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Abstract

The Fu-Yau equation is an equation introduced by J. Fu and S.T. Yau as a
generalization to arbitrary dimensions of an ansatz for the Strominger system. As
in the Strominger system, it depends on a slope parameter o/. The equation was
solved in dimension 2 by Fu and Yau in two successive papers for o/ > 0, and for
o/ < 0. In the present paper, we solve the Fu-Yau equation in arbitrary dimension
for o/ < 0. To our knowledge, these are the first non-trivial solutions of the Fu-Yau
equation in any dimension strictly greater than 2.

1 Introduction

Let (X,w) be a compact Kéhler manifold of dimension n. The Fu-Yau equation with slope
parameter « is the following equation for an unknown scalar function wu,

n

i00(e"w — a'e™"p) A w"? + na'iddu A i0du A w" " + uw—' =0. (1.1)
n!

Here 11 : X — R is a smooth function satisfying [y p% = 0, p is a smooth real (1,1)
form, and the solution wu is required to be admissible, in the sense that the vector X of
eigenvalues of the Hermitian form

W' = e"w+a'e " p+ 2na'iddu, (1.2)

with respect to w, lies in the admissible cone I'y defined in (2.3) below. Henceforth, to
simplify the notation, we shall just denote o/ by . When o = 0, the Fu-Yau equation
reduces to a Laplacian equation in e“, so the only non-trivial cases are when « is strictly
positive or negative. The Fu-Yau equation was solved in dimension dim X = 2 by Fu and
Yau in two ground breaking papers, first for a > 0 in [15], and then for v < 0 in [16]. The
main goal of the present paper is to prove the following theorem:

Theorem 1 Let a < 0. Then for any dimension n > 2, any smooth (1,1)-form p and
any smooth function u satisfying the condition [y pw™ =0, there ezists a constant M’ so
that, for all My > M’, there exists a smooth admissible solution u to the Fu-Yau equation
(1.1) with normalization

/X e = M. (1.3)
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The Fu-Yau equation in general dimension n and with o > 0 has been studied in [29].
All the basic a priori estimates needed for a solution by the method of continuity had
been derived there, except for a lower bound on the second symmetric function of the
eigenvalues of w’. As a consequence, whether the equation is solvable for @ > 0 and n > 2
is still an open question at this time. It is an intriguing question whether the distinct
behavior of the equations with @ > 0 and o < 0 is indicative of a significant geometric
difference in the metrics defined by the two equations.

The Fu-Yau equation is motivated by the fact that, in dimension n = 2, as shown in
[15], it is equivalent to the Strominger system for a certain class of 3-dimensional manifolds
constructed by Goldstein and Prokushkin [18]. In higher dimensions, it corresponds to an
interesting modification of the Strominger system. More precisely, let M be an (n + 1)-
dimensional complex manifold, equipped with a nowhere vanishing holomorphic (n + 1,0)
form Q. Let E — M be a holomorphic vector bundle with Hermitian metric H. The
modified Strominger system, as proposed by Fu and Yau [15], is the following system for a
metric w on M and a Hermitian metric H on F,

FyAw'=0, FF'=Fy*=0 (1.4)

{i@@w— Z(TrR/\R—TrFH/\FH)} Aw™ =0, (1.5)
2(n—1)

d(HQHw" w") — 0. (1.6)

Here Fp is the curvature of the bundle E with respect to the metric H and R is the
Riemann curvature tensor of the Chern connection of the metric w, viewed as (1,1)-
forms valued in the endomorphisms of E and T9(M) respectively. Note that a natural
extension to arbitrary dimensions of the Strominger system may have been with the power
w" 2 in the equation (1.5). The power w" ! above is motivated by the requirement that
the modified Strominger system be equivalent to the Fu-Yau equation when restricted
to Goldstein-Prokushkin fibrations?>. When n + 1 = 3, which is the case of particular
interest in string theory, both powers w” ! and w" 2 lead to the same Fu-Yau equation
when restricted to Goldstein-Prokushkin fibrations. As observed by Li and Yau [24], in
dimension n + 1 = 3 the equation (1.6) can be replaced by the equation dfw = (0 —
J)1In |||, which is the original form written down by Strominger [31]. Strominger’s
original motivation was from string theory, and the system he proposed would guarantee
the N = 1 supersymmetry of the heterotic string compactified to Minkowski space-time
by a 3-dimensional internal space M. For this, we would take n +1 = 3, and the slope
« is positive. Nevertheless, the Strominger systems and their modifications for general
values of n and « are compelling systems of considerable geometric interest, as they unify

n—1

2In [15], there appears to be a misprint, with the power of w in (1.5) written as n — 2. The authors are
grateful to Li-Sheng Tseng for pointing out to them the correct power n — 1.



in a natural way two basic equations of complex geometry, namely the Hermitian-Einstein
equation for holomorphic vector bundles and a generalization of the Ricci-flat equation.
In particular, the equations (1.5) and (1.6) (for fixed metric H on E) can then be viewed
as legitimate non-Kéhler alternatives to the canonical metrics of Kahler geometry.

The way a solution of the Fu-Yau equation would give rise to a solution of the Stro-
minger system is a key contribution of Fu and Yau [15, 16], based on an earlier geometric
construction of Goldstein and Prokushkin [18]. Recall that the Goldstein-Prokushkin con-
struction associates a toric fibration 7 : M — X to a compact Calabi-Yau manifold
(X, wx) of dimension n with nowhere vanishing holomorphic n-form Qx and two primitive
harmonic forms £, 42 € H?(X,Z). Furthermore, there is a (1,0)-form 6 on M so that

27 2w
2 = Qx A0 is a nowhere vanishing holomorphic (n 4 1)-form on M, and

wy = (e wx) +i0 A0 (1.7)

is a metric satisfying the balanced condition (1.6) for any scalar function v on X. Let
E — X be a stable holomorphic vector bundle of degree 0, and let H be a Hermitian-
Einstein metric on E, which exists by the Donaldson-Uhlenbeck-Yau theorem. Let 7*(E),
7 (H) be their pull-backs to M. The equations (1.4) and (1.6) are now satisfied. It is
then shown by Fu and Yau [15, 16] that the last equation (1.5) in the Strominger system
for the system (7*E,7*H, M, w,) is satisfied if and only if u satisfies the Fu-Yau equation
(1.1) on the manifold X, for suitable p and p given explicitly by

wh (n—2)!

n! 2

wy o«
(leuix + ”wQHiX)ni)]( + ZTI"(FH N FH — RX A\ Rx) VAN wgl(iQ. (18)

The solvability condition [y p % = 0 of the Fu-Yau equation can be viewed as a cohomo-
logical condition on X, F, wy,ws and the slope parameter a. Applying this construction of
Fu and Yau, we obtain, as an immediate corollary of Theorem 1:

Theorem 2 Let (X,wx) be an n-dimensional Calabi- Yau manifold, equipped with a nowhere
vanishing holomorphic n-form Q (n > 2). Let $,%2 € HY(X,Z) be primitive harmonic
forms. Let E — X be a stable bundle with Hermaitian-Einstein metric E. Assume that
a < 0, and the cohomological condition fxu% = 0 is satisfied. Then the modified Stro-

minger system (1.4), (1.5), (1.6) admits a smooth solution of the form (7*E,m*H, M,w,).

