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Abstract

We study minimal graphic functions on complete Riemannian manifolds £ with
non-negative Ricci curvature, Euclidean volume growth and quadratic curvature
decay. We derive global bounds for the gradients for minimal graphic functions
of linear growth only on one side. Then we can obtain a Liouville type theorem
with such growth via splitting for tangent cones of X at infinity. When, in con-
trast, we do not impose any growth restrictions for minimal graphic functions,
we also obtain a Liouville type theorem under a certain non-radial Ricci curva-
ture decay condition on X. In particular, the borderline for the Ricci curvature
decay is sharp by our example in the last section.
(© 2000 Wiley Periodicals, Inc.

1 Introduction

The minimal surface equation on a Euclidean space,

Du
/14 |Dul?

has been investigated extensively by many mathematicians. Let us recall some fa-
mous results that constitute a background for our present work. In 1961, J. Moser
[37] derived Harnack inequalities for uniformly elliptic equations that imply weak
Bernstein results for minimal graphs in any dimension. In 1969, Bombieri-De
Giorgi-Miranda [4] showed interior gradient estimates for solutions to the min-
imal surface equation (see also the exposition in chapter 16 of [26]); the two-
dimensional case had already been obtained by Finn [22] in 1954.

(1.1
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In this paper, we study the non-linear partial differential equation describing
minimal graphs over complete Riemannian manifolds of non-negative Ricci curva-
ture. Formally, the equation for a minimal graph over a Riemannian manifold X is
the same as for Euclidean space,

Du
1.2 di - | =
(12) e ( 1—|—]Du’2>

where the divergence operator and the norm now are defined in terms of the Rie-
mannian metric of X.

The geometric content of (1.2) is that a solution u is the height function in the
product manifold N = ¥ x R of a minimal graph M in N. We therefore call a
solution to (1.2) a a minimal graphic function.

Of course, the Riemannian equation (1.2) is more difficult than its Euclidean
version (1.1). In order to obtain strong results, one needs to restrict the class of
underlying Riemannian manifolds. The linear analogue, the equation for harmonic
functions on Riemannian manifolds, suggests that non-negative Ricci curvature
should be a good geometric condition. In fact, harmonic functions on complete
manifolds with non-negative Ricci curvature have been very successfully studied
by S. T. Yau [44], Colding-Minicozzi [18], P. Li [32] and many others. Our problem
can be considered as a non-linear generalization of harmonic functions on complete
manifolds with non-negative Ricci curvature.

More precisely, we consider complete non-compact n—dimensional Riemann-
ian manifolds ¥ satisfying the three conditions:

C1) Non-negative Ricci curvature;
C2) Euclidean volume growth;
C3) Quadratic decay of the curvature tensor.

Fischer-Colbrie and Schoen [23] studied stable minimal surfaces in 3-dimensional
manifolds with nonnegative scalar curvature, and showed their rigidity. In our com-
panion paper [21], we study minimal hypersurfaces in ¥ and obtain existence and
non-existence results for area-minimizing hypersurfaces in such an X. Here, we
restrict the dimension n + 1 > 4 for ambient product manifolds and investigate
minimal graphs from the PDE point of view.

Cheeger and Colding [10, 11, 12] studied the structure of pointed Gromov-
Hausdorff limits of sequences {M?, p;)} of complete connected Riemannian mani-
folds with Ricp > —(n— 1). They showed that the singular set . of such a space
has dimension no bigger than n — 2. Subsequently, Cheeger-Colding-Tian [14]
showed the stronger statement that .# has dimension no bigger than n — 4 under
some additional assumption. We should point out that conditions C1) —C3) still
permit some nasty behavior of the manifold X. For instance, as G. Perelman point-
ed out, the tangent cones at infinity need not be unique. Our conditions C2) and
C3) also have appeared in the investigation of the uniqueness of tangent cones at
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infinity for Ricci flat manifolds by Cheeger and Tian [15]. This theory has recently
been further developed by Colding and Minicozzi [19].

In the last decade, minimal graphs in product manifolds received considerable
attention. Concerning gradient estimates, J. Spruck [42] obtained interior gradient
estimates via the maximum principle. He went on to apply them to the Dirichlet
problem for constant mean curvature graphs. Recently, Rosenberg-Schulze-Spruck
[39] obtained a new gradient estimate and then showed that there is no trivial posi-
tive entire minimal graph over any manifold with nonnegative Ricci curvature and
curvature bounded below.

For a complete manifold ¥ with conditions C1), C2) and C3) we obtain the
gradient estimates for minimal graphic functions by integral methods, see Theo-
rem 3.3. Such results in Euclidean space were given by [4], [S]. Our results and
methods are different from those in [42].

Let us now describe our results in more precise PDE terms. Theorem 3.3 en-
ables us to obtain global bounds for gradients when the growth for the minimal
graphic functions is linearly constrained only on one side. So linear growth is e-
quivalent to linear growth on one side for minimal graphic functions. Since the
Sobolev inequality and the Neumann-Poincaré inequality both hold on X, and thus
also on the minimal graph M in X x R represented by a minimal graphic function
with bounded gradient, this will then yield mean value inequalities for subharmon-
ic functions on the domains of M. Hence, we have the mean value equalities both
in the extrinsic balls or the intrinsic balls of M. Therefore, we obtain a Liouville
type theorem for minimal graphic functions with sub-linear growth on one side,
see Theorem 3.6. It is interesting to compare this Liouville type theorem with the
half-space theorem of Rosenberg-Schulze-Spruck [39]. The corresponding result
for harmonic functions on manifolds with non-negative Ricci curvature is due to S.
Y. Cheng [7]. Furthermore, we can relax sub-linear growth to linear growth in the
above Liouville type theorem if X is not Euclidean space, and obtain the following
theorem.

Theorem 1.1. Let u be an entire solution to (2.1) on a complete Riemannian man-
ifold ¥ with conditions CI), C2), C3). If u has at most linear growth on one side,
then u must be a constant unless ¥ is isometric to Euclidean space.

For showing Theorem 1.1, using the harmonic coordinates of Jost-Karcher [31],
we first obtain scale-invariant Schauder estimates for minimal graphic functions u.
Then combining this with estimates for the Green function and a Bochner type for-
mula, we get integral decay estimates for the Hessian of u. The Schauder estimates
then imply point-wise decay estimates for the Hessian of u. Finally, by re-scaling
the manifold ¥ and the graphic function # we can show that X is asymptotic to a
product of a Euclidean factor R and the level set of u at the value 0. This will allow
us to deduce Theorem 1.1. By the example in the last section, the assumption of
linear growth cannot be removed. Moreover, one should compare this theorem with
the result of Cheeger-Colding-Minicozzi [13] on the splitting of the tangent cone at
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infinity for complete manifolds with nonnegative Ricci curvature supporting linear
growth harmonic functions.

We shall also investigate minimal graphic functions without growth restriction-
s. Analogously to [21] we prove that for any scaling sequence of a minimal graph
M in ¥ x R there exists a subsequence that converges to an area-minimizing cone
T in X, x R, where X, is some tangent cone at infinity (not necessarily unique) of
¥ satisfying conditions C1), C2) and C3). However, our proof here is more compli-
cated than [21] as the ambient manifold £ x R does no longer satisfy condition C3)
unless X is flat. In the light of stability inequalities for minimal graphs, one might
expect that 7 is vertical, namely, 7 = 2" x R for some cone 2" € N.. Howev-
er, since we lack Sobolev and Neumann-Poincaré inequalities on minimal graphs
whose gradient is not globally bounded, it seems difficult to show verticality, al-
though such inequalities hold for ambient Euclidean space [35], [S]. Fortunately,
we are able to show that T is asymptotically vertical at infinity. This also suffices
to estimate the measure of a ’bad’ set and employ stability arguments, as in [21], to
eliminate the unbounded situation of |Du|, when the lower bound « for the curva-
ture decay (see below) is large, that is, when the curvature can only slowly decay to
0 at infinity (more precisely, the curvature decay is quadratic, but the value of the
lower bound must be above some critical threshold; actually that threshold is sharp
showed in the last section). Thus combining Theorem 1.1 we obtain a Liouville
type theorem for minimal graphic functions.

Theorem 1.2. Let ¥ be a complete n—dimensional Riemannian manifold satis-
fying conditions ClI), C2), C3) and with non-radial Ricci curvature satisfying
infyp, Ricy (ET,ET) > xp2|ET|? for some constant K, for sufficiently large p > 0,
where p is the distance function from a fixed point in ¥ and & stands for the part

that is tangential to the geodesic sphere dB, (at least away from the cut locus of

. , (n—3)*
the center), of a tangent vector & of L at the considered point. If k¥ > T then

any entire solution to (1.2) on ¥ must be constant.

In the last section, we construct a nontrivial minimal graph to show that the

—_ 2 . . . . .
constant % in Theorem 1.2 is sharp. Our approach is inspired by the method
developed by Simon [41], where for each strictly minimizing isoparametric cone
C in R" he constructed an entire minimal graph in R"*! converging to C x R as
tangent cylinder at co. Geometrically, our method is different from that of Simon,

but analytically, it is quite similar.

2 Preliminaries

Let (X, 0) be an n-dimensional complete non-compact manifold with Riemann-
ian metric 6 = Y.}, 0;;dx;dx; in a local coordinate. Set (6%/) be the inverse
matrix of (oj;) and E; be the dual frame of dx;. Denote Du =Y, ;0"u;E; and
\Dul* =Y, ;6" u;uj. Let divs be the divergence of X. We shall study the following
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quasi-linear elliptic equation for a minimal graphic function on X

) Du A 1 oy,
2.1 div = d; | Vdetoy——
2(\/14-‘1)14’2) v/det oy, / kl,/]+’Du‘2

A solution {(x,u(x)) € £ x R| x € £} represents a minimal hypersurface in the
product manifold N £ ¥ x R with the product metric
ds* =d* + o =dr + Y ojjdxidx;.
i,j

Let M denote this hypersurface, i.e., M = {(x,u(x)) € N| x € £}, with the induced
metric g from N
8§= Zgijdxidxj = Z(G,-j +ujuj)dxidx;,
l’] l7]
du

2, .
where u; = § and and u;; = % in the sequel. Moreover, detg;; = (1+ |Du|?) det o;;
J L]

and g/ = o'/ — % with u’ = Y Gijuj.
Let A, V be the Laplacian operator and Levi-Civita connection of (M,g), re-
spectively. The equation (2.1) then becomes

1 N
22 A :78-( detgn g -):o.
( ) u \/(ng] ] Clgki g Ui

Thus, u is a harmonic function on the hypersurfaceM, which in turn depends on u.

Similar to the Euclidean case ([43] or by Lemma 2.1 in [21]), any minimal
graph over a bounded domain Q is an area-minimizing hypersurface in Q x R.
From the proof of Lemma 2.1 in [21], it is not hard to see that any minimal graph
over X is an area-minimizing hypersurface in £ x R.

Let V and R be the Levi-Civita connection and curvature tensor of (N,h). Let
(-,-) be the inner product on N with respect to its metric. Let v denote the unit
normal vector field of M in N defined by

2.3) Ve (CDutE.).

