LOCAL WELL-POSEDNESS OF ISENTROPIC COMPRESSIBLE
NAVIER-STOKES EQUATIONS WITH VACUUM

HUAJUN GONG, JINKAI LI, XIAN-GAO LIU, AND XIAOTAO ZHANG

ABSTRACT. In this paper, the local well-posedness of strong solutions to the Cauchy
problem of the isentropic compressible Navier-Stokes equations is proved with the
initial date being allowed to have vacuum. The main contribution of this paper is
that the well-posedness is established without assuming any compatibility condition
on the initial data, which was widely used before in many literatures concerning the
well-posedness of compressible Navier-Stokes equations in the presence of vacuum.

1. INTRODUCTION

The isentropic compressible Navier-Stokes equations read as
plus + (u- Vu) — pAu — (A + p)Vdivu + VP =0, (1.1)
pr + div (pu) = 0, (1.2)

in R3x (0,7, where the density p > 0 and the velocity field u € R3 are the unknowns.
Here P is the scalar pressure given as P = ap”, for two constants a > 0 and vy > 1.
The viscosity constants A, u satisfy the physical requirements:

w>0, 2u+3X>0.
System (1.1)—(1.2) is complemented with the following initial-boundary conditions

(p, pu) =0 = (po, potio), (1.3)
u(z,t) — 0, as |z| = oco. '

There are extensive literatures on the studies of the compressible Navier-Stokes
equations. In the absence of vacuum, that is the density has positive lower bound,
the system is locally well-posed for large initial data, see, e.g., [23, 41, 46, 48, 49, 51];
however, the global well-posedness is still unknown. It has been known that system in
one dimension is globally well-posed for large initial data, see, e.g., [2, 26-29, 57, 58|
and the references therein, see [35] for the large time behavior of the solutions, and
also [34, 37, 38] for the global well-posedness for the case that with nonnegative
density. For the multi-dimensional case, the global well-posedness holds for small
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initial data, see, e.g., [6, 10-13, 19, 30, 42-45, 47, 50]. In the presence of vacuum,
that is the density may vanish on some set, global existence (but without uniqueness)
of weak solutions has been known, see [1, 14-16, 25, 39, 40]. Local well-posedness
of strong solutions was proved for suitably regular initial data under some extra
compatibility conditions (being mentioned in some details below) in [7-9]. In general,
when the vacuum is involved, one can only expect solutions in the homogeneous
Sobolev spaces, that is, the L? integrability of u is not expectable, see [31]. Global
well-posedness holds if the initial basic energy is sufficiently small, see [20, 21, 36, 54];
however, due to the blow-up results in [55, 56|, the corresponding entropy of the global
solutions in [20, 54] must be infinite somewhere in the vacuum region, if the initial
density is compactly supported.

In this paper, we focus on the well-posedness of the Cauchy problem to system
(1.1)—(1.2) in the presence of vacuum. As mentioned in the previous paragraph, local
well-posedness of strong solutions to the compressible Navier-Stokes in the presence
of vacuum has already been studied in [7-9], where, among some other conditions,
the regularity assumption

Po— Poo € H NWH g € Dy D?, (1.4)
for some constant p,, € [0,00), and the compatibility condition

—puAug — (pp+ N)Vdivug + VP(po) = +/po9, (1.5)

for some g € L?, were used. Similar assumptions as (1.4) and (1.5) were also widely
used in studying many other fluid dynamical systems when the vacuum is involved,
see, e.g., [3-5, 17, 18, 20-22, 32, 36, 52-54].

Assumptions (1.4) and (1.5) are so widely used when the initial vacuum is taken
into consideration, one may ask if the regularities on the initial data stated in (1.4)
can be relaxed and if the compatibility condition (1.5) is necessary for the local well-
posedness of strong solutions to the corresponding system. In a previous work [33],
the second author of this paper considered these questions for the inhomogeneous
incompressible Navier-Stokes equations, and found that the compatibility condition
is not necessary for the local well-posedness. The aim of the current paper is to
give the same answer for the isentropic compressible Navier-Stokes equations. As
will be shown in this paper that we can indeed reduce the regularities of the initial
velocity in (1.4) and remove the compatibility condition (1.5), without loosing the
existence and uniqueness, but the prices that we need to pay are the following: (i)
the corresponding strong solutions do not have as high regularities as those in [7-9]
where both (1.4) and (1.5) were assumed; (ii) one can only ask for the continuity, at
the initial time, of the momentum pu, instead of the velocity u itself.

