @.
Thus we define 04(i00u) to be the ¢-th elementary symmetric poly-

nomial of the eigenvalues of the endomorphism hzj =g ukj Explic-
itly, if \; are the eigenvalues of the endomorphism h’] =g ukj, then
0e(100u) = 3 ; .. .;, Aiy - Aip- Using this formalism, equation (2.2)
becomes

(4.13)

Agu + k\Vu|§ + a'ef(kﬂ)“Lpe(k*’Y)“ + & 0pp1 (i00u) — e v, = 0.

4.2. Differentiating Hessian operators. We define

2
9o¢ g pars _ 9700 4 bs

4.14 P =
(4.14) = onr, 9 0 0t ohe,ont, Y

Then the variational formula do, = aah? 0h", becomes

(4.15) Viog = ol IV iugp-
Similarly,
(4.16) \% agq = afq TSV3u§T.

We will use a general formula for differentiating a function of eigenvalues
of a matrix. Let F(h) = f(A1,---,An) be a symmetric function of the
eigenvalues of a Hermitian matrix h. Then at a diagonal matrix h, we
have (see [1, 13]),

oF

(4.17) o

= dij fi,
0*F O i N i+ 3 2 fQ‘Tp 2,
Oht;0R" B ” E Ap 1

p#q
for any Hermitian matrix 7. Since oy(h) = 3_; . _;, Aiy Aiy -+ Ay, this
formula implies that at a point p € X where g is the identity and ug, is
diagonal, then

(4.18)

(4.19) b = §paop—1(A|p),
(4.20)
pqmsv iUgpVillsr = Z or-2(Alpq) Viugp Viugg — Z or-2(A|pq)| Viugy|*.
P,q P#q

We introduced the notation o, (A|p) and o,,(A|pg) for the m-th elemen-
tary symmetric polynomial of

(AlD) = (A1, 5 Ay -+, An) € RP!

and R
(Aig) = (A1, 5 Aiy - D YREE An) cR"2.
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Lastly, we introduce the tensor FP?, which will appear in subsequent
sections when we differentiate the Fu-Yau equation.

(4.21) FPl = g7 4 o (k — y)e” a4 o/off .

We will prove that for v € Y}, FP9 is close to the metric gP4. For this,
we first note the following elementary estimate.

Lemma 4.1. Let m be a positive integer and ¢ € {1,...,m}. For
any vector A € R™,
Ch
mb/2

(4.22) oM < Af

with (X = (37, /\22)1/2. Here, a¢(\) is the (-th elementary symmetric

m!

polynomial of A and C*, = M=)

Proof. Using the Newton-Maclaurin inequality,
™\
42 o] < oxlnl il < €4 (ZE L)

The Cauchy-Schwarz inequality now gives the desired estimate. q.e.d.

We can now prove the following simple but important lemma regard-
ing the ellipticity of FPd.

Lemma 4.2. Ifu € Yy, then
(4.24) (1—270)gP7 < FPT < (14 270)gP1.

Proof. First, at a point z where g?? = §,, and ug, is diagonal, the
above lemma implies
p ho1 S
(4.25) /ol | = [/ ar(Np)| < |o/|(n_”w|VVu|g.

The condition u € T gives |/ U‘Z‘il(z)\ < 277, This argument shows

that o/c}% | is on the order of 277¢P7 in arbitrary coordinates.

Next, u € Ty also implies that |o/(k—v)e™"A| < 277. Since —AgP? <
aP? < AgPl, we can put everything together and obtain the estimate
(4.24). g.e.d.

5. Gradient estimate

The main goal of this section is to establish Theorem 5.1 below, which
gives C! estimates with scale. A key tool is the test function in (5.3)
below, which was introduced in the paper [23] on the Anomaly flow.
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Theorem 5.1. Let u € T, be a C3(X,R) function solving the Fu-
Yau Hessian equation (2.2). Then
(5.1) Vul? < C,
where C' only depends on (X,w), &', k, v, [|pllcs(x.ey and [|pllcrix)-
In view of Theorem 3.1, this estimate is equivalent to
(5.2) Vul2 <CM™,

where C' only depends on (X,w), o/, k, 7, |[plles(xe) and [|pllcrix)-
We will prove this estimate by applying the maximum principle to the
following test function

(5.3) G = log \Vulg + (14 0)u,

for a parameter 0 < ¢ < 1. Though there is a range of values of o which
makes the argument work, to be concrete we will take ¢ = 277,

5.1. Estimating the leading terms. Suppose G attains a maximum
at p € X. Then

_ V]Vu|§
N ]Vu\g

(5.4) + (14 0)Vu.

We will compute the operator FP1V,V; acting on G at p.

1
|Vu\§
1
|Vu|§

(5.5) FPIV,V;G =

FPIY, V4| Vul?

quVp!VUIEVq!VUIﬁ + (14 0) FMug,.

By direct computation

FPIV,Vo|Vul2 = FPgiv, VeV uViu + FPIV juV,VViu
(5.6) +VVuly, + IV VU7,
where ’VVU|%Q = FPigi'V,V,;uV;V;u and ]V?u@,g = FPlgiiugjug,.
Commuting derivatives according to the relation
(5.7) [V, Vilu; = RyjiPup = RyjiPup — ugjus,
we obtain

(5.8)  FPIgl'V,uV,V Viu = FPigiv,V,VuViu

4+ Fpa gﬁuj Equ?\u;\ _ fpa gﬁ gy
Thus
FPIV, Vel Vul2 = 2Re{FPg"V, V¥V uViu} + FPlg7u; Ray uy
(5.9) — PP gy ugu; + [V VUl h, + [V V%,
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Next, we use the equation. Expanding L, = a?99,0; + b'o; + bio; + ¢,
equation (4.13) becomes