/14 |Dul?

Choose a local orthonormal frame field {e;}" , in M. Set the coefficients of the
second fundamental form h;; = (Ve j,v) and the squared norm of the second fun-
damental form |B|*> = Y. jhijhij. Then the mean curvature H =Y h; = 0 as M is
minimal.

Let Ric be the Ricci curvature of ¥ x R. Due to the Codazzi equation A; ik =

hiji — (Reieiej, V) (see [43], for example), we obtain a Bochner type formula

(2.4) A(Ey11,V) = — (|B]* +Ric(v,V)) (Eps1,V).
Let Ric denote the Ricci curvature of X. With (2.3), then
Ric(Du,Du
(2.5) ~Nog(Ey.1,v) = B[ + RELEDY) G100k, WP

1+ [Dul?
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The above formula will play a similar role as Bochner’s formula for the squared
length of the gradient of a harmonic function.

In the present paper we usually suppose that X is an n(> 3)-dimensional com-
plete non-compact Riemannian manifold satisfying the following three conditions:

C1) Nonnegative Ricci curvature: Ric > 0;
C2) Euclidean volume growth: for the geodesic balls B,(x) in Z,

Ve £ lim 7‘/0[ (Br(x))

r—soo r

> 0;

C3) Quadratic decay of the curvature tensor: for sufficiently large p(x) =
d(x, p), the distance from a fixed point in N,

C

p2(x)
B . . . Vol(B,(x)) -
y the Bishop-Gromov volume comparison theorem lim, e — ;= is mono-

tonically nonincreasing, and hence

[R(x)] <

(2.6) Ver" <Vol(B,(x)) < w,”"  forallx € Xand r>0,

where ), is the volume of the standard n-dimensional unit ball in Euclidean space.
The above three conditions have been used in [21] to study minimal hypersurfaces
in such manifolds. Now we list some properties of X satisfying conditions C1),
C2), C3) (see [21] for completeness), which will be employed in the following
text.

e By [8], there is a sufficiently small constant &y > 0 depending only on
n,c,Vy so that for any 0 < § < & the injectivity radius at g € dBg,(p)

satisfies i(g) > r, where Q = (% + 1).
e Let G(p,-) be the Green function on X with lim,_,o sup, B,(p) }Gr”_2 —1 ’ =
Oand b = Gz%n(see [36] and [17] for details). Then

(2.7) Asb* = 2n|Db|?

with [Db| <1 and ¢'r < b(x) < r for any n > 3, x € dB,(p) and some
constant ¢’ > 0. Moreover, we have asymptotic estimates

1 1
n—2 n—2
b_ <VE) Db— <V2)
r w, (O

(2.8) limsup | sup + =0
r—roo xX€0B,
and
2
. VZ n—2
2.9) limsup [ sup |Hessp —2 | — o| ] =0.
r—oo x€dB, Wy
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e By Gromov’s compactness theorem [28] and Cheeger-Colding’s theory
[9], for any sequence & — O there is a subsequence {¢&;} converging to
zero such that X = (X, &0, p) converges to a metric cone (Xw,dw) with
vertex o in the pointed Gromov-Hausdorff sense. ¥ is called the tangent
cone at infinity and
Y., =CX =R" x, X for some (n— 1)-dimensional smooth compact man-
ifold X of Diam (X) < 7 and the metric s;;d6;d0; with s;; € C1"%(X) (see
also [27][38]). For any compact domain K C X \ {0}, there exists a dif-
feomorphism ®; : K — ®;(K) C &X such that @} (&;0) converges as i — oo
to 0. in the C!"*-topology on K.

3 Gradient estimates and applications

Let u be a minimal graphic function on a Riemannian manifold X, and

1 /

A

V= ————" = 1+ Duz.
<En+1,V> | ‘

Let ¥(z) = v(x) for any z = (x,u(x)) € M, and we usually denote ¥ by v, which will
not cause confusion from the context in general.

Let B,(x) be the geodesic ball in X with radius r and centered at x € X. Some-
times we write B, instead of B,(p) for simplicity. Let du be the volume element
of M.

Lemma 3.1. Suppose ¥ has nonnegative Ricci curvature and u(p) = 0, then for
any constant 3 > 0

(3.1) / logvdu < (1+10p8) <2+ﬁ+rlsupu> Vol(B3,).
BN{|u|<pr} By

Proof. We define a function u; by

Bs if u>ps
Us = u if |u| <PBs
—PBs if u<-—Ps.

p(x) is a global Lipschitz function with |Dp| = 1 almost everywhere. We define a
Lipschitz function {(r) on [0, o) satisfying supp{ C [0,2r], § |[0 , = land D] <
L. Then n(x) = {(p(x)) is a Lipschitz function with suppn C By, 1| 5, = 1and

|Dn| < % Then by using (2.1) and integrating by parts we have
(3.2)

D Dul? Du-D
0:—/din< M)nurd,uzZ/ ‘ u’ d,liz-l-/ " nurduz,
vV

v B{lul<Br} v
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which implies

2
/ ldu g/ <|Du| + 1> duy
B.N{|u|<pr} B,N{|ul<Br} v

<Vol(B,)+Br [ 1Dnlds < (1+B)Vol(B).

(3.3)

From integrating by parts, we deduce

0:—/div>; <Du> - (ur+ Brynlogv dus
%

Dul? Du-D
2/ |Dul logv d/.tz+/ ! n(u,+ﬁr)logv duy,
B,{lu|<pr} V v

(3.4) +f DI 1 Bryndps

|Dul?
>/ logv iz 287 | IDnlogv dx
B.N{|u|<Br} V By,N{u>—pr}

—2Br/ [Dlogv|ndps,
By,N{u>—Pr}

then we obtain

|Duf?
/ logvdu < / +1 ) logvdus
BN {|u|<Br} B.0{|ul<Br} v

§(1+2[3)/ logv dus +2Br |Dlogv|ndus.
BZrﬁ{u>—ﬁr} Bo,N{u>—Pr}

(3.5)

Obviously, (2.5) implies Alogv > [Vlogv|?, then for any & € C}(Ba, x R) we have
/yv1ogv|2§2du < /ézmogvdu = —2/§V§ -Vlogvdu

1
<5 [ IViogvPEian+2 [ |vePap.

Set & (x,1) = n(x)t(t) for (x,r) € X xR, where 0 < 7 < 1, 7= Lin (—Br,supp, u),
7 =0 outside (—(1+ B)r,r+supg, u), |7'| < 1. Then

(3.6)

[ IViogsPetau <a [ 1vEPan <8 [ (90 + (VePn?) du
3.7) 1
_S/ 1du.
e JByn{u>—(1+p)r}
At any considered point z = (x,u(x)) € M,

Viogi(z) = Y (¢ dilogv(x)) (Ej+uj(x)Ent1),

ij
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then

(3.8) |Vlog¥(z) Zg 79;logv(x) - d;logv(x).
ij

So we obtain

|Du-Dlogv|* _ |Dlogv|?
> .
1+ |Dul> — 1+|Dul?
Together with (3.9) and (3.7) it follows that

(3.9) |Vlogv|? = |Dlogv|* —

/ |Dlogv|ndus §/ |Vlogv|nvdus
By N{u>—PBr} By {u>—Pr}

\V4 2
s/ <\ logv[*n*r >Vduz
Bao,N{u>—Br} 8 r

2
(3.10) /\Vlogv\ §2du+ vdy
BZrm{”> ﬁr}
2

2

<= / ldp+ = / vdpis
7 By {us—(148)r} r JBynfus—pr}

4

/ vd
7 J By n{u>—(14B)r}

Note that logv < v as v > 1, substituting (3.10) into (3.5) we obtain
3.11)

/ logvdu < (l+2ﬁ)/ vds + 8 vduy
B,N{|u|<pr} By,N{u>—Pr}

By {u>—(14+)r}
< (1+10B)/ vy
Born{u>—(14B)r}

Let 7] be a Lipschitz function with supp# C B3, with 7 ‘ By = 1 and |D7}| < % Then

O——/&rdlvz <Dv )n max{u+ (1+B)r,0}dus

Dul? Du-DR
(3.12) z/ D] d,liz—i—/ I ax{u+ (1+ B)r, 0} dps
By,N{u>—(1+p)r} B3, \4

v

/ |Dul?
>

By, N{u>—(14B)r}  V

1
duy — ;/ max{u+ (1+B)r,0}dus,
Bs,

which implies

D 2
/ vduy < / <‘ u\ ) dus
By N {u>—(14B)r} By, N{u>—(14B)r} v

(3.13) /duz+ / <supu+ 1+ﬁ))dug

B3,

< (2 +B+rsup u> Vol(B3,).

B3,
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Combining (3.11) and (3.13) we complete the proof of the Lemma. O

For any z; = (x;,1;), i = 1,2, denote the distance function p on £ x R by

Pz (22) \/Px. (x2) + (12 — 1)

For any ¢,x € X there are § = (q,u(q)) € M and ¥ = (x,u(x)) € M such that p;(X) =

VP 00) + () —u(q)).

Lemma 3.2. Suppose the sectional curvature R(x) < K? on Bj(q)(q) with injective
radius i(q) at q, then we have

AP2(E) > 242(n— 1)Kp,(x) cot(Kp,(x))  for 0< p,(x) < min {i(q), ﬁ} .

Proof. By the Hessian comparison theorem, for any €J_£ we have
q

Hess), (§,§) > K cot (Kpy)|EI.

Let {e;}_, be a local orthonormal frame field of M. Note that M is minimal, we
obtain

c% Ve, Ve, Pq (Veei) P; )

X
(3.14) il (Ve,Ve,pq (Ve,e) ) +li (V i — Veie,.) p2
:ANPq - Hessp;(v, V)

1
=Arp, +2— —yHessz (Du, Du) = =.

If Du # 0, we set (Du)” = Du— <D %> .Let{Eq},_ U ere be an orthonor-
mal basis of T with Ey = (Du)” |(Du)”

d —
Hesspg (ap ,apq> 2 give

’ . Combining Hesspg (EO,, qu) =0and

2
(3.15) Hess, (Du Du) = Hess, ((Du) ,(Du)T)+2<Du,ai> )
q
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Hence
(3.16)
A'Z—ZHess (Eq,Eq)+4— 1Hess ((Du) (D )T)_E D i 2_2
pq—a pi e ma v A V2 u’apq V2

2
(Du)" 2
:;Hesspg(Ea,Ea)—{—Z—‘vz‘Hess »(E1,EY) vj‘(Du T

[(Du)"|?
2

1%

’2
2
>2(n—2)Kpycot(Kp,) +2+ (2 ) ) Kp,cot(Kp,) + \ (Du)" |2

>2(n—1)Kp,cot(Kpy) +2
If |Du| = 0, clearly AP} = Aspg > 2(n— 1)Kp,cot(Kp,) +2. O
Suppose that X satisfies conditions C1), C2) and C3). For sufficiently small

0 > 0 depending only on n,c, Vs and any fixed ¢ € dBg,(p) with Q = (% + 1),
by [8] the injectivity radius at g satisfies i(¢) > r and

>[

d(p,x) > 1, for any x € B,(q).