Before stating our main results, let us introduce some notations. Throughout this
paper, we use L” = L"(R3) and W*" = TW*"(IR3) to denote, respectively, the standard
Lebesgue and Sobolev spaces in R?, where k is a positive integer and r € [1, oo]. When
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r =2, we use H* instead of W*2. For simplicity, we use || - ||, = || - ||z-. We denote

Dt = {u e L, (R?) ‘ IV ull, < 0o}, D =D,

loc

Dj = {u € L" ‘ |Vull2 < oo}

For simplicity of notations, we adopt the notation

/fd:c:/Rsfdx.

Our main result is the following:

Theorem 1.1. Suppose that the initial data (po,uo) satisfies
pOZOa p_PooeHlmWan UOED(%7 pOUUGLQa
for some py € [0,00) and some q € (3,6).
Then, there exists a positive time T, depending only on u, A, a, 7, q, and the

upper bound of o = ||pollsc + [P0 — Pooll2 + [|VpollL2nze + || Vuol|2, such that system
(1.1)-(1.2), subjects to (1.3), admits a unique solution (p,u) on R3x (0, T), satisfying

p—po € C(10, T L) N LX(0, T H N WH9), p € L¥(0,T; L2),
pu € C([0,T];L?*), we L>(0,T;Dy)NL*0,T;D?), /pu, € L*(0,T;L?),
Vitu € L=(0,T; D) N L2(0,T; D*),  tu, € L*(0,T; D}).

Remark 1.1. (i) Compared with the local well-posedness results established in [7, 8],
in Theorem 1.1, ug is not required to be in D* and we do not need any compatibility
conditions on the initial data.

(1) The same result as in 1.1 also holds for the initial boundary value problem if
imposing suitable boundary conditions on the velocity.

2. LIFESPAN ESTIMATE AND SOME A PRIORI ESTIMATES

As preparations of proving the main result being carried out in the next section,
the aim of this section is to give the lifespan estimate and some a priori estimates,
under the condition that the initial velocity uy € D§ N D? and some compatibility
condition; however, it should be emphasized that all these estimates depend neither
on |[V2ugll2 nor on the compatibility condition.

We start with the following local existence and uniqueness result, which has been
essentially proved in [7-9].

Proposition 2.1. Let po, € [0,00) and q € (3,6) be fized constants. Assume that
the data py and ug satisfy the reqularity condition

p0207 pO_pOOEHlﬂWan UOGD(I]HD27
and the compatibility condition
—pAug — (+ N)Vdivu + VP = \/pog,
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for some g € L?, where Py = ap].
Then, there exists a small time T, > 0 and a unique strong solution (p,u) to
(1.1)-(1.2), subject to (1.3), such that

p— poo € C([0, T0]; Hr nW19),  w e C([0,T.]; DL n D?) N L?(0, T,; D*9),
Pt € C([OaT*]aLz N Lq)v U € L2(OaT*;Dé)> \/ﬁut € Loo(ovT*;Lz)'

As will be shown in this section, the existence time T, in the above proposition
can be chosen depending only on u, A, a, 7, ¢, and the upper bound of

Yo = [lpolloc + | Po — Pscll2 + | Pollos + [V Poll2 + IV Follg + [[ Vo2,

with P, = apl,, and, in particular, independent of ||V?uyl||2 and ||g||2. The following
quantity plays the key role in this section

U(t) = (lplle + 1P = Pullz + [ Plle + [IVPll2 + [V P,
HIVullz + IVEypuell2)(t) + 1.

In the rest of this section, until the last proposition, we always assume (p,u)
is a solution to system (1.1)—(1.2), subject to (1.3), on R? x (0,7), satisfying the
regularities stated in Proposition 2.1, with 7T} there replaced with T

Throughout this section, except otherwise explicitly mentioned, we denote by C' a
generic constant depending only on u, A, a, 7, and the upper bound of V.

Proposition 2.2. The following estimates hold
IV2ullz < COP" + Wlly/pu)3),
Ipu- Vullz < C¥"+9°|ly/puel2),
_5=6
IV2ully < CUNVEVul; + Vpull3 + % + ¥, g€ (3,6),

with o := max {12, 2%—63; }

IA A

Proof. Applying the elliptic estimates to (1.1) yields

IV2ull3 < Cliollso(lvpuellz + lvp(u - V)ullz) + CIIV P
By the Holder and Sobolev inequality, one has

el V)ullz < llpllsollullg Vulla| Vulls < CUH[Vull2.

