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ABSTRACT. In this paper, we study the Dirichlet problem of the
geodesic equation in the space of Kéhler cone metrics Hg; that
is equivalent to a homogeneous complex Monge-Ampere equation
whose boundary values consist of Kéhler metrics with cone sin-
gularities. Our approach concerns the generalization of the func-
tion space defined in Donaldson [25] to the case of Kéhler mani-
folds with boundary; moreover we introduce a subspace H¢ of Hg
which we define by prescribing appropriate geometric conditions.
Our main result is the existence, uniqueness and regularity of Cé’l
geodesics whose boundary values lie in Ho. Moreover, we prove
that such geodesic is the limit of a sequence of Cé’a approximate

geodesics under the C’é’l—norm. As a geometric application, we
prove the metric space structure of He.

CONTENTS
1. Introduction 2
2. The space of Kahler cone metrics 6
3. A priori estimates 14
3.1.  L* estimate 15
3.2. Interior Laplacian estimate 16
3.3. Boundary Hessian estimate 20
3.4. Interior gradient estimate 25
4. Solving the geodesic equation 29
4.1. Existence of the C’é’l cone geodesic 29
4.2. Interior Schauder estimate: 7 > 0 33
4.3. Boundary Schauder estimate: 7 > 0 39
4.4. Uniqueness of the C’é’l cone geodesic 41
5. Linearized equation 42
5.1.  The maximum principle and the weak solution 42
5.2. Holder estimates 44
5.3.  The Dirichlet problem of the linearized problem 50
6. The metric space structure 52

The first author is supported by the Project PRIN “Varieta reali e complesse:
geometria, topologia e analisi armonica”, by the Simons Center for Geometry and
Physics, Stony Brook University, by SNS GR14 grant “Geometry of non-Kéahler
manifolds”, and by GNSAGA of INdAM.

1



2 SIMONE CALAMAI AND KAI ZHENG

References 53

1. INTRODUCTION

We shall always denote by X a smooth compact Kahler manifold
without boundary of complex dimension n > 1, by [wy| a Kéhler class
of X, and by H the space of Kéhler metrics in [wp]. In their pioneering
works, Mabuchi [41], Donaldson [23] and Semmes [49], independently
defined the famous Weil-Peterson type metric in H, under which H
becomes a non-positive curved infinite-dimensional symmetric space.
(For the study of other such metrics, compare [10, 12, 11].) Semmes
[49] pointed out that the geodesic equation in H is a homogeneous
complex Monge-Ampere (HCMA) equation,

a1y { ot YEL99w ) = 0 in X x R,
| D i<ijn (S0 + YA99W)5dz' Ad2 >0 in X x {2"H1}

here R is a cylinder with boundary, and €2 is the pull-back metric of
wo under the natural projection.

Geodesics are basic geometric objects in the infinite dimensional
manifold H. The relation between the geodesics of H and the ex-
istence and the uniqueness of the cscK metrics was pointed out by
Donaldson in [23]. He also conjectured that 3 endowed with the Weil-
Peterson type metric is geodesically convex and is a metric space. Chen
[13] established the existence of C''' geodesic segments (of bounded
mixed derivatives) under smooth Dirichlet conditions and thus verified
that the space of Kéhler metrics is a metric space. Later, Blocki [7]
proved that any C1! geodesic segment has bounded Hessian when (X x
R, ) has nonnegative bisectional curvature. Phong-Sturm [45], Song-
Zeltdich [53, 52, 54] approximated the C''! geodesic by the Bergman
geodesics in finite-dimensional symmetric spaces. Later Chen and
Tian in [16] improved the partial regularity of the C'! geodesic, then
proved the uniqueness of the extremal metrics. Donaldson [24], Darvas-
Lempert [21] and Lempert-Vivas [39] showed that a C*! geodesic does
not need to be smooth in general. On the other hand, the geodesic
ray induced by the test configuration is constructed in Arezzo-Tian [1],
Chen-Tang [17], Phong-Sturm [46, 47] and Phong-Sturm [46, 47]. The
C1! geodesic ray parallel to a given one is constructed in Chen [14] un-
der the geometric condition “tamed by a bounded ambient geometry”.
We would like to remark that the existence of C1'! geodesics has been
proved by Chen-He [15] in the space of volume forms on a Riemannian
manifold, by P.-F. Guan-X. Zhang [33] in Sasakian manifolds and by
B. Guan-Q. Li [30] in Hermitian manifolds.

In this paper, our aim is to construct the natural geodesics in the
moduli space of all Kéhler metrics singular along the divisor D for
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future study. Let us isolate now the concept, central to our aim, of
Kahler cone metric.

Definition 1.1. Let X and [wo] as at the beginning of the paper, and
let D=>%"" (1—/,;)V; be a normal crossing, effective smooth divisor
of X with 0 < 8; <1 for 1 <17 < m, where V; C X are irreducible
hypersurfaces. Set 8 := (f1,. .., Sn) and call the ;s the cone angles.
Given a point p in D, label a local chart (U,,2") centered at p as
local cone chart where z', ... 2% are the local defining functions of the
hypersurfaces where p lies. A Kdahler cone metric w of cone angle 27 3;
along V;, for 1 <4 <m, is a closed positive (1,1) current and a smooth
Kéhler metric on the regular part M := X \ D. In a local cone chart
U, its Kahler form is quasi-isometric to the cone flat metric, which is

k

) , ) - : .

(1.2)  Weone == 5 E B2 2BVt A dt + E dz? Nd2.
i=1

k+1<j<n

Let g be the space of Kéhler cone metrics of cone angle 273; along
Vi in [wo]. It is clear that when 3; = 1 for all ¢, 3 consists of all
cohomologous smooth Kahler metrics on a compact Kahler manifold.
Let s be a global meromorphic section of [D]. Let h be an Hermitian
metric on [D]. It is shown in Donaldson [25] that, for sufficiently small
0 >0,

m \/_—1 _ i

i=1

is a Kahler cone metric. Moreover, w is independent of the choices of
wo, ha, 0 up to quasi-isometry; we call it model metric.

In this paper, we study the geometry of the space of Kahler cone
metrics, in particular, the geodesic in Hz. Now we clarify the con-
cept of geodesic in Hg. A cone geodesic is a curve segment ¢ € Hg
for 0 <t < 1 which satisfies the natural generalization of the prob-
lem (1.1); i.e. we are requiring that w,y) is a Kéhler cone metric
for any 0 < t < 1. In this article, we find the geometric boundary
conditions which assure the existence and the uniqueness of the cone
geodesic. Those lead to an appropriate choice of a subspace of Hg. As
we will show in Section 2, the geodesic equation leads to the Dirich-
let problem of the HCMA equation with the boundary potentials of
cone singularities. The Dirichlet problem of HCMA was studied in-
tensively by many authors under various analytic boundary conditions
(see [3, 18, 32, 44, 9]). In our particular environment, the underly-
ing manifold is a product manifold and the curvature conditions on the
background metrics play an important role as in the geometric-analysis
problems (see the useful tricks we explain at the beginning of Section
3 and Remark 3.1).
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The slight difference between our equation and the standard HCMA
is that in our case the boundary values allow cone singularities. So
the problem is how to choose the appropriate function spaces where
the solutions lies. A possible function space could be the edge space.
The corresponding elliptic theory is investigated by many authors (see
Mazzeo [42], Melrose [43], Schulze [48] and references therein). In our
environment, the problem is that the edge space is defined for mani-
folds without boundary; which is not our case. So, we do not use edge
space in this paper. We overcome this problem by generalizing Don-
aldson’s space to the boundary case (see Definition (2.3)), that is more
natural for our geometric problem. However, it would be interesting
to understand whether the edge space (with some modification) could
be defined near the boundary and how to improve the regularity in
such space. Finally, it is interesting to see that the cone geodesics are
translated as solutions of the HCMA, and then the cone singularities
on the boundary travel naturally to the interior of the domain. We
hope this phenomenon will be helpful to understand the solution of the
complex Monge-Ampere equation.

Now we specify the geometric conditions on the boundary metrics.
(The space C§ is introduced in Definition 2.2.)

Definition 1.2. Assume D is disjoint union of smooth hypersurfaces
and the cone angles  belong to the interval (0, %) Then, we denote
as H% the space of O} wo-plurisubharmonic potentials. Moreover, we
label as H¢ C U—C% one of the following spaces;

J,={pe€ }C% such that sup Ric(w,) is bounded};
J, = {p € H} such that inf Ric(w,) is bounded}.

In general the Kahler cone metrics do not have bounded geometry.
The Riemannian curvature of w is bounded when the cone angle is less
than % We will compute that the Levi-Civita connection of the model
cone metric defined in (1.3) under the cone coordinates (see (4.3)) is
bounded when the cone angle is less than % The curvature conditions
of the boundary metrics are used to improve the regularities of the
weak geodesics. The space Hq at least contains all Kahler-Einstein
cone metrics with the cone angle between 0 and % (see Proposition
6.7 in Brendle [8]). The further discussion on the properties of the
subspace H¢ will be in the forthcoming paper. In the present work,
our main aim is to prove the following result (cf. Theorem 4.5).

Theorem 1.1. Any two Kdhler cone metrics in He are connected by
a unique C’é’l cone geodesic. More precisely, it is the limit under the

Cé’l-norm by a sequence of CZ’O‘ approximate geodesics.

The notion of approximate geodesic is given in Lemma 6.2. As an
application, we prove the following result.
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Theorem 1.2. Hq is a metric space.

Concerning geodesics with weak regularity, we should compare the
construction in Berndtsson’s remarkable paper [4] with our result. It
is easy to compute that the volume of the Kéhler cone metric be-
longs to L? with p(8; — 1) +1 > 0 for any 1 < i < k. According
to Kolodziej’s theorem in [37], there exists a unique Hélder continu-
ous wp-plurisubharmonic potential. Berndtsson [4] proved that given
two bounded wy-plurisubharmonic potentials, there is a bounded ge-
odesic connecting them. Then since the advantage of using the Ding
functional (cf. Ding [22]) is that it requires less regularity of the po-
tentials, as observed by Berndtsson, the convexity of the Ding func-
tional along the bounded geodesic is applied to prove the uniqueness of
Ké&hler-Einstein cone metrics (generalizing the Bando-Mabuchi unique-
ness theorem [2]). However the cone geodesic we construct here has
more regularity across the divisor in a subspace H which still con-
tains the critical metrics. The regularity of the cone geodesic across
the divisor is important not only to prove the metric structure as we
show in this paper, but also to our further application on existence and
uniqueness of cscK cone metrics.

Now we state an application of our main theorem to the smooth
Kihler metrics with slightly less geometric conditions than the C1+!
geodesic in Chen’s theorem [13].

Corollary 1.3. If the C® norm and Ricci curvature upper (or lower)
bound of two Kdhler potentials are uniformly bounded, then the geodesic
connecting them has uniform CH' bound.

Now we describe the structure of our paper. In Section 2, we recall
the notation and the function spaces introduced by Donaldson [25].
In particular, we define the boundary case. Then, we generalize the
Riemannian structure to the space of Kahler cone metrics. The delicate
part here is the growth rate near the divisor. In the function space
introduced by Donaldson, we derive that the geodesic equation is a
HCMA with cone singularities by integration by parts and we explain
the construction of the initial metric for the continuity method.

In Section 3, we obtain the a priori estimates of the approximate
Monge-Ampere equation. It is divided into several steps. The L™
estimate is derived from a cone version of the maximum principle and
the super-solution of the linear equation obtained in Section 4. In
order to find out the proper geometric global conditions, the interior
Laplacian estimate is obtained using the techniques of Yau’s second
order estimate [56] and the Chern-Lu formula (see [19, 40, 55]). In order
to prove the boundary Hessian estimate near the divisor, we can not use
the the distance function as the barrier function which is introduced in
Guan-Spruck [31], since we need a uniform estimate independent of the
distance to the divisor. So we choose the auxiliary function by solving
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the linear equation provided by Section 4. We hope this method could
have potentially further applications to the Monge-Ampere equation
on manifold with boundary which arises in other geometric problems.
In order to obtain the interior gradient estimate near the divisor, we
carefully choose an appropriate test function near the divisor.

In Section 4, we solve the linearized equation and prove the C’;’a
regularity of the approximate geodesic equation. Both the interior and
the boundary Schauder estimates are of the general form. Note that the
right hand side of the approximation equation (4.1) contains log Q"+,
When applying the Evans-Krylov estimate, we need to bound the first
derivative of log Q"*1. We will show that it is bounded when the cone

angle is less than % Thus with these estimates, the existence and

the uniqueness of the C’g,’l cone geodesic are proved. Moreover, the

approximate geodesic is in Cé’a. There is an direct application of the
interior Schauder estimate to the regularity of the Kahler-Einstein cone
metrics. When applying the Evans-Krylov estimate, it is necessary
to bound the first derivative of the term on the right hand side of
the Kéhler-Einstein equation of cone singularities. We show that the
gradient of this term is bounded when the cone angle is less than %
When the cone angle is less than 1, Brendle [8] derived Calabi’s third
order estimate to prove the existence of Ricci flat Kéhler cone metrics.