0 = Ajutd {(k; —y)e”(HNugpdy, 4 ak+1(i05u)} + k‘\VuE
o (k —7)2e WPy g + 20 (k — 7)e” TV Re{biu;}
(5.10)  +ae”FMue =k,

We covariantly differentiate equation (5.10), using (4.15) to differentiate
oj+1 and using the notation FP? introduced in (4.21). This leads to

(5.11) 0 = FPIV,;V,Vau + kV;|Vul2 + &;,

where
(5.12)

& =d (k- fy)e(HV)“{ — fyapqquuj + @japqqu}
+ o (k — 7)26_(”7)“{ — yaPTuyugu; + VjaPTuyug + a1V V uug
+ apqupqu} +a(k — fy)e_(lﬂ)“{ —2(1 + ) Re{bu; }u; + V;b'u;
+ ujblu; + 9;btuz + b'V,;Viu + b_Zu;]}
— (1 +y)a’e” ey 4 /eI, e

+ (k‘ + 1)6_(k+1)uuu]' B 6—(k+1)uaj'u“

We used V;WJ = ?Z-Wj +u;W7 to replace V by V in the above calcu-
lation. We will eventually see that the terms £; play a minor role when
u € T, and will only perturb the coefficients of the leading terms.
Commuting covariant derivatives using (4.11), we obtain

(5.13)  FPIV,VVju = —FPluyug; + FPlujug, — kV;|Vul? - &;.

Substituting (5.13) into (5.9), an important partial cancellation occurs,
and we obtain

Fngqu]Vu\f] = -2 Re{Fp‘jgﬂugupqu} + ]Vu\f]Fp‘jqu
—2k Re{gjiV;uVj\Vulg} — 2Re{¢""Eju;}
(5.14) —I—qugﬁujﬁiqu:\u;\ + |VVulhy + [VVUl7,.

We note the identity

(5.15) FPlug, = Agu+ o' (k—
Substituting the equation (5.10
(5.16) FPlyg, = —k:|Vu|g + &,

NPTy 4 (k4 1) oy (1000).
into the identity (5.15), we obtain

e
)
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where
E = ka'op1(i00u) — o (k — ) 2e” I ugPTy 0,
(5.17) =20/ (k — )~ 1% Re{b'u;} — o' e 1% e 4 e~ BFDu

will turn out to be another perturbative term. Substituting (5.14) and
(5.16) into (5.5)

q 1 =, 12 1 2
quvquG = ]Vu|§ IVVU|Fg + W|VVU|F9

2 -
- ]V 2 Re{F"g" uzupug; }
e ‘4quvp|vuygv o Vul?

—2k ]V ‘2 Re{g""u;V; ]Vu\ }

—(2+ J)k|Vu|§ + |Vu’2qugjiuqup;)‘u;\
g

2
|Vu\g

(5.18) Re{¢/"&ju;} + (24 0)E.

Using the critical equation (5.4),

(5.19) FPiy |Vu\ Y |Vu|2 Re{gﬂuV |Vu| }

!V 19 !V 3
= —(1+o0) |Vu|%+2(1+a)k:|Vu|g.

Here we introduced the notation |V f|% = FPif,f; for a real-valued

function f. The critical equation (5.4) can also be written as

PV g,
|Vul2 N |Vul2

(5.20) — (14 0)uy,
We now combine this identity with the Cauchy-Schwarz inequality,
which will lead to a partial cancellation of terms. This idea is also

used to derive a C! estimate for the complex Monge-Ampere equation,
[2, 15, 24, 25, 36].

= 9
97" Vuju;

5.21

|VVU|Fg

IV 5 F

1 -
= W\gﬂu]Vu*]F + (14 0)%Vuls
g

2(1+0) o=
+7|Vu|2 Re{FPg" ujuz,ug}.
g
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Let € > 0. Combining (5.19) and (5.21) and dropping a nonnegative
term,

2k
(5.22) Y |4quv | Vul2 V| Vul? — Vu? Re{g’"u;V;|Vu|?}
1 2
+(1 - E)W]VVMFQ
> —(1+J)2£]Vu\%+2(1+0)k|Vu\Z

21 +o0)(1—¢

)
‘vu@ Re{qug U’Julpuq}

Substituting this inequality into (5.18), partial cancellation occurs and
we are left with

FPIV, V.G > IVVul%, +

‘v ’2 ’VVU’FQ

\V [Vul?

+{20 — 2¢(1 4 0)}—=— Re{ FP g7 uzuug;}

1
|Vul2

+ok|Vul] — (14 0)%|Vulf + FPlgTiu; Ro s

\Vu|§

(5.23) Re{gﬂg u;} + (2 + 0)E.

|Vl

Since u € T, we now use (4.24) in Lemma 4.2 to pass the norms with
respect to FP9 to gP? up to an error of order 276. We choose

(5.24) =(1+o0)21+27%7!
Then

(o
(5.25) (1+0)%|Vu|% < §|Vu|§,
and

o 1—276 1

2
(5.26) Vu ‘Q\VV ]Fg_2(1+0)21+2 [V ‘2|VVu\g
Since ¢ = 277, we have the inequality of numbers %% > %.
Thus
€ 9 o 1 9

We also note the inequalities
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(5.28)

and

(5.29)
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\VVu]Fg > (1-279) |VVu\g,

IV [Vul?2 !V 3

{20 —2¢(1+0)} Re{Fp‘jgﬁu;upu@j}

1
|Vu|§
—2-(1+o) M1 +279 o1+ 279 |VVu,

>
> —20(1+4279)|VVul,.

The main inequality (5.23) becomes

(5.30)

_ o |[VVul?
vV 2 - g
AR AR 2

_ — g
—20(14279)|VVul, + §\Vu]§

PPV, V.G > (1-279

— o A X
+ \V P FPig7 w; Rgpi sy

|V |2 Re{gﬂg uw;} + (24 0)€.

