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1. Introduction

Schur—Weyl reciprocities set up close relationship between polynomial representa-
tions of general linear groups GL, over C and representations of symmetric groups
&, [15]. Such results have been generalized to several other cases. Brauer [4] studied
similar problems for symplectic groups and orthogonal groups. A class of associative
algebras %,(9), called Brauer algebras, came into the picture, which play the same im-
portant role as that of symmetric groups in Schur’s work.

Walled Brauer algebras %, ;(8) (cf. Definition 2.2) are subalgebras of Brauer algebras
Pr11(9). They first appeared independently in Koike’s work [22] and Turaev’s work [35],
which were partially motivated by Schur—Weyl dualities between walled Brauer algebras
and general linear groups arising from mutually commuting actions on mixed tensor
modules V& @ (V*)®! of the r-th power of the natural module V and the ¢-th power
of the dual natural module V* of GL, for various r,¢t € Z=°. Benkart et al. [3] used
walled Brauer algebras to study decompositions of mixed tensor modules of GL,,. Since
then, walled Brauer algebras have been intensively studied, e.g., [8-11,26,32], etc. In
particular, blocks and decomposition numbers of walled Brauer algebras over C were
determined in [9,10]. Recently, Brundan and Stroppel [8] obtained Z-gradings on %;..(9),
proved the Koszulity of %, ,(d) and established Morita equivalences between ;. .(9)
and idempotent truncations of certain infinite dimensional versions of Khovanov’s arc
algebras [19].

In 2002, by studying mixed tensor modules of general linear Lie superalgebras o]
Shader and Moon [32] set up super Schur—-Weyl dualities between walled Brauer alge-
bras and general linear Lie superalgebras. By studying tensor modules Ky ® V®" of
Kac modules K with the r-th power V" of the natural module V of gl
and Stroppel [7] further established super Schur—Weyl dualities between level two Hecke
which
provide powerful tools enabling them to obtain various results including a spectacular one

mns Brundan

algebras H?'? (also denoted as J#3,.) and general linear Lie superalgebras gl,,

on Morita equivalences between blocks of categories of finite dimensional gl |,,-modules

min
and categories of finite-dimensional left modules over some generalized Khovlanov’s dia-
gram algebras. A natural question is, what kind of algebras may come into the play if one
replaces the tensor modules K\ ® V®" by the tensor modules M := V& @ K, @ (V*)®*
of Kac modules K with the r-th power of the natural module V' and the ¢-th power of

the dual natural module V* of gl This is one of our motivations to introduce a new

mln-
class of associative algebras %’fftf (clf Definition 2.7), referred to as affine walled Brauer
algebras, over a commutative ring containing 1.

The new algebra c%";‘ftf (defined with parameters w,’s and w,’s satisfying Corollary 4.3)
can be realized as the free R-module R[x,] ® %, (wo) ® R[X,] (the tensor product of the
walled Brauer algebra %, ;(wo) with two polynomial algebras R[x,| := R[z1, %2, - , Z/]
and R[X;] := R[Z1,Zo,--- ,4)), such that R[x,] ® RS, and RS; ® R[X,] are isomorphic
to the degenerate affine Hecke algebras s and s respectively (where &, and S,
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are symmetric groups contained in %, ;(wy) generated by s;’s and §;’s respectively), and
further, the following relations are satisfied (cf. Theorem 4.16 and Proposition 4.18)

(1) er(xy +21) = (v1 + Z1)eg =0, s1e18171 = x151€151, 51€151T1 = T151€151,
(2) S;T1 = 12'181', S;T1 = .’Elgi, 1’1(61 + fl) = (61 + il)xl,
(3) erxhe; = wypey, erthe; = wyer, Yk € 220,

In this sense, the appearing of affine walled algebras %’?ff is very natural.
Surprisingly, there is a super Schur—Weyl duality (SSWD) between affine walled alge-

bras %’f}ftf and general linear Lie superalgebras gl,,|,, over C. In this case, level two walled

m|n
Brauer algebras %, (m,n) (defined as cyclotomi|c quotients of affine walled Brauer al-
gebras %f}if with special parameters, cf. (5.37) and Definition 5.11) come into the play
(cf. Theorem 5.12) under the assumption that r + ¢ < min{m,n} (we remark that the
general case will be discussed in [30]): they can be realized as endomorphism algebras of
M"™* under some “reasonable” conditions (see the next paragraph). Moreover, they have
weakly cellular structures (cf. Theorem 6.12), which enable us to give a classification
of their simple modules (cf. Theorem 7.6). The result in turn allows us to classify the
indecomposable direct summands of M™* (cf. Theorem 7.7). We would like to mention
that the SSWD is in fact the first and second fundamental theorems of invariant theory
for the endomorphism algebra Endg(M"™") (see, e.g., [24]). In a sequel [30], we will show
that the SSWD can provide us a powerful tool to tackle various problems associated with
level two walled Brauer algebras, such as the determinations of decomposition numbers.
On the other hand, the SSWD in turn enables us to study the category of finite dimen-
sional gl

-modules, in particular we can use it to determine all gl _ . -singular vectors

m|n
(or highest weight vectors) in M™* (we remark that the determination of singular vectors

m|n

in Lie superalgebra modules is an interesting but cumbersome problem).

At this point, we wish to mention that in establishing the SSWD, although we choose
the highest weights A of the Kac modules K to be very special (cf. (5.6)), this is enough
and reasonable for our purpose as in this case M™! is a tilting module and every inde-
composable projective module can be realized as a direct summand of M™ for various
r and t. With these special choices of A’s, level two walled Brauer algebras appear very
naturally. We would also like to mention that in contrast to level two Hecke algebras
HP9 (or 46,) in [7, IV], which only depend on p — ¢ and r, level two walled Brauer
algebras 2, (m, n) heavily depend on parameters p — g, r, t, m, n (cf. Remark 5.14).
Nevertheless, one may expect that level two walled Brauer algebras will play the role sim-
ilar to that of level two Hecke algebras and that there should be some close connections
between level two walled Brauer algebras and cyclotomic Khovanov—Lauda—Rouquier
algebras [20,27,28] (cf. [6,7] for level two Hecke algebras). We remark that higher level
walled Brauer algebras will appear if we consider arbitrary typical integral dominant

weight A\ of gl However, in this case, we cannot expect anything new from the view-

point of representation theory of gl,,,, (see Remark 5.8). In fact, it is a simple routine

to generalize level two walled-Brauer algebras to higher level walled-Brauer algebras.
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Another motivation of introducing affine walled Brauer algebras comes from Nazarov’s
work [25] on the Jucys—Murphy elements of Brauer algebras and affine Wenzl algebras.
We construct a family of Jucys—Murphy-like elements of walled Brauer algebras (cf. Def-
inition 3.2), which have close relationship with certain central elements. By studying
properties of these elements in details, we are not only able to give the precise defini-
tion of affine walled Brauer algebras %iﬁf (which can also be regarded as analogues of
Nazarov’s affine Wenzl algebras [25] in this sense), but also able to set up a family of
homomorphisms ¢, from affine walled Brauer algebras %?f{ to walled Brauer algebras
Blotr i+t (wo) for any k € z21 (cf. Theorem 3.12). This then enables us to use the free-
ness of walled Brauer algebras to prove that affine walled Brauer algebras %ﬁff are free
with infinite rank over a commutative ring containing 1 (cf. Theorems 4.14 and 4.16).

We organize the paper as follows. In Section 2, after recalling the notion of walled
Brauer algebras, we introduce affine walled Brauer algebras over a commutative ring R
containing 1. In Section 3, we introduce a family of Jucys—Murphy-like elements of walled
Brauer algebras and establish a family of homomorphisms from affine walled Brauer al-
gebras to walled Brauer algebras. Using these homomorphisms and the freeness of walled
Brauer algebras, we prove the freeness of affine walled Brauer algebras in Section 4. In
Section 5, we study the super Schur-Weyl duality between affine walled Brauer algebras
(more precisely, level two walled Brauer algebras ;(m,n)) with special parameters
and general linear Lie superalgebras gl,,,|,, under the assumption that r +¢ < min{m, n}.
In Section 6, we construct a weakly cellular basis of level two walled Brauer algebras.
Finally in Section 7, we give a classification of their simple modules, and a classification
of the indecomposable direct summands of the aforementioned tensor modules.

2. The walled Brauer algebra 2, ; and its affinization

Throughout this section, let R be a commutative ring containing 1. The walled Brauer
algebra is an associative algebra over R spanned by so-called walled Brauer diagrams as
follows.

Fix two positive integers r and t. A walled (r,t)-Brauer diagram is a diagram with
(r+t) vertices on the top and bottom rows, and vertices on both rows are labeled from left
to right by r,---,2,1,1,2,--- ,t. Every vertex i € {1,2,---,r} (resp., 1 € {1,2,--- ,})
on each row must be connected to a unique vertex j (resp., j) on the same row or a
unique vertex j (resp., j) on the other row. In this way, we obtain 4 types of pairs [i, j],
[4,7], [i, 4] and [4, j]. The pairs [4, ] and [i, j] are called vertical edges, and the pairs [i, j]
and [, j] are called horizontal edges. If we imagine that there is a wall which separates
the vertices 1, 1 on both top and bottom rows, then a walled (r,t)-Brauer diagram is a
diagram with (r 4 t) vertices on both rows such that each vertical edge cannot cross the
wall and each horizontal edge has to cross the wall. For convenience, we call a walled
(r,t)-Brauer diagram a walled Brauer diagram if there is no confusion.
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Example 2.1. The following are (r,t)-Brauer diagrams:

Fig. 3. 5;.

Throughout, we denote by eq, s;, s; the diagrams in Figs. 1-3, respectively.

In order to define the product of two walled Brauer diagrams, we consider the compo-
sition Dy o Dy of two walled Brauer diagrams Dy and D, which is obtained by putting
D, above D5 and connecting each vertex on the bottom row of D to the corresponding
vertex on the top row of Dsy. If we remove all circles of D1 o Do, we will get a walled
Brauer diagram, say Ds. Let n(Dj, D) be the number of circles appearing in D; o Ds.
Then the product D1Ds of Dy and D, is defined to be §™(P1:P2) Ds  where § is a fixed
element in R. For instance, in Example 2.1, €2 = de;.

Definition 2.2. (See [22,35].) The walled Brauer algebra 2, ,(d) with respect to the
parameter 0 is the associative algebra over R spanned by all walled (r, t)-Brauer diagrams
with product defined as above.

Remark 2.3. If we allow vertical edges can cross the wall and allow horizontal edges may
not cross the wall (namely, a vertex can be connected to any other vertex), then we obtain
(r + t)-Brauer diagrams. The Brauer algebra %B,1+(J) [4] is the free R-modules spanned
by all (r + t)-Brauer diagrams with product defined as above. Thus a walled Brauer
diagram is a Brauer diagram, and the walled Brauer algebra 4, .(d) is a subalgebra of
the Brauer algebra Z,4(0).

The following result can be found in [16, Corollary 4.5] for a special case and [26,
Theorem 4.1] in general.



H. Rui, Y. Su / Advances in Mathematics 285 (2015) 28-71 33

Theorem 2.4. Let R be a commutative ring containing 1 and 6. Then %B,.(0) is an
associative R-algebra generated by e1, s;, 55 with1 <i<r—1and1 < j <t—1 subject
to the following relations
(1) s7=1,1<i<r, (8) s7=1,1<i<t,

( ) 8iSj = 8;8i, |’L'—j|>1, (9) §i§j:§j§i, ‘i—j|>1,
( ) SiSi+18i = Si4+1SiSi+1, 1<i<r—1, ( 0

(4) s;e1 =e1s;,2<i<r, (11
(5) (
(6) (
(7) (

) 8iSit15i = 8i+15:8i41, 1 <i<t—1,
)
12) e151e1 = e,
)
)

sie1 = e18;, 2 <1<t
€151€1 = €1,

5 _ o o
ey = dey, €15151€151 = €15151€151,
5i5; = 55, s1e15151€1 = S1e18151€1.
In particular, the rank of A, (0) is (r +t)!.

We remark that Jung and Kang gave a presentation of walled Brauer superalgebras
in [17, Theorem 5.1], and the presentation of walled Brauer algebras in Theorem 2.4 can
be obtained from those of walled Brauer superalgebras by removing the generators of
Clifford algebras inside walled Brauer superalgebras.

The following two results can be deduced from Theorem 2.4, easily.

Lemma 2.5. There is an R-linear anti-involution o : %By.1(0) — By () fixing generators
si, 55 and ey for all possible i, j’s.

Proof. The result follows from the symmetry of relations in Theorem 2.4, immediately.
In particular, the image of a walled Brauer diagram D under the map o is the diagram
which is obtained from D by reflecting along a horizontal line. O

Lemma 2.6. We have %, 1(0) = B, ,(0). In particular, the corresponding isomorphism
sends s;, e1, 5; of Br1(9) to 5, e1, s; of By r(6).

Proof. One can easily observe that the automorphism can be obtained by the reflection
with respect to the imaginary wall in the middle. O

In the present paper, we shall introduce a new class of associative algebras called
affine walled Brauer algebras. Such algebras can also be considered as the analogues of
Nazarov’s affine Wenzl algebras in [25]. This is one of our motivations to introduce these
algebras. Another motivation originates from super Schur—Weyl dualities in [7,32] and
ours in Section 5.