Then by condition C3)

(3.17) R(x)| < = for any x € B,(q).

Hence p,(x) is smooth for x € B,(q) \ {¢q}. For § = (q,u(q)) € M, we denote
By(G) = {z € N| p;(z) < s} and Ds(§) = Bs(§) N M. If ¥ = (x,u(x)) € Ds(§), then
obviously x € Bs(q).

For any ¢ € [0,1) we have cost > 1 —¢, then

tant o\ ! ! <0
anf — = — :
11—t cos?t  (1—1)2 —

Soon [0,1)
tans < o
p— 1 .

Hence on D,(g) we have

qu( X)>242(n—1) <l—qu(x)) > 2n_2n§p;q(x).
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For any smooth function f on M, combining the above inequalities we get
(3.18)

2n/ ~f(l—‘jp"> < ~pr§:/ ) div(prg)—/ : Vf-Vp;
Dy(@) r Dy(d) D,(@)

s

2 Vpg
= fvpz. =4 —/ div — s Vf +/ —s )Af
ani@” 1 [Vhgl  Ipia (B

:2s/ pr~+/ p2 —s?)Af.
aD,(3) Ivod Ds@( i)

Since
(3.19)
o1y
Vhql? =128 10,(pg + (u—u(q))*)- 9j(pg + (u—u(q))?)
q
1/, |Du-Dp,|? Du-Dp, 5 |Dul?
-5 (pq (1—v2q 20y u(g) 2P 4 (- ufq)* P
1 51 5 |Dul?
< (P e+ at P
:17
we have
0 ( / > i logv
— (s logv | = —ns™" / logv+s "/ —
ds Dy(q) D,(q) any(a) |VPql
>—ns " 1/ logv+s ”/ logv|Vpg|
s(q) s\d
(3.20)

né _,
>——=s / logv.
r Dy(q)

Let @, be the volume of the standard n-dimensional unit ball in Euclidean space.
For 0 < s < r integrating the above inequality implies
nds

< ¢’ / logv.
wﬂsn DA(‘?)

We say that a function f has at most linear growth on X if

i 01 <

and say that f has linear growth on X if

(3.21) logv(g)

S ()]

0 < limsu < oo
e plx)

Denote f; = max{f,0} and f_ = min{f,0}.
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Theorem 3.3. Let u be a minimal graphic function on a complete Riemannian
manifold ¥ which satisfies conditions C1), C2) and C3). Then we have gradient
estimates

(322) \Du(x)| <G eCZril (“(x)*SUPyeB(QH),(P)“(y))

forany r > 0 and x € dBg,(p), where Cy,C, are positive constants depending only
n, and Q is a constant depending only on n,c,Vs. Moreover, if uy (or u_) has at
most linear growth, then |Du| is uniformly bounded on all of ¥.

Proof. For any p € ¥ fixed, let Q = (% + 1) as before. For any r > 0, x €

dBg,(p), combining (3.21) and (3.1) with B = 1 and u(x) — u replacing u, we
have

enS
log [Du(x)| <logv(x) < / logv
gDu9)] <logv(®) < o5 [ 1og

SUPyep, (x) (”(x) - Lt(y)) VOl(Bgr)
<11e" (3 Y
(3.23) <lle ( + . o
<llen5 (3 + SuPyeB(Q+l)r(p) (M(x) - u(y)) > VOZ(B?,r)
B r W,

where X = (x,u(x)). Take 0 < & < 1, then invoking (2.6) we obtain

u(x) — SUPyeB g 1) (p) u(y))

(3.24) log|Du(x)| < 11(3e)" (3 + -

Thus (3.22) holds. Obviously, we can substitute « in (3.22) by —u. Hence if u
or u_ has at most linear growth, then letting » — o implies that |Du| is uniformly
bounded on all of X. O

Lemma 3.4. Let X be a Riemannian manifold with conditions Cl1), C2) C3), and
u be a smooth solution to (2.1) on ¥ with at most linear growth. Then for any
nonnegative subharmonic( superharmonic) function @t (@) on M, we have

C
sup " / 0" and inf @~ > e [0)

Dy, (q D, (q) " Jp,(q)

for arbitrary r > 0 and some constant 0 < A < 1 independent of r. Here C,C, > 0
are constants depending only on n,c,Vs, A.

Proof. In the manifold X we have the Sobolev and Neumann-Poincaré inequali-
ties. So we have those inequalities also on the manifold M by the boundedness of
|Du|. Then we can use De Giorgi-Moser-Nash’s theory and the volume doubling
condition to obtain the mean value inequality(see [37] for the details). O

Denote |Du|o = sup,cy |[Du(x)|. Now we want to use the above Lemma to de-
duce the mean value equalities for the bounded gradient of u.
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Lemma 3.5. Let X be a Riemannian manifold with conditions Cl1), C2) C3), and u
be a smooth solution to (2.1) on ¥ with at most linear growth. Then we have mean
value equalities on both exterior balls and interior balls:

1
3.25 D f 7/ ’ Zd’
(3.25) |Dul = pais Vol(D,(z)) Dr(Z)| e
and
(3.26) |Du|? = lim 1 / \Du|d
. M Vol (B,(x)) u |
U r— Vol (B,(x)) By(x) -

Proof. Denote Qo = sup,crlogv(z). If u has linear growth at most, for any g € M
we have

1
(3.27) 7 o (Pmax —logv) < C (Pmax —logv(g)),

which implies for any z € M

1
328 =i 7/ logv < oo,
528 Omer = M Vol (D,(2)) Jo o 8

Since €21°¢” — 1 = | Du/|? is a bounded subharmonic function on M, we obtain (3.25).

For any 0 < € < |Du|y and any fixed point z = (x,u(x)) there is an ryp > 0 such
that for any r > rg

1 / 2 2
e — Du d > Dul|f —
Vol(D,(@)) Joo P > 1Pl

Denote Q, £ {(q,u(q)) € D,(z)| |Du|*(q) < |Du|j — €}, then

uf-e <y / o o [ uban )

< (1= Va7 129 7, (2=
)

Vol(
Vol(D,(z))’

=|Du|g —

which implies
Vol(Q,) < eVol(D,(z)).
Let Q7 be the projection from Q, to T defined by

{g€2| (q,u(q)) € @} ={q € £| (q,u(q)) € D,(2), |Dul*(q) < |Dul5—€}.
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There exists a constant C > 1 such that the projection of D¢, (z) contains B, (x) for
any r > rq . By the definition of D¢, (z), it follows that
(3.29)

1 1
L bz [ (i e)
VOZ(Br(x))/Br(x)‘ Wi > Vol(B:(x)) JB,(x)\aF, Sgp| “ e
1 2 1 " 2
> Dul? — . Dul? —
2T B e <S‘§p' ul 8) e~ G ] <S‘§p‘ ul 8) ez

Cr
Vol (Q
>sup |Du|* — & — Vol(Qcr) <sup\Du\2 — 8)
b b

Vol (B,(x))
Vol(Dc¢,
>sup |Du|* — & — SM (sup \Du|* — 8) .
Yy Vol (Br(X)> ¥
Let r — oo, then € — 0 implies that (3.26) holds. [l

Theorem 3.6. If the minimal graphic function u on a complete manifold with con-
ditions C1), C2) and C3) has sub-linear growth for its negative part, namely,

. u_(x)|
limsup ——— =0,
et PO

where u_ = min{u,0}. Then u is a constant.

Proof. From Theorem 3.3, |Du| is globally bounded. For any small § > 0, there is
a Cg > 0 such that u(x) > —Cs — §p(x). Lemma 3.4 implies a Harnack inequality
for positive harmonic functions on M. Hence there is an absolute constant C > 1
so that for any r > 0 and g € M we have

sup (u(x) — inf u—l—l) <C inf <u(x) — inf u+1> §C<u(q)— inf u+1> .
xeDy,(q) Di(q) x€Dy,(q) Dy (q) Dr(q)

Thus
(3.30)

sup u(x) <Cu(q)+(C—1) <1 — inf u> < Cu(q)+(C—1)(1+Cs+ 6r)
XGDA,((]) Dr(q)

Therefore, for any € > 0 there is o > 0 such that for any x with p(x) > ry we have

u(@)| < ep ().
For any r > rg, let n be a Lipschitz function on M with suppn C D, with n ’ p =1
and |[Vn| < % on Dy, \ D,. Due to Au = 0, we see that

(3.31) O:—/ unzAu:/ Vu-V(unz):/ \Vu|2112+2/ unVu-vn.
M M M M

From the Cauchy inequality we conclude that

4
(3.32) / |Vu|2§/ \Vu|2n2g4/ V2 < 7/ W < 1662Vol (D).
D, M M r DZr\Dr
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2
With |Vu|? = |DV'§‘ , we get

Dul*(y) =lim / *d
igg! ul~(y) Lmv()z |[Dul"dp

(3.33) <limsup H ”'0/ \Vul2du
F—yo0 VOZ
Vol(Dy,)
<16€*(1 4 |Dul3)limsu
( | |O) r_>°op Vo l( )
Forcing € — 0 gives |Du| = 0, namely, u is a constant. O

Actually, if X is not Euclidean space, we can give a stronger theorem by replac-
ing sub-linear growth by linear growth in the following section.

4 A Liouville theorem via splitting for tangent cones at infinity

Let X be an n-dimensional manifold with conditions C1), C2), C3), and u be a
smooth linear growth solution to (2.1). We shall now derive pointwise estimates for
the Hessian of u. We first rewrite (2.1), in order to apply elliptic regularity theory
as can found, for instance in [26, 30]. In a local coordinate, (2.1) is

oYu:
4.1 9| Vo——m— ] =0
@1 J( ° 1+|Du\2> ’

where /0 = \/detoy,. Take derivatives and set w = dju to turn this equation into

(Vo (W N i
“2 a’(m 7 T pup )" +oifi =0

where

. u; P | i Uillplg
fl = ——0(Voo") - zvoo! ——F L __g,o".
“ /1+|DuP? ( )73 (1+ |Dul?)*?

Define an operator L on C2(X) by

Vo < i uul )
PR A e LS VA

Lw+ J Jf]g =0
Since ¥ satisfies conditions C1), C2) and C3), by [3, 27, 38] there exist harmon-
ic coordinates satisfying the estimates of [31]. That is, for a fixed point p €
¥, there are positive constants @’ = o' (n,c,Vy),0 = 0(n,c,Vz) € (0,1) and C =
C(n,c,Vz,d) such that for any g € dB,(p) and r > 0 there is a harmonic coordi-
nate system {x;: i =1,--- ,n} on By,(q) satisfying

then

1 )
4.3) Asx; =0, (Gij)nxn > E, Gij-f—r’DG,‘j’ +rl+a [DGij]oc/,Bgr( ) <C,

q
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! - 9 J
where0 < o' <1,0;;=0 <8x,-’ ax,> and
Plenig= s PE=20]
wyeBor(a)ay  A(%Y)
Lemma 4.1. For any q € dB.(p) C X, r>0and s < 0r we have
(4.4) 0scp, ()Du < Cs%r ¢,

where C = C(n,|Dulo,c,Vs) and a = o.(n,|Duly,c,Vx) < &’ < 1 are positive con-
stants.