5.2. Estimating the perturbative terms.

5.2.1. The &; terms. Recall the constant A is such that —Agﬁ < a’t <

Ag’". We will go through each term in the definition of &; (5.12) and

estimate the terms appearing in #Re{gﬁgjw} by groups. In the
g

following, we will use C' to denote constants possibly depending on o,
k, 7y, aPq, b, ¢, i, and their derivatives.

First, using 2ab < a® + b? and e " < §, we estimate the terms
involving VVu

IN

IN

IN

2|O/(k‘l_’7)| —(147y)uy i
Va2 € lg

Pz (—yaugyu; + V jaPTugy
+(k = v)aPupug; + blug;)|
|VVulg
|Vu\g

VVu
2 A2k = 10219l P26+ 20)na 2T
g

2/ Ak —~)(k + 27)|e 4| VVul, + Ce e /2

—u/2 |V V|
+Ce “/27| g
[Vulg
VVul? VVul?

Va2 Va2

&/ [A(k — 7)?8|Vul? + 4|Ad|(k + 7)?6

+C(o)e™ ™.
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Second, we estimate the terms involving VVu

2l (k — i
G e g (= )Y g + 0799 )
g

< 2o|(b — 7)* AV T,

< Jo’|(k ~ 7)2/\5{ ”vvzgf’ + |vu|§} + o/ Al(k — )%™ ’TVZE@
+ ‘512\’ e~ (HMu

< 2l |A(k — 7)25|Vvu|§ + 0]’ |(k — ’)/)QA\Vu]g + Ce ™.

|Vu]§

Third, we estimate the terms involving Vu quadratically

2l (k — s b
Ao N et g (1 — )90
|Vul2

—2(1 4+ y)Re{bPup }u; + u;bPup,}|
Ce e 2|V, < %\Vu@ + C(o)e(H2u

IN

IN

o _
1—6|Vu|§ +Ce ™.

Finally, for all the other terms in &;, we can estimate

2 a’ k — Y _ wl i1 _ A _
Atk -l ,(W‘Q N e g { oy = ) aPTupugu; + 9,7 + 0,50ug |
g
Figf — loe= (AU 4 e (U gy,
+ |Vu|3|g u{—(1+v)a'ce uj +a'e 0jc

+ (k‘ + 1)6_(k+1)uﬂuj‘ _ e—(k—l—l)uaj'uH
—u/2
< 2|/ |A(k — 7)2ye 7| Vul2 + Cem (0% 4 G el
[Vulg
e—u/2
+ Ce—(k-‘rl)u + Ce—(k‘-i—l)u
[Vulg

e u/2

]Vu|g.

< 2o/ |A(k — 7)*y0|Vuls + Ce ™ + Ce™
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Putting everything together, we obtain the following estimate for the
terms coming from &;.

2 ; o —u
[upl? Gl < {200/ [Ak =721+ )3 + =} IVul2 + Ce
—u/2 |VVul?
e
Ce™ 4|/ |A(k 25 g
+Ce \Vu|g+{ |o/|A(k+~)°0 + o} |Vu\§
|VVul|?
5.31 2l |A(k — )26 g,
(5.31) +2]|a/|A(k =) Va2

5.2.2. The £ terms. Next, estimating £ defined in (5.17) gives
(2+0)[E] < k(2 + 0)|e||ok11(i00u)| + (2 + o) |/ Al (k — )%™ |Vulj
+ 2/ (k = )b [| e eVl
+ Ce~ MU 4 =kt u,
Using e < § <1 and
(5:32) 2o’ (k —1)bllzwe e Vuly < TIVu? + Olo)e e,
we obtain
2+0)] < K2+ 0)||og1(i00u)
+(2+ o)/ Al(k — 7)%|Vul2 + %yvu\g +Ce.

By Lemma 4.1, we have
k+1

1/2 k/2
{lo'|Ch 1|V Vulg} [V V.

Since u € Ty, we have |/|CF_,|VVul% <277, Thus

klo![|oy41(i00u))|

IN

k|o/| IVVul |V Vulg

IA

(5:33)  (2+0)E] < {@+0)a/Al(k—)%+ - } [Vul}
+2771(2 4+ 0)|VVul, + Ce™™

5.3. Completing the estimate. Combining (5.31) and (5.33),

(5.34) ]g”S u;| + (2 + 0)|€|

]Vu|§
< {Bla/IAk = )21 +7)0 + 2 | [Vul?

|VVu\3 ! 2 [VVul?
41c/|A(k ) g

+2|a/A|(k —v)%8

+2771(2 4+ 0)|VVul|, + Ce ™ + Ce™
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Since 0 = 277 and (k — v)2(1 4+ ) < (k + )3, the definition (2.6) of §
implies

Slof[Ak — )L+ )5 < 25 4lo/Al(k +7)%5 <277,

oo\q

Then, we have

(5.35) |g”5 uz| 4 (2 + 0)|€]

!V F

IA

o ) g|VVu|§ _MV?U!E
2 2 2
1Vl T T Vul?
—u/2

+2771(2 4+ 0)|VVul,
e
[Vulg

Using (5.35), the main inequality (5.30) becomes
(5.36) FPIV, V.G

+Ce " +Ce™™

> (1-27° )Iv |2\vvu|g {201 +27%) +277(2+0)} |VVul,
g 2 1 q.ji —u e—u/2
—i—Z]Vu\g—i- ‘ququg] u]quZ us — Ce " = Ce v,
By our choice ¢ = 277, we have the inequality of numbers
1
(5.37) {200 +26) +272+0)) —— < 2.
1—-2-5 2
Thus
{20(1 + 2—6) +277(2+0)} |[VVul,
< (1 - 2_ )|V ’2 ‘vvu’g
1 _ —7 2 2
+7 {20(1+27%) +277(2+0)} m|VU|g
< (1-27° )Iv B [VVul? + \vu|§.
We may also estimate
Putting everything together, at p there holds
= o Ce te~ /2
: > FPi G > —|Vu|? — ————— — Ce ™
(5.39) 0> V,pViG > 3 |Vulj Val, Ce

From this inequality, we can conclude

(5.40) [Vul(p) < Ce ),
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By definition G(z) < G(p), and we have
(5.41) V|2 < CeulPlettollulr)—n) < ot

since ePle=" < ' and e~ < CM~! by Theorem 3.1. This completes
the proof of Theorem 5.1.