Substituting the above inequality into the previous one and using the Cauchy in-
equality, one gets

IV ull3

IN

C¥[Vpurlls + 9| VPulls + ¥7)
1
< SIVZllz + C[lvpu 3 + ),

that is
IV2ul]3 < O + W]\ /pull3), (2.1)
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and, consequently,

Ivp(u- V)ull; < C(9° + W[\ /puel2),
proving the first two conclusions.
It follows from the Holder and Gagliardo-Nirenberg inequalities that

lp(u-V)ullg < llplloollull eo [Vulls

_3
< ClolllulldIVully ? < Cllpllul Tl 192ull, (2.2)
from which, by the Young inequality and using (2.1), one has
lo(u Vyull, < C¥T (W0 + ‘1’||\/_Ut|| )
CU (W + [|y/pu13) 5
CW* + 0 + [[/pull2) < COU2 + [l/pul3).
It follows from the Holder and Sobolev inequalities that

<
<

3q—6
lpusllq < ol H\/_utllz"’q furllg™ < Cllpllot® HfutHg IV, (23)
and further by the Young inequality that

lowl, < Cw&t & ||\fVut||22q ||\/_ut||22q
(5¢—6)2

CUNVEVwl + I/pudl3 + 5 + wiiteo).
Thanks to the above two, and applying the elliptic estimates to (1.1), one obtains
IV2ull, < Cllpully + o V)ully + IV Pl,)
< CVIVw[ + | Vouli+¢5 + ),
proving the conclusion. 0

Proposition 2.3. The following estimate holds
T T
sup (I19ull+ [P = Pl) + [ Il <c+c [ v
0<t<T 0 0

Proof. Multiplying (1.1) with u,, it follows from integration by parts that

1d .
3 3 UVl + G N v ) + VBl == [ (ol 9)u+ 9P) - .

Integration by parts and noticing that
P 4+u-VP+~divuP =0, (2.4)

one deduces

—/VP cudr = /(P — Py)divudx
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= % (P — Py)divudz — /Ptdiv udx
= i P — Py)divudz + [ (u- VP + ydivuP)divudz.
dt

Therefore
d . :
i (vl Gt vl 2 [ (P = Pojaivads ) + 7w

= /(u - VP + ydivuP)div udx — /p(u NVu - udr =: I + Is.

By the Holder, Sobolev, and Young inequalities, and applying Proposition 2.2, one
has

o< [l VPalldivalls + ldival3] Pl
< CIVulo VPl Vull3 [ V?ul + v
< CUR(UE 4 Wi || pu?) + OV
< VAl + v,
and
I < [Vpuell2llv/p(w - V)ully
< O(WE + ||y /pul3) | Vouls
< VAl + v,
Therefore
3t (Wl 4 e Wlivall =2 [ (P = Poydivude) + |/l < Cv®,

from which, one obtains by the Cauchy inequality that

T T
sup ||[Vull; +/ |/pue||5dt < C (1 + sup ||P — Pyll3 +/ \Illodt> . (2.5)
0<t<T 0 0<t<T 0

Multiplying (2.4) with P — P, it follows from integration by parts and the Sobolev
inequality that

d |
CIP— Pl = (- 3) /divu(P _ Po)ida — vPoo/divu(P  P)ds

1 E]
< CVullo|lP = Pol3 VP53 + ClIVull2|| P = Pull2 < CP,
which gives

T
sup HP—POOH§§C+C’/ W3dt.
0

0<t<T



LOCAL EXISTENCE OF STRONG SOLUTIONS TO THE COMPRESSIBLE N-S EQ 7

This, combined with (2.5), leads to the conclusion. O

The t-weighted estimate in the next proposition is the key to remove the compat-
ibility condition on the initial data.

Proposition 2.4. The following estimate holds
T T
sup ||Vty/pu|> +/ |VtVu,|2dt < C + C/ Wodt.
0<t<T 0 0

Proof. Differentiating (1.1) in ¢ and using (1.2) yield
p(Opuy + (u - V)uy) — pAuy — (N + p)Vdivuy,
= —VP, +div (pu)(us + (u- V)u) — p(uz - V)u.

Multiplying it by w, integrating by parts over R® and then using the continuity
equation (1.2), one has
1d
2dt

= /Ptdivutda: + /div (pu)|u,|*dz + /div (pu)(u - V)u - udz

||\/5Ut||§ + u||Vut||§ + (/\ + M)HdiVUtHg

— /p(ut -Vu) - wde =: I + 11+ 113+ 1.
Recalling (2.4) and using the Sobolev and Young inequalities, one deduces

L = - /(’ydivuP +u - VP)divudz

IA

C (P llool[Vullo V|2 + [[ulls|[V Plls|[Vur]]2)
!
C (U + IVl 5[V Pl[znza) + SVl

IN

IN

OF* + £V .

