INSTANTANEOUS UNBOUNDEDNESS OF THE ENTROPY AND
UNIFORM POSITIVITY OF THE TEMPERATURE FOR THE
COMPRESSIBLE NAVIER-STOKES EQUATIONS WITH FAST

DECAY DENSITY
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ABSTRACT. This paper concerns the physical behaviors of any solutions to the one
dimensional compressible Navier-Stokes equations for viscous and heat conductive
gases with constant viscosities and heat conductivity for fast decaying density at
far fields only. First, it is shown that the specific entropy becomes not uniformly
bounded immediately after the initial time, as long as the initial density decays to

vacuum at the far field at the rate not slower than O (ﬁ) with £, > 2. Further-

more, for faster decaying initial density, i.e., £, > 4, a sharper result is discovered
that the absolute temperature becomes uniformly positive at each positive time, no
matter whether it is uniformly positive or not initially, and consequently the cor-
responding entropy behaves as O(—log(go(z))) at each positive time, independent
of the boundedness of the initial entropy. Such phenomena are in sharp contrast
to the case with slowly decaying initial density of the rate no faster than 0(90—12)7
for which our previous works [34-36] show that the uniform boundedness of the
entropy can be propagated for all positive time and thus the temperature decays to
zero at the far field. These give a complete answer to the problem concerning the
propagation of uniform boundedness of the entropy for the heat conductive ideal
gases and, in particular, show that the algebraic decay rate 2 of the initial density
at the far field is sharp for the uniform boundedness of the entropy. The tools to
prove our main results are based on some scaling transforms, including the Kelvin
transform, and a Hopf type lemma for a class of degenerate equations with possible
unbounded coefficients.

1. INTRODUCTION

The compressible Navier—Stokes equations for the ideal viscous and heat conductive
gases read as

Op + div (pu) =0,
p(Ou~+ (u- V)u) — pAu — (u+ A\)Vdivu + Vp = 0,
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cop(00 4+ u - VO) + pdivu — kA8 = 2(Vu), (1.3)

where the unknowns p > 0, v € RY, with N the spatial dimension, # > 0, and
p = Rph, respectively, represent the density, velocity, temperature, and pressure.
Here, R and c¢, are positive constants, p and A are the viscous coefficients, both
assumed to be constants and satisfy the physical constraints y > 0 and 2u+ NA > 0,
Kk is the heat conductive coefficient, assumed to be a positive constant, and 2(Vu)
is a quadratic term of Vu given as

2(Vu) = g|Vu + (Vu)T|? + M(divu)®.

By the Gibbs equation Ds = De + pD(%), where s is the specific entropy and
e = ¢,0 is the specific internal energy, it holds that p = Aewv p? for some positive
constant A, where v —1 = g. It is clear that v > 1. In terms of p and 6, the specific

entropy s can be expressed as

s=c, (10g§+10g0— (7—1)1ogp> , (1.4)

satisfying

2
p(Ors +u-Vs) — CﬁAs = k(y — 1)div (%) + % (Q(Vu) + /@‘le ) . (L.5)
in the region where both p and 6 are positive.

As the governing system in the gas dynamics, the compressible Navier—Stokes
equations have been studied extensively. One of the central concepts in the mathe-
matical theory for the compressible Navier-Stokes equations is the vacuum, which,
if occurs, means that the density vanishes at either some interior points or on the
boundary or at the far fields. Indeed, the possible presence of vacuum is one of the
main difficulties in the theory of global well-posedness of general solutions to the
compressible Navier—Stokes equations. Note that the equation (1.5) for the entropy
is highly degenerate and singular near the vacuum, it is even more difficult to analyze
the dynamic behavior of the entropy in the presence of vacuum. Due to this, most
of the mathematical theories developed in the existing literatures on the compress-
ible Navier—Stokes equations in the presence of vacuum are for system (1.1)—(1.3)
regardless of the entropy.

There are extensive literatures on the mathematical studies concerning the com-
pressible Navier—Stokes equations (1.1)—(1.3). In the one-dimensional case, the corre-
sponding theory is satisfactory and in particular the global well-posedness has been
known for long time. In the absence of vacuum, for which the information of the
entropy follows from that of the density and the temperature directly by (1.4), the
global well-posedness of strong solutions was established by Kazhikov—Shelukin [24]
and Kazhikov [25], which were later extended in the setting of weak solutions, see,
e.g., [2, 23, 58, 59]; large time behavior of solutions with general initial data was
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proved by Li-Liang [32]. In the presence of vacuum, but without considering the en-
tropy, the corresponding global well-posedness were established by the first author of
this paper in [29, 30], for both heat conductive and non-heat conductive ideal gases.
As shown by Hoff-Smoller [17], for the one-dimensional compressible Navier—Stokes
equations, no vacuum can be formed later in finite time from non-vacuum initial
data, while such a result remains open in the multidimensional case.

In the multi-dimensional case, the mathematical theory for the compressible Navier—
Stokes equations is less complete than that in the one-dimensional case. The break-
through for the global existence of finite energy weak solutions with general initial
data and possible vacuum, to the isentropic compressible Navier—-Stokes equations,
was achieved by Lions [37, 38]. The results of Lions [37, 38] were later improved
by Feireisl-Novotny—Petzeltova [12], Jiang-Zhang [22], and more recently Bresch—
Jabin [1]. For the full compressible Navier—-Stokes equations, the global existence of
variational weak solutions was proved by Feireisl [14], under some assumptions on
the equations of states. The uniqueness of weak solutions is still a challenging open
problem. If the initial datum is suitably regular, then the compressible Navier—Stokes
equations admit a unique local strong or classic solution, see [21, 39, 46, 48, 50, 51, 53]
for the case in the absence of vacuum, and [5-7, 15, 18, 31, 49] for the case in the pres-
ence of vacuum. However, the corresponding global existence with general initial data
may not be expected, due to the recent finite time blow up results by Merle-Rapha’el—
Rodnianski-Szeftel [44, 45], where for the three-dimensional isentropic compressible
Navier—Stokes equations with spherical symmetry, regular solutions with finite time
singularities are constructed for a class of initial data with far field vacuum. Indeed,
up to now, global strong or classical solutions are established only under some ad-
ditional conditions on the initial data: the case with small perturbed initial data
around non-vacuum equilibriums was achieved by Matsumura-Nishida [40-43], and
later developed in many works, see, e.g., [3, 4, 8-11, 16, 26, 47, 52]; while the case with
initial data of small energy but allowing large oscillations and vacuum was proved by
Huang-Li-Xin [20] and Li-Xin [33] for the isentropic system, and later generalized
to the full system in [19, 28, 54].

It is worth pointing out that there are some significant differences in the mathe-
matical theories for the compressible Navier—Stokes equations between the vacuum
and non-vacuum cases and new phenomena may occur depending on the locations
and states of vacuum. In the non-vacuum case, the solutions can be establish in both
the homogeneous and inhomogeneous spaces depending on the properties of the ini-
tial data, and the solution spaces guarantee the uniform boundedness of the entropy.
However, these may fail in general in the presence of vacuum. Indeed, in the case
that the density has compact support, the solution can be established in the homo-
geneous spaces, see, e.g., [5-7, 15, 18, 20, 31], but not in the inhomogeneous spaces,
see Li-Wang—Xin [27]. Further more, the blowup results of Xin [56] and Xin—Yan
[57] imply that the global solutions established in [19, 28, 54] must have unbounded
entropy, if initially there is an isolated mass group surrounded by the vacuum region.
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However, it is somewhat surprising that if the initial density vanishes only at far fields
with a rate no more than O(#), then, as for the non-vacuum case, the solutions can
be established in both the homogeneous and inhomogeneous spaces, and the entropy
can be uniformly bounded, see the recent works by the authors [34-36].

It should be noted that since system (1.1)—(1.3) is already closed, one can indeed
establish self-contained mathematical theories for it, as already developed in the pre-
vious works mentioned above. However, since the second law of the thermodynamics
is not taken in to account, these theories are insufficient from the physical point of
view. Therefore, some new theories are needed to provide information for the entropy
in the presence of vacuum to meet the physical requirements. However, due to the
lack of the expression and high singularity and degeneracy of the governing equation
for the entropy near the vacuum region, in spite of its importance, the mathematical
analysis of the entropy for the viscous compressible fluids in the presence of vacu-
um was rarely carried out before. Mathematical studies towards this direction has
been initiated in our previous works [34, 35] and further developed in [36], where
the propagation of the uniform boundedness of the entropy and the inhomogeneous
Sobolev regularities was achieved for the compressible Navier—Stokes equations, with
or without heat conductivities, in the presence of vacuum at the far fields, under the
crucial condition that the initial density decays to vacuum at the rate no faster than
().

In this paper, we continue our studies on the dynamic behavior of the entropy in
the presence of vacuum. Different from the cases considered in [34-36], where the
density decays slowly to the vacuum at far fields, in the current paper, we investigate
the case with fast decaying density at the far fields. For simplicity, we study the
one-dimensional case in the current paper while leave the multi-dimensional case as
future works. It will be shown in this paper that, in sharp contrast to the cases
with slowly decaying density in [34-36], the uniform boundedness of the entropy can
not be propagated by the compressible Navier—Stokes equations for viscous and heat
conductive ideal gases with constant viscosities and heat conductivities, if the initial
density decays faster than the order O(ﬁ) at the far fields with ¢, > 2. Since the

uniform boundedness of the entropy has already been established in [34-36] if the
decay rate is less than O(#), our results in this paper reveal that the decay rate 2 of
the initial density at the far field is sharp for the uniform boundedness of the entropy.
Surprisingly, in case that the initial density decays faster than the order O(:c%l)’ some
sharper results can be achieved: the temperature is uniformly positive immediately
after the initial time, for any general nonnegative (not identically zero) initial tem-
perature, and, as a result, the entropy tends to infinity at the order O(—log(oo(x)))
at any positive time.