6. Second order estimate

The main goal of this section is to establish Theorem 6.1 below, which
gives C? estimates with scale. A key tool is the test function in (6.19)
below, which was indeed introduced in the paper [23] on the Anomaly
flow.

Theorem 6.1. Let u € YT, be a C*(X) function with normalization
Jx e“ @™ = M solving the Fu-Yau equation (2.2). Then

(6.1) IVVul2 <CM ™,
where C' only depends on (X,w), &, k, v, ||pllcaxe) and ||pllc2(x)
We begin by noting the following elementary estimate.
Lemma 6.2. Let ¢ € {2,3,...,n}. The following estimate holds:
(6.2) |97 0PV jugy Vius | < CLZ3 IV VUS|V V2.

Proof. Since the inequality is invariant, we may work at a point p € X
where g is the identity and ug, is diagonal. At p, we can use (4.20) and
conclude

(6.3) g/ otV jugy Vs | <3 o2 (Alpg)|| Viugs|*

i pa
By Lemma 4.1,
CZ
n l— 2
(6.4) oe—2(Alpg)| < ()—2)/2|VVU|
This inequality proves the Lemma. q.e.d.

6.1. Differentiating the norm of second derivatives.

Lemma 6.3. Let u € Yy be a C*(X) function solving (2.2) with
normalization fX e = M. There exists a constant C' > 0 depending
only on (X,®), o', k, v, |[pllos(x.e) and ||pllc2(x) such that

FPIV, V4 |VVu|2 > 2(1 — 2759)|VVVul2 — (1 + 2k)|o/| A7/ F |V V)2
— (14 2k) ||~V R VR T T 2
(6.5) — CM Y2 VVVul, - CM Y| VVu|, — CM L.
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Proof. We start by differentiating FP? (4.21) by using (4.16).
(6:6) Vi = —a/(k—9)(1+y)e (4 et
+a(k — )" INV5aP + o/ 0P T Vius,

Differentiating the Fu-Yau Hessian equation twice corresponds to dif-
ferentiating (5.11), which gives

0 = ooPt P ViusVjug + FPIV;V,;V,Vau
RV Val) = o (k= )1+ )e” P 10;V,V,V qu
(6.7) +a (k —)e” NP1V, Y,V ou + V3.

Next, we use (4.12) to commute covariant derivatives and conclude

(6.8) FPIV,Vqu;;
= _O‘/Uﬁqgvj Ugp Villsr
—FPu,V;V;Vau — ujVi;VpVau + ugV,ViViu — u; V,VaVju)
—FPIR; A yugy + FPI Rz Muy; — ViV | Vul?
+o/ (k= ~)(1 +7)e” VPV, V, Vau
—a(k —7)e”WU3aPIV ¥, Vu — V€.
Direct computation gives
(6.9)  FPIV,Vy|VVul2 = 2g° g7 FPIV,V quz urs + 2|V Vul3y,.
Recall (4.24) that we can pass from FP? to the metric g7 up to an error
of order 276, Substituting (6.8) into (6.9) and estimating terms gives

(6.10)  FPIV,V4|VVul?
> 2= 2 OTIVU - g " sy Vi
OV TVl { 19l + eVl + e e}
—C’|VVug{e_“|VVu|g}

—2k gszgﬁVng]VuEufs -2 gszgﬁV;Sjufs

The condition u € Yy, (2.5) together with k < (n — 1) gives
(6.11) CrA/|[VVulf < |[CF | VVull <277,
Therefore by (6.2)

(6.12) \a’gngjﬁazzr’;gvju,;pVgugru,—Lm] < 277|V?Vu\f].
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In the coming estimates, we will often use the CY and C! estimates, and
the condition u € Yy (2.5), which we record here for future reference.

(6.13) e <COM™Y, |Vulf <CM™', |[VVul, < [of|7FrE,

where 7 = (CF_;)7'277. Since u € Yy, we have M = [, e“@"™ >
and so we will often only keep the leading power of M since M > 1.
Applying all this to (6.10), we have

(6.14) FPIY, V4|V Vul?
2(1 —27°)|VVVu|Z — CM ™2V V||V Vul,
—~CM YV Vul,|VVul,

Y

—2k gszgﬁV;Vqu]Zufs -2 gs;ngVgEjufs

We will now estimate the two last terms. We compute the first of these
directly, using (4.5) to commute derivatives.

2kg™ gV, | VulJuss = 2kgszng{9pqquj ViVpu + g7, ViV, Vqu
+gP7V iV uV;Vau + g%z, ug;

(6.15) +g"Tug Ry yug — gpququijup}“FS'

We estimate

‘2kgszngV;Vj|Vu’§urs

< k{4yvvvmgyw\g +2|VVu|? 4+ 2|VVul]

(6.16) +C’e_“|Vu|§—|—2|Vu|3|VVu|g}|VVug.
We will use (6.13). Then

‘ngszngV;VﬂVu]gurs

< 2k|o! |V ERVR IO VU] + 2kl [T VER VRV V)
(6.17) + CM~YAVVVul, + CM 2+ CM~L.
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Next, using the definition (5.12) of £;, we keep track of the order of each
term and obtain the estimate

IA

|gsggﬁV€5j Urs|

C(a,b,c, o/)]VVu|g|VVVu|g{e_We_u/2 + e_7u|Vu|g}
+C(a,b c)|VVu|2{e 'Y“|Vu|2 +e ’Y“@*“/?’Vub +€(1+7)U}
+C(a, b, c,a)|VVul4|VVul,

