THE RIGIDITY THEOREMS OF SELF SHRINKERS

QI DING AND Y.L. XIN

ABSTRACT. By using certain idea developed in minimal submanifold theory we
study rigidity problem for self-shrinkers in the present paper. We prove rigidity
results for squared norm of the second fundamental form of self-shrinkers, either
under point-wise conditions or under integral conditions.

1. INTRODUCTION

The subject of self-shrinkers are closely related with the theory of minimal sub-
manifolds, as shown by previous works [5] and [6].

There are intrinsic rigidity and extrinsic rigidity for minimal submanifolds in the
unit sphere. The intrinsic rigidity implies gap property of the scalar curvature,
so is the squared norm of the second fundamental form by the Gauss equations.
The extrinsic rigidity describes the gap phenomenon for the image of the Gauss
maps. Both properties of minimal submanifolds were initialed by J. Simons in his
fundamental paper [20]. Since then, the extensive works appeared to contribute to
this interesting problem.

Besides the interest in the own right, the rigidity problem in the sphere is also
related to the Benstein problem for minimal submanifolds in the Euclidean space

23].

We now study the rigidity problem for self-shrinkers. Now, there is no intrinsic
rigidity. However, there also exist gap phenomena for the squared norm of the
second fundamental form and the image of the Gauss maps. In the present paper
we only pay attention to the gap phenomenon for the squared norm of the second
fundamental form. As for the gap phenomenon for the image under the Gauss maps
we will write another paper to contribute to the problem.

The first gap of the squared norm of the second fundamental form for self-
shrinkers was obtained by Cao-Li [2] (which generalized codimension 1 case in [15]).

Chern-doCarmo-Kobayashi in [4] confirmed that the Simons first gap in [20] is
sharp and raised to study the subsequent gaps. Peng-Terng in [I§] and [19] stud-
ied the second gap of squared norm of the second fundamental form for compact
minimal hypersurfaces in a unit sphere. They obtained pinching results for minimal
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hypersurfaces of constant scalar curvature in any dimension and that without the
constant scalar curvature assumption in lower dimensions. After that, there are
many works on this problem. Recently, we confirm the second gap in any dimension
without constant scalar curvature assumption [7].

In the present paper we employ the similar idea in our previous work [7] to study
the second gap for self-shrinkers. The results will be given in the Theorem [£.4, We
also study the self-shrinker surfaces in R?® with constant squared norm of the second
fundamental form. They can be classified, as shown in the Theorem 4.2.

By using Sobolev’s inequality, Ni [I7] proved gap results for minimal hypersurfaces
under the integral conditions on the squared norm of the second fundamental form.
For self-shrinkers , there is also Sobolev’s inequality, which can be used to obtain gap
results for self-shrinkers, in a manner analog to that in [17], as shown in Theorem
B.1] But, our direct integral estimates apply to arbitrary codimension not only for
self-shrinkers, but also for minimal submanifolds with corresponding modifications.

The organization of the present article is as follows: In next section, we fix the
notations and derive basic formulas in a manner as in [23], which will be used in the
later sections. In §3, we prove rigidity results in higher codimension. In the final
section, we give rigidity results in codimension 1.

2. PRELIMINARIES

Let M be an n-dimensional Riemannian manifold, and X : M — R™"™ be an
isometric immersion. Let V and V be Levi-Civita connections on M and R™",
respectively. The second fundamental form B is defined by B(V, W) = (VyyW)N =
VyW — VyW for any vector fields V, W along the submanifold M, where (---)¥
is the projection onto the normal bundle NM. Similarly, (---)? stands for the
tangential projection. Taking the trace of B gives the mean curvature vector H
of M in R™*" a cross-section of the normal bundle. In what follows we use V
for natural connections on various bundles for notational simplicity if there is no
ambiguity from the context. For v € I'(NM) the shape operator A : TM — TM,
defined by A*(V) = —(Vyv)7, satisfies (Byy,v) = (AY(V), W) .

The second fundamental form, curvature tensors of the submanifold, curvature
tensor of the normal bundle and that of the ambient manifold satisfy the Gauss
equations, the Codazzi equations and the Ricci equations.

We now consider the mean curvature flow for a submanifold M in R™*", Namely,
consider a one-parameter family X; = X (-, ¢) of immersions X; : M — R™" with
corresponding images M; = X;(M) such that

d
EX(x,t):H(a:,t), reM
X(z,0) = X(x)
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is satisfied, where H(z,t) is the mean curvature vector of M; at X (x,t) in R™*".