Integrating by parts, using the Holder, Sobolev and Young inequalities, and applying
Proposition 2.2, we have

I, = —/ pu -V |ug|*dx
g
< CllpllElullslIv/puel|Z11y/Buel|Z [ Vol |2
< Cllpll&lIVullally/Aud Vel |2
< CV|ypull3 + GVl 3
I < / Al ]+ [l V2l ]+l [V [V
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Cllplloo (fullsl [Vl 3] uells + [Taul[§]1V 2|2 ] [o
Hlullel Vullsl [ Vi)

< Cllplel VulBlI V2l 2]V
< CV|IV2ull3 + £l VI
< C 4 97| ypul ) + 51Vl
and
1, < /p|ut|2|Vu|dx
R3
1 1 1
< Cllpll&lVullally/pul v/l ulle
3 1 3
< CllplllVullolly/u 131 Vull3
<

1
CUT||y/pull; + GVl 5.

Therefore, we have

d
Vel + pll Va3 < O+ W71 /owll3),
which, multiplied by ¢, gives
d
EH\/{S\/ﬁutH%""NH\/EVUt”% < OO+ WT(|Viypudll + [|v/pue3)

< O+ | ypull).
Integrating this in ¢ and applying Proposition 2.3, the conclusion follows. OJ

Proposition 2.5. The following estimate holds

T T
/(||Vu||oo+||V2u||q)dt§0+(]/ Po2dt,
0 0

with ay = max {16, a; } = max {16> (22%(;—61)12) }

Proof. Noticing that T € (0,1), for ¢ € (3,6), and recalling the following estimate
by Proposition 2.2

_54=6 N
IV2ully < CUVEVw3 + [Vawl3 +¢ 7 + ),

it follows from the Gagliardo-Nirenberg and Young inequalities and Propositions 2.3
and 2.4 that

T T
| IVt < ¢ [ 19l valgae
0 0
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T
= C/ (IVulls + || V2ul|)dt
0
g 59—6
< © VIVl + IVpulg + 05 + v
0

T
< c+c/ wedt,
0

where 0 = 55’—36 € (0,1), proving the conclusion. O

Proposition 2.6. The following estimate holds

T
(plloe + 1Plloe) < Cexp (c / wdt) |
0

where ag is the number in Proposition 2.5.

Proof. Define X (t;x) as

sup
0<t<T

{ LX(ta) = u(X (), 1),

One can show that for any ¢ € (0,T), and for any y € R3, there is a unique x € R?,
such that X(¢;z) = y, and, in particular, X (¢;R3) = R3; in fact, to show this, it
suffices to consider the backward problem 4 Z(t) = u(Z(t),t), X (T;z) = y. Then, by
(1.2), it has

P& Ea) ) = Gp(X(t2),t) + u(X(t2),1) - Vp(X (5 2), 1)
— —diva(X(52), p(X (4 2), 1),

and, thus,

p(X(t;x),t) = po(x) exp (— /t div u(X(T;a:),T)dT> : (2.6)
Therefore, 0

Ipllo(t) = II/)(X(t;w),t)Ho;(t)
< lllwep ([ 19t}

and the conclusion follows by applying Proposition 2.4. 0

Proposition 2.7. The following estimate holds

T
(IIVPH2+HVPHq)§Cexp<C / ww), 1€ (3,6),
0

sup
0<t<T

where oy is the number in Proposition 2.5.
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Proof. From (2.4), one has
VP +~vdivuVP +~yPVdivu+ (u-V)VP + VPVu = 0.
Multiplying the above by |V P[P=2V P, integrating over R?, one has
%HVPHZ < C([IVull| VP + 1| Pllool [Vul [, [V P 7),
which gives
%HVPHp < C(IVullool [V Pl + [|Ploo][VZul])-

By the Gronwall inequality, one has

T T
sup ||VP||p§C<||VP0||p+ / ||P||oo||v2u||pdt)exp(o / ||w||oodt)
0 0

0<t<T
T T
<C (1 +/ HV2qudt) exp (C/ \Ilo‘th) )
0 0

Thanks to the above, it follows from Proposition 2.5 and Proposition 2.6 that

T T
sup ||[VP||, < C’<1+/ \Ilo‘2dt) exp (C’/ \If‘”dt)
0<t<T 0 0

T
< Cexp <C/ \I/”dt),
0

where we have used the fact that e* > 14 z for z > 0. By Proposition 2.2 and
Proposition 2.3, it follows from (2.7) and the Cauchy inequality that

(2.7)

T T
sup ||[VP|ls < C [1+/ (\If5+\lf§||\/,5ut||2)dt} exp (C’/ W”dt)
0<t<T 0 0

T T

< C [1+/ (\If5+\]\/ﬁut\|§)dt} exp (C/ \If’”dt)
0 0

T T
< C <1+/ \Ifwdt> exp <C’/ \I/a2dt)
0 0
T
< (Cexp (C/ \Ifo‘th) .
0

This proves the conclusion. O

Proposition 2.8. The following estimates hold

T
(”P—PoonJrHVPH2+HVPHq)SCeXp(C’ / wzdt), 1€ (3.6),
0

sup
0<t<T



LOCAL EXISTENCE OF STRONG SOLUTIONS TO THE COMPRESSIBLE N-S EQ 11
with constant C' depending also on ||po — psoll2 + [V poll2 + [V pollq, and

sup [[VEVZul3 < C sup (U1 + W|[VEy/pul3),

sup
0<t<T 0<t<T
where o is the number in Proposition 2.5.

