ON THE MINKOWSKI-TYPE INEQUALITY FOR OUTWARD
MINIMIZING HYPERSURFACES IN SCHWARZSCHILD SPACE

YONG WEI

ABSTRACT. Using the weak solution of Inverse mean curvature flow, we prove the sharp Minkowski-
type inequality for outward minimizing hypersurfaces in Schwarzschild space.

1. INTRODUCTION

The Schwarzschild space is an n-dimensinal (n > 3) manifold (M",g) with boundary 0M,
which is conformal to R™ \ D,,, with the metric

4

m _ n—2
gij(ﬁC) = (1 + §|$|2 n) : 51’]” x € Rn \ DTO, (11)

1
where m > 0 is a constant, ro = (%)"=2. The coordinate sphere S, = 0D, is the horizon of
the Schwarzschild space and is outward minimizing. Equivalently, M = [sg, 00) x S*~! and

1

g = WdSQ + SQQSn—l, (12)
where s is the unique positive solution of 1 — 2msg_" = 0 and gsn-1 is the canonical round

metric on the unit sphere S*~!. In this paper, we will denote

f(z) = V1—2ms>, for any x = (s,0) € M", (1.3)

which is called the potential function of (M™,g). As is well known, the Schwarzschild space is
asymptotically flat, and is static in the sense that the potential function f satisfies

Vif = fRic, Af =0, (1.4)

where Ric is the Ricci tensor of (M",g), V,V? and A are gradient, Hessian and Laplacian
operator with respect to the metric g on M™. It can be easily checked that the spacetime metric
G = —f%dt?> + g on M™ x R solves the vacuum Einstein equation. In particular, (1.4) implies
that (M™, g) has constant zero scalar curvature R.

Let © be a bounded domain with smooth boundary in (M", g). Then there are two cases:

(i) © has only one boundary component ¥ = 92 and we say that ¥ is null-homologous;
(ii) 2 has two boundary components 92 = ¥ UM and we say that 3 is homologous to the
horizon OM of the Schwarzchild space.

The boundary hypersurface ¥ is said to be outward minimizing if whenever E is a domain
containing Q then [0E| > [09|. From the first variational formula for area functional, an
outward minimizing hypersurface must be a mean-convex hypersurface.

2010 Mathematics Subject Classification. 53C44, 53C42.
Key words and phrases. Inverse mean curvature flow, Minkowski inequality, Outward minimizing,
Schwarzschild space.

1



2 YONG WEI

The main result of this paper is the following Minkowski-type inequality for outward mini-
mizing hypersurface in Schwarzschild space.

Theorem 1.1. Let Q be a bounded domain with smooth and outward minimizing boundary in
the Schwarzschild space (M™,g). Assume either

(1) n< 8, or
(2) n>8 and ¥ = 9Q\ OM is homologous to the horizon.

Then

Y\ no1
7(71_ 11)0Jn1 /ZfHd,u > <OJ|n|1> —2m, (1.5)

where wy,_1 is the area of the unit sphere S*~1 C R", and || is the area of ¥ with respect to
the induced metric from (M"™,g). Moreover, the equality holds in (1.5) if and only if ¥ is a slice
{s} x S"1

For mean convex and star-shaped hypersurface in Schwarzschild space, the inequality (1.5)
was obtained by Brendle-Hung-Wang [3] as the limit case of their inequality in Anti-de Sitter-
Schwarzschild space. Note that a star-shaped hypersurface must be homologous to the horizon
of the Schwarzchild space. Our result does not require the hypersurface to be star-shaped.
The inequality (1.5) is a natural generalization of the classical Minkowski inequality for convex
hypersurface 3 in R"™, which states that

2

IS
/ Hdp > (n— w1 |X]» 1. (1.6)
)

The inequality (1.6) was originally proved for convex hypersurfaces using the theory of convex
geometry and was proved recently by Guan-Li [7] for mean convex and star-shaped hypersurfaces
using the smooth solution of inverse mean curvature flow (IMCF'). Huisken recently applied the
weak solution of IMCF in [10] to show that the inequality (1.6) also holds for outward minimizing
hypersurfaces in R™ (see [9]). The proof of this result was also given by Freire-Schwartz [6]. By
letting m — 0, the Schwarzschild metric reduces to the Euclidean metric g = ds? + s2ggn—1 and
the potential function f approaches to 1. Thus Theorem 1.1 generalizes the result of Huisken
and Freire-Schwartz to that for outward-minimizing hypersurfaces in Schwarzchild space.