Section 5 contains the maximum principle and the Holder continuity
of the linearized equation. In particular, the weak Harnack inequality is
used to prove the Cé’o‘ regularity of the approximate geodesic equation.

In Section 6, we apply our cone geodesic to prove the metric structure
of He. Once we establish the C’;’l regularity of cone geodesic, the proof
of the metric structure is immediate.
Acknowledgments: Both authors would like to warmly thank Xiux-
iong Chen who brought this problem to their attention. Part of this
work was done, while the second author was visiting Institut Fourier in
2011-2012, he is grateful to Gérard Besson for his warm encouragement
during his stay. He also thanks Claudio Arezzo for helpful discussions,
when he visited ICTP in 2011.

Both authors would like to express their gratitude to the referee for
helpful comments to improve the exposition of this paper.

2. THE SPACE OF KAHLER CONE METRICS

In this section, we first introduce some pieces of notation and knowl-
edge of Donaldson’s program [25], which we will stick to in the remain-
der of the paper. Let U, be a local cone chart as in Definition 1.1. Let
W :U,\ D — U, \ D be the change of coordinates given by
(2.1)

Wz, -, 2" = (wh = |2 712, oo Wb = 2Rtk 2R )
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Now, forany 1 <i < klet 0 < 6; < 2m, 2 := pie\/jwi and r; = |2 Bi —
|w'|; meanwhile, for any k+1 < j < nlet 27 := 27 ++/—1y’. Then, let
the polar coordinate transformation of (w!, .-, wk, 2**1 ... 2") be

. 1 k _k+1 n k+1 k+1 n n
P.(U),"',U),Z 7"'72)_>(T17917"'7rk79k7x Y 7"'7x7y)'

Thus we obtain that the expression of the push-forward cone flat metric
(1.3) is
(2.2)
(PoW) g = > [dri+Birido;]+ Y [(da?)* + (dy')’] .
1<i<k k+1<j<n
This flat metric is uniformly equivalent to the standard Euclidean met-
ric. However, letting p; := ;' — 1, we have w' = rieV 10 = || ~H o
moreover, we define
g; = d?"@' + v —1ﬁﬂ'zd91 = B¢|wi|1*“i(wi)*1dz"
=G [(1 + %) lw!|(w') " dw® + %|wi|_1widwg ,
and we notice that it is not a holomorphic 1-form, since J,:¢; # 0.
Consequently, ¢; and dz? merely form a local orthonormal basis of the
(1,0)-forms.

Now we present the function spaces which are introduced by Don-
aldson in [25]. The Hélder space C'§ consists in those functions f which
are Holder continuous with respect to a Kéhler cone metric. Also, C'g
denotes the subspace of those functions in C§ for which their limit is
zero along V; for any 1 < ¢ < m. The Hélder continuous (1, 0)-forms,
in local coordinates U,, can be expressed as

£ = figi + [;d2
where the Einstein notation is adopted, f; € C§ and f; € C“. Mean-
while, a Holder (1, 1)-form 7 in local coordinates U, is of the shape
N = fii€ici + fijsidzj + fgjsgdzj + f]-lj-gdzjldzj2 :
here the coefficients satisfy f;;, fi; € C§ and f;, 5, fj, € C¢ . Note

that according to this Definition, for any Kéhler cone metric w € Cg,
around the point p € D, we have a local normal coordinate such that

9i5(p) = 0ij-
Definition 2.1. The Holder space C’g’o‘ is defined by
Cy={f|0f,00f € C3}.

Note that the C’;’a space, since it concerns only the mixed derivatives,
is different from the usual C*% space. The definition of higher order
space Cg’a depends on the background metrics. In this paper, we use
the flat cone metric weone (1.2) to define C’lg’a. It is not hard to see
that, by the quasi-isometric mapping W, 00f € C§ is equivalent to
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6w?2w5 € C for any 1 < i,j < n under the coordinate {w'}. So we say

the third derivative of a function belongs to C if

3

-feC”

Qwkowiow’

for any 1 <4, 7,k <n. In particular,
Definition 2.2. The Holder space C? is defined by
C’g ={f|f € C’;’O‘ and the third derivative of f w.r.t weone is bounded} .

Thus the higher order spaces are defined by induction on the index
k. Now we postpone the discussion of the function space for a while, we
will continue after introducing the product manifold where the geodesic
equation is defined.

We then approach some considerations on the Riemannian geometry
of the space of Kéahler cone metrics. Recall that SHZ’O‘ is the space of C’é’a
wo plurisubharmonic-functions. It is a convex, open set in Cé’a. The
tangent space of J—CZJO‘ at a point ¢ is C’é’a. We generalize the Donaldson
23], Mabuchi [41], Semmes [49] metric to 5{2’0‘ by associating to ¢ €
5{2’0‘ and tangent vectors 11,1, € T@}CZ’O‘, the real number

(2.3) /M¢1 oW

The definition makes sense for Kéahler cone metrics, since the volume of
the Kahler cone metrics is finite. Furthermore, we choose an arbitrary
differentiable path ¢ € C'([0,1], 5{2’0‘) and along it, differentiable vec-
tor field v € C([0, 1], C’;’O‘). We thus define the following derivation of
the vector field on M = X\D

oy d¢
(2.4) Dy = 5 (8w,8at )go -
We claim that (2.4) is the Levi-Civita connection of (2.3). The fact that
(2.4) is torsion free comes from a point-wise computation on M. Thus,
the claim will be accomplished after verifying the metric compatibility,
which is done in Proposition 2.2. We first prove an integration by parts
formula.

Lemma 2.1. Assume that p1, |0¢1w, |092w, |Apa|riw) are bounded.
Then the following formula holds

/ 1AW = —/ (Op1, 0pa) ™ .
M M

Proof. Choose a cut-off function y. which vanishes in a neighborhood
of D. Then,

/ Xep1Appw" = — / Xe(0p1, Opa)uw™ — / ©1(0Xe, Opa) ™ .
M M M
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The convergence of the first two terms follows from the Lebesgue dom-
inated convergence theorem. So, it suffices to find a x. such that

/ |0Xe|ow™ — 0
M

=x (iHH) ,

where s; are the defining functions of D; and x is a smooth non-
decreasing function such that

as € — 0. Choose

X
0
X

A
= O
IN
—
B
N =o
+ 9=

5

Now,

1 5 C _a
0Xelw < X' ?'SiHSi‘l = Slsil* P

So, as € — 0 we get in the cone chart

2 2e
2
oo [ e
|s|=r

—2 ]r]lwldr <Ceé¥ = 0.
€

€

T\z(ﬁl Irdrdddz® A -+ - A dz"

This completes the proof of the lemma. O
As an application of the above formula, we have

Proposition 2.2. The connection (2.4) is compatible with the metric
(2.3).

Proof. We Compute

37 | v =3 [ o+ e ag

Since 2, |0(V?)]g,, 10¢'|g,, Ay’ are all bounded with respect to g,,
we are allowed to apply Lemma 2.1 and we get

T / vl =3 / (200" — 20/(0¥, 09'), L

This completes the proof of the proposition. O
Next, we derive the geodesic equation.

Proposition 2.3. The geodesic equation satisfies the following equa-
tion on M point-wise

(2.5) " —(0¢',0¢"),, =0.
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Proof. Assume that ¢(t)|} is a path from g to ¢y, and that ¢(s,t) €
C([0,1] x [0,1], C **) is a l-parameter variation of ¢(t)|§ with fixed
endpoints. We mlmmize the length function

s0(s,t))=/01 \//M (8@((;,0)2% dt .

We are going to compute the variation of %L(gp(s, t)); denote ¢’ = %‘f

and
E = / gp’QwZ
M

Then, using (2.4) and the compatibility property we get

/I n - _ RPN ()
83 o(s,1)) / /Dsgo Ywydt = / /Dtasgp Pwgdt
= — — D
/0 {at/a“‘”“” / oo wwwldt
/ / —— - Dypwldt .

The first term in the second line vanishes since the endpoints are fixed.
So the geodesic condition reads

0= 2 / / 257 Dy’ wgdt
83

which implies that the geodesic equation is

Dy’ =0on M.

Consider the cylinder
R=1[0,1] x S!
and introduce the coordinate
ZnJrl — anrl + \/__1yn+1

on R. Define

n+1) 1 n n+1)

90(2,72 :(,D(Z,"',Z,.T :Qp(zla"'>zn7t)

on the product manifold X x R and let 7 be the natural projection
form X x R to X. We also denote

- (Z/’ZnJrl) — (/217 . ’Zn’ZnJrl) 7
= (71 )*wo + d2"T A dZ" T

0
Q= (7w +d"T AdZ" T
U= |2"T2,
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It is a matter of algebra to show that (2.5) could be reduced to a
degenerate Monge-Ampere equation. A path ¢(t) with endpoints o,
¢ satisfies the geodesic equation (2.5) on X if and only if W satisfies
the following Dirichlet problem involving a degenerate complex Monge-
Ampere equation

det(€2; +¥,;5) =0 in M x R,
(2.6) U(z) =¥, ) on X x OR,

D oi<ijen(Qij +Wi5)dz'dz? >0 in X x {271}

Here the following Dirichlet boundary conditions W are satisfied

(2.7)
Uo(2,0) = U(2,/—1y"™) = po(2) — (y")? on X x {0} x S,
Uo(2/,1) =0(2, 1+ vV/=1y") =1 (2)) — 1 — (y"™)? on X x {1} x S

Now we are given a (n+ 1)-dimensional Ké&hler manifold X = X x R
with boundary; the given data of the Dirichlet problem are put on two
disjoint copies of X. We also have a divisor ® = D x R, with D as
in Definition (1.1), which intersects transversely the boundary. Let f;
be the local defining function of each irreducible analytic component
Vi of ®. Then the transition functions J{—; give a line bundle [®D] in X.
Let s be a global meromorphic section of [D]. Let hy be the Hermitian
metric on [D]. There is a small positive ¢ such that, on X,

" /=1 ,
(2.8) Q=+ 0y Y —00]sil)
=1

is a Kéhler cone metric (cf. (1.3)). Moreover, it is also independent of
the choices €2y, ha, 0 up to quasi-isometry.

We can define the Holder space C} in the interior of (X,D) as that
one defined on (X, D). On the boundary, near a point p we choose a
local holomorphic coordinate chart

{UF 2 =2’ +iy'}, 1 <i<2n+2

centered at p. From the discussion above, we see that the boundary of
X is 2" = 0. When U, does not intersect the divisor @, the Hélder
space is defined in the usual way. So it is sufficient to define a new
Holder space in the coordinates which contain the points of the divisor.
We first note that the solution of geodesic equation is independent
of the variable y"*!, so the partial derivative on the variable z"*! is
the same to the one on the variable z2"*1. Next, the quasi-isometric
mapping W is still well defined in U as follows,

Wt oo, 2 = (wh = A0 b = AR, A )

So we can define the Hélder space Cg(U,") to be the set of functions
which are Holder continuous under {z'}*! with respect to a Kihler
cone metric. Also, Cf,(U,") denotes the subspace of those functions

in C’g‘(U;L ) for which their limit is zero along V; for any 1 < i < m.
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The Holder continuous (1,0)-forms, in local coordinates U, can be

P )
expressed as
=D feit Y fide
( J

where f; € C§(U,\) and f; € C*(U,;"). Meanwhile, a Hélder (1, 1)-form
1 in local coordinates U, is of the shape

N = funtincih + fi}gidzj + fiEds? + chljgci»zjlcizf2 ;

here the coefficients satisfy f;;, f;; € C¢'(U,") and f; 5, f;,5, € C*(U;) -
The Hoélder space CE’Q(U; ) is similarly defined as

CE(Uy) ={f | f.0f,00f € C§(U;)} .

Then we use the flat cone metric wepne (1.2) to define the higher order
space C’g’o‘(UJ;r ). The boundary C® space is defined in the same manner.

Definition 2.3. The Hélder space C%(U;f) is defined by
CUS) = {fIf € C5%(U,}) and the 3nd derivative of f W.r.t Weone is bounded} .

Thus the higher order spaces are also defined by induction on the
index £ in the same way.

In order to apply the maximum principle, we require that the max-
imum point does not lie on the divisor. On a compact manifold, the
technique is used by Jeffres in [36] to overcome this trouble. With
the discussion above, we prove this technical auxiliary lemma in our
product manifold X with boundary. The following lemma will be used
several times in this paper. The idea is to choose a appropriate k, the
exponent of the test function S, such that the gradient of S is larger
than the gradient of the given function f. Meanwhile, on ® the value
of S'is zero, so f and f = f + S have the same value on ®. Then the
value of f(z) increases when the point z leaves ©. That implies that
f must have maximum points outside ©. We would like to point out
an example such as Proposition 3.1 to show how to use it.

Lemma 2.4. There is a positive constant r such that S = ||s||** sat-
i1sfies the following properties
(1) %2008 > k¥29dlog s> > —CQ,
(2) for any a > 0, when 2k < af3, |V°S|4(2) goes to infinity as z
approaches the divisor 2.