An important class of solutions to the above mean curvature flow equations are
self-similar shrinkers, whose profiles, self-shrinkers, satisfy a system of quasi-linear

elliptic PDE of the second order
XN

Let A, div and du be Laplacian, divergence and volume element on M, respec-
tively. Colding and Minicozzi in [5] introduced a linear operator

1x|2 1x |2

L—A_ %(X, V() =e 1 div(e 2 V()

2
on self-shrinkers. They showed that L is self-adjoint respect to the measure e_%du.

In the present paper we carry out integrations with respect to this measure. We
2
denote p = e~ and the volume form dp might be omitted in the integrations for

notational simplicity.

In this section we derive several basic formulas for self-shrinkers. Some of them
have been known in the literature. For convenience, we derive them here in our
notations.

For minimal submanifolds in an arbitrary ambient Riemannian manifold J.Simons
[20] derived the Laplacian of the squared norm of the second fundamental form. For
arbitrary submanifolds in Euclidean space Simons type formula was also derived
(see [21], [22], for example).

Choose a local orthonormal frame field {e;, e,} along M with dual frame field
{wi,wa}, such that e; are tangent vectors of M and e, are normal to M. The
induced Riemannian metric of M is given by ds3; = >, w? and the induced structure
equations of M are

dwi = wij A (A)j, wz‘j + Wji = 07
dwl-j = w;r N\ Wkj + Wia VAN Waj,
Qij = dwij — wir AN Wiy = _§Rijklw1g A w.
By Cartan’s lemma we have
Wai = haijw;.
Here and in the sequel we agree with the following range of indices

1§i7j7ka"'§n> n+1§a>ﬁaﬁy>§n+m

Set
Bij = Beiej = (veiej)N = hozijeom SaB = haijhﬁij~
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Then,

B> =) " Saa-

From Proposition 2.2 in [22] we have
A|BI* = 2|VBJ* +2 (ViV;H, Bij) + 2(Bij, H) (Bix, Bjie)
(2:2) — 2 (A AP -2 ) 82,

aFp o.f

We suppose that the local orthonormal frame field {e;}?; is normal at a consid-
ered point p € M. From the self-shrinker equations ({2.1]) we obtain

1
and
1 1
Combining (2.2) and ([2.4])(and using the Codazzi equation), we have
(2.5) LIB* =2|VB]+ B> — 2 ) [[A*, A%]]> =2 ) S,
a#p a,B

This is the self-shrinker version of the well-known Simons’ identity. In particu-
lar, when the codimension m = 1, the above Simons’ type identity reduces to the
following one:

1
(2.6) L|B|? =2|VB*+2|B|? (5 - |B|2> .

In general, we know from [20]

1
Sl )P+ Y% < (2= 1) 11

a#p a,B

When the codimension m > 2 the above estimate was refined [14][3]

(& e 3
S At AP+ 30 82, < S|BI

a#B a,p
Combining ([2.5) and the above inequality, we have
(2.7) L|B* > 2|V|B|]® + |B* - 3|B*,

here we use rough estimates |V B|? > |V|B||?. Tt can be refined by so-called Kato’s
type inequality.
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From ([2.4) (and using the Codazzi equation) we have
A|H|? = 2(H,V*H) + 2|V H|?
= (H,H — 2(H, By,) B, + (X, e;)V. H) + 2|VH|?
1
=[H[* =23 [(H, By + S (X, VIH[) +2|VH
i,J
It follows that
(23) CIH = |HP 25" [(H, By)P + 2V H

i’j

3. RIGIDITY RESULTS IN HIGH CODIMENSION

First of all we use formula ([2.8)) to obtain a rigidity result for the squared norm
of the second fundamental form which was already known [2].

Proposition 3.1. Let M"™ be a complete properly immersed self-shrinker in R™"™
with |B|* < 3, then either |B| = 0, and M is a n-plane or |B|* = 1, and M is a
product S*(v/2k) x R*™* for 1 <k <n.

Proof. Let n be a smooth function with compact support in M, then by (2.8)), we
have

1
| GIHE = S 1H B+ VHP
M i
3.1 1 2\, 2 1 . 2y, 2
(3.1) == [ (ClHPW?p == [ div(pV|H]*)y
2 Jm 2 Jm

1
__ / npVIH]? -V < / VHPPp 42 / HP VP
M 2 M M
Since

(3.2) > I(H. By)P < |HP|BJ,
ij

we then have
1 1
(3.3) / HPC BRI+ L / VHPp < 2 / HP V.