Definition 2.7. (cf. Theorem 4.16) Let R be a commutative ring containing 1, wp, w;.
Fix r,t € Z29. The affine walled Brauer algebra @?ﬁ(wo, w1) is the associative R-algebra

generated by eq, z1, Z1, 5; (1 <i<r—1),5; (1 <j<t—1), and two families of central
elements wy, (k € Z=?), @y, (k € Z=), subject to the following relations
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—_

s2=1,1<i<r, i=L1<i<t,

NS

5i8; = 8;8;, |1 — j| > 1,

w

SiSi+18; = Si+1SiSi+1, 1<i<r—1,

N

— O O~ N N N N S~ S~ N~

sie1 =e18;, 2 <1<, Sie1 =e18;, 2 <1 <1,

e181€1 = ey, e181e1 = ey,

(=2}

9 _ . _
e] = wpeq, €15151€151 = €15151€151,

oo

e1(z1+ 1) = (1 +Z1)er =0, zi(er + 1) = (e1 + Z1)z1,
€181%181 = S1T181€71, €181%181 = S1T151€1,

=~ o~~~ o~~~ —~ —
Ne) t

(=)

§ir1 = X185, 2 < <, §5iT1 = X158, 2 <1<t

—_
—_

Six1 =218, 1 <@ <t
the, = @ Yk € 720
e1rye; = weex, € )

T1(517151 — 51) = (517151 — 51)71.

S$;T1 = X184, 1< < T,
e1zle; = wreq, Vk € 7220,

xl(slxlsl — 81) = (5158181 - 51)5517

—
wW

(14)
(15)
(16)
(17)
(18)
(19)
5i8j = 558;, (20) sie1s151€1 = S1€151816€1,
(21)
(22)
(23)
(24)
(25)
(26)

~ o~~~
—
[\

Remark 2.8. Later on we shall be mainly interested in the case when all central elements
Wa, Wp With a € Z=2 b € Z=0 are specialized to some elements in R (cf. Theorem 4.16).

Remark 2.9. The reason we put w,’s into generators is that in order to be able to prove
the freeness of %iﬁ (cf. Theorem 4.14), we need to construct a family of homomorphisms
¢k (cf. Theorem 3.12), which requires w,’s to be generators.

For simplicity, we use ggf}ftf instead of ,@j?ff(wo, w1) later on. In other words, we always
assume that ,95’?? is the affine walled Brauer algebra with respect to the parameters wy
and wy.

In the next two sections, we shall prove that %ﬁff is a free R-algebra with infinite

rank.
3. Homomorphisms from .@ig to Brtr k+t(wo)

The purpose of this section is to establish a family of algebra homomorphisms ¢y
from %ﬁftf t0 Brotr tt(wo) for all k € ZZ2'. Then in the next section, we will use these
homomorphisms and the freeness of walled Brauer algebras to prove the freeness of %f}ftf
We remark that Nazarov [25] used the freeness of Brauer algebras to prove the freeness
of affine Wenzl algebras.

Unless otherwise indicated, all elements considered in this section are in the walled
Brauer algebra %,.,() for some r,t € Z=° with parameter § = wy.

Denote by &, (resp., &;) the symmetric group in r letters 1,2,--- ,r (resp., t letters
1,2,--- ). It is well-known that the subalgebra of %, :(d) generated by {s; |1 <i < r}
(resp., {5; | 1 < j < t}) is isomorphic to the group algebra RS, (resp., RG;) of &,
(resp., &;).
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Let (i,7) € &, (resp., (i,7) € &;) be the transposition which switches i and j (resp.,
i and j) and fixes others. Then s; and 5; can be identified with

s;=(i,i+1) and 35 =(j,5+1).

Set Ly = L; =0 and

i—1 i—1
L; = Z(J, i), L= (j,i) fori>2. (3.1)

j=1 =1

Then L; for 1 <4 < r are known as the Jucys—Murphy elements of RG,., and Ej for
1 < j <t are the Jucys-Murphy elements of RS,. We will need the following well known
result.

Lemma 3.1. In RS, and RS, for all possible i, j’s, we have

(1) LZ'S]‘ :SjLi, EEJ 5 f/ ’Lf Z#],]—Fl
(2) SiLi = Li+187; — ].7 § E = I/ZJrlSZ —1.
(3) (Li + Li+1)si = si(Li + Lit1), (Li + Li+1)8; = 8i(Li + Lit1).

For convenience, we define the following cycles in &,., where 1 <4, 7 <7,

Si,j:SiSH_l"'Sj_l:(j,j—l,...,i) fOI‘Z'<j7 (32)
and s;; = 1. Ifz>j,wesets”:s = (4,7 +1,...,1). Similarly,for1<z’j<t
Wedeﬁnesw—(j,j I,...,i) € & le<],01“11f’L—j, or s, ! else. Let e;,; be the

element whose correspondlng diagram is the walled Brauer dlagram such that any of its
edge is of form [k, k] or [k, k] except two horizontal edges [i,j] on both top and bottom
rows. Namely,

€ij = §j’1si’16131,i§1,j for i,j with 1 S ) S rand 1 S ] S t. (33)

We also simply denote e; =e; ; for 1 <14 < min{r,t}.
It follows from [8, Lemma 2.1] and [29, Proposition 2.5] that

T t
Crt = Z €ig — Z Li - ZE]’, (34)
i=1 j=1

0T, >

is a central element in %, (). Such a central element has already been used in [10,
Lemma 4.1] to study blocks of %, +(d) over C. Motivated by (3.4), we define Jucys—
Murphy-like elements y;, ¢ below such that for any k € Z=!, elements yx 41, Jxr1 in the
image of the homomorphism ¢y, (to be defined in Theorem 3.12) will play the same roles
as those of z1, 1 in @?ftf
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Definition 3.2. Fix an element §; € R. For 1 <i<rand 1 </¢<t, let

£—1

Yi =01+ Zei,j —L;, and yp=-b1+ Zej,e — Ly.

j=1
Lemma 3.3. Let i € Z with 1 < ¢ < min{r,t}.

1 €Y = 61((51 + L L ) eiﬂi = 67;(—(51 + LZ — I/z)
2) ei(yi +4:i) =0, (yi + yi)e; = 0.

3
4

€iSiYiSi = SiYiSi€q, €iS8;Y;iSi = S;Y;Si€;.

vi(ei + i) = (€ + ¥i)yi-

(=2}

7
8
9

(1)
(2)
(3)
(4)
(5) yi(siyisi — si) = (siyisi — 8:)Yi, Yi(5:9i5i — 5i) = (5iYi5i — 5:)Yi-
(6)
(7)
(8)
(9)

SjYi = YiSj, s;yi = yis; if j#Fi—1, 4
SiYi = YiSj, ;Y =yis;  if j#FiI—1L
€i+1Yi = Yi€i+1, eiv1¥i = Yieiv1  if 1 < min{r,t}.

Yilir1 = Yir1¥Yi Yilit1 = Yir1yi  of i < min{r,t}.

Proof. We remark that the second assertion of (2) follows from the first assertion of (2)

by applying the anti-involution o in Lemma 2.5. By Lemma 2.6, we need only check (4)

and the first assertions of others.

Since eje; ; = e;(j,1) and e;ej; = e;(j,4) for j # i, we have (1) and (2). Further, (3)

follows from the equalities e;er ; = ey j€;, €i(k,j) = (k,j)e; if @ ¢ {k,j} together with

the following:

i—1
$iYisi = Zez-i-l,.] Z Jyi+ 1)+ 01 =yip1 — si€is; + 5.
j=1

By Definition 3.2, we have

(3.6)

YilYi+1 — Yi+1Yi = Zez,jzez+l k— Zez—i-l kzez,J Zez,j i+1 T L, —HZQ,]
Jj=1

i—1 i—1 i—1 i—1
= g €;,jSi — i E €ij — E €i,j8i + S E €i5s
j=1 =1 =1 =1

which is equal to zero, proving (9).

Recall that o is the anti-involution on %, ;(d) in Lemma 2.5. We have o(y;) = y; and

o(sj) = s;. Using (3.6) and o, we have

Vi (SiyiSi — i) = Yilit1 — YiSi€iSi,  (8i¥%iSi — 8i)Yi = Yi1Yi —

Si€iSilYi-

(3.7)
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By (3), we have y;s;e;s; = s;€;8;y;. So, (5) follows from (9).

We remark that (6) and (7) can be checked easily by using Theorem 2.4(2)—(4). Since
€it1€ij = €; j€ir1 and e;11(j,4) = (J,9)e;41 for 1 < j <i—1, we have (8).

Finally, we check (4). We have (y1 + e1)¥i+1 = ¥i+1(y1 + e1) by e19i+1 = Yit1€1. By
induction on j, we have (y; + €;)¥i+1 = Yi+1(y; + €;) and e;gi+1 = yi+1e; for all j with
1< j <. So,

Yilfir1 = Yir1Yi- (3.8)
By (3.6) and Lemma 2.6, e; + ¥; = $;¥i+15; + ;. So, (4) follows from (3.8) and (7). O
The following result is a special case of [10, Proposition 2.1].

Proposition 3.4. Let A, () be defined over a field F. For any fized k with 2 < k <
min{r,t}, let e = e if 6 # 0 or e = exsy_1 otherwise. Let By, () be the subalgebra
of %B,.(9) generated by e1, s;, 5;, 1 < i < k. Then eBy (8)e = eBr—_1,5-1(0), which is
isomorphic to Br_1,5-1(9) as an F-algebra.

The following result immediately follows from Proposition 3.4, where elements wq g,
Wa,k Will be crucial in obtaining the homomorphisms ¢, in Theorem 3.12.

Corollary 3.5. Assume wy # 0. For a € Z=°, there exist unique wq k, 0ok € Br—1k-1
such that

erYRCk = Wa,kCks eryper = Wa,kCk-
Furthermore, wy ) = —w1,x = 001 and woj = Wk = 0.
>1 gk = koo @), 7 (@)
Lemma 3.6. For any k € Z=", we have e;y; = ijo ay, ;€il; for some a; €

B+ such that

(1) a), = (~1)%,
(4) ()

(1) _ :
(2> a??)j = W07ia]]§711’j(l_) Ap1,5-1» 1<5< k-1,
(3) Ao = — Zj:l A q,jWssi-
In particular, a,(j)j € Rlwg,wsz...,wk—1,] for any j with 1 < j < k such that each
, i) . ‘.
monomial of a,(v’)j is of form wj, ;- wj,; with Y . ji <k —1.
Proof. By Lemma 3.3(2), the result holds for k¥ = 1. In general, by Lemma 3.3(4),

Ja J _ J Jj+1
€Y Yi = ei(e; — yz)yl — W€ = W06y — €Yy — W€y

Now, the result follows from induction on k. O
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Lemma 3.7. For k,a € Z>2, we have @, € Rlwak, w3k, wWar]. Furthermore, both
Wa,k and Wq . are central in Bi_1 j—1.

Proof. The first assertion follows from Lemma 3.6. To prove the second, note that any
h e {e1,s; | 1 <i < k—2} commutes with ey, yr. So, ex(hwar) = ex(warh). By
Proposition 3.4, hwg, i = wg,kh. Finally, we need to check ey (hwg i) = ex(wq xh) for any
h € {51,82, - ,8k—2}. In this case, we use Lemma 3.6. More explicitly, we can use g
instead of y;, in exyier. Therefore, hwy = wq,kh, as required. O

The following result follows from (3.6) and induction on a.

Lemma 3.8. For k,a € Z=', we have

a—1

Sk¥ir1 = (Yr +ex) sk — Z(yk +en) "yl
b=0

The elements z;, Z;, defined below will be crucial in the description of wgqx (cf.
Lemma 3.10). For 1 < j <k —1, let

Zik = Sjk—1(Yr—1 + €r—1)Sk—1,, Zjk = 55 k—1(Yk—1 + €k—1)5k—1,5- (3.9)
Then the following result can be verified, easily.
Lemma 3.9. For 1 < j <k —1, we have

k—1

(1) 2z =201 € — Z1§s§k—1,s¢j(
— k—1

(2) Zje =220y €0 — Di<s<it s

)7
).

Note that wor = § and wy ; = dd1, and exh = 0 for h € HBj_1 ;1 if and only if
h = 0. We will use this fact freely in the proof of the following lemma, where we use the

s,j
5,j

terminology that a monomial in z;,11’s and z; x4+1’s is a leading term in an expression
if it has the highest degree by defining deg z; ; = deg z; ; = 1.

Lemma 3.10. Suppose a € Z=22. Then Wa,k+1 can be written as an R-linear combination
of monomials in zj x41°s and Zj p41’s for 1 < j < k such that the leading terms of wq k41

k a— a—1za—
are ijl(—zj’k}rl + (-1 1Zj,k41r1)'
Proof. By Corollary 3.5 and Lemma 3.3(1), we have (cf. Lemma 3.1(1))

7 —1 —1
Wak+1€k+1 = €k+1Yg11€k+1 = €kr1(Lit1 — Liv1)yp 1 ekt1 + 01€rt1y kv (3.10)

Note that the second term in the right-hand side of (3.10) does not contribute to the
leading term. Considering the first term in the right-hand side of (3.10) and expressing
L1 by (3.1), using (j,k+1) = s kSksk,; (cf. (3.2)) and the fact that s, j, s ; commute
with yg41, ex+1 (cf. (3.3) and Lemma 3.3(6)), we see that a term in the right-hand side
of (3.10) becomes
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—1
— 8 kCk+15kYjy1 Ch+15k,j
a—2
—1 —2—b
= S k€kt1 ( — (yp+er)* "+ E (yx + ex)® wb,k+1)8k,j, (3.11)
b=0

where the equality follows from Lemma 3.8 and Corollary 3.5. By Lemma 3.7, wp k41
commutes with s ;. Now by inductive assumption, the right-hand side of (3.11) can be

written as an R-linear combination of monomials with the required form such that the
leading term is —z;;il.

Now we consider terms in (3.10) concerning Ly, namely we need to deal with
ek+1(3,k+ 1)y,‘jjriek+1. We remark that it is hard to compute it directly. However,
by Lemma 3.6 and induction on a, we can use (—l)a’lgjg;iekﬂ to replace yZI%Ek_A'_l

in ekH(},k—i—l)yg;iekH (by forgetting lower terms). This enables us to consider

(=) teri1(4,k + I)QZ;%ekH instead. As above, this term can be written as the re-
a—1za—1

quired form with leading term (—1)7"z}, 1. The proof is completed. O

Lemma 3.11. Fora € Z2°, k € Z=1, both Wa,k+1 and Wg g+1 commute with yr11 and Yr41.