X V“]VUE + 677“67“/2|Vu]g + e(1+7)“}
+C(a, b, c,a’)|VVul, { @ g o=t ug—u/2 |7y,
+e_(1+7)“|Vu|3 + 6_7“6_“/2|Vu|§ + e_W|Vu|3}

C(u)]V?u|g{6_(k+1)“|V@u|g + e_(k+1)“|Vu|§

+67(k+1)u67u/2‘vu|g + e(k+2)u}

+(k —7)?%g sk JT|(O/6_(1+7)"(LP‘7V*V~Vpuuq)ufs|
+Hk =g g (o e VUV LV |
Hk =219 g7 (e P Tugy ug |
+(k —7)2g* 77| (o e N AP T g Y|

(k- ’Y)2 sk ]T‘(O[ 67(1+v)uapévjvpuvgvgu)ufs|-

We will use our estimates (6.13). We also recall the notation —AgP? <
aP? < AgP?l. We use these estimates and commute covariant derivatives

to obtain
|9°F TV 1 E s |
< CM Y2\ VVVul, + CM7YVVu|, + CM~' + CM~2

+CM—(k+1) + CM—(k+2)

+(k — 5)2e” (g R GIT| (o aPIV Vi Vypuug + o P Ry puug)uz|
Hk — e UG G| (o6'V ;V Viu + /b Ry un s |

+2e” 7o/ |A(k + 7)?|VVulg[VVul?

+e 7o/ |A(k + 7)2|Vvu|g|VVu|3.
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Since u € Y}, we have 2|o/|A(k + v)2e~ 7 < 1. It follows that
(6.18) g™ g/ V€ urdl
< | [TVERROV U + |of | RO V2 + CM T2V VA,
+CM N VVu|, +CM L.

Substituting (6.17) and (6.18) into (6.14) and keeping the leading orders
of M, we arrive at (6.5). q.e.d.

6.2. Using a test function. Let
(6.19) G =|VVu[; + 6|VulZ,

where © > 1 is a large constant depending on n, k,a’. To be precise,
we let

(6.20) 0 = (127971 + 2k)|/|"VEr /K 4 1),
By (5.9),

FPIV,Va|Vul2 > [VVul}, + [VVul}, — 2|Vuly[VV V|,
(6.21) —|Vul2|VVuly — Ce™"|Vul2.

Applying (6.13) and converting FP? to gP? yields
(6.22)  FPIV,Vg|Vul?

> (1-279)VVul2 + (1 - 279)|VVul2 - CM Y2V VUV,

~CM |\ VVu|, —OCM ™2,
Combining (6.5) and (6.22), we have
FPIV, V.G > 2(1-27°)|VVVul2 + |VVu| + |VVul?

(6.23) —CM~ YAV VVul, - CM~YVVul, - CM~L.
We will split the linear terms into quadratic terms by applying

2
(6.24) CM~ Y2 VVVul, < %yv?wyg + %M‘l,
1 02 2 2
(6.25) CM™"|VVul, < TM_ + [VVulg.

Applying these estimates, we may discard the remaining quadratic pos-
itive terms and (6.23) becomes

_ 1 - B
(6.26) FPIv,V.G > 5yvvu|§ —oM.

Let p € X be a point where G attains its maximum. From the maximum
principle, [VVul%(p) < CM~'. We conclude from G < G(p) that

(6.27) IVVul? <CM™,
establishing Theorem 6.1.
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We note that many equations involving the derivative of the unknown
and /or several Hessians have been studied recently in the literature (see
eg. [3,4,7, 8, 14, 26, 28, 30, 31, 35, 36] and references therein).
It would be very interesting to determine when estimates with scale
hold.

7. Third order estimate

The goal of this section is to establish C? estimates for general Fu-Yau
Hessian equations. A key tool is the test function (7.2) below. Note that
it is different from the test function used for C* estimates for Monge-
Ampere equations. Rather, it is inspired by the test function used by
Fu and Yau [11, 12], although we apply it here to Hessian equations
rather than to Monge-Ampere equations.

Theorem 7.1. Let u € Yy be a C°(X) function solving equation
(2.2). Then

(7.1) IVVVul; < C,
where C only depends on (X,w), o', k, 7, ||pllcsx,e) and ||pllcsix)-

To prove this estimate, we will apply the maximum principle to the
test function

(7.2) G =(IVVulZ+n)|VVVu2 + B(|Vul + A)|VVul2,

where A, B > 1 are large constants to be specified later and n =
m72/k|o/| =2k, We will specify m > 1 later and 7 = (C¥_,)~1277.
The condition (2.5) u € Yy, implies

7.3 AEAI\vAVY < Tk,
g

Our choice of constants ensures that n and ]V?u\f] are of the same o
scale.

As noted earlier, if u € YTy then M must be greater than 1. By
our work thus far, as long as M > 1 we may estimate by C any term
involving e, |Vulg, |VVulg, |Rm|, or |T|,, where |Rm|, and |T|, are
the norms of the curvature and torsion of g = e%g. Also, since

(7.4) Vouz; = Oguz; — T jus, — uguy;, I = 700555,

ij = iy

we note that Theorem 7.1 proves the third order estimate (2.8) in The-

orem 2.1.