If M is compact, we choose n = 1, otherwise, let n(X) = n,.(X) = (b(')f—‘) for any
r > 0, where ¢ is a nonnegative function on [0, +00) satisfying

{1 if xel0,1)

(34 He) = 0 if € [2,+o00),



6 QI DING AND Y.L. XIN

and |¢'| < C for some absolute constant. Noting the Euclidean volume growth of M
by our previous result in [8] and |H| < 1|X|, the right hand side of approaches
to zero as r — +o0o. This implies that H?(3 — |BJ?) = 0 and [VH| = 0. Since
V|H|* = 2(H,VH), then |H| is a constant. If |[H| = 0, then M is a n—plane.
Otherwise |H| > 0 and |B]*> = 1. Moreover, takes equality, which implies
B;; = (Byj,vyv for any i,j, v = % By Theorem 1 of Yau in [24], M lies some
n + 1-dimensional linear subspace R"*!. From , |VB| = 0 which implies that
the eigenvalues of B are constants on M. In Theorem 4 of [13], Lawson showed that
every smooth hypersurface with VB = 0 splits isometrically as a product of a sphere
and a linear space(i.e. S¥ x R"*). Furthemore, by the self-shrinker equation (2.1)),
the k-dimensional sphere should has the radius v/2k and centered at the origin. [

There is a Sobolev inequality (see [16]) as follows

2n n 1
(3.5) ! (/ gMd,u> g/ |Vg!2d,u+§/ |H[?g*dp, Vg € CX(M),
M M M

where £ > 0 is a constant. Besides using (3.5)), the Simons type inequality in
self-shrinker version (2.7)) would be used in the following result.

Theorem 3.1. Let M™ be a complete immersed self-shrinker in R"T™. If M satisfies
an integral condition ([, ]B|"d,u)1/n < y/#=, then |B| = 0 and M is a linear

3nk’

subspace.

Proof. Let n be a smooth function with compact support in M. Multiplying n?|B|" >
on both sides of (2.7 and integrating by parts yield
(3.6)

022 [ [VIBIPIBI e+ [ (BIMEp =3 [ 1B~ [ B telsp
M M M M
=2 [ VIBIFIBI o [ 18P -3 [ (B
M M M
+2 [ BIVIB- V(B! )
M
~2(n=1) [ VBB [ 1BIMe =3 [ 1B
M M M
+4 [ (VIBI-Tn)|B e
M
By Cauchy inequality, for some £ > 0 to be defined later, we have
2
s [ 1Bree— [ (B2 [ 1BrVaR,
M M €Jm

(3.7)
22(n-1-2) [ VIBIPIBP .
M
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Let f = |B|"?p'/?n. Integrating by parts, then we have

J1wse = [ vasrEte g [ SBre) ok [ 1B,
8 M

(3.8)
/ V(B2 / BI'PAp + = / BI2IXT .

By ([2.1]), we have A|X|? = 2n — | X |*(see [5] or [§]), then

P p p p n_op
Ap=—EAXP + L9IxPE = ~Bion— |xVP) + BxT = D1 Bix

4 2

From (3.8)), we get(see also [9])

n 1 n
[owse= [ vasreape- ¢ [ rexe,
M M M
5 [ - g [ BT
1)y 16 /4
Combining (2.1)), Sobolev inequality (3.5)) and (3.9)), we have
(3.10)
n—2
2TL n 1
(/ 71#5) T < [ e g [ e
M M
n
< / V(B e+ [ |BrPo
M M

n2 o . " n "
= [ CLIVIBIPIEP 2+ nlBI 9B Va4 BP9+ [ 1B,
M M

(3.9)

Combining Cauchy inequality, (3.7)) and (3.10)), for any 6 > 0, we have

() |f|2”)n"

— 1 n n n
<+ / VBB + (4 5) [ IBIVaRo+ ] [ 1B

1+5 N "
<ot 2 (3 [ mre— [ prate+ 2 [ iriety)
1+ / BIVaPe+ G [ (B
5 M 4 M

(3.11)
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Let 6 = 22=#€ — 1 > 0 in (3.11)), then

e

3n n—1+¢ n 1+e
3 J 1B+ G S 1 5) [ 1B
4 n—1—c¢ 26 n—1-—
i . .
n + € n\" n n
<= B|*? B|"n?p)n—=2
<nno 1_8(/\| ) ([ asritor=)
n n—1+6
BV
G T v e g) [ 1BVl

Since ([, |B["dp)"" < /52—, then from (B.12) there is 0 < gy < 1 such that

n—2 n—2
_1(/ |f|,3"2) <3_n n—1+e 4(1 (/ |f|2n>
M 4 n-1-—¢

O / BI"Vnlp,
M

namely,

313 o 1_+f _— ( / £ 2")Tsc<e> /M [BI"|VnPp.