Proof. Since

7_1855 = T_IS(Fc@glog ||s]|* + dlog S A Dlog S)
V=1

>
_52

S99 1og ||s| 2
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and since —@05 log ||s||? is the curvature form of the line bundle un-

der the Hermitian metric h, there is a constant C' such that g@é log S >
—(C€2. So we have

_V2—1 S99log S > —CkSQ > —Cr.

In order to derive the second conclusion, we compute the first derivative
of S along the singular direction. Choosing the basis e, we have ||s|[** =
|2|%*||e||**, then the main term of |[V*S[3 is

|Z1 |4n—2a+2a(1—ﬁ) )

So it is sufficient to choose 2k < af3 to get that this main term becomes
unbounded as z approaches ©. Furthermore, when ¥ € C, VU is
bounded, so VS grows faster than V*WU near . U

In order to apply the continuity method, we first construct the start-
ing metric of the solution path such that it satisfies the boundary con-
ditions. Since Wy may not be convex along the direction - —9 . we have

to extend Wy, to the whole ¥ as follows. Let Wy be the line segment
between the boundary Kéhler cone potentials ¢y and ¢1; namely, (cf.

(2.7))

Wy = tWo(2, 1) + (1 — 1) To(2,0) + ¢ + (") = ter + (1 — )y -
Then we choose a function ® which depends only on 2"*! such that
{ P(z"tHy =0  on 90X,

D nt1zne1 >0 in X .
We denote the new potential by
(2.9) Uy = Uy + md.
Next we verify that ¥, is a Kahler cone potential on X.

Proposition 2.5. Suppose that o, p1 € Hg. Then there exists a large
number m such that

(2.10) Qy :_Q+— DA

1<i,5<n+1

is a Kdhler cone metric on (X,D).

Proof. The local expression of Qy, is

Q+—” > 0:05(% + md)

1<4,j<n+1
v—1
= tw@I + (1 — t)wgao + T(l + m@nﬂam(l))dznﬂ N d5n+1
1 o 1 .
E(@Wl - @%)dZZdZnH + —= (0501 — f}iwo)dzzdzn+l .

- V3
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We call wy := twy,, + (1 — t)w,, the line segment and v := @1 — ¢ the
difference of the boundary Kahler cone potentials.

In order to show that Qy, is a Kahler cone metric on X, it suffices
to verify two conditions; that it is positive on the regular part M and
that g, is locally quasi-isometric to

v—1 . 21 ,i12(8i—1) 7,1 i = i i
Qcone = T ;(ﬁz |Z | dz' Ndz ) + _Zk;rl<d2 ANdz ) .

Since the determinant of Qy, is

det(ge)[1+m®, 4 77 — szwﬂ/fﬂa

the former condition is true once we choose m large enough. The latter
condition is verified as ¢, p1 € Hp. O

3. A PRIORI ESTIMATES

In this section, we derive uniform a prior:i estimates for the degener-
ate equation. With the same background as (2.6), we let 0 = M x R
and recall that ¥, in (2.9) is a Kéhler potential in 91, that is

/o

9 _
Ql = Q-+ Tf)@ﬁll > O,

we consider the family of Dirichlet problems for 0 < 7 <1,

{ det(Q; + U;5) = 7e¥ "Y1 det(Q5 + ¥y5)  in M,

(3.1) U(2) = ¥, on 0%,

in the space C';’a. We will specify the conditions on ¥ in each estimate.
Since the curvature conditions of the background metrics are required

when we derive the a priori estimates, we explain an observation on

how to choose appropriate background metrics. If we take €2y as the

background metric, we obtain an equivalent equation

(3.2) { det(Q; + Vi5) = 7fe¥ det(Qy;) = Te¥ det(Qy;;)  in M,

j
U(z)=0 on 0% ,
where

~ det Qi_' + \I] i_'
U:=U— 0, and f:= (detfm“)l i)
ij

In general, given a Kahler cone potential & we could take

=1 —
4 =04 900, U4 =T — @, Ui ==V, — &, U := T, — &

The new family of Dirichlet problems becomes

(3.3) det(Q + Ud) = re" " det(Q4 + W) in M,
U(z) = 0! on 0% .
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The above observation will be particularly useful when we will derive
the a priori estimates later. Note that the right hand side of the
equation is positive as long as 7 is positive. When 7 = 1, ¥, solves the
equation. When 7 is zero, (3.1) as well as (3.2) provide a solution of
the degenerate equation (2.6).

3.1. L™ estimate. We will see later that the L*> estimate follows
from the cone maximum principle (Lemma 5.1) and the global bounded
weak solution (Proposition 5.9) provided in Section 5. Applying the
logarithm on both sides of (3.2), we have

=1 U,
det(2r) 08T+

(3.4) log

Proposition 3.1. (Lower bound of V) For any point x € X, the fol-
lowing estimate holds

V() > Uy(z) .

Proof. We first apply the second conclusion of Lemma 2.4. Since T e
C%%, |V} is bounded; while, choose 2k < f, then [VS[3(2) goes to

infinity as z approaches ®. So VS is larger than V. Meanwhile,
the value of U and U = U — ¢S are the same due to the choice of S.
Therefore, U = ¥ — €S achieves its minimum point p on the regular
part 91.

There are two cases, one when p is on the boundary M x OR and
the other one when p is in the interior of 9. In the first case, since p
is on the regular part of the boundary, then the minimal value is just
the boundary value. Thus the inequality holds automatically. Now we
explain the second case. The equation (3.4) is rewritten as

(1 + SL0(U + €5))m+
Q?lwrl

At the point p the Hessian of U is non-negative U; > 0; so, after

diagonalizing 2, and Q; + gﬁé(U +¢€S) simultaneously, (3.5) implies

(3.5) log —logT + V.

Tei’(p)H?;Lleﬁ > H:‘L:Jrf (le‘i + ESﬁ) > (1 - €C)H+IH?:+119ME )

where, at the second inequality, we use the first conclusion of Lemma 2.4.
Then we have

T(p) > log(1 — eC)" !
Then for any z € X, (1) in Lemma 2.4 implies

U(z) =U(z) +eS(z) = U(p)
= W(p) — eS(p) > log(1 — eC)"' — ¢,

which gives the lower bound of U as € goes to zero. U
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Proposition 3.2. (Upper bound of V) For any point x € X, the fol-
lowing estimate holds

Proof. From (3.1) the solution is non-negative €2 + @85\1/ > 0, after
taking trace it implies

—AV <n+1.
In order to obtain the lower bound, we then consider the linear equation

Ah=-n—-—1 1inIM,
h:\IJO on 0% .

It is solvable by means of Propositions 5.6 and 5.9. Then the lemma
follows from the weak maximum principle of cone metrics (Lemma 5.5).

g

Remark 3.1. We could consider the family of equations with parameter
a€R as

(36) (%et(th + \Ijzj) = 7'6“‘1’ det(Qllj) in m y
U(z)=0 on 0% .

The approximate equation (3.2) is the former with a = 1. That is
slightly different from the family considered by Chen [13] with a = 0.
We would like to indicate that using the estimate in Section 5, the lower
bound of the solution of Chen’s approximate equation can be proved
by applying the maximum principle with respect to the Kahler cone
metric Lemma 5.5 to

U=0 on 0X .

The upper and the lower bound of ¥ imply the boundary gradient
estimate

(3.7) sup |VVU|g < sup|V¥i|q+sup|Vh|q .
MxdR x X

3.2. Interior Laplacian estimate. The content of the present sub-
section is the statement and proof of three different interior Laplacian
estimates (Proposition 3.3).

We remark that in Lemma 3.4 below, we could choose different back-
ground metrics. As a result, constants would have different dependence
on geometric quantities.

Proposition 3.3. There are three constants C;, for i = 1,2,3 such
that

(3.8) sup(n + 14+ AV¥) < Cjsup(n+ 1+ AY) .
x 0x
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The constants respectively depend on
Cy = Cy(inf Riem(Q2), sup Ric(€y), sup tra€y, Osc ¥, Osc ¥y) ;
Cy = Cy(|Riem ()|, sup tra€, sup trg,§2, Osc V) ;
C3 = Cs(sup Riem(Q), inf Ric(€), sup tro€y, Osc ¥, Osc ¥y) .
Remark 3.2. The estimates work for any given Kahler cone metric €.

We first consider the equation (3.1). We denote
det(Qﬁ + ‘Ifij)
det(€2;7)
We calculate A'(n 41+ AWU) of our equation and explain later how to
change the background metric.

(3.9) F:=logT+log f+ V¥ — V¥, =log

Lemma 3.4. The following formula holds

A(n+1+AV) = g7¢" ¢"0¢/ -0ug' 1z — tra Ric(h)

kl ij
+ AV — A‘Ifl + gl R]kl_g/ij .
Proof. Since ¢';; = g;; + V5, when we take —0,0; on both sides we get
(3.10) —0k09'i; = Rijrr — Vi -
Since the Riemannian curvature is defined by
Rli}ki = —8k8[g'i3 + glpqal’glpjakgl@

inserting the latter in (3.10) and taking the trace with respect to ¢’ M
and ¢“ we have

ij ij 1kl 1pq kl i7 skl
(3.11) 9" R 5=9"9"g"01d ;09" 15+ 9" Rii — 979" Vir -

Since

Alln+1+A¥) = g,klgil‘l’ijkl' + g/klRijkl-‘I’ij 3
inserting the latter in (3.11) we get
A'(n +1+ A\If) _ gi‘;glklg,pqafg/pjakg/iq N gﬁR/z‘j + g,klR]J + g/klRiij\Ifij .
Since (3.9) implies R';; = R;; — F;; we therefore have

A’(n +14+ A\If) _ gijg/klg/pégl_g/pjakg/w N S(Q) +AF + g/klRijkl'g/ij '

Then the lemma follows from the formula
AF = A(log f + ¥ — Uy) = —trq Ric(Qy) + S(Q) + AV — AV, .
This completes the proof of the lemma. (|
The following formula follows from the Schwarz inequality. See Yau
[56], and Siu [51, page 73].
0(n+1+ AT)?
n+1+ AU

ii okl 1pg
(3.12) 979" 9" 0y ;0kg'iq >
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Lemma 3.5. There is a constant C' depending on sup Ric(€y), sup tro€2;, infis R
such that

A'(log(n + 14 AT)) > —C(1 + tro/Q).
Proof. We compute

, An+1+ AV On+1+ AW)?
Alllog(n+1+AT)) = 7§+1+A\I/)_| (n+1+A\I/)|

Thus, by combining Lemma 3.4 with (3.12), we have

—trg Ric()) + AU — AW, + ¢RI g/
n+1+AWv

A'(log(n + 1+ AV)) >

> —C(1+ + troQ) .

n+1+AW¥

< L - S tI‘Q/Q. u

1
Thus the lemma follows from — AT S T

Proof. (proof of constant C) Denote
Z:=log(n+1+AV¥) - KV + €S,

with K to be chosen. According to Lemma 2.4, with appropriate x,
the maximum point p of Z stays in the interior of 9. Since A’V =
n+1—treQ, and A'S > —Ctrg/Q (Lemma 2.4), then at p there holds

0> NZ > —C(l + tI‘Q/Q) — K(n +1-— tI‘Q/Q) — eCtro/Q2 .

Now we choose K such that —C' 4+ K — eC' > 0 to obtain the upper
bound of trg/Q(p). From the arithmetic-geometric-mean inequality we
have

+1 o
n 1 n
n+1+AU)n e n = g
( ) k(1 W)

i=1 k=1,k#i
n+1

1
< = tro/) .
_;14‘\1’% ro

Since ' = logT +log f + ¥ — ¥y, so, n + 1 + AV is bounded from
above at p depending on sup Ric(€), sup tro€y, inf, s Rz, sup ¥,
and inf U;. For any x € X, there holds Z(x) < supyy Z + Z(p). Hence,
n+14 Al = ZHEV—eS
S eSUPox Z+Z(p)+K sup ¥

(3.13) < sup(n + 1+ AW)eKinfx Vot 1+Z(p)+Ksup ¥
0x

This formula gives precisely the claimed inequality (3.8) for the first
constant C'. O
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Proof. (proof of constant Cy) Now the same argument as in Lemma
3.4, applied to equation (3.2), gives the following formula
An+1+MT) = g7 g" ¢"09 ;019 s — S(U) + AT + g™ R\ g5 .