Proof. By Lemmas 2.6, 3.7 and 3.10, it suffices to prove that both zj;,4+1 and zj 41
for 1 < j < k, commute with yi41. By Lemma 3.3(9) and ygi1€r = exyr+1, we have
Yet+1(ex + Yx) = (ex + Yr)Yr+1. Note that zp ry1 = yr + e, we have ypp126841 =
Zk k+1Yk+1. In general, by Lemma 3.3(6), Yrt+12jk+1 = Zjk+1Yk+1. By (3.8) and
Lemma 2.6, Yr41Yk = YrYk+1- Since Yp+ex = Zi g1 (cf. (3.9)), Yrr1Zk k41 = Zh k1 Yht1-
So, by Lemma 3.3(7), Yr+1Zj,k+1 = Zj k+1Yk+1. The result follows. O

The following is the main result of this section. It follows from Theorem 2.4, Lem-
mas 3.3, 3.11 and Corollary 3.5.

Theorem 3.12. Let F be a field containing wo, wy with wy # 0. For any k € Z7°, let
PBriki+k(wo) be the walled Brauer algebra over F. Then there is an F-algebra homo-
morphism ¢y, : %’?ftf — PBrikark(wo) sending

Siy 577 €1, T1, 'flv Wa, Q_Ja — Si+k, '§j+k‘7 €k+15 Yk+1, gk-'rl) wa,k-'rl? (‘Da,k"rl? (312)

respectively such that §; = wglwl.
4. A basis of an affine walled Brauer algebra

Throughout this section, we assume that R is a commutative ring containing 1, wq
and wj. The main purpose of this section is to prove that @f}g is free over R with infinite
rank.

Lemma 4.1. There is an R-linear anti-involution o : ,@f}ftf — e%’?ftf fixing generators s;,

55, €1, T1, T1, We and wy for all possible a, b, i, j’s.
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Proof. This follows from the symmetry of the defining relations in Definition 2.7
(cf. Lemma 2.5). O

The following can be proven by arguments similar to those for Lemma 3.6.

— k ;
Lemma 4.2. For any k € Z21, we have e;z} = Y oiio Gki€1xy for some ay; € %’ffftf such

that

(1) ar = (1),

(2) ar,; = woak;u —agp—1,i-1, 1 <i <k —1,
—1

(3) ak,0 = — Zizl Af—1,iWi-

In particular, a; € Rlwa,ws, ... ,wk_1] for alli with 1 < i <k such that each monomial
of ag,i is of form wj, ---wj, with Zle ji<a-—1.

Recall that an element a € %ﬁg is called R[ws,ws, - ,wo, w1, - - - |-torsion-free if ab #
0 for all non-zero b € Rlwa,ws, -+ ,&0, W1, " |-
Corollary 4.3. Assume ey is R[wa,ws, -+ , &g, w1, - - - |-torsion-free. Then wy = wy, W1 =
—w1 and Oy = Zf:o ak,w; € Rlwa,ws, - ,wg] for k> 2.

Proof. Applying e; on the right hand side of e;z% and using Lemma 4.2 yield the result
as required. O

Remark 4.4. By Corollary 4.3, c%’j?ftf can be generated by s;, 55, e1, 1, T1, W, for all possi-
ble i, j, aif e is R|wa,ws, - ,Wo, W1, - - - |-torsion-free. In fact, when we prove the freeness
of %’?ﬁ, we do not need to assume that ey is R[wa,ws, - , o, w1, - - - |-torsion-free. What
we need is that wy’s are determined by ws, - -, wy, in Corollary 4.3 with ay ; being deter-
mined in Lemma 4.2. If so, ,@iftf is free over R, forcing e; to be R|ws,ws, - - - |-torsion-free,
automatically.

The elements defined below will play similar roles to that of x; and z;:
Ti = S$i—1T5—18;—1 — Si—1, Tj=8j-1%Tj-18j-1 — Sj—1, (4.1)
for 2 <i<r,2<j<t. The following result can be checked easily.

Lemma 4.5. We have

(1) sixi =418+ 1, zyzy = xjx; for 1 <i<j<r.

(2) 5;T; = Tj415; + 1, TiTj =TT for1<i<j<t.

(3) Let ¢y : ,"Tftf — PBriki+k(wo) be the homomorphism in Theorem 3.12. Then (recall
notation e; ; in (3.3))
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(i) dr(we) =35 enrej — Lipe +wy ',

. _ k = _
(i) ¢r(xe) = ijl €jk+e — Lo — wy wi.
Lemma 4.6. For 1 <i<r and 1< j <t, we have

(1) @i(Z; +eij) = (5 + eij)wi, Tj(@i + eij) = (@i + € )T
(2) eij(@i+3;5) = —eij(Lj + Li), (zi +Z5)ei; = —(Lj + Li)ei ;.

Proof. By symmetry and Lemma 4.1, we need only check the first assertions of (1)—(2).
In fact, if ¢ = 1, then (1) follows from Definition 2.7(21), (24). In general, it follows from
induction on . By Definition 2.7(8), e 2(z1 + Z2) = *61,2132. Using Definition 2.7(24)

and induction on j yields e; j(x1+Z;) = —eq ;L;. This is (2) for ¢ = 1. The general case
follows from induction on i. O

Lemma 4.7. Suppose 1 <14, j<rand 1<k, {<t.

(1) Ifi#j, then ei(x; + Lj) = (25 + Lj)eir-
(2) If k#4, then e; (Te + Le) = (Tg + L5)6i7k,

Proof. By symmetry, we need only to check (1). By Definition 2.7(9), we have ey (2o +
Ly) = (La + x2)e;. Using induction on j yields ei(z; + L;) = (z; + Lj)e; for j > 3.
This is (1) for ¢ = k = 1. By induction on k, ey x(z; + L;) = (z; + Lj)e1 . If i < j, by
Lemmas 3.1 and 4.5, we have e; y(z; + L;j) = (z; + Lj)ei k.

In order to prove (1) for ¢ > j, we need ep 121 = x1€2,1, which follows from Defini-
tion 2.7(9). By Definition 2.7(4), (24), we have e; px1 = z1€; ). By induction on j, we
have e; p(x; + L;) = (x; + Lj)e; i, for all j with j < i, as required. O

Lemma 4.8. Suppose 1 <i<r—1landl1<j<t—1.

(1) si(i + Li) = (wis1 + Liva)si, 5(%5 + L) = (Tj1 + Lys1)5s.
(2) eij(wi + Li)®eij = waeij, €i;(T; + Lj) i = Waei; for a € Z7°.

Proof. By symmetry, it suffices to check the first assertions of (1) and (2). We remark that
(1) follows from Lemmas 3.1 and 4.5, and (2) follows from (1) together with induction
ont 0O

We consider %ﬁftf as a filtrated algebra defined as follows. Set

degs; = degs; =dege; =degw, =0 and degzy =degz, =1,
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for all possible a, i, j, k, ’s. Let (%ﬁg)(k) be the R-submodule spanned by monomials
with degrees less than or equal to k for k € ZZ°. Then we have the following filtration

285 o (B 5 (220 5 ()Y = 0. (4.2)

Let gr(#:%) = @igo(@?g)[i]7 where (%ﬁf{)[i] = (%ﬂg)(i)/(%ﬁ)(i_l). Then gr(#2%) is
a Z-graded algebra associated to t@?ftf We use the same symbols to denote elements in
gr(#2%). We remark that we will work with gr(#2f) when we prove the freeness of #21.

Fix r,t, f € Z>° with f < min{r,t}. We define the following subgroups of &,., &, x &,
and &, respectively,

S, p=(sj|f+1<j<r),
®f=<§isi‘1§i<f>,
G =Gl f+1<j<t). (4.3)

Observe that & is isomorphic to the symmetric group in f letters. The following result
has been given in [29] without a detailed proof. We remark that .@f) , in (4.4) was defined
in [12, Proposition 6.1] via certain row-standard tableauz.

Lemma 4.9. (See [29, Lemma 2.6].) The following (recall notation s; ; in (3.2))

DL =1{s5,i,58.5; St s1g, |1 <in <o <ip <1,k < i), (4.4)

is a complete set of right coset representatives for &,_j x &y x ét,f in S, x &,.

Proof. We denote by @f ; the right-hand side of (4.4), and by @7{ , a complete set of right
coset representatives. Then obviously 92,{ . C 97{‘; ¢ In order to verify the inverse inclusion,
it suffices to prove that |@Tft|7 the cardinality of @Tf’n is % = c/cf f1, which
is clearly the cardinality of @,{ +, where C/ is the binomial number. This will be done by
induction on f as follows.

If f =0, there is nothing to be proven. Assume f > 1. For any element in (4.4), we
have iy > f. For each fixed ¢ := iy, there are t — f + 1 choices of j; with j; > f, and
further, conditions for other indices are simply conditions for Z;

-1
i1t So,

r

21, =@t —f+1)) 1254
i=f

=(t-f+0> el (-
i=f

=Y cltleln=ciciy,
i=f
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where the second equality follows from inductive assumption on f, and the last follows
from the well-known combinatorics formula C% = C?_; +C/~]. O

We denote
el =ejeq--- ey for any f with 1 < f < min{r,¢}. (4.5)

If f=0, weset e’ =1.1In[12, Theorem 6.13], Enyang constructed a cellular basis for
g-walled Brauer algebras. The following result follows from this result immediately.

Theorem 4.10. (See [12].) The following is an R-basis of PBy1(wo),
M= {celwd |1 < f<min{rth,we &, ;x& y,cde .@r{t}.

Definition 4.11. We say that

T t
m = fo"icflefwdH :E?j H wik (4.6)
i=1

Jj=1 kcz>2

is a regular monomial if ¢,d € .97{;, a;,B; € Z2° and ay, € Z=° for k > 2 such that
ar = 0 for all but finitely many k’s.

Proposition 4.12. Suppose R is a commutative ring which contains 1, wgy, wi. As an
R-module, 93;“:{ s spanned by all regular monomials.

Proof. Let M be the R-submodule of %ﬁftf spanned by all regular monomials m &€ %’ﬁftf
given in (4.6). We want to prove

T t
hm = hHw?""c_lefwdHifi H wi € M for any generator h of 2. (4.7)

i=1 i=1 i€z>2

If so, then M is a left %ﬁg—module, and thus M = %ﬁﬁf by the fact that 1 € M.

We prove (4.7) by induction on |a| := >\, a;. If |a] = 0, i.e., a; = 0 for all possible
’s, then by Theorem 4.10, we have (4.7) unless h = Z;.

If h = Z1, by Lemma 4.5, we need to compute Zpe! for all k with 1 < k < t.
If ke {1,2,---, f}, by Lemma 4.6(3), we can use —zxj, instead of Zy. So, hm € M.
Otherwise, by Lemma 4.7(2), we can use efz; instead of Zpef. So, (4.7) follows from
Lemma 4.5 and Theorem 4.10.

Suppose |a| > 0. By Lemma 4.5 and Theorem 4.10, we see that (4.7) holds for
he{s, ,8-1,5, " ,8-1,21}. If h = &1, then (4.7) follows from Lemma 4.6(1),
and inductive assumption.
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Finally, we assume h = e;. If a; # 0 for some ¢ with 2 < ¢ < r, then (4.7) follows
from Lemma 4.7(1) and inductive assumption. Suppose z = z* with oy > 0. We need
to verify

¢
elx‘f‘c_lefwdHiiﬁi eM for a; >0. (4.8)

=1

Note that cejc™! = e;; for some ¢, j. By Lemma 4.5 and inductive assumption on |/,

we can use cilel to replace x‘flc*1 in (4.8). So, we need to verify

t
ei,jxflefwdHa_:f" € M. (4.9)

i=1

In fact, by Lemma 4.6(2) and inductive assumption, it is equivalent to verifying

¢
eiwjrij-“efwdnzifi € M. (4.10)

i=1

If j > f+1, (4.10) follows from Lemma 4.7(2) and Theorem 4.10. Otherwise, j < f.
If i = j, by inductive assumption, we use (z; + L;)** instead of ' in e; jx7'e;. So,
(4.9) follows from Lemma 4.8(2). If ¢ # j, we have

B - SN ST - SIS - Z I G
€i;%; e = eije;rit = (i, )] € =Ty (i, j)ej,

which holds in gr(%ﬁf{). By inductive assumption and our previous result on h €
{s1,-+,8r—1,21}, we have (4.9) and hence (4.8). This completes the proof. O

Assumption 4.13. In the remaining part of this paper, we always assume that w;’s are
given in Corollary 4.3 with aj ; being determined in Lemma 4.2.

Now we are able to prove the main result of this section. We remark that the idea of
the proof is motivated by Nazarov’s work on affine Wenzl algebras in [25].

Theorem 4.14. Suppose R is a commutative ring which contains 1, wg, wi. Then %ffif 18
free over R spanned by all reqular monomials in (4.6). In particular, c%’f:ftf s of infinite
rank.

Proof. Let M be the set of all regular monomials of %iftf. First, we prove that M
is F-linearly independent where F' is the quotient field of Z|wp,w:] with wg, wy being
indeterminates.

Suppose conversely there is a finite subset S of M such that ) _ s 7mm = 0 with
rm # 0 for all m € S. Recall from Definition 4.11 that each regular monomial is of the
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form in (4.6). For each m € S as in (4.6), we set

km = max {|a| + Zjaj, |6 + Zjaj}, k = max{kmy | m € S}, (4.11)
J J

where o] = Y0, ;,|8] = 3;_; Bi. Consider the homomorphism ¢, : 22 —
Btk i+k(wo) in Theorem 3.12. Then ¢r(m) can be written as a linear combination
of (r + k,t + k)-walled Brauer diagrams.