Let € = 2, since [,, |B|"dp is bounded, then we choose 7 as Proposition [3.1| which
implies |B | =0. O

Remark For codimension m = 1 case, we can use ([2.6) instead of (2.7) and the
pinching constant would be better.

4. RIGIDITY RESULTS FOR CODIMENSION 1

Now, we deal with the codimension m = 1 case. We choose a local orthonormal
frame field {ey,-- ,e,, v} in R""! along the hypersurce M with {e;}?, tangent to
M and v normal to M. Set the second fundamental form B, = hmu

Define the covariant derivatives Dh of h (with component h;ji) by

Z hz‘jkwk = dhz’j - Z hikwjk - Z hkjwik,
k k k
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and similarly we can define the covariant derivatives h;ji; and hjji,. We have the
Ricci identity

ijl zglk - Z hzsRSJkl + Z h’s]RSlli
(4.1)

h'ijk:ls - hijksl = Z hrijrils + Z hirerjls + Z hierrk:ls'

We need the following higher order Simons’ type formula for further estimates.

Theorem 4.1. Let M™ be an immersed self-shrinker in R"*1. Then, we have

- 3
(42) Z hz]kl ‘C|VB|2 = (|B|2 - 1)IVB|2 +3=+ §‘V|B|2|27
1,5,k,1

where = = Zz giklm hzykhz]lhkm ml — 2 ZZ gk lm zgkhklmhzmh]l

Remark At each point p € M, h;; can be diagonalized h;; = A;0;;. Then,

=D L% =200,

1,5,k

[I]

Proof. We choose a local orthonormal frame field {e;}?_; and normal at a considered
point p € M, ie., Vee;|, =0 for any 1 <i,j < n. By Ricci identity (4.1)), we
obtain
Ahiji =hijn = (hijik + hip Rrjer + o Rri)i
=hijuk + hrjiRriki + Piri Rejit + Rijr Rytr + (Rir Ry jir + Ry Ryirr)i
=(hujii + hir Ryjit + hyjRetit)k + PojiRrikt + Rii Ry jir + Pijr Ryt
+ hivi Ry jir + i Rrikg + P (Rrjin)1 + R (Rria )1
=Hjir, + heig Rejit + hoje Retit + 2Ry i Ryigg + 2Rhi Ry jra + Poij Ryin
+ hir(Ryjit)i + i (Ryit)i + P (Rejit) ke + P (Rytit) -

By (2.4) (when the codimension is 1),
(44) 2Hﬂ = hjh'<X, €l> -+ hij - 2Hhilhﬂ.

(4.3)

Since —3(X,v) = H = )", hy;, then

2H ;i =hjin(X, e1) + hjiiler, e1) + hji(X, Ve er) + hiji
(45) — 2H}€hilhﬂ — 2H<hiklhﬂ + hilhjkl)
=hjue(X, er) + 2hije — 2Hchghy — 2H (hahgig + hjihig + highg)-
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Combining (4.3) and (4.5)), we obtain

1
Ahijp, =§hjzz‘k<X, er) + hiji — H(hahjik + hjihig + highji) — hahj Hy,
(4.6) + D Rrjit + i Rrtit + 20 jiRyigr + 2Rhi Ry jir + Poig Rk
+ hip(Ryjia)i + P (Rrika)i + Pur (Ryjit) ke + R (Rrtit) k-

A straightforward computation gives

hijie (Pt Ry jit + P jie Retit + 2hyji Ryikg + 2Rt Rejig + i Ryt

+ hip(Ryjia)i + P (Rrika)1 + Pur (Ryjit) ke + P (Rotit) k)
=hijk(6hrkihrihj — 6hpgihyihi; + 3hpijhehy — 3heijhoihg

+ 3hirhekhju — 2hihrhey — hijh?,).

(4.7)

From Ricci identity (4.1) and (2.3), we have

i

hi
(4.8) T(hijlk — hijr)(X, er) :%k(hirRrjlk + hej Rean) (X, 1)

=2hjxhiphjeHy — 2highichey Hj.