Consider the Cauchy problem to the one-dimensional compressible Navier—Stokes

equations for viscous and heat conductive ideal gases

pr+ (pu)e = 0, (1.6)
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cop(Oy + uby) + puy — Kbpe = pug)?, (1.8)
where p = Rpf, subject to the initial condition
<p7u)0>|t:0 - (POaU0790)~ (19>

The main results of this paper will be stated and proved in the Lagrangian co-
ordinates; however, since the velocity of the solutions obtained in this paper have
Lipschitz regularities in the spatial variable, the results can be transformed back to
those in the Eulerian coordinates.

Define the coordinate transform between the Lagrangian coordinate y and the
Eulerian coordinate = as z = n(y, t) satisfying

{ Im(y,t) = u(n(y,t),1),
n(y,0) = y.
Set,

oy, t) == p(n(y,t), 1), v(y,t) :=un(yt),t), J(y,1):=0(n(y,1),t),
and
J = J(y,t) =ny(y, 1)
Then, it holds that
Ji=vy, Jl=o=1, Jo= oo,

with g9 := pg. We still use s to denote the specific entropy in the Lagrangian
coordinates. Then, it follows from (1.4) that

s(y,t) = ¢y (log g +1logd(y,t) — (v — 1)log 0o(y) + (v — 1) log J(y,t)) , (1.10)

for any y € R and ¢ € [0, 00).
Then, in the Lagrangian coordinates, the system (1.6)—(1.8) becomes

Jp = vy, (1.11)
00vr — f1 (U—j’)y v, = 0, (1.12)
Co00¥ + VT — K (ﬁ—;)y = ,u|vf}|2, (1.13)
where m = R%4). The initial data can be taken as
(Jsv,9)]t=0 = (1, v, Do), (1.14)

where vy = ug and ¥y = 6.

The following conventions will be used throughout this paper. For 1 < ¢ < oo and
positive integer m, LY = LY(R) and W4 = W"™4(R) denote the standard Lebesgue
and Sobolev spaces, respectively, and H™ = W™2. For simplicity, L? and H™ denote
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also their N product spaces (L9)N and (H™)", respectively. ||ul|, is the L? norm of u,
1

and ||(f1, fa, -+ fa)llx is the sum Y% || fillx or the equivalent norm (Zfil ||fi||§<>

The main results of this paper are the following three theorems. The first one
yields the global existence of a solution to the Cauchy problem (1.11)—(1.13), subject
to (1.14).

Theorem 1.1. Let the initial density oy be given such that 0 < gy € L'(R)NW?2>(R)
and

lop| + oo| < Kiop  on R, (H1)
for a positive constant K. Assume that (vo, Vo) satisfies 99 >0 on R and

!

G
(v/@ovo, /2005, 0, v v/@oo, /0005, v/2075) € L*(R), \/—Qio € L*(R), (1.15)

/
im0 (1.16)

/
RRLACIN

y=—o0 \/00(y)  y=toe v/ 00(Y)
where G := pv, — RooVy.
Then, there is a global solution (J,v,9) to (1.11)-(1.13), subject to (1.14), satis-
Jying inf(, nerx o) J >0, 0 >0, and

J.
_y07 Jyy’ Jt, Jyt S Loo<0a T LQ(R))a

V0

(Y
vV 00U, +/ Q0U27 Vy, \/%7 v 00Ut € LOO(07 T7 L2<R))7 Vyyys Uyt € L2(07 T7 L2(R))7
3
Vool /ooy, \/0oUyy, 050 € L0, T; L*(R)), 0, € L*(0,T; H*(R),
G
Qoﬁtyé)oﬁyt € L2(07T7 L2(R>>7 Gt7 <Q_y) € L2(07T7 L2(R>>7
0/y

for any positive time T, where G := p~+ — RYY.

Remark 1.1. (i) Condition (H1) allows arbitrary algebraic and even exponential de-

cay rate of oo at far fields. Indeed, one can check that functions of the forms ﬁ

and e~ with A, € € (0,00) and & € (0, 11, satisfy (H1). Thus, Theorem 1.1 gen-
eralizes the global existence result in our previous work [35], where some assumptions
on slow decay at far fields on oy are assumed.

(ii) Condition (1.16) is used only to construct suitable approximated initial data
for the corresponding initial boundary value problems (which are expected to converge
to the Cauchy problem), see Step 1 in the proof of Theorem 1.1.

The second theorem gives the immediate unboundedness of the specific entropy if
the algebraic decay rate of the initial density is greater than 2.
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Theorem 1.2. Assume, in addition to the conditions in Theorem 1.1, that
(1+lyD0(y) < K2, Wy €R, (H2)

for some positive constants ¢, € (2,00) and Ky, and either 0y is not identically zero
or vy is not identically a constant. Let (J,v,v) be a solution to system (1.11)-(1.13),
subject to (1.14), satisfying the properties stated in Theorem 1.1. Then, the specific
entropy s ¢ L®(R x (0,T)), for any positive time T € (0, 00).

Remark 1.2. Theorem 1.2 reveals a completely different phenomenon from that in
[84-36], where the initial density decays no faster than O(y%) at far fields, so that the

entropy keeps uniformly bounded. While Theorem 1.2 shows that if the initial density

_1
lyl )’

uniformly bounded immediately after the initial time. Consequently, we have given a
complete answer to the problem concerning the propagation of uniform boundedness
of entropy for ideal gases in one dimension: the uniform boundedness of the entropy
for the ideal gases, in the presence of vacuum at the far fields only in one dimension,
can be propagated if and only if the algebraic decay rate of the initial density is not
greater than 2. In other words, the decay rate 2 of the initial density at the far fields
1s sharp for the uniform boundedness of the entropy in one dimension.

decays faster than O ( with £, > 2, at far fields, then the entropy becomes not

The main ingredients of the proof of Theorem 1.2 are based on using some scaling
transform to transform the far field vacuum to an interior vacuum and applying a
Hopf type lemma for a class of linear degenerate elliptic equations with degeneracy
in the time variable and possible unbounded coefficients. The scaling transform for
the temperature to be used here is

fly.t) =9y ", t), ye(0,00),t€][0,00),

for some suitably chosen § > 0. Similar transform can also be introduced for negative
y. Due to the continuity equation (1.6) and the assumption that the initial density
reaches vacuum only at the far fields, the density remains positive on any compact
interval for all positive time. Thus the equation (1.8) can be regarded a uniform
parabolic equation for € on compact domains. Consequently, the temperature will
be positive on any finite interval for any positive time ¢ by the strong maximum
principle, and thus f is positive for any positive y and t. By using the properties of ¢
stated in Theorem 1.1, one can verify that 0 < f € C%1((0,00) x (0,00)). Assuming
by contradiction that the entropy is uniformly bounded, one can extend f by zero on
the positive time axis, such that 0 < f € C([0,00) x [0,00)) and reaches zero on the
positive time axis only. The temperature equation yields

a()ft - afyy +bfy +6f Z Oa n (0,00) X (0700)7

which motivates us to apply the Hopf type lema to f at the points on the positive
time axis. By choosing [ suitably, one can verify that the coefficients ay and ¢ are
uniformly bounded near the positive time axis; however, the coefficient b contains an
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unbounded term involving 111 Fortunately, such an unbounded term in b is of “right”
sign while the remaining term in b is uniformly bounded for suitably chosen f, so
that the Hopf type lemma still holds (see Lemma 4.2). Thus applying the Hopf type
lemma to f near the positive time axis leads to a quantitative asymptotic behavior
of the temperature at the far field. The contradiction comes from the fact that the
asymptotic behavior of the temperature derived from the Hopf type lemma is not
consistent with that derived from (H2) and the uniform boundedness of the entropy.
This inconsistency implies that the entropy can not be uniformly bounded and thus
Theorem 1.2 follows.

The third theorem gives the uniform positivity of the temperature and consequently
the asymptotic unboundedness of the entropy, which are sharper results than those
in Theorem 1.2, under the stronger assumption that the algebraic decay rate of the
initial density at the far field is greater than 4.

Theorem 1.3. Assume, in addition to the conditions in Theorem 1.1, that
(1+]yD)*eo(y) < K3, Vy€R, (H3)

for a positive constant K3, and either ¥y is not identically zero or vy is not identically
a constant. Let (J,v,9) be a solution to system (1.11)-(1.13), subject to (1.14),
satisfying the properties stated in Theorem 1.1.

Then, the following statements hold:

(1) the temperature 9 satisfies

inf ¥(y,t) >0, Vte (0,00);
yeR

(1) the specific entropy s satisfies

R < lim swt) o st

ly| =00 m = Jyl=oo — log(oo(y)) <00, Vte(0,00).

In particular, s becomes unbounded immediately after the initial time, regardless of
whether it 1s uniformly bounded or not at the initial time.

Remark 1.3. [t is an interesting question to show whether Theorem 1.3 still holds in
the case that the algebraic decay rate of oy lies between 2 and 4. However, as already
shown in Theorem 1.2, in this case, though the uniform positivity of the temperature
15 not clear, yet the specific entropy becomes not uniformly bounded in any positive
time.

Recall that the temperature is positive on any finite interval for any positive time
t. To obtain the positive lower bound for the temperature at any positive time, it
suffices to achieve this at far fields. To this end, similar as in the proof of Theorem
1.2, we apply some scaling technique to transform the far field vacuum to an interior
vacuum and take advantage of the Hopf type lemma. However, the scaling transform
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introduced before does not work here directly. Instead, we apply the Kelvin transform
to the temperature ¥ and denote by A the transformed temperature, that is,

1
h(y,t) = yv (;ﬂf) . Yy #0,t€|0,00),

which satisfies a linear degenerate equation, with all coefficients being uniformly
bounded by the assumption (H3). By using the properties of ¢ stated in Theorem
1.1, one can verify that 0 < h € C%1(2) N C(Q) and more importantly h(0,t) = 0,
where ) = ((—o00,0)U(0,00)) x (0, 00). Note that different from the proof of Theorem
1.2, here the important property that h(0,¢) = 0 holds without any condition on the
entropy. By the Hopf type lemma (Lemma 4.2) and applying the strong maximum
principle, we can derive that h behaves linearly near the origin at each positive time
and hence obtain the uniformly positive lower bound for the temperature near the far
fields. With the aid of the positive lower bound of the temperature, the asymptotic
unboundedness of the entropy follows from (1.10) as J has uniform positive lower
and upper bounds.