Proof. The estimate of ||[p — psol|2 follows in the same way as that for [|P — Pyl|2
in Proposition 2.3, while those for ||Vpl||s and ||Vp||, can be proved similarly as in

Proposition 2.7. The conclusion for ||/#V?ul|2 follows from combining Propositions
2.2 and 2.4. UJ

We end up this section with the following proposition on the lifespan estimate and
a priori estimates.

Proposition 2.9. Assume in addition to the conditions in Proposition 2.1 that p > p
for some positive constant p. B
Then, there are two positive constants T and C depending only on u, A\, a, 7, q,
and the upper bound of 1o = [|pol| + [lpo — pocll2 + [[Vpollz2nrs + [Vuol|2, and, in
particular, independent of p and ||V?uol|z, such that system (1.1)-(1.2), subject to
(1.3), has a unique solution (p,u) on R3 x (0,7T), enjoying the reqularities stated in
Proposition 2.1, with T, there replaced by T, and the following a priori estimates

sup ([|plloc + [lp = pscllz + [[Vplla + [[Vpllg + llpell2) < C,
0<t<T

.
sup IIVUI|§+/ (IV2ull3 + lvVpullz)dt < C,
0<t<T 0

-
(H\/f\/ﬁutH%H\/szuH%H/ (IVEVuwl + VEv2ulfdt < C.
0

sup
0<t<T
Proof. Define the maximal time T,,,, as
Tax := max{T € T},
where

T = {T € [T.,00) | There is a solution (p,u) in the class Z7r
to system (1.1) — (1.2), subject to (1.3), on R® x (0,7)},

where 27 is the class of (p,u) enjoying the regularities as stated in Proposition 2.1,
with T, there replaced with 7. By Proposition 2.1, it is clear that 7™ is well
defined and T™* > T,. Moreover, by the uniqueness result, see the proof of the
uniqueness part of Theorem 1.1 in the next section, one can easily show that any
two solutions (p,#) and (p, @) to system (1.1)—(1.2), subject to (1.3), on R3 x (0,7T)
and on R? x (0,7), respectively, coincide on R? x (0, min{T,T}). Choose T}, € T
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with T 1T 7™ as k 1 co. By definition of 7, there is a solution (pg, ux) to system
(1.1)-(1.2), subject to (1.3), on R? x (0, T}). Define (p,u) on R® x (0, T™%) as
(p,u)(z,t) = (pr,up)(w,t), xRt (0,T}), k=1,2,--.
Applying the uniqueness result again, the definition of (p,u) is independent of the
choice of the sequence {T;}?,. By the construction of (p,u), one can verify that
(p,u) is a solution to (1.1)-(1.2), subject to (1.3), on R? x (0, 7™*) and (p,u) € 27,
for any 17" € (0, 7™*).
By Propositions 2.3, 2.4, 2.6, and 2.7, it is clear

¢
U(t) < Cy,exp (C’m/ \Ilang) ,  te (0, T™),
0

where (), is a positive constant depending only on i, A, a, 7, ¢, and the upper bound
of ¢y. Here we have used the fact that W, can be controlled by /9. One can easily
derive from the above inequality that

W(t) < 203C,,  VE € (0,min {T™ (2022 1) 711 (2.8)
Thanks to the above estimate, one can get by applying Propositions 2.5 and 2.8 that

t
(lp = pecllz + 1V pllz + [V pllq + [IVEV>ul5)(2) + /0 IVlloodr < C, (2.9)

for any ¢ € (0, min {7, (2°2C%21)~1}) and for a positive constant C' depending
only on p, A, a, v, g, and the upper bound of ¢y. Thanks to (2.8)-(2.9) and using
(1.2) one can further obtain

[pellz = lu-Vp+divupl
[ulls[[Volls + [ Vull2llplloo
C(1+ IVl 2nLa)[Vulls < C, (2.10)

for any 0 < ¢ < min{7™, (202C22*1)~1}. Using the estimate [, || Vu|dr < C in
(2.9) and recalling (2.6), it is clear that

p(z,t) > Cp, x€R? 0<t<min{T™ (2*2C2H)""}. (2.11)

We claim that 7™ > (292C°2t1)~1 Assume in contradiction that this does not
hold. Then, all the estimates in (2.8)-(2.11) hold for any ¢ € (0,7™*). Estimates
(2.8)—(2.11), holding on time interval (0,7™*), guarantee that (p,u)(-,t) can be
uniquely extended to time 7™ with (p, u)( -, 7™**) defined as the limit of (p, u)( -, )
as t T 1™ and that

(p = Poo)(+, Ty € H "Wy (-, T™) € DyN D>

Thanks to this and recalling (2.11), it is clear that the compatibility condition holds
at time T™**. Therefore, by the local well-posedness result, i.e., Proposition 2.1, one
can further extend solution (p,u) beyond the time 7™ which contradicts to the
definition of 7™, This contradiction proves the claim that 7™ > (202Ce2*t1)~1,

<
<
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As a result, one obtains a solution (p,u) on time interval (0, (222C%21)~1) satisfying

all the a priori estimates in (2.8)—(2.10), except fOT [VtV2ul|2dt < C, on the same
time interval.