To prove Theorem 1.1, we use the standard procedure in proving geometric inequalities using
the hypersurface curvature flows (see e.g.,[3, 6, 7, 10]). We will employ the weak solution of
IMCF, which was developed by Huisken-Ilmanen in [10] and was applied to prove the Riemannian
Penrose inequality for asymptotically flat 3-manifold with nonnegative scalar curvature. The
weak solution of IMCF has also been applied in many other problems, see for example [1, 2, 6, 12].
In our case, if ¥ is homologous to the horizon, then starting from X there exists the weak solution
of IMCF which is given by the level sets ¥; = 9Q; = 0{u < t} of a proper locally Lipschitz
function u : Q¢ — R, where Q¢ denotes the compliments of 2 in M. Each ¥; is C® away from
a closed singular set Z of Hausdorff dimension at most n — 8 and %; will become C™® close to
a large coordinate sphere as ¢ — co. On each ¥; we define the following quantity

-2
-1

Q(t) = ‘Zt’_% < g fHd,ut + 2(71 — 1)mwn_1> , (17)

where |%;] is the area of ;. Q(t) is well-defined because each ¥; is C%* with small singular set,
the weak mean curvature of ¥; can be defined as a locally L' function using the first variation
formula for area. We will prove that Q(¢) is monotone non-increasing along the weak solution of
IMCEF. If ¥ = 09 is null-homologous, we first fill-in the region W bounded by the horizon M
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to obtain a new manifold M and then run the weak IMCF in M with initial condition ¥. When
the flow ¥; = 0 nearly touches the horizon OM, we jump to the strictly minimizing hull F of
the union €; UW. Assume that n < 8, we show that

OF| > |4, / FHdp > / fHdp,
it oF

which implies that Q(¢) does not increase during the jump. Then we restart the flow from OF.
The restriction n < 8 on the dimension in this case is due to that we need to jump to the
strictly minimizing hull F' before we restart the flow, and OF is only known to be smooth, more
precisely Cb! for n < 8. In summary, under the assumption of Theorem 1.1 we can prove that
the quantity @(t) is monotone decreasing in time along the weak solution of IMCF.

Once we have the monotonicity of Q(t), the next step is to estimate the limit when ¢t — oco.
For this, we will use the property that the weak solution becomes C1'® close to a large coordinate
sphere as t — oo as shown in [10, §7]. The estimate that we will prove is the following:

1

lim Q(t) = (n — Dw,}. (1.8)

t—o00

Then the main inequality (1.5) follows immediately from the monotonicity of Q(t) and the
estimate (1.8) on its limit. To complete the proof of Theorem 1.1, we need to show the rigidity
of the inequality. If the equality holds in (1.5), from the proof of the monotonicity in §4 we know
that ¥ must be homologous to the horizon and ¥; is umbilic a.e. for almost all time. This can
be used to show that ¥ is an Euclidean sphere if it is considered as a hypersurface in R™ \ D,,
with respect to the Euclidean metric. The last step is to show that X is a sphere centered at
the origin. We will use the property that a hypersurface to be umbilic is invariant under the
conformal change of the ambient metric and the totally umbilic of ¥; for almost all time.

The rest of this paper is organized as follows. In §2, we review some properties of the weak
solution of IMCF. For more detail, we refer the readers to Huisken-Ilmanen’s original paper [10].
In §3, we show how to derive the monotonicity of Q(t) in the case that the flow is smooth. In §4,
we use the approximation argument to show the monotonicity of Q(¢) under the weak IMCF.
In the last section, we estimate the limit of Q(t) as t — oo and complete the proof of Theorem
1.1.

Acknowledgments. The author would like to thank Ben Andrews, Gerhard Huisken, Pei-Ken
Hung and Hojoo Lee for their suggestions and discussions, and Haizhong Li, Mu-Tao Wang
for their interests and comments. The author would also like to thank the referee for helpful
comments. The author was supported by Ben Andrews throughout his Australian Laureate
Fellowship FL150100126 of the Australian Research Council.

2. WEAK SOLUTION OoF IMCF

Let (M™, g) be the Schwarzschild space. The classical solution of IMCF is a smooth family
x: X x[0,T) — M of hypersurfaces ¥; = z(X%, t) satisfying
E; = %V, x € 3, (2.1)
where H,v are the mean curvature and outward unit normal of ¥, respectively. If the initial
hypersurface is star-shaped and strictly mean convex, the smooth solution of (2.1) exists for all
time t € [0,00), and the flow hypersurfaces ¥; converge to large coordinate sphere in exponen-
tially fast, see [13, 17]. In general, without some special assumption on the initial hypersurface,
the smoothness may not be preserved, the mean curvature may tend to zero at some points and
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the singularities develop. See for example the thin torus in Euclidean space ([10, §1]), i.e. the
boundary of an e-neighborhood of a large round circle. The mean curvature is positive on this
thin torus, so the smooth solution of (2.1) exists for at least a short time. By deriving the upper
bound of the mean curvature along the flow, we can see that the torus will steadily fatten up
and the mean curvature will become negative in the donut hole in finite time.

In [10], Huisken-Ilmanen used the level-set approach and developed the weak solution of
IMCF to overcome this problem. The evolving hypersurfaces are given by the level-sets of a
scalar function u : M™ — R via

Ye=0MHreM:u(zx) <t}

Whenever u is smooth with non vanishing gradient Vu # 0, the flow (2.1) is equivalent to the
following degenerate elliptic equation

Vu
i — | = . 2.2

Using the minimization principle and elliptic regularization, Huisken-Ilmanen proved the ex-
istence, uniquess, compactness and regularity properties of the weak solution of (2.2). The
existence result only require mild growth assumption on the underlying manifold, and applies
in particular to the Schwarzchild space here. We summaries their results in the following.