The rest of this paper is arranged as follows: in Section 2, we consider a carefully
designed initial-boundary value problem for the system (1.11)—(1.13) and establish a
series of a priori estimates on the solution independent of the length of the spatial
interval; in Section 3, we obtain the global existence of solutions to the Cauchy
problem and thus prove Theorem 1.1 by taking limit of the solutions obtained in
Section 2; Section 4 is devoted to the proof of Theorem 1.2; and finally, the proof of
Theorem 1.3 is given in Section 5.

Throughout this paper, C' will denote a generic positive constant which may vary
from place to place.

2. INITIAL-BOUNDARY VALUE PROBLEM AND A PRIORI ESTIMATES

Throughout this section, we consider the initial-boundary value problem to the
system (1.11)—(1.13), in («, 5) x (0,00), with —o0 < a < 8 < 400, subject to the
initial-boundary conditions:

(J) v, 19)|t:0 = (17 Vo, 190)7
(vy, V)ly=a,s = (0,0).
The following global well-posedness can be proved in the same way as in [30].

Proposition 2.1. Let (g, v, %) € H*((av, B)) be given such that oy, 99 > 0 on (a, 3)
and vj(a) = v (B) = Yo(a) = Vo(B) = 0. Assume that

pvg — R(eodo) = aogr, kUG + p(vh)? — Rugeedo = /0o,
for two functions g1, g2 € L*((or, B)).
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Then, there is a unique global solution (J,v,v) to system (1.11)-(1.13), in (o, ) X
[0, 00), subject to (2.1)-(2.2), satisfying inf(y pe(a,pyx01r)J >0, ¥ >0, and

J e 00,7 H* (o, 8))),  Ji € L*(0, T3 H?((ev, 8))),
v, 9 € C([0,T); H*((ev, 8))) N L0, T H((a, B))), s, 0 € L*(0,T5 H' ((av, B))),
for any T € (0,00).

The rest of this section is devoted to deriving the a priori estimates, independent
of o and S, on the unique global solution (J, v, ) stated in Proposition 2.1. Keeping
this in mind, in the rest of this section, we will always assume that (J,v,9) is the
solution stated in Proposition 2.1.

Throughout this section, for simplicity of notations, the norms || - ||, and || - ||
are the corresponding ones on the interval («, ), that is,

|- llg == Il - llzagasy and |- |lar = [ - |21 ((0,8))-

8 fr2
mo 12/ oody, & 32/ 00 (5 + Cﬂ%) dy.

Proposition 2.2. [t holds that

B 02
/ 00 (5 + Czﬂ?> dy < &p.

Proof. Multiplying (1.12) with v, integrating over («, ), and by the boundary con-
ditions, one gets by integration by parts that

Ld (7 eyt /ﬁ“’de /B dy =0 (2.3)
2@ ). avdytu | iedy— | wmdy =0, -

Since ¥ > 0 in («, ) x (0,00), it is clear that J,(c,t) > 0 and J,(8,t) < 0, for any
t € (0,00). As are result, integrating (1.13) over (a, #) and integration by parts yield

d [P B B v ’2
cva/ Qoﬁdy+/ vyﬁdygu/ %dy. (2.4)

Summing (2.3) with (2.4) and integrating with respect to ¢ lead to the conclusion. [J

Denote

Proposition 2.3. It holds that
2 c 4 c R [
e R VIR < < VMo (1 + —/ &ﬂ?dr) .Vt € (0,00).
K Jo

Proof. Since vy|,—q = 0 and J|i—g = 1, it follows from (1.11) that J|,—, = 1. Substi-
tuting (1.11) into (1.12) yields

OVt — M(log ‘])yt + Ty = 07
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from which, integrating over (0,¢) and using J|;—o = 1, one can get

t
00(v — vg) + / myds = p(log J),.
0

Integrating this over (a,y) and noticing that J|,—, = 1 and 7|,—, = REV|,—q = 0,
one gets

Yy t
/ oo(v — vo)dz + / wds = plog J,
« 0

which leads to
J— ei(f;’ go(vao)dz+f(;5 ﬂds) (25)

It follows from Proposition 2.2 and the Hoélder inequality that

[ ot e < (f aa) [([ was) (i) |

< 2\/ 2m0<§0. (26)
With the aid of (2.6) and since m > 0, it follows from (2.5) that
J > ek Jdeolloltholds 5 =2 vamody (2.7)

m

Rewrite (2.5) as Je w Jdeolvmvo)dz _ o5 fomds ppyg

1 1 [Y Lt
—Jﬂexp{——/ QU(U—UO)dZ} = 0,(ew Jo ™).
u 1 Ja

Hence, one gets by noticing Jm = Ry that

I R [ 1Y
exp{—/ WdS} =1+—/ Qoﬁexp{——/ QO(U—Uo)dZ} ds.
H Jo K Jo HJa

Substituting this into (2.5) and using (2.6) lead to

v ! 1Y
J = endaolwro)dz (1 + E/ 001} exp {—— / 00(v — vo)dz} ds)
H Jo HJa

R t
< e%va‘)”ﬁ“ (1 + —/ Qgﬁds) )
mJo

Combining this with (2.7) yields the conclusion. O]

In the rest of this section, we will always assumed that C is a general positive
constant depending only on R, ¢,, i, k, K1, T, and the upper bound of .4j, but inde-
pendent of o and 8 with § — a > 1, where

G/
o= 100l 120+ G+ H (@va,vg,vg,mﬁo, S, sl Go, —0)

)| e

2
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Proposition 2.4. [t holds that

2
Uy dt < C.
Jll2

Proof. Set E = % + ¢,¥. Then, it follows from (1.12) and (1.13) that

¥ VU 00
E—-r(2) =(p—=L—-R=0v) .
Go “(J)y <”J T ”)y

Note that 9J,(a,t) > 0 and 9,(5,t) < 0 due to the boundary condition J|,—n 3 = 0
and the fact that J > 0 in (o, 8) x (0,00). Multiplying the above equation with E
and integration by parts yield

T
sup ||(@v2,\/®9)||3+/ (II\/%ﬂllioJr
0<t<T 0

L 9,18
vl” ¥y
2dt||\/_E||2+fin/ 7 dy mEJ

Y=«
B o 0 B9

_/a <M7y — R71971> (vvy + c¥y)dy — /{/a 7yvvydy

9, |

Vi

B
and thus, by the Cauchy inequality and that —xE 1979 > 0, it follows that

Y=o

IN

KCy
2

IN

A1
- C/ 5 (Jov,|* + 05v*0?) dy,

2

2 2

VUy

d 0

— Voo E|3 + ke, || —4 —

dt IVeoEl: vai VT
for a positive constant A; depending only on &, ¢,, u, and R. Multiplying (1.12) with

403, using the boundary conditions, and integration by parts, one deduces

d B
— [ oov'dy + 12p

< A,

f1
+ Al/ jQ%UzﬁQdy, (29)
2 «

2

2 51
T — 12R/ —v*v,000dy
2 [e%

dt J
Uy Bl 2292
< 6p C 700V U7dy,
and thus,
d [ vvy ||I? i1
— d < — 02?93 dy. 2.1
o | eov y+6u‘\/72_0/a 70V Y dy (2.10)

Multiplying (2.10) with 3 4 and summing the resultant with (2.9) yield

2

+ A

VUy

1
< 2292
—\/_ C’/ Jgov V°dy,

||\/_E||2+—||\/_02||2 +key || =5
il ) e,
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from which, by Proposition 2.2 and Proposition 2.3, one gets

2 2

VUy

d Aq Y
— IV E|l5 + = I|/2ov” 2)+/<:cv —£
dt (” Qo0 ||2 3ﬂ|| Qo ||2 ﬁ ) \/7 )
< CllVeovl3llve,?l% < Cllvedd % (2.11)

Since J|,— = 0, it follows from Proposition 2.3, the Hélder and Young inequalities,
and (H1) that

1

Yy Yy
00 = /(g0ﬁ2)ydz:/ (0h9* + 20099, )dz

A )
< K1000% + 2 ﬁ—y\/j) dz
>~ /a ( 100 00 \/7
< Kl Vaod |3 + 2009 llooll & | /aodl|2 ||~
%
1
< KIVEIE+ Va2 (1+/n@mgm)
2 0
) || 9y Coo )
< Killvoeodll; + Cllvedlls || —=|| |1+ |oo?||SedT
0
1 2 t
< 3 (H\/WHiﬁe —= ) +C (1+ H\/WH%/ H\/MHiodT),
2 0
and thus
9, |17 t
WVaol <e| 2 v (1 ivaig [ Ivaviker) e
VTl 0
for any € > 0. Choosing € sufficiently small and plugging (2.12) into (2.11) yield
d A v, |2 ke, || 9, |1
— B+ =— v? 2) + A |2 2 =L
i (Ve + 21vaie) + a2+ 5] 2|

t
so(ruwaw@+/n¢@wim). (2.13)
0

Combining (2.12) with (2.13) leads to

2

Uy

vy

ol Rl i
§C<LHWEHB+/HVEWiW),
0

K
& (Ivasiz+ e+ [ Ivaoliar) + 4 .
2
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which, together with the Gronwall inequality, implies that

T 2 2
VU )
su E2+/ 92+ || —= —i—H—y dt < C.
s IV&EI+ [ (nfgo |+
This completes the proof of the conclusion. U

Corollary 2.1. There are two positive constants C and C, such that
T
C<I<C om@p)x 1), [ |u<c
0
Proof. The lower bound of J follows directly from Proposition 2.3 while the upper

bound of J follows from combining Proposition 2.3 and Proposition 2.4. Testing
(1.12) with v and integrating by parts yield

2
= / —ﬁvydy
2

W
tl s eyl
2

5 IVl + |2

J

IA

—=|| IVeoll2
2

where the lower bound of J was used, and thus

d 2
EH\/QOUH%ﬂLM —~| < Va3
2

The second conclusion follows from this, the upper bound of J just proved, and
Proposition 2.4. 0

In the rest of this section, we always assume that § — a > 1. We will use the
following elementary inequality.