Using Lemma 4.5(3) to express ¢p(z¢) and ¢ (Z¢), and using Lemma 3.10 to express
Wq, k41 for a € 722, we see that some terms of ¢p(m) are of forms (we will see in the
next paragraph that other terms of ¢ (m) will not contribute to our computations)

T t

H(k—I—i,il) (k4,0 or(cte! - (k+1,jg, ch, (4.12)

=1 Jj=1 122

where c¢; ranges over products of some disjoint cycles in & (or Sy ) with total length
ta;. We remark that such c;’s come from w; ;1. Further, the walled Brauer diagram
corresponding to ¢ (¢~ 'efwd) has vertical edges [i,i] and [J,j] for all i, j with 1 < i,
j < k. We call the terms of the form (4.12) the leading terms if

(i) either k = |a|+3>_; ja; or k= |B|+ >, ja; (cf. (4.11)), and
(ii) the corresponding f in (4.12) is minimal among all terms satisfying (i), and
(iii) in the first case of (i), the juxtaposition of the sequences i1,1ig, - ,iq, for 1 <i <r
and c;, i > 2 run through all permutations of the sequences in 1,2,--- | k; while in
the second case of (i), the juxtaposition of the sequences ji, jo,- -+, jg, for 1 < j <r
and ¢;, i > 2 run through all permutations of the sequences in 1,2, -- - , k.

If we identify the factor ¢5(c~tefwd) in the leading terms with the corresponding walled
Brauer diagrams, we have

) there are exactly f horizontal edges in both top and bottom rows,
) no vertical edge of form [i,4], 1 < i < k in the first case,

3) mno vertical edge of form [i,i], 1 <i < k in the second case,
) no horizontal edge of form [i,5], 1 <i <k, 1<j < k in both rows.

These leading terms exactly appear in ¢ (m) when conditions (i)—(iii) are satisfied.

Other terms in ¢ (D ,,,cs "mm) are non-leading terms, which are terms obtained by
(4.12) by using some ey ;’s (resp., e; x+.’s) or scalars instead of some (k+1,1;)’s (resp.,
(k +1,i;)’s) or using certain product of e; ;’s, 1 < i, j < k instead of some factors of
some cycles ¢;’s. Thus such terms cannot be proportional to any leading terms. Therefore
S is F-linearly independent. By Proposition 4.12, M is a Z[wy, w1 ]-basis.
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Now, for an arbitrary commutative ring R containing 1, wg, wi, we can regard R as
a left Z[wp,w;]-module such that the indeterminates wg, wy € Z[wp,w1] act on R as the
scalars wg, wy € R respectively. By standard arguments on specialization, .@ﬁg, which is

defined over R, is isomorphic to A ®z[., w,) I, where A is the algebra %fﬁf defined over
Zlwo,w1]. So, #27 is free over R with infinite rank. O

Let R be a commutative ring containing 1, &, for a € Z=2. Let I be the two-sided ideal
of 2% generated by wy —@q, a € Z=2. Then there is an epimorphism v : 225 — 227 /1.
Let % = t@?ftf /I, namely %/‘:t is the specialization of c%’;?ftf with w, being specialized
to &, for a € ZZ2. Without confusion, we will simply denote elements &, of R as w,.

Definition 4.15. We say that the image of a regular monomial m of %f}ftf (cf. (4.6)) is a

regular monomial of %, ; if m does not contain factors w;’s for ¢ > 2.

In the rest part of the paper, we will be interested in the above specialized algebra
ABy. Without confusion, we will use c%’?ff to denote it.
The following result follows from Theorem 4.14, immediately.

Theorem 4.16. Suppose R is a commutative ring which contains 1, w; with i € Z=° and
keep Assumption 4.13. Then %f}ftf is free over R spanned by all reqular monomials. In
particular, %ﬁﬁf is of infinite rank.

We close this section by giving some relationship between affine walled Brauer algebras
and degenerate affine Hecke algebras [21], walled Brauer algebras, etc.

Definition 4.17. The degenerate affine Hecke algebra JZ* is the unital R-algebra gen-
erated by S1,...,5,-1, Y1,...,Y, and relations

SiS; = S5;5i, Y;Y, = Y, Y,
SY; = Y18 = -1, YiSi — SiYiq1 = —1,
SiSi18; = Sj18iSjm,  Si=1,

for1<i<n,1<j<n—1with|i—j]>1,and 1 <k <n.

Proposition 4.18. Let R be a commutative ring containing 1, w; with i € Z2°. Let %ﬁftf
be the affine walled Brauer algebra over R. Let I (resp., J) be the two-sided ideal of %ﬁg
generated by x1 and T1 (resp., e1).

(1) 281 = B,,.

(2) 2287 = 2% @ 728

(3) The subalgebra of %’ffftf generated by ey, S, ,Sr—1,81, " ,St—1 1S isomorphic to
the walled Brauver algebra 9B, . over R.
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(4) The subalgebra of 93&5 generated by s1,-+- ,S,—1 and x1 (resp., 51, ,5—1 and Z1)
is isomorphic to the degenerate affine Hecke algebra 2% (resp., #21).

Note that the isomorphism in (4) sends x1 (resp., T1) to —Y7.
5. Super Schur-Weyl duality

The main purpose of this section is to set up the relationship between affine walled
Brauer algebras %ﬂg with special parameters and general linear Lie superalgebras gl ,.
Throughout the section, we assume the ground field is C.

Denote g = gl,,,},,. Let V = C™" be the natural g-module. As a C-vector superspace
V = V5 ® V7 with dim V5 = m and dim V; = n. Take a natural basis {v; |i € I} of V,
where I = {1,2,...,m+n}. For convenience we define the map [-] : I — Zy by [i] = 0 if
i <m and [i] =1 if ¢ > m. Then v; has the parity [v;] = [i]. Denote by E;; the matrix
unit, which has parity [E;;] = [i] + [j]. The Lie bracket on g is defined by

[Eiijké] = 01 B — (_1)([i]HJ])([kH[f])(;ﬁEkj7 (5.1)

where 0;, = 1 if j = k and 0, otherwise. Let V* be the dual space of V' with dual basis
{v;|i € I'}. Then V* is a left g-module with action

Euv; = —(—1)lalal+bhg, 5. (5.2)

Let h = span{E;; |i € I} be a Cartan subalgebra of g, and h* the dual space of h
with {g; |7 € I} being the dual basis of {E;; |i € I}. Then an element A € b* (called a
weight) can be written as

A=Y Nei = Am [ Amgts o Amgn)  with A € C. (5.3)
il
Take
p:Z (1—14) 51"_2 Jemy; =(0,—-1,...,1—m|m—-1,m—-2,...,m—n),
i=1 =
and denote
IAl:=) A (called the size of A), (5.4)
il
N=X+p=,... )N [N, AD,),  where,
N=XN+1—d ifi<m, and N =X\ +2m—i ifi>m. (5.5)

A weight \ is called integral dominant if \; — A\jy1 € Z=° for i € I\{m, m +n}. It is
called typical if \? + )\jp- # 0 for any i < m < j (otherwise it is called atypical) [18].
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Example 5.1. For any p,q € C,

)‘pq:(pa"'ap|_Qa"'7_Q)7 (56)

is a typical integral dominant weight if and only if
p—q¢7Z or p—q<—m or p—q>n. (5.7)

(Note that the Ay, defined in [7, IV] is the A, 44+m defined here.) In this case, the finite-
dimensional simple g-module L, with highest weight \,, coincides with the Kac-module
K, |7, 1V], [18].

prq

Let M be any g-module. For any r,t € ZZ° set Mt = VO @ M ® (V*)®!. For
convenience we denote the ordered set

JZJlU{O}UJQ, where J1 :{T,...,l}, JQZ{L...,E}, (58)
andr <---<1<0<1=<--- <t We write M"™ as

M"t =) Vi, where V; =V ifi <0, Vo =M and V; = V" if i > 0, (5.9)
e

(hereafter all tensor products will be taken according to the order in J), which is a left
U(g)® 1+ module (where U(g) is the universal enveloping algebra of g), with the
action given by

(® gi> <® :L'Z> = (71)1'%[%}1;[%] ®(glxz) for g; € U(g), z; € V.
ieJ ied =

In particular, if we delete the tensor M (or take M = C), then M"™! is the mixed tensor
product studied in [32], and if t = 0 and M = K, , then M™? is the tensor module
studied in [7, IV].

We denote

o %(A(C) —Ccel-100) = S (-)IE; @ B € g2, (5.10)
i,j€Il

where A is the comultiplication of U(g), and C' = Za,bel(*l)[b] EqEy, is the quadratic
Casimir, which is a central element of U(g). Thus obviously,

[A(Eaw), Q) =0 forallabel. (5.11)

Because of this well-known property, €2 is also called a Casimir element.
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For a,b € J with a < b, we define 7, : U(g)®? — U(g)®"+t+1) by
Tah(TRY) =10 120181y 1x---®1, (5.12)
where x and y are in the a-th and b-th tensors respectively.

Notation 5.2. From now on, we always suppose M = K is the Kac-module with highest
weight A = X4 in (5.6) for p,q € C (at this moment, we do not impose any condition on
p, q) and a highest weight vector vy defined to have parity 0.

Note that
puyn i1 <i=j<m,
Ejjux=4( —quy ifm<i=j<m-+n, (5.13)
0 ifl<iZj<morm<i#j<m+n,
and K is 2™"-dimensional with a basis
B= {1 = [[ 1Bt |o = o)yt € 0>}, )
i=1 j=1

where the products are taken in any fixed order (changing the order only changes the
vectors by &1). Then M™t is 2™ (m + n)"-dimensional with a basis

BM:{bM:®vkl®b®®'Dki

i€J1 i€Ja

}. (5.15)

Due to (5.11), the elements defined below are in the endomorphism algebra
Endg(M™") of the g-module M"*, which will be used throughout the section. We remark
that the quadratic Casimir was also used to generate endomorphism algebras for some
Lie algebras and their quantum groups (see e.g. [23]).

Definition 5.3. By (5.11), we can use (5.12) to define the following elements of the endo-
morphism algebra Endg(M™"),

S; = 7T7;+1’7;(Q)|M7‘,t (1 <1< ’f‘), §j = Wj,m(QHMr,t (1 <ji< t),

Tr1 = —7'1'1()(Q)|1\/[7~,t7 T = —7'1'01(9)|1\/[r,t7 €1 = —WlI(Q)‘Mr,t. (516)

Note that the tensor space M™! already admits a left action by the Lie superalgebra g.
Our purpose is to establish a super Schur-Weyl duality (cf. Theorem 5.12) such that M
also admits a right action by some associative algebra (namely, the affine walled-Brauer
algebra %’?ftf or its cyclotomic quotient, the level two walled Brauer algebra %’ff(m, n),
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cf. Definition 5.11). Thus as in literature (e.g., [7, IV]), elements defined above when
regarded as elements in %’at or in f@f”tq (m,n) are usually written as right actions on
M™t. However one shall always keep in mind that all elements are defined by left mul-
tiplication of the Casimir element €2 such that the first and second tensors in {2 act on
some appropriate tensor positions in M™¢, and also one shall always do bookkeeping on
the sign change whenever the order of two elements (factors) in a term are exchanged.

Lemma 5.4. We have the following.

(1) Forwy € VOO wpy € (V*)® and i € 1,

—pwi Q v; Q U\ @ wa

if i < m,
(w1 ®v; ® vy ®wa)x] = m (5.17)
—qu1 @V, QU @ Wy — Y, W1 @V @ Figy ® wa
a=1
ifi > m.
(2) Forw, € VO wy € (V)= gndicI,
PwL R UA RV Q@wa+ Y, wi ® Egvn ® Uq ® wa
a=m+1

(U}l Ruy R U; wz)fl = ZfZ < m, (518)
qui ® V) ® U; ® w2

ifi > m.

(3) Forwy € VOU=D 1wy e VUL e,

(w1 @v; ®Vy @ U; Qwa)ey = (—1)[i]6ij Zwl ® Vg @ U\ ® Vg @ wa. (5.19)
acl

(4) Fora,be I, and wy € V=179 gy € M=Vt wi € M1, wh € (V*)2E-1-5)

(w1 ® Vg ® vy @ Wa)s; = (—1)[“”17]101 R Vp @ Vg ® wa,
(W @ B @ Ty @ wh)5; = (—1)1 ! @ 5, @ 5, @ wh. (5.20)
Proof. The results can be easily verified. We prove (1) as an example. Since the two

tensors of Q in x; = —m10(Q)|pre act on v; and vy respectively, the left-hand side of
(5.17) is equal to

—w1 ® Z [bH[l (@HED B yv; @ Epqoy @ wo
a,bel
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=—-w1 ® Z [a][z Vg & Ezav)\ ® w2,

acl, a<i

which is equal to the right-hand side of (5.17) by (5.13). O
Proposition 5.5. There exists a C-algebra homomorphism © : B, (n — m) —
Endg(M™")°P, which sends generators ey, s;, §;, 1 < i <r—1,1<j<t—1 of

PBri(n —m) in Theorem 2.4 to elements with the same symbols in Definition 5.3.

Proof. By Definition 5.3, eq, s;, §;’s act only on V®" @ (V*)®" and have no relationship
with the Kac module K. So, our result follows from [32, Proposition 3.2]. O

Lemma 5.6. Let x1, T1, e1 be defined in (5.16). Then

(301 + il)el =0= 61(1’1 + Iil), (521)
.151(61 + i‘l) = (61 + fl)l‘l, (522)
elxlfel = wyeq, (5.23)

for k € ZZ° and for some wy € C such that wg = m — n, wy = ng — mp.

