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Uniform bounds for Weil-Petersson curvatures

Michael Wolf and Yunhui Wu

ABSTRACT

We find bounds for Weil-Petersson holomorphic sectional curvature, and the Weil-Petersson
curvature operator in several regimes, that do not depend on the topology of the underlying
surface. Among other results, we show that the minimal Weil-Petersson holomorphic sectional
curvature of a sufficiently thick hyperbolic surface is comparable to —1, independently of the
genus. This provides a counterexample to some suggestions that the Weil-Petersson metric
becomes asymptotically flat, as the genus g goes to infinity, in the thick loci in Teichmiiller
space. Adopting a different perspective on curvature, we also show that the minimal (most
negative) eigenvalue of the curvature operator at any point in the Teichmiiller space Teich(Sy)
of a closed surface S, of genus ¢ is uniformly bounded away from zero. Restricting to a thick part
of Teich(Sy), we show that the minimal eigenvalue is uniformly bounded below by an explicit
constant which does not depend on the topology of the surface but only on the given bound on
injectivity radius.

1. Introduction

Let S, be a closed surface of genus g where g > 1, and Teich(S,) be the Teichmiiller space of
Sg. Endowed with the Weil-Petersson metric, the Teichmiiller space Teich(S,) is Kéhler [1],
incomplete [7, 33], geodesically complete [35] and negatively curved [31, 34]. Tromba [31] and
Wolpert [34] found a formula for the Weil-Petersson curvature tensor, which has been applied
to study a variety of curvature properties of Teich(S,) over the past several decades. (See also
[12, 15, 29] for alternative proofs of the curvature formula.)

In their papers, they deduced from their formula that the holomorphic sectional curvatures
are bounded above by a negative number which only depends on the genus of the surface,
confirming a conjecture of Royden.

We focus in this paper on bounds for Weil-Petersson curvatures that are uniform across
Teichmiiller spaces, in the sense that the bounds do not depend on the genus g of the surface
Sy.

For example, in the second part of the paper — described in more detail in the fifth subsection
of this introduction — we consider holomorphic sectional curvatures. We find, for hyperbolic
surfaces X, of genus g of sufficiently large injectivity radius, that we may exhibit holomorphic
sections whose curvatures are uniformly bounded away from zero; here the bound does not
depend on the genus of the surface.

In particular, we prove

THEOREM 1.1. There is a constant ¢y so that if X € Teich(S,) is sufficiently thick, that is,
inj(X) > to, then there exists a holomorphic section px of the tangent space Tx Teich(S,) so
that the Weil-Petersson holomorphic sectional curvature K (ux) along px satisfies
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K(ﬂx)§0<0

where C' is an explicit constant.

Our interest in this bound came from suggestions that, as the genus g increased without
bound, there should be some sense in which the Weil-Petersson metric became flatter at some
loci in the moduli space, perhaps where the injectivity radii were becoming large. Our example
provides a counterexample to some conjectures in this direction; we provide more context and
details for these two results later in this introduction.

Naturally, there are also a number of other appealing notions of curvature of a complex
Riemannian manifold beyond holomorphic sectional curvatures. In particular, while we focus
on the holomorphic sectional curvatures in the second part of the paper, in the first part of
this paper we study the Weil-Petersson curvature operator

Q : N*Tx Teich(S,) — A>T Teich(S,),

an endomorphism of the (3g— 3)(6g — 7)-dimensional exterior wedge product space
A*Tx Teich(S,) of the tangent space T'x Teich(S,) at X € Teich(S,). Of course, one popular
(and important) way to interpret the ‘curvature’ of a manifold is through its sectional
curvatures: while (if we pick a basis of A*T’x Teich(Sy) consisting of simple vectors) these
sectional curvatures arise as diagonal elements of the curvature operator (), our interest in the
first part of the paper is on the full operator @), at least in terms of estimating its spectrum. Our
perspective is that a focus on the curvature operator allows for an appreciation of aspects of the
Weil-Petersson curvature that could be missing from discussions restricted to specializations
of it, for example by just a focus on Weil-Petersson sectional curvatures. _

Now, in [40] one of us showed that the Riemannian curvature operator @ of the Weil-
Petersson metric is non-positive definite. In the first part of this paper, we develop some
results for the negative eigenvalues of @), especially as the genus of the surfaces represented in
the moduli space becomes arbitrarily large.

As an example of the sort of estimates we obtain, in focusing on regions in Teichmiiller
space where the injectivity radius and the genus of the surface grows increasingly large, two
questions collide. The first asks, as above, whether the Weil-Petersson metric grows flatter
somewhere in some sense. The other, noting that the scalar curvature of the Weil-Petersson
metric is growing comparably to —g, asks whether the most negative eigenvalue of the curvature
operator ) grows without bound. In Theorem 1.4 below, we combine and refine Theorems 1.2
and 1.3 to simultaneously give a strong negative answer to both questions.

We survey and describe the context for these and other results on the asymptotics of the
curvature operator () in the next four subsections. After those subsections, we will turn our
attention to the discussion surrounding Theorem 1.1, beginning in Section 1.5.

1.1.  Uniform lower bounds on the norm of the curvature operator

We begin with the question, commented on above, whether as the genus g of S, grows large,
do some regions in the Teichmiiller space Teich(S,) become increasingly flat? We show that,
from the point of view of the full curvature operator, the answer is negative: on any sequence
of surfaces with genus tending to infinity, at least the most negative eigenvalue of ) does not
tend to zero. Let Apin(X) denote the minimal eigenvalue of @ at X. We prove

THEOREM 1.2. For any X € Teich(S,) and let Sca"V¥(X) be the Weil-Petersson scalar
curvature at X, then
-1

AminAX’ gi .
(X) 27T<0
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More precisely,
2S8caVP(X)

/\min(X) g a7 4N

9g-1)

Because this eigenvalue is the minimum of values of @ applied to (unit) elements of
A?Tx Teich(S,), it is enough to estimate @ on a carefully chosen element of A?T'y Teich(S,)
which yields the bound.

1.2.  Uniform upper bounds on the norm of the curvature operator on the thick locus

It is often convenient to choose a basis for A*T’x Teich(S,) comprised of simple two-vectors
e; A e;. Then since the minimal eignevalue of @ is no more than the minimal value of a diagonal
entry (note here that since @ is non-positive definite, we are often comparing negative values),
and with respect to this basis, the diagonal entries are the sectional curvatures, thus Ay, (X)
is less than or equal to the sectional curvatures at X along arbitrary planes.

However, it is well known that the sectional curvatures of Teich(S,) along certain planes could
be arbitrarily negative. One specific example is the direction along which a non-trivial simple
closed curve of S is pinching to zero. Then that sectional curvature, along the holomorphic
plane defined by the pinching direction, tends to negative infinity as the curve goes to zero.
More precisely, we let a be a non-trivial simple closed curve on S and I,(X) be the length
of the closed geodesic in X representing «. Consider the gradient A, := grad(lZ). Wolpert in
[39] proved that the magnitude of \, approaches (1/v/47) as [, goes to zero and the sectional
curvatures along holomorphic planes spanned by A, behave as (—3/7l,) + O(l,), which goes
to negative infinity as « pinches to zero. One can also see a similar estimation by Huang in [9].
For more details, one can see [39, Corollary 16]. Thus, in general we do not have any uniform
lower bounds for A\pmin (X) over Teich(S,).

On the other hand, the Mumford compactness theorem [24] implies that the thick part of
the moduli space is compact. Since the mapping class group acts on Teich(S,) by isometries,
the Weil-Petersson curvature operator @), restricted to the thick part of Teich(S,), is bounded
for each individual choice of g. In particular the minimal eigenvalue Ay, (X) has a lower bound
when X runs over the thick part of Teich(Sy). Our next result implies that the lower bound
on the thick part may be taken to be uniform, independent of the topology of the surface.

THEOREM 1.3. Given an € > 0, let Teich(S,)> be the e-thick part of Teich(S,). Then, there
exists a constant B(e) > 0, depending only on e (that is, independent of the choice of genus g),
such that

Amin(X) = —B(e), VX € Teich(S,)>".

The argument will present an explicit constant B(e) whose asymptotics as € — 0,00 we
will exploit in later sections of the paper. In addition, a direct corollary is that the sectional
curvature of the Weil-Petersson metric, restricted to the thick part of the moduli space, is
uniformly bounded from below, a result due originally to Huang [10].

1.3. Uniform pinched bounds on the norm of the curvature operator on sequences of
increasingly thick surfaces

The subject of the asymptotic geometry of M, the moduli space of Sy, as g tends to infinity,
has recently become quite active: see for example Mirzakhani [20-23] and Cavendish—Parlier
[6] (results obtained by refining Brock’s [3] quasi-isometry of Teich(S,) to the pants graph).
In terms of curvature bounds, by combining the results in Wolpert [34] and Teo [30], we may
easily see that, restricted on the thick part of the moduli space, the scalar curvature Sca'V¥ is
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comparable to —g as g goes to infinity. Of course, the Weil-Petersson scalar curvature Sca*V’
is a sum of (3g — 3)(6g — 7) negative numbers, begging the question of whether the blowup
ScaWVP =< —g is attributable to the large and growing number of sectional curvatures in the
scalar curvature sum, or whether the smallest sectional curvatures are themselves tending to
—oo without bound. In the sixth section of this paper, we study the asymptotic behaviors of
certain eigenvalues of () as the genus goes to infinity.

We recall for context that Buser and Sarnak [5] proved that there exists a family of closed
hyperbolic surfaces X}, of genus g5 with g — 0o as k — oo and inj(X%) > (21n gx/3). Now, we
noted above that the constant B(e€) in Theorem 1.3 may be explicitly stated. By examining the
asymptotic property of that constant B(e) as € — 0o, we prove that the minimal eigenvalue
of the Weil-Petersson curvature operator on a surface of large injectivity radius is pinched by
two explicit negative numbers.

THEOREM 1.4. Let {X,} be a sequence of hyperbolic surfaces whose injectivity radii satisfy
lim,_,~ inj(X,) = co. Then, for g large enough,
—25 -1
- >\min(Xg) <

X -
T 2

N

We refine this analysis of the family of eigenvalues further in the next passage.