Proof. Forany fixed s < §0r, denote My(s) = SUpg, () W» ma(s) =infp, (o) w, M1 (s) =
supg, () W» mi(s) = infp (4 w. Then we have

LMy —w)=0:fl,  L(w—ms)=—03f  onBel(q).

Due to (4.3), it is not hard to find out that | f{| < € on Bg,(¢). By the weak Harnack
inequality (Theorem 8.18 of [26]), we have

@ [ ) dus < (M) M)+ ).
and
(4.6) 5" /B Lo =€ (ml (s) — ma(s) + ;) ,

where C = C(n,|Dulo, ¢, Vs). Denote @(s) = oscg ,yw = Mi(s) —mi(s). Combin-
ing (2.6), (4.5) and (4.6) gives

< Vol (Bas(q))

= §n

@7 2V o) o(4s) <C <a)(4s) —a(s)+ 2S> |

r

which implies that there is a y € (0, 1) such that for all s € [0, 167]

o(s) < yo(4ds) + %

By an iterative trick(see Lemma 8.23 in [26]), we complete the proof. O

The above Lemma implies the following Holder continuity for the gradient of
u.

Corollary 4.2. For any q € dB,(p) C X, r > 0 we have
(4.8) [Du] gy, (q) < Cr%,

where C = C(n,|Dulg,c,Vs) and a = a(n,|Duly,c,Vs) < 1 are positive constants.
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Standard elliptic regularity theory (the scale-invariant Schauder estimates, see
[26, 30]) implies that there exists a constant C = C(n, |Du|o,c, Vs, &) such that for

q € 9B:(p)
sup |D*u| < Cr=? sup |ul,

(4.9) B o (9) Bo,(q)
and

[D*u] Bo, <Cr 2% sup |ul.
(4.10) @B or (9) Bow(a)

Theorem 4.3. If u is solution to (2.1) with linear growth, then

(4.11) limsup | 7 sup |D*u| | =0.

r—ee 9B:(p)
Proof. For the fixed point p € X, there is a constant C such that {(x,u(x))| x €
B,(p)} C Dcr(p). Let b be the function defined on X in section 2. Together with
(2.7) and the computation in (3.14), we have

1
Ab =Asb — —Hess,(Du,Du)
4.12) v

1= 1) = 5.5 (Hessya (D D) ~2(Db. Du)?).

By the properties of the function b, there is a large ry so that for any x with b(x) > rg

one has 5
n-+
Ab| < .
anj <™
Denote Uy = {(x,u(x)) € M| x € {b < s}} for s > 0. Let { be a nonnegative
smooth function on R with suppg C [0,2r], C}[O,r} =1L [|<Sand (" < r%

Set

nx) = ¢(b(x)) for any x € X.
Then 1) is a smooth function with suppn C Uy, n|U =1,|Vn| < % and |An| < r%
for sufficiently large r. Recalling (2.5) and b(x) < p(x) we obtain

/ |Hess, |*dus g/ \Hessu|2du2§/ |Hess,|*ndpu

B, {b<r} Uy,

(4.13) SC/ B < C/ NA (logv — max)
Uzr UZr

C
=C (logv — (Pmax) An < rj / ((Pmax —log V) )

U2r UZr

where Qmax = sup.¢,,logv(z) as before. Due to (3.28) we see that

1
(4.14) lim ( 2/ ,HesSuzdm) =0.
r—eo \ Y=< Jp,
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From (4.9) we have

C
(4.15) sup [Du| < =
9B:(p) r
for some fixed C = C(n, |Dulo,c, Vs, o). If
(4.16) limsup | 7 sup |D%u| | >0,
r—yee 9B:(p)

then there exist € > 0, r; — o and g; € dB,,(p) such that
4.17) rilD*u(gi)| > €.
By (4.10), we conclude that
2 —1-
(4.18) [D°ulg g, (g) <Cri %
2
. . . 0
There is a sufficiently small § = &(n,|Dulo,c, Vs, o, €) € (0,75) such that for any
ye Bﬁr,~<qi)

4.19)  |D%u(q))] — |DPu(y)| < (D] (g0 < Cr = (8r)% < —

a,B e, (qi )
%(q[ 2rl

which together with (4.17) implies

)
D? > .
(4.20) D) > 5
Hence
1 1
=1 DuPdps > s [ DPuPdus
T B(145)r,(P)\B(1-5)r,(P) r; Bs,(q:)
4.21) 1 o2 &2
> —duy > —0"Vs.
“p? /Ba,.,mql-) a? =g
Letting r; — oo deduces a contradiction to (4.14). This completes the proof. O

Re-scale the metric by ¢ — r~26 and denote the inner product, norm, gradient,
Hessian and volume element for this re-scaled metric by (-,-), | - |-, D", Hess” and
du,, respectively. Set ii, = r~'u and let B be the ball with radius s and centered at
p for this re-scaled metric. Namely, B is the ball with radius s and centered at p in
r~2X = (X,r %0, p). Then for any fixed ro > 0 (3.26) implies

1
lim —
(4.22) 5= Vol (BL,) /B

and (4.11) implies that there is a constant C > 0 so that

D" i, [?dpt, = sup | Duf?,
z

"
o

C
,=0 and sup [Hess}; |5 < . for any s > 0.

lim sup [Hess,
(423)  Jim sup[Hess;, ur

0
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For any x,y € B}, (p) there exists a minimal normal geodesic ¥, connecting x
and y such that ¥, (0) =x, %, (1) =y and |}xy| = L,y is a constant. Clearly, L, < 2r.
Parallel translating the vector D"ii,(x) along ¥ (f) produces a unique vector at y
denoted by D7 i, (x). Denote by C a constant depending only on n. We have

Dy (x) = D' (y)| =D (x) ~ D, )],
4.24) 1
<C-1,, /0 [Hesss, |, (Yo (1) )dr.

For any fixed € > 0, together with (4.22)(4.23) and the above inequality we get

lim sup |D} i.(x)—D"i(y)| =0,
(4.25) e Yo B\, Ty r
and
. . r~ _
(4.26) }Lﬁxeégf\gg 1D, ()l = Sgp‘Du"

Note that |Duy £ supy |Du| > 0. Suppose u(p) = i,(p) = 0. Set
[, =d,'(0) = {xcr 22| i(x) =0}.
For any x € Bj , there exists xo € By, NI so that

1y
d,(x,x0) = d,(x,T;) = inf d,(x,z).
zel,

Here d, is the distance function on r~2X. Set the signed distance function dr (x) =
d,(x,T',) for ii,(x) > 0, and dr, (x) = —d,(x,T') for ii,(x) <O0.
Lemma 4.4. For any fixed ry > 0 there is
(4.27) lim sup |i,(y) —|Dulo-dr,(y)| =0

r—)‘x’yeBr

o
Proof. For any r > 0 there is a y, € B; such that

|- (y) — [Dulo - dr, (v-)| = sup |@(z) — [Dulo -dr, (z)]-
zeB;O

Without loss of generality, we suppose i, (y,),dr,(y,) > 0. Clearly,
itr(yr) — |Dulo - dr, (yr) < 0.
For any € > 0 we set
¢ =i '(e|Dulo) = {x € r 2| ii,(x) = £|Dulo}.
Hence, for any x, € I'2 one has x, € r 2y \ B%. For any fixed € > 0 from (4.22) and

(4.23) there is an r, > 0 so that for any r > r, we have ]D’ﬁr\r‘rsmr > 1|Dulo.
r 2rg

Clearly there exist z, € I'y satisfying d,(y,z,) = dre(y,) and a unique normal
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geodesic ¥, connecting y,,z, with ¥.(0) = z,, ¥%(l,) =y, and |}|, = 1, where
I, = dre(yr). Smoothness of I' implies ¥.(0) = —D"ii,(z,)/|D"iir(z,)|» then

I
i, (yr) =ity (yr) — fty(zr) = /0 D"ty (7 (1)), %(2)) . dt
I
= [ (D) - Dl ) 0 0)) et [ 1D ()
=/

> /0 [ Hessa, (), s + 1Dt )| s ()

Combining (4.23) and (4.26) implies

(4.28)

e 0(2) = D (1) i+ 1D, (2] s (37)

4.29) h}{gglf(ﬁr()’r) - ‘Du|0'dff(yr)) > 0.
Letting € — 0 completes the proof. U
Remark 4.5. Analogously to the proof of Lemma 4.4, we have

lim sup [, (y) — [Dulo (dr; (v) +5)| =0

r—}myeBio

for s € R, where I = ii; ! (s|Dulo) = {x € r2X| ii,(x) = s|Dulo}.

For any x,y € I}, let %, be a normal geodesic joining x to y with length ;.
Since

92

St (1 (1)) = Hessi, (7(0), (1),

then by the Newton-Leibniz formula we conclude that

(4.30) lim sup < sup |ﬁr(yrixy(t))_S’Du|o‘> -0
te

. .
" xyelNBy, [0,55,,]

For any sequence r; — oo there is a subsequence r;; such that rl-;lZl = (%, r;lc, D)
converges to a regular metric cone X with vertex o in the pointed Gromov-Hausdorff
sense. Clearly, the geodesic ¥ . should converge to a radial line starting from o
in Xy. Therefore, combining (2/1.30) and Remark 4.5 we know that I'}, must con-
verge to an (n— 1)-dimensional cone C%; in £y. Moreover, for any z;, zjz € C%; the
geodesic joining z; and zp in Xy must live in C%;. Let Q be a connected component
of X\ C%; and z3,z4 € Q. Then the geodesic ¥, ., joining z3 and z4 in X satisfies
’)/23714 \C% C Q.

Consider y,z € {x € r~2%| ii,(x) > 0}. For any x € [',, dr,(y) < d,(y,x) <
d,(x,z) +d,(y,z). Taking all the points in I, it follows that

dr,(y) <dr,(z) +d,(y,2).
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The same method implies

dr,(z) < dr,(y) +dr(,2).
Hence
4.31) |dr, (2) = dr,(¥)] < dr(,2)-

For some fixed point z with iZ,(z) > 0 and small € > 0, choose § > 0 sufficiently
small, then there is an x € I', such that

dr,(z) +€6 > dy(z,x).
Let I(¢) be a minimal geodesic connecting z and x, and denote y € I(¢) N dBY. Then
dr,(z) + € dr(z,y) = d(y,x) +dr(z,y) = dr,(y) +dr(2,y)-
Combining this with (4.31) we conclude that |D"dr, |, = 1 almost everywhere.

Lemma 4.6. For any fixed r; >0

r—yoo

(4.32) lim | D (i, — |Dulo - dr.) | = 0.
"1

Proof. Let 1 be a Lipschitz function with n D'n|, <1landsuppn C Egrl.

