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We study the Ginzburg dg algebra I'y associated with the quiver with potential arising
from a triangulation T of a decorated marked surface S,, in the sense of [22]. We
show that there is a canonical way to identify all finite-dimensional derived categories
Dyq(I'p), denoted by Dg;(S,). As an application, we show that the spherical twist group
ST(S,) associated with Dsy(S,) acts faithfully on its space of stability conditions.

1 Introduction

Cluster algebras and quiver mutation were introduced by Fomin and Zelevinsky [8], and
(additive) categorification of such structures, often in terms of triangulated categories,
has successfully contributed to the development of a rich theory, see for example, the
surveys by Keller [14, 17] or Reiten [25]. Derksen-Weyman-Zelevinsky [6] introduced
quivers with potential (QP) and the corresponding Jacobian algebras and studied
mutation of QP. Keller-Yang [18] studied the categorification of such mutations via
Ginzburg dg algebras [10]. One of the applications of their categorification is motivic
Donaldson-Thomas invariants, using quantum cluster algebras [16].

Additive categorification is deeply related to classical tilting theory [1, 5I.
Algebras related by tilting are derived equivalent, while (Jacobian) algebras related by

mutation of QP are in general not. However, Keller-Yang constructed in [18] an equiv-
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alence between the derived category D(I'(Q, W)) of the Ginzburg dg algebra I'(Q, W)
of a QP (Q, W) and that of D(I'(Q, W)) of a QP (Q, W), obtained by a single mutation
from (Q, W). The equivalence also restricts to the subcategories of dg modules of finite-
dimensional homology Dfd(F(O, W)) and Dfd(r(é, W)). Note that these subcategories
are 3-Calabi-Yau, by [15]. However, in general there is no canonical choice for such
equivalences, basically because mutation of QPs is only well defined up to a non-
canonical choice of decomposition of a QP into a trivial part and a reduced part (see
Section 2.3).

We consider a special class of QP, that is, those arising from (unpunctured)
marked surfaces S in the sense of Fomin-Shapiro-Thurston [7] and Labardini-Fragoso
[20]. When studying the 3-Calabi-Yau categories and stability conditions, it is natural
to decorate the marked surface S with a set A of decorating points (which are zeroes
of the corresponding quadratic differentials, cf. [4, 22]). The corresponding 3-Calabi-
Yau category, denoted by Dg;(S,), can be embedded into a Fukaya category of a quasi-
projective 3-folds. More details about motivation and background can be found in [22].

Building on the prequels [22, 24], we prove a class of intrinsic derived equiva-
lences that are compatible with Keller-Yang’'s and are stronger in this special case. More

precisely, this class of equivalences implies the following main result.

Theorem A. (see Theorem 4.2) The triangle equivalence (up to natural isomorphism)
of the canonical 3-Calabi-Yau category Dy;(S,) associated with a decorated marked
surface S ,, induced by a mutation sequence of QP, is path independent.

Given a Ginzburg dg algebra I', one can consider the spherical twist group ST(T")
of Dpg() in Aut Dpg(I). In particular, for a decorated marked surface S,, we study the
spherical twist group ST(S,) and the principal component Stab®(S,) of the space of
stability conditions on Drg(Sp) (see Section 5 for details). We then obtain the following,

as an application of our main theorem.

Theorem B. (Theorem 5.5) The spherical twist group ST(S,) acts faithfully on the
principal component Stab®(S,) of the space of stability conditions on Drg(S,).

We give preliminary results and background in Section 2. We give an explicit
description of Keller-Yang's equivalence on the finite derived category in Section 3. We
prove our main result Theorem A in Section 4, and we give background for and proof of
Theorem B in Section 5.

Throughout the paper, a composition fg of morphisms f and g means first g and
then f. But a composition ab of arrows a and b means first a then b. Any (dg) module is

a right (dg) module.
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2 Preliminaries
2.1 Decorated marked surfaces

Throughout the paper, S denotes a marked surface without punctures in the sense of
Fomin-Shapiro-Thurston [7]. That is, S is a connected compact surface with a fixed
orientation and with a finite set M of marked points on the (non-empty) boundary 39S,
having the property that each connected component of S contains at least one marked

point. Up to homeomorphism, S is determined by the following data:

e the genus g;
e the number |3S| of boundary components;
e the integer partition of [M| into |dS| parts describing the number of marked

points on each boundary component.

We require that
n =6g+ 3|0S|+ |M| — 6 (2.1)

is at least one. A triangulation of S is a maximal collection of non-crossing and non-
homotopic simple curves on S, whose endpoints are in M. It is well known that any

triangulation of S consists of n simple curves ([7, Proposition 2.10]) and divides S into

_ 2n+ M|
N 3

R (2.2)

triangles ([22, (2.9)]).

Definition 2.1 ([22, Definition 3.1]). A decorated marked surface S, is a marked
surface S together with a fixed set A of X ‘decorating” points in the interior of S (where
N is defined in (2.2)), which serve as punctures. Moreover, a (simple) open arc in S, is
(the isotopy class of) a (simple) curve in S, — A that connects two marked points in M,

which is neither isotopic to a boundary segment nor to a point.