1.4. Bounds for eigenvalues in the thick part of M, for large genus g

Thus far, we have focused exclusively on the minimal eigenvalue Apin(X,). In the latter portion
of this part of the paper, we study some other eigenvalues of the Weil-Petersson curvature
operator and their dependence on the genus g. In Section 3, we restate [40, Theorem 1.1] in
terms of the eigenvalues of the Weil-Petersson curvature operator. More precisely,

THEOREM 1.5. For any X € Teich(S,), the Weil-Petersson curvature operator @ at X has
exactly (3g — 3)? negative eigenvalues.

Thus, for any X € Teich(Sy), one may list the set of all non-zero eigenvalues of the Weil-
Petersson curvature operator at X as follows:

)\(39,3)2 (X) < )\(39,3)2,1()() < )\2(X> < )\1(X) < 0.

The minimal eigenvalue Ayin(X) = A(39—3)2(X) basically measures the norm of the curvature
operator Q at X.

For our next result, we interpret the bulk asymptotics of these collection of eigenvalues in
terms of their /7 norms. This will allow us to provide a family of estimates that bridge what is
already known with our results in Theorems 1.2 and 1.3.

We define the P-norm ||Q||¢»(X) of the Weil-Petersson curvature operator at X as

N (3g—3)? g
1Qller(X):=| > X)IP| (1<p< o).

i=1

Assume that {X,},>1 is a sequence of hyperbolic surfaces with inj(X,) > € > 0 for any given
positive constant e.

(1) When p=1, by the results in Wolpert [34] and Teo [30] we know that
Q] (X,)=—Sca"P(X,) is comparable to g, as g goes to infinity.

(2) When p = oo, by Theorems 1.2 and 1.3 we know that ||Q]]s~ (Xg) = —A(3g—3)2(Xy) is
comparable to 1.
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For 1 < p < oo, we have the following upper bound.

THEOREM 1.6. Given an € > 0, let Teich(S,)?¢ be the e-thick part of Teich(S,). Then, for
any 1 < p < oo, there exists a constant B(e) > 0 (the same constant in Theorem 1.3), depending
only on €, such that the ¢P-norm of the Weil-Petersson curvature operator satisfies

1Qller (Xg) < Ble) - g7, VX, € Teich(S,)>*.

REMARK. It is not known that whether ||Q||¢» (X4) is comparable to g7 as g goes to infinity
except in the cases p = 1, c0.

Fixing i € {1,2,...,(3g — 3)?}, the ith eigenvalue )\;(X) is a continuous function on
Teich(S,) since the Weil-Petersson metric is smooth. Thus, the Mumford compactness theorem
implies that the function \;(X) achieves its minima and maxima in the thick part Teich(S,)>
for fixed € > 0; we denote those minima and maxima by AS(g) and X;(g) respectively. In this
notation, focusing our attention now on the index ¢, Theorems 1.2 and 1.3 state that both
Al3g—3)2(g) and XE3g_3)2 (9) are pinched by two negative numbers which are independent of the
genus of the surface. In Section 6 we show that, if that index i is not close to (3g — 3)?, then
both A¢(g) and X;(g) could be arbitrarily close to zero, once we  take g large enough.

More precisely, we consider the ith eigenvalue \; of . Suppose that this index
i€{1,2,3,...,(3g — 3)?} for this eigenvalue is one of the earlier indices in the sense that

g(;’g = a < 1 (for example, i ¢ {99° — 6g — 1,99°> — 6g,99°> — 69+ 1,...,(3g — 3)%}).

THEOREM 1.7. Let A; be an eigenvalue of @ with index i = i(g) satisfying the condition
limsup,,_, # = « < 1 just above. Then, for g sufficiently large, we have

—B(a, e c —e
(g) < Xy (9) < Ay (9) <0

where B(a,¢€) is a constant only depending on « and €. In particular,

lim Af(g) = X:-(g) =0, forall 1<i<8g°.

Jm A

A direct consequence is

COROLLARY 1.8. Fix ¢y > 0, then for any € > 0, the probability
Prob{1 <i < (39 —3)% [A(g9)] <€} = 1as g— oo.

Proof. Let p(g) := Prob{1 <i < (39 —3)% |A°(g9)| < €}. Theorem 1.7 then says that, for
any 0 < a<1,

a < liminf p(g) < limsupp(g) < 1.

g—oo g—o0
Since « is arbitrary in [0,1), limy o p(g) = 1. 0
Mirzakhani [23, Theorem 4.2] proved that for a small enough number ¢, > 0, the volume of

the ep-thin part of the moduli space M, is comparable to €2V ol(M,) as g — oo. Corollary 1.8
suggests that the moduli space M, tends to be flat as g goes to infinity in a probabilistic sense.
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1.5.  Existence of holomorphic lines on sufficiently thick surfaces with uniformly pinched
Weil-Petersson holomorphic sectional curvatures

We now provide a bit more discussion and a clarification of Theorem 1.1 that we stated in the
first overview subsection.

In [31, 34] it was shown that the sectional curvature of the Weil-Petersson metric for
Teich(S,) is negative and the holomorphic sectional curvature is bounded above by a negative
number comparable to —. The dependence of this bound on g begs the question as to whether
there are bounds on the sectional curvature that are independent of the topology of the surface,
even if one allows an additional restriction to a thick part of moduli space. However, Teo in [30]
showed that, restricted to any thick part of the moduli space, the Ricci curvature is uniformly
bounded from below. As the Ricci curvature is a trace over 6g — 7 curvatures, we then see that
some sectional curvatures go to zero along any sequence of surfaces X, in the thick part of
Teich(S,) as g — oo. This also suggests the question’ whether,

QUESTION 1. Restricted to any thick parts of the moduli spaces, do all of the sectional
curvatures tend to zero as the genus goes to infinity?

The goal of the second part of this paper is to show, for the portion of the Teichmiiller
space composed of surfaces which are ‘sufficiently thick’ — a term we will define precisely in
Definition 2.14 — the existence of holomorphic lines whose holomorphic sectional curvatures
are uniformly bounded away from zero. This result, partially stated as Theorem 1.1 in the
opening paragraphs of the introduction, gives a negative answer to the question above.

In notational preparation for the more precise version of the result, we recall that a
holomorphic section of the (complexified) tangent space T'x Teich(S,) of X € Teich(S,) in the
Teichmiiller space Teich(S,) is defined by a harmonic Beltrami differential p. Then Theorem 1.1
may be (slightly) refined to read as

THEOREM 1.9. There is a constant vy so that if X € Teich(S,) is sufficiently thick, that
is, inj(X) > 1o, then there exists a ux in the tangent space Tx Teich(S,) so that the Weil-
Petersson holomorphic sectional curvature K (uyx) along ux satisfies

—81C
K(px) < -

S Ga00- 72 0
where Cy = 2/3C(1)? - Volp(B(0;1)).

This is the form of the theorem we shall prove in the final Section 8 of this paper.

The expressions C(1) refers to an explicit function C(inj(X)) of the injectivity radius inj(X)
which we shall display in Definition 2.8. In addition, there is also a uniform lower bound for
K (px) which is due to Huang in [10] (see also Theorem 1.3).

An almost immediate corollary of our method of proof refers to a sequence of surfaces X, of
growing genus whose injectivity radii inj(X,) — oo as g — oo.

COROLLARY 1.10. Let {X,} be a sequence of hyperbolic surfaces whose injectivity radii
satisfy limg_, o inj(X,) = co. Then, there exists a uniform constant E > 0 such that for g large
enough, the Weil-Petersson holomorphic sectional curvatures satisfy

2 .
—— < min
™ 0qCTx, Teich(Sy)

K(oy) < —E<O0

where the minimum runs over all the holomorphic lines in Tx, Teich(S,).

TWe are told by Zheng Huang that Question 1 is originally raised by Maryam Mirzakhani. We would like to
thank both of them here.
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[We note that the above Theorem 1.9 also proves that the minimal (most negative) eigenvalue
of the Weil-Petersson curvature operator, restricted on sufficiently thick hyperbolic surface, is
uniformly bounded away from zero. In that sense, this result then makes contact with, and is
certainly consistent with, Theorem 1.2, but the two results are distinct, since our example here
is restricted to hold on this special ‘sufficiently thick’ region (and, furthermore, the asserted
constants are different).]

1.6. A remark on choice of normalizations

Some of the uniformity of the bounds that are independent of genus of course results from the
conventions of fixing the uniformized metrics on the Riemann surfaces to all have curvature
identically —1 (instead of, say, curvature identically —g), forcing the areas of the surfaces to
grow linearly with g in area. Other conventions on representatives of the moduli space would
translate into other bounds, but the ones we choose are the ones that seem most prevalent in
the present literature.

1.7. Discussion of the methods

The methods for the two parts of the paper are distinct. In the first part, we begin with
the formula of the Weil-Petersson curvature operator @ in [40]: see equation (3.4). That
formula exhibits (Q(A), A) as a sum of terms involving the operator —2(A — 2)~! and algebraic
expressions in a holomorphic orthonormal basis of T'x Teich(SS,). By applying some fundamental
properties of the operator —2(A — 2)~1, we give lower and upper bounds for (CNQ(A)7 A) in terms
of, for our applications, quantities that only involve pointwise values of the holomorphic basis.
Here we briefly outline our proofs of Theorems 1.2, 1.3, and 1.9.

For the proof of Theorem 1.2: By applying our upper bound for the curvature operator
formula to the most symmetric element A € A?T'x Teich(S,) we show that (up to a positive

constant) (Q(A), A) is bounded above by the scalar curvature of the Weil-Petersson metric
at X, scaled by a factor of % Then we apply Wolpert’s upper bound of the scalar curvature
which involves a factor of g to finish the proof.

For the proof of Theorem 1.3: Choose an arbitrary element B of unit length in
AT Teich(S,). Our lower bound of (Q(B), B) involves only terms that are products of our
holomorphic basis, weighted by the coefficients of the element B in that basis. Well-known
bounds on terms like these then yield a bound in terms of those coefficients and an explicit
function of the injectivity radius. The condition that B is of unit norm then yields an expression
that is independent of genus.

For the proof of Theorem 1.1/Theorem 1.9: We choose a holomorphic line that corresponds
to the image of a constant function on the disk under the ©-operator to the hyperbolic surface
X, here thought of as the quotient of H? under the action of a Fuchsian group I'y. The
resulting Poincaré series has a term corresponding to the identity element of I'y and a series
of other ‘error’ terms. We adapt a method of Ahlfors [2] to show that outside a large ball, the
contribution of the error terms is bounded by a subharmonic function. Taking the ball large
enough, we can show that the contribution of the error terms, now estimated by its value on
the boundary of the large ball — in its role as the boundary of the region of subharmonicity
— can be made arbitrarily small. Thus only the term corresponding to the identity element of
I'y cannot be made arbitrarily small, and estimates of that term yield the desired bound.