By —, we have

1 1 1
§(A - §<X, V‘>)h7,2jk = hijk(Ahi]’k - §hijkl<X, 61>) + h?jkl
hiy

— hijkhihj Hi + hijk(heia Ry jic + hoj Revit + 2R i Reikg + 20y Ry
(4.9) + hyig Rygr + Rir (Ryjia)i 4 P (Ryit)1 + hir (Rejit) ke + P (Rt ) )
=2hijihir b Hy — 200 by Hy + h?jk + h?jkl — 3Hhjihijihig — hahji Hyhjg
+ Riji(6heki by — 6hpgihyihij + 3heiiheghy — 3heijheihg + 3hicheghiy
— 2hiphjkhy — hijrh?y)

3
:(1 — |B|2)h2 + h2 1 + hijk(6hiuhjvhuvk - 3hijuhuvhkv) - §|V|B|2|2

ik ijk

The quantity = can be estimated as follows.

For k # j, by Cauchy inequality, we have

V1T -1 VIT+1 VIT+1
A2 — 2 §A§+TA2+ 5 A< T\BF.
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Then
(4.10)
B2 D BN (AN A 200N A+ AA)) 3D R (A — 4NN
i,j,k distinct Jii#]
1
< D R RATHEN A = (N N+ M) +3th”\/_+ |B|?
i,5,k distinct Jsi#£g
(\/_+ 1) \/_+ 1
SQ‘BP Z hzzjk ’B|22h223 — ‘B’ ‘VB|2

1,5,k distinct YRS

Theorem 4.2. Let M? be a complete proper self-shrinker in R3. If the squared norm
|BJ? of the length of second fundamental form is a constant, then |B|*> =0 or %
Proof. If mean curvature H is non-positive, then by Huisken’s classification theorem
(see [5][11][12]) and Euclidean volume growth [8], we know Abresch-Langer curve [1]
has not constant curvature, then M is isometric to S¥ x R>7* for 0 < k < 2. Hence
|B|*=1 or 0.

Now, we suppose that the mean curvature H changes sign and |B|? > % For any
fixed point p with mean curvature H|, = 0, we suppose that {e;,es} is normal at
the point p and h;; = A;6;; for @ = 1,2, then

(4.11) A+ A =0

at the point p. In this proof, we always carry out derivatives at p.

By 0= %(|B]*), = > i Pijhige = Atha, + Aohagy and (4.11]), we have

(4.12) hi11 = higa, hiia = haso.
Then
(4.13) IVB[* = " hij), = 403y, + 4h3y,.

4,5,k
Since

(<Xa’/>>i <X7v€i1/> <Xae'> <X7€l>
hi1i + hogi = — 9 == 5 =T “hij = T)\n

and denote (X, e;) by x;, then by (4.12), we have

1 1
(414) hlll = le)\l, h222 = sz)\g.
Combining (4.11)), (4.13)), (|4 14) and H = —< Y =), we get
(4.15) IVB|? = 2)\2 Z TINE = |X|2)\f = §]X|2\B|2.

By (2.6), [VBJ?> = |B|? (yB|2 — 1), we obtain

1
(4.16) |X|? = 8(|B]* - 5) = 167 —
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From Ricci identity (4.1]), we can obtain

(417) hijkl - hijlk - <)\z - )\j))\z)\](ézkdﬂ - 6115]k)
Especially, h;ixi = hiip. Moreover,

1
(418) 0= §<|B‘2>kl = Z(hijkhi]’l + hijhijkl>-

7:7j
Combining (4.4) and (| -, we have

1 1
hive = Z(mhku + zohp2 + hiy) — 2—)\1 Z hijihiji,

(4.19) 1
hooki = 4(371hkl1 + zohpe + hpy) — —— Z hijihiji.

Combining (4.11))-(4.17) and (4.19), we have

A A A A

hi111 = Zl - glﬂfgy hi122 = —Zl - 81 5’7%5
A A A A
(4.20) hao11 = —ZQ - gl‘%, hagae = f - gﬁv
hi112 = hi121 = §IE1$2>\1; hao12 = hago1 = éxle)\Z-

By (4.16]) and (4.20)), we get
(4.21) V2B = ) by, = \X]“ +2|X[2 4 8) = A2(16A — 612 + 1),

,7,k,l
and
(4.22) D hi(AR = 20) = [VBIPAL.