Following Fu-Yau [15, 16], we can construct many examples of data (X, E,w;, ws, @)
satisfying the cohomological condition [y u% = 0 with @ < 0 in higher dimension,
and this is illustrated in §7. Thus Theorem 2 provides the first known solutions of the
Strominger system in higher dimensions by the Fu-Yau ansatz. In section §7, we shall
exhibit a specific example due to Fu and Yau [16] with « = —2 and g = 0. Other, more
geometric, constructions of solutions to the Strominger system have also been provided in
1,9, 10, 11, 12, 13, 14, 19, 37].



Besides its occurrence in geometry and physics, the Fu-Yau equation (1.1) is also in-
teresting from the point of view of the theory of fully non-linear elliptic partial differential
equations. In dimension n = 2, it is a complex Monge-Ampere equation, and the natural
ellipticity condition is that the form w’ defined in (1.2) be positive-definite. But in dimen-
sion n > 2, it is actually a complex 2-Hessian equation, with the ellipticity condition given
by the condition that the eigenvalues of w’ be in the cone I'. In fact, as worked out in
detail in §4.1, it can be rewritten as

(w/)Q /\ wn—?

w?’L

—1
= n(n2 ) (62“ - 4046“]Du\2) + v, (1.9)

where w’ is the Hermitian (1,1) form given in (1.2), and v is a function depending on
u, Du, g and p, given explicitly in (4.6) below. Complex Hessian equations on compact
manifolds have been studied extensively by many authors in recent years, see for example,
3, 7, 8, 21, 22, 23, 25, 26, 32, 33, 34, 39, 40]. However, in comparison with the previous
works, a crucial new feature of the equation here is the dependence of the right hand side
on the gradient Du of the unknown function w.

The proof of Theorem 1 is by the method of continuity, and the main task is to derive
the a priori estimates. We now describe briefly some of the innovations required in the
derivation of these estimates.

In the original papers of Fu-Yau [15, 16], the C° estimate for equation (1.1) was proved
using two different arguments depending on the sign of a. Here we provide a unified ap-
proach. We also impose a simpler normalization condition on [y e* instead of on [y e™P*,
with p depending on dimension n, as in [15, 16]. This simpler normalization arises nat-
urally in the study of a parabolic version of the Fu-Yau equation, which is a reduction
by the Goldstein-Prokushkin construction of a geometric flow on (2,2) forms introduced
by the authors [29] and called the anomaly flow. The anomaly flow preserves the bal-
anced condition of metrics, and its stationary points satisfy the anomaly equation of the
Strominger system. It can be shown that [y e" is constant along the flow.

The C! estimate uses the blow-up and Liouville theorem technique of Dinew-Kolodziej
[7]. To adapt this argument, we need to show that there is a uniform constant C, depending
only on w, p, p and «, such that

sup |00ul,, < C(1 + sup |Dul?). (1.10)
X X

For standard complex Hessian equations on compact Kahler manifolds, this C? estimate
was obtained by Hou-Ma-Wu [22]. It is worth mentioning that such a C? estimate combined
with a blow-up argument has been a key ingredient in the solvability of several equations
in complex geometry. For example, this type of estimate can be obtained for the form-type
Monge-Ampere equation occurring in the proof of the Gauduchon conjecture [34, 35], and
the dHYM equation [5] motivated from mirror symmetry. In this paper, we establish the
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C? estimate (1.10) for the Fu-Yau equation (1.1). The proof is quite different from the
proof given by Fu and Yau [15, 16] for the case n = 2.

To obtain estimate (1.10), the major obstacle in our case is the presence of gradient
terms such as e*|Du|?. Indeed, if we allow the constant C' to depend on the gradient of w,
the C? estimate for complex Hessian equations with gradient terms was established in [28]
under a stronger cone condition, building on the techniques developed by Guan-Ren-Wang
[20] for the real Hessian equations. However, the argument is not completely applicable
here, because we need to get estimate (1.10) with C' independent of the gradient in order
to get subsequently the C! estimate by blow-up arguments. In this paper, we exploit the
precise form of the gradient terms to obtain a cancellation of the 3 |u;,|* terms arising
from differentiating the right-hand side, as seen in Lemma 1 in section §5.

We would like to stress that the estimates here are also quite different from the case
a > 0 which was studied in our previous work [27]. When a > 0, the C! estimate easily
follows from the C° estimate and ellipticity of the equation. However, a new difficulty
arises, which is that the equation may become degenerate. This would happen if the right-
hand side ¢, (e** — 4ae®|Dul?) of the equation (1.9) tends to 0. This is not possible if « is
negative, but it cannot be ruled out at the outset if « is positive. In [27], we reduced the
solvability of the Fu-Yau equation with o > 0 to a non-degeneracy estimate. In fact, this
non-degeneracy estimate is equivalent to a strong Fu-Yau type gradient estimate, which
was obtained in [15] for n = 2. Tt is still not known whether it holds for general n. In any
case, a proof will certainly require a new method.

The paper is organized as follows. We give a general setup for the method of continuity
in section §2 and establish the a priori estimates in sections §3, §4, §5. In section §6, we give
the proof of Theorem 1. In section §7, we follow Fu-Yau’s construction to give a solution
with o = —2 to the modified Strominger system. Finally, in section §8, we propose another
possible generalization of the Strominger system to higher dimensions which makes use
instead of higher Chern classes.

2 The Continuity Method

We shall work on a compact Kéhler manifold (X,w) of dimension n > 2. We use the
notation w = 3 gz; idz’ A dz* and p = > pgj idz? A dz*, and we normalize the volume
Vol(X,w) = [x %; to be 1. We denote by D the covariant derivatives with respect to the
background metric w. All norms and inner products are with respect to the background
metric w unless denoted otherwise.



2.1 The set-up for the continuity method

We shall solve the Fu-Yau equation using the continuity method. For a real parameter ¢,
we consider

n

i00(e"w — tae™"p) Aw"? + naiddu A i00u A w" " + tuw—' =0. (2.1)
n!
Define A{, ) to be the eigenvalues of

(9156 = €" g5k + tae™" pjp, + 2naug (2.2)

with respect to the background Kahler metric w. The tensor (gEtyu)) is relevant because

the ellipticity condition of (2.1) is A{; ) € I's, where
[y ={XA€R"; g1(N\) >0, go(\) > 0}. (2.3)

Here 0 ()) is the k-th symmetric function of A, defined to be ox(A) = >0 ..cjp Ajy = Ay -
When A\ is the vector of eigenvalues of a Hermitian form w’ with respect to the background
form w, o}, can also be expressed directly in terms of w’ by

. n (w/)k A wnfk
= -_— 2.4
)= (1)L 2.4)
It is a well-known property of the cone I'y that for each index [ € {1,---,n}, we have

iz A > 0.
Let My > 0 be a constant which will eventually be taken to be very large. For 0 < v < 1,
we define the following function spaces

By = {ue C*(X,R): /X e = M), (2.5)
By = {(t,u) € [0,1] x Bas: Ny, € Ta}, (2.6)
By ={ € C"(X.R): /X¢ — o). (2.7)
Consider the operator ¥ : B; — By defined by
U(t, u)c:: = i00(e"w — tae "p) A w" 2 + naiddu A i00u A w2 + tutj. (2.8)

Define the set
I ={t€[0,1]: there exists u € By such that (¢,u) € By and ¥({,u) = 0}. (2.9)

We note that 0 € I due to the trivial solution uy = log M. The goal is to show that [
is both open and closed. In the remaining part of this section, we show that [ is open.
The proof of closedness and the necessary a priori estimates will be given in subsequent
sections.