A triangulation of T of S, is a collection of simple open arcs that divides S, into
N triangles, each containing exactly one decorating point inside (cf. [22, §3]). We also
have the notion of (forward/backward) flips of triangulations of S, cf. Figure 1. Denote
by EG(S,) the exchange graph of triangulations of S,, that is, the oriented graph whose

vertices are the triangulations and whose edges are the forward flips between them.
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Fig. 1. A forward flip.

From now on, we will fix a connected component EG°(S,). When we say a

triangulation of S, later, we always mean that it is in this component.

2.2 QP and Ginzburg dg algebras

Let Q be a quiver without loops or oriented 2-cycles. A potential W is a linear
combination of cycles in Q. Denote by Q, the set of vertices of Q and by Q; the set
of arrows of Q. Denote by s(a) (resp. t(a)) the source (resp. target) of an arrow a. Denote
by e; the trivial path at a vertex i € Q.

Fix an algebraically closed field k. All categories considered are k-linear. Denote
by I' = I'(Q, W) the Ginzburg dg algebra (of degree 3) associated with a quiver with
potential (Q, W), which is constructed as follows (cf. [10, 18]):

e Let Q be the graded quiver whose vertex set is Q, and whose arrows are:

1. the arrows in Q, with degree 0;
an arrow a* : j — i with degree —1 for each arrowa : i — jin Q;;

a loop €} : i — i with degree —2 for each vertex i in Q.

e The underlying graded algebra of I" is the completion of the graded path
algebra kQ in the category of graded vector spaces with respect to the ideal
generated by the arrows of Q.

e The differential d of I' is the unique continuous linear endomorphism,
homogeneous of degree 1, which satisfies the Leibniz rule and takes the

following values:

— da=0foranyaecQ,,
- da*=9,Wforanya € Q;, and
- dZieOO e:( = Zaeal la, a*].

Denote by D(I') the derived category of I'. We will focus on studying the finite-
dimensional derived category Dy () of ', which is the full subcategory of D(I')
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consisting of the dg I'-modules whose total homology is finite dimensional. This
category is 3-Calabi-Yau [15], that is, for any pair of objects L, M in Dgy(I'), we have

a natural isomorphism
Homp, 1) (L, M) = DHomp (M, LI3)), (2.3)

where D = Homy (—, k).
Following [7, 20], one can associate a quiver with potential (Q, Wg) to each

triangulation T of S, as follows:

e the vertices of Q are indexed by the open arcs in T;

e each clockwise angle in a triangle of T gives an arrow between the vertices
indexed by the edges of the angle;

e each triangle in T with three edges being open arcs gives a 3-cycle (up to

cyclic permutation) and the potential Wy is the sum of such 3-cycles.

Then we have the corresponding Ginzburg dg algebra I'y = I'(Q, W) and the 3-Calabi-
Yau category Dy (I'p).

Remark 2.2. There are possibly different (non-degenerate) potentials on Q¢ in some
cases, whose corresponding 3-Calabi-Yau categories are most likely not equivalent to
each other (see [9, Proposition 9.9] and [21, Theorem 3.6, Remark 5.4, and Example
5.5]). However, we will only study the one in [4, 20, 22, 26], which is canonical/more
interesting as the associated 3-Calabi-Yau category can be embedded into the derived

Fuakaya category.

2.3 Mutations and Keller-Yang's equivalences

Let (Q, W) be a QP. For a vertex k in Q, the pre-mutation i, (Q, W) = (Q, W) at k is a new

QP, defined as follows. The new quiver Q is obtained from Q by

Step 1 For any composition ab of two arrows with t(a) = s(b) = k, add a new arrow
[ab] from s(a) to t(b).

Step 2 Replace each arrow a with s(a) = k or t(a) = k by an arrow a’ with s(a’) =
t(a) and t(a’) = s(a).

The new potential
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where T/I~/l is obtained from W by replacing each composition ab of arrows with t(a) =
s(b) = k by [ab], and W, is the sum of the 3-cycles of the form [ab]b’a’. Denote by T =
I'(Q, W) the corresponding Ginzburg dg algebra. Let P, = ¢;T" be the indecomposable
direct summand of I' corresponding to a vertex i. Denote by PL? a copy of P;, where ? can
be an arrow or a pair of arrows.

The forward mutation of ' at P, in perT is /Li(l“) = Dica, 131-, where 13i = P, if
i # k, and P has the underlying graded space

Bl=PRllleo P F

s(p)
peQy:t(p)=k
with the differential
d= = de[I] 0
Pr 1Y dP/J

s(p)

Construction 2.2 ([18]). There is a map between dg algebras
fr: T = Homp(ui (D), ui (1)

constructed as follows, where - means the left multiplication by a:

(1) for an arrow « € Q; with t(a) =k,

o fuiPyy — P, of degree 0 is given by

(O)
501
p P

s —— > Bllle D P,
peQ:t(p)=k

where Sap =1 if « = p and 0 else;

o fou:P— Py, of degree -1 is given by

(—ae’,@ —oz,o*)

Pllle @ Pf(p)
peQ:t(p)=k

Py

(2) for an arrow g € Q; with s(8) =k,
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o fy: 1~3k — Py, of degree 0 is given by

(6 o,,w)
Pllle P P, —— Py
peQr:t(p)=k

o fguiPyg — 1~°k of degree -1 is given by

-B
0
Py — Pllle P P

s(p)
peQy:t(p)=k
(3) for a pair of arrows «, 8 € Q; with t(a) = k = s(8),

—ap
Jiep) * Prpy — Psia)

and
X 0
Jiopr * Psw) = Pup)

(4) foran arrow y in Q; not incident to k, f, : Py, % Py, andf,. : P RAN Py

s()
(5) for a vertex i € Q, different from k, fo., : P; - P;

(6) fe;c* : 1~Jk — ﬁk of degree -2 is given by

—et  —p*
0 0
Pllle P Py, Pllle P Py,

peQ:t(p)=k peQ:t(p)=k

The main result in [18] is the following derived equivalence.