Then, still following an argument similar to that used in the first part
of this subsection, we get a constant C' which depends on sup S(€2),
inf; 2, Rijr($4), Osc U, such that

n+1+ A0 < Csup(n+14+A,7).
o0x

Since €2 and §2; are L™ equivalent, we have
(3.14) n+ 14+ AV < C(suptrg,Q)(suptrofy) -sup(n+ 1+ AV) .
ox

This formula gives precisely the second constant C5 for claimed in-
equality (3.8). Here the conditions inf Riem(§2;) and sup S(2;) are
bounded are equivalent to the L> bound of the Riemannian curvature
of Ql. O

Proof. (proof of constant C3) Now we use the Chern-Lu formula (see
[19, 40, 55]) to derive the second order estimate. We get the formula
of
tI'Q/Q =n-+1-— AU,

This following identity is interpreted as the energy identity of the har-
monic map id between (M, ¢') to (M, g).
(3.15)  Al(trg) = RVg; — ¢''g R — gTg ™ e™0g ;008 -
The Schwarz inequality implies
(316) g™y 95009 g0s < —(9™ 9" 9;5019,3009" ) (9 935) -
Now we use the equation (3.4).
Lemma 3.6. The following formula holds

N (logtrgQ) > —(n+1) — Ctrog/Q),
with C' that depends on inf Ric(§1), sup; ., Rizr(€2), sup trafl;.
Proof. We apply (3.15) and (3.16) to obtain

N(troQ)  ¢*"0,9" 95019 gpq
A/[log tT‘Q/Q] — ( ra ) _ g kg gj lg gpq
tro (tro/Q)2
N R 9i5 — gl M Rin
N t’I"Q/Q '

From (3.4) we have

Ric’ = Ric(Q) — —V2_188F

= Ric(Q) + Ric(2;) — Ric(2) — Q' + Q4
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then Ric’ > (inf Ric(92;) + 1)Q2; — ' and
R g5 > (inf Ric() + 1) g™ g1 109155 — 9" 9™ 9 195
> —CltrgQ)? - (treQ1)? — (n + DtrgQY ,
where C'is a positive constant depending on inf Ric(2;). Then we have
A'(logtrg/Q) > —(n+1) — C(tro: Q) ,

where C' depends on inf Ric(€2;), sup; ., Rk, suptrafl. This com-
pletes the proof of the lemma. O

Consider Z; := log trg:£2 — C'¥ + €S, such it has a maximum point
p which stays away from ©, and with C’ to be chosen. Then

ANZy>—(n+1) = CtrgQ — C'((n+1) — trgsQ) — CetryQ .

Now we choose C’ such that ¢! — C' — Ce > 0 and we have at p,
tro/2 < C. In the same vein as the first part of the subsection we
compute that for any x € X there holds

log tro/Q(x) = Z1(x) + C'¥ — €S + sup log tro/ (2
0x
< Zi(p) + C"sup ¥ + sup log tre/
ox

Using the arithmetic-geometric-mean inequality we have

(3.17) (trg@)n < trg/Qes < Csup trg/Q)

0%
where C' depends on inf Ric(€1), sup; ., Rizi(€2), suptreQ;, OscV,
inf ;. This formula gives precisely the third constant of formula

(3.8). O

We could choose §2; as the background metric and repeat the esti-
mate, but it would not provide more information. The three constants

C; are determined by the formulas (3.13), (3.14) and (3.17), respec-
tively. This concludes the proof of Proposition 3.3.

3.3. Boundary Hessian estimate. The boundary Hessian estimate
for real and complex Monge-Ampere equation is developed in [9, 35,
31, 29, 13]. The difficulty that arises in our problem is the estimate
near the singular varieties V;. The distance function can not be used
in our problem, since we need the uniform estimate which is indepen-
dent of the distance to the divisor ®. We overcome this difficulty by
multiplying singular terms with proper weight and using the linear the-
ory developed in Section 5 to construct an appropriate barrier function
which is independent of the distance function.

Proposition 3.7. The following boundary estimate holds

sup |v/—100¥|q < C(sup [0¥|g + 1) .
Xx0R x

The constant C depends on |0g,,5|, |¥|, |0¥1]a, |0%la, |00T|.
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Proof. Fix a point p € M x dR, and consider U, C M x R an open
neighborhood of p. Recall that we denote by W an a priori solution of
the equation

det(Qlj + \Ijlj) = Tf@qliqjl det((h;) s
whose boundary values are given by the datum W,. The tangent-
tangent term of the boundary Hessian estimate follows from the bound-

ary value directly. Since the boundary is flat, the normal-normal term
follows from the construction of the approximate geodesic equation

[¢" = (0¢',0¢")y,] det w, = Qo = re? V1 det(Qy;7)

i.e.

0 0

azn—l-l 8zn+1

+C.

(3.18) ‘
Q: X XOR

o 0
azn—i-l azlqj

2

The constant C' depends on ||, [Wo|, [00¥glq, and det(€;;). The
quantity det(£2y;;) depends on the boundary value and the chosen func-
tion ® in Proposition 2.5. Then the aim of the present subsection is to
derive the mixed tangent-normal estimate on the boundary.

We put

QX XOR

n+1 B 82
N = -
a%; g 022028

The elliptic operator A’ allows the use of the maximum principle in
Section 5.1.

Our idea is to construct a barrier function and apply the maximum
principle locally in a small neighborhood of the point p € M x OR.
Since the second order derivatives of ¥ blow up near the singular points
where ® intersects X x R, we need to prove that the estimates do not
depend on the choice of the diameter of the small neighborhood U,,.

Let us suppose that the open neighborhood U, C X x R is a coordi-
nate chart near p (cf. Definition 1.1) for the first n variables; moreover,
the coordinate 2" := z + /=1y in U, locally parametrizes the Rie-
mann surface R. Next, let us define the function v : U, — R as

(3.19) vi= (V- W)+ sz — Na?,

where N, s are constants which depend only on M x R, the background
metric g and the datum Wy, and they will be determined later in (3.21)
and (3.22) respectively. Also, let us fix the small neighborhood of the
origin {5 := (M x R) N Bs(0)C U, with small radius 6 < 1. We require
that €25 does not intersect ©. We will show that the estimate does not
depend on the choice of 9.

We first prove the following lemma.
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Lemma 3.8. The following inequalities hold

I P
v >0 on 0f)s ,

where € > 0 is a constant depending on the lower bound of (g, .

Proof. By means of the equation (3.19) and the linearity of A’, let us
first consider the term A'(¥ — Wy). Here the remark to do is that, as
the metric g,5 + V;,5 is L™ equivalent to g,5 in X X R, then we can
find a uniform constant e such that g, + ¥,,5 > €g,5 holds point-wise
in s (could be in the whole X). Notice that the lower bound of Qyg,
depends on the lower bound of y,. We conclude, using the remark,
that just by definition there holds

n+1 B

NUESDEDY 9" (9ap + Vap) = (9ap + V105)]

n+1 B n+1 B
:n+1— Z g/aﬂg\IIIaB S ’[’L+1_€ Z g/aﬁgalg .
(X,B::l Oé,Bil

It is clear that A’z = 0 and A'z? = 2g’(”+1)m. Thus, we have
Av=N(T —T,)+ sNg — 2Ng "I

n+1 B 7
S n+1l—e Z g/aﬁgaB . QNg/(n—i-l)n—i-l
a,f=1
c n+1 B n+1
. _c raf n+1)n+1 108
_n+1+< 2) leg 9ap 2N¢g leg Goj -

Without loss of generality we can prove the inequality in the local
normal coordinate such that, at the origin, there holds g,5 = d,5. We
have, at the origin,

n+1

n+1)n+1 € af
Ng ™ 2 Y 0 gas
a,B=1

€
— (N + ) s
< 4/ 1+ ‘I’(n+1)n+1 z::

(v ) () T

Since, still at the origin, there holds

> (n+1)

n+1 1 Qn+1

H _ _ 1 V1V >61nf(\111 )L 1
1+ Voa  Qut! Tf sup f '
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then we choose the constant NV large enough so that

(3.21)

€ ENT . 1 |~ €
o(n+1 <N —) (—) inf(¥—¥)__~ 1< -5,
(n+1) [ + 1) \1) © sup f Tt 4

n+1

Here N depends on inf(¥; — W), sup f = sup % and e.

To fully achieve the claim (3.20), we have to verify the condition on
0€Qs. On 05 N O(M x R), there holds v = 0. On 0Qs N Int (M x R),
there holds, since ¥ > Wy,

v>(s—Nzx)x > (s— No)z.
So we choose s = 2N such that
(3.22) (s — No)xz > 0.
This completes the proof of the lemma. O

Now, we come to construct the auxiliary function u. We construct a
nonnegative boundary value ¢ such that ¢ only vanishes on the point
p. For example, ¢ = Uy — Wy(p) + elYo~¥o@! — 1 Then we solve the
equation Aju = —n — 1 with the boundary value ¢. According to
the maximum principle for the cone metrics (cf. Proposition 5.5), we
have u) > 0. Meanwhile, we choose a smooth nonnegative function u
of 2" monotonic along Wﬂl such that it vanishes on the boundary
and strictly larger than wj +1 in the interior of X, since u is bounded.
Now, we define the function u by adding up u and u, .

We need to change the variables via the map W defined at (4.3),
extended as the identity on the variable 2"™!; we mark functions and
operators transformed under W with “on the top. Finally, under W
coordinate functions become, for 1 < i < n, w* = z' ++/—1y*; then, we
define D, = %, for 1 <1 < 2n. With the above notations, we define
the function h : U, — R as

h:= A16+A2ﬁ+>\3'Di(‘I’—‘i’1) )

for one fixed 1 < ¢ < n and three constants A, Ay and A3 determined
below.

We emphasize that till the end of the subsection, the index 1 <i <n
is fixed; we recall that the cone angle (; is equal to one for the directions
corresponding to k+1 <7 < n.

We notice that at the origin (or point p), the value of h is zero. We
define p; as the distance from p to the divisor only along the coordinate
w'. We shrink €5 to be the set containing such points whose distance
to p less than half the distance from p to D. So, on dQs NI(M x R)
there holds & < |w'| < 2p; and @ > 1; then, letting A3 be the smallest
eigenvalue of the inverse matrix of W, ), there holds for ¢ € 05 N
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Int (M x R)
h(g) > Naii(q) — A3 Di(¥ — ¥y)(q)]

> X = ClO(¥ — V1)(q)|a
207

where the last inequality is true provided Ao = 1 4+ C|O(¥ — ¥1)(q)|a
with C' that depends on background metric {2. Let us come to analyze
N'h.

Lemma 3.9. There exist Ay depending on Ay, Ay = |D;log Q?H’ +
0¥ o + |0¥1]q, As = |Digiasla, such that

A'h <0.

Proof. By our preliminary work, we read off (3.20) an estimate for
AN'v = A0, About A't, we compute

n+1 B n+1 _
(3.23) Nio=Nu=3" ¢"us<C > 5.
a,f=1 a,f=1

where C' is a constant depending on ¥, and u,. Finally, as U is
a solution to Q! = eFQ"*! with F = log7 + log f + ¥ — ¥}, we
differentiate this equation under coordinate w’, and we get

A'Di( — )
n+1 ~ _ _ n+1 _

= > Dilog Q™ + Di¥ — DUy — Y (3) " Didhas
a:ﬁ:]- 06,6:].

We end up with the estimate for A'D;(¥ — W),

n+1 _
(3.24) AD(W =) <M+As Y 9005

Ol,ﬁzl

There, Ay := |01og Q| +|0P|g+|0W1 o , As := [0§145]0. We conclude
the following estimate for A’h by means of (3.23) and (3.24);

A/h == )\1A/ﬁ -+ )\QA/'Z[, -+ AgA/Dl(\I] - \ill)

n+1 n+1
€ B, aB
<My <1 + E q ga5> + Xg-C E 9905+

a,ﬂ:l C!,le

n+1 B
Mg+ A5 Z g,aﬁga,é]

a,f=1
c n+1 B
B
<[P+ de Ot <1+ S goﬁ) <0,
a,B=1
after choosing \; properly. O
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(Completion of the proof of Proposition 3.7.) To summarize, we get
h >0 on dQs and A'h < 0 in Qs in the weak sense. So, by the weak
maximum principle, we get that A > 0 in 5. Since h(0) = 0, then we
have (recall 2"t = 2 4+ /—1y)

oh oh
—_— > — >0.
(%(0) >0, By (0)=0
In particular, we compute
oh OV — ) I o - -
ae =N ar T ANeF degy H A DY =),
which leads to
o - - (W — ) il
~ DAV — > o N\~ N\

Combining the above inequality with (%Di(qf — ) = 0, and adding
the inequalities, we get that for any 1 <i <n

o 0 - =
Oznt1 W(\p - \Ill)(o) 2 —C )
where C' depends on A, Ag, [0¥|q, |0V;|q and |Oulq. We repeat the
same argument for D; = — a;aci and for D; = —8%1- and we conclude that
the tangent-normal derivative is bounded, for 1 <+¢ < n, by
(3.25)
o 0 o 0 0

0)+C,

‘aszrl Oz ‘Q ) ‘8zn+1 ow' '( )= ‘aszrl owi °
where again C' depends on Aj, A, [0¥|q, |0¥|q and |Oulq. Note from
the construction of ¥, that the derivatives of ¥, are controlled by the

corresponding derivatives of ¥y. As (3.25) clearly coincides with (3.18),
this completes the proof of the proposition. O

3.4. Interior gradient estimate. We directly calculate the norm of
the gradient to obtain the differential inequality in Proposition 3.14.
Gradient estimates were obtained by Cherrier and Hanani [20, 34] for
Hermitian manifolds and later by Blocki [6] for the Kéhler case. Since
(3.2) has singularity along the divisor, in order to apply the maximum
principle, we need to choose an appropriate test function near the di-
visor.