1.8. Plan of the paper

Section 2 provides some necessary background and the basic properties of the Weil-Petersson
geometry of Teichmiiller space that we will need. After that preparatory section, the paper
splits into two parts, each of which may be read independently of the other. The first part
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treats our results on the Weil-Petersson curvature operator, while the second part discusses
the curvature of some holomorphic sections of the tangent bundle over very thick parts of
Teichmiiller space.

Part I begins with Section 3 in which we estimate the formula of the Weil-Petersson curvature
operator and restate the non-positivity of the Weil-Petersson curvature operator in terms of
eigenvalues. Section 4 provides the upper bound Theorem 1.2 for the minimal eigenvalue. In
Section 5 we establish Theorem 1.3, the lower bound for the minimal eigenvalue in the thick
part, and Thereom 1.6. We prove Theorems 1.4 and 1.7 in Section 6.

Part II spans two sections. We begin in Section 7 with some estimates on harmonic
Beltrami differentials, and then apply those estimates in Section 8 to prove Theorem 1.9 and
Corollary 1.10.

2. Notations and Preliminaries

2.1. Notation and Background on Weil-Petersson curvatures

In this section, we set our notations and quickly review the relevant background material on
the Weil-Petersson metric and curvatures. We have two principal goals. For use in Part I,
we prove Proposition 2.5, which shows that the scalar curvatures are comparable to the L?
norms of a pointwise Bergman sum of harmonic Beltrami differentials. For use in Part II, we
prove Proposition 2.11, which shows that the holomorphic sectional curvature along a harmonic
Beltrami differential y is estimated in terms of powers of its normalized L°° norm.

To begin, recall that we denoted by S, a closed oriented surface of genus g > 2. We may
equip S, with a hyperbolic metric o(z)|dz|?, here written in a local conformal coordinate z
induced by the metric. Again, Teich(S,) is the Teichmiiller space of surfaces of genus g, which
we may construe as equivalence classes under the action of the group Diffy of diffeomorphisms
isotopic to the identity of the space of hyperbolic surfaces X = (S, o|dz|?). The tangent space
Tx Teich(S,) at a point X = (S,,0|dz|?) is identified with the space of harmonic Beltrami
differentials on X, that is, forms on X expressible as u :% where ¢ € HY(X,K?) is a
holomorphic quadratic differential on X. Let z = 2 + iy and dA = o(z)dzdy be the volume
form. The Weil-Petersson metric is the Hermitian metric on Teich(S,) arising from the
Petersson scalar product

<<p,w>=/s¢'wdz4

o2

via duality. We will concern ourselves primarily with its Riemannian part gy p. Throughout this
paper we denote the Teichmiiller space endowed with the Weil-Petersson metric by Teich(S).

Set D = —2(A —2)~! where A is the Beltrami-Laplace operator on X = (S, o|dz|?). The
operator D is positive and self-adjoint. The following inequality follows from the maximum
principle; see [32, Lemma 5.1] for details.

LEMMA 2.1 [32]. For any harmonic Beltrami differential ;1 on X, we have

|l
D(|ul?) = 3

The following property is well known to experts — see for example [15, Lemma 4.3]. For
completeness, we include the proof.
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LEMMA 2.2. Let D be the operator above. Then, for any complex-valued function
felC>(X),

0< /X (D(f)T)dA < /X |FI2dA.

Proof. Let g = D(f), so that f = %(Af 2)g. The left inequality follows directly by
integrating by parts.

For the right inequality, begin by assuming that f is real-valued. In that case decompose
f=Y.2y¢: as a linear combination of eigenfunctions of the Laplacian: here ¢; satisfies
Jx(¢i9;)dA =0 for all i# j and A¢; = p;¢;, where pu; <0 is the ith eigenvalue of the
Beltrami-Laplace operator A. Since [ (¢;¢;)dA = 0 for all i # j, we have

oo

[ whnaa= [ (Zﬁ; ) (Z@)

=0

-3

</ S [oudA

=0

= /X f2dA.

If f is complex-valued, one applies the same method to the real and imaginary parts of f
separately, along with a standard use of the self-adjointness of D. O

i|2dA

We conclude this discussion of the operator D = —2(A — 2)~! by recording some elementary
properties of its Green’s function.

PROPOSITION 2.3. Let D be the operator D = —2(A —2)~!. Then there exists a Green
function G(w, z) for D satisfying:

(1) D)) = foyox Glorw)f(w)dA(w) for any | € C((X,0ldz]), C);
(2) G(w,z2) Is positive;

(3) G(w,z) is symmetric, that is, G(w, z) = G(z,w).

Proof. See for example [26, 27, 34]. O

2.2. The Riemannian tensor of the Weil-Petersson metric

The curvature tensor of the Weil-Petersson metric is given as follows. As described in the
opening paragraph of Section 2.1, let g, ¢t; be two elements in the tangent space T'x Teich(S,)
at X, so that the metric tensor might be written in local coordinates as

iz :/ i - prid A
X
For the inverse of (g,;7), we use the convention

9795 = Sir-
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Then the curvature tensor is given by

R o 62 st

ikl — atkat—lgij g atkgit
The following curvature formula was established in [31, 34]. One can also see [12] for a
derivation from a third perspective. It has been applied to study various curvature properties
of the Weil-Petersson metric. In [28] Schumacher showed that Teich(S,) has strongly negative
curvature in the sense of Siu. Huang in his thesis [9] showed that the sectional curvatures of
Teich(S,;) cannot be bounded away from zero. Liu-Sun—Yau in [17] showed that Teich(S,) has
dual Nakano negative curvature, which says that the complex curvature operator on the dual
tangent bundle is positive in some sense. Motivated by the method in [17], the second author
in [40] showed that the Teich(S,) has negative semi-definite Riemannian curvature operator.

One can also see [15, 16, 18, 30, 37, 39] for other aspects of the curvature of Teich(S,).

8 —
o’

THEOREM 2.4 (Tromba, Wolpert). The curvature tensor satisfies
R = /X D(pipz) - (prpg)dA + /X D(pipg) - (prpz)dA.

2.2.1. Weil-Petersson Scalar Curvature. Let {ul}f’if be a holomorphic orthonormal basis
representing the tangent space T'x Teich(S,) at X. Then the Ricci curvature of Teich(S,) at
X in the direction pu; is given by

3g—3

Ric(p;) = — Z Ry
j=1

3g—3

-y ([ D) - smdaa+ [ D) (uslyaa).

Since the scalar curvature ScaVP(X) at X is the trace of the Ricci tensor, we find we may
express the scalar curvature as

3g—33g—3

Sea"P(X) == 3 Y ( [ D) - Grypaa+ [ D<|ui|2>-<|uj|2>dA). (2.1)

i=1 j=1

From this expression for the scalar curvature, we may apply our estimates for the operator
D in Section 2.1 to obtain estimates for the scalar curvature from above and below in terms
of pointwise-defined quantities.

PROPOSITION 2.5. For any X € Teich(S,), the scalar curvature ScaV¥ (X) at X satisfies

39—3

? 3g—3 2
1
—2/ (E |m2> dA<ScaWP(X)<_§/ <Z|Mi2> "
* X\ i=1

i=1

where {; ?113 is any holomorphic orthonormal basis of the tangent space at X.

Proof. We begin with the right-hand side inequality. By Lemma 2.1, the first term in the
expression (2.1) has a sign, so that we can then apply Lemma 2.2 to find

39—33g—3

~8"(x) = Y X ([ Dty Gudaa+ [ D) (s Praa

i=1 j=1
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39—33g—
>22/D|uz (Is[2)dA
i=1 j=1

>3 [ (3923|m|2> aA.

For the left-hand side inequality, we use the right side of the estimate in Lemma 2.2 twice,
with the preliminary step of bringing the sum into the integrands. We compute

OJ\H

3g—33g—3

—Sca' > (/ D(pipz) - (pips dA+/ D(lpal) - (Ins] )dA)
1 j=1

=

3g—33g— 39g—339—3
:ZZ D,Wj (111 dA+/ >3 Dwil?) - (pi]*)dA
i=1 j=1 =1 j=1

39—3 39—3
(ing) - (u.ju;)dAJr/XD (Z Ni|2> D0 I | dA
i=1 j=1

3g—3 3g—3
Iull |15 2dA+/XD (Z Iml2> : (Z |m|2> dA
i=1 i=1
2

39g—3
2/ /,[,iQ dA.
X(E' ) :

REMARK 2.6. The Cauchy—Schwarz inequality applied to the right-hand side estimate in
Proposition 2.5 leads to a numerical lower bound for — Sca™V*'(X) in the following way:

fx( 39 3|Hz| )2 A

3

(e (£ )a1)”_a5-1)

/A
i MQ
M 1
o~ \

i M‘“
i M“

—Sca"VP(X) >

> -
3Area(95) 4

Now, without using Lemma 2.1 Wolpert in [34] proved a better lower bound as — ScaVF (X) >
3(3g — 2)/4m by expanding Y2797% |u]? (and D(32%77 |ui]?)) in the definition (2.1) in terms
of eigenfunctions of A at X. On the other hand, our goal in Proposition 2.5 is to estimate
—ScaVP(X) by the integral Jx & 39 3 |il? )2dA7 an expression we will apply later, so we
content ourselves with the bound above

2.2.2.  Weil-Petersson holomorphic sectional curvatures. Recall the holomorphic sectional
curvature is a sectional curvature along a holomorphic line. Let pu € Tx Teich(S,). Then
Theorem 2.4 tells that the holomorphic sectional curvature K (u) along the holomorphic line
spanned by p is

=2 [ D(|ul?) - (|u]?)dA
Klp) = Tl
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From Lemmas 2.1, 2.2 and the equation above we have

PROPOSITION 2.7. For any p € Tx Teich(S,), the holomorphic sectional curvature K ()
satisfies
2- tdA

il p

2- fX |M|4dA
3lully p

We will refer several times to the constant C'(inj) depending on the injectivity radius, which
we pause now to define.