It remains to verify fOT [VtV2u||2dt < C. To this end, recalling (2.2) and (2.3),
it follows from the elliptic estimate, the estimates just obtained, and the Young
inequality that

HV2u||q < C’(Hputh + ||p(u : v)“”q + HVPHQ)
5q—6 6—q 2q—3

3q9—6 3
< Cllpllse™ llvpuells™ IVuell,™ + lolloclVulls V2l + 1V6ll,)
< COAIVPul3 + Vouedlz + [[Vuel),

and further that

T T
/ ViVl gdt < C/ (1 + IV2ullBIVEV2ull3 + [[Vpull3 + ViV 3)dt < C,
0 0

proving the conclusion. U

3. PROOF OF THEOREM 1.1

This section is devoted to proving Theorem 1.1.
The following lemma, proved in [33], will be used in proving the uniqueness.

Lemma 3.1. Given a positive time T and nonnegative functions f,g,G on [0,T],
with f and g being absolutely continuous on [0,T]. Suppose that

% (t) <o) f(t) + AVG(1),
%(%gt)——i_OG(t) < a(t)g(t) + B(t) f2(1),

where o, 8 and § are three nonnegative functions, with «,d,t3 € L'((0,T)).
Then, then following estimates hold

) < ABVig@ e (5 [ (o) + 42B%5()as)
o0+ [ 66 < g0 ([ () + 2%5509)05).

where B =1+ elo 40 particular, if g(0) =0, then f =g =0 on (0,7).
We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. We first prove the uniqueness and then the existence.
Uniqueness: Let (p, ), (p, @) be two solutions of system (1.1)-(1.2), subject to
(1.3), on R3 x (0, T), satisfying the regularities stated in the theorem. For u € {4, 0},
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by the Gagliardo-Nirenberg and Holder inequalities, one has

T T T
/ [Vullsdt < C/ ||vu||§—9||v2u||gdtgo/ ||\/Ev2u||§t—%dt
0 0 0

T ¢ T . 1-4
C </ ||\/Ev2uy|§dt> (/ tHdt) < 00,
0 0

€ (0,1). Therefore, Va, Vu € L'(0,T; L>).

IN

where 6 =
Denote

_3q
54—6
c=p—p, W=P—P, v=u—1.
Then, straightforward calculations show
or+v-Vp+u-Vo+divae +divep =0, (3.1)
plv + - Vou) — pAv — (A + p)Vdive + VW = —ot; — ot - Vi — pv - Vi,
W, +v-VP+i- VW +~ydivalW + ~vdiveP = 0.
Testing (3.1) with ¢ and using the Holder inequality, we have

/|a|2dx < C/(]v -Vl o] + [divil|o]? + |divep| [o])
< C(|Vallsllell2llv]le + [Vl o3) + Cllollso| [V 0|2l ]2
< ClIVillslloll3 + Cl1allo + IV AlI3)] Vol l2] o] ]2,
and, thus,
d . . .
aHUHz < ClIVil|x|lallz + C(Ipllse + [[VA]|3)[[VV]]2- (3.4)

Similarly, by testing (3.3) with W yields
d ) i )
2IWllz = ClIValloc|[Wllz + CUIVPls + [1P]l0)[[V 0] (3.5)

Testing (3.2) with v and using the Holder and Young inequalities, we have

1d
S plv| dm+/[u|Vv[2+(A+u)(divv)2]dx

/(\W||wy + |o|[||v] + |o||a||Val|v] + |p(v - Va) - v|)de =: RHS. (3.6)

We proceed the proof separately for the cases p,, = 0 and p, > 0.
Case I: p,, = 0.
By the Hélder, Sobolev, and Young inequalities, we can control RHS as

RHS < [[Wllaf[Volla + llolls[lalls|v]le

HlollzllalislVallslvlls + IVallllv/Aoll3
CWllVolle + llolls [Vl Vol

IN
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Hlo oI Vallo | V2allz ] Volla + [ VillsllV/A0]15)
§HWHz +C(IWI3 + [Vael3llo |3