7.1. Quadratic second order term.

Lemma 7.2. Let u € Yy be a C*(X) function solving equation (2.2).
Then for all A > 1 larger than a fized constant only depending on |Vul,
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and for all B > 0,

FPIv, Ve {(|[Vul; + A)|VVulZ} > g\vvvuyg +(1=27%)|VVu;

1
2B
where C(A, B) only depends on A, B, (X,®), o/, k, v, |Ipllcaxe) and
12l 2 x)-

(7.5) IVVVuly — C(A,B),

Proof. Differentiating (5.11) gives
FPIV,V;V,Vau = —a (k=) V(e T aP)Vjug,
(7.6) —o/ (VoL )V jugy — kN, V5| Vul2 = VE;.
Commuting derivatives
(7.7) FPIV,V4VVju
= FMVV;VyVau+ FPV, (R V au — ugeu;)
—FPITA N\ V;Vqu — FPIV (u,V;Vqu — u;V,Vau).
We compute directly and commute derivatives to derive
(7.8) FPIV,V4|VVul?
= 2Re{g¢IFPIV,V YV, V,;uV;V ju}
+gP IV V juFPIR VY qu + g0 g7V uFPIR AV su
PP g0 T N N ViV gu + FP g0 g NV juV, ViV gu.
Combining (7.6), (7.7), (7.8) and converting F?? to g’? using Lemma
4.2, we estimate
PPN,V |V Vul
(1-279)|VVVufl + (1-27°)|VVVu[
—20/ Re{ga_’gj‘ioz‘_j;gngtLngju(ij;)V(;u}
—2Re{g" "IV &, V5V u}
—C|VVu|s(|VVVulg + [VVVul|s + |[VVulg + 1).

Y

Next, using (6.2) we estimate

—2Re{d/ g ¢ 0PV use V jugp Vi V gu b
—2CF |||V VUi YVl VV Va2
> 20k R VR V|V V V2

v

and using (5.12) we estimate

197V V5V qu| < CIVVul {1 + |VVuly + [VVVul, + [VVVul,}.
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Thus
(7.9)  FPIV,V4|VVul?
> (1-2"9|VVVulZ + (1 -27%|VVVu|;
—C|VVul{|[VVVul? + |[VVVuly + [VVVuly + [VVulg + 1}.
By (5.14),
(7.10) FPIN, V4| Vul?
> (1-2"9VVufl +(1-27°|VVul; - C|VVul, - C.
Direct computation gives
(7.11) FPIV, Ve {(IVulZ + A)[VVul2}
= (|Vul? + A)FPIV, V4|V Vul? + |VVul FPIV, Ve Vul?
+2Re{ FPIV,|Vu|2V4|VVul>}.
We estimate
(7.12)
2| FPIN | Vul2V 4| VVul2|
< 2(1+ 270 VVul2|Vulg[VVVulg + 2(1 + 27%) | VVul [Vulg[VV Vul,
+ C|VVul {|[VVVul, + |[VVVul, +1}.
Substituting (7.9), (7.10), (7.12) into (7.11),
(7.13) FPIV,Va{(|Vulz + A)|VVul2}
> A1l -2 {|VVVul + |[VVVul2} + (1 - 27%)|VVul,
—3|VVu2|Vulg {[VVVulg + [VVVuly}

—C(A)|vwg{\vva§ + |VVVul, +|VVVaul,
+H VYUl + [VVulg + 1}.

Using 2ab < a? + b2,

(7.14)  3|VVul2|Vulg|VVVu| < 277|VVul) + 2°3%| Vul2|[VV Va2,
(7.15)  3|VVul2|Vulg|VVVu| < 277|VVul) + 2°3%| Vul2|[VV Va2,
C(A)?
4
_ 1 _
(7.17)  C(A)|VVVu[2|VVul, < ﬁwvvug} +2°C(A)*B|VVul;

(7.16) C(A)|VVVuly|VVul, < [VVVu|? + IVVul?,
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for a constant B > 1 to be determined later. Then
(7.18) FPIV, Vi {(IVulZ + A)[VVul2}
> {A(1—275) —208%|Vul2 — 1} [VVVul?
+{AQ1 —27%) = 28| Vul? - 1} [VVVu|?
1

|V?Vu\3

—C(A, B){|vvu\g + |[VVul? + \vvu@}.
The terms [VVuly + |[VVul? +|VVul can be absorbed into |[VVul] by
Young’s inequality. For A > 1, obtain (7.5). q.e.d.

7.2. Third order term.

Lemma 7.3. Let u € Ty, be a C°(X) function solving equation (2.2).
Then

(7.19)  FPV,V {(|[VVu|? + )| VVVul?}

v

1 v 4

16!V Vvl

—C’|VVVU|9{|V?VU|Q|VVU|Q +|VVVul, + |VVu\g}
—C{vamgwwg + [VVVul2|VVul,

+HVVVul | VYVl + [VVVulg|VVul, + 1}7

where C' only depends on (X,w), &, k, v, ||pllcs(x.e) and [|pllcs(x)-
Proof. To start this computation, we differentiate (6.8).
(7.20) FPIV;V,V qug;
= —O[/vi(O'iz_’gg)v]'U(ijgUgr — a’aﬁifvivjquvgugr
—/ oYV jugy ViV puse + Vi [~ FPu,Vug; + FPuV jugy]
+Vi [ FPugVpug; + FPTuzVyug;)
+V; [Fp‘jf%qu;‘u% - quf%gj’\puq—,\]
—kVi | g MgV jug, + g"TupViug; + gPV ;Y ,uV i Vau + gPug,ug

U .
+g M ug Ry pua — g M ugug

+Vile! (k= 7)(1+7)e” a5V jug,
Vil (k = ~)e” Y 16PTV jug,| — ViVZE;.
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Our conventions (4.3) imply the following commutator identities for any
tensor Wg,.

(7.21)

VoViWi; = VeVpWi, + R
(7.22)
VpVaViWy; = vivpvqw,;j+TAivaW,;j—vp[qu,—fW;j — Ry Wiy

AT DRy 7
apk WAJ‘ - qu JWk)\a

Thus commuting derivatives gives
FPIV NV Viug;, = FPIVVpVaug; + FPu;VVaug; — FPu,ViVaug;
(7.23) +FPIV )[R jugy — Ry us,).