DEFINITION 2.8. Set C(inj(X)) = (4F(1 — (4™ /(1 + Mi(X))2)3)) =1,

REMARK 2.9. We note here that as the injectivity radius inj(X) tends to zero, the
constant C(inj(X)) = (1/7inj(X)?) + o(1/inj(X)?). And C(inj(X)) tends to = as inj(X) goes
to infinity.

Next we recall the following proposition which is implicitly proved in [10, 30, 39]. For the
sake of keeping the exposition self-contained, we give the outline of the proof which follows the
identical argument as that of [30, Proposition 3.1].

PROPOSITION 2.10. Let (X, o|dz|?) be a closed hyperbolic surface and ji € Tx Teich(S,) be
a harmonic Beltrami differential of X. Then, for any q € X we have

HaF <C0) [ lu)PdAR) ¥ 0<r < ini(o)
B(g;r)

Here inj(q) is the injectivity radius of ¢ in X and the explicit constant C(r) is given in

Definition 2.8.

Proof. Let p € T'x Teich(S,); we denote its lift into the hyperbolic disk by ». For any point
q € X, we may conjugate the lift by a linear fractional transformation so that

v(0) = p(q)-

For any r € (0,inj(q)], elementary hyperbolic geometry gives that the hyperbolic disk of radius
r centered at 0 is

e’ —1
B(0;r) = €D;lz| < .
o) ={zemikl < 551}

Since v is a harmonic Beltrami differential on the disk, there exists a holomorphic function f
such that

/@)

(1—|z*)*

_TE0-

v(z) = = 1

Of course, since f is holomorphic, we may expand it as

f(z) = Z anz"
n=0

where a,, are complex numbers. In particular we have
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Therefore, for any r € (0, inj(q)], we have

/B(q:,r) ()l dA(z) = / [v(2)|"dA(z)

B(0;r)

_ 21— e
= [ P

/Tﬁ /27r oo
0 0

2
Z anuneine (1 — U2)2
eTF1
= I/ Z lan [Pu?" (1 — uz)zudu
2 0 _
n=0

ududd

n=0

e —1

TFT
z|ao\2/ (1 —u2)2udu
2 0

=
4 4e” s 2
=—|1-|— .
The conclusion follows by dividing the constant on both sides. O

We combine these last two propositions to obtain the following proposition which is crucial in
the proof of Theorem 1.9 (which produces a holomorphic section whose curvature is pinched):
this proposition traps the holomorphic sectional curvature between powers of L°° bounds on
(normalized) holomorphic Beltrami differentials.

PROPOSITION 2.11. Let X € Teich(S,) with inj(X) > 1. Then for any p € Tx Teich(Sy),
there exists a constant Cy > 0, independent of the genus, such that the holomorphic sectional
curvature K (u) satisfies

_2-supex [p(2)f?

~ Co-supcx p(z)|*
el 5y p

[l p

< K(p) <

Proof. We begin with the left-hand side. By Proposition 2.7 we have

2-sup,cx |u(2)| - [x [ulPdA 2 sup.cx |u(2)?
il p lulliy p

For the right-hand side, since X is compact, we let p € X such that |p(p)| = sup,cx |1(2)].
Let B(p;1) be the closed ball of hyperbolic radius 1 centered at p. Use the Cauchy—Schwarz
inequality to obtain

—K(p) <

it P4
4 4 (p;1)

wl*dA > / pHdA > ——————.
/X e B(p:,l)(| I Vol(B(p;1))

Applying Proposition 2.10 to the last term, we find
/ ltdA > u(p)[* __ sup.cy |u(2)
X T C(1)2-Vol(B(p;1))  C(1)?-Vol(B(p;1))

Finally, by choosing Cy = 2/3C(1)? - Vol(B(p; 1)) (where C(1) is the explicit constant from
Definition 2.8), the conclusion follows from Proposition 2.7. O

| 4
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REMARK 2.12. Combining Propositions 2.10 and 2.11, one may conclude that the holomor-
phic sectional curvatures of the ep-thick part of the moduli space are uniformly bounded below
by a constant only depending on €y, which was proved in [10].

REMARK 2.13. If one would like to search for harmonic Beltrami differentials with uniformly
negative holomorphic sectional curvatures as the genus goes to infinity, Proposition 2.11 tells
that it suffices to find such differentials with Weil-Petersson L? norms bounded above and
Weil-Petersson L> norms bounded below. We develop this theme in the second part of this

paper.

2.3. Sufficiently thick surfaces

Often in Teichmiiller theory, one studies problems in the setting where some curve a on the
surface S has hyperbolic X-length £x («) small, say £x («) < €p. Alternatively, also often studies
issues where the surface has injectivity radius inj(X) bounded away from zero, say inj(X) > €.
In this paper, a number of our results are in the region where the hyperbolic surface X has
a large injectivity radius, where ‘large’ here means large enough for some a priori bounds to

apply.

DEFINITION 2.14. For a given large constant C' > 0, a surface X is C-sufficiently thick or
sufficiently thick (if the constant C' is clear from the context) if inj(X) > C.

We remark that there often is a non-empty subspace MZ¢ of sufficiently thick surfaces
of the moduli space M. It is well known that there exist sequences of hyperbolic surfaces
whose injectivity radii grow without bounds. For example, the fundamental group of a closed
hyperbolic surface X is residually finite (one can see [8] for details). After taking finite normal
covers to remove simple closed curves of bounded lengths in X, we can find a sequence of
hyperbolic surfaces X,, with injectivity radii inj(X,, ) — oo as gy — 0o. Moreover, Buser and
Sarnak [5] proved that there exists a family of closed surfaces X} of genus g with g — oo as
k — oo and inj(Xj) > (2Ingx/3).

PArT I. BOUNDS ON THE WEIL-PETERSSON CURVATURE OPERATOR
3. The Weil-Petersson curvature operator at X and its eigenvalues

In this section, we begin our study of the Weil-Petersson curvature operator @, establishing
some preliminary upper and lower bounds for (Q(A), A) in Proposition 3.6. Those estimates
rely on a formula for <(:§(A), A) displayed in Proposition 3.5 which is particularly well adapted
for estimations. The first subsection provides notation and context.

Before we study the curvature operator on Teich(S,), we set some notation. Let U C
Teich(S,) be a neighborhood of X in Teichmiiller space, and let (t1,o, ..., t34—3) be a system of
local holomorphic coordinates on U such that {t;(X) = p;}1<i<sg—3 is holomorphic orthonor-
mal at X with ¢; =a; +iy; (1 <i<3g—3). Then (z1,22,...,%39-3,Y1,Y2,--.,Y39—3) are
real smooth coordinates in U which relate to the complex coordinates as

g 0 0 a .(0 0
8:51- o 8ti + 857 8yl ! (8% 8t1> '

Let T Teich(S,) be the real tangent bundle of Teich(S,) and A*T Teich(S,) be the exterior

wedge product of T Teich(S,) with itself. For any X € U, we have

0
Yj 1<4,j<39—3

)
oz, %)

Tx Teich(S,) = Span {
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and

0 0 0 0 0 0
A2T Teich(S,) = S AN — A= —— A )
e ( g) batt { 6501 650]’ ’ 6Ik 5’%’ aym ayn }

The space A?T Teich(S,) has (real) dimension (3g — 3)(6g — 7). Let (, ) refer to the pairing of
vectors with respect to the Weil-Petersson metric. The natural inner product on A?T Teich(S,),
associated to the Weil-Petersson metric, is given by

(Vi AV, Vs AV, = (Vi, Va) (Va, Vi) — (V1, Vy) (Va, V) (3.1)

and extended linearly, where V; are real vectors. One may refer to [14, p. 238] for more details.
In terms of these real coordinates, the Weil-Petersson curvature operator @ may be described
in the following way. Let X & Teich(Sy), let R be the Riemannian curvature tensor of the

Weil-Petersson metric, and let {ei}?i IG be an orthonormal basis of T'x Teich(S,). Set
Rijri = (R(ei, ej)ex, er) .
It is clear that
A*Tx Teich(S,) = Span{e; A e;}1<icj<(69—6)-

Then the operator Q : A2T’x Teich(S,) — A*T'x Teich(S,) may be written in this notation as

é Z aje; Nej | == Z Z ainijklek N ey,

1<i<j<(69—6) 1<i<j<(69—6) 1<k<I<(69—6)

where the coefficients a;; are set to be real.
From equation (3.1) it is easy to see that {e; Ae;}i1<i<j<(69—6) 15 an orthonormal basis of
A?*Tx Teich(S,). Then,

<@ Z a;je; Nej |, Z by;jei/\ej>

1<i<j<(69—6) 1<i<j<(69—6)

= Z Z a;ibri Rijni,

1<i<j<(69—6) 1<k<I<(69—6)

eu

where here again the coefficients b;; are real.

We define the associated (bilinear, symmetric) curvature form to be the bilinear form Q on
AT Teich(S,) given by Q(Vi A Vo, V3 AVy) = R(Vi, Vo, Vs, Vy) and extended linearly, where
the V; are real vectors. It is easy to see that @ is a bilinear symmetric form (one can see more
details in [13]).

In this notation, we see that we may write Q(A4,A4) as Q(A, A) = (Q(A), A)_, for all
A € N*T Teich(S,). By the symmetry of the Riemannian curvature tensor and the definition
of the scalar curvature, we then find

LeMMA 3.1. (1) Q is self-adjoint.

(2) The trace Tr(Q)(X) of Q at X satisfies Tr(Q)(X) = ScaVF(X).

For more details on the Riemannian curvature operator, one can see [25, Section 2.2].
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3.1. The eigenvalues of the Weil-Petersson curvature operator

The action of the almost complex structure J on T’x Teich(S,) extends to a natural action of
J on A?Tx Teich(S,), defined as follows on a basis

2] o ._ 0 0
JOTX./\E_ ayi/\ayj,

0 9 ._ _ 0 9 _ 0 0
Joaxi /\ayj T Oy; /\Oa:] Oy A oy’

9 o ._ 0 9
JO@ATy? = ox; /\781_7"

and then extended linearly. It is easy to see that, as an operator on A?T’x Teich(S,), we have
JoJ=1d.