HIVall3lIVEal3llol3 + I Vil v/Aoll3)
which plugged into (3.6) leads to

IN

d. y - 3 y 3
ZINVDll3 + plVoll; < ClIValloellVpoll3 + CO+ Vil + [[Val 3Vl 3)
<(IWII3 + lloll3 + lloll%)- (3.7)

The appearance of ||| in the above inequality requires the energy estimate for [|of|s
given in the below.
Testing (3.1) with sign(o)|o|2 and using the Holder and Sobolev inequalities that

/ ol2de < C / (Jv- Vpllo|z + |divallo|> + |divop| |o|?)
1 3 1
< CIVallallol3llvlls +11¥allslioll?) + CliallelVollalloll}
3 1
< ClIVillwllall} + ClIVAllalIVollal o113,
which gives
d . .
Zlolls < ClIVillllolls + ClIVAlLIIVoll.. (3.8)

Denote

A = lolly + ol + W)@, o) = IVpvl5E),  Git) = ullVoll3t),
0(t) = ClIVillo(®), A1 =C sup ([lploe + 1Plloc + VAl z2nze + [V Plls)(2),

ai(t) = ClIVillw(t),  Bi(t) = C(L+ (V|3 + Va3l Val5) (@),

then, it follows from (3.4), (3.5), (3.7), and (3.8) that
1) < OAD) + Ay C(?),
G0 (t) + Gi(t) < ar(t)gi(t) + Bu(t) f7 (1),

By the regularities of (p,%) and (p, ), and recalling Va € L'(0,T; L>), one can
easily verify that aq, 0,5, € Ll((O, T)). Therefore, one can apply Lemma 3.1 to get
fi(t) = g:1(t) = G1(t) =0, on (0,T), which implies the uniqueness for Case .

Case II: p,, > 0.

By the Holder and Sobolev inequalities, it follows for (p,u) € {(p, @), (p, @)} that

o / wlPde = / poe — -+ pl*Jus 2
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IN

¢ [ pult + p)ufda

Cllp = pocllslluells + ol Ml v/Puel3)
CUIV pll2lIVuellz + ol v/Puell2),

IA A

and, thus,
T T
| tlulide <. sup (196l + Io1%) [ (IVETwl + 1 VpulFde < oo,
0 0<t<T 0
that is, v/tu, € L?(0,T; L?), for u € {a,u}.
By the Holder, Sobolev, and Cauchy inequalities, we deduce
RHS < [[W]2|[Vollz + lloll2llalls]lv]le
Hlollzllals| Valslvlls + I Vitlloo | v/Aoll3
W2l Volla + [ Vatlloollv/013
1 1
(w3 11Vall3 + 1ValzVall2)[[Vollzlo]l:
H . - . .
S1Vells + ClVallx| Vivlls + CO+ ][ Vi |2
HIvalllIvalR) el + W)
Plugging this into (3.6) leads to

IN

IN

d A . - 5 5
Ellepvllg +ul|Vol3 < ClValleollv/AvllE + C(L+ [[t]|2]| Vil
+IVal3V2all3) o]z + IW13). (3.9)
Denote
fo(t) = (lola + IW2) (1), g2(t) = [[V/pvll3(t),  Galt) = p]|Vol3(2),
0o(t) = C||Vii||o(t), Az = CoiltlgT(HﬁHoo + [|Plloe + IVAll2 + [[VP[[3)(2),
as(t) = Cl[Villo(t),  Ba(t) = OO+ lJaulla|| V|2 + |Vl V?all3)(2),
then, it follows from (3.4), (3.5), and (3.9) that

%fg(t) < Ga(t) fo(t) + Axn/Ga(1),
dtg(lzgt) + G (t) < an(t)ga(t) + Ba(t) f5 (1),

By the regularities of (p, @) and (p, %), and recalling Vu € L*(0,T; L>®) and v/tu, €
L?(0,T; L?), for u € {4, 1}, one can easily verify that ag, ds,t8s € L*((0,T)). There-
fore, one can apply Lemma 3.1 to get fa(t) = ¢2(t) = Go(t) = 0, on (0,7"), which
implies the uniqueness for Case II.
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Existence: Set py, = po + %7 Proe = Poo + %, and choose ug, € D§ N D?, such that
Ugp — Ug 1N Dé, as n — 0o. Denote

Yo = [|pollec + [P0 = pooll2 + [[Vpoll2nre + [[Vuol|2,
Yon = ||ponllsc + |Pon — Prooll2 + |V ponll L20Le + [ Von]|2-