Theorem 2.4 ([18, Proposition 3.5 and Theorem 3.2]). The map f, is a homomorphism
of dg algebras. In this way, ui(I‘) becomes a left dg ['-module. Moreover, the I'-T'-
bimodules Mi(F) induces a triangle equivalence F =? Q%f ui(I‘) : D(T) — D), with
inverse Hom(u}(I'),?) : D(I') — D(D).

Introduced in [6], the mutation u,(Q, W) of (Q, W) at k is obtained from Q, w)
by taking its reduced part (5red' Wred)' That is, there is a right equivalence between
(5, ﬁ/) and the direct sum of QP (atriv' Wtriv) ® (ared, Wred) such that (6triv' Wtriv)

is trivial (in the sense that its Jacobian algebra is the path algebra of the vertices) and
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(5red' Wieq) is reduced (in the sense that Wred contains no 2-cycles). Here, the direct
sum of two QP is a quiver with potential, whose quiver is the union of arrows in the
two quivers and whose potential is the sum of the two potentials. A right equivalence
between two QP is a homomorphism of path algebras of the quivers, which sends the
first potential to the second.

In general, the choice of such right equivalence is not unique. However, for the
quiver with potential (Qy, W) associated with a triangulation T of a decorated surface,
the right equivalence can be the identity, which is a canonical choice. This is because
any 2-cycle in the potential W of the pre-mutation (Q, W) = iy (Qp, Wp) contains no
common arrows with any other terms in W (see Case 1 in the proof of [20, Theorem 30]).
So one can remove all of the 2-cycles from W and remove the arrows in these 2-cycles
from Q to get the reduced part. This means that the mutation w(Qp, Wy) is a direct
summand of the pre-mutation t; (Q¢, Wy). Then there is a canonical quasi-isomorphism
between I" and I'(uy(Qp, Wy)).

Moreover, by [20, Theorem 30], 1y (Qp, Wy) is the same as (Q, W), where T’ =
fé(T) is the forward flip of T w.r.t. k. Then we have a canonical quasi-isomorphism
between I and 'y, which makes ui(I‘T) a I'p-I'p-bimodules. By Theorem 2.3, we have

the following notion.

Definition 2.5 (Keller-Yang's equivalence). Using the above notation, we call the trian-
gle equivalence
T ._o L i .
KT/ =1 ®FT/ I.Lk(FT) . D(FT/) — D(FT)'

the Keller-Yang's equivalence from T to T'.

3 Keller-Yang's Equivalences on Finite-dimensionalDerived Categories
3.1 Hearts and spherical objects

A bounded t-structure [2] on a triangulated category D is a full subcategory P C D with
P[1] C P such that

e if one defines
PL = (G e D | Homp(F,G) =0,VF € P},

then, for every object E € D, there is a (unique) triangle F - E — G — F[1] in
D with F € P and G € P+,
e for every object M, the shifts M[k] are in P for k > 0 and in P for k « 0.

220z 1udy 62 uo sesn AysioAlun enuybuisl Aq 1 Z/Z8GS//962 /L 1L/1.20Z/810ME/ulw/wod dno-oiwapeoe)/:sdly Wouy papeojumoq



Decorated marked surfaces III: The derived category of a decorated marked surface 12975

The heart of a bounded t-structure P is the full subcategory
H="PINP,

and any bounded t-structure is determined by its heart.

Note that any heart of a triangulated category is abelian [2]. Let (7,F) be a
torsion pair in a heart H, that is, Homy(7,7) = 0, and for any object X € H, there
exists a short exact sequence 0 > T — X — F —» O with T € 7 and F € F. Then
there are hearts #* and #’, called forward/backward tiltings of # with respect to this
torsion pair (in the sense of Happel-Reiten—-Smalg[11]). In particular, the forward (resp.
backward) tilting is simple if F (resp. 7) is generated by a single rigid simple in #,
see [19, §3] for details. The exchange graph EG(D) of a triangulated category D is the
oriented graph whose vertices are all hearts in D and whose edges correspond to simple
forward tiltings between them.