Theorem 2.1 ([10]). Let 2 be a bounded domain with smooth boundary in the Schwarzschild
space (M™,g) withn < 8 and X = 9Q \ OM. In case that ¥ is null-homologous, we fill-in the
region W bounded by the horizon. Then there exists a proper, locally Lipschitz function u > 0
on Q¢ = M\ Q, called the weak solution of IMCF with initial condition X, satisfying

(a) uly =0, limg_yoo u = 00. Fort >0, 3; = d{u <t} and X} = 0{u >t} define increasing
families of C1® hypersurfaces.

(b) The hypersurfaces ¥y (resp. X)) minimize (resp. strictly minimize) area among hyper-
surfaces homologous to X in the region {u > t}. The hypersurface ¥ = 9{u > 0}
strictly minimizes area among hypersurfaces homologous to ¥ in Q€.

(c) Fort >0, we have

Y=Y as s N, Y=Y, as s\t (2.3)

locally in CYP in Q°, B < a.. The second convergence also holds as s\, 0.

(d) For almost allt > 0, the weak mean curvature of ¥ is defined and equals to |Vu|, which
1s positive and bounded for almost all x € .

(e) For eacht >0, |X¢| = e!|X'], and |X¢| = €!|X| if ¥ is outward minimizing.

For n > 8, the regularity and convergence are also true away from a closed singular set Z of
dimension at most n — 8 and disjoint from Q.

Note that in [8], Heidusch proved the optimal C1:! regularity for the level sets ¥; and ¥} away
from the singular set Z. The property (b) says that Q; = {u < t} and Q) = int{u < t} are
minimizing hull and strictly minimizing hull in {u > t}. Here we call a set F a minimizing hull
in G if ¥ minimizes area on the outside in G, that is, if

|0"ENK| < |0"FNK]|

for any F' of locally finite perimeter containing F such that F'\ E CC G, and any compact set K
containing F'\ E. Here 0*F denotes the reduced boundary of a set F' of locally finite perimeter.
E is called a strictly minimizing hull if equality implies that FNG = ENG. Define E’ to be the
intersection of all strictly minimizing hulls in G that contain E. Up to a set of measure zero, £’
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may be realised by a countable intersection, so E’ itself is a strictly minimizing hull and open.
We call E’ the strictly minimizing hull of F in G.

The existence result of weak IMCF in Theorem 2.1 was proved using a minimization principle
(see [10, §1]), together with the elliptic regularization. Consider the following perturbed equation

Vue
div — | = /|Vue]2 + €2 2.4
M < |vue|2+62> V] 24

on a large domain Q7 = {v < L} defined using a subsolution v of (2.2), with Dirichilet boundary
condition u¢ = 0 on ¥ and u® = L — 2 on the boundary 09y, \ ¥. This equation (2.4) has the
geometric interpretation that the downward translating graph

. € t
3§ := graph <u (z) — )

€ €

solves the smooth IMCF (2.1) in the manifold M x R of one dimension higher. Using the
compactness theorem to pass the solutions of (2.4) to limits as ¢; — 0, we obtain a family of
cylinders in M x R, which sliced by M x {0} gives a family of hypersurfaces weakly solving
(2.2). Similar techniques to show existence of weak solutions of geometric flows have been used
by various authors, cf. [5, 11, 14, 15, 16].

From the argument in [10, §3], we find that there exits a sequence of smooth function u; = u<
such that u; — u locally uniformly in Q¢ to a function u € C%1(Q¢). wu; and u are uniformly
bounded in C%'(Q°). For a.e. t > 0, the hypersurfaces 3 := % converges to the cylinder
3 = % x R locally in C1® away from the singular set Z x R. Moreover, as in [10, §5], the
mean curvature Hi;; of f]% converges to the weak mean curvature Hg, of the cylinder )3p locally

in L? sense for a.e. t > 0. Precisely,

¢HZ, — [ ¢HZ, ae., t>0 (2.5)
%

for any cut-off function ¢ € C?(Q2¢ x R). The weak second fundamental form Ay, exists on S
in L? and the lower semicontinuity implies

2 i 2
/it | A, |° < hirgéglf/i% ‘Aii’ < o0 (2.6)

for a.e. ¢t > 0. Slicing this families 3 by M x {0}, we obtain X! = %I 0 (M x {0}) and
Y =3 N (M x {0}). Since ¥ solves the smooth IMCF, its mean curvature in M x R is

He, = divay | 2| = Va2 + 2. (2.7)
! v/ |Vusi)? —1—6?

The mean curvature of ¥} considered as a hypersurface in M is
Vus
Hy,i =di —_
)
/I Vusi|2 + €2 Vs |Vusi|2 + €2
[Vusi| [|Vusi |2 + €2 |Vusi|
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v/ IVusi|? + €2 Vu - VHg,
2 : (2.8)

:HA . — . .
ST V] “IVuePHg
t

Since the limit function u of u® has |Vu| > 0 a.e. on X, using the weak convergence of
VHii/HA%- (as in the proof of Lemma 5.2 in [10]), we have that the second term on the right

hand side of (2.8) converges to zero locally in L? sense as ¢; — 0. Thus, the mean curvature

Hy.i of the sliced hypersurface X¢ converges to the weak mean curvature Hy, of 3 locally in L2
t

sense for a.e. t > 0.