__Part of the second author’s thesis shows that for any X € Teich(S,), the curvature operator
Q@ at X is negative semi-definite. More precisely,

THEOREM 3.2 [40]. Let S =S, be a closed surface of genus g > 1 and Teich(S,) be the
Teichmiiller space of S endowed with the Weil-Petersson metric. And let J be the almost
complex structure on Teich(S,) and @ be the associated curvature form on Teich(S,). Then,
for any X & Teich(S,), we have

(1) Q is negative semi-definite, that is, (@(A),A>Eu =Q(A,A) <0 for all Ae N*Tx

Teich(S,).
(2) Q(A,A) =0 if and only if there exists an element B in A?*Tx Teich(S,) such that
A=B—-JoB.

Recall that X is called an eigenvalue of Q if there exists an element A € A2Tx Teich(S,) such
that @(A) = A+ A. In that case, the element A is called the eigenvector associated to A. Since
Q is self-adjoint, all of the eigenvalues of @ are real. Since dim(Teich(S,)) = 6g — 6, we see
from Theorem 3.2 that there exist (3g — 3)(6g — 7) non-positive eigenvalues {Vi}gigl—B)(Gg =7 of
@ where we set v;11 <v; <0 for all 0 <i < ((3g —3)(6g —7) — 1). Since the Weil-Petersson
sectional curvature is negative (see [34]), not all {v;} vanish. Our focus is on the non-zero
eigenvalues. Refining the analysis of Theorem 3.2, we prove that the number of non-zero
eigenvalues of the Weil-Petersson curvature operator () on Teichmiiller space Teich(S,) is
constant.

THEOREM 3.3. For any X € Teich(S,), the Weil -Petersson curvature operator @ at X has
exactly (3g — 3)? negative eigenvalues.

To prepare for the proof of Theorem 3.3, we note the following standard lemma.

LEMMA 3.4. For any B € A*Tx Teich(S,), the element A defined by A=B—JoB is a
0-eigenvector, that is, Q(A) = 0.

Proof. Of course, by part (2) of Theorem 3.2 we have Q(A, A) = 0. Now let C € A>Ty
Teich(S,). By part (1) of Theorem 3.2, for all t € R, we have
0> Q(C+tA C+tA)=(Q(C+tA),C +tA),,

_ <@(C), c> 42t <(§(A)7 c>

€ eu
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Since t is arbitrary, we see that we could choose t to make the expression (@(C),C’>eu +
2(Q(A),C),,t above positive unless (Q(A), C)e

= 0. The conclusion then follows by choosing
C = Q(A) so that we have 0 = (Q(A),C),,, = (Q(A),

Q(A)).,, vielding Q(A) = 0. O

Proof of Theorem 3.3. It suffices to show that the dimension of the space of zero-eigenvectors
of @ is equal to (3g — 3)(3g — 4). First, it is clear that the elements in

R R ERE R
Ox;  Ox; Oy Oy, 1§i<,j§(3g—3)7 Ox;  Oy;  Ox; Oy 1<i<j<(3g—3)

are linearly independent in A?T’x Teich(S,). By Lemma 3.4, we see that

R S [ Ty oy
Ox; Ox; Oy; Oyj <(39—3) Oxz; Oy; Ox; Oy 1<i<j<(39—3)

is contained in the space of zero—eigenvectors of Q. Thus,
dim{A € A’Tx Teich(S,); Q(A) =0} >2-(3g—3)(3¢g —4)/2 = (3g — 3)(3g — 4).
On the other hand, let
0 0 0 0

a 2 . . ~
A= Z (a”a + b”a ; -+ cij I A 3yj) € N“Tx Teich(S,) with Q(A) =

By part (2) of Theorem 3.2, we know that A = B — J o B for some B € A*Tx Teich(S,). Then
we have, for all 1 <4,j < (3g — 3),

@ij + Cij = aji + ¢jis bij +bji = 0.
We rewrite it as

aij — aji = —(cij = ¢ji), bij = —bji.

0 0 0 0 0 0
A‘Z“‘“‘“ﬂ)(amﬂamfa% ay)*izb”(i ayj‘awayi)-

In particular

Aes { 0 A 0 0 A 0 } { 0 A 0 0 A 0 }
pan — - — , —— .
Ozi = Oxj Oy i) cicicgs O Oy;  Oxj  OYiliqicjcisg s

Since A is arbitrary with Q(A) = 0,
dim{A € A*Tx Teich(S,); Q(A) =0} <2-(3g—3)(3¢g—4)/2 = (3g —3)(3g — 4).
Therefore,

dim{A € A*Tx Teich(S,); Q(A) =0} = (39— 3)(3g — 4).
O
From Theorems 3.2 and 3.3, we know that for any X € Teich(Sy), the Weil-Petersson
curvature operator Q at X has (3g 3)? negative eigenvalues. We denote them by

)\(39_3)2 (X) < )\(39_3)2_1(X) < )\(39_3)2_2(X) <X <MaX) <0
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We close this subsection by rewriting the smallest eigenvalue A(34_3)2(X) as follows

Amin (X) = Agzg_g)2(X) = i AL A). 2
(X) = Agg-o2(X) = | i @A) (3:2)

3.2. The Weil-Petersson curvature operator formula

In this section, we recall a formula from [40] for the curvature operator applied to an element
A € N*Tx Teich(S,) of A*Tx Teich(Sy). This formula is particularly well suited to estimating
the associated curvature form Q(A, A), and so from the formula we derive some estimates that
we will need in the later sections.

To begin, we express an arbitrary element A € A?T'x Teich(S,) in coordinates as

) o a o d S
A= Z (a”a + bLJ aSL'Z ay +c Cij 6:[/1 A ayj) eAN TX TGICh(Sg) (33)

where a;;, bij, cij are real numbers. The following formula is crucial not only for our analysis
in this section, but indeed for much of our work in this part of the paper.

ProPOSITION 3.5. With A defined as above, we may write Q(A, A) as

QA A) = —4/X D(Im{F(z,z)+1iH(z,2)}) - (Im{F(z, 2) + iH(z,2)})dA(2)
-2 /X . G(z,w)|F(z,w) +iH (z,w))|[*dA(w)dA(z)

+2Re {/Xxx G(z,w)(F(z,w) +iH(z,w))(F(w, z) + iH (w, z))dA(w)dA(z)}

(3.4)

where G(z,w) is the Green’s function for the operator D, the expression F(z,w) is

set to be F(z,w):Z?z_l(a,J+c,J),u7( )-p1i(2) and H(z,w) is defined as H(z,w) =

Z?g ? bijhi(w) - pj(2)-

Proof. The conclusion directly follows from Proposition 4.1 and [40, Proposition 4.3]. O

Using this decomposition of Q(A, A), we estimate its value in the following proposition. The
proof uses a similar idea as in the proof of [40, Theorem 4.4].

PRrROPOSITION 3.6. Under the same conditions as in Proposition 3.5, we have

(1) — >4 [ D(Im{F(z,z) +iH(z, z)}) (Im{F(z 2) +1iH (z,2)})dA(z)
(2) Q(A A <8- fX |F (=2 z)|2+ |H(z,2)|?)dA(z —|—8fXXX (z,w)(|F(z,w)|* +
|H(z,w)|2)dA(w)dA(z).

Proof. We begin with the third term in equation (3.4). By the Cauchy—Schwarz inequality,
we may write

/X><X G(z,w)(F(z,w) +iH(z,w))(F(w,z) + iH (w, 2))dA(w)dA(z)

< / Gz, w)|(F(z,w) +iH (z,w))(F(w, z) + iH (w, 2))|dA(w)dA(z)
XxX
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< \// G(z,w)|(F(z,w) +iH(z,w))]?dA(w)dA(z)
XxX

\/ / G(z,w)|(F(w, 2) +iH (w, ))|*dA(w)dA(=)
XxX

- /Xxx G(z,w)|(F(z,w) +iH (z,w))[?dA(w)dA(z). 35)

The last equality follows from the symmetry G(z,w) = G(w, 2).
It directly follows from inequality (3.5) that

Re/ G(z,w)(F(z,w) +iH (z,w))(F(w, z) + iH (w, z))dA(w)dA(z)
XxX
< / G(z,w)|(F(z,w) +iH (z,w))|?dA(w)dA(2). (3.6)
XxX

Recall that @ is negative semi-definite. Part (1) of the conclusion follows from the inequality
above: the right-hand side estimate above for the third term in equation (3.4) cancels with the
second term in equation (3.4).

For part (2), beginning from the triangle inequality, we find

(A, )| < 4 /X D(Im{F(z, 2) + iH (2, 2)}) - (Im{F(z, ) + iH(z, 2)})dA(2)
+ 2/ G(z,w)|F(z,w) +iH (z,w))]*dA(w)dA(z)
XxX

+2

Re/ G(z,w)(F(z,w) +iH(z,w))(F(w, z) + iH (w, 2))dA(w)dA(z)
XxX
< 4/X D(Im{F(z,2z) +iH(z,2)}) - Im{F(z,2) + iH(z, 2)})dA(z)
+4/X><X G(z,w)|F(z,w) +iH(z,w)|*dA(w)dA(z) (by applying (3.6))
< 4/X (Im{F(z, 2) +iH(z,2)})*dA(z)
4 / G2, w)| F (2, w) + iH (2, w)2dA(w)dA(z) (by Lemma 2.2)
XxX
< 4/X |F(z,2) +iH (2, 2)|?dA(z)
4 / G, w)| F(z,w) + 1H (=, w)2dA(w)dA(2)
XxX
<8 [ (PGP + 1 2))aA)

+8/ G(z,w)(|F(z,w)|* + |H(z,w)|*)dA(w)dA(z) (3.7
XxX
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with the last inequality following from the fact G(z,w) > 0 and the elementary inequality

|21+i22|2 <2(|Zl|2+|22‘2), Vzl,ZQ E(C. |:|

We use the first part of this proposition to prove Theorem 1.2 in the next section, and the
second part of the proposition to prove Theorem 1.3 in Section 5.

4. A uniform upper bound for Ay, (X)
From the definition of the curvature operator we know that

(3g—3)*

Z i(X) = Sca™VP(X).

Thus, a trivial upper bound for A;,_z)2(X) is Azg_3)2(X) < (Sca™"(X)/(3g — 3)?). By
Remark 2.6 in Section 2, this upper bound is less than or equal to —1/127(g — 1), which
approaches zero as g goes to infinity. The goal of this section is to prove Theorem 1.2 which
estimates A(3,_3)2(X) by a negative number independent of genus.