We define the following functions, where ¢ > 0 and v : R — R are
not yet specified

B:= |00 = ¢7W,0;, D =00} = ¢"0, ¥,
Z:=logB—~(V), K:=Z-—supZ +eS.
)

Consider k£ and S = ||s||** as in Lemma 2.4. Recall that 0 < o < p =

B—1.
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Lemma 3.10. Suppose that ¥ € C’é’a with a > 0 and B; < %, for all
1 <i<k. Then for any k which satisfies 5; < 2k < (1 + «)f;, for all
1 <1 <k, the function K = Z — supg Z + €S achieves its mazimum
away from D and |0S]q < C.

Proof. The second claim follows directly from the formula (cf. Lemma

2.4)
8 8 112(1—B)+4K—2
and the fact that the exponent is non-negative.
Now we verify the first statement. We only concern one direction
% perpendicular to one component of the divisor defined by 2! = 0,

as other directions are verified similarly. We have
hZ =BlgI(V,V, 0 - Us + 0, - 0,0;0) — 4T, |

In order to prove Z € C5“, it suffices to prove that V;V,¥ € Cg,
which follows from [8, Proposition A.1]. On the other hand, |9} T*S| =
O(|z! 2+~ (142)8) with negative power. Thus we see that S grows ex-
tremely faster than Z — supg Z near the divisor. Since Z — supg Z
is non-positive on ® while S vanishes along ®, we obtain that the
maximum point of Z — supg Z + €S must be achieved on 9. U

With the lemmas above, we could assume that p in the interior of
M is the maximum point of K and choose normal coordinates around
p. We get at p,

gi; = 0;5 and Z‘ZZ; = ((999;3] =0;
SO
U5 = W0, andg % :
1+ U
We have
NEK =B~ 12 [Riri Vs + Wy U5 + W0 + Uy U + W Uy ]

k,i,j
— ANV — "D — B*Zg'k"BkBl—jL eN'S .
We deal with these terms by means of the next lemmas.
Lemma 3.11. The following inequality holds
_ 1 1 .
ki, ki,

Proof. From

U, 7 1
A/\D: kk — 1_

k k

we have the lemma. O
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Lemma 3.12. The following formula holds

27

1 1
B! U W = B! U0, <1401 OV .
Zl+‘11k;; kki ;1‘1“1’% Vit < 14 |01og flo + |0%1]e

ki
Proof. Differentiating the equation (3.9), we have
9" (0955 + Vi) — 99 0hgi5 = Ok F
or

Wy
(3.26) > H—\’Ij = F, = 0pU 4 O (log f — Wy) .

Then (3.26) implies

1
B! kz e U, U, - = B~ Z \I/k:kqj Wi
=B~ 1\DF
=14 B\, F;
<1+|0F]q .

Here F = log f — Wy, and this completes the proof of the lemma.

Lemma 3.13. The following formula holds
1
+ Ui

_BfQQIkZBkBi + B*l Z
k,i,5

Proof. At p we have
0= (Zk + 6Sk;)(p) = B_lBk — ’)//\Ifk + 6Sk !

ie.
B™'B, = 'V, — €S}, .
Also,
0= (Z;+eS)(p) = B~ By — v + €Sy,
1.€.

B 1B 7T GSI
Since at p we have
By = Wy 5 + ;¥

and
By = W,;V; + U, V57,
we obtain
Uy W5 = B(Y' Uy, — €Sy) — U, 03,
and

Uiy = B(y'V7 — eS) — W5 .

(Wi Vi + Vp Vi) > — (7 +€) —

g

6371’65’9 .
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So

9" BB = g W U0y + WU 0y g+ Wi U500+ W03 005
= "B/ Wi — eS) Wil — Ul Uy + W U0, W)

using the normal coordinates at p and assuming 7' > 0 we have

- 1
¢ By B = Z: o \I’k {B(Y'U), — €Si) Ve Vi — (U3 07)° + Uy W30 Wiz }

<P T3 G {070 = e (g + )W — (W) + 9,

1
< (Y +eB? —(Vhp)* + U3,
ik
So
_B2MBB 4 B Z \I[ (Wi Wi + Uy e
kk
~0' k) - eB sk 257 B i)
L+

Proposition 3.14. We have the gradient estimate
sup |0W|5 < C; fori=1,2.
x

The constants C; depend on, respectively,
C, =0y (Hlf R (2),sup [0log fla,sup [0V |q, Oscx ¥, Oscax ¥1)

Cy = C’g(;;llg R (1), sup |0¥ |q, sup trofdy, sup trg, 2, Oscy ¥, Oscy Wy) .
Proof. We assume B(p) > 1, otherwise we are done. We compute

(I;lf Rzzkk + Y > (n + ].) ”_D 1

"Z — >
AN(Z sng—i—eS)_iZl

- |810g le - |8\111]Q - |’}// + €| - erl\(?S]Q - Cth"Q/Q
= (1;115 R +7' — CG) tro2 —+"D — 1 — [9logflo — [0¥1]q

—(n+1)y —(n+2)y —e—¢€dS|q .
We choose an appropriate v, for example
v(t) := —C'es™ ! where O := 1;1]{ R — Ce+ 1.
We notice that |VS]| is bounded by means of Lemma 3.10. Then,
D +tro/2(p) < C = Clinf Rag, sup [9logflo, sup|0Tifa) -
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Since

3=

(tr)" = (n+ 1+ AV)" < trgQ - en |
so B < trqfY - D < C. Moreover, for any = € Int (X), there holds
log B(x) = K(x) +v(V)(z) —eS(x) +sup Z
o

< K(p) + S(;lpr +7(0)(x) — eS(z) + s%pZ
= log B(p) —~(¥)(p) — Sup Z + eS(p) + sup K+ (V) () —eS(x) + sup Z
< log B(p) —y(¥)(p) +v(¥)(z) + Sélxp(log B —suplog B — () +C.

Here we use the assumption that B > 1, so log B > 0. Similarly to
former arguments, we change the background metric and we consider

1
Og det(QLZj)

—F =logr+ .

We arrive at
sup |8\i/|5211 <C.
x

As a result, the proof of the proposition follows from

sup [0Wo < sup troQy - (sup [00]q, + sup |00, ) -
x x x x

4. SOLVING THE GEODESIC EQUATION

In this section, we assume that the components of D are smooth and
disjoint.
4.1. Existence of the C’g’l cone geodesic. In the present subsection
we are dealing with the Dirichlet problem for the family of approximate
geodesic equation (3.2). In order to apply the a priori estimates in
Section 3, we require that the pair (Q,€) satisfies that |0log QrH!|,

|0log gg—i| are bounded and one of the following conditions hold
| Riem(£21)| is bounded;
inf Riem(€2;) and sup Riem(€2) are bounded;
sup Ric(€2;) and inf Riem(Q2) are bounded;
inf Ric(€;) and |Riem(€2)| are bounded.
Then we reduce these conditions to geometric conditions on the bound-
ary potentials g and ¢ as follows.

The boundedness of the connection of the background cone metric
w in (1.3) is computed in the following lemma for 0 < ; < % It was
also computed for 0 < 8; < 1 in Brendle [8].

Lemma 4.1. The connection of w is bounded for 0 < 1 < % under
the coordinate chart {w'}.
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Proof. Since there exists a smooth function p such that 6 |s|,2fi L= p|zt?,
we can rewrite (1.3) as

v/ —1 _
w=uwp+ T|21]251pk;dzk A dz!

/o

1 o ,
+ Tﬂ1lzl|2(61_l)(zlpkdzk Adzt + 2 prdzt A d2h)
V-1

1 _
+ Tﬁfp|zl|2(61_1)dzl A dzt

for k,1 from 2 to n. By means of the change of coordinates (4.3), as

wh = |zz"ﬁ1—1zi’ we have, for i € {1,--- ,n}
a i i 1 3 a : P 1 . ..
’LU' — 5—+|Zl|ﬁi—1; l — ﬂ—|2’z|’3i_32121.
9z 2 0z 2
Meanwhile,
0zt 1+ 8, ;=8 0z 1—B ;=8
Ow 26, ow 23;

The components of the model cone metrics under the variables w’ be-
come

dir = (o P2 4 (2 2t gy 0

= 12—;12512 ’wl‘%_Q[QOH oW+ |w' P p11

N o (T L T L R

= 1;—6?12[9011 o W w772 4 [w! |71 pys + Br(w'pr + wlpr + B2p)),
it = o 0 5 g W [ gy W Bt o W,

G = goxi o W'+ [w'|Ppr o W

Now, the connection of w depends on the first derivative with respect
to w'. We check them one by one. Note that p is smooth on w* for
1<k<n.

0 2 2
%QHZOU@UIM M T TR
0 .
%91120(1);

0 .

811)2'91[ = O(1);

0 0

Jol I = i h = O(1).
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Now let us check a%lgua It contains three terms. The first term is

Since gg;; 0 W1 is also smooth and converges to zero as w! goes to

zero, then this first term is O(]uﬂﬁ_l). The second and third term are
both O(1). Thus we conclude that when 0 < 8, < 2, the connection is
bounded. g

As a corollary, we arrive at the boundedness of the connection of €.

Corollary 4.2. When 0 < 31 < % and @g, p1 € C’g, the connection of
Q) is bounded.

Proof. From Lemma 4.1 and the expression of 2 in (2.8), we know that
the connection of 2 is bounded for 0 < f; < % Recall the formula
(2.10) of ©; we have

V-1

O =twg + (1 —t)w, + T_(l + MO 10757 ®)d2" T A dz" !
1 o1 .
+ —=0i(¢ — p)d2'dz"T + —=05(¢p — p)d2"d2"T.
7 (¢ — ¢)dz 7 (¢ —¢)

We have that the components of € are, for 2 <1,57 <n,

91)pa17gT = 1+ MmO 10779,

+

Thus the corollary follows from g, 1 € C’g. O

Lemma 4.3. Suppose that g, 1 € Cg have curvature lower (resp.
upper) bound. Then 0y has also curvature lower (resp. upper) bound.

Proof. Since the formula of the bisectional curvature is

P95, % 09

R = — _ J
ik = o kgA T T 9k
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we have for 1 <14, j,k,l <nand ¢ = tp; + (1 — t)po,

Rizi(g1) = tR5a(g(01)) + (1 — ) Riza(g9(0))
— tg(©1)P019(01),70k9(01)ig
— (1= 1)g(00)""919(£0) ;g (20)iq

+ > 99(9),5009(0)ig

1<p,g<n

+ Z anrlal p]\/— [ 900]

1<p<n

+ ) gflqakg(d))%azém -

1<q<n

1 _
+ 59?+1"+15k5i[s01 — ©0]0i05[¢1 — o).

Also,

szkT—&-l(Ql) = —(9k(g01 — 900)4—.
- Z — %o pjakg(¢)

1<p,g<n
- 1
+ g7 +1(<P1 - @O)pﬁﬁakai[@l — ol

Rijrviri(on) = D mgi' (1 — @0)yi(o1 — ¢o)iai

1<p,q<n
n+1q 3
Rzn+1(n+1)n+1 gl ng " qan—l-lan—o—lan—i-l\ll(gpl - 900)1‘(7;

Rn+1m(n+1)m(gl) = _man+1an+1an+15n+lqj
+m gn+1n+lan+15n+lan+l\I]an+15n+lan+1\p-

The connection and the lower bound of the curvature of ¢ and ¢, are
bounded. So the curvature of {2, is also bounded below. The upper
bound follows in the same way. O

Corollary 4.4. Suppose that 0 < 8, < %, Yo, 1 € C’g and their Ricci
curvature have lower (upper) bound. Then the Ricci curvature of 4
also has lower (resp. upper) bound.

Proof. We use the formulas of the Riemannian curvature in Lemma 4.3,
and we take the trace to obtain the Ricci curvature. Then the lemma
follows directly. O

Since inf Riem(£;) is bounded for 0 < 8y < £ (see [8]), we introduce

the following subspaces of Kahler cone metrlcs When 0 < 5 < 2, we
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define
3, = {¢ € H}|supRic(w,) is bounded};

3, == {p € H}| inf Ric(w,) is bounded}.

Theorem 4.5. Assume that two Kdhler cone potentials g, p1 are both
in J; 1 =1,2. Then they are connected by a C’é’l cone geodesic.

Proof. Note that the right hand side of the equation is positive as long
as 7 is positive. When 7 is zero, (3.1) provides a solution of the geodesic
equation (2.6).

We denote the set of solvable times of (3.1) by

I ={r€(0,1]|(3.1), is solvable in C’é’a} :

Automatically, ¥ = WU, satisfies the equation at 7 =1 , so the set [ is
not empty.

For any 0 < 7 < 1, assuming that w(7) solves the equation (3.1),
Proposition 5.21 provides a unique solution in C’é’a to the following
linearized equation

Apv—v=f nIM,
v=u on 0X ,

for any f € Cf and u € C’é’o‘. So the linearized operator at 7y is
invertible, and thus I is open. So the solvable time can be extended
beyond 7.