3. THE SMOOTH CASE

As we mentioned in §1, the key step to prove Theorem 1.1 is to show the monotonicity of
Q(t) defined in (1.7) along the weak IMCEF. In this section, we firstly show how to derive the
monotonicity of Q(¢) in the smooth case. Let ¥; be a smooth solution of the IMCF (2.1). It’s
well known that the following evolution equations for the area form du and mean curvature H
of ¥ in (M™, g) hold.

Lemma 3.1.

Ordpy =dpu, (3.1)

1
8tH = — AEE — |A’2 + RiC(V, V)) (32)

1
7 (

Employing the above two evolution equations, we can derive the monotonicity of Q(t) in the
smooth case.

Theorem 3.2. Let 3; be a smooth solution of the IMCF (2.1). For any 0 < t; <to <T, if ¥4
is homologous to the horizon for all t € [t1,t2], then

Qt2) < Q(t)

with equality holds if and only if each ¥y is totally umbilic for t € [t1,t2]. If ¥y is null-homologous
for allt € [t1,t2], then

Qt2) < Q(t)
with equality holds if and only if each ¥ is totally umbilic for t € [t1,t2], and Q(t) is strictly
decreasing in time t € [t1,t2], where

~ _n—2
Q(t) = |Zt| n—1 fHd,U,t
p3M

Proof. The case that ¥; is homologous to horizon has been treated in [3, 13]. For convenience
of readers, we include the proof here. Using the evolution equations (3.1)—(3.2),

d
dt/zt fHdu, :/zt (O fH + fO,H + fH) duy
:/zt (Wf’ V)= fAE% - % (JA]2 + Ric(v, 1)) + fH> d

< /E t ((Vf, v) - %(Azf + fRic(v,v)) + Z—:i fH> dpe, (3.3)

where we used |A|? > H?/(n — 1) in the last inequality. Combining the identity
Asf=Af-V3f(v,v)—Hv -Vf



MINKOWSKI-TYPE INEQUALITY IN SCHWARZSCHILD SPACE 7

and the static equation (1.4), we have

Axf + fRic(v,v) = —Hv - V. (3.4)
Substituting (3.4) into (3.3) yields that
d n—2
pr fHdut / (fH +2(V f, V>> dpuz. (3.5)
o\

If equality holds in (3.5), then |A|> = H?/(n — 1) and % is totally umbilical.

If ¥ is homologous to the horizon for all ¢ € [t1, 2], then denote ; denote the region bounded
by ¥; and the horizon M. Applying the divergence theorem and noting that Af = 0 on M,
we get

/ (Vf,v)du: —/ Af+/ Vf-van =m(n—2)w,_1
p3M Q oM
which is a constant. Thus we obtain

d
— < fHdus +2(n — 1)mwn_1> <
dt \Js,

If ¥y = 09, is null-homologous for all ¢ € [t1, 2], we have

/ (Vf,vydu = [ Af=0.
PO Q

n —

2 < fHdu: +2(n — 1)mwn_1> . (3.6)
Xy

n—1

Then

T fH Mt< / JHdpy. (3.7)

Thus the theorem follows directly from (3.6)7(3.7 ) and the evolution equation of the area |¥|

d
— 3] = [>].
dt| t] = [24]

4. THE MONOTONICITY

Firstly, we prove the following lemma which was inspired by Lemma A.1 of [6].

Lemma 4.1. Suppose that Q is a smooth bounded domain in (M",g) and ¥ = 0Q\ OM. Let
u : Q° — Ry be a smooth proper function with u|s, = 0. Lett > 0, = {u < t} and
® : (0,t) — Ry be Lipschitz and compactly supported in (0,t). Then ¢ = ®owu : Q — Ry
satisfies

—/ Vo -vHdv, = / ¢ (2Vf-vH + fH? — f|A]*) dv,, (4.1)
Q Q

where v, H, A denote the unit outward normal, mean curvature and second fundamental form of
the level sets of u, V be the gradient operator on (M"™,g) and Vo -v = g(Ve,v).

Proof. The Sard’s theorem implies that the level set 33 = {x € Q¢ : u(z) = s} is regular (Vu # 0
on Yg) for a.e. s > 0. Let U C Q° be the open subset where Vu # 0. For any regular level set
Y5 with outward unit normal v, in ¥5 N U the variation vector field along ¥ is Vu/|Vu|? and
v = Vu/|Vu|. By the second variation formula for area, we have

1
_ .VH = A -1 Al? 4.2
T VH = AVl 4 o (4P 4+ Ric(v)) (42
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in ¥sNU, where Ay, denotes the Laplacian operator with respect to the induced metric on ;.
We multiply (4.2) by f and integrate over 3.

f / -1 / f 2
— v-VHdus = fAs, |Vu A|* 4+ Ric(v,v)) dus
| < [ ras vl e (141 + Ric(,0)