2.2 Proof of the openness of [

Suppose ¢ € I. Then there exists @& € By such that W(f,4) = 0. We wish to use the
implicit function theorem to solve W(t,u;) for ¢ close to t. We compute the linearized
operator at 4 to be

(D)) {h e CPUXR): [ et = o} N {w cC(XR): [ 0= o}, (D) 0y = L,

(2.10)
with
L(h)w—' = i00(he"w + tahe "p) Aw" ™ + 2naiddi A i0Oh N\ w" 7. (2.11)
n!
Expanding terms gives
_ i e i i0h A O(e*w + tae™"p) A w2
L) = (0= 2)1g"gg,D.Dsh + 2Re] R }
' ( pl £ —0 n—2
100(e"w + tae™"p) Aw h (2.12)
(nh)~twr

where g, = (g“l;(gz£7ﬁ))5a)g,5p — (gzm)),;p > () since X(f,ﬂ) € I'y. We see that L is a second
order linear elliptic operator on X, and the deformation ¢tL + (1 — ¢)A shows that L has
the same index as the Laplacian, namely index 0. We shall compute the adjoint L* with

respect to the L? inner product with volume % We integrate by parts to obtain

/ WL = / $idd(helw + fahe~tp) AW + 2na / $idda A i9Dh A w2
X n: X X

= / h{e"w + tae™"p + 2naiddi} A i00p A w" >
X

ik pj~ w
= (n—2)!/xh9 9" Grp DiDjb . (2.13)

It follows that L* = (n—2)! g g¥/ grpDiDj;. By the strong maximum principle, the kernel of
L* is the constant functions. Again by the strong maximum principle, a non-zero function
in the image of L* must change sign. Since L* has index 0, the codimension of Im L* is
one, and so the kernel of L is spanned by a function of constant sign. To summarize, we
have

Ker L* =R, KerL =R(¢), ¢ constant sign. (2.14)

By the Fredholm alternative, we obtain that (D, W)
spaces. By the implicit function theorem, we can solve W(¢, u;) for ¢ close to t. Hence I is
open.

f4) 18 an isomorphism of tangent



3 The C" Estimate

This section as well as the next three are devoted to the proof of the closedness of the set
I of parameters ¢ for which the deformed equation (2.1) can be solved. For this, we need
a priori C°, O, C?, and C?7 a priori estimates. As usual, it is notationally convenient to
derive these bounds for the original equation (1.1), as long as the bounds obtained depend
only on suitable norms for the data p and pu.

3.1 The supremum estimate

Proposition 1 Let u be a solution to (1.1) such that N € T'y and [y e* = My. Suppose
e* > 1 and ce™2p > —%w. Then there exists a constant C' depending only on (X,w), «,
p and p such that

sup e" < C’/Xe“ = C'M,. (3.1)
Proof. We proceed by Moser iteration. Recall the form w’ defined by
W' = e"w + ae " p + 2naiddu. (3.2)
The starting point is to compute the quantity
/X i08(e~) Ao A W (3.3)
in two different ways. On one hand, by the definition of w’ and Stokes’ theorem, we have
/X i00(e ") AW AW = /X{e“w +ae ™ p} NidI(e M) A w2 (3.4)
Expanding
/X i00(e ") ANW AWE = K2 /X e M letw + ae " p} Nidu A Ou A w3
—k /X e letw + ae " p} Ni0Ou A W2 (3.5)
On the other hand, without using Stokes’ theorem, we obtain
/X i00(e "y AW AW = K2 /X e Fi0u N Ou A w' A w2
—k /X e M letw 4+ ae " p} Ni0Ou A w2

—(2na)k /X e *400u N i00u A w2 (3.6)
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We equate (3.5) and (3.6)
0 = —&7 /X e Fi0u A Ou AW AW 4 K2 /x e M letw + ae " p} Nidu A Ou A w3
+(2na)k /X e *i00u N i00u A w2, (3.7)
Using equation (1.1),
0 = —k? /X e Fi0u A Ou Aw' AW 4 K2 /X e M de"w + ae " p} Nidu A Ou A w3
—2k e_k“,uw—T — 2k/ e i00(e"w — ae"p) A w2 (3.8)
X n! X

Expanding out terms and dividing by 2k yields

k - k _
0 = — [ e ™iuAdunw ANw" ™2+~ / e M le"w + ae " p} Nidu A Ou A W'
2 Jx 2 Jx
—/ e_k“uw— —/ e~ %900 A wn !
X n! b's

— / e~ D% A du AWt — a/ e~ D% 90u A p A w2
X X

+a/ e FHDYG9u A du A p A w2 + a/ e~ FHDU90p A w2
X X
—2aRe/ e~ F %90 A Dp A w2

b

Integration by parts gives

k = k -
0 = —— [ e™iduAdunuw Aw" 2 — 5 / e M letw 4+ ae T p} Nidu A Ou A w2
X

2 J/x
— / e’k“uw— - a/ e FHDU90p A w2 — a/ e~ E DY A Dp AW (3.9)
X n! X X

One more integration by parts yields the following identity:

k _
3 / e Ml w + ae T p} Nidu A Qu A w3 (3.10)
b
k - _
= —3 /X e ou N u AW AW — /X e M4 (o — kL—i—l) /X e~ F %990 A w2,

The identity (3.10) will be useful later to control the infimum of u, but to control the
supremum of u, we replace k with —k in (3.10). Then, for k # 1,

k _
3 / e® UL L ae™p} Aidu A Qu A w2 (3.11)
X

o
1-k

k _ _
= — / e*iou N u A w' A w2+ / e — (o — ) / e® =90 A w2,
2 Jx X X

9



Since N € I'y, by the properties of the cone we have that 37, A} > 0 for each index
le{l,---,n}. It follows that

iOu N OuAw AW > 0. (3.12)

Let 8 = %= > 1. We can use (3.12) and (3.11) to derive the following estimate for any
k=>p

k/ eV el Nidu A Qu Aw 2 < C (/ ekv +/ e(kl)“) . (3.13)
X X X

By assumption, ae™2%p > —%w. For k > 23, we can estimate

/ |Dez"|2 < Ck (/ (k= 1’“+/ (k=2u > (3.14)

Since e* > 1, we can conclude
/ IDebe? < Ck;/ (3.15)

for £ > 2. The Sobolev inequality yields

1/8
kBu < ku
(/Xe ) _Ck/Xe . (3.16)

After iterating this estimate, we arrive at

supe® < C|le"]| 25. (3.17)
b

To relate the L2 norm of e* to [y e* = My, we can use a standard scaling argument.