The a priori estimates in Section 3, with one of the geometry con-
ditions in J, or J, assures the uniform C’é’l bound of ¢(t) which is
independent of 7. Two estimates in the next subsections improve Cé’a
regularity of the solution of (3.1) before 7 = 0. Thus, we can solve th
approximate equation till 7 = 0. With the uniform Cé’l bound, after
taking a subsequence t; we have a weak limit ¢ = limy, 0 ¢(¢;) under a
Cg’a norm. In Section 4.4, we prove the uniqueness of a weak solution.
Hence the theorem is proved completely. Il

4.2. Interior Schauder estimate: 7 > 0. We first prove the C’;’a
estimate for a general equation.

(4.1) log Uy =1log Q" + F.

Proposition 4.6. Assume that we have the second order estimate of
V. Then the following estimate holds for the solution of (4.1) on any
small ball B C X

(4.2) [V=190%|cg(m) < C',

where C' depends on |0log Q"+ |14, \logQ”+1|Cg, 00 oo, | AV, |OF) 14,
|Fleg, where ¢ > 2n + 2.
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Proof. Choose a small ball By(p) around p in the interior of X. When
By(p) does not intersect @, this proposition follows directly from the
standard Evans-Krylov estimate. So it’s sufficient to fix a point p € .
We consider (4.1) in By(p). The distance d is measured with respect
to the flat cone metric g.

In By(p) \ ®, we use the local holomorphic coordinate chart

Fi() = ()™
and

(4.3)
W(Zl,'” ’ Zn) — (wl — fl(Zl), coe w® = fS(zS)’ Zi—&—l7 e Zn—l—l) ]

Here above, for 1 < i < s we have that 2* is the singular direction with
cone angle 3;. Then on C\ 0, f* is holomorphic when the right hand
is restricted to the principal branch and the coordinate transformation
satisfies

( Ow' .

- = Bi(2H)F 1 < i < s

55 Bi(z") i <s;
B 7

Yo s<i<n+1:

0z
ow' ' '

_ _ 0 i< i< .

(92~ 00 oa VI7Blsdisntl

We rewrite (4.1) in the coordinate system {w'}, we use the notation
* over the quantities to denote the corresponding ones after pulling
back or pushing forward. Under (4.3), (4.1) becomes

(4.4) log Qg = h.

So, we fix a 1 < k < n and, by taking a%k on both sides of (4.4) we get

g (Giji + Pize) = hi .
Taking ﬁz on both sides of the above equation, we have

~PJ ~id
/ /
-9

q,~ ~ ~ ~ ~0 ~ 7
9" (Gpai + Ppat) (Gije + Pie) + 9" (Gijat + Pigut) = P -
Let g be the local potential of g;; in By(p), the existence of such g is
guaranteed by the linear theory in Section 5. We introduce the notation

Vi=g+pand V:=j+p.
Then
9" Viaiz = 9" 9" Vo Vigi + Iy
In conclusion, we have
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Then we pull back the differential inequality above by the map W,

~ 2% 921 o2k 92!
Vi = B kalekz and fy; = Sk 8—thz’

and denote the weight
S _ D% 921
owk gl
Under the coordinate transformation, we see that for 1 < i < s and
s+1<j57<n
O,iz _ 5;2(21')272& — O(’Zi|2725i)
(4.6 o = B = O,
ol = 1.
Thus the weight o is equivalent to ge.n. as well as to ¢’, according to
the second order estimate of . Thus, (4.5) becomes in By(p) \® under
the coordinate system {z'},
(4.7) N[o*Vig] > oMk

At last given any direction n € C", with || = 1, we denote
0
_ Z k
O i= - T ok

Also, we set

0 3
Vi 1= 0V = an l@ kazl

We then define o
= e Vi
kol
By using (4.7) , we have the following differential inequality in By(p)\D
in coordinate system {z'},

(4.8) N (ug) = 0k N (@ Vi) = >ttty
k,l k,l

We emphasize again that the differential inequality (4.8) is defined
outside the divisor and its coefficient is a Kahler cone metric.
Let us now introduce the following symbols. We denote, for A € N
My, == sup u,, my,:= inf wu,.
Bix.a(p) Bx-alp)
Applying Proposition 5.11 (weak Harnack inequality) to Ma, — u,, we
have that there exists a ¢ > 2n + 2 such that

1

(4.9) {d‘Q”‘Z / (My, — un)m"“}p < C{My,— M, + K} .
Ba(p)
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Here
2n+2

K = &5 0.,

We denote hy := ¢*hy, on the coordinate system {w'}. Using the
coordinate change from {z'} to {w'}, we need to cut the cone point.
While, along the cutting line in the one branch w-disk D,,, the value
of h might not be equal. We let

10uhllg = 110 1og @+ + 8, F .

Now let us check the term |0, log Q"!||,. We could choose a e-tubular
neighbourhood of the cutting line as D.. Thus from Corollary 4.2, we
have that there is a uniform constant C' which is independent of € such
that

10-10g Q" g0\,
= ||0w log Qnt Hq;Dw\De
< CVol(Dy \ D)

< CVol(Dy).
So we could take ¢ — 0, and the integral above is still finite. Meanwhile,
|10.F|lg;po\D. = ||OwF||¢:D0\D. is bounded by means of Lebesgue’s dom-

inated convergence theorem, when ||, F||4:p,, is finite.
In order to obtain the inverse inequality for

Uy — Mgy

we use the concavity of the Monge-Ampere operator. Fix any two
points

Q2 € Bag(p) and Q1 € By(p),

without loss of generality, we assume that the distance from Q)5 to ®
is longer than the distance from @); to ®. From the formula of the flat
metric (1.2), we see that

I (Qy) > a7 (Qy).
We set
g'(t) = (1 —1)g'(Q2) +tg' (Qn),

- 1 P
atl —/ g (t)dt.
0

When Q1, Q, are on D, we choose and sequence of points Q¥, QL which
are outside D such that Q¥ — @Q; and Q}, — @Q,. From the equation
(4.1), we have

h(QY) — h(Qh) = logdet(g';5(QF)) — log det(g';5(Q5))

(410) = / ¢ OV (QY) = V(QL)5 = T (V(QE) = V(L)

and
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Now, we define
(9):5(8) = (1= £)(a(@5))7 (¢'(@5))i + (o (@D)7 (4 ()3

- 1 ~
av ::L/m(gﬁ_la)dt,ifone(ﬁi,jisin 1,---,s;
0

a7 =a9 s+1<i,j<n+1.

Since ¢'(t) is L*-equivalent to ¢, for 1 < 4,5 < n + 1, the matrix
a% is positive definite and its eigenvalues range between the positive
constants A and A. Thus, we can apply [28, Lemma 17.13] (see also
[50, Section (4.3)]); we get that there exists a finite set of unit vec-
tors 1, -+ ,yv € C"™ and positive numbers A\*, A* depending only on
n, \, A such that the matrix a” can be written as

N
av = Z by ViVuj -
v=1

Here \* < b, < A* for any 1 < v < N. As aresult, we can express the
matrix a” in terms of b, and the vectors 7,. Thus, we continue from
(4.10) and we write

R(QF) — h(@h) =D a[(a(@5)7(V(@1))ij — (0(@4)7 (V(@5))]

iJ

—Zb ZWW (o@D V(@) — (@) (V(QY))5]

O by, Q) — s, (QL))

Since both end sides are Cf, letting QY — @, and Q) — @, we have

h(@Q1) = h(Q2) = C > by(1y,(Q1) — us, (Q2)) -

From the final decomposition of the cone matrix above, we conclude
that for a fixed 1 <[ < N,

(4.11)

Cby(t (Q1) — 1 (Q2)) < 7(Q1) = (Q2) + C > by, (Q2) — 1, (Qn)) -
v#£l

We now fix 1 <v < N, A=1,2 and we denote

N
- § :OSCBA-d(p) Uy, -
v=1
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From (4.11), since Q1 € By(p) and Q2 € Bay(p) we get
Uy (Q1) = may < C{d|h|cg + > (May, — us, (Q1))}-
v#l
Applying the inequality (4.9), we have

d—2n—2/ (Z M2vu _ u%)an—H
Ba(p)

v#l

S N% Z {d2n2 / (MQ'YV - u'YV)an+1 } ’
Ba(p)

v#l

<C {Z(szu - M,,)+ K}

v#£L
(4.12) < C{w(2d) — w(d) + K}

which entails, by integrating of (u,,(Q1) —m)? on By(p) with respect
to Q and using (4.12)

<C {d“\h\c;; + {d—%—?/B ( )(Z My, — u%)pﬂ”“};}
a\p

v#£l
(4.13)

<C {da\h\cg +w(2d) — w(d) + K} .

At the last inequality we used (4.12). Now, we combine (4.9) and (4.13)
to obtain

w(2d) < C {d“|h|g§c +w(2d) — w(d) + K} .

Then, using the Iteration Lemma 8.23 in [28], we have u, € C§, for

all p € C™*. So AV € Cf and V € C’é’a follows from Proposition
5.20. This gives (4.2) and completes the proof of the proposition. [

In conclusion, we obtain the conical Evans-Krylov estimate of the
geodesic equation (3.1).

Proposition 4.7. Assume( < < % and that g, @1 are in Ji, 1 = 1, 2.
Then the C’é’l solution VU of the approximate geodesic equation (3.1)
belongs to C’;’O‘ in the interior of X.

Qn+1

Proof. Considering the geodesic equation (3.1), then F' = log 7+log gk +
W—W;. Since () € CF, we have log Qntl e C§. Moreover, ¢g, 1 € c2,
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SO logQ’fJrl S C’f}. Thus we have F € Cg. When 0 < 57 < %,
Lemma 4.1, Lemma 4.2 and g, 1 € C§ imply that OF is bounded. O

Our argument presented above follows Evans-Krylov’s estimate [26,
27, 38]. We also used Blocki’s observation in [5] that F' € W is
sufficient to get the estimate. In our problem, since V); is singular
along the direction which is perpendicular to ®, we multiply by the
weight. In the next Section, we will develop the linear theory including
the weak Harnack inequality for the linear equation and with cone
coefficient which is used in the proof above.

4.3. Boundary Schauder estimate: 7 > 0. We adapt Krylov’s
method [38] (also cf. [28]) for the boundary estimate to our cone
case. We notice that the linear equation is of divergence form, so
the Harnack inequality and maximum principle proved in the next
section can be applied here. The boundary of X is X x 0R, which
is a manifold with 2n + 1 real dimension. Under the local coordi-
nate z* = 2" +iy"*! the boundary is defined by 2" = 0. Denote
T = {3:17 yla T 7$n7yn7yn+1}'

Proposition 4.8. Assume 0 < (5 < % and that ¢g, 1 are in Ji,
1 =1,2. Then the Cg’l solution U of the approrimate geodesic equation

(3.1) belongs to C’g’a on the boundary of X.

Proof. Recall that the approximate geodesic equation is

(4.14)
{ log det(Qy,;; + \ifz-j) =h=1logT+ ¥+ log det(Qy,;;) in M,
U(z) =0 on 0% .
We first see that the tangent-tangent direction of the boundary esti-
mate equals to the same estimate of the boundary values. Then the
normal-normal estimate follows from the approximate geodesic equa-
tion
(" — (¢, 0¢"),, ] det w, = QT = 7e¥ "1 det(Qy;5)
with the estimates of the tangent-normal direction and the tangent-
tangent direction. We differentiate (4.1) with respect to 0y for a fixed
kel,--- n,and we get

A/\i’k = hy — ggg(‘l’l)ﬁk .
We use the flat metric as the weighted metric to derive the differential
equation of u = \/¢**W,. Then we obtain that u satisfies

Au= /g™ (i = gig(T1)i50) -
We denote the right hand side as f. According to Lemma 4.2, f is

bounded when 0 < 8 < % and g, 1 € Cg. Note that u vanishes
on the boundary 0X. We fix a point p on the boundary, and we take
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coordinates z¢ centered at p. We introduce the following domains for a
small radius d.

/3, = 12" + D 12+ [y P, Balp) = {2 € M|z — pls, < d},
1=2
= Ba(p) x {2"*10 < [2"*] < 6d, 2" > 0},
= By(p) x {z"6d < |2"M] < 36d, 2™ > 0},
= Ba(p) x {|a""!| = 2dd, 2" > 0},
By = Bay(p) x {a"1|0 < 2"+ < 20d, 2™ > 0},
By = Byy(p) x {20 < |2"*Y| < 40d, 2™ > 0}.

X
X

Here, 0 < 1 is a small positive constant such that v := —t5 is strictly

positive on Sy. We assume that v is nonnegative on By; then u > 0.
We use the barrier function
I3 7

4 — L 1nfv+ 1+dsu 24| gt

(4= S inf o+ (1-+ dswp ) 2~
We first prove that on the boundary of By, w < u. On |z"T!| = 24d,
we have w < 42" infg,v < wu; on |2"™!| = 0, we have w = 0
u; on |23 = 2d, w < 0 < w. Then, in By we compute A'w

_infds;vwnﬂ + (1 4 dsup| f‘)2d 7 2 > f. According to the maximum

principle Lemma 5.1, we have w < uw on Bs. As a result, we obtain in
Bla

|| IN

n+1

1='l3, —0
v>(4— ! mfv—l— 1+ dsu —
(4= <) inf o+ (14 dsup )22

(4.15) 221§1fv—dsup|f|.

Note that 0 only needs to be an arbitrarily small constant.