_/ ]Vl |( s.f + fIA]? + fRic(v, V))d,us,

where we used the divergence theorem in the second equality. Applying the identity (3.4), we

obtain
f / 1
——v-VHdus =
/z [Vul 5. |Vul

As ¥ is regular for a.e. s > 0, the coarea formula and (4.3) imply that

(=Hv -V f+ fIAP) dpus. (4.3)

t
fov-VHdv, = / @(s)/ / ——v - VHdusds
ot 0 s, [Vl

t 1
— S V- A d Sds
/o‘b”/z [ (97 = S1AF)
= /Q o (Hv -V f = fAP) du,. (4.4)

We firstly assume that ® € C!. Then in the open subset U = {z € Q¢ : |[Vu| # 0}, we have
div(feHv) = ¢Vf-vH + fVyo-vH + fov-VH + feoHdiv v
= oVf -vH + f® ou|VulH + fov-VH + foHdiv v, (4.5)

where div is the divergence operator on (M",g). Since ¢ is compactly supported in £, inte-
grating (4.5) yields that

Vo -vHdv, = —/ div(feHv)dv,
Q

+/ (eVf-vH + fov-VH + fpHdiv v)dy,
Q4

Q

= / ¢ (2HVf v — f|A|2) dvg +/ foHdiv vduv,, (4.6)
Qt Qt

where we used the divergence theorem and (4.4).

We now deal with the last term in (4.6). Since X is regular for a.e. s > 0, the co-area formula
and the first variation formula for area imply that

t
. feH
foHdiv(v)dv, = // div(v)dusds
Q 2 ( ) g . |V'U/’ ( ) 12

/ /g |vu|diV25VdMsd3
: foH )
= d1v2s< v | dusds
/o / [Vl

t H2
= / Je dpsds
0 Je, [Vl
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= | feH%dvg, (4.7)
Q
where in the second equality we used the fact that div(r) = divy,v on ¥ N U. Substituting
(4.7) into (4.6) yields that

- Ve -vHdv, = / o (2Vf-vH + fH? — f\A|2) dvg (4.8)
Qt Qt

for ® € C'. Since Lipschitz function can be approximated by C! function up to a set of
measure zero (see [18, p.32]), we conclude that (4.8) also holds for Lipschitz function ® by
approximation. O

4.1. The case that > is homologous to horizon.

Lemma 4.2. Let Q be a smooth bounded domain in the Schwarzschild space (M",g). Suppose
that the boundary 0Q = X UOM and X is outward minimizing. Let {3} be the weak solution of
IMCF in Q¢ = M \ Q with initial data 2. Then for all 0 < t < t,

n—2

t
1 /t < . fHdps +2(n — l)mwn_1> ds (4.9)

fHape < | fHau+

bR o7 n
Proof. As in the discussion in §2, the weak solution of IMCF u € C'loo’i (Q€) can be approximated
by smooth proper functions u; locally uniformly in Q°¢, with C1* convergence of the level sets
Yi away from the singular set Z and L? convergence of the weak mean curvature H; := Hyi of
level sets for a.e. s > 0. Moreover, we can show that H; converges to the mean curvature H
of the weak solution ¥, of IMCF in locally L? sense in any domain €. In fact, by the coarea
formula and (2.7)-(2.8),

¢
oH; |
oH; :/ / dpgds
/,’é 0 Jxi |Vu,|

:/t/ s ]VuiP—l—eg_e?Vui'VHié Gt ds
0 Jxi |Vu;|? ' |Vu|*Hy, s

where ¢ € CO(Q), U = {z € Q°: wi(x) < t} and 4 = {z € Q°: u(x) < t}. By the fact that
|Vu| > 0 a.e. on ¥y and the weak convergence of VHy, /Hy,, we have that [ ¢H; — [, ¢H
s El t
as i — oo. Similarly we have the convergence of [,; ¢H? — th GH?.
t

For any nonnegative Lipschitz function ® € Lip(0,t) with compact support in (0,t¢) and
i = ® ow;, by (4.1) we have

—/ Vi -viHdv, = / i (2Vf-uiHi+in2—f|Ai|2) dvg
Qt Qt

n

-2
< / i <2Vf'ViHi+ szz> dvg,
Oy 7’L—1

where we used |A;|? > H?/(n — 1) in the last inequality. Taking the limit of i — oo, and using
the convergence of u; and H;, we obtain that

—2
— fVy-vHdv, < / ® 2Vf-1/H4—nifﬂ2 dvg (4.10)
Q4 O n—1
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As u is the weak solution of IMCF, we have H = |Vu| a.e. in €. Also note that by Rademacher’s
theorem, the Lipschitz function & is differentiable a.e. in (0,%¢). From the coarea formula and
(4.10), we have

t
—/ ®'(s) | fHdusds = — / ®'(s)Vu-vfHdvy= — | [V vHdy,
0 Es Qt Qt

n

§/¢(2Vf~yH+ _2fH2>dvg
Q n—1

—9
- / o <2Vf L fH) Vuldvg
o, -1

n

t n—
= /0 CID(S)/S <2Vf v+ n—ifH) dpsds. (4.11)

For any 0 < ¢ <t and 0 < § < (t —t)/2, define ® by

0, on [0, ]

(s=1)/6, on[t,i+0]
®(s) = 1, on [t +4,t — ]

(t—s)/d, on[t—24,t]