1,7,k
By formula (4.2]), we have
1 1
(4.23) AT(16A] — 6AT + 1) = 227 (2)] — E)(2A§ — 1) +6X2(2)\% — §)A§,
which implies
3

(4.24) A= T
By (4.16), we get
(4.25) |X|> =8|B|* —4=38.
By the formula (2.4), LH + (|B]> — 3)H = 0(sce also [5]), we have
(4.26) LH+ H=0.

Let the set E = {p € M; H(p) = 0}. Since H changes sign and (4.25]), then E # 0,
OE =0, E C 0D, 5 and H(p) # 0 for any p € D, 5. Then there is a constant
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c1 > 1 and an eigenfunction u; > 0 in some connect component € of D, 5 such
that

{ Eul + ciu; = 0 in Ql
u1|591 = 0.

Let g = 4 — |X|?, then Lg = —L|X|* = |X|* —4 = —g. There is a constant
c2 € (0,1] and an eigenfunction uy > 0 in some connect component {2y of Dy with
Qo C Q4 in Dy such that

{ LUQ + Coug = 0 in QQ

U2|392 = 0.

By the Rayleigh quotient characterization of the first eigenvalue, we know the first
eigenvalue is decreasing in domains. The above argument contradicts with this fact.
Therefore, the case H changing sign and |B|*> > 1 is impossible.

O

We define the traceless part of the second fundamental form by B=DB- % gH,

where ¢ is the metric of M. Then we have
|H|? |VH]?
7 n *

|B|? = |B]* - and  |VB]>=|VBJ® -

In face, by [I0], the tensor VB could be decomposed into orthogonal components
ViBjk = Eijk: + Fijk: where

1 3
Eijk = ——(9;;VeH + giV;H + 9;xs Vi H) and |E|* = R—Hyvm?.

n -+ 2
Then
o 1 2 1
VB =|V(B = ~gH)|* = |VB[* = = > (Biu, 0 Hy) + ~|VH*

2 1
. =[VBI? = = 3 (B, (n+2) By} + ~[VHP
4.27

2(n + 2 1

=|VB|? - Mw,? + —|VH?
3n n

2 1 1
=|VB|? - Z|VH|? + =|VH|* = |VB]* — —|[VH|*.
n n n

Theorem 4.3. Let M? be a complete proper self-shrinker in R3, if |B| 1S a constant
on M, then |B|* =0 or 3.

Proof. By ([2.6) and (2.8, we have

o ]_ O o 1
(4.28) L|B? = L|B|* - éﬁ\HP =2|VB|* + 2|B\2(5 — |BJ?).
If |B|] = 0, then h;; = 4;;, which implies h1x = haoy and by = 0 for k = 1,2.
Hence we have VB = 0 and VH = 0, then H is a constant and M is an umbilical
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surface. So M is a sphere or a plane, and we complete the proof by self-shrinker
equation. Now we suppose that | B| is a positive constant, i.e., | B|? = 2(hi1—hao)*+
2h%, > 0. Then

(4.29) 0= (|B‘2>k =(h11 — ha2)(h11k — hoox) + 4hi2hiok.

Diagonalize the matrix (h;;) at any fixed point, then we have

(4.30) hiik — hogy, = 0,
and then
(4.31) 2|VB? = |VB|* = [VH]?,

where the Codazzi equations have been used. Since (4.31) is independent of the
choice of the frames, then it holds on the whole M. Now, we suppose that the mean
curvature H changes sign on M, or else we complete the proof as the argument in
Theorem [£.2] Consider a pomt D such that H(p) = 0, and we use the notations as in
the proof of Theorem |4.2, then stlll hold. Recall that |B] is a positive
constant which implies )\1 # 0. Comblnlng , we have

A M

(4.32) Hy = B) + = 3 (27 —a3); Hap = = — (2] —13); Hia =0.

Combining (4.28)), (4.30)), (4.31) and (4.32)), we have

1 o o 1
SIVHP = [VBI = |BR(BE - 5),

and
(4.33)

1 o o
HyHyy, = 5(\VH’2)1¢ = \3’2(\3’2)13 = 2|B|2(h11h’11k + h22h22k) =0, for k=12

(4.33) is equivalent to

1 1 1 1
Ty (5 + g(ﬁ - x%)) =0, (5 - g(x% - x%)) =0,

which implies 1 = 25 = 0. Then, any vanishing point p of the mean curvature
could only be the origin, and H does not change sign, which is a contradiction with
our assumption. O

Now, we give a result on finite integral properties about derivatives of second
fundamental form, which is useful in the later integral estimates.