1/28 L 1/28
sup e < C(/ 6“62'3““> < C’(sup e(zﬁl)“) ’ (/ e“) : (3.18)
X X X X

It follows immediately that
supe" < C’/ e = C'M,. (3.19)
X X

—Uu

3.2 An integral estimate for e

Proposition 2 Let u be a solution to (1.1) such that N € 'y and [y e" = MO. There
exists 0 < &' < 1, chosen small enough such that e=* < §' implies ce™?"p > fw and C
depending only on (X,w), a, p, p with the following property. If e=* < §, then

Ch
—u o S .
/Xe < (3.20)

10



Proof. Setting k = 2 in (3.10) and using (3.12) gives

—u —2u - ) n—2 < —2u —3u
/Xe {w+ae ™ p} Nidu A Ou A w _C(/Xe +/Xe ) (3.21)

Choose &' > 0 such that ae=2“p > —%w. Since we are assuming that e™* < ¢’ pointwise,
we obtain

/ IDe %2 < 05'/ e, (3.22)
X X
By the Poincaré inequality

fer = (het) = = o]

Hence, for some Cj independent of ¢’, if ¢’ is small

/X@_”Sl_lcoa(ﬁe_

Let U={e "<& -}. Then by Proposition 1,

ol

< C/ |De %2, (3.23)
X

e

)2. (3.24)

M,
Moz/Ue“—l— o e <]U]supe +(1—\U\)—<CM0]U\+(1—\UD70- (3.25)

It follows that there exists 8 > 0 independent of Mj such that
|U| >0 > 0. (3.26)

Let £ > 0. We may use the measure estimate and (3.24) to obtain

() = aeeal o) suva( [, )

< @+l [ e+ a+aa-|u) [ e

wle

X\U
< (1+C. )MO (1+2)(1 - 9)1_1%(5,(/)(@-5)2. (3.27)
Thus
([t) sa+e )]\flo (= e —19)(1 - coaf)l)‘ (3.28)
Therefore by (3.24)
/x e s 1 —1005'(1 = )]\io (1 — (1491 —19)(1 - 005')1>' (3.29)

Choose € = g and suppose 0 < 0" < @. Using this choice of £ and ¢’ along with 0 < 6 < 1,
it follows that (1 +¢)(1 — Cpd’)~* < 1+ 6. Therefore

1 21
< === .
/Xe < o+ 03 = (3.30)

The important point is that # does not depend on Mg, so both ¢ and C; do not depend
on M().

=D
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3.3 The infimum estimate

Proposition 3 Let u be a solution to (1.1) such that X' € T'y and [y e* = My. There
erists 0 < &' < 1 (the same &' as in Proposition 2) and Cy depending only on (X,w), «,
p, 1, such that if e * < ¢, then

Cy
supe < s (3.31)

Proof. Combining (3.10) with (3.12), and choosing ¢’ > 0 such that ce™2%p >
obtain for k£ > 2

—1iu
—5Ww, we

k/ e~ k=D Dy |2 < C’(/ e_k“—l—/ e_(k“)“). (3.32)
X X X

Therefore, for k£ > 1, we have

/X \De 542 < O ( /X oD /X e—<k+2>“>. (3.33)

If e < ¢ < 1, we deduce
/ |De~ 542 < Ck / e, (3.34)
X X

By the Sobolev inequality

16
—kBu < —ku
(/Xe ) < Ck;/Xe . (3.35)

By iterating this estimate, we obtain

Sup e < Clle ™. (3.36)

Combining this estimate with Proposition 2 completes the proof.

3.4 The C° estimate along the continuity method

Combining the supremum and infimum estimates, we shall prove the desired C° estimate
along the continuity method (2.1).

Proposition 4 Let o # 0. There exists By > 1, By > 1, and M’ > 1 depending only on
(X,w), a, p, and p such that every My > M’ has the following property. Let uy = log M.
Suppose that for all t € [0,ty) with to < 1 there ezists a solution u; to

n

i00(e"w — tae " p) Aw" ™ + naidduy A i00u, A w" " + t,uw—‘ =0, (3.37)
n!

such that )\’(t,ut) €Ty and [y e = My. Then the following C° estimate holds:

By
But S BlM(), G_ut S MO (338)
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Proof: Choose By = 2C5 where Cy > 1 is as in Proposition 3. Take M’ > 1 such
that (2Cy)M'~! < §', where &' > 0 is as in Proposition 3. At ¢ = 0, we have ¢ " =
Myt < (2C5)My . We claim that e™* can never reach (2C5)My ! on [0,t,). If for some
t' € (0,ty) there holds e™®" = (203)M; "' < &, then by Proposition 3 it would follow
that e < CyM, 1, which is a contradiction. The estimate on e*“* was established in
Proposition 1. Q.E.D.

4 The C? estimate

We come now to one of the key estimates, namely the C? estimate. For this, it is essential
to view the Fu-Yau equation as a complex 2-Hessian equation to exploit the concavity of
the operator.

4.1 The Fu-Yau equation as a Hessian equation

Using the elementary symmetric function, equation (1.1) can be written as the following
scalar equation

0 = {(n—1)e"g" + ae‘“ﬁjE}DjD,;u + 2naoy(i00u) + (n — 1)e"|Dul?
; 7

—ae " Prujuy — 2aRe(@e ", Op), — ae " Ayp + =) (4.1)
Here we introduced the following notation
P = ¢ 0" (9" P50 9t — Pim), (4.2)
ni9.-u A f n—2 n ;99 n—2
Y — T
As it was mentioned in (1.9), we shall rewrite the equation in terms of
gf—ﬁj = e"gr; + e pr; + 2naug;, (4.4)

where W' =i} g;—gjdzj AdzF. We will use ) to denote the eigenvalues of ¢’ with respect to
the background metric w. Direct computation gives

n(n —1)
2
+(2na){(n — 1)e"g’* + ae~"5*} D, Dyu. (4.5)

o(N) = €2 + a’e 2 05(p) + (2na)?o2(i00u) + a(n — 1)g* g,

Introduce the constant k. = @ When o # 0, we may combine (4.1) and (4.5) to
obtain the following equivalent equation

oa(N) = Ke(e* — dae|Dul?) + ZnaQe’“ﬁﬂ;uju,; — 4na’e”"Re(0u, dp).,
2no

+a2e 2 a5(p) + 2nate “Ayp + a(n — 1) pp, — mﬂ-

(4.6)
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As noted in the introduction, the ellipticity condition is that A" € I's.

To obtain higher order estimates, we will work with a version of the equation (4.6) which

exhibits a concave elliptic operator. Denote F' = a;/ 2N ). Equation (4.6) is equivalent to

F=0,(\)? =w, (4.7)
with
w? = K — 2ae“{2fzc|Du|2 - nae_QuﬁjEuju,; + 2nae” 2 Re(0u, Gp)w}

5 2na
+ale oy (p) + 2nate ™ Ayp + aln — 1)g™ pp, — )',u. (4.8)

(n—2

4.2 The linearization Fi*

We will use the notation

jE _ 902(X) i 9oy (X) Fﬂ%,m_m

oy = ) = — ", = . 4.9
: = o, o, 04/, e (49)
Thus .
J !
2020\/)1/2’ £ Gk; 9 02(/\/>1/2' (4.10)

In this section, we shall derive expressions for [ ’_“DjD,; acting on various quantities. First,

2naFﬂ“D]~D,—€u = Fj’;g;—cj — e“Fng,;j — ae_“FjEp,;j

= a;/z()\') —e"F — ae’“Fj’_“p,;j. (4.11)
Covariantly differentiating oo(\)'/? gives
0,03* = FI*D,,g; . (4.12)

Substituting in the definition of g,%j, we obtain the following formulas for 2naF j’;DjD,;
acting on Du,