Let T be a triangulation in EG°(S, ). Denote by EG°(I'y) the principal component
of the exchange graph EG(Dgy;(I'y)), that is, the connected component containing the

canonical heart H;. Denote by

Sph(l'p) = | J Sim#H (3.1)
HeEG°(I't)

the set of reachable spherical objects (cf. Definition 5.1), where Sim # is the set of simple
objects in #. By [23, Proposition 3.2 and (3.3)], there is an isomorphism of oriented

graphs

EG°(S,) = EG°(I'p) (3.2)
that sends T to the canonical heart #. We denote by ’H¥/ the heart corresponding to
T € EG°(S,).
3.2 Koszul duality

Let I' be the Ginzburg dg algebra associated with a quiver with potential (Q, W). Let H
be a heart obtained from the canonical heart by a sequence of simple tiltings. Denote
by S the direct sum of non-isomorphic simples in H. Consider the dg endomorphism

algebra

E(S) = Homp(S,S). (3.3)

220z 1udy 62 uo sesn AysioAlun enuybuisl Aq 1 Z/Z8GS//962 /L 1L/1.20Z/810ME/ulw/wod dno-oiwapeoe)/:sdly Wouy papeojumoq



12976 A. B. Buan et al.

Since S generates Dpy(I") (by taking extensions, shifts in both directions and direct

summands), by [12] (cf. also [13, Section 8]), we have the following triangle equivalence:

Homr(S,?)
Dy () per €(S), (3.4)

The homology of &(S) is the Ext-algebra

EH) = Exth (S, S) = (DHomp 1 (S, SInb).

nez

In general, one needs to consider a certain A_-structure on £(#) (which is induced
from the potential W, see [15, ]) such that it is derived equivalent to &(S). However,
in the surface case, only ordinary multiplication in the induced A -structure is non-
trivial (see [24, Lemma A.2]). So we have that for any T, T’ € EG°(S,), there is a triangle

equivalence

ExtIZ‘T (ST

Dyy(T'p) per E(HT), (3.5)

where S%’ is the direct sum of non-isomorphic simples in the heart 7—[$

3.3 Keller-Yang's equivalences on simples

Let I be the Ginzburg dg algebra associated with a quiver with potential (Q, W). Denote
by S; the simple I'-module corresponding to a vertex i of Q. There is a short exact

sequence of dg I'-modules

where ¢; is the canonical projection from P; to S; and

ai—>jeQy

with the induced differential. Therefore, S; has a cofibrant resolution (see [18, Section

2.12] for definition and properties of this notion) pS; with underlying graded vector

220z 1udy 62 uo sesn AysioAlun enuybuisl Aq 1 Z/Z8GS//962 /L 1L/1.20Z/810ME/ulw/wod dno-oiwapeoe)/:sdly Wouy papeojumoq



Decorated marked surfaces III: The derived category of a decorated marked surface 12977

space

pSiI=PBle P P, lkle P P lllep (3.6)
peQr:t(p)=i t€Q;:s(1)=1

and with the differential

dpg 0 0 0
p dp,m O O

de = 7. %o (3.7)
Po; =T —0prWw dPt(r)m 0
e p* T dp;

1

Note that any morphism from S; to S;in Dpy(I) is induced by a homomorphism of dg
I'-modules from pS; to S;. Hence each arrow in Q, starting at i or the trivial path e; at i

induces a morphism r, in Dy (") starting at S; as follows

e 7, :S;— S;is the identity induced by the projection from P; to S;

e 7 :S;— Silllfort:i— je Q isinduced by the projection from P;,[1] to
S;[15;

o 7, :S;— Sjl2]forp:j— i€ Q, is induced by the projection Py, [2] to S;[2];

o 7 :S;—> Sl8lis induced by the projection from P;[3] to S;[3].

The morphisms 7, above can be extended naturally to elements in Ext%fd (S S).

Moreover, they form a basis.

Proposition 3.1. [18, Lemma 2.15 and its proof] The morphisms =, where « is a trivial

path or an arrow in Q, form a basis of E(Hr), where H - is the canonical heart.

Let (Q, W) be the pre-mutation of (Q, W) at a vertex k and I the corresponding
Ginzburg dg algebra. Let F : D(I') — D(') be the triangle equivalence given in
Theorem 2.3. Denote by gi the simple I'-module corresponding to i € (Nlo = Q.

Construction 3.2. We define objects S?, i € Qy, in D(I") as follows. For i # k, define S?
by the triangle

7ol 1] p f
Si-1— & s}, — S~ S
peQ
s(p)=1i
t(p)=k

where S} is a copy of Sy; for i = k, define Si to be Si[1]. Note that for a vertex j € Q,, if

there is no arrow from j to k then S? =S,
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By replacing P;s by l~’js in (3.6) and (3.7), we get the cofibrant resolution p§i of
§i. For i # k, by Construction 2.2 (cf. also the proof of [18, Lemma 3.12]), we have that
F(pgi) has the underlying graded space

PBle @ P, Rle @ Pllkle @ PBle @ Pl
aeQ; a,beQ, ceQ qeal
s(a)#k t(a):s(b):k s(o)=i s(p) i
t(a) i t(b) i t(c)=k t(p)=t(q)=k
® D t(ﬂ)[l]EB &y t(g)[l]éB EB PR2le @ Fyllep
BeQ; l.geQ, x,y€Q,
s(B)=i s(h)=i S(h) k t(x)=s(y)=k
t(B)£k t(h=s(g)=k t(h)=i t(y)=i

with the differential

dPi[3]
d
P‘:(a)[Z]
ab 0 d_gb
;‘(a)m
o 0 0 dpeyg
Sp.q 0 0 3¢,pq d_pgq
Pf(q)[ZJ
—B* —0upW —dgpgW O 0 df‘,t(ﬁ)m
0 —0ugW 0 —8c19* —8p,10gg W 0 d L9
Fiigl
R 0 0 0 0 0 0 dPh[2]
0 0 —daxdpy, O 0 0 0 —ahxd v
a,x9b,y DS p‘;‘(x)u]
e a* 0 —cey, —pq* B lg —h*  —dgW dp,