5, =0,

Let (-,-), and div, be the inner product and divergence in r~2Z, then
(4.33)

D (i~ \Dulo-dr) 2 < [ 107G~ Dulo-d)

2rq

By,
= [ (pu-0rar B0 ) n? =2 [ (DD (1Dulo-dr, ~ ), m?
2r; 2y
— [ (a0, ) n?
B;,

+2 / (2n(D'n. D'), +ndiv, (D'a)) (|Dulo - dr, — ).
5,

Together with (4.22)(4.23) and Lemma (4.4), we complete the proof. O

If (Z,d) is a metric space and S;,S> C Z, then we set
d(S1,S2) = inf{d(s1,s2)| s1 € S1, s2 € 2}, B(S1,€) ={z€Z|d(z,51) < €}.
And we define Hausdor{f distance dg on Sy, S by
dpn(S1,52) =inf{e > 0| S| C B(S2,€), S2 C B(S1,¢€)}.

If Z,,Z, are both metric spaces, then an admissible metric on the disjoint union
Z1| 17, is a metric that extends the given metrics on Z; and Z,. With this one can
define the Gromov-Hausdorff distance as

der(Z1,2,) = inf{dy(Z1,Z,)| adimissible metrics on Z; |_|Zg}.
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Now we consider a mapping By, — B, 0)(r1,I» X R) : y = (yo, \Duly i@ (y)),
where yy € I, satisfies d,(y,y0) = dr,(y) and B0 (r1,T, x R) denotes the ball in
I'; x R with radius | and centered at (p,0). Together with Lemma 4.4 and Lemma
4.6, using Theorem 3.6 in [9], we obtain

(4.34) lim den (B, Bp0)(r1,Tr xR)) = 0.
In fact, we can also obtain (4.34) through the following Lemma.

Lemma 4.7. For any fixed ri > 0

(i) = (2))” = |Duld - (@ (3,2)* = d(30,20)%) | =0,

(4.35) lim sup

"y2€B],
where yo,z0 € T, satisfy d,(y,yo) = dr,(y) and d,(z,z0) = dr, (2).

Proof. We shall use the idea of the proof of (23.16) in [24] to show our Lemma. For
any small 0 > 0, let &(r) be a general positive function satisfying lim, . &(r) =0,
which depends only on n,ry,c, Vs, fori=1,2,---. It is sufficient to show that

(8:(3) = 8(2))* = |Duf3- (4:(,2)* = (30, 20)°) | < &1(1) + 6

for any y,z € By. Suppose dr,(y) > dr,(z) > 0 (dr,(y)dr,(z) <0 is similar).

Let [ : [0,dr,(y)] — r2X be a normal minimal geodesic joining yo to y, and

L, : [0,dr,(z)] = r~2Z be a normal minimal geodesic joining zo to z. When

dr,(z) <t <dr,(y), we set [o(t) = z for convenience. Let Q(¢t) = d,(/;(¢),Lx(t))

and ¥ = %, [0,Q(t)] — r~2L be a normal minimal geodesic joining »(¢) to [ (t).
Let i (s) = i, (%(s)), then

d*hy

4.36
(4.36) 732

= [Hessz, (7:(s), 7 (s))| < [Hessg,|,.

Note that 9 ,, converges to a normal minimal geodesic % as r; jIZ converges to a
k) J k]
cone ¥y. Hence due to I'}, converging to a cone C%; C ¥ and % living on one
J

side of C# 5 we obtain Yiri, (s) €r2Z\B" . forany0<s<Q(t)andt>¢€

4Dulg 2[Dufy
if r is sufficiently large. Since we can choose any sequence r; and then choose a

suitable subsequence, we conclude ¥, € r‘zZ\B’ ¢ for t > € and sufficiently
2|Dul

large r. Hence combining (4.23) and the Newton-Leibniz formula we have
dh;
ds
for any fixed r > €. Note &, (Q(¢)) = a,(l1(¢)) and h(0) = i,(l2(¢)), Lemma 4.4
implies

(4.37) hi(Q(1)) = 1 (0) = Q1) —=(Q(1)) | < &a(r)

|h:(Q()) — | Dulot| < &3(r) for 0 <r <dr,(y),

4.38
(4.38) 1 (0)— |Dulot] < &4(r)  for 0 <1 < dr(2).
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Without loss of generality, we assume dr, (y) > €. So we obtain

(4.39)
dhy

‘Q( )— 7 (0(1))| < &s(r) for € <t < max{dr,(z),€},

00 5(00) Do 1 i, 2)

Analogously we get
(4.40)
' o) dht

< &(r) for max{dr,(z),e} <t <dr,(y).

)’ + ‘Q(t)cgl;(Q(t))‘ < 2¢&s5(r) for € <t <max{dr,(z),€}.

Note initial data Q(0) = d,(y0,20), then for 0 <7 < dr,(z) we have

|02(r) — d,(y0,20)*

(4.41) .
=2 [ 009 [(1(Q()).h(5)), = (1(0).12(9),| s

Since
a7 g = [r0 ], )+ (eon o, )
- . = |( 1%(0),D"ii, + [ ¥%(Q(s)),D" i, ;
as |y s |y~ INFOP P ) | F (B DE )

then combining (4.40) and (4.41) gets

(4.42)

[Dulo | Q2(r) — di (y0,20) y<2/Q 1(Q(5)),[Duloly (5) D' ) [ds

+2/ 0(s) |{ #(0), |Duloba(s) — D' |, > ‘ds+4£5( )+ Ce,

where C stands for a general positive constant. Lemma 4.4 indicates

(4.43) / (\Duyo—< ()0 )>) ds < e(r)

for i =1,2. Then

(4.44)

2
ds

.i(s) - Drﬁr‘li(s) .

' . 2 t
</ “D“‘Oli“)_Drﬁr‘z,-(s)’r‘“) gt/o
=t [ (1Duls+ 1072 1)) ~210ulo (i) D] ) ) s
/0 <‘Drﬁr( ()7 —‘D”‘o) ds+2t*|Dulogs(r) < 26%|Dulogs(r) < (e7(r))*.

Hence combining (4.42) and (4.44) we obtain
(4.45) |Dulo | Q*(t) — dr(vo,20)*| < €5(r) +CE.
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For dr,(z) <t <dr,(y) we have

(4.46)
@)~y GE 0| = (1), ] ) ~1Dulo (100,41, |

then similar to the argument for r < max{dr,(z), €}, employing (4.43) and (4.46),
and integrating the second inequality in (4.39) give

@4 |02dr, ()~ Qdr, (2) — (dr, () ~dr, (2)?] < o)+ Ce.

where C is a constant. Note d,(y,z) = Q(dr,(y)). Combining (4.45), (4.47) and
Lemma 4.4 we have

(1, (y) = #(2))* = |Dulg - (d(3:2)* = dr(y0,20)°) ’
<|(@ () ~ () = |Duf} - (Q*(dr, () — Q*(dr, ()|

+|Dul§ |Q*(dr, (2)) — d/(y0,20)? |
(4.48)  <|Duly(g3(r) +Ce) + |Dul} (g9 (r) + Ce)

(@ () = (2))° = [Dul3- (dr, () — dr, ()|

(@, (y) — i,(2))* — (|Dulo - dr, (v) — |Dulo - dr, (2))?

:810(}’) +Ce+

<gj1(r)+Ce.

Hence we complete the proof. O

For any sequence r; — o there is a subsequence r;; such that r; Iy = (X, r; 'o, D)
converges to a metric cone CX with vertex o over some smooth manifold X in the
pointed Gromov-Hausdorff sense. Let B, be the geodesic ball with radius r and
centered at o in CX. Then with (4.34) we get

(4.49) lim dgp (B11,B(p0)(r1, T, X R)) =0.

By the previous argument, there exists an (n — 1)-dimensional cone % so that Frij

converges to %. Hence CX = % x R, namely, any tangent cone of ¥ at infinity
splits off a factor R isometrically.

Let B’(z) be the ball with radius s and centered at z in r 2% = (X,7 %0, p). For
any € > 0 and s > 0, by volume comparison theorem and condition C3), there is a
sufficiently large ry > O such that

Vol (B} (z)) > (0, —€)s"

for each z; € rlsz with d,(zi, p) > ro+s and r; — oo. Let B,(z) be the geodesic
ball with radius s and centered at z in CX. Taking limit in the above inequality gets

(4.50) Vol (By(z)) > (w, — €)s"
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for any z € CX with dw(z,0) > ro+ s, where d.. is the distance function on CX. Let

B (y) be the geodesic ball with radius s and centered at y in C#. Let z = (y,1,) €
% x R, then (4.50) implies

(4.51) / Vol (B /z—(v))dt > (@, — €)s".

Let rg — oo, and we fix y, then #, — . So we obtain (4.51) for any y € % and
€ > 0. Hence

&) ~
/ VOl(%m(y))dt > W,s",
—S
which means
(4.52) Vol (By(z)) > w,s"  forany z€ CX and s > 0.

Vol (B (x))

Since lim, _yc0 is monotonically nonincreasing, then (4.52) implies

(4.53) Vol( S(z)) > @,s" forany z € X and s > 0.

By the Bishop volume estimate, X is isometric to R” (see also the proof of Theorem
0.3 in [16]).

Altogether, we obtain the following Liouville type theorem for minimal graphic
functions with linear growth. This should be compared with the harmonic function
theory in [13].

Theorem 4.8. Let u be an entire solution to (2.1) on a complete Riemannian man-
ifold ¥ with conditions C1), C2), C3). If u has at most linear growth on one side,
then u must be a constant unless ¥ is isometric to Euclidean space.

5 A Liouville theorem for minimal graphic functions without growth
conditions

Let G(p,-) be the Green function on X"(n > 3) and b = G77 as before. Now

we set 1
- w, \ "2
b:(> b
%5

and define a function & in £ x R by

R (x,1) =/ D*(x) +12, for (x,1) e X R.
Then
~ ~ 2
~ = b?|Vb|* + Wy \ "2
(5.1 ANT* = 2n|Vb|* +2, VA = ———— < | = .
N Vel | | b*+12 %5
Let B, be the ball in X x R with radius r and centered at (p,0). By the properties
(2.7)(2.8)(2.9) of the function b we have

(5.2) ANT* —2n|VR|* = 2—|—2n— (VB> —1),
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X
(5.3) lim sup <sup —1‘+supHV<@‘—l’> =0,
r—e  \ 9B, | ¥
and
54 limsup | sup |HCSS%2 —2g} =0.
r—reo dB, xR

Let v be the unit normal vector on M as before. A simple calculation gives

AR? =ANFR* —Hess o (v, V) = 2n|Vb|* +2 —Hess (v, V)

(5.5) _ 2
=2n|VZ|? +2+2n— (|VB|* —1) —Hess 2 (v, V).

Since M is an entire graph,

lim (inf{d(x)‘ there is az € R such that (x,7) € M\Bﬁ}) = oo,
Fj—>o0

Combining (5.4)(5.5)(2.8) there exists a sequence & — 0" such that on M \ B NG
we have

(5.6) ]Agfz —on|VRP| < 28|V

Obviously ¥ x R has nonnegative Ricci curvature. Therefore, Vol(dB,) <
S"|r", where |S"| is the volume of n-dimensional unit sphere in R"*!. Since M
is an area-minimizing hypersurface in £ x R by Lemma 2.1 in [21], then
',

VolMNB,) < %Vol(aBr) <
With (5.3),
e~ / V2| 2du
Mn{Zz<r}

is uniformly bounded for any r € (0,c0), and so, there exists a sequence r; — oo
such that

limsup (r”/ |V§?|2du> = lim (rl-"/ \V%|2du>.
F—so0 MN{Z<r} ri—reo M{Z<r;}

With the proof of Lemma 5.2 in [21], we obtain the following Lemma.