Lemma 2.1. It holds that

1f 2o (@ < CULF N L2 ((08)) + 111

for any f € H'((a, 8)), and for a positive constant C' depending only on p.

+7
|2 Hf HL? aﬁ)) p € [2,00],

Proof. This can be proved by scaling the corresponding inequality in (¢, §) to that
n (0, 1), applying the Gagliardo-Nirenberg inequality for functions in H'((0, 1)), and
using the condition f —a > 1. Since the proof is straightforward, and thus is omitted
here. 0J

Let G be the effective viscous flux, i.e.,

Uy_RM

v
G=py—m=py - R
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Then, it holds that
po( Gy Ky =1) (Y Yy
G-b(Zv) = () g 2.14
t J(Qo)y () 5 (214)

Gly—ap = 0. (2.15)

and

Proposition 2.5. It holds that

2 T Gy
su G —i—/
Sup G+ Hw—

Proof. Testing (2.14) with JG, using (1.11), (2.15), Lemma 2.1, Corollary 2.1, and
the Young inequality, one obtains

2
+ ||GHE;> dt < C(1+ |Goll3)-
2

1d G, |17
S IVIGIE+ H -
thH 15+ p val,
B 1 B8
= /{(7—1)/ %dy—l—(——v)/ v, G*dy
(03 J 2 [0
G
< C(Hﬁy\lz . 2+HvszHGHi)
G 3 1
< Y 2 2 2
< C[Hﬂyllz N 2+HUZ/H2<HGH2+HG”2”G1}”2>:|
<

2
+ClI9ylI3 + (1 + [lvy IDIGIS],
2

7 H (;3,
2 v/ Qo
that is,

d 2
ZIVIGIE+p < CllIyl15 + (L + lloy I GII3]-
2

I
V0
Thanks to this and the Gronwall inequality, the desired conclusion, except the es-
timate on fOT |G||%.dt, follows from Proposition 2.4 and Corollary 2.1. While the

estimate for fOT |G||%.dt follows from Corollary 2.1, Lemma 2.1, and the estimate
just proved. 0

2
>dt§C.
2

Proposition 2.6. It holds that

J, 2 ) , T , H -
sup | ||| + vyl + 11 +/ Gouill? +
i A (H aill, vy I3 + [ 7:]]2 i v/ eovell3 N
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Proof. Note that v, = i(J G + Roy?) and /oovy = It follows from Proposition

2.4, Proposition 2.5, and Corollary 2.1 that

T
sup o3+ [ IVaulide < c
0<t<T 0

Gy
Voo

which by (1.11) implies

sup |3 < C.
0<t<T

Direct calculations yield
1
Jyr = ;(JGy + J,G + Royd + RooV,).

Taking the inner product of the above with %, one obtains from Proposition 2.4,
Corollary 2.1, and (H1) that

1,
< C —d
LT < o (0] e ] o o)
< c( A= TTET (R +|rfgm9uz+rwy\b)
2 90 5
2 2
< C(1+||Glle) || == +C(1+!h9y|!%+ —% )
2

which, together with the Gronwall inequality, Proposition 2.4, Corollary 2.1, and

Proposition 2.5, yields
2
Jy

Nor <C. (2.16)

2

sup
0<t<T

Since

1
vy = (4G +JGy + Royd + Roody), (2.17)

it follows from (2.16), Corollary 2.1, Propositions 2.4, Proposition 2.5, and (H1) that
2 T
vy ﬁ<0/

[ val," =), (HTQ— Z)dtsa

This completes the proof. O

(G )

Proposition 2.7. It holds that

T
sup [[v/@dy |2 + / (lloodill2 + 9, 2)dt < C.
0<t<T 0



UNBOUNDEDNESS OF ENTROPY AND UNIFORM POSITIVITY OF TEMPERATURE 17

Proof. Rewrite (1.13) as

o0 — K (%) =7,G. (2.18)
y

Note that ¥;|,—a,3 = 0. Taking the inner product of the above equation with gyt
yields

B 9 B
ff/ 7y(9019yt+9619t)dy+cvllgoz9t||§ =/ v, G 0oV, dy. (2.19)

It follows from (1.11) that

By /
')
/a 7 Qoﬁytd?/ 2dt H

Substituting this into (2.19) and using (H1) and Corollary 2.1, one gets

Qo
2dt \/
_ Ry 2 Uy ,
= vyGQO'ﬁt §ﬁ90|19 | /f70019t dy

B
/(lvy||G|go|a9t|+ “ 10l o1, 4+ i, 8 'go|19t|)

Cy
7 leo?ells + CUGIIwllz + oy lloollveodyllz + 19 12),

5,

< CIGIIA Ilvy||2 (1G oo + llo09llo) IV 200y lI3 + [l 15] -

It follows from this, the Gronwall inequality, Propositions 2.4-2.6, and Corollary 2.1
that

T
sup [Iv/2od, 1% + / oo |2t
o<t<T 0

290|19 | dy.

+Cv||Q019t||2

IA

IN

which implies

+ el eo?ill3

T
< cee ettt (gl [ (G1l + 10, a) <c. (220

Direct calculations and using (2.18) yield

9 9 9
Ky = K (7y)y J+ ff7ny = J(c,000: — v,G) + H?Jy.
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It follows from this, (2.20), Propositions 2.5-2.6, Corollary 2.1, and Lemma 2.1 that

T T
/0 19yyll3dt < C/O (leodell3 + Iy ISNGI% + 19,1311y 115) dt

IN

T T
e / 10,]%.dt < C + C / 10,0219, 2 + 19,0 l2)dt

e )
3] 1wl

and thus fOT |9yy|13dt < C. This completes the proof. O

IA

Proposition 2.8. [t holds that

2
el o (o] () %)
sup || —=|| + Gills + ||| = dt<C|1+
OStET Qo ||, 0 |Gl 9 /4], Qo ||
Proof. Combining (2.14) with (2.18) yields
w Gy R Uy
—=|— = ——ooV — =G.

tT g (Qo )y JQO t= g

Note that Gi|y—a,s = 0. Multiplying the above with JG, integrating by parts, and
using Corollary 2.1 yield

B
+ IVIGZ = — / (Raods + v,G) Gudy

[0

2 dt
1
< SIVIGHE + Cllloodel + [l 131 GIZ),

from which, by Propositions 2.5-2.7, the conclusion follows. O]

Proposition 2.9. [t holds that

2 T
sup ( +|wmyu§)+ [ ol <.
0<t<T 2 0

Proof. Note that v, = i(JG + Rop?) and

93 Uy

1
Uyt = ﬁ(JGt + UyG + RQOT%&) (22].)

It follows from (1.11), (2.18), and direct calculations that

9 ) 1
cooo¥u —k | L) = —k vy—;’ + Y2 + —(2JG + Rog?)G, + EgoﬁtG.
g/, J2 ), w p %
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Note that ¥;|,—a,s = 0. Multiplying the above equation with g, and integrating by
parts yield

cvd
2 dt

1 B
= ;/ [vyG2 + (2JG + Roo?)Gy + RG] g?ﬂ?tdy

2 g ﬂyt 2 /
197: —l— K 7(Qol9yt + QQOQoﬁt)d?/

b v,
+/{/ 7 Y (050, + 200050 dy.

Then, by Corollary 2.1 and (H1), one deduces

2

5 aledo x| o

< [ 1wl + 10 @210 + oDy
CAﬂMM?+UGHwMWGA+@WM®M%M@

< 5f%%z+CWWM?W%%MwN®+ﬂmﬁwm€H%%@

LG + CUIGIZ + llaod 2204113 + ClIC el 0d 9213
from which, by Propositions 2.6-2.7 and v, = ;(J G 4 RoyV), one obtains
Qo0 9 2
7,
< O(HGHio + [lao?||%, + 1)“&9931%“3 + O([[oyll5 + 1G5 + 1G5 + lleodel3)
< OGN + loud %+ Dlleg 043 + CUIGHZ + llad % + IGHl3 + oot |-

Hgoﬁt’b + K

Applying the Gronwall inequality to the above, one can get by Propositions 2.4-2.5
and 2.7-2.8, and Corollary 2.1 that

T
3
SWH%&%+/IM%Mﬁ
0<t<T 0

< el 5 G2+ eodl|Z)de [ QQ

+%WBG”WM2t/m@?+me+WQM+MWM>

< O+ IVeallz + llveoaGoll3). (2.22)
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3
where the fact that of ¥¢|i=0 = @(Hl%’ + v4Go) has been used, which follows from
(2.18). Therefore, noticing that Lemma 2.1 implies

1v2005Goll3 < CllvpllZ1Goll3 < Cllugllinl|Goll3,
one gets from (2.22) that
s T
sup lof o+ [ lewdulla < 1+ IVEIR) (2.23)
0<t<T 0
Note that

J J J
It follows from this, (2.23), Proposition 2.6, and Corollary 2.1 that

IVatul? < CUlegtul + el BIGIZ% + v/, 214,11
< COA+GIE + lIveod, [1%)- (2.24)

It remains to estimate ||G||%, and ||\/009,||% as follows. Note that Lemma 2.1, Propo-
sition 2.5, and Proposition 2.8 imply that

IGIE < CIGIL(IG]: + 16y 1) < C. (2.25)
By Lemma 2.1 and (H1), and Proposition 2.7, it holds that
Ql
el < Clyad,l (u@ﬁyna T eyl + H A, )
2

< O+ [[Veodyyll2). (2.26)
Plugging (2.25) and (2.26) into (2.24) and using the Cauchy inequality yield

H 00V H2
/200y, 13 < C(1L+ ([ /ao0y ll2) < % ‘e

which gives ||\/009yy(|3 < C. This completes the proof. O

9 9 1 1
Vyy = J (—y) + -2, = E(cvgof}t —v,G)J + =10,J,.
y

Proposition 2.10. [t holds that

s (n\mtn?