The left hand side of (4.11) is equal to
1 t

46
- fHdusds—/ fHdusds
0 Ji-sJs, oJi s,

Since for a.e. s > 0, the level set X% of u; converges to ¥ in Ch® away from the singular set Z
of Hausdorff dimension at most n — 8 with L? convergence of the weak mean curvature, taking
the limits § — 0 in (4.11), we find that for a.e. 0 <t <t

¢ -2
fHdu, — / fHdu; < / / <2Vf v+ an) dusds. (4.12)
2, DN i Js, n—1

To show (4.12) holds for all pair of 0 < £ < ¢, we use the C1# convergence (2.3) and the weak
convergence of mean curvature. For any ¢ > 0, we can find a sequence of time ¢; ' t such that
0 <t < t; satisfies (4.12), then ¥y, — %; in C18 away from the singular set Z as i — oo by
(2.3). As the weak mean curvature of ¥, equals to |Vu| a.e. and is uniformly bounded for a.e.
x € 3y, it follows from the Riesz Representation theorem that (see (1.13) in [10])

Hy, vs, - X — Hy,vs, - X, X €CYTM). (4.13)
S, v N
Then
Et 71— 00 Eti

and (4.12) holds for all ¢ > 0 and a.e. ¢ > 0 with ¢ < ¢. Similarly for any ¢ with 0 < ¢t < ¢, we
can find a sequence of time ¢; N\t such that 0 < ¢; < ¢ satisfies (4.12). By the convergence (2.3)
and (4.13), we have

fHdu; = ‘lim/ fHdpug,. (4.15)
2% 1—00 E{i
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Recall that Heidusch [8] proved the optimal local Clldi regularity for the level sets ¥; and Z‘,%
away from the singular set Z. By [10, (1.15)] the weak mean curvature H of ¥; and ¥ satisfy

H=0onX\ (ZU 2), Hyy = Hy; > 0, a.e. on IR

As the weak mean curvature H is nonnegative on Yz, we deduce that

J

Thus by (4.14)—(4.16), we conclude that (4.12) holds for all pair of 0 < ¢ < ¢. Since X is assumed
to be outward minimizing, (4.12) is also true for ¢ = 0.

fHduy < /EfHd/Lt. (4.16)

r
t

Finally, for the first integral on the right hand side of (4.12), using the divergence theorem
and noting that Af =0 on M, we get

Vf‘yz/ Af+ Vf-vou = m(n—2)wy_1, (4.17)
s QU0 oM

by first computing on ¥¢ and then passing to limits. Inserting (4.17) into (4.12), we obtain the
inequality (4.9) for all pair of 0 <t < t. O

Proposition 4.3. Under the assumption of Lemma 4.2, the quantity Q(t) is monotone non-
increasing for all t. Moreover, if Q(t) = Q(t) for some pair 0 < t < t, we have that X5 is umbilic
a.e. for a.e. s € [t,t].

Proof. By Gronwall’s lemma, (4.9) implies that

-2
-1

fHdps +2(n — 1)ymwp,—1 < < fHdp +2(n — 1)mwn_1> en=t(t=D)

o o

for all 0 < ¢ < t. Since X is outward minimizing, Theorem 2.1 implies that |X;| = €|%]| for all
t > 0. Then the quantity Q(¢) is monotone non-increasing for all t > 0. If Q(t) = Q(¢) for some
pair 0 < £ < t, from the proof of Lemma 4.2, we have that H? = (n — 1)|A|?> a.e. on ¥ for a.e.
s € [t,t]. O

4.2. The case that ¥ is null homologous. Now we consider the case that the bounded
domain 2 has boundary 02 = ¥, which is null-homologous and outward minimizing. By the
argument in [10, §6], we fill-in the region W bounded by the horizon M to obtain a new space
M , and then run the weak IMCF in M with initial condition Y., except that when the flow ¥ is
nearly entering the filled-in region W, we jump to a strictly minimizing hull F' enclosing 2, UW.
Then we restart the flow from OF.
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(M", g)

Q

O,

Figure 1: F is strictly minimizing hull of €, and W

Suppose that t; is the jump time. Then before ¢, each ¥; is null homologous. Using the
divergence theorem as in (4.17), we have that fEt Vf-v=0if t <t;. The similar argument as
in Lemma 4.2 and Proposition (4.5) implies that

_n—-2
|54 n1 fHduy

is monotone non-increasing in time ¢ if t < ;. As |X¢| is increasing and the mass m > 0, we
have that Q(t) is strictly decreasing for t < ;.

Lemma 4.4. OF is CY% away from a singular set of Hausdorff dimension at most n — 8.