On the other hand, as a dg I'-module, S? has a cofibrant resolution pSEI whose

underlying graded space is

PiBle @ Fpl2le @ Plle @ P e @ Flulep

ok he pea, or
Sla)7k s(h)=k s(B)=i Slo)=1
te)=t t(h)=i t(B)#k : to)=k

e @ FBle @ Plae & Plue D F
ceQr D.qeQ; 1.ge0, ted
s(f):z s(p)=i s(T):i s(t)=i
t(c)=k t(@)=t(@)=k t(r)=k

t=s@)=k
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with the differential

dPi[3]

v A

h 0 d}%[z]

—B* _J_~ — )~

Br —oggW —opW de(,;)[ll

—0* —0c W 0 0 dpoy

et a* h* B o dp,

0 0 0 0 0 0 dPg[S]

35,3 0 0 0 0 0 dpq dpf(g)[zl

0 B‘ﬁg«W 0 0 0 0 785’*@* 785j8’q‘§W sz'é -
0o 0 0 0 S0 O &geef 0ped &;f;’; dpr

We have a homomorphisms of dg I'-modules ¢; : F(p§i) — pSEI as follows:

100 O 0 0 0 0 0 0
06,0 O 0 0 0 0 0 O
000 O 0 0 0 &7 0 0
000 O 0 &5 O 0 —8,,;WO0
0; = 0 0 0—b¢coef —poq* O 809 O 0 o0
l 000 O 0 0 0 0 0 1
0 0 0 &5 0 0 0 0 0 O
0 00 0 Sppdgg O 0 0 0 o0
000 O 0 0 —87gg O 0 o0
000 O 0 0 0 0 0 o0

Similarly, for i =k, F(pgk) has the underlying graded space

Plale P P, Ble P P, 216 P Py, lllerlle P P,

peQ; yeQ weQ; zeQ
t(p)=k s(y)=k t(w)=k t(z)=k

with the differential

de[4]
—p dpp
Ps(,a)[3]
—y* —8,,W d,y
24 Pt(y)[Z]
wep  wpt  —wy dP;"(’W)[ll
—-e;  —p* y 0 dp, 1]
0 0 0 Swz  z dpz

s(z)

Then there is a homomorphism of dg I'-modules ¢y : F(pgk) — pSi, where pSi = pS;[1]
has the underlying graded space

Plale P Pl Ble B Pl,2le Pl
peQ; yeQ
t(p)=k s()=k
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with the differential

dpla
—p dj
Pl
v amW o dy
I
- =P ¥ dp

and the homomorphism

It is straightforward to check that the above ¢;, i € Q,, are quasi-isomorphisms.

Hence we have the following result.
Lemma 3.3. There are isomorphisms in D(T):
FS) & st

In this subsection, we will further describe the image of morphisms between

simples under F.
Construction 3.4. For any arrow a : i — k € Q; and any arrow b : k — j € Q,, define

. nﬁ, : Sluc — S?[l] to be the morphism from S;[1] to Sf[l] given by the identity
from S; to S;‘(a);

. ng,* : S? — S,ﬁc[2] to be the morphism from S? to S [3] given by Ter St —
Sil3];

° ng/ : S]:.t — Si[l] to be mp : SJ- — Sil2];

o 7. :S,— Si12ltobe m,[1]: Silll - S;l2];

b'*

. n[ﬁab] : S’; — S]t.I[l] to be the morphism from S? to S;[1] given by 7, : S?(a) — S;[1;

. ”[ﬁab]* : S? — S?[Z] to be the morphism from S; to S?[Z] given by my« : S; —
St 2]

For any other arrows ¢ of Q, y-rcjj and nf* are given by n. and n ., respectively.

Proposition 3.5. For any arrow R : s — t € Q' 1» we have the following commutative

diagrams:

F(7R) F(mg+)
F(S;) — F(S’t[l]) F(S;) —— F(S[2])

Ps \L \L w(1] ot l \L @sl2]
J'[ﬁ ﬂu

*

1 R 1 # R 1:
St — s st~ sl
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Proof. We lift the homomorphisms in the diagrams between simples to homomor-
phisms between their cofibrant resolutions. Then we only need to show that the

difference of the two compositions in one diagram is null-homotopic.

(1) The case R = o' for some a : i — k € Q,. By definition, the morphism F(r )

is given by the map pr, : F(pSy) — F(pS;[1]), where

0 0 0 0 00
0 0 0 000
0 0 0 000
Sca O 0 0 00
| 0 Spadpg O 0 00
bry =1 o "o 0 0 00
0 0 8489 0 00
0 0 0 0 00
0 0 0 0 00
0 o0 0 Swa0O
So
0 0 0 0 00
0 0 0 0 00
0 0 0 0 00
0 0 0 0 00
_Sa,aez —8a00™ SaocV 0 00
@; 0Py = 0 0 0 Sqw00O
S0z 0 0 0 00
0  Sapdpg O 0 00
0 0 —8,7%y5 0 00
0 0 0 0 00
and
0 o0 0 000
0 0 0 000
0 0 0 000
0 0 0 000
; 0 6 9% 0009
o] =
T © Pk Saz O 0 000
0 $apdpg 0 000
0 0 —8,7,50 00
0 o0 0 06840

Then the difference ¢; o prr, — ni, ogr =0o0d+dob, where

N
OO0OO0O0 O OO0
[elolololololelolele]
[elolololololeololele]
OOO0O0 O OO0
[~
[elolele] Of; [elolele]
>
OOOCL: [elelolele)

of degree -1, and hence this difference is null-homotopic.