__The proof is actually quite straightforward: because Apmin(X) will measure the L>°-norm of
Q. we simply exhibit an (unit normed) element Ay in A*T'x Teich(S,) with L>° norm bounded
away from zero. After a few preparatory remarks on how one estimates the norm of @, we
display our element Ay and verify the claims as to its @-norm.

There are three terms in the formula of the Weil-Petersson curvature operator presented in
Proposition 3.5. The first term is non-positive, and the sum of the second and third terms is
also non-positive by the argument in the proof of Proposition 3.6. Of course, since A(34_3)2(X)
is the minimum eigenvalue, the Rayleigh—Ritz formulation implies that for any element A, we
have that A(34_3)2(X) < Qﬁiﬁ‘j‘) Now we are ready to describe the proof of Theorem 1.2 in
detail.

Proof of Theorem 1.2. Let {u;}?," be a holomorphic orthonormal basis T'x Teich(S,) and
let {at 12972 be the vector field on Teich(S,) near X such that |X = p;. Let t; = z; + iy;

and let 4y = m(Zfif a%,;(X) A %(X)) be our special element of A?Tx Teich(S,).

We begin with some preliminary computations on our special two-form Ay: we show that
lAollew = 1, and find the associated functions F' and H used in the formula (3.4) for the
associated form Q(Ay, Ag) for this element. Since {1;}°7,? is a holomorphic orthonormal basis

T'x Teich(Sy,), we have

<ai (X),;%(X)> - Re{<aii (X)+iJ o aii (X),;%(X) +iJo aij(X)>}
= Re{{ui, )} = di;.

Similarly, we have

< a?/i ), 32/3 > s i

Re <6yz )+iJo ayi(X)’ayJ( )+iJo 8?/3()()>}

= Re{ (—ijus, ~ij1;)} = Re{{pui. 1)} = 6,

and

<§%(X),£j(x)> = Rc{<aii (X)+iJo 81 (X, a(z]( ) +iJo (;ZJ(X)>}
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= Re{(pi, —ip;)} = — Im{ (i, pj) }

Thus, equation (3.1) gives that

(G A 5o, 50 A5 (X))

=07, —0=46.

Therefore, the norm of Aj satisfies

1 39—3 9 o 3973 o 0
A2, = X X X X)) =1L
Aol 39_3<;8xi< A (X0, ) () A >>

i=1

(4.1)

As we plan to apply Proposition 3.6, we need to compute F(z, z) and H(z, z) for this element
Ag. Of course,

39g—3
F(z,2) = Y (@i +cij)pa(2) - py(2) = 0
ij=1
as from our definition of Ay and the coefficients a;;, ¢;; in (3.3), we see we have set all of the
a;j = ¢;; = 0 in the definition of F(z,z) in Proposition 3.5. Similarly,
39g—3 39—3 1
H(z,w) = 2; bijpi(w) - 1 (z) = g “—sti(w) i)

by our definition of H in Proposition 3.5.
From part (1) of Proposition 3.6,

Q(Ag, 4o) < 74/X D(Im{iH (z, 2)}) - (Im{iH (2, 2)})dA(2)

1 3g—3 1 39—3
:74/13 — P —— i | dA
[ ( T?};w)( ﬁggﬁm)

4

39—3

2

1 2
—_— i dA (by Lemma 2.1
3/)((%39_3;“) ( )

4 39—3 , 2

2
< ScaVf (X)),
oo &)

with the last inequality follows from Proposition 2.5.
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Combining equations (3.2), (4.1) and the inequality above, we have

Q(AQ,A()) < QScaWP(X)
14ol2, ~ 9(g—1)

eu

)\min (X) <

By [34, Lemma 4.6], Wolpert’s upper bound for scalar curvature, we have

2ScaVP (X) o 2 —3(3g — 2) < -1
9g—1) ~9(g-1) 4 21 O

>\min (X) g

5. A uniform lower bound for Ayi,(X) in the thick-part

The goal of this section is to prove Theorem 1.3 that was stated in the introduction. In contrast
to the argument in the last section where we bounded from above the norm of a particular
element Ay € A*Tx Teich(S,), here we need to bound from below the norm of an arbitrary
element A € ATy Teich(S,). The proof rests on the (other) bound in Proposition 3.6, where
here we inherit uniform bounds on all of the terms in the norm Q(A, A) from the uniform
thickness of a surface in the thick part of the surface.

Recall the systole, denoted by systole(X), of a compact hyperbolic surface X is the length
of the shortest nontrivial simple closed curve in X. So systole(X) = 2inj(X), where inj(X) is
the injectivity radius of X. The e-thick part Teich(S,)>¢ of Teich(S,) is defined by

Teich(S,)”° := {V € Teich(S,);systole(Y) > e}.

Let Mod(S,) be the mapping class group of S,. Then the quotient space M(S,)7¢ :=
Teich(S,)7¢/Mod(S,) is called the e-thick part of the moduli space. By Mumford compactness,
we have (see for example, [11]) that M(S,)>¢ is compact for all € > 0. In particular there is a
lower bound for A(3,_3)2(X) where X runs over the thick part of Teich(S,). A natural question
is whether this lower bound depends on the topology of the surface. Theorem 1.3 answers this
question negatively; specifically, we provide a lower bound that only depends on the thickness
€ but not on genus of the surface.

We begin the proof of Theorem 1.3 with some preliminary estimates on norms of sums
of harmonic Beltrami differentials. Let {,u,}?i I3 be a holomorphic orthonormal basis of
T'x Teich(S,); thus, in particular, we have that [ ui(z)mdA = 0;;. Now, the expression of
the Weil-Petersson curvature operator — presented in Proposition 3.5 — involved expressions
F(z,w) and H(z,w) both of the same form, say K(z,w)= Z?gjji dijpi(w) - pj(2) (where
the coefficients d;; were real). We separate the proof of Theorem 1.3 into lemmas that
estimate norms of such expressions K(z,w). The following lemma is a direct consequence
of Proposition 2.10.

LEMMA 5.1. Fix z € X, then for K(z,w) = Zfij{ dijpi(w) - pi(2), we have

sup | K (z,w)|* < C(inj(X)) - S digdupi(2)u(2)
weX 1<i,j,1<3g—3

where C(inj(X)) is the same as in Proposition 2.10.

Proof. Rewrite K(z,w) as

3g9g—3 [39g—3

K(z,w) =Y Zdum - pi(w).

i=1
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Thus, if we fix z € X, the form K(z,w) is a harmonic Beltrami differential on X in the

coordinate w. From Proposition 2.10, we have

sup |K (z,w)|? < C(inj(X)) / K(z,w)K(z,w)dA(w)
weX X

39g—3 3g—3

— C(nj(X / S digpi(w) 15 | | S dum(@) - () | dA@w)

i,j=1 k,l=1

i) [ dydum@ml) | - /X 15 () (w) dA(w))

1<4,5,k,1<39 -3

= O(IHJ(X)) . Z dLdel/u'j( ):u‘l( ) ;

1<i0,4,1<39—3
where the last equality uses the fact that the basis {y;} is orthonormal.
Specializing to an L? bound for K(z, z), we find
LEMMA 5.2. [ |K(z,2)|?dA(z) < C(inj(X)) - (XCi<ij<3g—3) d;).
Proof. First, Lemma 5.1 gives that, for any z € X,
K (2,2)]* < sup |K(z,w)]* < C(inj(X)) - Yo digdup(R)u(2)
wex 1<i,j.1 <393

Thus, we have

/|K<z,z>|2dA<z> Cinj(X / dijdiapis (2)u(2)dA(2)
X X

1<4,7, l<3g 3
= C(inj(X)) - > &
1<4,5<(39—3)
where the last equality follows from the assumption that {x;} is orthonormal.
LEMMA 5.3. [y, « G(z,w)|K(z,w)|*dA(w)dA(z) < C(inj(X)) - (Zlgi,jg(:%g—?,) d?j).

Proof. Since the Green function G(z,w) > 0 for all (z,w) € X x X, from Lemma
have

/ G(z,w)|K (z,w)|*dA(w)dA(z) < / G(z,w) (sup |K(z7w)2> dA(w)dA(z)
XxX XxX

weX

< C(inj(X)) - / Glzyw) Y digdap;(2)m(z)dA(w)dA(2)

XxX 1<4,5,1<39—3

5.1 we
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C(inj(X /D dudﬂ.uj( 2)(z) | dA(2)

1<14,7, l<3g 3

—cmic)- [ Y &

1<i,j<(39—3)
where the last equality follows from that face D(1) =1 and the assumption that {u;} is
orthonormal. O

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let A € A*Tx Teich(S,) be expressed as

0 0 0 0 0 0
A= > % 50 " > b g N gy T oo i N

ISi<is(9-3) 1<, (39-3) Wi \cicictogn O O

where a;;, b;;, c;; are real. In terms of the coefficients of the basic forms, we may compute the
norm || Alle, of A as

1Al12, = Z a?j + Z b?j + Z C?j' (5.1)

1<i<j<(39-3) 1<4,/<(39—3) 1<i<j<(39-3)

From part (2) of Proposition 3.6, we have

—Q(A,4) <8- /X(IF(Z,Z)I2 +[H(z, 2)*)dA(2) + (5:2)

8- / G(z,w)(|F(z,w)]* + |H(z,w)[*)dA(w)dA(2)
XxX

— 393
where F(2,2) = Y21 <icj<(3g-3) (@i + cij)pi(2) - p(2) and H(z,2) = 327577 bijpi(2) - p1(2)-
By Lemmas 5.2 and 5.3, we have

/\Fzz |?dA(z) < C(inj(X)) - Z (aij +cij)? (5.3)

1<i<j<(39-3)

and

/XXxG(z,w)IF(z,w)\sz( w)dA(z) < C(inj(X)) - Y (et (5-4)

1<i<j<(39-3)

where we have set {d;; = a;; + ¢;;} for i < j and d;; = 0 otherwise.
Similarly, by Lemmas 5.2 and 5.3, we also have

/|sz|dA D<cmix)- | Y (5.5)

1<4,/<(39—3)

and

/XXXG(z,w)|H(z,w)|2dA( )dA(z) < C(inj(X)) - Z bfj (5.6)

1<4,5<(39—3)

by setting {dlj = b”}
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From inequalities (5.2)—(5.6), we find

Q(A, A) > —16C(inj(X)) - S (atep)+ > b
1<i<j<(39-3) 1<4,5<(39—3)
> —32C(inj(X)) - Yoo @G+ + Y b

1<i<j<(39-3) 1<i,j<(39-3)
=32C(inj(X)) | AlIZ, by (5.1).