Proof. To prove the results, it suffices to consider the case r =t = 1. By (5.17), we have

(1)1' R vy ® T)j)l'lel = _(Z(_I)M[a]va R Eiquy ® T)j)el
acl

= (‘DHMU] (v; ® Eijua ® Uj)eq
— (1) S (1) B, @ By © By,

a,bel
[z [J]Z [J]+ [al+ [DE+1+ ([ +al),, ® Eijvy ® U
ael
— Z I+, @ Ejuy ® T, (5.24)

acl

and by (5.18),

(vi @ VA @ V;)T1€1 = _(Z<_1>1+[a][j]vi ® FEqjvx ® 17a>€1
acel

= (=) (v; @ Ejjus @ 7;)es
— —(—1)dlil Z (— 1)+ By, @ Eyjon @ Epati
a,bel

= (—) 1 S () DGy, @ Byjuy 07,
acl
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= Z a]( [i]+[5]) ’U ® E”U)\ ® Vy. (5.25)
acl

Thus (1 + Z1)e; = 0. Similarly, one has e;(z1 + 1) = 0. This proves (5.21). To prove
(5.22), by (5.17),

(i @ v @)y = — » (=D (v, @ By @ 0;)7,
bel

= Y () EHD Dy, @ By By © Bred,
a,bel

= Z (_1)[i][b]+[j]+([i]+[b])([J’]+[a])+1+[jl([j]+[a])vb @ EajEipvy ® U,
a,bel

= Z (_1)1+[i][ I+ 1al1+ [+ [+ a)y, EojEavy @04,  (5.26)

a,bel

and by (5.18),

(Ui XUy R 17]‘).7_31$1 = — Z(_1)1+[a][j] ('Ui ® Eqjvn ® l_}a)xl
acl

= 3 () B ) By, @ By By @ 5,)
a,bel

= Z (_1)1+[a][j]+[b][i]vb ® EipEajux ® U, (5.27)
a,bel

Using EpE,j = (_1)([i]+[b])([a]+[j])EajEib+5abEij+(_1)1+([i]+[b])([a]+[j])5ijEab in (5.27),
we obtain

(Ui %) Ux [ ’[_]J)Q_;‘l.]j‘l = (Ui X (5N X @])xlil + Z(_1)1+[a}([i]+[j])va ® Eijvk ® T_la

acl

+ 6y > (~L)NHBIEHEHED @Dy, @ Eyop @ T

acl
By (5.19), we have
(v; @ vy R Vj)erx = —0; (_1)[i]HaH[a]([a]+[b])Eba,Ua ® Eypvs ® T,
a,bel

=0y (=) HHAbly, © By @ B,

a,bel

Comparing the above, we obtain x1(e; + z1) = (e1 + Z1)z1. To prove (5.23), for any
k € Z., we have
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(v U\ ® ﬁj)elx]fel

= (—1)[2]51] (U@D XUy ® ﬁgo)x’fel

Lol
K+ S 16]1p11]
+[i]+ pll€p+1 _
=8 Y, (-1 P=0 Ve, ® By 00 By o001 Ero 0,01 ® Vg, )€1
Lo,l,....Lel
= w(v; ® vy @ Uj)e; for some wy € C, (5.28)

where the last equality is obtained as follows: if £}, # g, the corresponding terms become
zero after applying ey by (5.19); otherwise Ey,_, ¢, Eop 500y Foy.0,vx s a weight
vector in K, with weight A, thus a multiple, denoted by wyg, of vy.

In particular, if £ = 0, from the first equality of (5.28), we immediately obtain wy =
m —n by (5.19). If £ = 1, from the second equality of (5.28) and the above arguments,
there is only one factor Ey, ¢, with ¢; = £y we need to consider in the summand. Using
(5.13), we obtain w; =ng —mp. O

Now we can prove the following.

Theorem 5.7. Let M = K be the Kac-module with highest weight X = \pq in (5.6) for
p,q € C, and let s;, 55, x1,€1,%1 € Endg(M™") be defined as in (5.16)-(5.20). Then all
relations in Definition 2.7 hold with w,’s being specialized to the complex numbers

wo=m—n,  w =ng—mp,

we=(m—p—qwa—1 — p(g —M)we—o fora>2. (5.29)
Furthermore, x1, T1 satisfy
(xr1+p)(x1+q—m)=0, (1 —p+n)(z1—q)=0. (5.30)

Proof. Note that those relations in Definition 2.7 which do not involve z; and Z; are
relations of the walled Brauer algebra %, ;(m —n) in Theorem 2.4, thus hold by Propo-
sition 5.5.

Definition 2.7(9)—(11),(22)—(24) can be verified, easily. By (5.21) and (5.22), we have
Definition 2.7(8) and (21). Definition 2.7(12) and the first two equations of (5.29) follow
from (5.23). Similarly by symmetry, one can prove Definition 2.7(25).

The last equation of (5.29) follows from (5.30) by induction on a. Note that the first
equation of (5.30) is [7, IV, Corollary 3.2] (here z; is the —x; in [7, IV, Corollary 3.2]),
which can also be obtained directly by (5.17) by noting that z; has two eigenvalues —p
and m— ¢ as the summand in the second case of (5.17) is equal to — > | w1 ® (Eiq (v, ®
vx) — v; @ U)) ® we. Similarly, we have the second equation of (5.30).

To prove Definition 2.7(13), let a; with 2 < ¢ < r be defined as in (4.1). Then z;
defined here are —z; defined in [7, IV, Lemma 3.1], in particular, they commute with
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each other, i.e., we have Definition 2.7(13) as x5 coincides with s;21$1 — $1. Similarly we
have Definition 2.7(26). O

Remark 5.8. If we use arbitrary typical integral dominant weight A of gl instead of

m|n
Apg, then higher level walled Brauer algebras appear. For example, let k = k; + k2 and
M,y ey Mpy N - -5 gy, € 227 and Zf;l m; =m, 252:1 nj = n. Assume p1, ..., Pk,

q1s-- -+ qr, € Csuch that p; — pit1,qj+1 — ¢j € Z="T for all possible i, j. Let

ma My niy Nko

— ——
)‘:(pla'~'7p17"'7pk1,~~~,pk1 | _ql,"'7_q1>"‘7_qk2a"',_qk2)'

Then A is a typical integral dominant weight if and only if
pP1—qi ¢Z or p1—q < —m Or Pk, — qg, >N

In this case a level k walled Brauer algebra appears, and x1, T1 satisfy Hff:l(xl —u.) =0
Eoo- - .
and [[._;(Z1 — u.) = 0 with

—(pe —me_q) if 1<c<ky,
Ue =

~(Ge—iy —m+nl_p ) if ki <c<k,

k1

pc_n+ Z m; lflgcgkl,
~= j=c+1
Ue = ko

Qe—ky — Z n; if k1 <e<k,

j=c—ki+1

where, m; = > ,.;me, nf = >, ;ne, and my ;= m +n}. We remark as stated in
the Introduction that in this case, we cannot expect anything new from the viewpoint

of representation theory of gl,,,,.

We need to introduce the following notion in order to prove the next result.

Definition 5.9. For an element b = b7 € B as in (5.14), we denote [b] = }_, ; 0y, called
the degree of b. If 0;; # 0, we say Ejyn, ; is a factor of b. For bys € By, we define its
degree |bys| to be |b|, where b € B is a unique tensor factor of byy.

For any a = (o, ...,a;) € {0,1}", 8= (B1,...,58:) € {0,1}!, we define the following
elements of Endg(M™"):

77, (5.31)

where z;, Z; are elements of Endg(M"™") defined as in (4.1).
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Theorem 5.10. We keep the assumption of Theorem 5.7, and assume r+t < min{m, n}.
Then the monomials

m = ¢ 1zl PPwd, (5.32)

with o € {0,1}", B € {0,1}t and ¢, e/, w, d as in Theorem 4.10 and Definition J.11,
are C-linearly independent endomorphisms of M.

Proof. First we remark that for convenience we arrange factors of the monomial m in
(5.32) in a different order from the corresponding monomial m in (4.6) (without factors
wa's, cf. Definition 4.15). Note that changing the order only differs an element by some
element with lower degree, where the degree of m is defined to be degm := || + |5,
and |a| =377, i, [B] = 25:1 Bi-

Suppose there is a nonzero C-combination ¢ := Zm rmm of monomials (5.32) being
zero. We fix a monomial m’ := ¢/ ~'z® ef' 78" w'd’ in ¢ with nonzero coefficient 7 # 0
which satisfies the following conditions:

(i) |&/| +|B’| is maximal;
(ii) f’ is minimal among all monomials satisfying (i).

We take the basis element v = ®;c, Uk, ® Ux ® Rjes,Uk; € Bar (cf. (5.15)) such that
(note that here is the place where we require condition r + ¢t < min{m,n})

i =1i+amifi=<0;
;=i for 1 <i<fl;
s=r+i+ (1=p)mif f/ <i<t.

We define p, to be the maximal integer such that there exist p, pairs (i,5) € J; x Ja
satisfying k; — k; € {0, m}. Then from the choice of v, we have the following fact:

po=f". (5.33)

Now take

s t
u:= (v)ded "t "t e M™, and V= HEfimZ HET’BiHm’HTU,\ € Ky, (5.34)
i=1 i=1

such that b is a basis element in B with degree |a/| + |8’| by noting that 0 < o, 8] < 1.
We denote Bﬁ;[ to be the subset of Bj; consisting of elements with &’ being a tensor
factor. We define the projection 7y : M™" — ®;e 103 Vi (cf. (5.9)) by mapping a basis
element by; € By to zero if by ¢ B?\;, or else to the element obtained from by, by
deleting the tensor factor &’. Motivated by [7, TV, Corollary 3.3], we refer to #y (u) as
the b'-component of u. We want to prove fy (u) # 0.
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Assume a monomial m in (5.32) appears in the expression of ¢ with r,, # 0. Consider
the following element of M™* which contributes to u in (5.34),

uy = (v)dmd w7t = (v)d e el TPwdd T’ !

- - -1, /-1
(@i ne @ )T (539
i€y i€J3

where the last equality follows by noting that elements in &, x &, have natural right
actions on J; U Jy by permutations. Write u; as a C-combination of basis Bjs, and for
by € By, if by appears as a term with a nonzero coefficient in the combination, then we
say that uy produces bys. By (5.17), (5.18), Definition 5.9 and condition (i), u; cannot
produce a basis element with degree higher than |a| + |3|. Thus the b'-component of u;
is zero if |a| 4 |B] < |&/| +]8'|. So we can assume |a| + |8] = |&/| 4+ | 8’| by condition (i).
Then f > f’ by condition (ii).
Note from definitions (4.1) and (5.12) that

x; = —m0(Q)|prt + some element of degree zero,

and e/ = e;---ep and e; = —m;(Q)|pre (cf. (5.16)). By (5.19), we see that in order
for u; in (5.35) to produce a basis element by in BY, (note that by, € BY, has tensor
factor b’ and all factors of b’ have the form E;i,,; by (5.34)), we need at least f pairs
(i,7) € Ji x Jp with k; — kj € {0, £m} by (5.19). Thus we can suppose f = f" by (5.33)
and the fact that f > f’.

Set Jp = (JiUJo)N{i| f' =i =< f'} (cf. (5.8)). If ¢ # ¢/, then by definition (4.4), we
have

j = (j)det ¢ Jp for some j € Jpr. (5.36)

Say j' € Jy (the proof is similar if j' € J3), then f’ < j* < r. Condition (1) shows that
either f' < kjyy =5 < rorelse f'+m < kjy = j' 4+ m < r+ m. Then conditions (2)
and (3) show that there is no £ € Jo with k; — k; € {0, £m}. Since all factors of &' have
the form E;4,,;, we see that u; cannot produce a basis element in B%. Thus we can
suppose ¢ = ¢.

By conditions (1) and (2), we see that if o; # o} for some ¢ with 1 < ¢ < f, or
a; =1 # o for some i € Jy, then again u; cannot produce a basis element in B?\;[. Thus
we suppose: o; = o} if 1 <4 < f, and o =0 implies o; = 0 for i € J.

Consider the coefficient X;;L;J of the basis element by, 1= RicJ, ViRV @i 1, Vipm 1N Ug.
If of =1 but a;; = 0 for some ¢ € J, then u; can only produce some basis elements which
have at least a tensor factor, say vg, with £ > m, and thus by; cannot be produced. Thus
we can suppose a = «'. Dually, we can suppose 3’ = 3.

Now rewrite wdd' ~1w’ ~! as wdd' ~w’' ~1 = dd’ ~*w”, where d = wdw™!, d’ = wd'w™?

and w” = ww' ~!. Note that w” € &,_p x &;_, which only permutes elements of
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(J1 U Jo)\Jgr. We see that if d # d’, then as in (5.36), there exists some j € Jp with
§ = (j)dd ~‘w" ¢ Jjr, thus bar cannot be produced. So assume d = d'. Similarly we
can suppose w”’ = 1.

The above has in fact proved that if the coefficient ngtf is nonzero then u; in (5.35)
must satisfy (¢, a, f, 8,d,w) = (¢, o/, f', 5/, d',w'), ie., uy = (v)xo‘lef,a_:ﬁl. In this case,
one can easily verify that x%‘; = #£1. This proves that u defined in (5.34) is nonzero,
a contradiction. The theorem is proven. 0O

Motivated by Theorems 5.7 and 5.10, we give the notion of level two walled Brauer
algebras as follows.

Definition 5.11. For any m,n,r,t € Z=', p,q € C, let %ﬁg be the affine walled Brauer
algebra defined over C with specialized parameters (5.29). The level two walled Brauer
algebra %’} (m,n) is defined to be the cyclotomic quotient associative C-algebra

@ff(m, n) = %’fg ((x1 +p)(x1 —m+q), (T1 —p+n)(Z1 —q)). (5.37)

Without confusion, we use the same symbol to denote the corresponding element in
@,’f,’tq (m,n). Using arguments on the degree, we can easily see that the monomials in
(5.32) span 4, (m,n) (as a space). Thus

dime B2 (m,n) < 27 (r + 1)1, (5.38)

where the right-hand side is the total number of all monomials in (5.32).

As in [7, TV], we shall be mainly interested in the case when the Kac module K
is typical, namely, either p — ¢ ¢ Z or p —q < —m or p — ¢ > n. In this case, the
tensor module M™! is a tilting module. Using the vector space isomorphism Homgy(M; ®
V, M3) = Homgy(M;, My ® V*) for any two g-modules My, Ms, one can easily obtain the
vector space isomorphism: Endg (M) 2 Endy (K, ®@ V@ +), Thus dime Endg (M) =
27t (r + ) by [7, TV].