Then, one can easily check that 1y, < g+ 1, for sufficiently large n. By Proposition
2.9, there are two positive constants 7 and C depending only on u, A, a, 7, g, and
g, such that system (1.1)—(1.2), subject to (1.3), has a unique solution (p,, u,), on
R?® x (0, 7)), satisfying

sup (|[pnlloo + 120 = Proollz + IV pull2 + IV pnllg + |0ioall2) < €, (3.10)
0<t<T
2 T 2 2 2
sup ||Vun||2+/ (IVZ3un|l3 + [V PnOunlz)dt < C,  (3.11)
0<t<T 0
T
sup H\/ZVQunH%Jr/ (IVto:Vu, |3 + [VEV2u,|2)dt < C. (3.12)
0<t<T 0

Thanks to (3.10)—(3.12), there is a subsequence, still denoted by (py, u,), and a
pair (p, u), satisfying

p— Poo € L0, T; H " W), p, € L®(0,T; L%, (3.13)

u € L0, T;Dg) N L*0,T;D?), (3.14)

ViViu e L=(0,T; L%, VtVu, € L*0,7:L%), VtV*ue L*0,7;L%), (3.15)
such that

P = Proo = P = pooy i L0, T3 H' N W), (3.16)

Oupn = pr, 0 L2(0, T3 L?), (3.17)

Uy — u, in L>°(0,T; Dy), (3.18)

Up — U, in L*(0,T; D?), (3.19)

O, = uy,  in L*(6,T; Dy), (3.20)

for any 6 € (0,7). Note that W4 < C(By), for any positive integer k. With

the aid of (3.16)—(3.20), by the Aubin-Lions lemma, and using the Cantor’s diagonal
argument, there is a sequence, still denoted by (p,, u,), such that

pun = p, i C([0,T];C(By)), (3.21)

u, —u, in L*(6,T; H (By))NC([6,T); L*(By)), (3.22)

for any positive integer k, and for any d € (0,7T), where By, is the ball in R? centered
at the origin of radius k. By the aid of (3.20), (3.21) and (3.22), one has

Prln, — PU, in L*(By, x (0,7)), (3.23)

POy, — pusy, in L*(By x (6,T)), (3.24)
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P (U - V), = p(u - V)u, in L'(By x (6,7T)), (3.25)
ap) — ap”, in C(By, x [0, 7)), (3.26)
for any 0 € (0,7), and for any positive integer k.

Due to (3.17), (3.19), and (3.23)—(3.26), one can take the limit to the system of
(pn, uy) to show that (p,u) is a strong solution to system (1.1)-(1.2), on R? x (0,7,
satisfying the regularities (3.13)—(3.15). The convergence (3.21) implies that the
initial value of p is py. The regularity of p — ps, € C([0,T]; L?) follows from (3.13).

The regularity \/pu, € L*(0,T; L?) is verified as follows. It follows from (3.20) and
(3.21) that \/p,0yu, — (/puy in L*(0,T; L*(By)), for any positive integer k. Then,
the weakly lower semi-continuity of the norms implies

T T
| VBt < timint [ 1m0 it < C.

for a positive constant C' independent of k. Taking k& — oo in the above inequality
yields \/pu; € L*(0,T; L?).
Finally, we show that pu € C([0, T]; L*) and puli—o = pouo. By (1.2) and (3.13)—
1 1

(3.14), and noticing that [Jull. < C||Vu||2]|V?u||2, guaranteed by the Gagliardo-
Nirenberg and Sobolev embedding inequalities, it follows

T
/0 10, (o) 2t
T
= [ 1= w- Vot divuput gl
0
T ) 1 2
< / (Rl 1Vl + [l Dl lplloc + ol Nl dt
.
< c / (Il + IVal2IV2ule + | /ul2) dt

;
< c/ (1+ V2l + || VpulR)dt < C. (3.27)
0

Similarly, it follows from (3.10)—(3.11) that fOTH@t(pnun)Hgdt < (, for a positive
constant C' independent of n. Thanks to theses, we deduce by the Holder inequality
that

|(pu)(-,t) = potio|| 2(Br)

< |lpu— pnunHL2(BR) + lpntn — pOnUOHL2(BR) + [lponto — pOU’OHL2(BR)
t
C
< ||PU - pnun||L2(BR) +/ ||at<pnun)||L2(BR)dT+ ZHUOHL?(BR)
0
C
< |lpu~— pnunHLQ(BR) +CViE+ EHUOHLQ(BR)y



LOCAL EXISTENCE OF STRONG SOLUTIONS TO THE COMPRESSIBLE N-S EQ 19

for a positive constant C' independent of n and R. Noticing that p,u, — pu in
C([6,T); L*(Bg)), for any § € (0,T), guaranteed by (3.21)—(3.22), one can pass the
limits n — oo first and then R — oo to the above inequality, and end up with
|(pu)(-,t) — pouglla < C+/t. This implies pu € L>(0,7;L?) and puli—o = poto.
Thank to these and recalling (3.27), one gets further that pu € C([0,7T]; L?). This
completes the proof. O
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