Proposition 4.1. Let M be a complete properly immersed self-shrinker in R**, if
|B| is bounded on M, then [, |V*B|*p < oo and [, |[VBPp < oo for 0 <p < 4.
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Proof. Let n be an arbitrary smooth function with compact support on M, by ({2.6]
we have

(4.34)
/M VBPRp / BPBP — Do+ 5 / (CIBP)p

/ BR(BI ~ St —2 / (V|B|- V)| Blnp

1
< [ 1BEBE - Jutote [ IBIPRD / R

Since |B| is bounded and M has Euclidean volume growth [8], then by (4.34), we
get

(4.35) / VBFp < [ 1BP(BE - S < oo

Using this argument for , we get

(4.36)

[ 1vBre [ (BE-0wBro w8 [ Sou08 -2 [ 91BEE
<00. o

For any ¢ > 0, multiplying |V B|%? on the both sides of (2.6, and integrating by
parts, we obtain

(4.37)
1 1
[ vBEo= [ 1BPBE - HIVEIPo+ 5 [ (2IBEIVEI,

1 1
= [ 1BR(BE - IvBEe -5 [ IBE V(T
M M
1
< [ \BPUBE = SIVBI o+ q [ 1B IVBII B+ [ 1B VB9,

1
<c [ 1vBPps g [ 19BPRpsC [ (9BRRpC [ VBE©R,
M M M M

where we have used Young'’s inequality in the last inequality of (4.37). By (4.35)
and ([4.36), we know [, |[VBJ*p < oo for ¢ = 1 in (£.37) and [, [VB|*p < oo for
q=2in (4.37). By Holder inequality, we get this Proposition. U

In what follows, we always denote S = |B|?. Define
F=Y (= XN)PNN, fs=> X, fi=> X,
.3 i i
where h;; = \;d;; at the considered point. Then
f=2(Sfs—f3).

It is a higher order invariant of the second fundamental form.
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_ 1/ 1/ 5
Z=p==1 fp—- VS|p.
/M 2 Ju 4 M| |

Proof. By Stokes formula, we have

(4.38) _/ Z(hijp>j(f3>i:/ Zhij(f?))ijp-
M M

Since H = —M then

X 6] 6i<X7 V) <X7V6iy>
(4.39) > _(hijp); Zhﬂp Zh” S+ =0,

J

and combining the Ricci identity .
tij = hijis = hjiji = Xdg (N = ) VL g,

Lemma 4.1.

we have

(fs)u = Z(3hijlhjkhkzi 1 =3 Z(hijllhjkhik + hijihigihg + hijihjphi)

5,k i,5,k

=3 Z hiuA? + 6 Z hZN =3 Z (huiiAf + XA = \)) + 6> 2\
12
Combining (4.38 - we get

(4.41)

0_/ Z (huaAih + AT (N p—|—2/ > i

0,7,1

:i/Mz)\?S”p—/ Z)‘ szp+/ Z)‘3)‘2 (As —)\1,04—2/ th)\)\lp

(4.40)

1,7,k ,7,l
1
/ > hichjiSip — / Ep+ 5/ fp.
ik M M

By Stokes formula and -

(4.42)

/ ZhlkthSmp— / Z lkhjk/) / Zhwkhjksla— - / ]VS| p-

1,5,k i,9,k 1,5,k
Combining (4.41)) and , we complete the proof. OJ
Lemma 4.2. If notations are as above, then 32 < (S + C1f'/3)|VB|?, here C, =
2v/6+3

3/21V6+103/2

Proof. For any three distinct positive integers i j,k e {1,---,n}, if A;\; <0 and
Aixe < 0, then by Cauchy inequality, 2|\ < (A — A;)? which implies |\ \;[? <
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(N = Aj)?A2A2, and

177

/

(M| AR < 0N+ IAA]?) < (= AP A0AT + (A = M) A0AL < 3

Since there must be a nonnegative number in three number {M\A;, A Ak, Aidg},
we always have

(4.43) —(NAj A+ A < (%)” "

On the other hand, by a simple computation, the function ¢(z) £ 2?(1+x)%(4z —

1)~ on (3, 400) attains its minimum at © = 14 /3. If A; = —a);, then
(1 +2)?
(=2 — 4NN = (4o — 1)%\0
’ Vs
(4.44) , s
(N — A)2A202 <

T (1+15) NS S VD)

Let C; = %, by the definition of = and (4.43)), (4.44)), we have
+51.