Lemma 5.1. There is a sequence 8 — 0" such that for any constants K, > K; > 0
and € € (0, 1) and any bounded Lipschitz function f on N\ B; we have

61' n N . 61' n
(o) oo = (2N [
2t MN{#<"51) Kir Mn{z<FLY

Kyri

<Ce" sup \f|+11msup/ " (S_n_l/Mﬂ{eKm<g< }%’Vf-V%’) ds
5 <#<s

N\B] 11—

lim sup
i—oo

5.7
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There is a subsequence {&} of {?r; 2} converging to zero such that &% =
(X,&0,p) converges to a metric cone (Zm,d ) with vertex o in the measured
Gromov-Hausdorff sense. Denote & = 5i2ri_ 2 for simplicity. The cone X.. is over
some (n— 1)-dimensional smooth compact rnanifold X with C'* Riemannian met-
ric and Diam X < 7, namely, L., = CX £ R* x pX

Let B'.(x) be the geodesic ball with radius r and centered at x in (X, €0), and
A, (x) be the geodesic ball with radius r and centered at x in Y. In particular,
X = 0% (0). Note that for convenience our definitions of Bi(x) are different from
the previous ones in section 4. Let Bi(x) be the geodesic ball with radius r and
centered at x in (X x R, &(0 +dt?)), and 2, (x) be the geodesic ball with radius r
and centered at x in Xo, X R.

Let M = (M, €;g) and Di.(x) = M NB.(x). We always omit x in D.(x) (or
B (x), B, (x), %, (x)) if x = p (or x = (p,0),0,(0,0)) respectively, for simplicity.
Clearly, &M is still a minimal graph in (X x R, &(0 +dt?)).

Lemma 5.2. There exists a subsequence {&;,} C {&} such that € M converges to

an area-minimizing cone T = CY £ R* X, Y in Too x R, where Y € 9%, (0) is an
(n— 1)-dimensional Hausdorff set.

Proof. For any fixed r > 1 let 1; : <§r+1 \%’%) X R — &X x R be a mapping

defined by Yi(x,1) = (®;(x),7) € &L x R, where ®; is a diffeomorphism from
By \931 to @;(%B,+1 \931 ) C &X such that ®}(g0) converges as i — oo to

O. in the C1 %_topology on %’rﬂ \%’%. Thus Y} (&0 + &dt?*) converges as i — oo

to G., +dt? in the C'"*-topology on er 1 \%’7 1. By compactness of currents (see
[2], [34], [40] or [21]), there is a subsequence of &; such that

T;l (8,»/.Mﬂ (B’/\B'}j) xR) -7 as j — oo,
where T is an integral-rectifiable current in ¥, X R. By choosing a diagonal se-
quence, we can assume that the above limit holds for any » > 1. For convenience,
we still write & instead of &;,.

Let Qg be an arbitrary bounded domain in T, and Wy be an arbitrary bounded
set with induced metric in X, x R with dQy = dWp. There is a constant R > 0
such that Qo U Wy C Hg. For any small § > 0 let Q; = Y;(Qo \ (%5 x [-R,R])) C
&M and W; = Y;(Wy \ (%A x [—R,R])) with induced metrics in &N. Then there
exists Uy C d(ABs x [—R,R]) (possibly empty) such that dQ; = Jd(W; UU;) with
U; =Y;(Up) C &N. Since &M is an area-minimizing hypersurface in &N, then

(5.8)
H'(Q0\ (%5 x [~R,R])) = lim H" () < lim H"(W; UU;)

< lim H"(W;) + lim H" (Uy) = H"(Wo\ Bs) + H"(Up)
<H"(Wo) +H"(d(%s x [-R,R])).



MINIMAL GRAPHIC FUNCTIONS 29
Let 6 — 0 to obtain
H"(Qy) < H"(Wp).

Namely, T is an area-minimizing set in Xo, X R.
For any f € C!(9.%,), we could extend f to .. x R\ {(0,0)} by defining

f(p8)=1(6)

for any p > 0 and 6 € 9.%,. Let IT; be the map of rescaling from (N, o + dr?) to
&N = (N, &0 +gdt?). Set Uy = B; x R for s > 0. Note € = 6,-2;",-’2, then similar to
the proof of (4.12) and (4.13) in [21], for any K> > K; > 0 we have

limsup  sup ‘<§(fonloH,-),V@2>‘ =
(59) [—¥oo BKzri \UEKl ri
T

i i
and

limsu su (%‘V on,—1 oIl; D < oo,
(5.10) e A A

i i

Now we can extend the function fo T;l oIl; to a uniformly bounded function F; in
]szrl \U ek with F; = f oT oIl; on Bk, \ Uek,,,. Obviously, we can extend F;
5 S

1 l

to a C'-function on ]BKzr, ﬂUsKm with [Fi| < 2|fol o5

#)’

Note %% (x,t) = bz( )+ 12 for any (x,7) € £ x R. Due to the proof of Lemma
5.3 in [21], it is sufficient to show that there is a sequence T; € [€,2¢] so that

(5.11) limsup

2 i
1
— AVF;-VZ | ds < Ce
i—so0 "1’1 <S"+1 //wm{’i’;l!"i<%§s}m({l§§’f’§}’f}xk) l )

for some absolute constant C > 0.

We show (5.11) by the following consideration.

Let Q;; ¢ :Mﬂ{%;” <Z<siN <{l§ < %ﬁ"} XR) fors € (%”,%") In-
tegrating by parts implies

/ VF;-V#* + / FA%* = / divy (FV.%?)
(512) AlT SI‘C -Qsi‘t:

$,0,T

8Qs iT 3Qs,i,r aQ&,i,r
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1
for some absolute constant C;. Recall W%’ | < (%) " Itis easy to see that

1
Vs nZKm/ZE </ > Klr,-/2~*3 (/ 1 )
1 1)dr< —)d
<a),,> 5 Je oo )77 78 Je \oa V1) *
<Vol <Mﬂ{%§s}m <{£I§_r" <b< 28?”} ><]R>>

+Vol (Mn { glgr” <#< 28?” })

<Vol <a <{%‘J <sin < 81;” <b< 28?“} XR>>>
<

(5.13)

for some absolute constant C,. Hence, for every i there exists a 7; € [€,2€] such
that

n—2
(5.14) / 1< Css <8K1r’>
K an,[‘r,- 61
Through a simple calculation we have
| FA% < Cavol (@)
Qs.iﬁ‘ri

(5.15  <Cyol <a <{”§V” <%§s}ﬂ<{ég TI;”}MR)))
N\ n—1
Sc5s<8§1rl> )

VE-V%zg—/
Q

Hence

(5.16) /Q

which implies that (5.11) holds. Then, as in Lemma 5.3 in [21], we can show that

1 1
_f

K; Tﬂj{(z K{l Tﬁ%}(l

FAZ* +Cys /
895.1’.‘5;

i

SKlr,- n=2
1 <Ces® | ——

S0, T; 5,0, T;

(5.17)

for arbitrary f. This means 7T is a cone in X, X R. Therefore, we complete the
proof. U

1 . . o :
Set s; = (&)~ 2 for convenience. The definitions of D* i, (-,-)s,, | |s; are as in

section 4. We define Po(X) = dw(0,X) and Pe(x) = dw(0,x) as distance functions
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on L. and N., respectively. Let p;(x) be the distance function on &X from o to x,
and p;(z) be the distance function on &;(X x R) from (0,0) to z.

For each x € &X there is a minimal normal geodesic ¥ from p to x such that
Dip;(x) = ¥i. When g = 1, we define Dp (x) corresponding to the normal geodesic
7. Hence D% p;(x) depends on the choice of 7. Note that p;(x) is just a Lipschitz
function on &, but the definition of D% p;(x) is equivalent to the common one if p;
is C! at the considered point.

Let T; = &M ((B5\BL) x [5,5 + 2]) for § > 0 and a "bad’ set
(5.18)

1
B2 {e= e 1 D, < or |07, 0)"

2 < (l —84) ‘Ds'ﬁsi(XNi},

Si
where §T = & — (€, D% p;), D¥ip; for any local vector field & on gX.

Lemma 5.3. Suppose supy |Du| = oo. For any € > 0 there is a sufficiently small &
such that for any 0 < 8 < Oy there is a sufficiently large iy so that for i > iy we have

Hn(Ei> < et
Proof. Let U; be the subgraph of iy, in £X x R defined by
{(x,1) € X X R| t < i, (x) }.

By Rellich theorem, for any compact K C X, there is a subsequence of the char-
acteristic functions Xy, converging to x_ in L'(K) up to a diffeomorphism (see

Proposition 16.5 in [25] for the Euclidean case). Clearly, U can be represented as
a subgraph of some generalized function u (possibly equal to e somewhere) in
Y X R, namely,

U={(x,1) €L xR| t <u(x)}.

Note 7 = dU. u(x) is a homogeneous function of degree 1 in Z.,\ {0} as T is a
cone through o.

If supy |Du| = oo, T contains a half line {0} x (0,00) or {0} x (—e0,0). Without
loss generality, we assume {0} x (0,00) C T. Now we define a set P by {x €
Lo| u(x) = 4oo}. Since T is a cone through the point o, then P is also a cone
through o in .. In fact, for any x € P we have u(x) = 4oo. In particular, there is
(r,0) € R x, X = CX so that x = (r,0). Then u(tx) = +-oo for rx = (¢, 6), which
means that P is a cone.

For any z € T(((%#2\ %) x {s}), the slope of the line connecting z and o
becomes larger and larger as s increases to infinity. Hence for any 0 < € < 1 we
have

(5.19)
11 2

lim dgiy <Tﬂ <(@2\@8) x {5,5+8D , (apm(%\,@e)) X [OED —0.



32 Q.DING, J.JOST, Y.L.XIN

Combining (3.18)-(3.21) and that M is area-minimizing, it is clear that there is a
constant & > 0 depending only on X so that
S"|

1 S
gr' < / 1 < =Vol(dB,(z)) < —r" forany r >0, ze M.
MNB,(z) 2 2

Since &M — T, for any r > 0 and y € T we have
n

gr'' < / 1< | ‘

TN%,(y) 2

Due to (5.19) and {0} x (0,00) C T, it is not hard to see that
5200 H'(PN(#\Z)) >0 and  H2(9PO a%) >0
as P is a cone through o.

Let ®;: 95’% \ HBe — @(,%’% \ He) C X be a diffeomorphism such that @} (g;0)
converges as i — o to 0. in the C!**-topology on @% \ B, and Y;(x,t) = (P;(x),1)
for any x € A 2 \ #. Note that ®; and Y; depend on &. Obviously, lim; ;. p; ©
®; = p.. in @% \ e and lim;_e. pjo Y; = pos in (%% \%g> x (—3%,3). Since
&M (IB%’% \Bg) converges to 7' (@ 4 \@8) in the varifold sense, for any com-
pactset K € A 4 \ % we have
(521 0=lim (&M Xi(K)) (8" 0Y;") = lim i@ 0T v
where @™ is the dual form of % in TN... For any compact set K C (%, \ He) X

[5,5+ 2], we let Ky = {x| (x,s) € K} be aslice of K for s € [§,% + 2 ]
Since &M — T, (5.19) implies
- 1
ml < 51 ) =o.