Now, notice that A’u is of the divergence form, we could apply the
mterlor Harnack inequality (Proposition 5.12) to A’ u = f on B?; since
now & < v < 55 we obtain

supv < C(lnfv +sup |f]).
BS

Here C' depends on w. Since infgs v < infg, v, using (4.15), we have

(4.16) supv<C’(1nfv+dsup|f|)

BB
Replacing in the former arguments, v by v — infg, v and then by
supp, v — v, noticing that they are both positive, and finally adding
the resulting inequalities (4.16), we arrive at the following inequality,

—1
Oscp, v < Oscp, v + 2dsup | f].
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Then by the iteration Lemma 8.23 in [28], we have the Hélder estimate
of v for any d < d,

dOA
Oscp,v < Cd—a(OSCBdO v+ dosup | f]).
0

For any ¢ in X, choose d = |p — q|p, and dy = diam(X), we obtain the
Holder continuity of v as

v — v
M < C(dy“ sup [v] 4 do sup | f])-
’p_q|ﬁ1 Bay

Since u vanishes on the boundary and depends trivially on the variable
y" 1, we have O,ni1u is C§. Thus the proposition is proved. O

4.4. Uniqueness of the Cg’l cone geodesic. In Theorem 4.5, we

have obtained the existence of a C’é’l cone geodesic. Our present goal
is to prove its uniqueness. Suppose that ®; for ¢ = 1,2 are two cone
geodesic segments, which correspond to the solutions V., € Cé’a of

det(Qg... .
{ ( \I/TZ) _ Tiea(\llfi—\lfl) in m7

det(£21)
‘IJT'L = \I]Oi on 0X y

fori=1,2 and 7; € [0,1]. Since ¥,, — ¥, in Cg’o‘ as 7; — 0, then for
any € > 0 we can find two values 71, 75 such that

sup |, — ¥ | <e.
x

So, we compute

1 =
log det(Q2y, ) —logdet(Qy,,) = / g dt(V,, — V)5 >a(V, — V),
0

where g; = tgy, + (1 —t)gy,, and a > 0. Now, applying Lemma 5.5
we have,

Sup(‘IJTI — \IJTQ) S Sup(\IJm — \1102) .
X o0X

So we have
Sup(\ljl - \112> S SUP(\PH - \Ijl) + Sup(_\l}m + \1]71) + Sup(\ljm - \112)
x x x X
< 2¢ +sup(Vo; — W) .
ox
Then, switching ¥; and ¥, and letting ¢ — 0, we end up with

sup |W; — Uy <sup [Wo — Yoo .
x ox

The above inequality proves the uniqueness of a cone geodesic segment
with prescribed boundary values.
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5. LINEARIZED EQUATION
In this section we consider the general linear elliptic equation

R 7 iy, _ B
(5.1) { Lv gz + b'vi+cv = f+ Oih
v =17

in the space (%,9) defined in Section 2. Here g% is the inverse matrix
of a Kéhler cone metric €2 in H;’a. Moreover, we are given the following
data.

(5.2) b, h' € Cyc, f € Cfand vy € C5° .

We also denote the vector field h'9; to be h.

This type of equation has been studied via the general edge calculus
theory (cf. Mazzeo [42] and references therein). However, we consider
in this paper a Kahler manifold with boundary. The edge space is not
defined near the boundary. Recently, Donaldson introduced a function
space on a closed Kahler manifold which fits well with our geometric
problem. In Section 2, Definition 2.3, we generalized Donaldsons space
to the boundary case and thus introduced a Holder space. Now we
study (5.1) in this Holder space. We collect here the analytic results on
the linear equation (5.1) which are not only used in previous arguments
above but also for our further applications.

5.1. The maximum principle and the weak solution. We say
that v is the solution of (5.1) if it satisfies this equation on X \ ® and
belongs to C’é’a. From the theory of the elliptic equation, we know that
V' is smooth outside ®. The delicate part here is always the estimate
near the divisor. We first prove a maximum principle for the Kahler
cone metric.

Lemma 5.1. Assume that v satisfies Lv > 0 (resp. Lv < 0) with
¢ <0, then the mazimum (minimum) is achieved on the boundary i.e.

Supv = sup v (infv: inf v) )
x Ox\0D X IX\0D

Proof. Set w = v + €S and S = ||s||** with (1 + )8 > 2k > f.
Then |05/, is bounded. Suppose that p is the maximum point of .
According to Lemma 2.4, p cannot be on ®. So either p stays on the
boundary 0% \ 09 or in the interior of X \ ©. Then in the latter case,
at the maximum point p we have

0<Lv=Lu—eLS <cu—eL,S+bS;+cS)<cu+eC .

Here we use b'S; > —|b'|2—|0S|? and the first conclusion in Lemma 2.4,
AyS > —C' . Combining these inequalities we obtain

u(p) < eC'.
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Then at any point x € X, we have the following relation

v(z) = u(r) —eS <u(p) < sup v+eC,
2%\99

since S is nonnegative. Similarly, we shall use u = v — €I instead of
Lv < 0. As a result, the proposition follows as € — 0. O

Now we use the maximum principle to deduce the uniqueness of
solutions of the elliptic equation (5.1).

Corollary 5.2. If vy, vy are two solutions of the linearized equation
(5.1) with ¢ < 0, then vy = vy.

The singular volume form w™™! with respect to the cone metric gives
a measure on the manifold X. As a consequence, the LP(X, g) space is
defined in the usual way. The W'?(X,g) space furthermore requires
that the derivatives satisfy [, |V f[{w" ! < oco.

Definition 5.1. The weak solution in W2 of (5.1) is defined, for any
nE VVO1 2 in the sense of distributions;

5:3) £(vn) = [ lg70; ~ Vo - confer*? = [ [=nf = WnJur
x x
Note that our weak solution is defined globally.
The following lemmas follow directly from the local lifting PoW (cf.

(2.2)).

Lemma 5.3. (Sobolev imbedding) Assume that f € Wy, Then there
is a constant C' depending on n, 8 such that

1f]lznz2 < Cllfllwe

Lemma 5.4. (Kondrakov compact imbedding) The imbedding Wy —
LP for1 <p< % s compact.

Lemma 5.5. (Weak mazimum principle) Let v € W' satisfy Lv >
0(<0) in X with ¢ <0. Then

supv < supv™ (infv > sup v) .
x % X 0%

Proof. From the definition of weak solution we have that Lv > 0 implies
L(v,n) <0. Then for n > 0, we have

/ [g7 v — bomlw™™ <0,
x+

where Xt = {z € X|v(z) > 0}. Let v = max{0,v}. If b" = 0, letting
n = sup{0, v — supyy v*}, we have

/ V2w <0.
x+
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So [Vn|? =0 on XT\D. Since n = 0 at the maximum point on the
boundary of X*, we obtain n = 0 on X \ ©. Since the measure of
® is zero, we could modify the value of n such that n = 0 on the
whole X. Then the lemma follows for b* = 0. When b° # 0, using the
Sobolev inequality (5.3), the proof is the same as that of Theorem 8.1
in [28]. O

Then this lemma and a standard argument by means of the Fredholm
alternative theorem implies the uniqueness and the existence of the
weak solution.

Proposition 5.6. The linear equation (5.1) with ¢ < 0 has a unique
weak solution in W2,

5.2. Holder estimates. We remark that in this subsection, all results
hold for normal-crossing divisors D with more than one component.
The normal crossing condition means that at each point, the divisor
locally looks like the intersection of coordinate hyperplanes. So at each
intersection point, we can have a coordinate system {z%;1 <i <n+1}
such that {z%1 < i < k}, for some k, denote the singular directions
and the reminders are the smooth directions. In the following proofs,
we mainly check one singular direction, since for the case of multiple
singular directions, the proof still holds by checking multiple integrals.
We shall emphasize this point in each proof.

The Holder estimates derived in this subsection are used in the proof
of both the interior and boundary Schauder estimates of the approxi-
mate geodesic equation. Before stating the proposition on the global
and local boundedness, we require some technical lemmas which will
be useful later. Denote

wo =dz NdZ 4+ -+ d2" T A dE T
Then locally in a neighborhood U, near p € ®,
wptt =nl-dzt AdZP A AdZMTE A dEMTY
and then we have that there is a bounded function A such that
Wt = ﬁ2’21‘2(671)w3+16h )
n the case of k singular directions,
Wt — ngigkﬂg|Zi|2(5i*1)w8+16h '
Finally, let m = 2n + 2.

Lemma 5.7. There is a constant C' depending on |h|w such that, for
any s > %, the following inequality holds

1

(L) ze(fmar)
U, Uy
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Proof. Let 2! = pew and compute

2w
fpwnJrl / / prQ 2(8-1) ehwngl
Up Up(2)
T2 2 5 9 21 %
< / / / fspehw('r)z—I—l . / / / (p2,8—2)t6hw61+1 ]
- \Ju,nJo Jo Uy Jo Jo

Here 1 + + = 1. Since t < 1= 5, the second term is bounded, we have
s > %, Wthh concludes the proof. In the case of multiple singular
directions, the proof is accomplished by means of continuing the above
argument inductively along the direction z° ranging from 2 to k in

Up(2). O

Lemma 5.8. There is a constant C' depending on 5 and |h|, such
that, for any s > 1, the following formula holds

(=)

Proof. Again we compute in polar coordinates

1 1
P T 2 _ _ P
( fpwg-i-l) _ </ / / fppwis 1)p_ 2(BS 1)wg+1)
Up Up(2')
1
sp 5
fsPB 2 —h n+1 / / / = n+1 )
Up Up(z

Here s,t are two positive constants such that % + % = 1. The second
term is bounded as é > ﬁ which is trivially satisfied. In the case
of multiple singular directions, the proof is accomplished again by the

iteration of the argument. O

The proofs of the following propositions is in the same vein as the
proofs in Chapter 8 in [28]. However, by the lemmas stated above, we
need a careful analysis in the charts which intersect the divisor.

Proposition 5.9. (Global boundedness) If v is a W2 sub-solution
(respectively super-solution) of (5.1) in X satisfying v < 0 (resp.v > 0)
on OX; moreover, if f € L3 and h' € LY, i=1,--- ,n+ 1 with ¢ > m
then there is a constant C depending on |b'|,, |¢|oo, q, B such that

supv(—v) < Cllo™(w)ll2 + 11fllg + 14l,)-

Proof. Assume that v is a W12 sub-solution of (5.1). We are going
to use the De Giorgi-Nash-Moser iteration as in [28, Theorem 8.15].
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Denote k = || f[ls + [|7[|4- Choose w = v* +k and 7 = [ a?s*a=Vds
for a > 1in L£(v,n). With the Sobolev inequality Lemma 5.3, we have

1
[wll @niza , < (Cla+1))=[Jw]l2aw -

We use Lemma 5.7 and Lemma 5.8 on the coordinates which intersect
the divisor ® and the Holder inequality in the remainder coordinates.
After patching them together via a partition of the unity we have, for
s > % > 1,

1
[w]] @ni2as < (Cla+ 1)@ |wll2asw, -

Now we follow a standard iteration argument; using the interpolation
inequality we have with y = "T“

w][ s < Cllwl|z, -
Swo T s w0

n

Finally, letting N — oo and using Lemma 5.8 again, we get the propo-
sition. U

Denote as d the distance measured via the Kahler cone metric w.

Proposition 5.10. (Local boundedness) Suppose that v is a WhH? sub-
solution of (5.1) and suppose that f € LY, and h* € L9, 1 =1,--- ;n+1
with ¢ > m. Then for any ball Bayy(y) C X and any p > 1 there is a
constant C depending on (|b°|, + |¢|so)d, q, B, p such that

sup v(=v) < C(d™ % 0 (7)o (Baatyy) + A2 flla +d" 5 [[B]],) -
a\y

Proof. We will prove the local boundedness of the homogeneous equa-
tion. The general case follows by means of using v + d2(1_7q)||f ||% +
d'~ 4 ||h'||, instead of v. Then v would be a weak sub-solution of (5.1)

with f = 0 and A' = 0; namely £(v,7) < 0. Assume d = 1 and take
the test function to be n*v® for n € C3(B,) and o > 0. Then we have

a+1

for w:=v 2
Il ez, < € (lwdnla + [wnlz)

Using Lemma 5.7 and Lemma 5.8 we obtain, on any open set U, which

intersects the divisor D for s > %

el znsz s, < Clllwdnllgs + el -
We claim that for the first addendum on the right hand side it holds

lwdnlaw < Cllwdnllasw,
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with s > % Again, by means of Lemma 5.7 and Lemma 5.8 we compute

k 1 n+1 %
IR SRR SRR
Up i=1 i=k+1
k
/ wQ(Z 0..n0.m)e"witt + C </

P g=k+1

||w377||2;w =

= 2
s

n+1

821778 77)5 n+1>

1

S C / 25|a77 n+1 7
Up

where to get the last step we used the Holder inequality on the first
term.
So standard argument with Lemma 5.8 implies

||U||00;Bl,wo < CHUHPS;BQ,wo < C||U||p82;32,w .