The theorem then follows from the Rayleigh—Ritz characterization of the lowest eigenvalue and
by choosing B(e) = 32C(5). O

Proof of Theorem 1.6. For 1 < i < (3g — 3)?, let A\;(X,) be the ith eigenvalue of the Weil-
Petersson curvature operator. From Theorem 3.2 we know that A\; = A;(X,) < 0. So we have

(39—3)° (39—3)°
~ —1
IQIL (X)) = D= (=A)P < 30 (=X) - (A@gon2)”
=1 =1

Since p > 1, Theorem 1.3 gives that
(3g—3)*
QN7 (Xg) < D (=A) - B(e)"™' = B(e)" ™" - (= Sca (X)) .
i=1
Recall that Proposition 3.3 in Teo’s paper [30] says that Sca®"'(X,) > —6(g — 1)C(5). So
we have

1Q117. () < Bley - (89 - 1C (3))-

In the proof of Theorem 1.3 we choose B(¢) = 32C(5). Thus,

Q11 (%) <3277+ ((3)) 6l - D < (B -0

The conclusion follows by taking a pth root. O

REMARK 5.4. Theorem 1.3 shows the Weil-Petersson curvature operators, restricted to the
thick part of the moduli space, are uniformly bounded by a constant that depends only on
the bound on prescribed thickness (the lower bound in injectivity radius) of the surfaces in
the given thick part, but not on the topology of the underlying surface. It is worth noting
that the constant B(e) =< 6% tends to infinity as € — 0. Of course, it is known that sectional
curvatures (the diagonal elements for the curvature operator @) decay at worst with order
O(=1). (One can see [9, 39] for details.) We do not know if this bound of O(=!), sharp in the
case of sectional curvatures, also extends to the broader setting of the curvature operator. On
the other hand, as € — oo, the constant B(e) — % > 2L which is consistent with the bound

2m?
we found for a special element of A2T'x Teich(S,) in Theorem 1.2.

Let R be the Riemannian curvature tensor of the Weil-Petersson metric. Let X € Teich(S,)
and {ei}?izb be an orthonormal basis of T'x Teich(S,). Recall that R;ji := (R(es, ej)ex, er).
Define the norm ||R||x of the curvature tensor R on X by

R||x =su ma R;;
1Bllx =sup, 0 P

where the supremum runs over all the orthonormal bases of T'x Teich(Sy).
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A simple application of Theorem 1.3 is

COROLLARY 5.5. Let X € Teich(S,) and R be the Riemannian curvature tensor of the
Weil-Petersson metric. Then,

IRl x < B(inj(X))

where inj(X) is the injectivity radius of X and B(inj(X)) is a function of inj(X).

Proof.  Set ||Q(X)]| := SupAe/\2TXTeich(S)HAHM_1|<@(A)7A>|. Theorem 1.3 gives that

|Q(X)|| < B(2inj(X)). Let {e;}%97° be an orthonormal basis of Tx Teich(S,). Then the
Cauchy—Schwarz inequality leads to

|Riji| = [(Q(ei Aej)yen Aer)|
<Q(ei Aey)| ek Aer] < [|Q(X)] < B(2inj(X)).

Since the indices {i,j,k, [} are arbitrary, the conclusion follows by choosing B(inj(X)) =
B(2inj(X)). O

REMARK 5.6. For the case that {i = k,j =1}, R;j;; is the sectional curvature (using the
orthonormality of the coordinate system). Huang in [10] proved the the sectional curvature,
restricted on the thick part of the moduli space, is uniformly bounded from below by using
harmonic maps.

The Weil-Petersson metric is not complete (see [7, 33]). We let Teich(S,) be the metric
completion of Teich(S,) and 0Teich(S,) be the frontier of Teich(S,): this frontier is composed
of products of lower dimensional Teichmiiller spaces (one can see [19, 36, 38] for more details).
For any X € Teich(S,), the following quantitative version of estimation on the distance between
X and 0Teich(S,) is provided by Wolpert.

THEOREM 5.7 [37]. dist(X, dTeich(S,)) < /47 - inj(X
The following consequence is motivated by [4, Proposition 4.22].

COROLLARY 5.8. There exists a constant C' > 0, which is independent of the topology of
the surface, such that the norm ||R||x of the curvature tensor R on X satisfies

IR|x < max{ C, ¢ U
dist(X, 0Teich(Sy))*

Proof. We observed after stating Proposition 2.10 that as € — 0, the constant C(e)
is asymptotic to —;. Fix € >0 such that C(e) < -2 for all €€ (0,¢9]. Then for any
X € Teich(S,), there are two possibilities:

Case 1: If the injectivity radius inj(X) > €, the inequality ||R||x < B(eo) = B(2€) follows
from Corollary 5.5.
Case 2: If the injectivity radius inj(X) < e, then from Corollary 5.5 we find,
64 < 10247
m-inj(X)? " dist(X, Teich(S,))*’

1Rl x < 32C(inj(X)) <
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where we apply Theorem 5.7 for the last inequality. The conclusion follows by choosing
C = max{B(2¢), 1024r}. O

REMARK 5.9. We emphasize here that the constant C' is independent not only of the genus
g, but also of any choice of neighborhood of dTeich(S,).

6. FEigenvalues of the Weil-Petersson curvature operators on thick surfaces

Our goal in this final section of this part of the paper is to prove the remaining results,
Theorems 1.4 and 1.7, on the Weil-Petersson curvature operator. The proofs are reasonably
straightforward consequences of the results and tools we have already developed.

We first prove Theorem 1.4 which bounds the smallest eigenvalue A, of the Weil-Petersson
curvature operator on surfaces of sufficiently large genus whose injectivity radii are increasing
without bound.

Proof of Theorem 1.4. First, one computes that the constant B(e) in Theorem 1.3 satisfies

24
lim B(e) = —.
€E— 00 s
The conclusion then follows from Theorems 1.2, 1.3 and the limit above. O

Next, fix € > 0; then the Mumford compactness theorem implies the e-thick part M>€ of the
moduli space of a closed surface is compact. Thus the following functions are well defined:

X(g) == i Ni(X), V1<i<(3g—23)*

Alg) = pmin L A(X) i< (3g-3)
and

Xi(g) == N(X), V1<i<(3g—3)>%

i9) = max M) i< (39-3)
Of course

€

Ai(9) < Ail9),
and Theorems 1.2 and 1.3 imply
. - -1
—B(e) < 3(39—3)2(9) < Ag-s)2(9) < o
Our focus for the rest of this section then turns from the smallest eigenvalue \(3,_3)2 = Amin

to the asymptotic properties for A7(g) and X: (g9) as g goes to infinity where the index i is not
maximal but instead small.
Let

i {1,2,...,(3g-3)% = {1,2,...,(3g — 3)%}

be a function. Recall that Theorem 1.7 states that if the index ¢ is not close to the maximal
value (3g — 3)? in the limit sense, then the bound \{(g) tends to zero as g goes to infinity.

Proof of Theorem 1.7. Since 1 <i(g) < (3g —3)?, it follows from Theorem 3.3 that

X:(g)(g) < 0. For the lower bound, let X € Teich(S,)”¢ and recall that {)\i(X)}E:gl_3)2 is
the set of the non-zero eigenvalues of the Weil-Petersson curvature operator at X with
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Ait+1(X) < A\i(X). [30, Proposition 3.3] tells us that

(3g—3)*

—6(g—1)C (%) <Sea"'(X)= Y (X
=1

where C(5) is defined in Proposition 2.10. Since A;(X) < 0, we have that

(39-3)*
~6(g-1)C (5) < D AX) (B9 —3) = ilg) + DAs(y) (X).

i=f(9)

We rewrite this last inequality as
—6C" ($ glg—1
9(2) (39— 3()2 - i()g) 1 S M)

Then, since limsup, . [g9(g—1)/(39—3)* —i(g) +1] =[1/9(1—a)] >0 and Xe€
Teich(S,)~* is arbitrary, the conclusion follows by choosing B(a, €) = 4C(%)/3(1 — a). O

REMARK 6.1. (1) Recall that as e — 0, the constant C(€) behaves like
lim clo)

e—0 —
me?

=1.

The proof of Theorem 1.7 then yields the following more general statement.

THEOREM 6.2. If the function f satisfies limsup,_, H9) — o < 1. Let X, be a sequence

992
of Riemannian surfaces whose injectivity radii satisfy limg_, = = 0. Then,

g mJ(

Jim A (X,) =0,

This theorem tells us that as the genus goes to infinity, even in certain portions of the thin
parts of the moduli spaces, we could still have

lim )\e(g>( ) = lim )\()( ) =0, forall 1<i<8g°

g—o0 g—00
T
g-€(9)® 0.
(2) We do not know any asymptotic properties of A;

i is close to (3g — 3)%; for example (3, 3)._,(g) and
them.

provided that lim,_,

) and X;(g) as g goes to infinity when

ilg
Xz3g_3)2_g(g). It is interesting to study

PArT II. UNIFORM BOUNDS ON THE WEIL-PETERSSON
HOLOMORPHIC SECTIONAL CURVATURES

7. Uniform estimates on harmonic beltrami differentials

Recall from Section 2.3 that a surface is C-sufficiently thick if inj(X) > C, and that there
are non-trivial subspaces of the Teichmiiller spaces Teich(S,) composed of sufficiently thick
surfaces, once the genus g is chosen sufficiently large. In this section will construct holomorphic
lines in the tangent spaces of sufficiently thick surfaces (of course, necessarily of large genera
and injectivity radii) such that those sections have uniformly pinched negative holomorphic
sectional curvatures. The pinching constants will be independent of the genus.

To begin, we pick up the thread on which we ended Section 2.2.2, that related holomorphic
sectional curvatures to powers of normalized L°° norms of harmonic Beltrami differentials. In
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particular, we will directly apply Proposition 2.11 to a specific choice of harmonic Beltrami
differential p4, whose construction we begin immediately below. As we noted at the end of
Section 2.2.2, our (main) goal is to bound the L? norm of p, from above and the L norm of
g from below.

7.1. Poincaré series

Let X, € Teich(S,;) and let I'y C Aut(D) be a representation of w1 (X) into the (Mobius) group
Aut(D) of automorphisms of the hyperbolic disk D where 7 : D — X, is the universal covering
map. Let H(D) denote the set of holomorphic functions on the unit disk D and H°(X,, K?)
be the space of holomorphic quadratic differentials on X,.