T
> / (||Uyt||2 + ||vyyy||2 + ||Jyy|| )ydt < C.

Proof. The estimate for ,/gyv; follows directly from Proposition 2.8 since ,/gov; =
Su Tt follows from (H1), (2.17), (2.21), (2.25), Corollary 2.1, and Propositions

Voo

2.4-2.8 that

Uy

vz,

2
+ v/l Iz + H\/%ﬁ\lg) <C
2
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T T
| ol < € [ (I BIGIE + 1G5 + vt < .
Noticing that
Vyyy = M(Jny + 2J G + Jny + RQ 0+ 2R9079 + RQOﬁyy)

one can get from (H1), (2.25), Corollary 2.1, and Propositions 2.4-2.5 and 2.7-2.8
that

t t
/Ollvyyyllédf < C/O(IlJnyISIIGIIZo+IIJylliol|Gy||§+IInyH§
+l209|13 + ooy |13 + loo?y,|I3)dT
t
< C/O(IlJyyH3+\IJy|!§O+\InyII§)dT+C, (2.27)

where ||G||% < C(||G|13 + |Gy ||3) guaranteed by Lemma 2.1 wa used. Next, ||J,]|%
and |Gy, |5 can be estimated as follows. Lemma 2.1 and Proposition 2.6 imply that

17112 < CUTIE + 1 yll2ll Ty ll2) < C+ [Ty l15)- (2.28)
While (H1) and Proposition 2.8 yield
G
90 (—y)
% /,

T T
| Gl < [ (
0 0
T
o [{](%) ] +ice)a<c
0

Q /]|,
It follows from this, (2.27), and (2.28) that

t t
!AMW@MSCO+AH%MW) (2.20)

Since J,, = fot VyyydT, One has
ch<c/(/|mmuh) (2:30)

t t T
/HJyyH%dTS/ /OvyyydT
[ etiar < ¢+ ¢ ([ mlar') ar

Plugging this into (2.29) leads to
which implies fo |vyyyll3dt < Ce” < C by the Gronwall inequality. This, together
with (2.30), shows that [ ||J,,|[3dr < C. This completes the proof. O

IN
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Proposition 2.11. [t holds that
(1 ygll2 + 1 yell2) < C.

sup

0<t<T

Proof. This follows from Proposition 2.10 by using .J,,, = fot VyyydT and Jy = vy, 0O
Proposition 2.12. [t holds that

T
A|mwMﬁsa

Proof. By Lemma 2.1 and Propositions 2.5, 2.6, 2.8, 2.10, and 2.11, one has
[ Tylloe + [ Tyyll2 + [0y llos + | Gllee < C. (2.31)
It follows from (2.18) that

Cy

v
Dyyy ;(QBJT% + 200, 0: + 00J V) + 7?/(]%

—%(zjyvy(;  Juy, G+ Ju,G).
Then, by Corollary 2.1, (H1), (2.31), and Proposition 2.11, one deduces
T T
| 10wl <€ [ ol o+ 1,1 ool + el + 19,10 T
HIBIEIZIGL + I BIGIE + a2yl
C [ (el + lowdal + 19,

HlPyyllz + oyl5 + vy ll5 + Gy l2)dt,
where ||9,|2, < C(|9,113 + |94y l3) guaranteed by Lemma 2.1 was used, from which,

by Corollary 2.1 and Propositions 2.4-2.10, it follows fOT |19yyy13dt < C. This proves
the conclusion. O

IN

As a consequence of Propositions 2.2-2.12 and Corollary 2.1, one has:

Corollary 2.2. Let (J,v,9) be the unique global solution stated in Proposition 2.1
to system (1.11)-(1.13), subject to (2.1)-(2.2), and Ag be given by (2.8). Then, for
any T € [0, 00), it holds that

2

J,
inf J>C,  sup (—y,J,J,J> < Crp,
(@,8)x(0,T) g o<i<T || \v/00 " b L2((a,B)) '
2
2 Uyy
sup V00V, /00U, Uy, ——, /00t
0<t<T v/ 00 L2((o,B))

T
+ [ 10 00l oyt < C
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2
L2((wﬂ))>

T
+/ (Wy”%ﬂ((a,ﬁ)) + [| (0¥, Qoﬁyt)H%z((aﬁ))) dt < Cr,
0

2 2
()
L2((a8) 0 9 /y

Voo L2((ev,8))

where C'p and Cp are positive constants depending only on R, c,, i, k, K1,T, and the
upper bound of A, but independent of o and § with f — o > 1.

3
sup (ngnu«a,m) + [(Vaot, vaoty, aotu, 03 ;)

0<t<T

0<t<T

3. GLOBAL EXISTENCE OF SOLUTIONS: PROOF OF THEOREM 1.1

Proof of Theorem 1.1. The proof is given in three steps as follows.
Step 1. Approximations of the initial data. By the assumption (1.16), there

are two sequences {a, }°2 ; and {3, }22 ,, with lim,, . @, = —o0 and lim,, .+, 3, = 00,
and a positive constant M, such that
/ /
%(n) D) | < pp v 1. (3.1)
00(aw) 00(Bn)
Set I, = (a,, — 1, 8, + 1). For each n, choose 0 < y,, € C§°(I,,), satisfying
Xx=1on[a,, B, 0<x,<1land|x,|+ x| <Cyon I, (3.2)

for a positive constant Cy independent of n. Define vy, and 1, as
ﬁOn = 790Xn7

and
vo(an) + 20h(on) sin (5(y — ), ¥ € [an — 1,00,
Von = UO(:g)a y e [am 5n]a
UO(BH) + %’U[l)(ﬁn) Sin (%(y - 571)) ’ Yy € [ﬁna ﬁn + 1]
It can be checked easily that
vy, (n — 1) = 00, (B + 1) = Yon(a, — 1) = o, (Bn + 1) = 0. (3.3)
Noticing that
von(an) = vo(am),  Vou(an) = vo(anm),  von(Bn) = vo(B), V0, (Bn) = v5(Bn),
and since vy € H.(R) and 0 < 9y € HE .(R), one has
von € H*(I,), 0 <9, € H*(I,). (3.4)
Due to 0 < x,, < 1, it is clear that

v/ 0090 221,y < |Iv/20V0]2- (3.5)
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For any y € [a,, — 1, ), the definition of vy, implies that

[von(y) — vo(y)] < [vo(am) —vo(y)] + %!UG(%)\ < 2[[vglloo-

Similarly, it holds that |ve,(y) — vo(y)| < 2||v)||lce, for any y € (Bn, B + 1]. As a
result, one has

[von(y) — vo(y)] < 2[[vgllees VY € In. (3.6)

Hence

IveovonllLz,y < llveo(von — vo)llzz(r,) + llv/Qovoll 21,
1
= 2[lvgllolloollf + [[v/@ovoll2; (3.7)
and
Ivoolvon P2y < 2| veo(Jvol® + |vo — UOn\2)HL2(]n)
1
< 2|l\/eolvol*[l2 + 8llugl 2 llollF - (3.8)
It follows from (3.2) and direct calculations that

IvVeoloullzzry < IIW/@odollz + Collv/aovoll2, (3.9)

IVeoloull2ry < IVeodgll2 + 2Co(llveodo 2 + llv/eovoll2)- (3.10)
By direct calculations, one gets by the Sobolev inequality that
[vonllzr ) < lloglle + C(lvg(em)] + [0(Bn)l)

S ||U6||H1((an,ﬁn)) + ||U[/)||Hl((an_lyan)u(ﬁ'ruﬁn"rl))
< Cllvglizn, (3.11)

for a positive constant C' independent of n.
Set Gon, = puvp,, — Roodo,. Combining (3.5) with (3.11) leads to

1
1Gonllzery < pllvonllzzcr, + Rlleoll3llv/eoonl| 21,
1
< Cllvollz + [leoll%llv/20¥0ll2), (3.12)

for a positive constant C' independent of n.
For y € (B, Bn + 1), one has

00(5n) - Y ZQo(ﬁn) ~ where k(= :_QB(Z)
o) ”/n’““gomd’ here k(z) = —, - BB

By (H1), it holds that |k(z)| < K, for any z € R. Set
Yy
f) = 1+ [ i 2%

5 ds Y€ (BBt 1)
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Then, it follows from (3.13) that

and thus
fly) = el M f(B,) = el FOE < 0wy € (8,8, +1).

It follows from this and (3.13) that
00(5n )
o(Bn) _ fly) <ef, Yy e (Ba,Ba+1). (3.14)
00(y)
Similarly, one has
o) K
<e' Yye (a,—1,ay). 3.15
20(y) ( ) ( )
Recall that Go,, = uv(,, — Roo¥o,. Then, direct calculations yield
m, volan) ™ (
G6 G2M 0\/* sin (E(y - an)) —R <\/%1%n + %§On> Y€ (an -1 an)v
= Voo Y€ (arm ﬁn)a

Vo ) :

It follows from (3.1) and (3.14)—(3.15) that

o) Vo (Bn) vo(an) [eolen)| | vo(Bn) [ eo(Bn)
20(y) 20(y) vV 20(an) vV 00(fBn)

< 2Me™, Wy € (= 1,a0) U (B, B+ 1)
This together with (H1) yields

Gon(y)

is]
0

for any y € (a, — 1, ) U (B, B + 1). Due to this and that % = 5_;% on (o, Bn),
it follows from (3.9) that

G’n
H o < M R () + Kl B )
L2(1y)

+C (IVeadsll2 + Ivaodoll2 + 1), (3.16)

S ‘

for a positive constant C' 1ndependent of n.
Step 2. Solutions to the system in [, x (0,00) and a priori estimates.
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For each positive integer n, let (vg,, Jo,) be the initial data constructed as before.
Consider the initial-boundary value problem to the system (1.11)-(1.13) in (o, —
1, Bn + 1) x (0,00), subject to

(vaa 19)|t=0 = (17 U0n7’l90n)7 (Uy719)‘y=an*1»/5n+1 = (07 O) (317)

Thanks to (3.3) and (3.4), and noticing that inf,c;, g9 > 0, one can verify that the
initial datum (vg,, Jo,) satisfies all the assumptions in Proposition 2.1, for each fixed
n. Thus, there is a unique global strong solution (J,, v,, 9,) to (1.11)—(1.13) with
(3.17). Moreover, due to (3.5), (3.7)-(3.12), and (3.16), it follows from Corollary 2.2
that

sup ( Y (9 J 8 J 8 J ) < CT (3 19)
e ) Ty e n tdn, yt n 2( n) — 9 .