QnaFj’;DjD,;(Dpu) = 8pa%/2 — Fﬂ;Dp(e“g,;j + ae”"pg;), (4.13)
2naFﬂ“DjD,—€(Dﬁu) = 6]50;/2 — FjEDﬁ(e“g,;j + ae” " pg;) + QnaijRﬁj-quu. (4.14)

Here Rﬁj-q denotes the curvature of the background metric w. Introduce the notation

|DDul%, = F*¢'"D;DiuDiDyu, |DDul%, = F*¢"™D; DyuDyDyu. (4.15)
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Then
2naF* D, Di|Dul* = 2nag"F*(D;D;Deu Dyt + Dyu D; Dy D)
+2na(|DDu|%,g + |DDu|%g), (4.16)
and hence
2naF*D;Di|Dul* = 2Re(Day’*, Du) + 2naF* ¢ DiuR, 1 Dgu
—2Re(F*D(e" gz + ae " pp;), Du)
+2na(|DDuly, + |DDulf,). (4.17)

Finally, we compute the operator 2naF’ jEDjD,; acting on the Hessian D, Dju. Differenti-
ating the equation (4.12) again gives

ijDthjg;Ej = 6paqg;/2 - Fﬁ’kszgéiDqg%k. (4.18)
Using the definition of ¢’, we obtain

2naF7*D; DD, Dgu (4.19)
= 2naF’*D,D;D;Dyu + 2na (ijqu,;auap - ijqu;;duaj)
= Fj'_“Dqug}cj - FjEDqu(e“g,;j + ae”"pg;) + 2na (FjEqu,;auap — FjEqu,;au,—lj)
= 0,0,05" = F7™D, g, Dagpy + 2na (F* Ry uay — F* Ry )

—F*(e"gg; — ae™"pry) DyDqu — F7* (" gj; + ae™" pr;) DyuDgu

+ae’“ijDpqup,;j + ae’“ijunDpp,;j - ae’“ijDqup,;j. (4.20)

4.3 Proof of the C? estimate

Proposition 5 Let u be a smooth solution to (4.6) such that X' € Ty, and suppose the C°
estimate By ' My < e* < Bi M, holds. Suppose the parameter o < 0. There exists an M’
such that for all My > M’, there exists C' > 1 such that

sup |00ul,, < C(1 + sup |Dul?), (4.21)
X X

where C' depends on (X,w), p, p, o, M', By, Bs.

We will use the notation
K = sup|Du|* + 1. (4.22)
X

As before, N = (N},...,\) will denote the eigenvalues of ¢’ with respect to g, and we
shall take the ordering A} > A\, > --- > X/ . We will often use that the complex Hessian of
u can be bounded by \|. Indeed, since ¢’ € I'y, we can estimate

2naug;| < lgp;l + le"gr; + ae™ oyl < C(A +1). (4.23)
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We now first state a lemma which exploits the specific function w and the sign of the
parameter o < 0.

Lemma 1 Letu be as Proposition 5. Suppose that at p € X, we have X; > K > 1+|Dul?.
Then at p, there holds

F > 1+ |Dul, (4.24)
|(Dw, Du)| < C{KF + |DDul||Dul}, (4.25)

D1 Ds DD Dus
1X1w > —C{]—"+( + |Du \)' “‘ | ;f“'}. (4.26)

1 1

Pmof' We shall compute at a point where g;; = 5kj and g,%j is diagonal. Recall F =
LS A, and Yo, N = A+ ol (\N) > X For choice of normalization M, > 1, by the C°
estlmate we have e < 1. It follows that for My > 1, w > 0 and

1
5(1 + | Du?) < w? < C(1 + |Dul?). (4.27)
the R DY
> Ly > —ZL(1 4 |Dul). 4.2
iE=etwil CK( + [Dul) (4.28)

Hence F > 1+ |Du|. Next, we compute derivatives of w?.
Diyw® = 2k.*Dyu+ 4|a|k.eDy|Dul® + 2na2e’“Dk{ﬁijuiU3}
+4|a|kee| Dul? Dyu — 2nale ™" 5 u; u; Dyu
+4na’e "Re(Ou, dp), Diu — 4na’e “ReDy(0u, dp),,

D Mos(p) + 2na’e Bup - aln = Vs — 5

Estimate

1
|(Dw, Du)| < Z—\DuHDwQ\ (4.30)
w

Dul* 1+ |D 1+ |D _ D
< c{‘ ull 1Pl ppuf + 2P g ppuy 1 124 “‘}.
w w w w

Using Cw > 1 + |Dul, we obtain

/

(Dw, Du)| < CK(1+ |Dul + “L) 4 C|Dul|DDu| < C(KF + |Dul|DDul).  (4.31)

To complete the lemma, it remains to show (4.26). Compute

1 | Dyw?|? 5
DiDiw = —1{ — DDy
e Qw{ 2uw? + 1w}
1 1 u 1 u 2
= Q/u){ ow 5.3 40él‘ic DllDu| — ﬁ2Re<4aK/c€ DI|DU| 7R1>
R }
Dy Dyw 4.32
sz T 1D’ (4.32)
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where

Ry = 2Kk.*Dyu+ 2noz26_“D1{ﬁi3uiU3} + 4|k | Dul® Dyu — 2na26_“ﬁ’5uz~u§D1u
+4na’e "Re(0u, 0p), Diu — dna’e”“ReDy(0u, Dp).,
5 2no
+D1{a262“02(p) + 2nae ™ Ayp + a(n — 1)g™ pp, — (71—2)'”} (4.33)

We estimate
|Ri| < C|Duf’ + C(n, e, p)e™ (14 [Dul) Y _{|usy| + [ug,|} + C, (4.34)
p
|Ra* < C|Dul® + C(n, v, p)e™ (L + [ Dul?) 3 _{|upl* + |ug,|*} + C, (4.35)
p
Re(dak.e"Di|Dul®, Ry) < C(n,a, p)(1 + [Dul*) Y {|uip)® + |ug,|*} + C|Dul® + C. (4.36)
p

Together with e* > 1 for My > 1, we use the above inequalities to obtain

u 2 |R1|2
Re{dak.e"Di|Dul*, Ry) + 5
1
< (GUan e Duf + e ) Cflul + fug 2} + CIDu + €. (437)
p
Therefore
1w =~ % — ﬁ(élomc | U| Z |U1p| + 5|U1p|
1 /1
——5(5Uaro e Du? + eu) S (s + )
w* \ 8 P
¢ 6 2
—IDul’ — O+ DDy}, (4.38)
w
Combining terms
DDy > 1{ - 3((4%& 12¢2| Du? + e“) 3 Jusy ?
= o 4w? ¢ - P
1+ |D
—M\DD 2 — — |Du|6 —C+ D1D1w2}. (4.39)
For e™ <« 1, we have
7
w? > g{lice2u + 4|a|kee”| Dul*}. (4.40)

Hence

1 6 _
D Diw > 2{ - (4]a|ke)e Z |urp|* — C|DDu|* — C|Dul* — C + D1D1w2}. (4.41)
w
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Taking a second derivative of (4.29), we estimate for e ™ < 1,

6
DiDgw? > (dedal)e’ Sl + Jusy ) (4.42)
~C{(1+ |Du\)|Du11| + (1 + |Du*)(|DDu| + |DDul|) + |Du|* + 1}.

We see that the terms involving 3, |uy,|? cancel. Hence

{|Duai| + (1 + [Du))[DDul} +

1+ |Dul)
w

DDul>  |Dul*+1
DlDiwz—C{( [DDuf” | |Dul”+
w

; } (4.43)

Therefore, for A} > K|

DDu| X,
DDul | X by 1}. (4.44)
w

+ (1 + |Dul)

Dll?Iw > —C{ |D1f11|
A1 Ay

This inequality yields (4.26). Q.E.D.