Now we can state the main result of this section.

Theorem 5.12 (Super Schur—Weyl duality). Assume r+t < min{m,n}, and p—q ¢ Z or
p—q<—morp—q=>n. The map ¢ : BL{(m,n) — Endy(M"*)°P sending an element
to the element with the same name is an algebra isomorphism. In particular, @ff(m, n)
is of dimension 2"t (r +t)! over C with a basis consisting of monomials in (5.32).

Proof. Denote by A the subalgebra of Endg(M™") generated by s;, §;, x1, T1, €1. By
Theorem 5.10, dime A > dime Endg(M™") = 27 (r + ¢)!, forcing Endg(M™") = A.
Using Theorem 5.7 yields an epimorphism from @ﬁftf to A°P killing the two-sided ideal
((x1 + p) (@1 —m+ q), (@1 — p+ n)(Z1 — q)) of %, thus induces an epimorphism ¢ :
Bl (m,n) — A°P. Thus dime %4, (m,n) > dimc A. This together with (5.38) implies
that ¢ is an isomorphism. Thus monomials in (5.32) form a basis of #;/(m,n). O
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Remark 5.13. Theorem 5.12 is in fact the first and second fundamental theorems of
invariant theory for the endomorphism algebra Endg(M™") for the case r+t < min{m,n}
(see, e.g., [24]).

Remark 5.14. Level two walled Brauer algebras 4, (m, n) heavily depend on parameters
p—q, T, t, m, n, in sharp contrast to level two Hecke algebras H?'? (or ) in [7, IV],
which only depend on p — ¢ and r.

We are now going to determine when %’f”f (m,n) is semisimple. For this purpose,
we need the following result, which is a slight generalization of [33, Lemma 5.2] and
[34, Lemma 3.6], where a g-highest weight of M™! means a weight u € b* such that
there exists a nonzero g-highest weight vector v € M™* with weight p (i.e., v is a vector
satisfying Fyv = pv, Ejv =0for 1 <i<j <m+n).

Lemma 5.15. We keep the assumption of Theorem 5.10, and assume p € b* is a g-highest
weight of M™*. Then |p| = |A|+7r—t and —t < 3, o (i — Ni) < 7 for any subset S C I,
where ||, |p| are sizes of A, p (cf. (5.4)).

Proof. Let w, be a g-highest weight vector with weight u, and write w, in terms of
basis By in (5.15). As in the proofs of [33, Lemma 5.2] and [34, Lemma 3.6}, w,, must
contain a basis element, say bys, with degree 0 (cf. Definition 5.9), i.e., by has the form
w1 ® vy ® we for some wy € VO and we € (V*)® such that wy (resp., wo) is a weight
vector with some weight 7 (resp., ¢) of size r (resp., —t) satisfying n; € ZZ° (resp.,
¢ € Z=Y) for all i € I. The result follows. O

Theorem 5.16. We keep the assumption of Theorem 5.12, then %y (m,n) is semisimple
ifand only if p—q ¢ Z orp—q<-—-m—rorp—q>n-+t.

Proof. First assume p—q € Z and p—q < —m —r. Let u € h* be a g-highest weight of
M™* For 1 <i<m < j<m-+n, by definition of (5.5), we have (hereafter we define
the partial order on C such that a < b if and only if b — a is a nonnegative real number)

pe A G =i+l 2m—i—
S)\i+)\j+r+1+2m—1—(m—|—l)

=p+tm+r—q-—1,

which is strictly less than zero, i.e., p is a typical integral dominant weight, where the
inequality follows from Lemma 5.15 and i > 1, j > m + 1. By [18], M™! is a completely
reducible module which can be decomposed as a direct sum of typical finite dimensional
simple modules: M™! = @MGTL??IC“, where T' is a finite set consisting of typical integral
dominant weights, and k, € Z='. Thus %/ (m,n) = Endg(M"")°P = & ,ecr My, is a
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semisimple associative algebra, where My, is the algebra of matrices of rank k,. The
case p—q & Z or p—q > n+t can be proven similarly.

Now suppose p —q € Z and g — m —r < p < ¢ +n + t. This together with condition
(5.7) shows that either |[p — ¢ +m|, the absolute value of difference of two eigenvalues of
x1, is an integer < r, or, |p — ¢ — n|, the absolute value of difference of two eigenvalues
of Zy, is an integer < t. Thus by [2, Theorem 6.1], either the level two degenerate
Hecke algebra 4, = S /((x1 + p)(x1 — m + q)) (cf. Proposition 4.18(3)) is not
semisimple or else % ; := ST /((Z, — p + n)(T2 — q)) is not semisimple. In any case,
.y ® Sy = B (m,n)/(e1) is not semisimple. As a result, B (m,n), the preimage
of 75, ® 3?2,15, cannot be semisimple. O

In the next two sections, we shall study %, (m, n) for given m, n (with the assumption
7+t < min{m,n}), thus we omit (m,n) from the notation, and simply denote it by 2.
When there is no confusion, the notation is further simplified to %.

6. Weakly cellular basis of level two walled Brauer algebras

In this section, we shall use Theorem 5.12 to construct a weakly cellular basis of
B = B (m,n) over C for m,n,r,t € Z=*, p,q € C such that r +t < min{m,n}.

First recall that a partition of k € Z=° is a sequence of non-negative integers A =
(A1, Ag,...) such that \; > A; 41 for all positive integers ¢ and [A| := A1 + Ao+ -+ = k.
Let At (k) be the set of all partitions of k. A bipartition of k is an ordered 2-tuple of
partitions A = (A, X)) such that |\ := [AD| 4+ [A®)| = k.

Let AJ (k) be the set of all bipartitions of k. Then AJ (k) is a poset with the dominance
order > as the partial order on it. More explicitly, we say A = (A(1), \(?)) is dominated
by pn= (™, u®) and write p > X if

i i ¢ :
Z)‘;U < Zlél) and [AD|+ Z)\f) < ||+ ZM?)’ (6.1)
j=1 Jj=1 J=1 =t

for all possible i, £’s. We write u > X if u > A and A # p.

For each partition A of k, the Young diagram [A] is a collection of boxes arranged in
left-justified rows with \; boxes in the i-th row of [A]. If A = (A, X)) € AT (k), then the
corresponding Young diagram [A] is ([A(V],[A()]). In this case, a A-tableau 5 = (s1,52)
is obtained by inserting ¢, 1 < i < k into [A] without repetition.

A )-tableau s is said to be standard if the entries in §; and s increase both from left
to right in each row and from top to bottom in each column. Let 7 !()\) be the set of
all standard A-tableaux.

Definition 6.1. We define
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« t* to be the A-tableau obtained from the Young diagram [)] by inserting 1,2,--- , k
from left to right along the rows of [A(V] and then [A()];

e t) to be the A-tableau obtained from [A] by inserting 1,2,--- |k from top to bottom
along the columns of [A(®)] and then [A(M].

For example, if A = ((3,2,1),(2,1)), then

[\V]

1/2]3]
= [4]5] ,
16

7]8]

—_
w

and t, =

(6.2)

(]|
o0

The symmetric group &, acts on a A-tableau s by permuting its entries. For w € &y,
if t\w = 5, we write d(s) = w. Then d(s) is uniquely determined by s.

Given a A € AJ (k), let & be the row stabilizer of t*. Then & (sometimes denoted as
G5) is the Young subgroup of & with respect to the composition A, which is obtained
from \ by concatenation. For example, A = (3,2,1,2,1) if A = ((3,2,1), (2,1)).

Recall that 522 is the degenerate affine Hecke algebra generated by S;’s and Y;’s
(cf. Definition 4.17). Let %, = % /1, where I = (Y1 — u)(Y1 — v)) is the two-sided
ideal of 2% generated by (Y7 —u)(Y; —v) for u,v € C. Then %, is known as the level
two degenerate Hecke algebra with parameters u, v. As mentioned in Proposition 4.18,
our current elements x1, Z, which are two generators of %ﬁg, correspond to —Y7 in
Definition 4.17. Thus, when we use the construction of cellular basis for 7% , in [2], we
need to use —Y7, —u, —v instead of Y7, u, v, respectively. By abusing of notations, we
will not distinguish between them. The following definition on m, is a special case of
that in [2] for degenerate Hecke algebra 47, ,,, of type G(r,1,m).

Suppose A = (AM A®)) € Af(r) with a = [A\V]|. We set 15 = 1 if a = 0, and
o = (X1 —v)(x2 —v) -+ (xg —v) for a > 1. Let

m2, = d(s) " mamsd(t), (6.3)

where s,t € 754(\) and my = > wes, w- In the following, we shall always omit the A

from notations m)y, C2, etc., and simply denote them as mg, Cyy, etc.

Definition 6.2. (See [14].) Let A be an algebra over a commutative ring R containing 1.
Fix a partially ordered set A = (A,>), and for each A € A, let T'(\) be a finite set.
Further, fix Csy € A for all A € A and s,t € T(A\). Then the triple (A, T,C) is a cell
datum for A if:

(1) C:={Cs| N € A, s5,t€T(N\)} is an R-basis for A;
(2) the R-linear map * : A — A determined by (Cs)* = Cys for all A € A and all
5,t € T()) is an anti-involution of A;



H. Rui, Y. Su / Advances in Mathematics 285 (2015) 28-71 61

(3) forall A € A, s € T(\) and a € A, there exist scalars r¢,(a) € R such that

Csia = Z reu(a)Cay  (mod APH),

ueT(N)

where AP* = spang{Ck, | > A\, u,0 € T(n)}. Furthermore, each scalar rg,(a) is
independent of s.

An algebra A is a cellular algebra if it has a cell datum. We call C a cellular basis of A.

The notion of weakly cellular algebras in [13, Definition 2.9] is obtained from Defini-
tion 6.2 with condition (2) replaced by: there exists an anti-involution * of A satisfying

(Cgt)* = Cts (mod AD/\). (64)

The results and proofs of [14] are equally valid for weakly cellular algebras, so in the
remainder of the paper we will not distinguish between cellular algebras and weakly
cellular algebras.

We remark that [2, Theorem 6.3] holds over any commutative ring containing 1. In
this paper, we need its special case below.

Theorem 6.3. (See [2].) The set {mg | 5,t € T5¢(N),\ € AS(r)} with mg; defined in
(6.3) is a cellular basis of 7, over C.

Now, we construct a weakly cellular basis of & over C. Fix r,t, f € Z>% with f <
min{r,t}. We need to introduce more notations. In contrast to (4.3), we define the
following subgroups of 6,., &, x &; and &; respectively,

Sr—p=(sj|1<j<r—f),
Gy = (St—isr—i |1 <i < f),
Sip=(s11<j<t—f) (6.5)

Let ’Df, . be the set consisting of the following elements:

Ci= Sy filip p1St—f41,jepin " SrinStg, With 7 >4 > oo > piq and g, <t — k.

(6.6)

Then by arguments similar to those for Lemma 4.9, nyt is a complete set of right coset

representatives for S,_; x Gy X S’t,f in &, x &;. Let

Aopa ={(f, (M) [N ) € A3 (r = f) x AF(t = f), 0 < f <min{r,t}}.  (6.7)
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Definition 6.4. For (f, A\, u), (¢, e, B) € Ag i, we define
(f,(A ) (4, (a, 8)) < either f >Lor f=C¢and A\>y a, 2,

where in case f = {, the orders >>; and >5 are dominance orders on A2+ (r — f) and
AZ (t — f) respectively (cf. (6.1)). Then (Az,. s, >) is a poset.

For each ¢ € Df;t, as in (6.6), let s, be the r-tuple
ke = (k1,...,ky) € {0,1}" such that k; = 0 unless ¢ = iy, p—1,...,%r—f41. (6.8)

Note that x. may have more than one choice for a fixed ¢, and it may be equal to kg
although ¢ # d for ¢,d € Df,t. We set z"e = []i_, xfl By Lemma 4.5,

Ke _ ) r—f+1l . ) o1 ir = ) a3
e = 5T—f+171r7f+1xir,f+1 Sr—Lyip_1T, 1 Srip Ly St—f+1,5, fia St,j¢ - (6'9)

For each (f,A) € Az, (thus X is now a pair of bipartitions), let
S(f.N) = {(te,we) |t e T(N), c € D, and k. € Ny}, (6.10)

where Ny = {k.|c € Dﬁt}. We remark that in (6.10), A\ = (A A®) with A1) ¢
A (r— f) and A® € AS(t — f), and t = (t),¢?) with ) being a A#-tableau for
i =1,2. In contrast to (4.5), we define

of = Crtlr_1t—1"" Cr—frit—f4+1 if f>1, and ¥ = 1. (6.11)
Definition 6.5. For each (f,\) € AJ, , and (s, kq,d), (t, ke, c) € 6(f, A), we define
C(s,nd,d)(t,mc,c) = x”ddflefmstcx"“, (6.12)

where mg¢ is a product of cellular basis elements for J%,_; and %5 ;_; described in
Theorem 6.3.

We remark that an element in % ,_; (generated by si,---,8,—;—1 and x1) may
not commute with an element of J% ;_; (generated by 51,---,5._s_1 and Z1). So, we
always fix mg¢ as the product ab, such that a (resp., b) is obtained from the corresponding
cellular basis element of J%3 ,._ (resp. t%”g’t,f) described in Theorem 6.3 by using —x1,
p, ¢ —m (resp. —Z1, —q, n — p) instead of Y7, u, v, respectively.

Let I be the two-sided ideal of # generated by e;. By Proposition 4.18(2), there is a
C-algebra isomorphism ¢, ; : 5, x 5, = 98/I such that

ere(si) =8+ 1, e,4(55) =5+ 1, epy(xn) = + 1, er4(Te) = o+ 1, (6.13)

for all possible 4, j, k, {’s.
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For each f with 0 < f < min{r,t}, let B(f) be the two-sided ideal of & generated
by e¢f. Then there is a filtration of two-sided ideals of 4 as follows:

B=2A0)>D A1) D >ABk)DAKk+1)=0, where k = min{r, ¢}.