0%v,, 2
sup (\/EIUTH \/@U?w ayv?”m Z/_) \/%atvn>
0<t<T V2 1201
T
+ [ 1030 ) gt < O, (3.20)
3 2
sup (H@oﬁnHm) || (Voo /200,00, +/05020, 0 000 ) )
0<t<T L2 (1)
T
+/ <||ay19n||%12(1n) + [|(200¢ 0, Qantﬁn)HQLQ(In)) dt < Cr, (3.21)
0
and
2
8,Go ||? T 9,Gn
sup ||~ +/ (y—) + 110Gl | dt < Cr, (3.22)
0<t<T \/% L2(I,) 0 9o vil2(r,) "

for any positive time T, where G,, = u(({y]ﬂ — R, and Cr and Cr are positive

constants independent of n.

Step 3. Convergence and existence.

Thanks to the a priori estimates (3.18)—(3.22) and inf(_j ) 0o(y) > 0 for any k € N,
the following estimate holds

[ ( Ty Vs D) | oo 07102 ((—,k)) + 11 (0ns D) | L2013 (kb)) + (106l oo 0.7, 11 (k1))
+ [1(0¢vn, O0n) || Loo (0,752 ((—k k) NL2 (0.1 (—kk)) < Crry,  VE €N,

for a positive constant Cj, v independent of n. Due to this and the Cantor’s diagonal
argument, there is a subsequence, still denoted by (J,,, v, 9,,), and (J, v, 1), such that

(Jny Uny Uy) — (J,0,9),  in L(0,T; H*((—k, k))), (3.23)
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(U, V) — (v,9), in L*(0,T; H*((—k, k))),
Oy = Jpy  in L(0,T; H' ((—k, k))),
(04U, O9y) = (vg,09,),  in L=(0,T; L*((—k, k))),
(04, 040,) — (v, 0y), in L*(0,T; H'((—k, k))),

for any k € N. Moreover, since H3((—k, k)) << C?*([—k, k]) and H?*((—k,k)) ——
C([—k, k]), it follows from the Aubin-Lions lemma that

(Js vns 0) = (L0, 9), in C([0, T]; O ([~k, K))), (3.28)
(Un, V) = (v,0),  in L*(0, T5 C*([~k, k])), (3.29)
for any k£ € N. Thanks to these and by (3.18), one has
1 1
. > L L L .
L T2 Cp o CQO.TEC (D), (330
for any k € N.

Thanks to (3.23)-(3.30) and noticing that (vg,,Jo,) — (vo, Vo) in H?((—L, L)) for
any L > 0, one can take the limit as n — 0o to show that (J, v, ) is a solution to the
Cauchy problem to the system (1.11)-(1.13) subject to (J, v, ¥)|i=0 = (1, vp,¥p). The
desired regularities of (J, v, ¥) stated in Theorem 1.1 follow from the a priori estimates
(3.18)—(3.22) and convergence (3.23)-(3.29) by the weakly lower semi-continuity of
norms. This proves Theorem 1.1. O

4. A HOPF TYPE LEMMA AND UNBOUNDEDNESS OF THE ENTROPY

In this section, we prove the unboundedness of the entropy immediately after
the initial time, i.e. Theorem 1.2. As stated in the Introduction, this is based on
some suitable scaling transform and a Hopf type lemma for a class of general linear
degenerate equations. So, we first establish a Hopf type lemma in the first subsection
and then present the proof of Theorem 1.2 in the second subsection. The Hopf type
lemma has its own independent interests and will also be applied to prove the uniform
positivity of the temperature in the next section.

4.1. A Hopf type lemma. Since the results in this subsection hold in any di-
mension, we use the following notations. Denote by = = (z1,x9, -+ ,2,) and t
the spatial and time variables respectively and P = (x,t) a point in R"™!. For
Py = (g, t9) € R"™ and r > 0, denote

B.(FRy) := {(x,t) eR"™H|z —xo) + (t —t0)* < r2} :

Let (aij)nxn, a0, b = (b1,be,- - ,b,), and ¢ be given functions satisfying suitable
properties to be specified later. Consider the operator

f(p = —aij(()ijgo + aoath + b- V(P + cp.
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Note that here ag is not required to have fixed sign and this linear operator can be
regarded only as a linear degenerate elliptic operator in the space and time variables
with degeneracy occurring in the time direction.

Lemma 4.1. Let O be a domain in R™*'. Assume that a;;, ao,b, and c are finitely
valued functions in O with ¢ > 0, and the matriz (a;j)nxn 1S nonnegative definite in

O. Then, for any ¢ € C>1(0) N C(O), satisfying

ZLp>0im O, and ¢lsgo >0,
it holds that ¢ > 0 in O. Here C*'(0O) denotes the space of all function f satisfying
f7 8tf7 Vf7 VQf € C(O)

Proof. First, we claim that ¢ > 01in O. Otherwise, since ¢ > 0 on 00 and ¢ € C(O),
there is Py € O, such that ¢(Fy) = ming ¢ < 0. Since p € C*1(0), it is clear that
Oyo(Py) = V(Py) = 0 and V2p(P,) is nonnegative definite. As a result

(L) (Po) = —aij(Fo)dyp(Fo) + c(Po)p(Fo) < 0,

which contradicts to the assumption. Therefore, the claim holds. Next, we show
that ¢ > 0 in O. Otherwise, there is P € O, such that ¢(F}) = 0. Then, p(F}) =
ming ¢ = 0, from which, similar as before, one has (Zy)(F;) < 0, contradicting to
the assumption. Thus, ¢ > 0 in O, which proves the conclusion. 0

Lemma 4.2 (Hopf type lemma). Given Py = (xg,to), 7 > 0, P, = (x4, t.) € 0B,.(F),
T, # o, and set Py = (xf,t5), with xf = 2232 and t§ = 2= Assume that there

are positive constants \, A, 8., and C,, with §, < 2= sych that

4
MEP < ag(z, )68 < AJE)P, V€ eR?,
(t—t5)ao(w, t) + (x — xj) - bz, t) > —=C,,  V(x,t) € B (Fy) N Bs, (Px).
0 < c(z, t)/|r — 2.2+ (t — )2 < C,,

Let p € C*N(B,(Ry)) N C(B,(Py)) satisfy
Le=0, ¢>p(P), inBy(F)NBs(F), ©(P)<0.
Then, it holds that

(P) = (P — {n.)

lim <0,
£—0+t 14
where n, = @ is the unit outward normal vector to 0B,.(Fy) at P..

Proof. Set
9 = B:(P;) N Bs.(P.).

It suffices to consider the case that ¢(P,) = 0. Otherwise, one may consider ¢ :=
© — ¢(Py), which reduces to the case considered, due to

L0o=ZLp—L(pP)=Lyp—cp(P)>Lp>0 in7,
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as o(P,) <0and ¢ > 0in 2. It is clear that Bz (Fy) C B,(F%). By assumption, it
holds that
©(P) > ¢(P,)=0, YPec2\{P.}). (4.1)

Define

3, ) = e~ S H(=t)?) _ o=¢ _ o~CP=FRiI? _ o=t

where ¢ > 0 is a constant to be determined. Then, it follows from direct calculations
that

Lo =—e TP 4z — )T Alw — 23)¢? — 2trAC
* |2 1"2
(= t)ap + (x — 1) - b)C + ¢ (e<<\P*Po\ ) 1) ] (4.2)
where A = (a;j)nxn and trA = a;;. Note that the assumptions imply
Az —xp)T Az — 25)C — 2tr AC + 2((t — t5)ap + (z — xf) - b)C
A
>4\ x — xj|*¢? — 2nA¢ — 2C.¢ > Z|x0 —2,)°¢* — (2nA + 2C,)¢, (4.3)
for any (z,t) € 2, due to trA < nA and

|zo — .| PN |zo — 4]

- 4 Y
Note that |P — Fj| < & for any P € 2. It follows from the mean value theorem and
the triangular inequality that

V(x,t) € 9.

o — 23] > | — x| — |z — 2] >

7“2

4
<|IP—R1-5||IP - R+ 5| c < wcliP - B3 - 1B - P

LP-FP—2) 1] = (PP =) ‘|p P

¢

< T<|P - P*lv

for any P € 2, where 7 € (0,1). This, together with the assumptions, yields

‘c (emP_PS'?_é) - 1) <crlP—-PJ( < Cu¢, VPeP. (4.4)
Combining (4.3) with (4.4) leads to
Az — 23)T Alx — x8)(* — 2tr AC
+2((t —tg)ao + (x — xg) - b)C + ¢ (eqlP_Pg'Q_%) — 1>

> 2|x0 —z,]2¢* — (2nA + 20, +7C,)( >0, VP€ 9, (4.5)

if ( > (o= %. Choose ¢ = 2(y. Then, it follows from (4.2) and (4.5) that
ZLp<0 in 2. (4.6)
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It follows from (4.1) that

p>0=¢on 8B§(Pg)ﬂ85*(P*), inf p > 0.

1
0Bs, (P*)QB% (P§)

Therefore, for ¢ > 0 sufficiently small, it follows from the assumptions and (4.6) that
Lp>0>L(ep)in P, ¢ >epond,

and thus
L(p—ep)>0in2, p—cp>0o0ndZ.