Given Lemma 1, we now prove the C? estimate. We shall use the maximum principle
applied to the test function of Hou-Ma-Wu [22]. Let N > 0 be a large constant to be
determined later. Let L = 2n|a|supy |u|. Define

t
t)=N1 14+ — 4.4
v(t) = Nlog (1457 ). (4.45)
for |t| < L. Tt follows that
N / N " |1ﬁ/|2
v _ — . 4.4
L=V N (4.46)
Define
p(t) = —log (2K —t), K = sup|Dul* +1, (4.47)
X
for 0 <t < K. We have
S(DuP) < = <1, $(DuP) > (4.48)
u — u — .
K ) i 2 Y
and the relationship
"= (¢) (4.49)
First, consider )
Go(2,€) = log (93,6"€") — ¥(2nau) + ¢(| Dul?), (4.50)

for 2 € X and € € TH(X) a unit vector. Gy is not defined everywhere, but we may restrict
to the compact set where g%kﬁkﬁj > 0 and obtain an upper semicontinuous function. Let
(p, &) be the maximum of Gy. Choose coordinates centered at p such that g;, = d;, and
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3, 1s diagonal. As before, we use the ordering A} > --- > X}, for the eigenvalue of ¢’ with
respect to g. At p, we have N(p) = ¢5,(p), and &(p) = 01. We extend &y(p) to a local

unit vector field & = gil/ 2%. Define the local function

G(2) = log (93 g11) — ¥ (2naw) + (| Dul?). (4.51)

This function G also attains a maximum at p € X. We will compute at the point p.
Covariantly differentiating G gives

D=(et Yoy 2na DDy Dy
G- = Dile" + aepuy) + 2naD; Dy Dyu + ¢/ Ds| Du|? — 2nay) Dsu. (4.52)

j /
911

Covariantly differentiating G a second time and contracting with F yields

(" + ae " p11)
A

i 2na (e* —ae "p1p)
F]Gji = )\,1 F]DiDleDiu—i— XI
2ae” ae" | Dy, |7

+¢"|D|Dul’|% — 2naty’' F D;Dsu — (2na) )" | Dul?. (4.53)

FD,Dsu + |Dul?

u

Re{Fu:(p1));} + + ¢'FD,D;| Duf?

Here we introduced the notation |Dx|% = Fﬂ“DjxD,gx. We first get an estimate for
F' D;D; Dy Dyu by using the identity (4.19) and noting that the complex Hessian of u can
be bounded by A} (4.23).

2na " D;D; D, Dyu > Dy Dyw — F9* Dy gt Digy, — C(1 + | Duf? + X)) F. (4.54)
From (4.11), for suitable normalization " > 1 and hence ae™pg; > —gp;, and so we have
—2naF9D;Dsu > F —w. (4.55)

By (4.17), we have

Re(Dw, Du)

F9D,D;|Dul* >
no

— C(1+ |Dul)F + (|DDuly, 4+ |DDul%,). (4.56)

Using inequalities (4.54), (4.55), (4.56), in (4.53) yields the following inequality at the

maximum point p € X of G
1

0 > /\ll{DlDiw - Fij’kZDlg;iDigék} -

|Dg%1|%
VR

+¢'|DDulp, + ¢/| DDulf,

/
+¢/|D|Dul’ % + “-Re(Dw, Du) — (2na)?"|Dul?
[Duf?

A

no

' F — 0{1 +¢' + ¢'|Dul* +

}f _ w—C. (4.57)
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We shall assume N > K > 1+ |Dul|?, otherwise the estimate is complete. Since ¢’ < %,
we have

| Dul?
X
Combining (4.24) with w < C(1 + |Dul), we obtain w < +F for A{ large enough. Using
Lemma 1 on the terms involving derivatives of w, the main inequality becomes

R ‘DQ/* ’%
0 > _)71F], DlgéiDigék_ )\,1121

1+ ¢ + ¢'|Dul* + <C. (4.58)

+¢|DDuls, + ¢/ | DDulg,

—C¢/|DDul|Du| — C(1 + |Du!)|D/\l,)u| - (J'D;f“'
1 1
+¢"|D|Dul?} — (2na)*y"|Dul} + (¢ — C)F. (4.59)

Using the critical equation DG = 0 and thus setting (4.52) to zero, we obtain

Du; C
\;m < 1+ |Dul) + ¢|DIDuf*| + C/'| Dul
1 1
< F+ C¢|Du||DDu| + C¢'| Du|\,. (4.60)

In the last line we used (4.24) from Lemma 1. Using F > %1%, we estimate
by Y
L <C2r<CF. (4.61)
VK = w
Therefore, by using the equation g5()\) = w? and (4.48),

[DDu| \Duh]}
Ay A1

¢'|DulX; <

C{¢’|DDu||Du| + (1 + |Dul)

DD

< c{¢1pDullDul + (1 + Dul)! MU| + 7}
_ c{<¢’a%/2|DDu|2)l/2 (¢’!Du|2X1>”2 + (¢’o§/2|DDu|2>l/2 ((1 + |Du|>2)”2 + 7}
N A w N ' Njw

¢ 03*| DDul? {|Dur2X1 (1+|Du|)*K }
< 22 220 Lo
- 2 nA\} + Kw + Mw 1

¢ o3'*|DDul?
< = CF. 4.62
-2 n\j + (4.62)

To obtain the last inequality, we used %/1 <2 F, N> K, Cw > 1+ |Du|, and (4.24).
Next, we note that for any A’ € 'y, we have the inequality )\’1051 > %02. This inequality
is well-known, and a proof can be found for example in [27]. It follows that

) 1/2

Fi>p1> 22
- — n\]

(4.63)
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Therefore

> _(2|DDu\%g — CF. (4.64)

DD Dus
~c{d1pDulDul + (1 4 pup 2D 1Pu]Y

N, N,

The main inequality becomes

1 i7,kl / / ‘Dg/h’%? / Mo (2 ' 2
0 Z —YF ’ Dlgleing_ \2 +¢|DDU|F9+§|DDU|F9
1 1
+¢"|D|Dul?|3 — (2na)*y"|Dult + (¢' — C).F. (4.65)

At this point, the estimate follows from the argument of Hou-Ma-Wu [22]. We present the
argument for the sake of completeness. Since we are dealing with a 2-Hessian equation,
we will also use ideas from [30]. Before proceeding in cases, we use the critical equation
DG = 0 to notice the following estimate which holds for each fixed index i,

it D, 2 j 2
F\Dign = F"¢'D;|Dul? — 2nay’D;u

N2

1 -~ -

< (1+ g)(qé’)zF“!DilDuW +C(Y")F | Dyul?

_ AW D 2 ~ _
S (¢/>2F21|Di‘Du|2‘2 4 WFZZ Z(|uzp‘2 + |uZp 2) + C<w/)2Fu’Diu|2
p

=3 / T -

< ¢"F"|D;|Dul** + = > (Juip|® + |uzp)®) + C(W)2F¥|Diu|*. (4.66)

P

In the last line, we used the properties of the function ¢ given in (4.48) and (4.49). We

shall need the constants .
.