Definition 6.6. Suppose 0 < f < min{r,t} and A € AJ (r— f) x AJ (t — f). Define =/}
to be the two-sided ideal of & generated by Z(f + 1) and S, where

S = {efmyls, t € 7 () and p € AT (r — f) x AS(t — f) with p > A}
We also define #~(f2) = DI B=I1) | where € A (r — f) x A (t — f).

By Theorem 5.12, %2 4 f can be embedded into %, thus we regard it as a subalgebra
of A.

Lemma 6.7. Suppose d € Dfit with 0 < f < min{r,t}. Then ¢/ (e1) C B(f + 1), where
(e1) is the two-sided ideal of B, ; generated by e;.

Proof. By assumption, we have r — f > 1 and t — f > 1. It is easy to check that e/
commutes with any element in %’T Fi—f- Since ey—jf—f = 5t—f15r—f,1€151,r—f51,i—f>
we have efe; € B(f + 1), proving the result. O

For 0 < f < min{r,t}, let ms,,: B(f) = B(f)/PA(f + 1) be the canonical epimor-
phism. Since both Z(f) and A(f + 1) are #-bimodules, 7y, + is a homomorphism as
Z#-bimodules. The following result follows from (6.13) and Lemma 6.7, immediately.

Lemma 6.8. For cach f € Z2° with f < min{r,t}, there is a well-defined C-homo-
morphism o : Ho g X o5 — B(f)]B(f + 1) such that

op(h) =ele,_yiy(h) + B(f+1) forhe A,y x Hsy_y,

where e,y y(h)" is the preimage of the element e,y y(h) € B, /T in B2 o,
where I is the two-sided ideal of %, , . generated by e;.

Lemma 6.9. Suppose \ € Ay, and 0 < f < min{r,t}. For any s,t € T34 (),

(1) efmg = mgeel € B(f).

(2) op(ma) = 7pre(efmay).

(3) o(efmsy) = efmgy (mod B>V, where o is the anti-involution on A induced from
that in Lemma 4.1.

Proof. By Lemma 4.7(1), e; j(xx+ L) = (zx + Lk)e;  if ¢ # k. Furthermore, e; ; (¢, k) =
(4 k)e; ; if 1 <l <k <i. So,e; Ly = Lge; ;, forcing e; jzi, = xpe; ;. Similarly, e; ;z) =



64 H. Rui, Y. Su / Advances in Mathematics 285 (2015) 28-71

Tre;; for k < j. So, e/mg = myee/. The second assertion is trivial. By Lemma 4.6(3),
TiTj =TT (mod J), where J is the two-sided ideal of c%’fffytff generated by e;. Now,
(3) follows from Lemma 6.7 and (1). O

Recall that the degree of a monomial m € % in (5.32) is |a|+|B] = >, ozH—Z;:l Bj.
So, 4 is a filtered algebra, which associates to a Z-graded algebra gr(%) defined the same
as in (4.2).

The following is motivated by Song and one of authors’ work on g-walled Brauer
algebras [29].

Proposition 6.10. Fizr,t, f € Z7° with f < min{r,t}. Let My be the left B p-module
generated by

V), = {efda™ | (d, ka) € DI, x Ny}, (6.14)
Then My is a right B-module.

Proof. We prove the result by induction on the degree of efdz". If the degree is 0, then
¢/dr"s = ¢/d. By the result on the walled Brauer algebra (which is the special case of
29, Proposition 2.9]), we have ¢/dh € My for any h € %, (wo). Note that &, ;(wo) is a
subalgebra of A.

Now, we consider ¢/ dz1, where d has the form in (6.6). If i; =1 for some j > r— f+1,
then j =7 — f +1 and ¢/dz; € Vr{t. Otherwise, we have (1)d =1, and dz; = z1d. Note
that » — f +1>4,_y41 > 1, we have ef1d = z1efd € M;y.

We have ¢/dz; = efZ,d + ¢/w for some k, 1 < k < t and some w € C&, x CS,. By
corresponding result for walled Brauer algebras, we have ¢/w € M;. If k < r — f, by
Lemma 4.7, ¢/ Zxd can be replaced by zxefd € M;. If k > 7 — f + 1, by Lemma 4.6(2),
we can use xj instead of Zj in efZ,d. So, the required result follows from our previous
arguments on s;, 5; and 1. This completes the proof when the degree of efdx* is 0.

Suppose the degree of efdz"¢ is not 0. We want to prove efdz"¢h € My for any
generators h of A.

Case 1: h € &,. We have z"¢h = ha"¢. By our previous result on degree 0, we have
¢/dh € M;. Therefore, we need to check ¢/ (dh)x®s € My. If z; is a term of z"¢, by
induction on the degree, we have ¢/ dha € M ¢, where x is obtained from z"¢ by removing
the factor x;. So, e/ dhate € My by inductive assumption on deg(ef dhatd) — 1.

Case 2: h € S,.. We have z"¢h = hx in gr(%), where x is obtained from z"< by permuting
some indices. By inductive assumption, it suffices to verify efdha € M ¢ with deg(z) =
deg(z"4). This has already been verified in Case 1.

Case 3: h = ;. If 1 is a factor of 274, we have 22 = (p+q—m)z1 —p(g—m) (cf. (5.30)).
So, ¢fdxrix, € My by inductive assumption on deg(e/dx"e) — 1. If 2, is not a factor of
x", and if 4,_¢y1 = 1, where d has the form in (6.6), then there is nothing to be proven.
Otherwise, ¢,—¢4+1 > 1 and efdzragy = zref data € My
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Case 4: h = ;. By Lemma 4.6(1), 2"4Z; = Z12"4 in gr(%). So, the result follows from
inductive assumption on degree and our previous results in Cases 2—3.
Case 5: h = e;. We can assume z"¢ = z1. Otherwise, the result follows from Lemma 4.7,
inductive assumption and our previous results in Cases 1-3. In this case, i,_ 11 = 1 and
er—f+1,t—f+1d = dey j for some j, 1 < j <t. So, e/ drier = effldel,jxlel.

If j = 1, the required result follows from the equality e;z1e; = (ng—mp)e; (cf. (5.29)).
Otherwise, by Lemmas 4.6 and 4.7,

€1,jr1€1 = 71%1617j€1 = 7617]\’51(1,].).

So, we need to verify ¢/ ~lde; ;z1(1,j) = ¢/dz1(1,5) € My, which follows from our
previous results in Cases 1, 2 and 4. This completes the proof of Proposition 6.10. O

Proposition 6.11. Suppose (f,\) € Aa, ;. Then AE(f,\) (resp., AL(f,\) is a right
(resp., left) B-module, where

o AB(f,\) is C-spanned by {e/mp dxte + B> | (s,d, kq) € 6(f, \), and
o AL(f, )) is C-spanned by {d efmyp + BTN | (s5,d, kg) € 6(f,\)}.

Proof. We remark that x;Z; = Z;x; in AR(f,\) (resp., AL(f,\)) for all possible 4, j’s.
So, the result follows from Proposition 6.10 and Theorem 6.3 on the cellular basis of
level two degenerate Hecke algebras %3,y x 6 ,_5. O

Theorem 6.12. Let m,n,r,t € Z=1, p,q € C such that r +t < min{m,n}. The set

€ = {C(s,mc,c)(t,nd,d) ‘ (53 Key 0)7 (ta Rd, d) S 5(fa A)a V(.f7 >\) S A277”,t}’
is a weakly cellular basis B = A, (m,n) over C.

Proof. Suppose 0 < f < min{r,t}. By Proposition 6.11, B(f)/B(f + 1) is spanned by
Clsene)(tdmg) T B(f + 1) for all (s,c, k), (t,d,kq) € (f,A) and X € Ag_f4 5. So,
2 is spanned by C. Counting the cardinality of C yields |C| = 2"T(r + t)!, which is the
dimension of 4, stated in Theorem 5.12. So, C is a C-basis of #Z. By Lemma 6.9(3) and
Proposition 6.11, it is a weakly cellular basis in the sense of (6.4). O

Remark 6.13. If we consider level two walled Brauer algebras over a commutative ring
containing 1, and if we know its rank is equal to 2"7¢(r + t)!, then all results in this
section hold. We will prove it in [30].

7. Irreducible modules for 2

In this section, we classify simple Z-modules over C via Theorem 6.12. So, we assume
r+t < min{m,n}.
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First, we briefly recall the representation theory of cellular algebras [14]. At moment,
we keep the notations in Definition 6.2. So, R is a commutative ring R containing 1 and A
is a (weakly) cellular algebra over R with a weakly cellular basis {Cs¢|s,t € T(A), A € A}.
We consider the right A-module in this section.

Recall that each cell module C'(A) of A is the free R-module with basis {Cs |s € T'(\)},
and every simple A-module arises in a unique way as the simple head of some cell
module [14]. More explicitly, each C(\) comes equipped with the invariant form ¢y
which is determined by the equation

CstCys = 5 (Cy,Cy) - Cos  (mod A™?).
Consequently,
RadC(A) = {z € C(\) | ¢a(z,y) =0 for all y € C(N)},

is an A-submodule of C'(\) and D* = C(\)/Rad C()) is either zero or absolutely simple.
Graham and Lehrer [14] proved the following result.

Theorem 7.1. (See [1/].) Let (A, A) be a (weakly) cellular algebra over a field F. The
set {D*| D # 0,\ € A} consists of a complete set of pairwise non-isomorphic simple
A-modules.

By Theorem 6.12, we have cell modules C(f, \) with (f,\) € Ag,, for 4. In fact,
it is AR(f,\) in Proposition 6.11 up to an isomorphism. Let ¢ 5 be the corresponding
invariant form on C(f, ). We use Theorem 7.1 to classify the simple %-module over C.

Let 565 ,_y (resp., %’é,t,f) be the level two Hecke algebra which is isomorphic to the
subalgebra of #; |, generated by s1,s2, -+ ,s,—y—1 and a1 (resp., 51,52, + ,5—f-1
and Z1). So, the eigenvalues of z1 (resp., Z1) are given in (5.30). By Theorem 6.3,

{mse|s,t€ THUN), A€ A (r — f) x AS(t — )}

is a cellular basis of % ,_; x J% ;_;. We remark that m,¢ is a product of cellular basis
elements of J% ,_; and %5 ;_; described in Theorem 6.3.

Let C(A) be the cell module with respect to A € Ag ¢ x Aoy for S ¢ X A5 4.
Let ¢ be the invariant form on C(X). For simplicity, we use H(2, f) to denote J% ,_ ¢ x
S g

Proposition 7.2. Suppose r,t € Z=2. We have ertBriers Cer B .

Proof. Recall that %,/ is a (weakly) cellular algebra with cellular basis given in Theo-
rem 6.12. So, it suffices to verify

P,q
er,tC(s,nd,d)(t,/{c,c)er,t € er,tggr_Lt_lv (71)
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where Cg x,.d)(tke,c) = zrid e mggex®e (cf. (6.12)).
Let f = 0. Since mg is a combination of monomials of form []!_, 2w w; H§=1 :E?,

it suffices to verify

s t
Qi o =Bi P,q
ert I | Ty w1 Wy | I Ty'ert € €t B0 4 (7.2)
i=1 i=1

We prove (7.2) by induction on the degree of [[/_; #%*wy@; [Ji_, Z%. The case for

degree 0 follows from [10, Proposition 2.1]. In general, we assume that a; = 0 for
1 <i<r—1land f; =0forl < j <t— 1 Otherwise, (7.2) follows from induc-
tive assumption and the equalities e,.x; = wie,; and e,,2; = Zje,, for ¢ # r and
J#t

By symmetry, we assume o, = 1. Write w; = s, ws for some k, 1 < k < r and some
wy € 6,_;. Since any element in &,_; commutes with 5; € ét, Z¢ and e,;, we can
assume wy € {1,s,_1}.

If w; = 1, by Lemma 4.6 (2), it suffices to verify ervtitwliftem € er,tﬂf’_qut_l. In
this case, we have Zyw; = w1z, + h for some h € CS&, and some k with (£)w; = k. By
induction on degree, we need to verify

= B D,q
Crt W TKTY €rp € €r i B 4 . (7.3)

By Lemma 4.7 (2), and inductive assumption on degree, we have (7.3) if k # t. Otherwise,
we have k = t and w, € S;_1. So, ertW; = wWier¢. By induction on degree, we use
(T + I_/t)1+ﬂt instead of @@ft in e,«,ta’:tgﬁfter’t. So, the result follows from Lemma 4.8(2).
This verifies (7.2) provided f = 0.

Suppose f > 0. By (6.12), we rewrite (7.1) as follows:

Kdg J—1 Ke D,q
erpxid e/ mgicx ert € €rt B0 4 - (7.4)

Applying our previous result for f = 0 on eT,tx“dd_lef and efmstcx’“em and noting
that ¢/ = €rt-€r_fylt—f+1, we have (7.4) as required. O

By recalling the definitions of wyp and wy in (5.29), we see that wy = w; = 0 if and
only if m =n and p = ¢. For any A € A (r — f) x AJ (t — f) and t € T5*%()\), we define
m¢ = mp + H(2, )>*, where H(2, f) is given above Proposition 7.2.

Lemma 7.3. Let A be the level two walled Brauer algebra defined over C. Suppose (f, \) €
Aoyyand f# 7 if r=t. Then ¢¢x # 0 if and only if p» # 0.