Proof. If n < 8, then ¥y, = 98, is C1** and M is smooth, which combined with the Regularity

Theorem 1.3 (ii) of [10] implies that OF is C1®. If n > 8, then ¥, has singular set of Hausdorff

dimension at most n — 8. By the variational formulation of the weak solution of IMCF described

in [10, §1], Q;, = {u < t;} minimizes J, in Q° among sets of locally finite perimeter F' with
FAE CC Q°, where

J(F) = JE () =0 PO K| -

FN

and K is any compact set containing FFAE. Since |Vu| is bounded above locally uniformly by

Theorem 3.1 of [10], the obstacle €, U W satisfies the assumption of the main theorem in [4]

(see also Proposition 2 of [19] ). Therefore, as the strictly minimizing hull of Q;, U W, F has
boundary OF which is C1® away from a singular set of Hausdorff dimension at most n —8. [

|Vul.
K

Since 3, is outward minimizing and F' D {2, we have
OF| > [S]. (4.18)

Now we assume that n < 8. As ¥, is C1* with nonnegative bounded weak mean curvature, the
standard Calderon-Zygmund estimate implies that Y, is of class W2 for all 1 < p < co. We
can choose a sequences of sets E; containing €2, by mollification such that OF; is smooth and
converges to ¥y, = 9§y, in CH* N W?2P. The Regularity Theorem 1.3 and (1.15) of [10] imply
that O(E; UW) is C' and H = 0 on 9(E; UW) \ O(E; UW). Thus

/ FH = / FH = / FH— fH
6(EiUW)' 8(EiUW)/ﬂ8Ei oF; 8Ei\8(EiUW)’
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It can be seen that (E; UW) — F and 9(E; UW)' — OF in C%®. Passing to limits and using
the nonnegativity of the weak mean curvature on 3, we obtain

/ fH < fH. (4.19)
oF S,

The estimates (4.18)—(4.19) imply that the quantity Q(¢) defined in (1.7) does not increase
during the jump. Similar as in [10, §6], we can show that F' is a suitable initial condition to
restart the flow. We approximate ¥;, in C! by a sequence of smooth hypersurfaces OU; with
uniformly bounded mean curvature and U; D €y, , using Lemma 6.2 of [10]. Then by Regularity
Theorem 1.3 and (1.15) of [10], d(U; UW)" is C1! and has uniformly bounded mean curvature
as well. It can be checked that 9(U; U W)’ converges to OF in C!. Then slightly mollifying
O(U; UW) shows that OF is approximated in C! by smooth hypersurfaces OF? with uniformly
bounded mean curvature. The Existence Theorem 3.1 of [10] gives a solution u’ of weak IMCF
F},t > 0 with initial condition F?, and uniform bounds on the gradient |Vu!|. Passing to the
limits and applying the Compactness Theorem 2.1 of [10], we obtain the solution u of the weak
IMCF with initial condition F'. The proof of Proposition 4.5 and the argument in [10, p.407]
imply that Q(¢) is monotone non-increasing in ¢ for t > 0 along the weak IMCF F; with the
initial condition F'. Thus we conclude that (Q(t) is monotone non-increasing for all time ¢.

Proposition 4.5. Let n < 8 and  be a bounded domain with smooth boundary 02 = X in the
Schwarzschild space (M",g). Assume that ¥ is outward minimizing. Then Q(t) is monotone
non-increasing for all time along the weak IMCF.

5. PROOF OF THE MAIN THEOREM

In §4, we proved that the quantity Q(¢) is monotone non-increasing along the weak IMCF. In
this section, we first estimate the limit of Q(t) as t — oc.

Proposition 5.1. We have

1

lim Q(t) = (n—1)w . (5.1)

t—o00

Proof. Denote by U = R" \ D, the asymptotic flat end of M. The Schwarzschild metric on U
is
4
g = <1 + %72_”) " (dr2 + T2gSn_1) ,
For any A > 0, define the blow down object by
S =AY = {\z 2 e N}, () = A2g(x/N).

Let r(t) be such that || = w,_17(t)" . Then \Ei/r(t) |g1/r() = wn—1 and the blow down Lemma
7.1 of [10] implies that

/"0 oD, (5.2)

in Cb® as t — oco. As in the proof of Lemma 7.1 of [10], there exist constants C, Ry > 0
depending only on the dimension n such that

|Vu(z)| < |C, for all |x| > Ro.
x
By the property (d) of the weak solution of IMCF, we have
C C
|H| =|Vu|] < — < ——, ae.,on (5.3)

r(t)’

G
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for a.e. sufficiently large ¢, where we have used (5.2) to relate |z| to r(¢). The mean curvature
of Ztl/T(t) with respect to the metric ¢'/"(®) satisfies

H'O(@) = r(H(r(t)2) < O, aewen. (5.4)

for a.e. sufficiently large . Write Ei/ " as graphs of C1® functions over dD;. By (5.2) and
(5.4), for any sequence of time ¢; — oo such that (5.4) holds for time t;, we have the weak
convergence of the mean curvature

/ H 1/r(t) Vel /r(ty) X — H8D1V8D1 - X, X e CS(TM), (5.5)
sl/rt) By Xy 0D1

t;

Recall that

f(z) =/1—=2ms(x)2 " = 1 —mlz>™ + O(Jz*"2"), (5.6)

where ,
m, 2-n\n-2
s(z) = |z <1+§|x| ) , Vael.
Then by (5.2), and (5.4) — (5.6), we have that
n— _n—2
lim |Eti\7ﬁ fHdpy, =w, "7 lim r(t;)~ "2 fHduy,
t;—00 St t;—00 S,
n—2
—w "L , 1/r(t:)
= 1 [ SO0 @i

_1
=(n — Dw,_}.