Ti-30 T TIeN
Case (A): =\, > 6N,. Using F* < 0 by the concavity of o3* on the Ty cone, 1" < 0,

5 (4.67)

and using estimate (4.66) on ‘Df,%é‘zF, we obtain
0> fyDD 2.+ flyDD %, — CY”|Duly + (¢ — C)F (4.68)
z 5 ulpg + 5 |, (1 : :

Using the assumption on the smallest eigenvalue A/ | we estimate for \| large enough

O\,
—2nQUm, = — N, + € + ae pay > 0N + € + ae T pry > 21 . (4.69)
Hence
| DD L2, > O gy 4.70
I DD > - nn < - nn . .
g 1PDulks 2 ™ i 2 (e map T (4.70)
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Since F" > [ for all indices i, we have

2
N2 CKPE 4 (0~ O)F. (4.71)

> —
0= 16K (2na)

By (4.46), we can choose 1 such that ()" — C) > 0. The estimate \} < C(1 + K) follows.

Case (B): =\, < dN|. We partition {1,---,n} into

[={i: Fi<§'FNY, J={i:F">¢§'F'}. (4.72)
Using (4.66) for each ¢ € I occurring in %, the main inequality becomes
1 o] k@ 1 - 9 / _ 9 / 5
7 / / 17 /
0 > —)\TF]’ D1 g5 D1gg, — V2 > FUDigy|* + §\DDU’F9 + Z‘DDu’Fg
1 T ieJ
'S FUD,DuPP — (2na)0”|Duly — CK (u)%5~ F!
ieJ
+(¢' = O)F. (4.73)

Using (4.49), DG(p) = 0, and (4.46),

_ _| Dyg! 2
Z¢’/F12|D1‘DU’2‘2 — ZF”‘¢I’DU‘?’2 — ZF” /gll _ Qnaw/ui
ieJ ieJ ieJ 11

T ii 12 T i 12
> 5 2 FUDignl = 7= > F" [2nad/u)
1 ieJg ieJ
T i TN i
== W Z F“lDz’g/I1|2 + f(2no¢)2d/’ Z F |ul|2
17 ies T ieJ
T = -
= 7z 2 FIDignl” + (2n0)*0" 30 Frjuil. (4.74)
1 ieg ieJ

In the last line we used the definition of 7 (4.67). The main inequality becomes

1 i1 0 1 =T i / N /
0 2 5 PP DigsDig — 75 2T [Digial” + 51D Duliey + 1D Dulf,
1€
_CK(w/)Q(sleli + (1/}/ . C)]:' (4.75)

Terms involving —¢” > 0 were discarded.

Recall that if F'(A) = f(A1,--+,\,) is a symmetric function of the eigenvalues of a
Hermitian matrix A, then at a diagonal matrix A, we have (see [2, 17]),

Fi = 6;f; (4.76)

ij,r8 f _ f
FOP T Toe = 32 fTanTign + 22 3 Tl (4.77)
p#q P q
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where the second term on the right-hand side of (4.77) has to be interpreted as a limit if
Ap = Ag. In our case f(N) = 05/20\’), and we may compute

1 f,—f 1
_ )\l p q - _ . 4
fp 20.2()\/)1/2 %; k> )\p N /\q 20.2()\/)1/2 ( 78)

Since f(\) = aé/ 2()\’ ) is concave, identity (4.77) gives us the following inequality

Fij’rgﬂjkTrgk S 1/2 Zl qu|2 (479)
209" piq
We now estimate
1 ij,kl / / 2
— v T DuggiDigg, 2 2)\, > |D1gj]

1 i#£]

2 2)\/ Z’ngn ‘9 +ae P11)+04D1(€7u,01i)’2
1#£1

> 173 Z |Digh, |* — Cr (14 |Dul?). (4.80)
- /\’ ot 2w Njw

For any index ¢ € J, we have that A, # \|. We only keep indices ¢ € J in the summation,
and use the definitions of J and case (B), to obtain

1 i 1-7  Fii—F4 C,
_)\7/1F ” DlgﬁzDig%k Z /\/12 ;} )\/ . /\; |ng%1|2 )\/ (1 + |Du’ )
1 T.1—96 -
> —(1—=)—— S FiD;gh | -
1 1
— W (1—7) FYDigh|* — (4.81)

e

for A > K. In the last line we used the definition of ¢ (4.67). The main inequality
becomes

0> 9/|DD ul}, — CK()2 ' F + (¢ — O)F. (4.82)

Choosing N > 1 such that /' — C' > 0, we obtain

1 - -
0> EF”Xl2 — CK ()% 'FH. (4.83)

The estimate A} < C(1 4 K) follows. Q.E.D.
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5 The Gradient Estimate

The gradient estimate is immediate from the equation (4.6) when o > 0 for e* > 1, since
o9(N') > 0. In the present case, when a < 0, we use the blow-up argument and Liouville
theorem of Dinew-Kolodziej [7].

Proposition 6 Let u be a solution to (4.6) with parameter o < 0 such that X' € T’.
Suppose the C° estimate By ' My < e* < B My and C? estimate |00u| < C(1+supy |Dul?)
hold. There exists C' > 1 such that

|Dul* < C, (5.1)
where C' depends on (X,w), p, p, o, M', By, Bs.

Proof: Proceed by contradiction. Suppose there exists a sequence of functions u, : X — R
solving (4.6) with A" € T’y such that |Duy(zy)| = Cy for some z; € X and Cy — oco. After
taking a subsequence, we may assume that r, — 2z, for some z,, € X. We take a
coordinate chart centered at z.,, and assume that all x; are inside this coordinate chart.
We shall take coordinates such that w(0) = 3, where § = 3_;idz? A dz’. Define the local
functions

() = ug (Cx’k + xk> (5.2)

These functions have the following properties
X X 5. C X
|Du(z)| < |Dug(0)] =1, |00 < @(1 +CH < C, g~ < C. (5.3)
k

Elliptic estimates for the Laplacian show that 4y is bounded is CY®. Therefore, on any
Br(0) there exists a subsequence (2na)iy, — s in C1#(Bg(0)). Define @, : C* — C™ to
be the map ®(z) = C; 'z + 2. We introduce notation analogous to [35],

Br = CEPrw, xip = Pr(e™w + ae " p). (5.4)
It follows that B B
O (" w + ae™ "™ p 4 2naiddug) = xx + 2na 1001y (5.5)

We also note the following convergence
ﬁk — ﬁ, Xk — 07 in Cf();): (56)

Since Xy + 2naiddiy, is in the T'y cone, it follows that for any function v € C*(Bg(0)) such
that (100v) € Ty, we have (. +2naiddiy) Aiddv A 72 > 0. This follows from Garding’s
inequality >, 822/\(:‘) i > 205(N)205(p)Y/? for any A, i € I'y. Hence upon taking a limit,

we have

100U N 100V A B2 > 0 (5.7)
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in the sense of currents. This is the definition of 2-subharmonicity introduced by Blocki
[3] that is required in the Liouville theorem of Dinew-Kolodziej [7]. Having shown that
Uso is 2-subharmonic, we will show that it is maximal by proving (i00us)% A 8772 = 0 as
a measure. After multiplying through by (C?)"~2 and pulling back by @, the equation
(4.6) solved by u becomes the following equation for