The local boundedness follows from the next observation; B;(0,w) C
B1(0,wp) which follows from the distance inequality,

k n
2’21|2+ Z |Zz’2< Z|21|26¢+ Z ’Zi‘2§ 1.

i=k+1 i=1 i=k+1

g

Proposition 5.11. (Weak Harnack inequality) Suppose that v is a
W2 super-solution of (5.1), non-negative in a ball By(y) C X and
suppose that f € L2 and h' € LY, i =1,--- ,n+ 1 with ¢ > m. Then,
for any "t > p > 1 there is a constant C' depending on (|b%], + || )d,
q, B, p such that

54 ¥ [oleon < O {jnf o+ DAl + 0 F L |
Bay)

Proof. We assume d = a and argue as in the proof of the local bound-

edness with different test function. Thus it suffices to prove, for the

weak super-solution of (5.1) with vanishing right hand side, that there

is a p > 0 and constant C' such that

(5.5) / v_pw"+1/ Wt < C .
Bs Bs

Choose a test function of the form n?v® and let w := logv and o = —1.
Here 7 is the cut-off function defined in Lemma 2.1. We have by the
Cauchy Schwarz’s inequality for small ¢; and es,

2 b
|aw|2wn+1 < _/ |677|2wn+1 49 (’ |0 + |C|O) /n2wn+1 .
B, €1 Jx dey x
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Since (X, w) has finite volume, the second term is bounded. Concerning
the first term, we compute,

2 r
onffw"tt < C / / t4=20126-Drdn < Cr®.
Up 0 0

We conclude that [, |Gwlw™*! is bounded.

Next we claim that [ |Ow|owy ™™ is also bounded. To prove the

claim, let’s compute

k n+1
/ |8w\0w3+1=/ (|Zaziw\g+ Z |8ziw|g)%ﬁ*2nlgi§k’Zi‘Q(lfﬁi)e*hwnJrl.
Br Br =1 i=k+1

The second term is bounded, since h and |2*| are bounded. For the first
term, when ¢ = 1,--- |k, we first consider the case when |0,iw|y < 1.
Then its boundedness follows from the finiteness of the volume. The
second case is when |0,:w|g > 1. In this second case |0,:w|y < [0,w|3
and so its integral is bounded by [, |w[*w™*!. The claim thus holds.
Now we apply the Moser-Trudinger inequality (see [28, Theorem
7.21]) with respect to wy. Thus there exists a constant py such that

/epowwowngl

Bs

/vpowgﬂ/ vTPoItL
Bs Bs

From Lemma 5.7 we have, for some sy > 871,

1
Po —Po S0
/ vsocu"H/ v =0 Wt SC’(/ 'Upong/ Upong) <C.
Bs B3 Bs B3

The above inequality gives the wanted inequality (5.5) with p = 150—8.

The proof of the proposition is therefore achieved. U

is bounded and so is

As a result we have the following estimates.

Proposition 5.12. (The Harnack inequality) For any Bu(y) C X,
suppose that v is a non-negative W2 solution of (5.1) with homoge-
neous right hand side in a ball Byy(y) C X. Then, there is a constant
C depending on (|b*|, + |c|oo)d, B such that

(5.6) supv < C'inf .
By Bq

Proposition 5.13. (Interior Holder estimate) Suppose that v is a W12
solution of (5.1) in X and suppose that f € L% and h' € L7 with
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q > m. Then, for any Ba,(y) C Int X and d < dy, there is a constant
C(|6], Ielsos do, q) and a((|b]g + |¢|oo)do, q) such that

05Cp, (v < Cd*(dg® sup [v] +d® 70| |f]|5 +d" 7 ||R|,).
Bay (y)

5.2.1. Local estimates at the boundary. Consider a point y € 0X and
using the local holomorphic coordinate in the half space ]Ri"” =
{z|z"™' > 0}, here 2" is the real part of the variable z"*!. Then
the coordinate chart near y becomes a domain 7" in Ri””. Recall that
we assumed vp in Cg(0X) in (5.2). We let

M = sup NByyv m = Inf NByyv .
% o0x

Moreover we extend v from the half space to the whole space R?"*2,
+ | sup{v(x), M}, z€T
Um M t g T.

_ | inf{v(z),m}, zeT
Um = { m x&T.

Just by following the proof of interior estimates, we obtain the following
results.

Proposition 5.14. (Local boundedness at the boundary) Suppose that
v is a WH2 sub-solution of (5.1) and suppose that f € L9, and h' € LY,
i=1,---,n+1 with ¢ > m. Then for any ball Bay(y) and any p > 1
there is a constant C' depending on (|b'|, + |¢loo)d, q, B, p such that

_m 2(1—m 1—m
;u(p)vLSC(d P ooty + TN + AT R).
a\y

Proposition 5.15. (Weak Harnack inequality at the boundary) Sup-
pose that v is a W2 super-solution of (5.1), non-negative in a ball
Bu(y)NT and suppose that f € L2 and h* € L, i =1,--- ,n+1 with
q > m. Then, for any ”TH > p > 1 there is a constant C' depending on

(16°)y + Icloo)d, q, B, p such that

_m . . _ 21— 1—™ 05
d™7 vl e (Baaty)) < C(g,f}(f) U+ AT fllg +d | R).
y

Proposition 5.16. (Hdder estimate at the boundary) Suppose that
v is a WY solution of (5.1) in X and f € L% and h* € L9, i =
1,--- ,n+1 with g > m. Suppose that y is on the boundary of X. Then,
for any Bq,(y) and d < dy, there is a constant C(|b%|,,|c|so, do,q) and
a((|b']y + |¢loo)do, q) such that

_ 2(1—m 1—-m i
Oscp,ynx v < O{da(dOaB Sl(lyl))mT lv| +d (1-4 )’|f||g +d' |, + OSCB\/de(y)“ax v}.
do
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5.3. The Dirichlet problem of the linearized problem. Fix 0 <
£ < 1, and write

pi=p"1-1.
Denote by GG the Green function of the standard cone metric
dr® + 3*r%d0* + Y ds?
3<i<m
and by T one of the second order operators
0? ., 0? 0?
0si0s)’ 0005 orost
It is shown by Donaldson in [25, Proposition 4] that the polyhomo-

geneous expansion of the Green function around the singular set D
is

(5.7) G=> aj(s)r’™ cosk(® —0) .
7,k

Donaldson proved the following Schauder estimate.

Proposition 5.17. (Donaldson [25]) Suppose that a € (0, ), then
there exists a constant C which depends only on o, m, 3 such that for
all functions p € CX(R™), we have

[i00(Gp)leg < Clplog -

In our problem, the interior Schauder estimate follows by applying
Proposition 5.17.

Lemma 5.18. Supposing that o € (0,u), then there ezists a con-
stant C' which depends only on «, n, B such that for all functions
p € C(R*™2) we have

[v]eg < Cllpleg + [hi]c;a] :

Proof. The weak solution of Ayv = f + 9;h* has the form

b= /R [ W)+ < VG(p), hly) >ldg(y)

We need to deal with the divergence term on the left hand side of (5.1).
We estimate the second derivatives of this term, we put one derivative
on GG and the other one on h. Thus the lemma holds. U

When we consider the Schauder estimate near the boundary, we
notice that our manifold is a product manifold X x R, and R = [0, 1] X
S1. Since the solution

\D(Zl> e ’Zn7xn+l + \/__1yn+1) = @(Zl, e ’Zn’ xn+1)

along y"*! € S, we work on R7™ which is the closure of the upper
half space of R™*! when we consider the local model near the bound-
ary. Letting Ba(z¢), Bi(zo) be the balls with center x5 on R7*, we
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want to consider the Schauder estimate for the Dirichlet problem of
the Laplacian operator A, with respect to the standard cone metric

g =dr’+ °r*do® + Z ds? + ds*
3<i<m

on RZxR™2xR,. Letting f € CR7*"), h € CH*(R?H), we would
look for the solution v which satisfies the Laplacian equation

Ag’U = f + @hz

and the boundary condition v = 0 on R™ x {z"™! = 0}. Note that
the standard cone metric is equivalent to the Euclidean metric. We
declare v a weak solution if it satisfies the following identity, for any

¢ € CX(RTM),

/ <Vo,Vv >,dg = / fudg +/ < h,Vv >, dg.
RT-H RT-H RT-H

The left hand side is a bounded coercive bilinear form and the right
hand side is bounded by ||¢||z2||v||w1.2. So the Lax-Milgram theorem
shows that there exists a weak solution of the Laplacian equation. The
Green function is defined to be the kernel function G(z,y) such that

63 v= [ [6@aft < V60 h) o)

Since p has compact support within ]RTH, the asymptotic behavior of
this Green function is the same as (5.7). Also, the second derivative of
the second term is obtained by putting one derivative on h.

Now we consider the Schauder estimate of v.

Lemma 5.19. Supposing that o € (0,p), then there exists a con-
stant C' which depends only on «, n, 3 such that for all functions
p € CX(RT), we have

[U]Cg < C[[P]cg + W]o};a] :

Proof. On the whole space R? x R™™1, we use G to denote the Green
function defined by (5.7). So on the half space R? x R™? x R,, our
Green function is written down by the reflexion method for any z, 2" €
R2 x R™2 5,5 € Ry,
(5.9)

G(ZL‘, $n+1; zlv :BTH_V) = GO ($, 53 ZL’/, xn-‘,—l’) - Go(l', lﬂ_H; lJa _l'n+1/)‘

So GG has the same asymptotic behaviour of GGy around the divisor.
Furthermore, when i or j is not equal to the singular direction 1, the
9;0; estimate follows exactly the same line of [25, Theorem 1]. The
0,0, estimate follows from the equation (see [28, Section 4.4]). O

Now we patch the local estimates together to the whole manifold by
the partition of unity in the standard way.
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Proposition 5.20. Fiz o with 0 < o < p = 37t — 1. Then there
is a constant C' depending on 3, n, «, |b'],, |c|s such that for all the
functions f € Cf§ and ht € C’é’a we have the Schauder estimate of the
weak solution of the equation (5.1)

|U|c§aa < (vl + | fleg + Z |hi|c;va) :

Combining the existence and uniqueness of the weak solution Propo-
sition 5.6, we obtain

Proposition 5.21. There ezists a unique solution of (5.1) with data
as (5.2) in C’é’a.

The linear theory in this section immediately implies the d0-lemma
with cone singularities.

6. THE METRIC SPACE STRUCTURE

In this section we apply our geodesic to study the geometry of the
space of Kahler cone metrics. We equip the space of Kahler cone met-
rics with the following normalization condition; we ask any Kéahler cone
potential ¢ with respect to the background model metric w to satisfies
I(p) =0, where

n—1 .
1 1 1+ 1 _ . )
I(¢) = — ”——E Do AN Op Aw' Aw L.
) V/MW vi:0n+1/M*0 .

In particular, the functional () is well defined along any C é’l geodesic.
We show that the space of cone metrics has a structure of metric space
following the approach in [13]. We said that ¢(t) is an e-approximate
geodesic if it solves

(6.1) (" = [0¢'];,) det g, = ef det g,

where f = 922 — |m® 5 — 9(p(1) — ¢(0))]o. Recall that the

energy is defined as F := fol Sy gp’(t)wg(t)dt. Along any C’g’l geodesic,
there holds

1|d
2) Sk
62 5|a

[ e =100, | < esuplo]-sup ] Vo
2 M i X X

We show the positivity of the length of any non-trivial geodesic seg-
ment and the geodesic approximation lemma. We omit the proof here,
since along any C’g’l geodesic, all the inequalities are well defined.

Proposition 6.1. Let ¢(t) be a C’é’l geodesic from 0 to ¢, and I(p) =
0. Then the following inequality holds

1 wn n n
Lo (5 )
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In particular, the length of any non-constant C’g’l geodesic s positive.

Lemma 6.2. Let Ho C Hp be as in Definition 1.2. Also, let C; :=
wi(s) 1 [0,1] = H¢, fori = 1,2, be two smooth curves. Then, for a
small enough €y, there is a two-parameter family of curves

C(s,€) = o(t,s,€):[0,1] x [0,1] x (0,€0] = H
such that the following properties hold:
(1) Fized s, €, then C(s,€) € C'é’a is an e-approximate geodesic from
p1(s) to pa(s).
(2) There exists a uniform constant C' such that

2 2
|| + i +’%§'<:C; O<:QJ£<iCE §:£<:C.

ot - ot? 0s?

(3) Fized any s, the limit in C’é’l of C(s,€) as € — 0 is the unique
geodesic arc from p1(s) to pa(s).

(4) There exists a uniform constant C' such that, about the energy
E(t,s,€) along the curve C(s,¢€), there holds

sup
t,s

G_E‘ <e-C-Vol .
ot

With the geodesic approximation lemma above, the triangular in-
equality and the differentiability property of the distance function fol-
low immediately.

Theorem 6.3. Suppose that ¢ = ¢(s) : [0,1] — Hp is a smooth curve,
and let p be a base point of H. Then, the length of the geodesic arc
between p and ¢ is less than the sum of the length of the geodesic arc
between from p to ¢(0) and the length of the curve from ¢(0) to ¢(s).

Theorem 6.4. The distance function given by the length of the geodesic
arc is a differentiable function.
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