We compute the expression for FP1V,V; acting on IV?VU‘S, and ex-
change covariant derivatives to obtain

(7.24)
FPI, V4| VVVul?
= 2Re{g"g" ¢! FPIV,V ;Viug; V guz, }
+ FPIgedge el 7 s VoV qu g, + FPIg%g N Y g V gV pu g
+ FPg g gV Y qup Ry s, = FPg"9% 9T VoV qus Ry, ey
— FPagadgebgel R(jaB;\“f\cvpVW jet F P19 g7 R cupy V¥ gu fe
+ 99 gV g FPT Ry, Vu g, + 997 9 Vg FPT R, AV qus,
— g9 g TV g FP Ryp Y qu .
Substituting (7.20) and (7.23) into (7.24), and using Lemma 4.2 to con-
vert FP? into gP?, we have
(7.25)  FPIV,Vg|VVVul
> (1-2"9|VVVVull + (1 -27%|VVVVul?
—20/ Re{g"g™ g Vi (0}7°)V jugy V juse V guig, }
—2a/ Re{gi‘jg“]_“gﬂ_’azz_’fviVjquVEUngJul;a}
—20/ Re{gigg“]}gﬂ’aii’ggvjuquviVEUgTVguBa}
_o{<|vvvvu|g VYY) VYV, + VIV,
+(IVVVul, + [VVVuly + 1) VVul,|VVVul,
+VVVul} + [VVVu|2 + \Vvvuyg}

-2 Re{gi‘jgakgjgvivlgﬁjvtful;a}.
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We used (6.6) to expand and estimate terms involving V;FP?. For the
following steps, we will use that |o/|'/*|VVu|, < 7Y/ for any u € Yy,

where 7 = (C*_)71277. We also recall that we use the notation C%, =

e!(mLie)!‘ If k£ > 1, we can estimate

(7.26) 2/a g g™ g7V (o} )V gy V sy V g
2//|CEZ 3V VP2V V V)

2Ch_ 7)o/ PR R VUVl

276\ |/ k2K |V?VU|§.

IN A

We used CS:% < Cﬁ_l. If £ = 1, the term on the left-hand side vanishes
and the inequality still holds. Using the same ideas, we can also estimate

— 24/ Re gl g/ PPV V jugpV puse V gug, +V jugp ViV guse V g, }

> —2|d/|CEZ3|VVulf™ 1|v?vu|§{|vv?vu|g+|V?v?u\g}
—(20517)\a’|1/k7Uﬂvvvuyg{\vvvvug + yv?vwg}

2_6\a’]1/k7_1/k|VVVu\g{\VVVVu\g + \vvvvuyg}.

The perturbative terms can be estimated roughly by using the definition
(5.12) of &; and keeping track of the orders of terms that we do not yet
control.

(7.27)  —2Re{g"g"* ¢"V; Vi EV quz, }
> _cwvvuyg{vvvvuyg VYTV,
H(VVVuly + [VVVuly)|[VVul, + VYV, + [VVVal,
+HVVul2 + |VVulg + 1}.

Applying these estimates leads to

(7.28) FPIV, V4| VVVul
> (1-279) [|[VVVVu|2 + |VVVVu2] — 27/ |7 Er 2K YTVl
270/ MR R IT U VU2 [|VVV Vg + [VVV V]
—CP,
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where

(7.29)

P = |VVVVu|,|VVVul, + |[VVVVul,|VVVu|, + |[VVVVul,
+|VVVul | VVVul, | VVul, + [VVVu|,|VVVal,
+VVVUZ|VVulg + [VVVulg|[VVul? + [VVVulg[VVul,
+HVVVulg|VVulg + [VV VUl + [VVVul? + [V Vaul,.

We used the fact that the difference between |[VVVVul, and [VVVVul,

is a lower order term according to the commutation formula (7.21).
Next, we apply (6.5) to obtain

(7.30) FPIV, Ve VVul?
> |VVVuf; — C|VVVul, — C|VVul} — C|VVulg — C.
We directly compute
(7.31)  FPIV, Ve {([VVul2 +n)|VVVul2}
= |VVVuZFPIV, Ve VVull + (IVVul} + n)FPIV, Ve VV V|
+2Re{ FPIV,|VVu[}V4[VVVu|2}.
We can estimate
(7.32) 2Re{FPIV,|VVu[2V4|VVVul2}
—4(1 4 27%)|VVuly[VV VU2 VVVVu,
—4(1 4 27%)|VVu|y[VV VU2 VVV V),
> —4(1+279)|o/| "V RV ROV VIV T,
—4(1 4 279)|o/| VRV R YUV VYV V.

v

Combining (7.28), (7.30), (7.32) with (7.31), setting n = m|a/|~2/F72/¥
and using [VVu|2 < |o/|~2/k72/% Jeads to

(7.33) FPIV, Vi {(|[VVul} +n)|VVVul’}

> m(l— 2_6)\0/|_2/k72/k{\VVVVu3 + yvvvvuﬁ;}
—4(1 + 2_6)]a’|_1/k7'1/k\VVVu|§{ IVVVVal, + |vvvvu|g}
—27%(m + 1)|o/\1/k71/’fyv?vu|§{yvvﬁvu|g + |v?v%|g}

+{1 9y Sm 1)}\vvvuy3 ~ CIVYVu2[VVuf2 ~ CP.
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Using 2ab < a? + b?, we estimate
A(1 + 279/ |7 YEPYR VUV [V V V|, + VYV Vul g}
< 16(1 + 2752/ |7k (IV VUV VU2 + [VVVVU|2} + %yvvvu@,
and

278(m + 1)|o| "RV R VUV {|[ VYV Vg + [VVV V)