With the aid of this, noticing that ¢ — ¢ € C*'(2) N C(2), and applying Lemma
4.1, one gets

w>e¢p in .
Therefore, for ¢ > 0 sufficiently small, one has
p(P) = o(Pe = tny) = —o(Ps — n,) < —ed(P. — In.) = e(¢(Py) — ¢(P. — {n.))
and thus
— o(P) — (P — ny) — O(P%) — ¢(P. — In,)

lim < ¢ lim
-0+ 1 — ot 1

= €0, 0(Ps) = —eCre’§< < 0.

This proves the conclusion. 0J

As a direct consequence of Lemma 4.2, the following corollary holds.

Corollary 4.1. Given Py = (xg,tp), 7 > 0, P = (24,t.) € 0B.(F), ©. # .
Assume that ag,b,c € L>®(B.(F)), ¢ > 0 in B,(P), and

)‘|£’2 S az](x7t)£lé-] S A|£‘27 vé € Rna (I,t) S BT(P())?
for some positive constants X and A. Let ¢ € C*Y(B,(Py)) N C(B,(Ry)) satisfy
ZLp >0, ¢>¢P), inB(R), ¢PF)<0.

Then, it holds that

Er. P* - * T *
lim (P) = (P — fn.) <0
{—0t 14

Y

where n, = @ is the unit outward normal vector to 0B,.(Fy) at P..
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4.2. Unboundedness of the entropy. This subsection is devoted to proving The-
orem 1.2. We start with the following embedding lemma, which is used to verify the
Holder regularity of J, required in the proof of Theorem 1.2.

Lemma 4.3. Let L > 0 be a positive number. Then, the following embedding in-
equality holds

=

Hf”C%’Z([fL,L]X[O,T]) < CUlf Nz (- + 10cf 12 0miz2((-L,0)));

for any function f € L>*(0,T; H'((—L,L))) such that 8;f € L*(0,T; L*((—L,L))),
where C' is an absolute positive constant.

Proof. For any t,7 € [0,T], one deduces by Lemma 2.1, the Minkovski, Hélder, and
Cauchy inequalities that

||f(7t) - f(’ T)||L°°((—L7L))
CIFC) = S I C8) = FC T iy

/Tt O f(-,s)ds

IN

1
2

IN

1
I R—— e
7 1

1 t 2
< Ol ([ 107 oonds)

1
< CUlflleeomsm-royy + 10cf 20,7502~ 1,01 — 717,

for an absolute positive constant C. For any z,y € [—L, L] and t € [0,T], it follows
from the Holder inequality that

/: Opf(z,t)dz

[f (1) = fly, 1) <

L 2

< |[1stas] by alt < Ufllmomanironly - ol
)

Therefore, for any x,y € [—L, L] and ¢,7 € [0,T], it holds that

[f(xt) = fly, )| < |F(a,t) = Fu )] + [ £y t) — Fy,7)]
< O flerm-roy + 10 f20m02-n.oy) ([t = 7|7 + |y — 2).

This leads to the conclusion. O
We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. The proof is dived into five steps as follows.
Step 1. Regularities and pointwise positivity of ¥. For L > 0, denote by
Wy (=L, L) x (0, T)) the space of all functions f € L*(0,T; H*((—L, L))) satisfying
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o,f € L*0,T;L*((—L,L))). Recall the embedding that W' ([—~L, L] x (0,T)) —
C2i([—L, L] x [0,T]) (Theorem 4.1 of [55]). Note that

(v, 9,) € Wy (=L, L) % (0,T)),  J,J, € L*(0,T; H'((~L, L)),

and J;, J,; € L=(0,T; L*((—L, L))). Hence, it follows from the Sobolev embedding
and Lemma 4.3 that

(J, Jy,vy,9,) € C23(|=L, L] x [0,T)), VYL > 0. (4.7)

Rewrite (1.13) as

Jy
yi J20 + Ro OJyﬁ |vy|2. (4.8)
Since J is uniformly positive on Rx (0, 7T), it can be checked that all the coefficients in
(4.8), i.e., 0o, }, %, 007, and [o y‘ , belong to C'z1([—L, L] x [0,T]). Thanks to these
and the fact that oo(y ) > 0 for all y € R, it follows from the classic Schauder theory

on interior regularities for uniform parabolic equations that 9 € C*tal (( L,L) x
(0,7)). On the other hand, by the embedding theorem, it follows from the regularltles
of ¥ that v € C([—L, L] x [0, T]). Therefore, it holds that

v e C*((—=L,L) x (0,T7))NC(]—L, L] x [0,T]).

Note that 9 # 0 on R x (0,7). Otherwise, noticing that ¥ € C([0,T]; L*(—L, L))
for any L > 0, one has ¥y = 0; furthermore, it follows from (1.13) that v, = 0
on R x (0,T), from which, since v € C([0,T]; L*((—L, L))) for any L > 0, one has

Co000¢ — ﬁyy + K

vg = Const. This contradicts to the assumptions. Therefore, one has ¥ # 0 on
R x (0,7) and ¥ > 0. Thanks to this and by the strong maximum principle, one gets
0<deC*™Rx(0,7)NC(R x [0,7T]). (4.9)

Step 2. Asymptotic behavior of J,. Note that
1
Jyt == ;(Gjy + JGy + RQBﬂ + RQ(ﬂ%l)

which implies

1 [t 1
J, = ﬁ/ e J: G (TG, + Royd) + Rogd,)ds.
0
Therefore
t ! (
Sy, )’ < Loin ncm/ (J‘ﬂ +R|% 19+R]19y]> ds. (4.10)
Qo(y) 1% 0 Qo 0o

For any y > 0, it follows that

’M‘: /0 yd+//< ) (2, t)d=d>

00(y)
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1 y+1
< / ﬂ dz+/ <%) dz
0o | Qo 0 % /
< y+1 (ﬂ) (1)
% /4

2
and

1 1 Y
Iy, t) = /Oﬁ(z,t)dz+/0 / Wy (2, t)dz'dz
1 +1
Voo /y lv/20?]|2(%)
VT gy 4 9, |dz < WETN 3719, || (), (411
| [ e < NS 4 oy ()41

where 9y := inf|_;,1) 0o > 0. Similar estimates hold also for y < 0 and thus it holds

y

v/ 2092
o.0) < WL T, e (1.13
Substituting (4.12)—(4.13) into (4.10) and using (H1), one can get by the Holder

and Sobolev inequalities that

t
Jy(?J’t)‘ < CecféllGlloods/ H& (ﬂ) s
0(y) 0 V0o % /||,

t
+ ORI [ (Gl + 9,/ T+ 1+ 10, ) ds

lyl+1 (t) (4.12)

2

ot = [val,

2

and

ly| +1

2

2
t G G
< ovivile| [ L (D) )] ol ) o
0 \/Q_ % / )
+Ct\/|y| + 1/ 00V L= 0,1;22)

< Gyl +1,

that is,
’]y<y7t)
() <CiVlyl+1, Yy eR,te|0,T], (4.14)
0

where the regularities of (9, G) have been used.
Step 3. A scaling transform. Let 7" > 0 be any arbitrary glven constant.

Assume by contradiction that s € L>(R x (0,77)). Since 9 = —ec (Q—JO) "and J has
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uniform positive lower and upper bounds, it follows that
0<d(y,t) <Croj ' (y), Y(yt) € Rx[0,T]. (4.15)
Let 8 > 0 to be determined later and introduce a scaling transform as
fly,t) =9y ", t), ye(0,00),t>0.
Then, direct calculations yield

I(y,t) = f(y77,1),

19t<y7t) = ft(y_ 7t>7 ﬁy(ﬁ%t) = —%y_(1+113)fy(y_1137t)’

1 o2 _ B+1 51 1
Du(:8) = 59" fuly v R,

for any (y,t) € (0,00) x (0,00). Besides, one deduces from (4.8) that
By _ K
cooo(y™ )y~ I 0y ) = o)
KB+1) . K —(148) Jy(yﬂ,t))
(X2 42 R AN, 't
( 7Vt g ) Y

+Roo(y ™)y~ Py, (y 7, 1) f(y. 1) > 0, (4.16)

for all (y,t) € (0,00) x (0, 00).

Step 4. Verifying conditions of Hopf type lemma. Let Mp be a positive
constant to be determined later and define

F(y,t)=e M f(y,t), y€(0,00),t€]0,00).
Due to (4.9), it is clear that
0< FeC*((0,00) x (0,00)) NC((0,00) x [0,00)).
Moreover, it follows from (4.15) and (H2) that
F(y,t) = e M 9(y=" 1) < Cre M o™ (y™7)
< OTK;_le—MTt(l + y—ﬁ)—(v—l)fp < CTK;_le—MTty(’y—l)ﬁﬁp,

for an y € (0,00) and t € [0,00). Thus, one can define F(0,t) = 0 for t € [0, 00),
such that F' is well defined on [0, 00) x [0, 00), satisfying

{ F € C%1((0,00) x (0,00)) N C([0,00) x [0,00)),
F >01in (0,00) x (0,00), F(0,t)=0, Vte[0,00).

It follows from (4.16) that
ao(y, ) Fi(y, t) — aFyy(y, ) + by, 1) Fy(y, 1) + cy, 1) Fy, 1) = 0, (4.18)
in (0,00) x (0,00), where

e -

=

t) +

(4.17)

ao(y> t) = CUQO(yiﬁ)yi(%rzﬁ)J(yiﬁv t)v a=
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KB+Y) ksl D)
bly,t) = — (—23/ Yoy (Hﬁ)yT )
8 g J(y=,1)
c(y,t) = ooly™")y B (CvMTJ (y™7. 1) + Ry (y ™, t))'
Take arbitrary ¢y € (0,7), 0 < yo < min{3, %}, and set
Po=(v,%), r=uwo, P.=(0,t0)=:(ys,ti), 0= %,

P = (%to) = (it 2 = Bo.(P) N By(F).