B D RSN AT = 200N+ N+ AR) 3 BE(AF —4h)

i,j,k distinct 73,0#£7

f
< 2 (S+ VA £33 B2 (N A+ A2 4 ) ————
i,j,k%s:tinct ]k( f ]zz;;] ’ ! 2C(1 + 15) )

<(S+ O fY3) VB

By the previous definition of ¢;;,

Z h‘z]kl >3 Z hz]zg =3 Z 1]1] ’Lﬂj - tij)z)

i,5,k,l i#£] z<]
(4.45) 3
-3 § i — = § tr > 1 § (X = Nj)2AINS.
i#] %#J i#]

Now, we are in a position to prove a second gap property for self-shrinkers.

Theorem 4.4. Suppose that M™ is a complete properly immersed self-shrinker in
R, there exists a positive number § = 0.011 such that if 3 < |B|* < 1+, then
|B 2 — 1
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Proof. By (4.2 . - and Lemmag - for some fixed 0 < 6 < 1 to be defined

later, we have

§<1—9>/ fp+§e/ VS
/fp——H/ ~p</ IV2B|*p — —9/ Ep
[ s-vwspersa-5) [ =p+ ] [ ose

(4.46) M 0 5
g/ S-DIVBEo+ (- 3) [ (s+CrIvBPo+; [ 1958
0 , 3 , 3
<<2—§>s—1>|VB|p+— [ vstpe3a-6) [ fo
M
4 3 3 1
+§Clz(1— )2 ( 2/ IVBP)p,

where we have used Young’s inequality in the last step of the above inequality, then

(4.47)
3 36

0< /M (2~ )5~ DIVBPp+ (3~ %) /M V52 + Coln, 0) /M VBP).

where Cy = Cy(n, 0) = 107 (1 — £)3(1 — 0)~4.
By (2.6)), for some € > 0 to be defined later, we have

1 1
/ VB = / S(5— VBl + L / (IVB|LS)p
1 1
(4.48) :/ S(S——)|VB|,0——/ (VIVB|-VS)p
M 2 2 Ju
1 1
S/ S(S——)\VB|/)+6/ ]V2B\2p+—/ |VSPp.
Combining (4.2) and - we obtain
/ VB[ / s nvBpo+ 2 / VS,
M

with the help of the above inequality, (4.48) becomes
VIT+3
| 1vBt </ S(s = IVBlp+e [ (s —ivBPR

/ VS Pp.

(4.49)
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Multiplying S on the both sides of (2.6, and integrating by parts, we see

1 1
3 [ IvsPo=[ sis=3- [ sivip
2 M M 2 M

(4.50) :/MS(S—%)Q/)Jr%/MS(S—%)p—/MSWBFp
~ [ G-9IvBEp+ [ si5-3

Combining (A7), (L19) and (50), we get

(4.51)
os/ ((2_9>5—1+cze(\/1_72+35—1)> |VB|2p+C’2/ S(S—%)|VB|,0

2

3 30 3e
r(3-FroGew) [ vt

:/M ((2—2)5—”026(\/_;35—1)) |VB|2p+C’2/MS(S—%)|VB|p

(3 _ 34—6 b Cy(3e+ 816)) (/M(% _ S)\VB|2p+/ S(S - %)2,0)

6 V171 6 V173 C
:/ - Coe — (1 -~ — Coe + 2)(S——) VBIp
" 4 4 4 2 8e

+02/SS——)|VB\p+<3—3—+CQ3e+ >/SS——

By Cauchy-Schwartz inequality and (2.6)), we have

| ss=59Bl
<oz + 5)6/M S(5 — o+ m /MS(S ~ DIVBP,
s/M ((1+25)e—|— 5_861/2) VB2,

(4.52)
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Combining (2.6)), (4.51)) and (4.52)), we have
(4.53)

7 e _ = 2

S—1/2
+C’2/ ((1+25)e+—/) IVB|*p
M 8¢
30 1 1
(3— Z+02(36+ 86)) 5/MS(S— §)p

:/ 4 oM s (3—§9>5+@ VB2
M

OS/ 0 \/1_7—1026_(1_31_\/1_7—3 Ch 1
M

4 8¢
0 V173
- [ -5 -5 s - Iver,
M
Let e = \ /somarms: 0 = 1/2, then Cy = S8 < 0.8933, and I — YIT=53Che > 0,
1 08933 | V1743 21
(4.54) 0< (—= 5 56 —5/ B|?p.
<(-g+ 7 (——+ )+8)M|V|p
If we choose § = 0.011, then |VB| = 0. O
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