(5.22) lim H" <{(x,t)

i—o0

Thus from (5.21) we obtain
1.2

i+
(5.23) limsup /

Do 5

/ wod | —— ) |as|<cS

i—yoo 5 &MNP;(K) 1+ ‘Dsiﬁsi’?- c
i

for some constant C, where @* is the dual form of i in TX.. Note that D% p; —

a‘; as i — oo on any compact set in X, \ {o} up to a diffeomorphism ®;, then it

follows that

5+3 D¥ip;, D¥ig,) 5
(5.24) limsup / ’ / D D)y, ol o8
= &§MND;(

i—yoo0 5 K) .1 + ’Dsiﬁsi |?I €

Together with (5.22) and (5.24), we complete the proof. ]
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Since M is a minimal graph in X x R, it is stable, and &M is also a stable
minimal hypersurface in &(Z x R). Let B' be the second fundamental form of &M
in &N and Ricgy be Ricci curvature of &N. For any Lipschitz function ¢ with
compact support in &M we have

(5.25) / (!B"\2+Ricg,-zv(vi,vi))¢2S/ Vo[,
&M &M

where V' is the Levi-Civita connection of &M.

Now we suppose that there exists sufficiently large ry > 0 such that the non-
radial Ricci curvature of X satisfies

(5.26) (i)%t:RicZ (E7,&7) > 7’2 >0

for all » > ry and n > 3, where & is a local vector field on ¥ with 7 = & —
(&,Dp)Dp and |ET | = 1. The definition of Dp is as before.

Lemma 5.4. If supy |Du| = oo, then K in (5.26) satisfies k < "2 .
Proof. By re-scaling we get

K
infRicey (n7,n7) > = >0
g};’r ICgx (77 N ) =2 >
for all r > \/&ro, where n € I(T (&iN)), n" =1 —(n,D%p;), D%p; with [n” |, = 1.
Noting that conditions C1) and C3) are both invariant under scaling, we obtain

1
Ricen(Vi, Vi) = ———— Rices (D¥iiy,, D%y,
1 2 1+|Dslu5i|%,- S, S,
1 ) .~ .
(RngiZ ((Ds’ us,.)T, (D" us,.)T)

S ERT: TR
27 L HIPvEL

+2(D¥i,, DYp;)., Ricen (D), D¥p) )
1 / = \T|2 N i i —2
Zm (K (D ;) Li — | (D) ‘Xi (DY, D% pi) )Pi
for some absolute constant ¢’ > 0.
Let 1 be the Lipschitz function on &X defined by

e ( logpily)
1) = (pi) < sin (222 )

in B‘i \ B. and 1 = 0 in other places. Let T be a Lipschitz function on R satisfying
t=1lon[s+1,5+2—1],7(r)=0fort € (—o0, 5| Ul5+ 2,0, and |7/| < 1.

€
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Forz=(x,) e Ex R set (z) = n(x)7(¢). Let V' be the Levi-Civita connection

of &N. Then
(5.28)

/ RiC&‘N(Viavi)(Pz < / ‘vl(plz / (’DSln’sT +n2‘7/|2)
M &M &§M

1+2 L+1
/ (/ |Dslnys>dt+ / +/ </ n2>dt

3 eMNEgEx {r} ' 2.1 sMNeZx{t}

+ _ . AN 2

/ / <3 " sin (nlogp,> + T cos (nlogp[>> p " | at

! &MN(Bi\BL)x{r} 2 loge loge loge

+1
L) L= (225
+21 &MN\(Bi\BL) x {} loge

IN

S

1
8

Denote E; as (5.18). For any z € T; \ E; we have |D*il,(z)[5, > 1 and
|(D%iis;(2), D% pi)s;| < £’ DYy, (Z)’A‘[ :

Note Ricen(Vi, Vi) = (1 + | D%, |2 ) 1Ric(DSiﬁsi,Dsiﬂsl.). Combining (5.27) we get
(5.29)

. 2 . 2
RlC&'N(vh vl)(p 2 / | T RngiN(Vi, Vz)n
EiMﬁ{g—‘rlSl‘ﬁg-‘rg—]}

ste—l 1 1 s~ T2
Zﬁ / i i N2 sii7 |2 (KKD ’MS'.) ‘s-
14 (&M\E)N(B)\BL)x{r} P71+ D%, |3, i

- ‘(DSiﬁSi)T |si <DSiﬁS,'7DSipi>s,- ) sin’ (nlogpl> P,.3_”> dt

loge

l+%71 DS,’ ~ ) 2
L sy 2 (-
L (e:M\E)N(B)\BL) x {1} 1+ | D¥idi, |5
log
_c’gz) sin’ <7r l(c))gi‘ > p, >

K(1—¢?) —c'e? /*‘1 </ sin® (nlogpi> p~1‘”>dt-
1+¢? i+ (&M\E)N(B}\Bg) x {r} loge /™

e§M
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Due to H"(E;) < €" in Lemma 5.3, it follows that
(5.30)

Rl'CgI.N(V,', V,')(p >

1-nggn
—& H"(E;
&M 1+¢2 14 < (E:)
logp;
JeMN(B}\BL) {;} logg

_ N o2 +g 1 1 ]
s Kol )t b ( [ sin2<7r°g”’>p2‘”>df
I+e L EM(B)\BL)x {1} loge

1—-¢
— @(K—(K—I—C/)Ez).

, _kK—(Kk+c)e? /fﬁﬁl

Combining this with (5.28) we let i — oo and obtain
(5.31)

’<—(’<+C')82/é+51(/ sin < 10gp°°> ”)dt
1+¢€2 41 CYN(%1\Be) x{t} loge &

1—¢
1+ g2

1,2

142 _ 2
§/6 / (3 nsin (nlngm) + 7[ cos <ﬂ10gpm>> p,}j" dt
1 CYN(%B)\%e) x{t} 2 loge loge loge
+2
) U () )
+2-1 CYN(%1\Be) x {1} loge

(k—(k+c)e?)

where p.. is the distance function on X, = CX from the fixed point o to the consid-
ered point. Letting 6 — 0, and using (5.19) we get
(5.32)

N Ne2 2-1
K (K+2c)8 / (/ Sm2< logpm>p N )dt
l1+¢ ! IPN(B1\ Ze) loge

1—
—21+:2(K—(K+c/)82)

2 2
€ — log peo log po.
g/ / <3 " sin <7r ogp > + 7: cos (n ogp )> plom | dr
0 OPN(%1\ Be) 2 loge loge loge

2

1 5
+</+ )(/ sin< 10gp°°>p)dt.
0 JE- IPO(21\%Ze) loge
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We calculate
(5.33)

1 oo 1 1 1
/ sin® (n ogp > pl-n :H”*2(8Pﬂ8931)/ sin® <7‘L’ 0gs> —ds
PN (%\Pe) loge € loge /) s

1
_ <log::> H'"2(dPN %)) /0 sin®(7t)d.

Hence we have
(5.34)

k= (k+c)e? <<2 — 2) <logi) H" (PN a%)/l sin®(7t)dt —2(1 — £)>

1+ g2 € 0
2 3— 10g Pos 10gpw ) \ 2
gf/ < " sin <7r ogp ) + L cos <7r ogp >> pl
€ JoPN(#\ %) 2 loge loge loge
1 oo
+2 sin’ (nng> pn
IPN(%1\Ze) loge
2 Lr/3— 1 1 2
< H™ z(apﬂ&@l)/ Poin (220 ) 4 T cos(m22) ) as
2 logs loge loge s
+2H" 2(8Pﬂ&%’1 sin ( og )
1 n—2
<2 10g§ H"“(dPNJ%) /
=2(1lo ! H"2(dPNJ.%) s +1 /lsinz(ﬂt)dt
e % (10gg)2 0 '

Together with (5.20) the above inequality implies

(n—3)2
(=37

2
% sin (mt) + lojgtecos(m)> —|—sin2(m)> dt

K< +o(e),

where lim;_,. 0(€) = 0. Therefore we complete the proof. O

Finally, combining Theorem 4.8 we obtain a Liouville theorem for minimal
graphic functions without growth condition.

Theorem 5.5. Let (X,0) be a complete n—dimensional Riemannian manifold sat-
isfying conditions C1), C2), C3) and with its non-radial Ricci curvature satisfying
infyp Rics (<§T, §T) > kp 2 for some constant K for sufficiently large p > 0, where

& is a local vector field on ¥ with |ET| = 1 defined in (5.26). If k > %, then
any entire solution to (2.1) on X must be a constant.

(n=3)*

The number =~ in Theorem 5.5 is sharp, and we will construct examples to
show this in the following section.
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6 Nontrivial entire minimal graphs in product manifolds

Let X be an Euclidean space R"*! with a conformally flat metric

n+1
ds% =00 Z dx?,
i=1

where r = |x| = /x} +---+dx2, | and ¢(|x|) is smooth in R""!. Hence ¥ is a

smooth manifold. Set ¢ (r) = fore@dr. Let us define p = ¢(r) and A(p) = rd’(r),
then the Riemannian metric in X can be written in polar coordinates as
ds* = dp* +2A*(p)d6?,

where d6? is the standard metric on S"(1). We assume 0 < A’ < 1, A" <0,
(6.1)

A0 o (e lm Y 1)
=P () - (P ) -

From [21], there are examples satisfying the above conditions for every k € (0, 1].
Clearly, lim,_,c }Z = CS in the Gromov-Hausdorff measure, where Sy is an n—sphere
in R"*! with radius 0 < k < 1, namely,

S’(:{(xly"'7xn+1)€R"+l‘x%+"'+X%+l :K‘Z}_

Moreover, let {eq}?,_, U{%} be an orthonormal basis at the considered point of
Y. we calculate the sectional curvature and Ricci curvature of X as follows (see
Appendix A in [33] for instance).

9 A 1—(A)?
Ky, <ap,ea> =~ KZ(eaaeﬁ):l(z)>

) 0 ) Jd d\ A
(6.2) Ricy <ap,ea> =0, Ricy <ap’ ap> = —nT,
) 1— (A 2 A
Rics(eq,ep) = ((n— 1)752) - l) OB

In particular, Ricsy > 0 and lim,_... (szicZ(e[x,eB)) = (";2)2 Ogp if K = %\/n —1.
In theorem 3.4 of [21], we have showed that if n > 3 and

2
-vn—1<Kk<1,
n

then any hyperplane through the origin in X is area-minimizing. Now we denote
T ={(x1,",Xn11) € R™!| x,. 1 =0} in CSi or }Z for » > 0, and their induced
metrics are determined by the ambient spaces. We will construct an entire minimal
graph with non-constant graphic function in £ x R for every k € [%\/ n—1,1),

% in Theorem 5.5 is sharp.

which obviously implies that the number
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Let D be the Levi-Civita connection of X. Let {Ei}?jll be the dual vectors of
{dx}1H!. Let Ffj be the Christoffel symbols of X with respect to the frame E;,
i.e., DE,-Ej = ZkajEk. Set l/ti = Gijl/tj, ‘DM’Z = Gijuiuj, D,-Dju = Ujj — F{-(J-I/tk and
v =4/1+|Dul?. We introduce an operator £ on a domain Q C X by

DF
V1+|DF?

where F' = 6'*F}, and Fj=F;— Fﬁ-‘ij is the covariant derivative.