Observe that 2(n — 1)mwy_1 is a fixed constant and || goes to infinity as t; — co. Therefore

1

. N — (1)1
Jim Q) = (n—Dwny,
which combined with the monotonicity of Q(t) yields the estimate (5.1). O
We now complete the proof of our main theorem.

Proof of Theorem 1.1. Proposition 5.1 together with the monotonicity of Q(¢) yields the in-
equality (1.5) in Theorem 1.1 immediately. To complete the proof of Theorem 1.1, it remains
to prove the rigidity of the inequality (1.5).

If equality holds in (1.5) for X, then Q(0) = Q(t) for all ¢ > 0. Then the initial hypersurfae
¥ must be homologous to the horizon, because if not, Q(t¢) should be strictly decreasing during
the jump as described in §4.2. From the proof of Lemma 4.2, the fact that Q(0) = Q(t) for all
t > 0 also implies H? = (n — 1)|]AJ? a.e. on %; for almost all time ¢ > 0. Since ¥ is smooth
and outward minimizing, Theorem 2.1 implies that ¥; — ¥ locally in C*# as t — 0+. We can
choose a sequence of time t; — 0+ with fEti |A|2 = 0 and ¥4, converges to X locally in OB as

t; — 04. The lower semicontinuity implies

/ |A]? < nmmf/ |A]? = 0.
) t;—0+ S,
and then ¥ is totally umbilic in the Schwarzchild space (M",g) = (R" \ D,,, gij). Denote the

Schwarzschild metric g = €2¥4;; on R™\ D,,, where

= In (1+ 5077,

n—2
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Let 7, H and fzg be the unit outward normal, mean curvature and shape operator of 3 with
respect to (R™\ Dy, d;;). Then they satisfies the following transformation formula under the
conformal change of the ambient metric:

eVH=H+dy-p, v= e ¥p, (5.7)

i=ni— g = o (hg_H(si) — Vi

(5.8)

n—1

where hf and h] are the trace-less second fundamental forms of ¥ in R™\ D,,, with respect to the
metrics d;; and g;; respectively. Equation (5.8) says that the totally umbilicity of a hypersurface
is invariant under the conformal change of the ambient metric. Then X is totally umbilic in
R™\ D,, with respect to the Euclidean metric ¢;; and therefore is a sphere in (R" \ Dy, d;;).

We next show that X is a sphere centered at the origin in (R" \ D,,,d;;), and is a slice
{s} x S"~1 if considered as a hypersurface in the Schwarzschild space. Suppose that the radius
of the sphere ¥ is 7. Then the mean curvature of ¥ in (R"\ D,,,d;;) is H = (n —1)/r and

mri—m mri—m

dy V= ——=—0, V> —————. 5.9
Vv 1+ Br2-n rv= 1+ Br2-n (5.9)

This implies that the mean curvature of ¥ in the (R™\ D,,, g;;) satisfies H = e=¥(H +di)-7) > 0
Since ¥ is strictly mean convex, starting from ¥ there exists a unique smooth solution to the
IMCF (2.1) in Schwarzschild space, which coincides with the weak solution for a short time
t € [0,6) by the Smooth Start Lemma 2.4 of [10]. Arguing similarly as before, each 3;,t € [0, ),
is a sphere in (R"™ \ D,,d;;). By the conformal transformation formulas (5.7), ¥; solves the
following corresponding flow in Euclidean space (R™\ Dy, d;;)

)
or X0 = g 70, 1€ 0,0, (5.10)

Under the flow (5.10), the shape operator Eg of ¢ in (R™\ Dy, d;5) evolves by

, Bkﬁj
Qh] = —VIV; ( 1 >

ot " H+d¢} 7 H+dy-v
_VIVildy ) 299(dv > i -7) ]
(H+dy-p)° (H+dy-v)° (n—1)2 (H+dy - v)
Asin (5.9),
dip - v = —%&-D—vﬂXﬁ)X 7

where | X2 =72 X -7 =710, -7 and v(-) : Rt — R is a function given by

mx—n/2

?}(l’) = W

Then
H
n—1

Vi 9 = (2/1x9)+ o) (K
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and

VIVi(d - 7) = 4 (v”(X, v) + v') (X, ei) (X, e5)

n—1

+ <2v’(X, ) + H v) (1 - H1<X, p>> 8.

n—1 n—

Since ¥; is totally umbilic for ¢ € [0, ), the trace-less second fundamental form Ef is zero for all
time t € [0,6). Then

0= ji_ 8(m_ H y‘)

ot oo\"'" n-—-1"
B 4(1)”<X,1?>+%U’) 2(2UI<X,I?>+%U>2
a (H+dy - v)° (H+dy-v)°
. VX TP
< (exe) - 20a).

where X ' denotes the tangential part of the position vector. It follows that (X, ;)2 = | X T|2/(n — 1)
on Y; and is independent of the direction e;. This can occur only if position vector X is parallel
to the normal vector at X and each ¥4, t € [0,0), is a sphere centered at the origin. Therefore,
each ¥, t € [0,6), is a slice {s} x S*~! in the Schwarzschild space. This completes the proof of
Theorem 1.1. g
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