Then,
P, € 9B,(R), 2= Byo((o to)) N Bua (%3, 10))-

For any (y,t) € 2, due to 0 <y < 2 < & and & <t < 3¢y, one deduces
(t —t5)ao(y, 1) + (y—yo) (v, )
= et —to)oo(y ")y~ ** Iy~ 1)

B (y_@) (/@(6+1)y_1+ Ly —a+p) Jy (y‘ﬂ,t)>

2) T 5 Iy, 1)
g — . _asp [y 7 1)
S ot By, (2+28) 7By _ FM0 i) [y D]
> —cptooo(y ")y (y™",1) 257 J5.0)
- _ _ K _ _
> —cptojroo(y )y P — ——y (0 1), (4.19)
irB
where
Jjpri= sup J(y,t), j. = inf J(y,1t). 4.20
r (y,t)ERX[0,T] v:7) T (y)eRx[0,T] ©:7) ( )
Set My = M;RX(OT” Then,
vl
CUMTJ(y , )+ R?@(@/iﬂ,i) > C’”MTZT — RHUyHLOO(RX(O,T)) =0
and

Thus, for any (y,t) € 2, since /|y — y.|2 + [t — t.]2 < 4. < 2

ceMrJ(y P t) + Roy(y ", t) < c,Mrjp+ Rllvy| e ®x(0,1))

16» it holds that

0< ey, )]y — v P + [t — t.]> < eoMr (G + j ) ooy )y~ . (4.21)
For any (y,t) € 2, since 0 < y < 1, it follows from (4.14) and (H2) that
0o(y ")y PP < Ko(1 4y P) ey ) < Koyl < K (4.22)

and

_ _ _ _ _ _ 1
y NI 0] < Cy T ooy VIL +y P < Oy A (14 y P et
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< O Koy 28 < 01K, (4.23)
as long as 3 > max {ef—z’ %2_3 = &2_2.

Due to (4.22) and (4.23), it follows from (4.19) and (4.21) that

(t —t5)ao(y, 1) + (v — yo)b(y, t) = —(C1 + 1) K> (cvt(JT + j%) : (4.24)

0<c(y,)Vly—wlP+ 1t =t < eoMr(jp +j, ) Ko, (4.25)

for any (y,t) € &, as long as 5 > %L_Q

Step 5. Unboundedness of entropy. Choose
2 2
p=sosmmos{ o2 et
Due to (4.17), (4.18), (4.24), and (4.25), it follows from Lemma 4.2 that
— F(P,) — F(P. —nl) F(P. —nl)

lim = — lim
{—0t g ¢—0t g

= —282,

for some positive constant g9, where we recall P, = (0,1g), n, = @ = (—1,0), and

thus P, — n.l = ({,ty). Thus, there is a positive number ¢y, such that
F(y,to) = e Mriog(y= ) > g9y, Yy € (0, £p),
that is
Iy, to) > EgeMTtOy_%, Yy € (E;ﬁlo,oo) :
On the other hand, it follows from (4.15) and (H2) that
Iy, t) < CrKJ (1 4y) %0~V < OpKy~ly %070 vy > 0.

Combing the previous two inequalities leads to

1 _ 1
y VT < Oy Teyte Mt Wy e (6,7 00),

which is impossible when y — oo, as (y — 1)¢, — % > “’T_lép > 0. This contradiction
leads to the desired conclusion that s ¢ L*(R x (0,7)). O

5. UNIFORM POSITIVITY OF ¥ AND ASYMPTOTIC UNBOUNDEDNESS OF §

In this section, we prove the uniform positivity of the temperature and asymptotic
unboundedness of the entropy, under the condition that the initial density decays at
the far field not slower than O(=), which yields the proof of Theorem 1.3.
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Proof of Theorem 1.3. We need only to prove (i), while the conclusion (ii) follows
from (i), (1.10), and (4.13), as J has uniformly positive lower and upper bounds at
each time t € (0, 00).

Let h be the Kelvin transform of ¢ defined as

Wy, 1) = yo Gt) Wy £ 0, € [0,T]. (5.1)

Then (4.9) implies
heC*(RLURZ) x (0,7))NC((Ry UR_) x [0,T]). (5.2)
Note that

1 1
I(y,t) = yh (;ﬂf) ;o Uiy, t) = yhy (g,t) :
%

1 1 1 1 1
d,(y,t)=h|—,t) ——=h, | —,t], y,t) = —<h <_7t)7
y(y ) (y ) y y<y ) yy( ) 3y y

@K‘
—

1
oo () it 1) =~ @t) o (0:0) 3 5t (0.
Y Y
2
+ Rvy<y’t> 90(45)“4,(5,15)_3 hy.t) = I Go)] ,
60 R T e o

Then, it holds that

{ aohy — ahyy +bhy, +¢h >0,  in Qf, (5.3)

aphy — ahy, 4 bhy +¢ch <0, in Q,
where
Q; = R—i— X (O7T)7 Q; =R_ x (07T>
Properties of ag,a,b, and ¢ are analyzed as follows. It follows from (4.7) and the
regularities of gy and J that

ap € C(RTUR_), a,bceC(QFfuUQs). (5.4)
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For ay, it follows from (H3) that
C’UK3
0<aply) < — 3 < Ky, Vy0.
For a, it holds that
M <a(y,t) < Ap, Vy#0,tel0,T],

where Ay = £ and Ay = £, with j  and Jr given by (4.20).

Jr

It follows from (4.14) and (H3) that

17, (y, )] < Croom) /Tyl + 1 < C1K5(y| +1)"%, Yy eR,te0,T].
This implies that

NI~

L 1 1 1 2 OK
oy, < =55 |, (—,t)] < 51k (—+1) <L
Ipyo 1oAY IrY 1yl 2
for any y # 0 and ¢ € [0,T]. By (H3) and (5.7), one deduces
7
¢ Rl K3 k1 1\ "2
et < =gl lle(t) + 5 Crk (1 i _)
Ir¥ (1 + ﬁ) I 1Yl [y]
)
RK B
< oy oelt) + 25 €1 < Oy i + 1,
Jr Jr
for any y # 0 and t € [0, 7.
Set
2 R \/§I€Cl
Nr = — | —llvyllz=@x(0,1)) + —3
¢ \ Jgp 2
and define

H(y,t) = e “'h(y,t), Yy #0,t<€0,T).
Due to (5.2), it is clear that
He C*(RLUR.) x (0,7))NC((Ry UR_) x [0,T7]).
Since ¥ > 0, it follows from (5.1) and (5.10) that
H>0inQFf and H <0in Q7.
By (4.13) and recalling the definitions of h and H, one deduces

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

1 1
HOL < 10 (5.0) < CUVBIamaman + Oularan)lly 14

< OVET L Wy #£0,teT]
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Thanks to this, it holds that
lim H(y,t)=0, Vtel0,T].

(y,7)—(01)
It follows from direct calculations and (5.3) that

aoH; — aH,, +bH,+cH >0, inQF,
apHy —aH,, +bH,+cH <0, in @,

c(y,t) = ¢é(y,t) + Nrao(y,t)

’Uy <17t> Jy (l,t> 1 1
= |eNp+R—2 L4 7 2y Qo<—>—4-

Gt 1) @)

For any y € [-1,0) N (0,1] and ¢ € [0, T, it follows from (4.14) that

R K 1 1 1
) > (e — ol - Sliciy 1+ = ) e (—) 1
Iy Jr |y y

)
R K 1\ 1
= (el - OV IP rm) o0 (5) L

2T 2T Y
R \/5/‘101 1 1
> | coNp — —|lvyl|oo(t) — —3 00 (‘) —
Jr i y)y
R V2kC, 1\ 1
> (Fle+ 25 (1)
Jr J7 y)y
and thus
c(y,t) =0, Vye[-1,0)0U(0,1],t € [0,T].
Define

H(y,t), ify>0,
H(y,t) = 0, ify=0,

for all t € [0, T]. Denote
Q_:=(-1,0) x (0,7), Q4 :=(0,1)x(0,7),
Q:=0,0UQ_, I':={0} x[0,7].
Then, it follows from (5.11)—(5.14) that
HeC*(Q)nC®), H>0imnQ, H|r=0,
SH= aoﬁt —aﬁyy—i—bﬁ[y +cH >0 in Q,

(5.13)

(5.14)

(5.15)

(5.16)
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with ag, a, b, and ¢ satisfying

{02 CCLON DN (111 0D 510)
a,b,ce C(QUNL®Q), M<a<Apr, ¢>0inQ, ’

which follows from (5.4)-(5.6), (5.8)-(5.9), and (5.15).
For arbitrary ¢, € (0,7), set

. 1
P, = (0,t0), Fo= (vo,t0), 7=1yo= mln{§,t0,T—t0}.

Then, it is clear that n, := 2= = (—1,0). Let B, be the space-time ball of radius

r and centered at Py. Thanks to (5.17), (5.18), and (5.19), it is clear that H satisfies
all the conditions in Corollary 4.1, and thus Corollary 4.1 implies

Er. g x) T H x * - H
i AP = HB =) pn —HGR) o
(=0t ¢ {—0+ V4

ﬁ(f,to) —

7 2¢¢, which yields that

with a positive constant €. Thus, lim, .+

H(Z/? tO) Z oY, vy S <07 60)7 (520)

for some positive constant ¢;. Then, by the definition of H , one derives

~ 1
H(y,to) = e "h(y, o) = e "y (—;t0> > ey, Vy € (0,4) (5.21)
Y
and thus,
Nyt 1
Wy, to) > e >, Vy€ (g—,oo) ) (5.22)
0
Similarly, there are positive constants €, and ¢; such that
1
ﬁ(ya tO) 2 €1, Vy € (-OO, _g_) .
1

Combining this with (5.22) and recalling that 0 < J € C(R x [0,77), one has

inf 9(y,to) = min< €9, %1, inf  I(y,to) p > 0.
yeR [ 11

This yields the desired conclusion, and the proof of Theorem 1.3 is completed. [
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