Recall the Theta-operator © is defined as

©: H(D) - H(X,, K?)

F@) = Y0 () A ()%

’YEFy

It is well known that O(f)(z) is well defined if f is integrable on D, and this operator is
surjective on its domain. (See [11, Theorem 7.2] for details.)
Fix the constant function f(z) =1 be on D. Then

vely

whose corresponding harmonic Beltrami differential is

po(s) = 2 = 50 T (r1)

o) 2 )

where p(z) =4/(1 — |z|2)2 is the hyperbolic metric on the disk.

Ahlfors in [2] showed that |u,| is bounded above by a constant depending on T'y. In this
section we will observe that |u4| is uniformly bounded above if we assume that the injectivity
radius inj(X,) — oo as g — 0.

Let us close this subsection by recalling Ahlfors’ method in [2], a technique which we will
adapt for the heart of our argument.

Ahlfors’ Method: From the triangle inequality we know that

(=)
g () < Y Ol (7.2)

z
Y€l p

Then since p(7(2))|v(2)?] = p(2) for any 7 € Ty, and p(¢) = 4(1 — |¢[*) ", we have

> B L S a-herr (73)
v€ly

RIS p(z

Combining the above inequalities yields
2

B < 7 Y (- he)P) (7.4)

vely
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Let A be the (Euclidean) Laplace operator on the (Euclidean) disk. Then a direct
computation shows

Al a-nEPD ] =83 ChEP - E)™

YED vely

Note that the terms on the right side are non-negative when |y(z)|* > 1. With that
in mind, let B(0, —) ={zeD; |7z < %} be the ball of Euclidean radius —= and let

V2
Vi=User, 7™ Lo B( be the pullbacks of this ball B by the group I'y. The equation above

\/5) 2 2
gives that > (1 - l7(2)]?)” is subharmonic in D — V. Since both > ner, (1— lv(2)]°)” and
V' are I'g-invariant, and Fg is cocompact, we find

2
sup > (1= y(2) = sup YU-h) = swp Y (1-h)) (7.5)
P yer, Vqer, 2€B(0,75) yer,

which in particular is bounded above by a constant depending on I'y: we display a version of
the argument that the last term on the right is bounded in the next subsection: see especially
equations (7.7)—(7.9).

7.2.  Uniform upper bound for p,

Recall the relation between the Euclidean distance and the hyperbolic distance is

1+ 7|

distp(0,z) =In .
— |2

For the rest of this section, we consider a surface X, which is sufficiently thick — we retain
the index g as a reminder that such surfaces have large genus g and we are computing curvatures
of the Teichmiiller space Teich(S,) with all of the normalizations that accompany that choice.
(This will also be useful for a remark at the end of this section.) Therefore we may assume that
we may find a ball B(0, % + 15) C Fy where F, C D is the (Dirichlet) fundamental domain,

centered at the origin, of X,,. Applying the triangle inequality to equation (7.5), we have
2.2
sup Z 1-|(2) sup Y (1= |y(2)[) (7.6)
2eb T b 2

As in Ahlfors’ method, by applying the Laplace operator, we obtain

2
AlY (-2 =83 h()I* - DY () (7.7)
y#e y#e
Because of our assumption on the large injectivity radius of X,, we see that B(0, % + 11—0)
F,. Thus for z € B(O, f) we see that v(z) ¢ B(0, ) when 7 # e: in particular, for such #,

we have |y(2)|? > £. This implies that for z € B(0, 2= + &) we have

vt

2
ALY =P | =0 (7.8)
v#e
Let ¢ = £ 4 in. Thus, by the mean-value inequality, for any z € B(0, %), we have

2.2 1
> (- <— > (- Vded

7€ 10/ y#e
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100
= / Z (¢ dgdn by equation (7.3)

(z, 10)’7756 p
<2 [ Qe snce o) = 401~ o) > 4
(2:75) y#e
25 .
= — d&dn after unfolding the sum
™ Uyzev0B(z,75)
25
<= d&dn
T JD-F,
25
= —(m — Area(Fy)).
7r
Since z € B(0, %) is arbitrary,
2.2 25
ap Y (1-hEP < 2 - AveaF)) (7.9)

2€B(0,J5) yz£e, vED,

Finally, we invoke the hypothesis that the surface X, is sufficiently thick. Assuming that
thickness, we may assume that the Euclidean area Area(F) of the fundamental domain Fj, is
as close to m as we wish, so the quantitative version of sufficiently thick that we will invoke
will force

25 1
— (m — Area(F))) < T (7.10)

™

Then, this last equation, together with (7.9), provides

swp Y (- <

#€B(0,75) yte, yely,

(7.11)

NG

REMARK 7.1. For the estimate (7.10) to hold, we need the ball, centered at the origin, to

so that the surface is at least In 20Y99 _thick.

have Euclidean radius 100, o s

The following two propositions follow easily from the equations above.
PROPOSITION 7.2. Let X, be sufficiently thick. Then
5
< —
sup |1 (2)| < -

Proof. We compute

Ivz
g (2)] < D 02) y (7.1)

yely
< Z (1- )P by (7.3)
weF
< - su 1 —
zeg Z |'V

yely
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1 2
=7 s Y (1-hE) by (75)
ZEB(O,%) "{erg

N

Ty o Y (k)P

4 1
2€B(0,75) yze yer,

A

5

— by (7.11).

76 v (7:11)

The conclusion follows by taking a supremum. O

PROPOSITION 7.3. Let X, be sufficiently thick as above. Then

3

= —.
1g(0)] >

Proof. By the triangle inequality we have

/ 2
o> - > 2O

teer, PO
1 1 2
=1-7 X @-hOP
y#e€ly
> 3 by (7.11).

O

REMARK 7.4. We have chosen our setting to be one of a single sufficiently thick surface.
However, we could also consider a sequence {X,} of surfaces, say indexed by genus, whose
injectivity radii inj(X,) is growing (without bound) with the genus g. In that case, the estimate
(7.9) becomes

2.2 25
1— <2
ap Y (kP <2

ZGB(U,%) y#e, vED,

(m — Area(Fy)) = 0,4(1)

so that the conclusions of the proofs of Propositions 1.2 and 7.3 become

|Ng(z)| < i + Og(l)

and

|1g(0)] = § — 04(1)

respectively. We hope to take up the thread of the agreement of these asymptotic bounds in a
subsequent work.

8. Holomorphic lines with uniform negatively pinched Weil-Petersson
holomorphic sectional curvatures

We are now ready to prove Theorem 1.9 from the introduction. One slight notational refinement
has occurred since that statement: the holomorphic section px in the statement of Theorem 1.9
is now more appropriately referred to as ju, € T'x, Teich(S,), as defined as in equation (7.1).
We continue to consider X, to be a sufficiently thick surface as in Section 7.
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Proof of Theorem 1.9. We wish to prove that the holomorphic sectional curvature K (ug)
satisfies

—81C
K(Ng) < >

<20 g
6400 - 72

_ 2
where Cp = 3C(1)2Volp (B(O;1) *
Recall z = z + iy. Our plan is to bound ||u,||3 p from above, SUp.cx, |[1g(2)| from below

and then apply Proposition 2.11 to bound the holomorphic sectional curvature. First,

lnslFicr = | g+ map()dndy (.1)

g

N

sup |119(2)] - / 723102 dedy
z€F, Fy

E / |l lp(2)dzdy by Proposition 7.2, since X, is sufficiently thick
Fg

N

16

N

55 X W@Pdedy by ()

9 yely,

5
R
16 Jp, 0

5
16

N

Second, by Proposition 7.3, again using that X is sufficiently thick,

sup |pg(2)| = sup |pg(2)| = |1e(0)] = —. (8.1b)
z€EX,y z€F, 16
Finally, we recall from Proposition 2.11 the bound
Co - sup,¢ x |pg(2)|*
K(//[lg) < _ 0 €)i| g( )| (82)
gl p
Thus substituting (8.1) and (8.1b) into the right-hand side of (8.2), we find
—81C)
K S 5
s) < G300 w2
as desired. ]

Our final task is to prove Corollary 1.10.

Proof of Corollary 1.10. We begin with the left-hand side. For any o, € Tx, Teich(S,),
Proposition 2.10 asserts that the normalized L® norm of the Beltrami differential o, satisfies

Sup, ¢ x |Ug(z)|)2
g

Ix, log(2)PdA(z)

< C(inj(Xy))
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where C(inj(X,)) is the constant defined in (2.8). We then substitute this estimate into the
bound in Proposition 2.11 to obtain the required lower bound. If, as we did at the end of
Section 7, we considered the setting of a sequence X, of surfaces whose injectivity radii grow
without bound, we could let inj(X,) — oo so that C(inj(X,)) — -=: we would then obtain the
lower bound

3w

< K(oy).

Since o, is arbitrary in T'x, Teich(Sy), the conclusion follows.

The upper bound is a direct consequence of the statement of the upper bound in Theorem 1.9,
as that theorem only required sufficiently large thickness, which is immediately satisfied on our
sequence X4, once g is sufficiently large. O

REMARK 8.1. Fix two positive numbers a and b. Let H (D) denote the holomorphic functions
on the disk D, and set

H;(D) = {f(z) € H(D); itelglf(Z)l <b and [f(0)] > a}.

Let f(z) € H’(D) and consider the image of the Theta-operator O(f)(z) € H*(X,, K?).
Using the same argument in the proof of Theorem 1.9, we find

THEOREM 8.2. Let X, be a sequence of hyperbolic surfaces with inj(X,) — co as
g — 00. Then there exists a uniform negative constant B(a,b) such that for g large enough,
the Weil-Petersson holomorphic sectional curvature satisfies

2 < K(ny()(=) < Blab) < 0

where p1,(f)(2) = eg)f()z()z) and f is arbitrary in H’(D).

REMARK 8.3. While our focus in this part of the paper was on the Beltrami differential 1,
defined in terms of the ©-operator applied to the constant function f =1, we might equally
well have applied the ©-operator to the functions f,,(z) = (1 — 2™) (n > 1) and obtained similar
estimates since f,(z) € H(D) for all n > 1. It is clear that the convex hull of {f,(2)},>1 is
still contained in H?(D). It is then of interest to know the Weil-Petersson geometry of the
image of this convex hull under the ©-operator.
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