63) LF=(1+ \DF\Z)%divz ( ) = (1+|DF|*) AxF — F; ;F'F/,

Let p = 5K — ”24"2 —(n—1) > lK, then by Theorem 1.5 in [42] there is a
solution u; € C*(B;) to the Dirichlet problem

21/!]' =0 in Bj
6.4) ,
uj:cjx,,HrP_I on 8BJ~
where ¢ is a positive constant and r = /x% 4+ —i—xr2l+1 . By symmetry, u;(x',x,41)+
uj(x',—xp11) =0 on B; with X’ = (x,--- ,x,). By [21] and maximum principle,
we have
(6.5) uj| > cjlxpi1|r”"" in B;.

If w; is a solution of (6.4) with boundary d janrp_] and 0 < d; < cj, we have
luj| > |wj| on BjN{x,41 # 0}. By the uniqueness of the solution of (6.4) there is
a c;j > 0 such that supp [Du;| = 1.
LetTj(s) ={x€Bj| u;(x) =s}. Weclaimu;(x',t) > u;(x’,s) forall (x',7),(x,s) €

B; and t > 5. If not, without loss of generality there are t; < f, < t3 so that
uj(x',t) =u;j(x',t) = t; <u;j(x',13). Itis not hard to see that there is a closed curve
¥, C Tj(1;) in the half plane {(s,x,4+1) € R?| s = [x'| > 0} such that u;(z) > 7;
for every z € U; and U; is a domain in {(s,x,+1) € R?| s = [/| > 0}, which is
enclosed by 9¢;. By the symmetry of u;, rotating ¥; on x' = (x1,--+,x,) generates
an n-dimensional set fj(’vj) C T'j(t;), which encloses a domain U 7 C Bj. Then

uj(x) > 1 for every x € U;. But this is impossible as graphuj is area-minimizing.

Hence -2 > 0.

X1

There is a subsequence {;'} of {;} such that u; converges to a function u de-
fined on © C X by varifold convergence, where graph,, is also area-minimizing. By
the symmetry of u#, we deduce that Q is symmetric with respect to x,xs,- - - ,X,, and
Q is symmetric with respect to x,,+. Clearly, u is smooth, £« =0and lim,_, 50+\7 u(x)=
+o0, where QF = QN {£x,—; > 0}. In particular, Q™ = {(+/, —x,11)| (X', %011) €
Q*}, u(x,xpq1) +u(x', —x,11) = 0, Du(0) = 0 and supp |Du| = 1. Moreover,
u(x',t) > u(x',s) for all (x',7),(x',s) € Qandt > s.

We want to show Q = X. If not, dQ # 0 and both of dQF are area-minimizing
hypersurfaces in X. Since also dQ7" is symmetric with respect to xj,xa,"* , X,



MINIMAL GRAPHIC FUNCTIONS 39

then dQ™ must be a graph on a domain of the half sphere, or else we cannot have
an area-minimizing hypersurface dQ". If w is the graphic function of dQ" on
a closed half of unit sphere S", and ¢ = [}" ﬁds, then @ satisfies the following
elliptic equation (see formula (2.9) in [20] for instance)

(6.6) As@ 2Hess§(p(Vg(p,Vg(p) —nA'(w) =0,

1+ |Vso|
where Ag, Hessg and Vg are Laplacian, Hessian and Levi-Civita connection of S”,
respectively. By the definition of A and regularity of elliptic equations, dQ* is a
smooth hypersurface in X. %89* is also an area-minimizing hypersurface in %Z,
then lim, _ %89* will converge to an area-minimizing cone CX over X in CSy,
where X is contained in a closed half sphere. Hence X must be an equator and CX
is just a hyperplane 7.

Let § = dQ™. The second variation formula implies that there is a Jacobi field
operator Lg given by

(6.7) Lsh = Ash+ (|B]* + Rics(v,Vv)) h,

where Ag, B are the Laplacian and second fundamental form for S relative to the
metric o, and Ricy is the Ricci curvature of ¥ relative to 6. Let S"~! be an (n— 1)-
dimensional unit sphere in R”. Since %S convergesto T =R Xyp S"last — oo,
in terms of the coordinates (p, o) € (0,00) x S"~! we consider

—1/1
Lrh =Arh+"= <2—1>h
P K

_ b a0k 1 n—1/,1
(6.8) o1 ap <P 8p> + Kz—pzASnflhjL e <1<2 - 1> h
1 92 0 1 1
:? <p2w+(n— 1)p%+ﬁASn—l +(n—1) <K2 _ 1)> h.

The only positive solutions of Lyh =0 on T are

6.9) h=cap™ +ap ™,

where ¢1, ¢, are constants and AL = % +4/ % — "K;zl > 0. By [6, 29], the equation
Lrw = fo with | fo| < cp~>* %, § > 0 has a nonnegative solution

(6.10) w=(G3+clogp)p ™ +0(p* )6 >0) asp— oo,

where ¢3,¢4 are constants, and ¢4 = 0 in case A, > A_, namely, K > %\/n — 1.

Now we see S as a graph {(x/, f(x'))| ¥’ € T\ K} outside some bounded domain
in (R"“,dsé), where X' = (x,-- ,x,), and

fix) = /h(X)e5¢(\/m>ds
0
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with [']? = x% a2 Let Ypa be a unit normal smooth line in the upper plane of
¥ which corresponds to {(x,x,11) € R x,,1 >0, ¥ = x4} C (R"*! ,ds%,) with
xq being pa in the polar coordinate and 4 (0) € 7. Now S = {}pa(w(p@))| pa €
T\K}, where w(pa) = h(x') if ' is p o in the polar coordinate. We can embed iso-
metrically X into (n + 2)-dimensional Euclidean space, then S is an n-dimensional
submanifold in R"*? with mean curvature decaying as O(%) Hence by the Allard
regularity theorem (see [1] or [40]), for any € > O there is a py > O such that

pwlpa)|+|Vrw(pa)| <&  forevery p > po, o €S",

where V7 is the Levi-Civita connection of T with induced metric in CSy. Since S is
a graph with graphic function f outside a compact set in (R"*1, dsé), then the mean

curvature is H = } v (:f)XN with rp = /|x'|2+ f2(x’), and (---)" is the projection
onto the normal bundle NS, namely, f satisfies (after a simple computation)

©6.11) Y glify= ”¢< Zx,f,+f>

i,j=1

where g;; = 8;;+ fif; and (g") is the inverse matrix of (g;;). Then by the estimates
(6.10) and the Schauder estimates we obtain

(6.12) FUL) + | VRf(X)|+FAVEFE)| < CF e

with 7 = 4/ x% +---+x2 and some €,C > 0, where Vp is the standard Levi-Civita

connection of Euclidean space. By the definition of w and applying a coordinate
transformation, we deduce

(6.13) pw(pa)|+ |Vrw(pa)| +p|Viw(pa)| < Cp~

for some €',C’ > 0. In particular, w satisfies (6.10).

The graph, has a unique tangent cone at infinity: a cylinder 7 x R. LetI', =
[y(u) = {x € Z| u(x) = y} for any y € R. Since lim,_,jq+\7u(x) = +eo and
u(x',t) > u(x',s) for each (¥',1),(x’,s) € Q and ¢t > s, we deduce dist(T’,,,0) >
dist(I'y,,0) > O for |y,| > |y1| and sufficiently large |y;|. Moreover, for any € > 0
there is yo = yo(€) such that Iy is within € of S for any y > yo. Now we use po to
represent the element of £ with metric 6 = dp? + A1%(p)d6?, and claim that
(6.14)

[Du(po)| oo as  |u(po)[+p — oo, (p,0) € ((0,00) X3 §") NQ.

If we embed X into R"*2 isometrically, then graph,, is an (n+ 1)-dimensional sub-
manifold in R"*3 with codimension 2. We check that the Allard regularity the-
orem still works in our case. Invoking elliptic regularity theory, if the minimal
hypersurfaces M, converge to a cone C in varifold sense, then the convergence
is C? near regular points of C. For any f, A — oo it is clear that graph, W=
{(x,u(x) — w)| x € £} converges to S x R C £ x R in the varifold sense and
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%k (graphu, #k) converges to 7 x R C CSx X R in the varifold sense. So we can

show the above claim by C? convergence (see also the proof of Theorem 4 in [41]).

Denote T = T x R. In terms of the coordinates (p,c,y) € (0,00) x S" ! x R
we can write the operator Lz as

2 —1/1
Lyh =Arh + oh n-1 ( —1>h

2 2\ 2

6.15) o PR

S S (VS A AL St (LA P

“prlap p dp 9y2 | Kk2p? S pz 2 :
Let

V(P,y)=PL/SH71h(POt,y)dOt and  f(p,y)=p* / flpa,y)d
with l_:%— '2—2——>0 then L= = f implies that
d dv 2%

6.16 19 (g 9V\ 9V _
(€10 P o (p 8p>+8y2 !

with B = 24 / - — 5= The left of the above equation is a uniform elliptic operator
forp >c w1th any posmve constant c.
By the Allard regularity theorem, there are a constant p; > 0 and a domain

G={(pa,y)p>p,yeR, pacT}CTxR=T

such that graph, can be written as a graph in G with graphical function W outside
some compact set K in £ x R. Namely, graph,, \ K = graphy, = {(1pa(W(pa,y)),y)| po €
T, p > pi, y € R} and ¢ is defined as before. Similar to (6.13) we have

(6.17) P W(pa)| + VW (pa)|+p|ViW (par)| < Cp~°

for some 8,C > 0, where Vz is the Levi-Civita connection of T with induced metric
in CS x R. Then by Theorem 1 in [41], we obtain for any € € (0,1)

ow
(6.18) y|Ep? Fn (pa,y) >C, forallyeR, aecS" ! y>p>Cy,

where Cy,C; are constants independent of y and p. It is clear that

ow 1
where (pot,y) € G,y =u(§) and § = ¥, (W(pe,y)). Fix p, we have [Du(&)| <
Cs|u(&)|¢ with constant C; depending on p. Hence |D(u(&))!~¢)| is bounded when
& approaches S in }jq, which contradicts lim,_,jq+\7 u(x) = F-oo. Therefore, we
deduce Q =X, namely, we get a smooth entire minimal graph {(x,u(x))| x € £} on
X
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Theorem 6.1. Let X be an (n+ 1)-dimensional Riemannian manifold described in
the front of this section. If n > 3 and %\/n —1 < Kk < 1, then there exists a smooth
entire minimal graph {(x,u(x))| x € £} in £ x R, where u is not a constant.
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