(Xk + 2n@iddug)? A By 2 (5.8)
Kee?t a, [ D |” 2 iy P Dali) Dy(ily)  4na® 5
- { ci — 4ak.e"r c? + 2na‘e vk c2 — 7 e~ "*Re(0ug, 0p).,
2 2
a® o 2na® an—1) 5  2na  p 5 omeo
+CT;§G Foa(p) + ci e ’“Awp%-cigg Pra — Cf(n—Q)!}(woq)k) NBR

Since 1y, is uniformly bounded, |Duy| < 1 and Cy — oo, we see that the right hand side
tends to zero. Combining this with (5.6), we may conclude

(1000;,)* A 8" — 0, (5.9)

in the sense of currents. Since 2na iy, — us locally uniformly, it is well-known (e.g. [6]
Chapter IIT Cor. 3.6) that (2nai00i;)? A 8772 — (100uw)? A B7% weakly. Thus

(100us)* A B" 2 =0, (5.10)

in the sense of Bedford-Taylor [4]. Since u, is a bounded maximal 2-subharmonic function
in C" with bounded gradient, by the Liouville theorem of Dinew-Kolodziej [7], uy must
be constant. We obtain a contradiction, since |Dun|?(0) = 1. Q.E.D.

6 Solving the Fu-Yau equation

We return to the continuity method (2.1)

n

- - ~ w
i00(e"w — tae™ " p) A w™ % + naiddu; N i0du; A W' + tp— = 0. (6.1)
n!
We combine our estimates to establish

Proposition 7 Let o < 0. There exists M’ > 1 such that for all My > M’, the following
holds. Let uy = log My, and suppose that for all t € [0,ty) with to < 1 there exists a
solution uy to (6.1) such that ANitwy € T2 and [ye" = My. Then there exist constants
C >1and 0 <~y <1 only depending on (X,w), p, a and pu such that

1

||Ut||02ﬂ <C, 02(>‘/(t,ut)) > Iok (6.2)
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Proof: Combining our C°, C' and C? estimates yields ||us]|cz < C. When a < 0, from
(4.6) it is clear that for My > 1 we have a lower bound for o9(\'). From (4.63), we see
that o5(\)!/? is a concave uniformly elliptic operator, with right-hand side in C?" for some
0 <9 < 1. We may apply the same argument as in [27] using a result by Tosatti-Wang-
Weinkove-Yang [36], extending an original argument of Wang [38], to obtain ||u||c2~ < C.
QED.

Since I is open and contains 0, it contains the interval [0, f). Consider any sequence ty €
converging to £. Then there exists (¢, u) € B satisfying (2.1), and by Proposition 7, the
estimate ||ugl/c2+ < C holds. By Arzela-Ascoli, after passing to a subsequence we have
that ux — @ in C?7. By the lower bound for o5()\') in Proposition 7, we have X(ﬂﬁ) el
Taking the limit yields (#,4) € By and W(f,4) = 0, hence I contains ¢. It follows that I
is closed, and together with the fact that it is already known to be open and not empty,

that I = [0, 1].

We have shown the existence of a C*7(X,R) solution to (2.1) at ¢ = 1. Differentiat-
ing a2(\)Y/? yields (4.13) and (4.14). We know that F7*D; Dy is uniformly elliptic with
coefficients in C7. Since oy(\') is a smooth function of (z,u, Du), we have that 81,0%/2 is
in C7. By Schauder estimates and a bootstrapping argument, we see that this solution u
is smooth. This establishes existence of solutions to the Fu-Yau equation when o < 0.

7 Application to the Strominger system

By a construction of Fu and Yau [15, 16], solutions of the Fu-Yau equation can be viewed
as particular solutions of the Strominger system. Our goal is this section is to describe
briefly a specific example due to [16], which satisfies « = —2 and pu = 0, so that Theorem
1 is directly applicable.

Let X be a compact Calabi-Yau manifold of dimension n with Ricci-flat metric wx
and nowhere vanishing holomorphic (n,0) form Qx. Let £ %2 ¢ H*(X,Z) be primitive
harmonic (1,1) forms. This data determines a T? fibration 7 : M — X with a 1-form 6,

such that for every u € C*°(X,R), the Hermitian form
w, = 7 (e"wx) + %6’ NG, (7.1)
is a metric w, > 0 on M, and

Q=Qx A0, (7.2)

is a nowhere vanishing holomorphic (n + 1,0) form. Furthermore, the balanced condition
(1.6) is satisfied for any w,. If we take a stable vector bundle E over (X,wx) with
Hermitian-Einstein metric H (whose existence is guaranteed by the Donaldson-Uhlenbeck-
Yau theorem), then the system (7*(E), 7*(H), M,w,) automatically satisfy the conditions
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(1.4) and (1.6) in the Strominger system. Thus it remains only to solve the last condition
(1.5), which is equivalent, as explained earlier in the Introduction, to the Fu-Yau equation
(1.1) on X with p given explicitly by (1.8). (The exact form of the form p is not needed
for our considerations.)

The following explicit example with &« = —2 and g = 0 was given in [16]. Choose
line bundles_ L1, Ly equipped with metrics hi, ho, such that their curvature forms satisfy
1F,, = —i00log hy = w; and iFj, = —1001og hy = wq. Let

E=L®L,®TYX, H = (hy, hy,wx). (7.3)

The curvature of (E, H) is iFyg = diag(w;,ws,iRx). Since wy and wy are primitive and
Ry is Ricci-flat, we have Fiy A w'y * = 0. Using that for a primitive (1,1) form 1 we have

k1) = —ﬁw}” A m, we compute

1
%TI’(FH/\FH—R)(/\R)()/\W;L(_Q == —5(—(,01/\(4)1—0}2/\602)/\00?(_2

(n—2)! wh
= Oz, 4 el ) ()

It follows that p = 0 in this case. The system (7*E,7*H, M,w,) satisfies the modified
Strominger system.

8 Other generalizations of the Strominger system in
terms of higher Chern classes

Finally, we would like to observe that another natural generalization of the Strominger
system may be

FyAw'=0, FF'=Fy* =0 (8.1)
_ 2(n—2)
i00(|Qw © W) — %(TrR/\ CAR—TeFy A-- A Fy) =0, (8.2)
2(n—1)
d(||QHw” w") —0. (8.3)

Here £ — M is a holomorphic vector bundle over a compact complex manifold of dimen-
sion n+1, and H and w are Hermitian metrics on £ and on M respectively. The left-hand
side in (8.2) is an (n,n)-form, so that the curvatures R and F' in each wedge product
appears n times, giving the n-th Chern classes for T%°(M) and for E respectively. On a
Goldstein-Prokushkin fibration, it is easy to see that the Hermitian metrics w, satisfy the
conformally balanced condition (8.3) for any smooth function u on the n-dimensional base
Calabi-Yau manifold X. By choosing as before a stable bundle E with its corresponding
Hermitian-Einstein metric H, we can then reduce this system to the sole equation (8.2).
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This equation is in turn a scalar equation involving complex Hessian operators which may
be of interest in itself. The above system also leads to a natural generalization to arbitrary
dimension n + 1 of the anomaly flow defined in [29] for n+ 1 = 3. We shall return to these
issues elsewhere.

Acknowledgements: The authors are very grateful to Li-Sheng Tseng for discussions on
modifications of the Strominger system.
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