(1) For the second diagram, note that

0 000 0 00000
0 000 0 00000
0 000 0 00000
Fpr,«) =] 6.,w,000 0 00000
0 008, O 00000
0 00 0 8apdqz00000
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and

[elelele]
[elelele]
[elelele]

19
OO0 o

«
[elelele]
[elelele]
[elelele]
[elelole]
[elelole]
(elelole]

g
ax —

pr

So

Downloaded from https://academic.oup.com/imrn/article/2021/17/12967/5582721 by Tsinghua University user on 29 April 2022

[=lelele)
[=lelele)
[elelele)
[elelele)
[elelele)
[elelele)

Q
OO00O ©

S
[elelale)
[elelele)
[elelele)

ng[Z] o F(p?'[a/*)

and

[elelole]
[elelole]
[elelol]
oooOo
[elelole]
[e]elelwe]

Q
OO0 o
«
[elelelwe]

[elelele]
(elelele]

#
al* oCY; =

pr

Then the difference is zero.

The case R = b’ for some b : k — i € Q,. Note that

(2)

—
cooooo
N
S
coco oo %,
o
«
<=
coo o SO
«
cooooo
cooooo
cooooo
cooooo
=
<
coo oo
=l
«
cooooo
b
oo fooo
«w
~———
~
K=
R
Y
&

and

).

0 0000068,,000

36,7

(

Pyi[1] o pF(my)

f
%

pr

0
0
0

0 06,;0000000

So

)

ooo
ooo
ooo

ooo

ooo

0000
0000
0000

0
0
—8p,7
( 0

Then the difference pg;[1] o pF(rry) — pm

and

).

[=lele]
ooo
ooo

ooo

ooo
ooo
ooo
[slele]
[=lele]

000008,,000

[=l=p

° (‘Pi) =

g
%

pr

o (¢;) = 0.

f
b/

For the second diagram, note that

(2)

———
coocooc000 OO
SISIeISIISIcIS RS
coocooco00 OO
~
C0000000O O 5
«<

B

U
Ooooo0o00o RO

=

«

<
OO0O00O00O0 50 O

B
~—————

F(pﬂb/*)
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and
0 o 0 0
0 0 0 0
85,5 O 0 0
| B
T, s =
Py 0 0 850
0 o0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
So
0 o0 0 000
0 0 0 000
S5 O 0 000
0 9,,;W 0 000
[2]) o F(pm = 0 0 0 000
(@;12]) o F(prry) 0 © -5,000
0 o0 0 000
0 0 0 000
0 0 0 000
0 0 0 000
and
0 0 0 000
0 0 0 000
S O 0 000
: o 5" 5 000
T o =
PTg © P 0 0 —8,,000
0 0 0 000
0 0 0 000
0 0 0 000
0 0 0 000
Then the difference is zero.
(3) It is more straightforward to calculate the cases R = [ab], R € Q;. [

3.4 Geometric interpretation of Keller-Yang's equivalence

Let S, be a decorated marked surface. Denote by CA(S,) the set of simple closed arcs in
S,. Here, closed arcs mean curves in S, — A connecting different decorating points. For
an arc y in a triangulation T € EG°(S,), its dual (w.r.t. T) is the unique closed arc (up to
homotopy) that intersects y once and does not cross any other arcs in T. The dual of T,
denote by T*, is defined to be the set of duals of arcs in T.

For any oriented closed arc n € CA(S,), there is an associated object X, = X,;r in

Sph(T'y) constructed in [24, Construction A.3].

Proposition 3.6 ([22, Theorem 6.6], [24, Proposition 4.3]). There is a canonical bijection

Xp: CA(S,) — Sph(I'p)/I1] (3.8)
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sending 7 to X,T[Z]. Moreover, this is compatible with the isomorphism (3.2) in the
following sense. Suppose that T’ is a triangulation in EG°(S,) with its dual T"*. Then
X (T'™*) is the set of the shift orbits of simples in H% .

Further, for any two oriented closed arcs n;,7, € CA(S,) having the same
starting point Z, the oriented angle 6 (in clockwise direction) at Z from 5, to n, induces

a morphism
Ty, 12) = (0, np) X, = X,

see [24, Construction A.5]. We have two useful lemmas.

Lemma 3.7. [24, Corollary A.9 and Lemma 3.3] Let 5;, for i = 1, 2,3, be oriented closed
arcs, which have the same starting point Z and whose start segments are in clockwise
order at Z. Then

©(M2,m3) 0 (M1, M3) = (N7, 13)-

Moreover, this is the only way such that the composition of two ¢(—, —)s is not zero.

Lemma 3.8 ([24, Proposition 3.1 and Theorem 4.5]). For any two closed arcs n;,n,, if
they do not cross each other in S — A, then the morphisms from X, to X, of the form
¢(—,—) form a basis of Eth(Xm,an).