Proof. If r # t or if r = ¢ and f # r, then either s,,_; or 5 ,_f is well-defined. We
denote such an element by w. So, efwe/ = ¢f.
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If ¢y # 0, then ¢y (ms, my) # 0 for some 5,t € .T5*%()\). We have o x # 0 since
mtxgefwefm“k =S (ZSA(ms,mt)efmtxtx (mod @D(f”\)),

We remark that z;z; = Z;2z; in C(f,A) for1 <i<r—fand1 < j <t—f (cf. Lemma 4.6
and Lemma 6.7).
Conversely, if ¢ x # 0, then

¢f7A(efm5dm“d, e/ mycare) #0,
for some (s,d, kq), (t,¢, k) € 8(f, A). We have ¢ # 0. Otherwise,
mpghmgy =0 (mod H(2, f)b)\)a
for all h € H(2, f). Using Proposition 7.2 repeatedly, we have
empged e my = mp hmgae!  (mod B(f + 1)),
for some h € H(2, f), forcing ¢ \(e/ mgdzse, e/ micx®) = 0, a contradiction. 0O

Lemma 7.4. Let £ be the level two walled Brauer algebra defined over C with r = t. Then
¢r.0 # 0 if at least one of wy and wy s non-zero. Otherwise, ¢ = 0.

Proof. Suppose wg # 0. We have ¢, ¢ # 0 since efef = wgef. Otherwise, wg = m—n =0,
forcing m = n and w; = n(q — p). We consider e,e,_1---e1 [[;_,(z; + L;) (where the
product is in any order) and e.e,_; - -- e in the cell module C(r,0). By Lemma 4.8(2),

T

€rep_1---€1 H(xi + L;)ere,_1-€1 = wierer_1---€q.
i=1
We have ¢, # 0 if w; # 0.
Finally, we assume wg = w; = 0 and r = ¢. In this case, we have m = n and p = q.
We claim that ¢, = 0.
In fact, for any two basis elements ¢"cz and ¢"dz"? in C(r,0) with ¢,d € Dy, by
using Proposition 7.2 repeatedly, we have

¢"cxeatid e € " le B le. (7.5)

However, since we are assuming that wy = wy = 0, it is routine to check e; %% e = 0.
So, ¢r0 =0, as required. O

In [21], Kleshchev classified the simple modules for degenerate cyclotomic Hecke al-
gebra J7,. , over an arbitrary field via Kleshchev multipartitions of n. As mentioned in
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[2, page 130], one could not say that ¢ # 0 if and only if A is a Kleshchev multipartition.
In our case, since level two walled Brauer algebras are only related to representations of
cyclotomic degenerate Hecke algebras (more explicitly, level two Hecke algebras) over C,
we can use Vazirani’s result [36, Theorem 3.4]. In fact, it is not difficult to prove that
there is an epimorphism from a standard module in [36, Theorem 3.4] to a cell module
for degenerate cyclotomic Hecke algebra. So, ¢, # 0 if and only if X is Kleshchev in the
sense of [36, p273]. We recall the definition as follows. For our purpose, we only consider
bipartitions.

Definition 7.5. Fix u;,us € C with u; —up € Z. A bipartition A = (A, A®)) € A (n)
of n is called a Kleshchev bipartition with respect to uy, ug if

)\(1)

uy—uo+1

< )\52) for all possible i.

If uy — ug ¢ Z, then we say that all bipartitions of n are Kleshchev bipartitions.

Since we consider a pair of bipartitions (A, A®)), where AV € AJ(r — f) and
A2 e At — f) for all f,0 < f < min{r,t}, we say that \ is Kleshchev if both
AM and A® are Kleshchev with respect to the parameters u; = p, us = ¢ — m and
u1 = —q, us = n — p respectively. The following result follows from Lemmas 7.3, 7.4 and
our previous arguments immediately.

Theorem 7.6. Let % = A} (m,n) be the level two walled Brauer algebra over C with
condition r + ¢t < min{m, n}.

(1) Suppose either T #t orr =t and one of wy, wy is non-zero. Then the set of pairwise
non-isomorphic simple AB-modules are indexed by

S={(f,A\) € Ay, |0 < f <min{r,t}, X being Kleshchev}.

(2) Ifr =t andwy = w1 = 0, then the set of pairwise non-isomorphic simple Z-modules
are indexed by {(f,\) € Ao, |0 < f <1, A being Kleshchev}.

We close the paper by giving a classification of non-isomorphic indecomposable direct
summands of g, ,-modules M"* (cf. (5.9)) provided that M = K is typical. Such
direct summands are called indecomposable tilting modules of gl

Theorem 7.7. Assume r +t < min{m,n}.

(1) If p— q € Z with either p —q < —m or p — q > n, then M"™ (c¢f. (5.9)) is a tilting
module and the non-isomorphic indecomposable direct summands of M™ are indexed
by {(f, 1) € Aoyt |0 < f < min{r,t}, p being Kleshchev}.

(2) If p—q ¢ Z, then the non-isomorphic indecomposable direct summands of M™ are
simple and indezed by As r ;.
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Proof. Under the assumptions in (1) and (2), the Kac module K} , is typical and at
least one of wy and w; is non-zero. In this case, M"™! is a tilting module (see, e.g., [7, IV]
for the case t = 0, from which one sees that it holds in general). By Theorem 5.12 and
arguments similar to those in [5, §2] or [1, §5], there is a bijection between the set of
non-isomorphic indecomposable direct summands of M™* and the simple modules of 2.
So, (1)—(2) follows from Theorem 7.6(1). (In fact, we will give an explicit relationship
between indecomposable direct summands of M"™* and simple modules for 2} in [30],
and further we will compute decomposition numbers of .%?ff arising from the super
Schur-Weyl duality.) In particular, if p — ¢ ¢ Z, all partitions A € AJ (r — f) x AJ (¢t — f)
are Kleshchev. We remark that (2) also follows from Theorem 6.12 and Graham-Lehrer’s
result in [14], which says that a cellular algebra is semisimple if and only if each cell
module is equal to its simple head. O

Acknowledgments

After we finished the paper and posted it to arXiv.org, Professor C. Stroppel informed
us that affine walled Brauer algebras are independently defined via affine walled Brauer
categories by Sartori [31].

References

[1] H.H. Andersen, G.I. Lehrer, R.B. Zhang, Cellularity of certain quantum endomorphism algebras,
arXiv:1303.0984 [math.GR].

[2] S. Ariki, A. Mathas, H. Rui, Cyclotomic Nazarov—Wenzl algebras, in: Special Issue in Honor of Prof.
G. Lusztig’s Sixty Birthday, Nagoya Math. J. 182 (2006) 47-134.

[3] G. Benkart, M. Chakrabarti, T. Halverson, R. Leduc, C. Lee, J. Stroomer, Tensor product represen-
tations of general linear groups and their connections with Brauer algebras, J. Algebra 166 (1994)
529-567.

[4] R. Brauer, On algebras which are connected with the semisimple continuous groups, Ann. of Math.
38 (1937) 857-872.

[5] J. Brundan, A. Kleshchev, Modular Littlewood-Richardson coefficients, Math. Z. 232 (2) (1999)
287-320.

[6] J. Brundan, A. Kleshchev, Blocks of cyclotomic Hecke algebras and Khovanov—Lauda algebras,
Invent. Math. 178 (2009) 451-484.

[7] J. Brundan, C. Stroppel, Highest weight categories arising from Khovanov’s diagram algebra I,
Mosc. Math. J. 11 (2011) 685-722;

J. Brundan, C. Stroppel, Highest weight categories arising from Khovanov’s diagram algebra II,
Transform. Groups 15 (2010) 1-45;

J. Brundan, C. Stroppel, Highest weight categories arising from Khovanov’s diagram algebra III,
Represent. Theory 15 (2011) 170-243;

J. Brundan, C. Stroppel, Highest weight categories arising from Khovanov’s diagram algebra IV,
J. Eur. Math. Soc. (JEMS) 14 (2012) 373-419.

[8] J. Brundan, C. Stroppel, Gradings on walled Brauer algebras and Khovanov’s arc algebra, Adv.
Math. 231 (2) (2012) 709-773.

[9] A. Cox, M. De Visscher, Diagrammatic Kazhdan—Lusztig theory for the (walled) Brauer algebra,
J. Algebra 340 (2011) 151-181.

[10] A. Cox, M. De Visscher, S. Doty, P. Martin, On the blocks of the walled Brauer algebra, J. Algebra
320 (1) (2008) 169-212.
[11] R. Dipper, S. Doty, The rational Schur algebra, Represent. Theory 12 (2008) 58-82.


http://refhub.elsevier.com/S0001-8708(15)00261-3/bib414C5As1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib414C5As1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib414D52s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib414D52s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4243484C4C4As1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4243484C4C4As1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4243484C4C4As1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib42s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib42s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib424Bs1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib424Bs1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib424B31s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib424B31s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib425334s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib425334s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib425334s2
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib425334s2
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib425334s3
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib425334s3
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib425334s4
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib425334s4
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4253s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4253s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4344s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4344s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4356444Ds1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4356444Ds1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4444s1

H. Rui, Y. Su / Advances in Mathematics 285 (2015) 28-71 71

[12] J. Enyang, Cellular bases of the two-parameter version of the centraliser algebra for the mixed
tensor representations of the quantum general linear group, Surikaisekikenkyusho Kokyuroku 1310
(2003) 134-153.

[13] F.M. Goodman, Cellularity of cyclotomic Birman—Wenzl-Murakami algebras, J. Algebra 321 (2009)
3299-3320.

[14] J.J. Graham, G.I. Lehrer, Cellular algebras, Invent. Math. 123 (1996) 1-34.

[15] J.A. Green, Polynomial Representations of GL,,, second corrected and augmented edition, Lecture
Notes in Math., vol. 830, Springer, Berlin, 2007. With an appendix on Schensted correspondence
and Littelmann paths by K. Erdmann, Green and M. Schocker.

[16] T. Halverson, Characters of the centralizer algebras of mixed tensor representations of GL(r,C)
and the quantum group U, (gl(r, C)), Pacific J. Math. 174 (1996) 359-410.

[17] J.H. Jung, S.-J. Kang, Mixed Schur-Weyl-Sergeev duality for queer Lie superalgebras, arXiv:
1208.5139.

[18] V. Kac, Lie superalgebras, Adv. Math. 26 (1977) 8-96.

[19] M. Khovanov, A functor-valued invariant of tangles, Algebr. Geom. Topol. 2 (2002) 665-741.

[20] M. Khovanov, A. Lauda, A diagrammatic approach to categorification of quantum groups I, Rep-
resent. Theory 13 (2009) 309-347.

[21] A. Kleshchev, Linear and Projective Representations of Symmetric Groups, Cambridge Tracts in
Math., vol. 163, Cambridge University Press, Cambridge, 2005.

[22] K. Koike, On the decomposition of tensor products of the representations of classical groups:
by means of universal characters, Adv. Math. 74 (1989) 57-86.

[23] G. Lehrer, R.B. Zhang, Strongly multiplicity free modules for Lie algebras and quantum groups,
J. Algebra 306 (1) (2006) 138—174.

[24] G. Lehrer, R.B. Zhang, The second fundamental theorem of invariant theory for the orthogonal
group, Ann. of Math. (2) 176 (2012) 2031-2054.

[25] M. Nazarov, Young’s orthogonal form for Brauer’s centralizer algebra, J. Algebra 182 (1996)
664-693.

[26] P. Nikitin, The centralizer algebra of the diagonal action of the group GL,(C) in a mixed tensor
space, J. Math. Sci. 141 (2007) 1479-1493.

[27] R. Rouquier, Quiver Hecke algebras and 2-Lie algebras, Algebra Colloq. 19 (2012) 359-410.

[28] R. Rouquier, 2-Kac-Moody algebras, arXiv:0812.5023.

[29] H. Rui, L. Song, The representations of quantized walled Brauer algebras, J. Pure Appl. Algebra
219 (2015) 1496-1518.

[30] H. Rui, Y. Su, Highest weight vectors of mixed tensor products of general linear Lie superalgebras,
Transform. Groups (2015), http://dx.doi.org/10.1007/S00031.

[31] A. Sartori, The degenerate affine walled Brauer algebra, arXiv:1305.2347.

[32] C.L. Shader, D. Moon, Mixed tensor representations and representations for the general linear Lie
superalgebras, Comm. Algebra 30 (2002) 839-857.

[33] Y. Su, J.W.B. Hughes, R.C. King, Primitive vectors in the Kac-module of the Lie superalgebra
sl(m|n), J. Math. Phys. 41 (2000) 5044-5087.

[34] Y. Su, R.B. Zhang, Generalised Verma modules for the orthosymplectic Lie superalgebra 05Pg|2;
J. Algebra 357 (2012) 94-115.

[35] V. Turaev, Operator invariants of tangles and R-matrices, Izv. Akad. Nauk SSSR Ser. Math. 53
(1989) 1073-1107 (in Russian).

[36] M. Vazirani, Parameterizing Hecke algebra modules: Bernstein—Zelevinsky multisegments,
Kleshchev multipartitions, and crystal graphs, Transform. Groups 7 (3) (2002) 267-303.


http://refhub.elsevier.com/S0001-8708(15)00261-3/bib656E79616E67s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib656E79616E67s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib656E79616E67s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib47s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib47s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib474Cs1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4772s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4772s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4772s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4861s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4861s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4A4Bs1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4A4Bs1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4B61633737s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4B68s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4B4Cs1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4B4Cs1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4Bs1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4Bs1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4B6F69s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4B6F69s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4C5A31s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4C5A31s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4C5As1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4C5As1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4E61s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4E61s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4Es1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib4Es1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib526F31s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib526F32s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib52536F6E67s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib52536F6E67s1
http://dx.doi.org/10.1007/S00031
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib5361s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib534Ds1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib534Ds1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib53484Bs1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib53484Bs1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib535A34s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib547572s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib547572s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib5661s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib5661s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib535A34s1
http://refhub.elsevier.com/S0001-8708(15)00261-3/bib535A34s1

	Afﬁne walled Brauer algebras and super Schur-Weyl duality
	1 Introduction
	2 The walled Brauer algebra Br, t and its afﬁnization
	3 Homomorphisms from Baffr, t to Bk+r,k+ t(ω0)
	4 A basis of an afﬁne walled Brauer algebra
	5 Super Schur-Weyl duality
	6 Weakly cellular basis of level two walled Brauer algebras
	7 Irreducible modules for B
	Acknowledgments
	References