1 _
< glof|” RV VVVZ + |[VVVV2} + 272 (m + 1) VI Va2

The main inequality becomes

(7.34)  FPIV,Va {([VVul +n)|[VVVul?}

1 _
> {m(1-27% —16(1+27572 - 2}|o/|_2/k7'2/k{|VVVVu|§
+|v?v©u|§}

1 o
+{2—2 Stm+1)—272(m+1) }\vvvmg

—C|VVVull|VVul? — CP
Next, we estimate terms on the first line in the definition (7.29) of P
C{|IVVVVul, + |[VVVVul, }VVVul,
1, _ - _
E'O‘,‘ 2RV VVuf? + VYV V|2

IN

+8C?| o PR 2R VYV
and
_ 1 _
(7.35) C|VVVVul, < 1—6]a’|_2/k7'2/k\VVVVu]§ +4C?|of [P k2 k
and absorb [VVVul3 4+ |[VVVul2 + [VVVul,y into 2712 [VVVu[] plus a

large constant. We can now let m = 18 and drop the positive fourth
order terms. We are left with

(7.36) FPIV, Ve {(IVVul2+n)|VVVul;}

1 _ _ _ —
> {2 —27%m+1)—272(m+1)2-2 12} IVVVul;
—C|VVVU|9{\VVVU|9|VVU|Q + |[VVVu|, + ]VVu|g}
—c{\v?vu@\vvu@ + [VVVul2|VVulg + [VVVulg|VVul?

+|VVVu|,|VVul, + 1}.
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Since m = 18,
1
(7.37) i 27%(m+1)—27%m41)2—2712 > 274
and we obtain (7.19). q.e.d.

7.3. Using the test function. We have computed FPIV,V; acting
on the two terms of the test function G defined in (7.2). Combining
(7.5) and (7.19)

(7.38)  FPIV,V;G
> Lioovat + AB1vvval + (1 - 2% BV v
> @! U|g+7| uly + (1 —=277)B|VVul,
C{|VVVu|g|VVVu]g|VVu|g + |[VVVu|y|VVVul,
+HVVVulg|VVulg + [VV V2| VVul? + [VV V|2 VVulg
+VVVulg|VVul? + |vvvu\g|vvug} — C(A, B).

The negative terms are readily split and absorbed into the positive terms
on the first line. For example,

(7.39)
_ c?
C|VVVuly| VVVulg|VVuly < [VVVul? + vavvmgyvvu@,
(7.40) C|VVVulZ|VVul? < 277 |VVVu|; 4+ 2°C?|VVulj,
(7.41) C|VVVulZ|VVuly < 277 |VVVu|; 4+ 2°C*[VVul?.

This leads to
(7.42) FPIV,V G
> 277T|VVVul] + {ATB — 1}VVVul? + {g — C}VVul,
—C(A, B).

By choosing A, B > 1 to be large, we conclude by the maximum prin-
ciple that at a point p where GG attains a maximum, we have

(7.43) [VVVuly(p) < C, [VVulg(p) < C.
Therefore |[VVVu|, and [VVul, are both uniformly bounded.

7.4. Remark on the case k = 1. In the case of the standard Fu-Yau
equation (k = 1), to prove Theorem 1.1 we can instead appeal to a
general theorem of concave elliptic PDE and obtain Hoélder estimates
for the second order derivatives of the solution. To exploit the concave
structure, we must rewrite the Fu-Yau equation into the standard form
of complex Hessian equation.
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~n n(n—1) ~An—2

Recall that 61(x)@™ = ny A", Ga(x)o™ = B2 A @
A direct computation with equation (1.1) gives

7.44 Ga(e“d + a'ep + 2a'i00u
(7.44) ( p
—1
= n(n2)e2“ —2(n —1)d'e"|Vu
+2(n — 1)(0/)26_“(ajkujulf€ — blu; — bgug)

+2(n — 1) (') ?e e+ (n — 1De “61(a'p) + e 6o (dp).

5—2(n—1)a'n

We note that the right hand side of the equation involves the given data
o, p, p, uwand Vu. Since u € Tq, the (1,1)-form o’ = €@ + a’e ¥p +
20/i00u is positive definite, and thus both sides of the above equation
have a positive lower bound. Moreover, our previous estimates imply
that we have uniform a priori estimates on [|uc1,5(x) for any 0 < 8 < 1.

The right hand side is therefore bounded in C#(X). Since &é/ 2()() is a
concave uniformly elliptic operator on the space of admissible solutions,
we may apply a Evans-Krylov type result of Tosatti-Weinkove-Wang-
Yang [32] (see also [33]) to conclude ||u||c2.s < C.

However, for general k > 2 it is impossible to re-write equation (2.2)
into a standard complex Hessian equation and thus there is no obvious
concavity that we can use.

Note: Just as we were about to post this paper, a preprint, The Fu-Yau
equation in higher dimensions by J. Chu, L. Huang, and X.H. Zhu ap-
peared in the net, arXiv:1801.09351, in which is stated the existence of
a solution of the Fu-Yau Hessian equation for £ = 1, v = 2. In fact they
established the same key gradient estimate for the case k = 1, v = 2
of Theorem 5.1, using the same test function (5.3). As we had noted
in sections §5 and when introducing it, this test functions is the same
as the one introduced earlier in our paper [23] on the Anomaly flow.
The major differences between the special case k = 1, v = 2 treated in
the Chu-Huang-Zhu paper and the general case 1 < k <n—1,v >0
treated in Theorem 1.1 of the present paper are, on one hand the con-
siderable technical complications in establishing Theorems 5.1 and 6.1
in this generality, and on the other hand, the C? estimates in §7. As we
had explained in §7, C*® estimates can be obtained in the case k = 1 by
an Evans-Krylov type result [32] without any additional work. But for
k > 2, Evans-Krylov type results are not available because there is no
concavity, and C? estimates have to be established separately (Theorem
7.1). In fact, such C® estimates for general Hessian equations (differ-
ent from Monge-Ampere equations) don’t seem to have been treated
before in the literature, and Theorem 7.1 may be of independent inter-
est.
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