We denote by S,, n € T, the simples in 3. Then by Proposition 3.5, we have
that S, € X;[[Z]. Then by Lemma 3.8, we have

Lemma 3.9. {¢(—,—)} form a basis of the Ext-algebra

cHD) =Ext” [P S, P s,

neT* neT*

And the multiplication between this basis is given by Lemma 3.7.

It follows directly from the construction of ¢(—, —) and Proposition 3.5 that this

basis gives a nice geometric model for Keller-Yang's equivalence.

Proposition 3.10. For any two closed arcs n; and n;j in T*, which have the same starting

point, the image of <pT/(ni, ;) under the Keller-Yang's equivalence /c;, is oT(n;, m;)-

220z 1udy 62 uo sesn AysioAlun enuybuisl Aq 1 Z/Z8GS//962 /L 1L/1.20Z/810ME/ulw/wod dno-oiwapeoe)/:sdly Wouy papeojumoq



Decorated marked surfaces III: The derived category of a decorated marked surface 12985
4 Intrinsic-derived Equivalences

In this section, we will first construct an intrinsic equivalence between the finite-
dimensional derived categories associated with two triangulations (Construction 4.1).
Then we show that this equivalence is naturally isomorphic to the composition of
any sequence of Keller-Yang's equivalences that connects these two triangulations

(Theorem 4.2). This gives a proof of Theorem A.

4.1 The construction

Fix a triangulation T, in EG°(S,) and let Iy = I'y, . Let T be any triangulation in EG°(S).
Recall that H} = ’H%G is the heart in Dg,;(T'y) corresponding to T, and Hr is the canonical
heart in Dfd(I‘T).

Construction 4.1. By Lemma 3.9, there is an isomorphism between Ext algebras
i EHY) S EHyp),

which sends ¢T (1, 7,) to ¢T(ny,n,) for any n,,n, € T*.
As a result, we have an induced triangle equivalence W fitting the following

commutative diagram of equivalences:

B, 55, Bt (5% )

per E(Hy) per £(Hry)

Consider a sequence of forward/backward flips

p:To—>T)—» ---—>T,=T

m

and the sequence of the associated KY's equivalences

ey r? e,
D('y,) — D(I'y,)) — -+ ——> D'y ) = D(I'p).

Restricted to Dfd, we obtain a triangle equivalence

W(p) = kg™ o+ okg? okyglt Dpy(Tg) ——> Dyy(Ty). (4.2)
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12 / \ 71"2

m Nk v 13 1 Z NIk 13

/" A\

Fig. 2. A forward flip.

Theorem 4.2. V. and V¥(p) are naturally isomorphic to each other (denoted by W ~
W (p)), for any T € EG°(S,) and any sequence of flips p: T, — T.

The remaining part of this section is devoted to the proof of this theorem. As a

result, we can denote the 3-CY category associated with S, by Dz (S,).

4.2 Compatibility/Proof of Theorem 4.2

Use induction on the number m of flips in the flip sequence p, starting with the trivial
case, when m = 0 or T, = T so that both equivalences are isomorphic to the identity.
Now suppose that W ~ W(p) for some p and consider a flip pu;: T — T and the flip
sequence p’ = uy o p. Without loss of generality, assume pu;, is a forward flip. Fix/recall

the notations as follows:

o T={y},T" ={n}and T = {y;},(T)* = {n;}. Note that y; = y,; for i # k. The
local pictures of T and T’ are shown in Figure 2, and the local mutation of

the corresponding quiver is

i
OT =S QT/

(4.3)
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Note that n; might not exist for any 1 < i < 4, and some vertices might

coincide.

7—[3' and ”Hg/ are the hearts with simples {S,} and {Sng} in D) that

correspond to T and T’, respectively. Note that ”Hg/ is the forward tilting of
T

Ho wrt. S, .

Hy and Hy are the canonical hearts with simples {S;} and {S’} in Drg(I'p) and

Dyy(I'p), respectively.

Moreover, 7—[$/ is the forward tilting of H; w.r.t. Si, with simples {S?} in

Dy4(I'p) (see Construction 3.2 for the construction of S?).

Note that we shall prove Wy ~ W(u; 0 p) = ke o W(p), where the latter is g o Wrp

by induction. By definition, it suffices to show that K-III-” o W induces the isomorphism

tp, which means that 7 o Wy preserves the morphism of the form ¢ (-, —) induced by

any angle in T™*. By Proposition 3.10, we have that Kg/ preserves such morphisms. So it

suffices to show that so does Wi.

If there is no arrow in Q¢ from k to i, that is, i # 2 or 4 in Figure 2, then n; = ;.

Hence we only need to consider the angles between 7, and another arc (similarly for »}).

For the angles to 7, in T™, we have the following cases, up to dual (i.e., the case starting

at n5,):

For an angle at Y from »; to n5, by [24, Proposition 3.1], we have a triangle

o(n2.mk) ©(KMy)

S, S, S, = Syl

As up (and so &) preserves ¢(n,, 1), we deduce that ®; preserves this
triangle and hence ¢(n;, n5).

Note that when the number of arrows from k to 2 in Q¢ is 2, that is, the
vertices 2 and 4 coincide, then we need to add another copy of S; to the 2nd
term of the triangle. However, the rest of the deduction and conclusion are
the same.

For the angle at ¥ from 74 to 1, by Lemma 3.7, we have ¢(n3, n5) = @ (1, 15) o
@(n3, ). As above, @y preserves ¢(n;,n,) and ¢(n3,n;). Hence it preserves
@(n3, 1) too.

For any angle to n; in T", which is at the other endpoint of #, from Y, it
factors through 7, (i.e., decomposes). Again, we can prove it is preserved in

the same fashion.
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5 An Application

5.1 Calabi-Yau categories and spherical objects

Definition 5.1. A triangulated k-category D is called N-Calabi-Yau (or N-CY for short)
if for any pair of objects L, M in D, we have a natural isomorphism

Homp ) (L, M) = DHomp_, (M, LIN]), (5.1)

where D = Homy (—, k). Further, an object S in an N-CY triangulated k-category D is
(N-)spherical if Homp (S, Slil) = k for i = 0 or N, and 0 otherwise.
The twist functor ¢ of a spherical object S is defined by

$5(X) = Cone (S ® Hom*(S, X) — X) (5.2)

with inverse

¢5'(X) = Cone (X - S®Hom*(X, S)") [-1].

Recall that Dy, (T") is the finite-dimensional derived category of I', for a Ginzburg
dg algebra T'. It is well known that this is a 3-CY category. We also know that Dg;(I")
admits a canonical heart H generated by simple I'-modules S;, for i € Q;, each of
which is 3-spherical. Denote by ST(I') the spherical twist group of Dy () in Aut Dy (1),
generated by {¢g, | i € Qy}. Further, the set of reachable spherical objects is

Sph(I") = ST(T") - Sim H,y, (5.3)

which is equivalent to the definition in (3.1) (cf. [22, Lemma 9.2]).
For Dfd(SA), we will use notation Sph(S,) and ST(S,) instead. Furthermore, by
(3.2), we will not distinguish EG°(S,) and EG°(I'p).

5.2 Stability conditions
Recall the definition of stability conditions as follows.
Definition 5.2 ([3, Definition 3.3]). A stability condition o = (Z,P) on D consists of

a group homomorphism Z : K(D) — C called the central charge and full additive
subcategories P(¢) C D for each ¢ € R, satisfying the following axioms:

e if 0 #£E € P(p) then Z(E) = m(E) exp(¢ni) for some m(E) € R_,,
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e forallp eR,Plp+ 1) ="P(p)lll,
o ifg, > ¢, and A; € P(¢;) then Homp(4,,4,) =0,
e (HN-property) for each nonzero object E € D there is a finite sequence of real

numbers

Q1 > Qg > o> @,

and a collection of triangles

0 :EO El E2 aee E

> / » / > /
N AN N
N AN N

with A; € P(g;) for all j.

A crucial result about stability condition is that they form a complex manifold.

Theorem 5.3 (Bridgeland [3]). All stability conditions on a triangulated category D form
a complex manifold, denoted by Stab(D); each connected component of Stab(D) is locally
homeomorphic to a linear sub-manifold of Hom,(K(D), C), sending a stability condition
(H,Z) to its central change Z.

We will study the principal component Stab°(S,) of the space of stability
conditions on Dg;(S,), that is, the connected component containing stability conditions

whose hearts are in EG°(S,).

5.3 Faithful actions

Lemma 5.4. An auto-equivalence ¢ € Aut Dr4(S,) acts trivially on Stab°(S,) if and only
if it acts trivially on Sph(S,).

Proof. As to give a stability condition is equivalent to give a heart ‘H with a stability
function Z on H satisfying the HN-property in Definition 5.2 (see [3, Proposition 5.3]),

we have the following equivalences:

e ¢ acts trivially on Stab®(S,);
e ¢ acts trivially on the exchange graph EG°(S,);
e ¢ acts trivially on any vertices of EG°(S,) and any edges of EG°(S,).
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As a heart in EG°(S, ) is determined by its simples and the edges of EG°(S,) are labeled
by simple of hearts, we deduce that ¢ acts on Stab°(S,) if and only if it acts trivially on
the set
J sim#.
HEEG®(Sa)
This is Sph(S,) by (3.1). |

Theorem 5.5. The spherical twist group ST(S,) acts faithfully on Stab®(S,).

Proof. Choose any H € EG°(S,) that corresponds to a triangulation T. Let ¢ € ST(S,).
By [19, Corollary 8.5], ¢(#) can be obtained from H, by a sequence of tiltings. Hence
¢(Hy) = Hp for some T', which is obtained from T by the corresponding sequence of
flips. Hence, ¢ can be realized as the composition of a sequence of KY equivalences. By
Theorem 4.2, ¢ can be determined by Hy and #Hq directly.

In the case that ¢ acts trivially on Stab°(S,) or Sph(S,), we have ¢ (Hy) = H and
the corresponding equivalence from Construction 4.1 is the identity. Thus, ¢ is naturally

isomorphic to the identity as required. |

In [22], we have ST(S )/ Auty = BT(S,), where BT(S,) is the braid twist group of
S, and where Aut is the part of Aut Dfd(SA) that acts trivially on Stab® Dfd(SA). Hence

a consequence of the theorem above is the following.
Corollary 5.6. ST(S,) = BT(S,).
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